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AN INTRINSIC CHARACTERIZATION OF FOLDINGS
OF EUCLIDEAN SPACE

J. LAWRENCE
Department of Mathematics George Mason University, Fairfax, Virginia 22030

J. E. SPINGARN
School of Mathematics, Georgia Institute of Technology, Atlanta, Georgia 30332

ABSTRACT:

A folding q: R4 -5 R4 is a nonexpansive mapping that is piecewise
isometric. Every such function determines a polyhedral complex
whose d-dimensional elements are the maximal sets on which q is an
isometry. We characterize the complexes which arise from a folding
in this manner.
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1. Introduction. The authors have recently introduced a class of
mappings, called “foldings”, on Euclidean space [5], [6]. A folding isa
nonexpansive piecewise isometric mapping, with the pieces forming
a polyhedral decomposition of the space.

To fix ideas in the simplest case, imagine that a piece of paper
is folded several times, translated, flipped, or rotated any finite
number of times. These actions define a mapping q:R2 — RZ
The creases thereby formed in the page divide the plane into
polygonal regions (some of which may be unbounded) called the
“folds” of q, such that the restriction of q to each region is an
isometry. These folds can be “two-colored”, that is, divided into two
classes, A and B, such that every pair of polygons sharing an edge
belong to opposite classes. (In the paper vfolding example, these
would be the upside-down and the rightsi/de-up polygons).
Furthermore, one can easily convince oneself that at each vertex the
sum of the angles from incident class A polygons is equal to the angle
sum of the incident class B polygons.

There are piecewise isometric nonexpansive mappings on R2,
i.e. “foldings”, that are not “paper foldings”, so this paradigm should
be recognized as only an illustratration.

It is natural to ask whether this angle-sum property
characterizes the class of foldings, and if so, whether it generalizes to
Rd.  Our objective in this paper is to show that this is indeed the
case. Theorem 1 states that every folding of RY determines a

polyhedral complex whose d-dimensional faces can be two-colored
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and for which every face of dimension less than d has the following
poperty: the sum of the class-A inner angles at that face equals the
sum of the class-B inner angles at that face. Theorem 2 then shows
that this property comprises an intrinsic characterization of the
complexes corresponding to foldings; that is, a complex is realized by
some folding if, and only if, it has this angle-sum property.

The sufficient condition presented in Theorem 2 for a complex
to be realizable by some folding q seems to be weaker than the
necessary angle-sum condition of Theorem 1: if merely around
every (d-2)-dimensional face of the complex, the sum of the class-
A inner angles equals the sum of the class-B inner angles, then there
exists a folding q for which that is the corresponding complex. But
the sufficient condition cannot be weaker, and must therefore be
equivalent to the necessary condition. Thus, the fact that the angle-
sum condition holds for every (d-2)-dimensional face implies that it
holds at every face of dimension less than d. Except in the case
where d=2, this fact seems to us by no means obvious. For instance,
in the case d=3, it says that if one divides the 2-sphere into a finite
number of spherically convex polygons (whose sides are arcs of great
circles of the sphere), and if these polygons can be two-colored so
that around each vertex the sum of the angles of color A equals the
sum of the angles of color B, then the sum of the areas of the A-
polygons equals the sum of the areas of the B-polygons.

Our original interest in foldings was motivated by our
observation, explained in [S] and [6], that for a folding

q:Rd 5 RA, sequences of iterates of q, =xp+1 = q(Xp), and
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. Xp)+Xx L
sequences of averaged iterates of q, Xp41 = g(n_z)g’ exhibit a

regular behavior not displayed by the iterates, or averaged iterates,
of a general nonexpansive mapping. The behavior exhibited by such
sequences is especially striking in the case of averaged iterates.
Except for perhaps a finite number of initial terms, such sequences
were shown in [5] to behave as if q were globally an isometry.
From this observation, the finite termination of certain iterative
procedures was deduced. Averaged iterates of a nonexpansive
mapping can be regarded also as sequences generated by the
“proximal point algorithm” [7], a method for finding a zero of a
maximal monotone multifunction. Foldings thus present a case
where this algorithm is especially well-behaved. It is hoped that the
additional insight provided by our geometric characterization will
lead to a better understanding of nonexpansive mappings in general,

and of iterative methods for determining their fixed points.

2. Piecewise isometries and their complexes. In this section, the

class of “piecewise isometries” on RM is introduced. The Proposition
below gives three equivalent characterizations of this class. It will
then be shown that every piecewise isometry on RM determines a
polyhedral complex whose m-cells are the maximal sets on which the
mapping is isometric.

The following will be used repeatedly:

LEMMA. If q:RM —» RD jsnonexpansive, A and B are convex

sets in RM for which q/A and qI/B (the restrictions of qto A and
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B) are isometries, and if A n relint(B) # &, then the restriction of

q to conv(A U B) is an isometry.

Proof: If we can show that q is isometric on AUB then, since q is
nonexpansive, it will follow that q is also isometric on conv(AUB).

For this, it suffices to show that Iq(a)-q(b)l = la-bl whenever a e

AB and b e B\A.

Without loss of generality, we may suppose that
0e Anrelint(B). Let t>0 be chosen small enough so that
-tbe B. Since q is nonexpansive and qIB is linear, we have

lq(a)-q(b)l < la-bl and Iq(a)+tq(b)l = Iq(a)-q(-tb)l < la+tbl. Hence,
(t+1)iq@)I2 + t(t+1)ig(b)I2
= tig(a)-q(b)I2+1q(a)+tq(b)I2
< tla-bl2 + la+tbl2
= (t+Dlal2 + t(t+1)ibl2
= (t+1)lq@)I2 + t(t+1)iq(b)I2
and the inequality must actually be an equality. Since t>0, this

forces Ig(a)-q(b)I2 = la-bl2. 4+ 4 ¢

For a function q:RM — RM we let M q denote the

collection of maximal sets F in RM such that gIF is an isometry.
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Clearly, if q is continuous then the elements of M q are closed. Also

() F = RIM| and if F and F have overlapping interiors,
FEMq

int(F) N int(F) # @ -- then (since qI(FUF') must be an isometry)

F=F.

PROPOSITION. The following conditions on a function

q : RM , RN are equivalent:

(a) the function q is continuous and the family Mq is

locally finite;
(b) there exists a locally finite cover M of RM by closed

sets F such that qlF is an isometry; and

-

(c) for each point x € RM there is an &(x) >0 such thati

|

y € B(x,e(x)) (the open ball of radius € centered at x)

then Iq(y)-q(x)! = ly-xl.

If q is a function satisfying these conditions then q is

nonexpansive and the elements 0__qu are full-dimensional, closed,

and convex.

Proof: If (a) is satisfied then we may take M =M q in (b), so that (b)
holds as well.
If (b) holds, then for each x € RM there is € > Q0 such that if
ly-xl <e¢ and ye Fe M then xe F. Forsuch an ¢, (c) holds.
Suppose henceforth that the function q : RM — RN  gatisfies

(c). Clearly q is continuous. For any x,y e RM 3 compactness
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argument shows that the interval [x,y] can be divided into a finite
number of subintervals on which q 1is an isometry. The triangle
.inequality thus shows that Iq(y)-q(x)| < ly-xI and q is nonexpansive.
A simple argument that the authors have presented in [6]
shows that for any nonexpansive function gq, the elements of Mg
are not only closed, but convex with nonempty interior.
Observe for any x € RM thatif Fe M q meets B(x,e(x)), then
F contains x. To see this, note that there exists z € int(F) n B(x,e(x)).
Since q 1is isometric both-on F and on [x,z], it follows by the
Lemma that q is isometric on conv(Fu(x,z]). The maximality of F
then implies x € F.

Observe also that if Fe M q contains x € RM, then F

meets S(x,e(x)) (the sphere centered at x with radius g(x)). For i*~"
this were false, then there would be x € Fe Mg with

FnS(x,e(x)) = &. Since F is convex, this implies B(x,e(x)) > F. But
then for any y e int(F)\{x}, the line segment [X,y] could be -
extended to meet S(x,e(x)) at a point z. The restriction of q to this
line segment would be an isometry, so the Lemma implies that q is
also isometric on conv([x,z]JUF). By the maximality of F, we would
thus have Fo[x,z] and F would meet S(x,e(x)) at z.

To complete the proof of the Proposition, it remains to
show only that M q 18 locally finite. We will suppose this to be false

and show that this leads to a contradiction. So fix x9 € RM  such
that B(x(.,£(xp)) meets infinitely many members F of Mgq. We
have already observed that all such F contain X9 as well.

By an inductive argument, we will next establish the existence

ofaset {x(, ....Xp,} of points in RM such that for k=0,..,m,” the set
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Ag = conv({x(, ....Xk}) is a k-dimensional simplex that is contained
in infinitely many members of M q The existence of such a zero-
dimensional simplex A = {x(} has already been noted. For each k,
we will denote as M the collection of all sets in M q that contain
Ag. Clearly Mg>S..o M.

Suppose we have already established the existence of Ay =
conv({xg, ...,Xx}) for some k with 0 < k <m such that My is infinite.
Fix y e relint Ay. By the Lemma, the members of M q that contain
y are precisely the members of M. Let Ny be the (m-k)-
dimensional affine space orthogonal to Ay and containing .
Consider the sphere Sg := {we N : Iw-yl=e(y)}. We have already
observed that the collection of sets in Mg that meet y (ie., M), is
the same as the collection of sets in M q that meet S(y,e(y)). We
claim that more is true, namely: the collection M} is exactly the
same as the family, let's call it S, of all sets in M q that meet the
lower dimensional sphere Sy. Clearly, My o S (because S(y.(y)) >
Sk). Since § covers Sk, and since every member of S is a convex
set containing Ay, it follows that US contains conv(SEUAE), a set
that contains y in its interior. Every member of Mg that contains
y (every member of M) must therefore intersect the interior of
some member of S, and must therefore be a member of S. Thus
My =S and, in particular, S is infinite.

By compactness, there is a finite collection {wy, —aWN ) of
points on Sy such that Sy is covered by the union of the open balls
B(w;.e(w;) (=1,...,N). Every member of § that meets one of these

balls must contain its center as well. Hence at least one of these

centers, say wjp, lies in infinitely many members of My = S. The set
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A4l = conv({wy} v Ag) is thus a (k+1)-simplex such that the
corresponding family My 1 is infinite. This completes the induction
step.

The m-simplex A, is contained in an infinite number of
members of M q But the elements of M q have disjoint interiors.

This contradiction completes the proof. ¢ ¢ ¢

Any function q satisfying the equivalent conditions of the
Proposition will be called a piecewise isometry. For such q, let K

q
denote the collection of convex polyhedra consisting of all faces of

elements of M q We wish to verify that K q is a polyhedral complex

subdividing RM; that is, we wish to show that

(i) the relative interiors of elements of K q cover RM  and

(ii) these relative interiors are pairwise disjoint.

Clearly (i) holds, since the polyhedra in M q cover RM and any
polyhedral convex set is the union of the relative interiors of its
faces. It follows from the Lemma that every xe RM lies in a

unique maximal relatively open convex set on which q is an

isometry. But the relative interiors of elements of K q also have this

property of being maximal relatively open convex sets on which q

is an isometry. Thus (ii) holds.

3. Characterization of the complexes. We call a piecewise isometry

q: Rd 5 Rd of a Euclidean space into itself a folding, and the
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elements of M q we call the folds of q. In this section, we
characterize the complexes Kq corresponding to foldings q.

Suppose F and G are elements of Mq such that FNG is of

dimension d-1. We call such a pair of folds adjacent. Let a and B
be the linear isometries of Rd such that «lF = qIF and BIG = qlG.
Let H be the hyperplane which is the affine span of FNG and let
Y: Rd - Rd be reflection across H. Clearly B =ay. It follows that
if we know the complex Mq and we know ¢IF then we can
determine q on any fold adjacent to F; and, since the graph
consisting of folds with the above adjacency relation is connected, we
can reconstruct q from Mq and qlF.

Note that if F, G, o, B, and y are as above, then y reverses
orientation; if F and G are adjacent folds, then one of qlF and G
is orientation preserving and the other is orientation reversing. This
determines a partition of the folds into two classes A and B, so that if
F and G are adjacent folds then they are in different classes; i.e.,
the graph of folds is two-colored.

For polyhedra F and G, where F is a nonempty face of G
and G is full-dimensional, we denote by ¢(F,G) the inner angle of G
at F as in [2, Section 14.1]. Intuitively, this is the fraction of Rd
filled by the cone generated by G at F. If u is an element of the
relative interior of F, Sd-1 is a sphere of sufficiently small radius

centered at u, and if p(Sd-1) =1, then ¢(F,G) = p(GnSd-1).
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THEOREM 1. Let q:Rd—> Rd be a folding, {A,B} the two-coloring
of Mq (as described above). Suppose F is a face of the complex

Kq which is of dimension less than d. Then

YO(F.A) = D oF,B).
AeA BeB
AoF BoF

Proof: Let 1: R4 » Rd be an isometry such that qIF = 1F. Then
rlq is again a folding, has the same complex as q, and is the
identity on F. For this reason, we can replace q with 1-lq if
necessary and assume for simplicity that glF is the identity
mapping.

Fix u e relint(F) and let S be the (d-1)-sphere centered at u

and having radius €(u). Let g, denote the restriction of q to S.
Clearly g, maps S into itself. We will determine the topological

degree of the mapping q,:S — S.

Consider the set

T={ye S:if qg(x)=y then for some F e Mq, x e int(F)}

of regular values of q;. Recall ( cf. [4], pp.263-7) that we can
compute the topological degree of q, as follows, using any y e T.
Let xy, ..., X, be the (necessarily finitely many) elements of

4y !(y) and let Gy, ..., Gg,, be the folds that contain them, where
the indices are chosen so that q is orientation-preserving on Gy, ...,

Gk and orientation-reversing on Gk+1’ v Gk+r ;  le., Gl’ ey Gk e A
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and Gk +10 Gk +r € B. Then q) is orientation-preserving on
GynS, .., Gan and orientation-reversing on Grp1MS, - Gy NS .
The degree of q, is the difference k-r.

This works, in particular, if y is not in the image of qp: if the
image qo(S) is a proper subset of S, then the degree is zero. By a
result of Freudenthal and Hurewicz [1], a nonexpansive mapping of a
compact metric space onto itself is an isometry. The mapping q):
S — S is nonexpansive but is not an isometry, so it follows that
q,y(S) is a proper subset of S. Therefore the degree of gq, is zero.

For each fold G containing F, let C;:S — R denote the

characteristic function of qO(GnS), that is,

0 if xer(GnS)
Co® =11 if xeqy(GnS)

The function

Y. Cq - ZCG.
GeA GeB

GoF GoF

is equal to the degree of qp (zero) almost everywhere (that is, at

every y € T) with respect to a standard rotationally invariant

measure on S, normalized so that the measure of S is 1.

Integrating over S, and noting that the integral of Cs is ¢(F,G), we

get
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Y ¢(FG) - 2, (FG) =0,

GeA GeB
GoF GoF
as desired. L

The next theorem shows that the condition described in

Theorem 1 more than suffices to characterize the complexes of the

foom K q First, we present as a lemma a special case which will be

useful in the proof of Theorem 2.

LEMMA. Let the polyhedral complex K in R? consist of the two-

dimensional closed convex cones Cji, Ca, ..., Cyp together with their

faces. Suppose that this complex subdivides R2 (thatis, C1u Ca U ...

U C2p = R2), that the cones have their common vertex at the origin,

and that the condition of Theorem 1 is satisfied with F = {0}. Then
there is a folding q : R2 — R2 such that Kq =K.

Proof: Let Cp= Ca2p. We may suppose that the indexing yields a

counterclockwise ordering of the cones around the origin. For

1€i<2n, let o; = 2rn¢({0},C;). Then a; is the radian measure of the
i ¢ i i

angle of the cone C;. The condition of Theorem 1 can be written as

n n
ZaZi = Z ®2i-1-
i=1 i=1
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Of course, the common value must be =, since the sum of all of the
angles is 2mx.

For i=1,..,2n, let n;: R2 -5 R2 be reflection across the line
containing the ray Cj.1n Ci. The composition n;n;,; of the two
reflections m; and m;,; is rotation through an angle of 20; radians,
SO Mj M - My, 1My, IS rotation through an angle of 2a; + 204 +
205,71 = 2r  radians -- that is e, the identity transformation.

We now define q : R2 - R? as follows. For xe C;, let q(x)
= nl(x) . Note that q is the identity mapping on the ray ConCy . I
q has already been defined on C; u.. U C, ; with 1 <i<2n, then
for xe C,\C;_1 , we define q(x) = LPL DY ni(x). Since
MMy ..My ="MyMy ..M,y on Ci.1nC; , it follows that q(x) =
LEL DY ni(x) for all xe C;, so that q/C; is an isometry. We
continue in this way to define qon C; u.. U Con-1- With Co=Can
we may do the same, defining q = MMy ..My, =€ noting that
there is no conflict with the definition of q on C; since gq=e on
the ray CynC; .

The function q we have defined has the property that qiC; is

an isometry for all i. Criterion (b) of the Proposition thus implies
that q is a folding, and clearly Kq =K. ee0
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THEOREM 2. Suppose that K is a polyhedral cell complex

subdividing RY whose d-cells admit a two-coloring {A,B}, and

suppose that for each (d-2)-face F of K the equality

Y 6(F,A) = Y ¢(F,B).
AeA BeB
ApF BoF

holds. Then there is a folding q: R4 — Rd such that Kq=K.

Proof: We define a folding q as follows. First, choose an arbitrary

dcell Gy, and let qIG, be the identity transformation: q(x)=x for
all xe G,. Then, for any other d-cell G of K, we find a path G, G,
«» G, = G such that consecutive cells are adjacent. We define q on
G tobe vy, Y, ..V, Wwhereforeach i (1 <i<k), Y; is reflection

across the hyperplane 'spanned by G;.1nG;- To verify condition (b)

Ve

of the Proposition we need only show that q is well-defined in this
way.

For this, it suffices to show that if KO, Kl' e Kj = KO is any
cycle of d-cells of K, each consecutive pair adjacent, we have
NNg--Mj = e (the identity transformation), where n; is reflection

across the hyperplane spanned by K; ;nK;. If Kos -+ Kj =K isa

cycle of d-cells containing a particular (d-2)-face F of K then j=2n
is even (since cells of A alternate with cells of B around the cycle)

and the condition of the theorem gives
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n n
2 HFK,) = 2 4Ky, ).

i=1 i=1

By considering the actions of the m;'s on a two-dimensional plane

normal to F, we see from the lemma that in this case Ny --Mj=e

Completing the proof amounts to a familiar exercise in
homotopy theory. Indeed, what we must show is essentially that the
fundmental homotopy group of the complement of the (d-2)-skeleton
of K in R4 is generated by loops around the (d-2)-faces of K. This
involves an argument closely resembling the exposition in [3,
pp-235-241] applied to the dual complex of K . For clarity and
completeness, we present a complete argument.

By a path we mean a piecewise linear mapping ¢ : [0,1]->Rd.
We wish to deal with such paths for which ¢(0) and ¢(1) lie
interior to d-cells of K, as do the images of all but finitely many
points t; <tz <.. <tk of (0,1). For these, we require that ¢(t;) lie in
the relative interior of some (d-1)-face F; of K, and that ¢ be
linear in a neighborhood of t; (so that the path cross Fj at ¢(t;)).

Let n;: Rd » Rd denote reflection about the hyperplane containing

Fi . With such a path, we associate the affine linear isometry n =
M;.--Ny- Note that slightly perturbing the path ¢ does not change the
associated isometry.

To complete our proof, we show that if ¢(0) =¢(1) then n =e.
Let S denote the unit square, S = {(x,y): 0<x <1, 0<y <1} in RZ2. For
each integer n, n=1, denote by T, the triangulation of S having

triangles
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ST § i+l
(&) <x <y, x+ys — )
and
i+j+1 i+1 i+l
{(x,y):ln < x+y, xs—n, y< o }

for integers i, j such that 0 <i, j< n-1 (so that there are 2n2
triangles in Tp altogether). Let 1 :[0,1] > S be a piecewise linear
parametrization of the boundary of S such that 1(0) = t(1) = (0,0) e

R2, and (x) #1t(y) if x <y < 1. For n large enough there is a

piecewise linear function ¢, mapping the boundary JS of S into
R4 which is linear on each edge of T, in dS and such that ¢(t) =
op(t()) for O<t<1. The function ¢, can be extended to a function
#:S »» R4 which is linear on each triangle in Tp. By slightly
perturbing § and considering a sufficiently large multiple n' of mn,
so that Ty is .a subdivision of Tp, we can arrange that:

(i) No vertex of Ty is mapped into a (d-1)-cell of K, the image
of no edge has non-empty intersection with a (d-2)-cell of K, and the
image of no triangle of T has nonempty intersection with a (d-3)-
cellof K ; and

(ii)) For each triangle T of Ty , one of three possibilities holds:
(@) ¢(T) is contained in the interior of a d-cell of K ; (b) $(T) has
nonempty intersection with a (d-1)-cell F of K , and is contained in
the interior of the union of the two d-cells which contain F; and (c)
$(T) has nonempty intersection with a (d-2)-cell of K and is

contained in the interior of the union of the d-cells which contain it.
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For any edge E of the triangulation and choice of direction of
the edge, the function ¢ determines a path in R4 and to this path is
associated an isometry, as above. In this way, we can define a
function 7 which maps directed edges of Ty to isometries of Rd.
Clearly it remains to show that the product NE,) ... ﬁ(Ep) of the
isometries corresponding to the edges around the boundary of S
(taken in their natural order) is e. It is not hard to see that this will
hold if merely the product of the isometries corresponding to
directed edges around each triangle of Tp is e. So,let T bea

triangle of Tp. One of the three possibilities (a)-(c) above holds. Let
El’ Ez, and E3 be the edges of T, with counterclockwise direction.

If (a) holds, then clearly A(E) = N(E,) = N(E;) = e, and the product
is e. If (b) holds then if F is the (d-1)-face that $(T) intersects and
y is reflection about the hyperplane containing F, two of A(E)),
n(E,), and N(E;) equal y and the third is e, so the product is e. If
(c) holds, and F is the (d-2)-face intersecting ¢ (T), then in
traversing El' E2, and E3 , one intersects each of the (d-1)-faces
containing F in their natural cyclic order around F. Then

nE) M(E,) N(ES) is the product of the corresponding reflections, and

we have already observed that this product is e. ¢¢ ¢

We leave open the problem of similarly characterizing the

complexes K @ where q : RM — RN  js a piecewise isometry, and

m<n.
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