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ABSTRACT. — We prove the existence of multiple solutions with prescri-
bed energy for a class of dynamical systems with singular potentials.
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ReésumE. — Nous démontrons ’existence d’une multiplicité de solutions
périodiques a énergie fixée pour une classe de systémes dynamiques dont
les potentiels sont singuliers.

INTRODUCTION AND STATEMENT OF THE RESULTS

For a given potential Fe%' (R™\{0}; R) and a fixed energy E, we
look for multiple solutions to the problem

—x=VF(x)
1.,
—Ix|I*+F(x)=E
(Py) o[ ¥R
x(+A)=x(1), VieR
x (1) #0, VieR,
where the unknowns are both the function x and its period A.
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598 S. TERRACINI

The potential F presents a singularity at the origin and it behaves like

a potential of the form F (x)= —2 for some a, a>0, behavior that will
X a

be clear from the assumptions of the theorems.

In this work we shall deal separately with the two cases:

(@) a>2 (strong force case);

() 1<a<?2 (weak force case).

As far as the existence of one solution to (Pg) is concerned, results have
been obtained for the case (a) by Benci and Giannoni, [9], where they also
treated cases of weak forces, but with assumptions strongly different from
the ones here. For both cases (@) and (b), existence results have been
obtained by Ambrosetti and Coti Zelati, [4]; however, in the case (b) they
obtained the existence of generalized (i. e. possibly crossing the singularity).
In order to avoid the collisions in the case (b), we shall make use of the
approach introduced by the author in [22], where the existence of one
noncollision solution to (P;) was proved under assumptions similar to the
ones here.

Concerning existence and multiplicity of solutions, we refer also to the
work of Moser, [20], where the case =1 is treated when F presents some
symmetry properties.

In the last years, a considerable amount of papers has appeared about
the corresponding problem with the fixed period; we refer to [1], [2], [5],
[13], [17], [21].

Concerning the case (a) we shall prove the following result:

TaeoreM 1. — Let Fe€* (RN\{0}; R) satisfy:
db=a>0,Ja,=a=0a,>2, such that

(H1) ié—F(x)gﬁ, VxeR™ {0}
X
(H2) —o;, F(X)SVF(x)-x< —a, F(x), VxeR™N {0}
(H3) |VF(@|§]f%§7, VxeR™N {01,
X

and assume moreover that a, b, d,, o, 0, satisfy

bz/a _ 2 2 _ 2 (a+2)/a
(1) Rl L) ( x <4
a*® o\ a—2 o, —2
Then, for every positive energy E, (Pg) has at least N—1 geometrically
distinct solutions having minimal period in the interval

@) [((cx1—2)a>2_ﬂal/a<°‘_jz)(a+2"“’
(@—2a, Jot/? 2E
((az—z)a>ggb1,a(a_—2>‘“”’” ]
(a—2)a, Jat/? 2E
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MULTIPLICITY OF PERIODIC SOLUTIONS 599

We say that two A-periodic functions x, y are geometrically distinct if,
setting T, (x)(H)=x (s+1¢) and P,(x)(H)=x(s— 1), T,(x)#y and P (y)#y,
for every se R.

Remark. — It is not difficult to see that, when (H1) and (H2) hold, the

(@0=2) b\
2E ’
so that the following Corollary easily follows from Theorem 1:

CoroLLARY 1. — Let Ue%* (RN\{0}; R) sarisfy

Ja>2 such that
lim |x[**!|VU(x)|=0,

x—=>0

solutions of (Pg) are constrained in the ball of radius (

and let F(x)= 4 +U (x) for some a>0. Then there exists E>0 such
x o

that, for every E>E, then (Pg) has at least N—1 geometrically distinct
solutions having minimal period in the interval (2).

When dealing with the case (b) some more care is needed. It is a matter
of fact that, under assumptions similar to the ones of Theorem I, the
variational approach to the limiting case a=1 fails [10]. It seems then
quite natural to introduce a further pinching condition which becomes
more and more restrictive as a>1 converges to one. Similar pinching
conditions have been used to prove existence and multiplicity results for
the fixed period problem: [13], and [21].

We shall prove the following result:

THEOREM 2. — Let Fe %' (R™\{0}; R) satisfy:
1b=2a>0,32>0,2a=a, > 1, such that

(H4) irg_F(x)éTbT“’ VxeRN (0}
X X
(HS) —o; F(x)SVF(x)-x< — o, F(x), VxeRM™N {0}
(H6) |VF(x)|< % Vxe RMN{0}.
X

) . b
Then there exist three functions W*(a) and o, <__, oy, O, Oy |,
a

b
02(;, oy, O, O, | such that, when

3) é((z‘“l)“)“ 278 gy,

a\2—-x)oa,; /) 2—a,

b —_ 1/a
@) 0'2<~,oc,cx1,oc2><2 ot1> <1,
a 2
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600 S. TERRACINI

and
) b2 a2 (22—, )2 ( 2—o >‘2+°‘)/°‘ 1 -4
a2/c¢ d’i’ 2—q 2‘&2 G%+u H

then, for every negative energy E, (Py) has at least N—1 geometrically
distinct solutions having minimal period in the interval

/g \ @ )y
6 Ve /o 2
© [M v <—2E> <—a2E>

/) — ey 2= a
nb”"‘\/cx 2—a 2—ay .
—2E —o, E

Moreover ¥*, o,(i=1,2) enjoy the following properties:

¥*()>1, Vi<oa<2

P*(D)=1
lim P* ()= + 0
a2
b
Gi<~,ocz,cx,cxl>>0
a
. b
lim O —» 0y, &, 0 :1, Vﬁxedcx
(2-a1)b/(2-a3)a—1 a

. b 2—o,)b
lim o; ( —, 0y, q, ocl) =1 if (—al)— remains bounded.
) a 2-ay)a

The properties of ®*, o, and o, simply mean that, for each fixed
I<a<?2, the field of conditions (3), (4) and (5) is non-empty, and that,
when o — 2 they converge to the limit condition:

bZ/a a;“% 2_CX1 2 z_a (2 +a)/a 1 <4
a?* w} \ 2—a 2—a, ot
We wish to point out that in both the situations of Theorems 1 and 2,

the conditions on the sign of the energy are necessary conditions for the
solvability of (Pg).

Remark. — It is immediate to check that, when (H4) holds, the motion
of each possible solution of (Pg) is constrained in the ball of radius

1/a
(—?~> . Therefore all the hypotheses of Theorem?2 can be assumed to

hold true just for every x in this ball. Therefore, the following result
directly follows from Theorem 2:
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MULTIPLICITY OF PERIODIC SOLUTIONS 601

CorOLLARY 2. — Let Ue%* (RN\{0}; R) sarisfy

Jo, | <o<2 such that
lim [x[**1|VU(x)|=0,

x—-0
and let F (x)= _—‘i + U (x) for some a>0. Then there exists E<0 such

that, for every E<E, then (Pg) has at least N—1 geometrically distinct

solutions having minimal period in the interval (6).
In this paper we shall look for solutions of (Pg) as critical points of the

funCthIlal

over its natural domain (taking into account the singularity of F)
A={xeH/x(0)#0,VieR}

where H is the Sobolev space of all the HJ,, 1-periodic functions. Indeed,

to each critical point of I at a positive level there corresponds, up to the
rescaling of the period, a solution to (Pg) having period A, where

1/2f1|)é]2
__Jo

IIE—F(x)
0

In order to obtain multiplicity of critical points, we shall exploit the
invariance of the functional under the group of symmetries G={TP,}
where T, (x) (f)=x (s +t) and P, (x) (f)=x (s— ¢). In this order, a convenient
tool to treat the problem in the case of Theorem 1 will turn out to be the
homotopical index related to the group G, which has been introduced by
the author in [21]. As a matter of fact, the homotopical index has been
introduced in order to obtain multiple critical points for positive function-
als having a singularity and a lack of coercivity at the level of the large
constant functions. First of all, a suitable geometrical index i related to
the group G is defined; the homotopical index (related to the geometrical
index i) of a given set A measures (in terms of /) how big is the set that
one has to remove from A in order to make it contractible, in a continuous
and symmetry preserving way, into a set of large constant functions,

without crossing the boundary of A.

As far as Theorem 2 is concerned, an additional difficulty arises from
the fact that, when the energy is negative (and it is the natural choice
when a < 2), then the associated functional is unbounded (from below and
from above). To overcome this, a new homotopical pseudo-index theory

2=
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602 S. TERRACINI

is introduced. Roughly speaking, the homotopical pseudo-index of a given
set is the homotopical index of its intersection with any deformation of a
given closed set of the function space. This approach will turn out to be
profitable to treat the case (b), since the restriction of the associated

1
functional to each set of the type {xj |x|?= pz} is bounded from below
(4]

and it presents a lack of compactness only at the level of the large constant
functions.

Concerning set functions (indices, category and related topics) and
applications to the search of multiple critical points of functionals we also
quote [6], [7], [18] and [19].

This paper is organized as follows:

Definitions of the homotopical indices.
Abstract multiplicity results.

Computations of the homotopical indices.
The strong force case (Proof of Theorem 1).
The weak force case (Proof of Theorem 2).
Appendix (Proof of proposition 5. 6).

Sl e

NortaTions. — Throughout this paper we shall make use of the following
notations:

BY={xeRY/|x|<1};
SN I={xeRY|x|=1}.
H denotes the Sobolev space of the 1-periodic functions:
H={yeH (RRM)/y(t+1)=y(), VieR},
endowed with the Hilbertian norm

BEENEEIRES

We shall consider the open subset of H defined by
A={yeH/y(H)+#0,VieR},
and we shall denote
OA={yeH/IteR, y()=0},
22={AcH/AcA}.

Ey denotes the subspace of H of all the constant functions. Moreover,
in any metric space X, and for every subset K = X,

V, (K)={ xeX/dist (x,K) <&}
N, (K)={ xeX/dist (x,K)<¢}.

We shall denote by cl (A) the closure of any subset A of X.

Annales de I'Institut Henri Poincaré - Analyse non linéaire



MULTIPLICITY OF PERIODIC SOLUTIONS 603

Finally, since we shall deal with critical points of the functionalI, we

shall denote
K.={xeH/I(x)=c, dI(x)=0}.

1. DEFINITION OF THE HOMOTOPICAL INDICES

In this section we define the homotopical indices and we state their
basic properties. The homotopical index j has been defined in [21], in
order to search multiple critical points for positive singular functionals

having a lack of compactness at the level zero.
We are going to introduce the notion of homotopical pseudo-index in

order to study critical points of indefinite singular functionals.
All the indices defined here are related to the group
Gz{Ps’Ts}se[O, 1p
where P, and T, are the unitary transformations of H respectively defined
by:
01 {y=Ps<x) < y@=x(-n,  Vielo,1]

' y=T,(x) < y@=x(s+1), Vite[0,1].

Remark that the P, and T, are actually defined by periodicity for all
seR.

Consider the relations of H defined as
(1.2) yPx < 3s5€[0,T] such that y=P_(x)

’ yTx < 3Js5e[0,T] such that y=T,(x).

We need to fix up some more notations. If A < H, we denote
P(A)={xeH/3yeA, xPy} and T(A)={xeH/3yeA,xTy}. A set A is
P-invariant if P(A)=A, and it is T-invariant if T (A)=A.

A function 4:H — H is said to be G-equivariant if heg=geh, VgeG;
for any set X, a function 4A:H — X is G-invariant if heg=h, VgeG. A
set A £ H is G-invariant if g(A)=A, YgeG. Two functions x, y in H
are geometrically distinct if y#P (x) and y#T,(x), Vse[0, 1]. F, denotes
the set of all the fixed points of P:

(1.3) Fo={xeH/xPx}.
Remark that, by definition,
P,=T,°P,, Vsel0,1]
T,=P,°P,, Vsel0,1]
PZ=id.

Vol. 9, n® 6-1992.



604 S. TERRACINI

We are going to define the geometrical index as a function defined on
a class of admissible sets and taking values in N U { + 0 }. Let

(1.4 #={A < H closed/A is G-invariant, AN\ Fo= 0¥ },
and, for a fixed integer k, let

(1.5) F.={fH > R* continuous/xPy =f(x)= —f(») }.

DEFINITION 1. 1. — The index i is the function i: 8 — N U { + oo } defined
by:
(1.6) i(@)=0
1.7 i(A)=+w < VkeN, VfeF,, 0ef(A)
(1.8) i(A)=k < kis the smallest integer such that 1fe #,,0¢f(A).
It has been shown in [21] that i satisfies the following properties:

ProrosITION 1.1. — Let A, Be 4, then
(1) if A < B then i(A)<i(B);

(i) i(AUB)=i(A)+i(B);

(iil) if h: A - B is continuous and G equivariant then i(A)<i(B);

(iv) if A is compact then i(A)< + oo;

V) if A is compact then 3&>0 such that i N, (A))=i(A);

(vi) if A contains only a finite number of geometrically distinct orbits
then i(A)=1.

Let us consider

(1.9) #={h:Hx[0,1] > H continuous such that Yo e[0,1],VgeG}.
For any Ae % M 2" we define
(1.10) Ho(A)={he #[h(A,1) S Ey).

DerFNITION 1.2, — Let Ae€2* be G-invariant. We say that A is
G-contractible if there exists he #o(A) such that h(x,c)eA, VxeA,
Voel0,1].

The homotopical index measures (in the sense of the geometrical index)

how big is the set that one has remove from A to make A be
G-contractible.

DEerFINITION 1.3. — For a given compact A€ N2, we say that the
homotopical index of A is k(j(A)=k) if

(1.11) k= min i({xeA/h(x[0,1)NA-Z ). *

he #o(A)

In the sequel we shall make use of a suitable version of Dugundji’s
extension theorem which has been proved in [21]:

LemMmA 1.1. — Let A€ be closed and let he # ;(A). Then hy, o, 1
admits a continuous extension h such that he # ,(H).

Annales de I'Institut Henri Poincaré - Analyse non linéaire



MULTIPLICITY OF PERIODIC SOLUTIONS 605

The main properties of the homotopical index can be summarized in
the following proposition (we refer to [21] for proofs and comments):

PRrROPOSITION 1.2. — Let A, Be# N\ 24, then
(i) if A = B then j(A)<j(B);

(i) jJ(AUB)=/j(A)+i(B);

(iii) if he A is such that h(A [0, 1)) N\ OA = then j(A)<j(h(A,1));

(iv) if A is compact then j(A)< + oc;

(v) if A is compact then 3&>0 such that j(N,(A))=j(A).

Now we are in a position to introduce the homotopical pseudo-index.
The homotopical pseudo-index of a set A measures, in terms of the
homotopical pseudo-index, the intersection properties of A with respect
to a given closed G-invariant subset of H and a class of G-equivariant
homotopies. This notion is quite similar to the notion of geometrical
pseudo-index of [6].

More precisely, let £, and X, be closed G-invariant subsets of H such

that
S NE=0.
Consider
(1.12) #% s,={heH/|h(.,s)is a G-equivariant homeomorphism.
h(x,s)=x,Vxe(Z, NOA)UZ,,Vse0,1]},

DErINITION 1.4, — Let Ae®B, AN, NN =. We say that the
homotopical pseudo-index of A is k [and we write j* (A)=k] if

(1.13) k= min jh(A,1)NZ)).
he #s, 5,
Remark 1.1. — This definition makes sense; indeed, from (1.12) one

has that 4 (A, 1) N (X, N 0A)=, for each he H¥ 5,.

ProposITION 1.3. — Let A, Be A be such that ( A\UB) N (X, NIAN)=,

then
(i) if A = B then j*(A)<j*(B);

(i) /S (AUB)</*(A)+i(B);

(i) if he #¥ 5, then j* (A)=7* (h(A,1));

(iv) if A is compact then j* (A) < + o0;

(v) if A is compact then 3e€>0 such that j* (N, (A))=/* (A).

Proof: (1) Indeed, for any he #’¥ 5, one has that h(A, 1) € h(B,1), so
that by proposition 1.2 (i) one deduces that

JhADNEZ)=SjhB,)NEY).
One concludes just by taking the minimum of both sides for every
he AF s,

Vol. 9, n® 6-1992.



606 S. TERRACINI

(i) Let he #%, 5, be fixed. From Propositions 1.1(ii), 1.1(iii) and
1.2(ii) one has that

JAUB, DHNZ)=j (A, DN E)UAB, 1))
JADNZ)+Hih(B, 1D))=j(h(A, 1) NZ,)+i(B).

As before, one concludes by minimizing for every he #§, ..

(iii) easily follows from the fact that J#F ; is a group with respect to
the juxtaposition of homotopies.

(iv) is a direct consequence of the following inequality:

FASJANZ)SIANEY.

(v) easily follows from Proposition 1.2 (V).

2. ABSTRACT MULTIPLICITY THEOREMS

In this section the homotopical indices are shown to be profitable tools
in order to find a multiplicity of critical points for singular functionals.
The homotopical index j has been introduced in [21] for the search of
multiple solutions in the case of positive singular functionals having a lack
of coercivity at the level of large constant functions. This is, for example,
the situation in the setting of Theorem 1. On the other hand, the homotopi-
cal pseudo-index j* is introduced in order to treat unbounded (above and
below) functionals, whose restrictions on a given closed subset of H present
a lack of coercivity only at the level of the large constant functions. This
will be the abstract setting in the proof of Theorem 2.

In the setting of the following Theorem 2.1, I is a G-invariant functional
defined on the set A of all the noncollision functions of H:

A={xeH/x(1)#0,VieR}.
We denote, for any ceR,
K2={xeA/l(x)=c, dl(x)=0}.
Let ué recall the Palais-Smale compactness condition (at the level ¢):

every sequence (x,),in.A such that

\ lim I(x)=c
n— +o
PS) ¢ lim dI(x,)=0
n—> +ow
( possesses a subsequence converging to some limit in H.

Annales de I'Institut Henri Poincaré - Analyse non linéaire



MULTIPLICITY OF PERIODIC SOLUTIONS 607

In the situation of Theorem 1 (definite functionals), we shall make use
of the following result. This theorem has been proved in [21}:

THEOREM 2.1. — Let 1€ C' (A; R) be a G invariant functional, admitting
a lower semicontinuous extension I:H - R\U { + o0 }. Assume that
2.1 120, VxeH
{HAGQ N 22,3k=1 such that

J(A)Y=k, supI<c,=infl.
A oA

2.2)

Hence, for 1 <r<k, the classes

I,={Aec# N2 compact/[j(A)=r, supI=<c¢,}
A

are nonempty and we define

¢,= inf supl, r=1,...,k;
Aell, A

then one has that 0=c; =< ... <, =co-
Assume moreover that

(2.3) (PS,) (r=1,...,k)

2.4 K, NFy=J r=1,...,k)

hold. Then 1 has at least k geometrically distinct critical points in
{xeA/c;<I(0)=Z¢}.

We refer to [21] for the proof.
A weaker condition than the Palais-Smales’s, but still sufficient to obtain
critical points is the Cerami condition (at the level ¢):

every sequence (x,), in H such that
lim I(x)=c
(6N n- +ow
fim (1+|x, Dl 1 Ge [| =0

possesses a subsequence converging to some limit in H.

Condition (C,) will turn out to be easier to verify in the setting of
Theorem 2.
In the following, we shall denote

K.={xeH/[I(x)=c,dl(x)=0}.

According with the notations of section 1, let £, and X, be closed G-
invariant subsets of H such that

21 mzzzg9

Vol. 9, n° 6-1992.



608 S. TERRACINI

and consider
HY 5= { he #h(.,s)is a G-equivariant homeomorphism,
h(x,s)=x,Yxe(Z, NOA)UZ,,Vsel0,1]}.
Now we state the suitable version of the Deformation Lemma:
LemMMa 2.2. — Let 1€ %' (H; R) be a G-invariant functional. Let c*eR
such that
2.5) inf  I(x)>c*> sup I(x).

xeZj ndA xeXy
Assume that, for some v>0, 1 satisfies the condition (C)., for all

celc*—1,c*+vy]. Then there exists &, such that, for every e<g,, there are
>0 and ne H¥| 5, such that, if N=N,(K..), then:

2.6) suplZc*+6 = sup IZc*—6.
A n(A\N, 1)
Moreover, if K .=, then
2.7 supI<c*+6 = sup I<c*—4.
A n(A, 1)

Proof. — The proof is standard (see for instance [6]).
Now we are in a position to prove the main goal of this section: for
every integer r we denote

I'}={Ae%compact,A N (X, N oA)=T/j*(A)=r}.

THEOREM 2.2. — Let 1e C! (H; R). Assume that there exists £,,2, € H
closed, ke N, and ¢ >0 such that

2.8) TF 0.
(2.9) suplze>0, VAcCEZ, jA=1.

A
Then the numbers

c¥= inf supl
Ael, A

are well defined. Assume moreover that

(2.10) inf I>c¢f>supl (r=1,...,k)
X1 néA b}

and that

2.11) (C)C: (r=1,...,k)

2.12) Kc:ﬂF():@ r=1,...,k

hold. Then 1 has at least k geometrically distinct critical points in
{xeH/cF<T(x)=Zct}.

Annales de I'Institut Henri Poincaré - Analyse non linéaire



MULTIPLICITY OF PERIODIC SOLUTIONS 609

Proof. — First of all, we claim that the ¢*’s are critical levels for every
r=1, ...,k. Indeed, the classes I'}¥ are invariant under all the homotopies
of #§¥ y,- Hence, assuming that K= ¢J for some r, one deduces from
the second part of Lemma 2.2 [which can be applied because of (2.10)
and (2.11)] that there is A e I'} such that sup, I <c}, in contradiction with
the definition of c}.

Hence, if c¢f< ... <c} the proof is complete. Now we assume that, for
some r, h=1, ¢¥=...=ck ,=c* holds, and we claim that i(K.)=A+1
[observe that, by (2.12), the index i of K_. is well defined]. This fact will
end the proof, taking into account of Proposition 1.1 (vi).

Let us fix £>0 such that Lemma 2.1 holds, and let AeT’*,, be such
that sup, I<c*+38. Let N=N,(K_.) and n be as in Lemma 2. 1: then one
deduces from (2.6) that j*(cl(m(AN\N, 0)))<r—1. Remark that, from
Proposition 2.3 (iii), one has that j*(cl(n(A\N, 1))=7*(cl(A\N)),
since e #’F 5,. On the other hand, it follows from Proposition 2.3 (ii)
that /* (A) <j* (cl (ANN)) +i(A N N), so that iIN) =i (AN N)=k+1. The
proof is then complete by virtue of Proposition 2.1(v) [indeed, for ¢
small, one has that i (N)=i(K_.)].

3. COMPUTATION OF THE INDICES

In this section we provide examples of sets having nontrivial (i. e. larger
than 1) homotopical indices. To this end we shall make use of some results
of [21] about the homotopical index; we refer to that paper for the proof
of Theorem 3.1.

We denote by Cy the set of all the great circles of SN~ *:

(3.1) Cy={zeH/z()=xsin2nt+ycos2nt|x|=|y|=1,x-y=0}.

The following results have been proved in [21].

THeEOREM 3.1. — For every Ne N,

(3.2 J(Cy)=N-1.

Proof. — The proof is contained in [21]. We recall here the main steps.
The results of the Step2 will be also used in proving the following
Theorem 3.2.

We first prove the inequality j(Cy)=N—1 (the reversed inequality is
easier to prove).

Step 1. — In order to prove that j(Cy)=N—1, by Definitions 1.1, 1.2
and 1.3, we have to prove that

{ VfeFn_,y VheH(Cy),

(3.3)
0ef({ zeCy/h (2,10, 1) NOA £ }).
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Thus let fe #_, and he #,(Cy) be fixed. Let e; e SN~! and consider
SN"?={xeSN"!/x.e,=0}. Consider the continuous parametrization

F':SN"2x8N~2 , A of Cy defined by
3.4 F' (x,y)(©)=xcos2nt+((x.y)e, +y—(y.x)x)sin2n 1,
and denote by F the associated continuous function
F:SN"2xSN"2x §! - RN

defined by
3.5 { F(x,y,e")=F(x.7) (@,

Y (x,y,te"*)eSN "2 x SN"2x St

To each he#,(Cy) we associate the continuous extension of F,
®:SN"2xSN"2x B? - RN given by

D (x,y, 1) =h(F' (x,),1-1) (1),
{ V(x,y,te?")eSN"2x SN2 x B2,
Notice that the definition of #,(Cy) (1.10) provides the continuity

of @.
Now define ¢ :SN"2xSN"2x B2 - RN 2 ag

{ o (x,p, 12" ) =f(F (x,y)),

V(x,y,‘tez“i‘)GSN_z X SN—Z X BZ.

(3.6)

(3.7

Then one immediately checks that, when
(3.8) 0e®x (SN "2xSN"2xB?)
holds, then (3.3) is satisfied.
Step 2. — From the definition, one has that
(3.9) {(D(x,y,ez"i’)=xcos27r.t+((x.y)e1 +y—(y.x)x)sin2nt,
V(x,y,e* ") e (SN2 x SN2 x St
so that
(3.10) 0¢®x (SN 2xSN"2x 81,
Moreover, the G-equivariance of F’ leads to

O (x, ~y, e 2T =B (x,,1e 2
G.1D) {P(—x,y—2(p—(y.X)x), 16 2") =D (x, y, 1 2" 1/2+1)
V(x,p,tel 27 SN2 x SN2 X B2,

and (3.7) together with (1.5) implies

(p(X, _ya‘[eiznl):._q)(xay:te
B.12) { o(—xy—2(y—(r.0)x),1e 2 ") =0 (x,y,Te
V(x,y,Tetht)esN—Zx SN—2 XBZ.

i2nt)

i2n(1/2+t))
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From these symmetry properties one deduces that the zeroes of ® x ¢
appear in 4-ples of the type
(3.13) {(x,p,te?™),(x, —y,te 2",
(=%, =y+2(py—(r.0)x),e
(5 y=2(y—(y.x)x),e 2201
By the perturbation arguments used in [21], next Proposition is easily
proved:

i2 n(1/2—t))
3

ProposiTioN 3.1. — Let
O:SN2xSN"2x B> RY and  @:SNTZxSNT2x B2 RN72
be continuous satisfying (3.9), (3.11) and (3.12). Then
(i) 0e®x @ (SN"2x SN2 x B?),
(i) V|z|<1, V8>0 3z, and 3 @; satisfying (3.12) such that |zz—z|<3,
| 05— || <8; and (®—z5) X ©5) ™' (0) consists in an odd number of 4-ples

of the type of (3.13).
Hence the inequality j(Cy)=N—1 is proved.
To prove the reversed inequality, consider the homotopy
hy:Cyx[0,1] > H,
—80e, +z, if Ogcr§1
G.14)  h(zno)= 2
—4e,+2(1—0)z, if %gcﬁl,

and extend it by Lemma 1.1 to h,ex#,(H). Then the set
{zeCy/hy (2,10, 1D N A+ } can be parametrized by means of the follow-
ing continuous function g: SN2 x S' - Cy:
(3.15) g(x,0)=e, cos2m(t+8)+xsin2 7w (z+6).

One then concludes by Borsuk’s Theorem that

i({zeCy/h, ([0, 1) N OA# G D=N—1.

Finally, from Definition 1.3 and the first part of this proof, this fact
implies that j(Cy)=N-—1.

Remark 3.1. — Of course j(tCy)=N-—1, for every t>0. Moreover,
Proposition 3.1 holds, for every t® x .

Let us fix up some more notations: let p>0 and 0<e<1 be fixed and
consider

1
(3.16) 21={er/%f ])é|2=2n2p2},
0
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1
(3.17) 22={er/%f J)212=2n2p282}
0
17t .
U{er/~J ]x]2=2n2p28_2},
2Jo
and let

(3.13) Ct=[g,e ']pCx

The following theorem holds:

THEOREM 3.2. — For every 0<e<1, p>0and NeN,
3.19 FHCH=N—-1.

Proof. — 1t is not difficult to see that j*(C¥)=j(Cy), and hence that
7*(C¥H<N-—1. Thus we have to prove the reversed inequality. From
Definitions 1.1, 1.2, 1.3 and 1.4, and from Lemma 1.1, proving it is
equivalent to prove that

{ Vhoe s, VhyeHo(H), VfeFy_,,
0cf({zeh (CE D) NZJh, (710, 1NN A£DT}).

Let hye #% 5, hye #,(H) and feFy_, be fixed. Let e, €SN be
fixed and consider SN"2={xeSV"!/x-¢,=0}, and consider the continu-
ous F*:SN"2x SN"2x Sl x [gp,e ! p] > RY, defined by

(3.21) F*(x,y,e* ", 0)=LF (x,y,e*™"),
where F is defined in (3.5). F* induces a parametrization of Cg,
F*: SN"2xSN"2x[gp,e”!p]—>CE.
Define the continuous
@*: SN"2xSN"2xB2x[gp,e” ! p] - RN,

(3.20)

and

(P*: SNAZXSN_ZXBZX[SQ,S_I[)]—)RN_Z,
E¥: SNT2xSN"2xB2x[ep,e”p] >R

as
(3.22) ®*(x,y,te®™" )

hy (F*(x,,00,2-20 @) if ~ <t=]

B | —

hy (hy (F*(x,p,4),1),1=271) () if 0Zt<

(3-23) 0* (x,y,te* ™, W) =f(hy (F* (x, , 1), 1)),

M| =
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and
(3.24) E*(x,y,1€'2™, Q)

le
L

It is immediate to check the continuity of ¢@* and &*; the continuity of
@* follows from (1.10) and (1.12). We claim that if
(3.25) (0,0,27% p?)e @* x * x E* (SN2 x SN2 x B2 x [gp, &~ 1 p]),
then (3.20) is satisfied. Indeed, let
D* X @* X E* (xq, Yo, To €710, 1) = (0, 0,2 1%).

IIA

d_
— O By, 2-20Pdr i S ses,

N[ —

d - 1
—(hy (F*(x, y,0), D) |? dt if 0Zt<-.
dt( 1 (F*(x, p,A) )I 1 _’C_z

Then, from (1.12) and (3.22) (remember that h; € #°¥ ;)), we obtain

that 0<t,< % . Setting

zo="hy (F* (X0, Y05 Ao), 1),
from (3.22), (3.23) and (3.24) we deduce
f(zo)=0
zo€hy (G, [0, 1D N Z,
hy(zo, 1=270) (1) =0;
that is (3.20) holds.

In order to prove (3.25), we first remark that, by the G-equivariance
of 4, and h,, and from (1.5), the following symmetry properties hold:

O*(x, —py, 12" V=D (x,y,te 2" Q)
(3.26) O*(—x,y—2(y—(y-x)x),1e 2™, N)=0* (x, p, 1 2m1/2+1 )
Y(x,y,1e 2™, 0)eSN"2xSN"2x B2 x [gp, e ! p],
and
@*(x, =y, T 2T = = 0*(x, y,Te 2R
(3.27) Jo*(—xy=2(y=(r- 00,12 ) =* (x, p,vel 21120 )
V(x,y,1e' 2", 0)eSN " 2xSN"2x B2 x [gp, e ! p].

By the same perturbations arguments used in [21] in proving
Theorem 3.1, for every 6>0, one can find z; and oF with
7;<8, | oF — 0*|, <8 and o still satisfying (3.27) such that:

(@) (0,0) is a regular value for (®* — z;) X @F;

(b) (0,0) is a regular value for both

((D* —25) X @F) sN-2 xSN=2 x B2 x (p)}
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and
((@* —z5) X (l);s’=)|s"’*zxs""ZxBZx(e‘1 P}

Indeed, one is in a position to apply Proposition 3.1.

Hence ((®* — z;5) X ©F) ™' (0, 0) consists in a finite number of 1-manifolds.
From the symmetry of the problem, these 1-manifolds appear in 4-ples of
the type

{(x(0),5(0),1(0) &> @), (x(0), =y (0), T (0) e ™2™ ),
(3.28) (—=x(0), —y(©@)+2(y(0)—(y(c)-x(c) X(O')),.r(o') f2ma2-t@)
(=x(0),y(©)=2(y(0) = (¥(0)-x(c)) x(0)), & 22T N o1

It is a well-known fact that a compact 1-manifold imbedded in a
compact manifold is either homeomorphic to S* or starts and dies on the
boundary. From (3.22), each 1-manifold can intersect the boundary only
in SN"2x SN"2x B2 x {¢gp, e p}.

Moreover both

(@*—zm) X @F) ") N (SN2 x SN 2xB>x {gp})
and
(@*—z) X)) 1 O)N (SN 2xSN2xB>x {e7p})

consist in an odd number of 4-ples of the type of (3.13). One can assume
without loss of generality that the 1-manifolds starting at the boundary
intersect it transversally.

Since two symmetric 1-manifolds (i.e. belonging to the same 4-ple) can
never intersect, one can conclude that at least one 4-ple of solutions has
to connect SY 2 x SN2 x B2x {gp} with SN"2x SN"2xBZx {g 'p}.

Let us denote by (x(0),y(0),p(c)e*™ @, X(6))sc0,17 ONE Of such
1-manifolds: then one has that A(0)=gp and A(1)=g ! p, so that from
(3.24) one deduces that

£* (x(0),»(0), p(0) 2™ (@,2(0))
=2n?e?p?<2m?p?<2n?e 2 p2E* (x(1),y (1), p(1)e2 ™M A (1)).

Hence a o,€[0,1] exists such that E*(x(c,),y(0,),p(c,)e” "0,
A(oo)=2m?p*.
Therefore

(D* X (P* x a* (X (00)’)) (GO)’ p (GO) 62 mit (60)’ )\' (00)) = (0: 0’ 2 Tcz pZ)’

that is, (3.25) is satisfied.
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4. THE STRONG FORCE CASE (PROOF OF THEOREM 1)

Throughout this section, the energy E is fixed positive. Then the sol-
utions of (Pg) correspond to the critical points of the functional

(315 [ e-r)

in the set {xe A/I(x)>0}.

To carry out the proof of Theorem 1, we are first going to add to the
functional I a term inducing the strong force. Then we shall prove some
preliminary propositions, that will allow the application of Theorem 2. 1.
By virtue of an a priori estimate (Proposition 4. 1) we shall be in a position
to conclude that the critical points found by Theorem 2.1 are actually
(up to a rescaling) solutions of (Pg).

To this end, we start with the following:

DEFINITION 4. 1. — For any £>0, V,e 6% (RN\{0}; R) denotes a function
such that

4.1 Vs(x)g| E if 0<|x|<e

X
4.2 V.(x)>0 if 0<|x|<2e
4.3) V.(x)=0 if |x|z2e
4.4 VV.(x) - x=—-2V,(x), VxERN—{O}.
Define

1

L.()=1(x)+ J V. ().

0

ProprosiTION 4.1 (A priori estimate). — Assume (H1), (H2) hold and let
x€eA be a critical point of 1., such that 1. (x)>0. If

4.5) (28)«§Mﬁ
2E

then

(4.6) |x()|=2e,  VY1el0,1].

Proof. — Let x be such a critical point. We have

@“.7) <1J1|>&|2> <J1E—F(x)>+J1V£(x)=c>O
2 0 0 0
1 1
4.8) —(f E—F(x));c‘z(lj ])&[2>VF(x)—VVE(x).
(o) 2 0
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First, we deduce from (4.7), (4.8), (4.2) and (4.4) that x is not
constant. From (4.8) we have the energy integral

4.9) %|3€|2(J1E—F(x))+F(x)<%Jl])&Iz)—Vs(x)=h,

and by integrating (4.9) we find

4.10) h=E<%Lll;}|2>_LIV£(x)§E<%J:|3;|2>’

since V,(x)=0.

Let t,,€ R such that | x(z,,) |=min | x () |,we have
teR

4.11) ﬁi1|x(t)Zz]x(t)|2+x(z)-5c'(t )éo.

From (H2), (4.4), (4.8) and (4.11) we obtain

()
0|5 () P~ St
<J E—F(x))

° 1

(2], 15%)

f E-F (%)
4]
-2 V.,

1
( J E-F (x)>
(o]
and by substituting in (4.9) we obtain,

4.12) hg—(%-l) <%Ll|,;|z>F(x(tm)).

Taking into account of (H1) and (4.10), (4.12) leads to

a §< 2 )E,
| x (t,) [* oy —2
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that is [from (4. 5)],

lx(r)lzlx(zm)lz(w)”En

2(E) -

By virtue of Proposition 4. 1, looking for critical points of I is equivalent
to looking for critical points of I, provided that (4.5) holds. We are
going to show that I, satisfies the assumptions of Theorem 2.1.

PrOPOSITION 4.2. — Assume that (H1) holds. Then
4.13) lim infI, (x)= + co.

x = 0A
Proof. — Indeed
E 1 . 1
(4.14) IS(X)E—J IXI2+f V. (%),
2 0 0
and, from (4.1), V, satisfies the “strong force” condition. This fact (see
[16]) implies (4.13).

ProposiTION 4.3. — Assume (H1) and (H2) hold. Then, for any ¢>0, I,
satisfies the (PS,) condition.

Proof. — Let (x,), be a Palais-Smale sequence in A, that is

4.15) x,eA, L(x)=c,—c>0

—(JIE—F(XH)>fn
0

1

=(3[ 1) v,
(o]

with h, —»0 in H™L.

4.16)

From Proposition 4.2, we deduce that
4.17) dy>0 such that d(x,,dA)=y (VrneN).

From (4.14) and (4.15) we then obtain that a positive constant C exists
such that

1
.4
(4.18) f[x,,|2§—c for n large.
0 E

Let m,=min|x,(7)|. If (m,), is bounded, then, up to a subsequence,
te R

(x,), converges uniformly to some limit x, and from (4.16) we deduce

that (x,), converges to x strongly in H, so from (4.17) we conclude that

xeA.
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Assuming by the contrary that (m,), is unbounded, then (up to a
subsequence) we can assume that

lim m,= + oo,

n— +o
so that both (VF (x,)), and (VV,(x,)), converge uniformly (and hence in
H™1) to zero. Moreover, since

1
lim | E-F(x,)=E>0,

n— +owJo

(4.16) implies that (—x,), converges to zero in H™!. Hence ||x,|[p2—0
and therefore

I(x)—0

1

[indeed, for n large J

0

Vv, (xn)ZO], which contradicts (4.15).

ProposITION 4.4. — Assume (H1), (H2) and (4.5) hold. Let xe A be a
critical point of 1, at a positive level. Then x¢ F,.

Proof. — Let x be a such a critical point; by Proposition 4.1, we know
that x is actually a critical point of I, so that it satisfies

—X=AVF(x),
|x[2+22F (x)=A2E,

where

1/2r|)&|2
)\'2: - 0
J E—F(x)

0

>0

since I (x)>0. Now assume that x€F,, that is that there exists s such that
x(s—1t)=x(t), VteR. Therefore x(s/2)=0. One then deduce from the

conservation of the energy that F (x(s/2))=E, and hence, from (H1), that
E<O.

ProrosITION 4.5. — Assume (H1), (H2), (H3) and (1) hold. Let x be a
critical point of I such that

2FE \@~ 2/
4.19) 0<I(x)§1t2b2/°‘oc<—> .
Then x has 1 as its minimal period.
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Proof. — First, arguing as in the proof of Proposition 4.1, we deduce
from (H1) and (H2) that

a(o, —2)
4.20 Ntz ——=, VieR.
@.20) ez 2

Since x is a critical point of I at positive level, we have

1/2f | x|
—%  VF(x)

f E—-F(x)
0

and taking the L? product of (4.21) by x, from (H1) and (H2) we obtain

1 1/2j M
J [x]?g —20—— j —o, F(x),
fE F ()
0

.21

and hence
4.22) j E—- F(x)>< )E

o a,—2
Setting

I

I/ZJ X

4.23) E R (R — L
1 1 2
J E—-F(x) (J E—F(x))

0 0
from (4.22) we deduce
4.29) x2§<“2_2>21(x).

a, E

(4.21) and (H3) lead to

1"2 4 2.2 ' 1
lel <\a dzLI—W;

hence, from (4.20) and (H1) we obtain

2E (a+2)/e (1
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Since x has zero mean value, Wirtinger inequality says that
1 .. 1 .

(4.26) J |x|22(2kn)2J‘ | x |2,
0 0

where 1/k is the minimal period of x; therefore, from (4.21) and (H2) we
find

4.27) Jllflzg(an)zkzjl—och(x).
0

0

(4.24) together with (4.27) lead to

(@ +2)fa
kzé L 1 Xzaag[i s
o, (2m? (0, —2)a

and therefore, from (4.23) and (4.19),

bz/a -2 2
K= 3(0;2—2 ) (=20, —2)"
1

Hence (1) implies that k%<4, and therefore (k is an integer), k=1.
Now we turn to the proof of Theorem 1.

Proof of Theorem 1. — To carry out the proof, we first replace the
functional I with I, as in Definition 4.3, with € so small that (4.5) holds.
Then, by virtue of Proposition 4.1, the critical points of I, at positive
levels are solutions of (Pg), up to the rescaling of the period. In order to
find multiple critical points of I, we shall apply the results of sections I,
2 and 3.

We claim that I, satisfy all the assumptions of Theorem 3.1. Indeed,
from Proposition 4.2, I, admits a lower semicontinuous extension to the
whole of H as T, (x)= + o0, when xedA. Then (2.1) holds. Therefore, by
Theorem 3.1, (2.2) is satisfied. By Proposition 4.4, (2.4) is fulfilled too.
In order to check (2.3), from Proposition 4.3 we have to prove that the
critical levels are positive.

To do this, we assume on the contrary that, for somer, ¢,=0. Then
there is a sequence (A,), in I', such that supI, — 0. We are then going to

An
find a contradiction proving that, for large values of n, the A,s are G-

1
contractible sets. Indeed, from (4.14) we deduce that supj ]x[2 — 0 and
Ap 0

infmin | x ()| - + co. Therefore, for large values on n, the G-equivariant
A, ¢
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1

continuous homotopy 4(x,0)=(1-0c)x+o f x can be performed, con-
0
tracting the A, s into a set of large constant functions, without crossing

the boundary of A.
Hence Theorem 2.1 can be applied, providing the existence of at least
N—1 geometrically distinct critical points.

_2 1/a
%—E—)/—b:l , from (H1) we have

1t . ! b
sup I, = supI§sup{<—f [x[2> (J E+ >}
Ry CN Rp CN Rp CN 2 0 [ lx !a

(2 =2)/a
=n>h2 g 2E .
o—2

We remark that, taking Rb:l:

2E \@-2/a
Therefore, from Theorem 3.1, ¢y_, <n?*b**a ( —2> , so that
o—

from Proposition 4.5 we deduce that the minimal period of these critical
points is exactly one.

Now we point out that the same method apply to the functional
a

corresponding to the potential F(x)=|; . It is not difficult to see that,
X o
S 2F (@~ 2/
in that case ¢;=...=cy_; =n° a‘/“oc<—2) (see also [23]). Hence,
o—
from (H1) we deduce that
(¢ —2)/a (a—2)/a
w2 a?* o 2E Sc,Snzbz/“a<—2—E— ,
a—2 - a—2
r=1,...,N—1.

Finally, arguing as in the proof of Proposition 4.5, from (H2) the
periods of the solutions satisfy

(“‘”z)zl(x,)gfé(ﬁz%)zux,);

a, E o,

hence we deduce from the above discussion that the minimal period of
these solutions belong to the interval

(x—2)a, V& 2E )
(-2, ) Jfa  \ 2E :
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5. THE WEAK FORCE CASE (PROOF OF THEOREM 2)

In this section we turn to the proof of Theorem 2. To this aim, we
shall apply the results of the previous sections related to the homotopical
pseudo-index. First of all, we are going to replace the “‘singular” F with
a regular F_, which is defined and smooth even at the origin. Next we
shall provide estimates which will allow us to apply Theorem 2.2. Finally
from the a priori estimate (Proposition 5.1) we shall conclude that the
critical points found in this way do not interact with the truncation.

We start by defining the suitable truncation of F:

DEerFINITION 5.1. — Assume that F satisfies (H4), (HS). For any €>0, F,
denotes a function such that

5.1 F.e%? (RY; R)
(5.2 F.(x)=F (x) if |x|=e
(5.3) 0<VF,(x)-x< —a, F, (x), VxeRN
(5.4 —Fs(x)g%, VxeRN

x

there is a non increasing R — R, with

a .

(5.5) fQxhz s |xlse

such that —F (x)=f(] x]), VxeRN.

1£(x)=<1j1 |)é|2> <f1E—F£(x)), VxeH.
2 0 0

The following proposition provides the above mentioned a priori esti-
mate:

We set

PropOSITION 5.1 (A priori estimate). — Let F satisfy (H4), (HS), and
let F,, 1, as in Definition 5.1. Let ¢,>0 be fixed. There exist €>0 and a
function ¥, :[1,2) > [1, + ) such that if

(5.6) : (g:;l“)/ S A0t
then, for every 0 <&£<g, each critical point of 1, at level
(5.7 e <1 (x)sfzzsﬁbzw<2'°‘>(zW

slkxX)=c6= 5F )
satisfies

|x ()| ze, VieR.
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Moreover, W, fulfills the following properties:
Y (=1
W, is increasing;
lim ¥, ()= + c0.

a2
Proof. — The proof is contained in [22] (Section 4). For the reader’s
convenience, we recall here the main steps.

Step 1. — Assume that (H4), (HS) holds and let ¢,, ¢, be fixed such that
0<c,<c,. Then there is a function &(g) with lim & (g)=0, such that every

>0

critical point x of 1, at level ¢, <1, (x) < c, satisfies

(5.8) (J E—E(x)) Ule)sz l)élz) (Ll—ocl R(x))—S(s).

The proof is contained in [22], Appendix.
Step 2. — Let us define, for any p>0

(5.9) {er/ J |x|2—p}

(5.10) J(a,p)= inf J‘
xeS, N oA JO '.XI
(5.11) ¥, ()= 2% D

(/2
It was proved in [22] (Proposition 3. 1) that J and W, enjoy the following
properties:
(5.12) J(,p)=J(a,1)p™
Y, (D)=L
Y, is increasing;
lim ¥, (0) = + 0.

o= 2

Moreover, for every p,=p, >0 and y>0, there exists £(y) such that,
for every 0<e=<e(y) and for every pe[p;, p,], then

A 1
(5.13) jnf f —F, (=0 @, 1)-pZ.
vz foisrser Jo P
| x(0) =] x(1)]=¢

Step 3. — Let x be a critical point of I,. Then x satisfies

(5.14) —(JIE—FE(x)>£=<1f1|)E|2>VF€(x).
0 2 o

Vol. 9, n® 6-1992.
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Taking the L? product of (5. 14) by x, from (5.3) and (5. 7) one deduces

(5.15) JlE—Fs(X)é ;“ZE,

0 0oy

e (53)

Therefore assuming that (5.7) holds and setting

1 -1
8* (e)= 6(8)(~Ef |>é|2) ;
one obtains from (5.8) that 0

11 ‘13 2*0(1
(5.16) EL | x| éls(X)(W)

§2n2<(2—o¢)b>2/"< Q2—a)a >,
~2E (2—o) (o, —8*(e))

with lim 6* (¢)=0. Now by the step 1, taking into account of (5.6) and
£—>0

(5.11), we can fix y>0 and &> 0 sufficiently small that

b %< 2-a;)a >°‘/2 2—q J(oc D—v.
(2—a) (o = 8% () 2_012 (\/575)m ’

moreover, ¢ is fixed sufficiently small that (5. 13) holds for every

[ (2—a2> ( 2—a,
pe| ¢, , Cy .
—a, E —a, E+E&*(g)

Therefore, assuming that min | x (7) |<e, it follows from (5.13) and (5. 16)
t

R a((Z-—oc)(ocl—S*(s))“/Z( —2E>
. (20 b Q—a,)a Q- /)

and hence, from (1.17) that

and therefore

(5.17)

a o

that

(5.18) j “Fx)zU @)~y

—o, E
Ed

-,

flE—F(x)>
(4]

which contradicts (5.15). Therefore min |x(7)|=¢
t
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It is clear from Proposition 5.1 that finding critical points of I, such
that (5.7) holds is in fact equivalent to finding critical points of 1.

In order to apply Theorem 2.2, let us prove some preliminary estimates.
According with the notations of Sections 2 and 3, let us define

Q2—a)b |
5.19 = 5
( ) Py l: oF
1t .
(5.20) 21={er/§J |x[2=2n2p§};
0
(5.21) X,=ep, CyUe 1 p, Cy;
(5.22) Ct=I[eps. &~ " ps] Cn-

ProrosiTioN 5.2. — Let W, be defined in (5.11) and assume that (H4)

holds with b <Y, (o). Then there exists >0 such that, for every 0<g<g,
a

then
(5.23) inf I,>supl,.

1A oA N

J(o, 1)— -
Proof. — Let y>0 be fixed such that é< L)Y, and let ¢ be

a ( \/2 m)*
associated to y so that (5.13) holds with p=p,. Then, for every e<¢, one
has

|
inf I,>2n%p? <E+a inf J | |°'>
x

1 ndA xeZy 0o
[x () |=Ix(1)]|=¢
1 —
>2n? pf(E%—aJ(L_’)—Z)
(/2705

— 2— (2 —a)/a
>2n?pZ| E+ 2E =n?h*q cx .
2—a —2E

On the other hand, when ¢ is sufficiently small
—2E 2— (2—a)/a
supIE=2n2p§<E+ >=n2b2/°‘cx< cx) .
c& 2—a —2E

—a
I

the smallest positive critical level of the associated functional 1 in A is
2o \2—w)a

2o o .
-2E

Vol. 9, n° 6-1992.
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Proof. — Indeed, by the radial symmetry of the associated Euler equa-
tion, one deduces that every critical point is planar; moreover, the conser-
vation of the angular momentum also implies that the topological degree
of every solution with respect to the origin is different from zero. Now,
to each critical point x () of the functional there is associated a solution

2 2
y(A"1t) of (Pg) having period k2=I(x)< O};) . One easily deduces
—a

from the form of the potential that

M- a 2+a
5.24 —|y|*+ I
.20 J, 3o () v

Following the ideas of [15] and [13], one can prove that the minimum
of the integral in the left hand side, over the set of all the planar H! A-
periodic functions having non zero topological degree with respect to the
origin is attained by a circular function (that is a function having constant
modulus). Therefore, it is not difficult to prove that this minimum is equal
to

(5.25) <2+ a) (2m)? M2+ G212 ¥ D) 212+ ) @2+,
20

Hence, from (5.24) we have

<2+a)\/1( )>< >(2 )2:1/(2+c¢) 2/(2+a) 2/(2+1))\’(2 a)/(2+a)

2_ 2
From the last inequality and the value of k<X2=I(X)< ;) ) we
-

2—q 2~
finally deduce that I (x)=n?a**ua < 5B > .

ProposITION 5.4. — Let F(x)=;aa , and let 1_ be as in Definition 4.1.

| x
For any p>0, consider the class
ALr={AcBN2)j(ANS)=1};

and let us define
1
(5.26) K (a, p)= inf sup J F. (x).
Ae d; A 0

Then, for every fixed interval [py,p,) there is €>0 such that, for every
e<e,

(5.27) K(a,p)=K(a,1)p™*  Vpelp,p,], VIsSa<Z
(5.28) K(a )=a(/2m)% VISa<2,
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Proof. — In order to prove (5.28) we first claim that K (o, 1)>0,
V1<a<2. Indeed, assume on the contrary that K (a,1)=0 for somea,
and let (A,), be a sequence of non G-contractible sets of S, such that

1
1
supJ F—» 0. Since, for every n, A, < S,, one then deduces (cf. (5.9))
An Jo | X

that
lim min min|x(2)|= + oo,

n—> o xeA, teR

and therefore that, for n large, the G-equivariant homotopy
1
h(x,0)=(1—0)x+oc f x contracts A, into sets of constant functions,

0
without crossing dA. Therefore j(A,)=0. Now we prove (5.28). First of

all, one easily deduces that
(5.29) K(cx,l)§a(\/§1r)°‘,

just by taking A=Cy. Now we prove the reversed inequality: from the
fact that K (o, 1)>0, by applying the min-max principle (note that the
Palais-Smale condition holds at any positive level), one finds a Lagrangean
multiplier A and a function xe A (N S; satisfying

1
(5.30) J—a—fK(cx,l),
0 |x|
and
. aox
(531) _)\,XZW

1

Indeed, although the functional J 1 is singular, from (5.11) and the
o |X]*

properties of W, (5.13) and (5.29) one deduces that

inf JIL Za( /2m 2K (a1).

sinoado IX’“

It follows from (5.30) and (5.31) that

(5.32) l=%K(oc,l),

and hence
1

(5.33) Jllil”f 1 _2+a
02 Ax]r o«
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The radial symmetry of the equation (5.31) implies that x is planar.
Moreover, since its angular momentum is constant, one easily deduces
that the topological degree of x with respect to the origin is not zero. Let

us denote by 6, <a,%> the infimum of the functional in the left hand side

of (5.33) over the set of all the planar 1-periodic functions having non
zero topological degree, with respect to the origin. Following the ideas of

ay. . .
[15] one can prove that, whenever a=1, 6, <a,i>15 attained on the cir-

cular solutions of the equation —x=— >

A l x |2 +
Then (5.28) follows from the direct computation of 6,(a,A) [c¢f. also
(5.25)], taking into account of (5.32).

Formula (5.27) easily follows from the definition and the fact that
K(a, p) is attained in S, N A.

, having minimal period 1.

ProposiTioN 5.5. — Assume (H4), (HS) hold and let 1, be defined in
Definition 5.1. If € is sufficiently small, then, for every 0>c, <c, and every
c*elcy, ¢,), L, satisfies condition (C),a.

Proof. — The proof is contained in [22]. For completeness we recall it
here.

Let (x,), be a sequence satisfying

(5.34) I (x,) > ¢*;

(5.35) —(flE—Fe(xn)>f—<%Jl];&|2>VFS(x,,)—>O, in H™ Y
0 0

(5.36) <j1E—FS(xn)><Jl|£|2>—<ljll)€[2><J1VFs(xn)-xn>—>0.
0 0 2 0 0

Assuming that || x, || 2 is bounded, by standard compactness arguments
one easily deduces the existence of a converging subsequence (remember
that F, is regular). Now we assume that || x, || 2 is unbounded, that is, up
to a subsequence, that

(5.37) lim | |x]*=+c0.
Then (5.34) yields

(5.38) lim JIE—FE(x,,)=O,

n— +0 J0O
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and therefore, setting Q,={r€[0, 1/| x, (/)| =€}, one deduces from Tche-
bicev inequality, (H4), (5.2) and (5.5) that

(5.39) lim infmeas (Q,) > 0.

n— +w

From (5.38), (H4) and (5.1) one also deduces that there is a constant
d, such that

(5.40) min| x, (1) | £d,, VneN.

teR

From (5.37) and (5.40) one deduces the existence of a constant d, such

that
1 . 1/2
max|x,,(t)|§d2(J- |x,,]2> .
teR 0

Then (5.2), (5.3), (H4), (H5) and (5.36) imply that

1 1
2¢*= lim 2L (x,)= lim (lf |xn|2> (f VFa(x,,)-x,,)
n— +o© n— +ow 2 0 0
1t .
> lim («f xn|2) <f VFe(x,l)~x,,)
n— o0 \ 2 0 Q,

. o, ameas (Q oo \@rz
> lim 1—(")<I |x,,|2> =+ 00,

n— +w 2d02( 0

a contradiction.
Next Proposition will be proved in the Appendix.

ProposITION 5.6. — Let (H4) (H5) and (H6) holds. Then there are
Junctions B, o, and ©,, such that, when

(5.41) é((z—a‘)a> 2% _z(),

a\2-)a, ) 2—aq,

— 1/a
(5.42) 62<é,a,a1,a2><2 oc1> <l,
a 2

and
say Py a1
) a?* o3 \ 2—a 2—a, ote 7

then, for every energy E <O, each critical point of 1 at level

_ (2—a)/a 2— (2 —a)/a
5.44) mrathaf 222 <I()<m o =2 ,
—2E —2E

has 1 as minimal period and can not belong 1o F,.

Vol. 9, n° 6-1992.
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Moreover, E and o, (i=1,2) enjoy the following properties:

2(=2, Vi<a<?2
lim Z (o0)= + o0;
= 2

b
o;l —,a,0,,0, |>0
a

lim ci<é,oc,oc1,a2>= 1 for every fixed o

(22 b)/(21a) = 1 a

. 2—
lim o; (é , oL, 0,0 j=1 if @zo)b remains bounded.
-2 a (2—ay)a

Now we are in a position to prove Theorem 2:

Proof of Theorem 2. — To carry out the proof, we are going to apply
the results of sections 2 and 3 about the homotopical pseudo-index.

. . 2 .
We are going to define ¥* () =min <‘I‘1 (o), E (o), 2—), in such a way
—a

that the assumptions of all the above Propositions are satisfied.

Let us first replace F with F, as in Definition 5.1, € can be taken so
small that all the previous Propositions hold true. Then we claim that the
associated functional I, fulfills all the assumptions of Theorem 2.2.
Indeed, let ¥,, ¥, be defined in (5.20), (5.21). Then, from Theorem 3.2,
we know that C¥ as defined in (2.23) belongs to I'¥_,. Moreover, we
deduce from (H1) and the application Proposition 5.4 (with p,e[p, p,))
that, for every A < Z,, j(A)=1, we have

supl, = —2n? p§E< 2a —l)>0.
A Q2—-a)b

So that (2.8) and (2.8) hold true. Moreover, by Proposition 5.2, when
€ is small, then
2 —q \2—o)/
(5.45) ian£>n2b2/“oc(-> >c*, r=1,...,N—1,
A —2E
while Proposition 5.4 leads to
. ) 2a
¢z inf 2-2n*pp E{ ———— |>supl;
Aczy (2_(1)1)_1 Z

jia)z1

r=1,...,N—1,
»

(indeed, supI, < C, &?>"%, for some constant C, independe}y‘ of €). There-
2

fore (2.10) is fulfilled and, by Proposition 5.5, also (2.11) holds true.
Finally, from the above inequalities, Proposition 5.6 allows us to exclude
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the existence of elements of F, at the critical levels (2.12). Thus
Theorem 2.2 provides the existence of at least N — 1 distinct critical points
x,(r=1,...,N—1) of I.. Let us observe that the same method provides

critical point for the potential;aa , so that from (5.45) and Proposition
X

5.3 we deduce that the following estimate holds:
— g @) — g 2o/
n? b3y 2 =1 (x)=n?a*"a 2-e )
2E —-2E

By virtue of Proposition 5.1, we can say that these critical points do
not interact with the truncation, that is, they are critical point of I. As
such, up to the rescaling of the period, they are solutions of (Pg) having
minimal (because of Proposition 5.6) period in the interval

o 2_ 2-a)/2a —
(G T (R
—2E —o,E s
o () ()
—2E —a, E

6. PROOF OF PROPOSITION 5.6

In this section we turn to the proof of Proposition 5.6. To do this,
some preliminaries are needed.

Let x be a critical point of I such that (5.44) holds, and let
y(®)=x(A"'t) be the corresponding solution of (Pg). We shall actually
prove that y¢ F, and that the minimal period of y is A.

From (HS) and the estimate on the level of x, we deduce the following

estimates on the period A of y:

—2E —o,E

<nrgmrpreg 222 (220
- —2E —o, E

As a solution of (Pg), y satisfies
(6.2) —y=VF(y)
1.
(6.3) SIPP+FG)=E.

Let us denote
6.4) p()=|y®], VieR

Vol. 9, n® 6-1992.
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and
1
c()=—|yOP2F@)-VFu©®) -y (@),
6.5 (= SV OF 2P GO -VEG0)-5(0)
VieR.
Then from (HS5) we deduce that
—o,)b
(6.6) 1<cn< CTM8 yien
2—ay)a
Moreover, from (6.2) and (6.3) we have
—l§2=—2E—(2—a2)ait), VieR
6.7) 2 p*
p(+N)=p (), VieR
p(0)>0, VieR.
ProrosiTioN 6.1. — Assume that (H1) and (H4) hold, and assume
moreover that é< 5 . Assume that yeF,. Then there are L, and \,
a -0,
with 7&2—%1§%, such that p(h)=pQ,), pA,)=pR,)=0, and

min |y|=0.
tery, A2l

Proof. — By definition, y e F, implies that there exists s€[0, 1] such that
ys—n=y(@), VieR,

or, equivalently

One easily deduces that

<s+k
y —==—1

)

Hence, it follows from (6.3) that

G
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so that (H4) implies

o

S\I|* a s+1 a
) =—, and — | =z—.
‘y<2) ~ —E ‘y< 2 > ~ -E
+
From (6.7), we can conclude that both y<%> and y<s_27») are

strict local maxima for |y (7) | One then deduces that there is at least one

. +A .
, with t*eli%, ST:| Assuming for example that

local minimum |y (¢*)

t*— = < -, one finds that p(1*)=p(s—*) and p(t*)=p(s—*)=0. {

NS N
=

A
PROPOSITION 6.2. — Assume that the minimal period of y isz, with

k=2. Then there are L, and L, with A, — A, < %, such that p(hy)=p,),
p(A)=p(;)=0.

Proof. — In an obvious consequence of the fact that p<t+%>=p(r),
VieR.

ProrosiTioN 6.3. — Under the assumptions of Proposition 6.1
(respectively  Proposition  6.2), there  are  three  functions
0,,06,:(1,2)* x[1, + ©) = (0, + ) and E:(1,2) - (1, + 00) such that, if

é<(2—oc1)cx>“ 2—a <E(w)

a\2-ow)a, /) 2—a,

holds, then

— 1/a
p(t)gcl<é’a2’aaa1><'(z—ul—)a> s Vte[kn)\'z],
a —2E

b 2—a,) b\
H= —, 00y, O, O —_—
P()_O'z(a 2 1>< o )

Moreover, the following properties hold:
E@=z1, Vae(l,2)
= Is increasing
lim Z (o) = + o0;

a2

and

Vieh, A,

-
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lim ci<l—),oc2,a,oc1>=l, Vae(l,2)

(@2 b)/(xy @) > 1 a

. b .
lim o-i<—,oc2,oc,oz1>=l, if
a

a2

Q2—ay)b
2—ay)a

remains bounded.
Proof.

1
1
Step 1. — By the change of variables s () = J —, and p ()=p>"*(s(2)),
o P

from Proposition 6.1 (resp. Proposition 6.2), (6.7) becomes equivalent
to

—W'==2Q2-)Epf—Q2-o)?c(s)
r(0)=p (o),
W ()= (©)=0
pn(s)>0, Vs.

(6.8)

Where (.)" denotes the derivation with respect to the variable s

o
6.9 =%
6.9 p- 52
and
(6.10) 0)=J 21
A pa

Note that, by Proposition 6.1 (resp. Proposition 6.2), by integrating
the equation in (6.7) one obtains

x — —
©6.11) w=jz 1 2E 2E A

< (A,—A)S—— =,
llw—@—%m(z 0‘@—%m2

We set ¢ (s)=(1+cq(s)), so that, from (6.6) we have

(6.12) 0<ey(p< EZW07 v 10,0l
Q—o,)a

By derivating the equation in (6.8) and by taking the L? inner product
with ' we obtain

(6.13) j (u”)zds=—2aEJ uﬁ*l(p’)24s+(2—a)(2—a2)af cop” ds,
[0)

0 0
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and, from Holder inequality, taking into account of (6.12),

(6.14) J‘m(u")2 ds—Q2—a)(2—ay)a
0

(2_(11)b ) —< ® m?2 172 ® -1 n2
x([Z "1} /o WH*ds) <—2aE| pP l(u)*ds.
((2—0(2)0 \/ 0 0
Now, for any 0 < &< 1, the inequality
d2
41-8) ~
together with (6. 14) imply
Q-0)’Q2-0,)*d (R—2)b/2-w)a)— D)’ w
4(1-9)

§—2an uP~ 1 (u)*ds.
0

5x2—

<x?—dx, Vx,deR,

6.15) & r (W) ds—
0

Step 2. — Let us denote by H2 the Sobolev space
{ueH2(R;R)/u(s+w)=u(s), VseR}.

Let us consider, for every > 1
® B-1/B o
(e e

(6.16) Z*(B, m)—mf
NERE
and
[
6.17) Q*(B,0)= inf ———

(o)

The following properties hold

(6.18) E*(B,0)= —— —E*(B,1), VB, V>0

(I3+ 1)/8

6.19  Q*B,0)=———0Q*B, 1), VBl Vo>0

(B+1)/l5
(6.20) EXB,1)ZQ*@B,1), VP21
I B S L O L NP, b
(6.21) 9*(13,1)—0)(1”)“3 5 ) |sin 6| ael .
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Taking into account of (6.9), we set

2 ()2 = 4 E*< * 1)
6.22 GO e \2=a’ /)

—_ 4 * «
O e (2—a’1>’

The proof of (6.18) and (6.19) obviously follows from the definitions.
Formula (6.20) follow from the definitions and Holder’s inequality.
Finally (6.21) was proved in [22].

Remark 6.1. — From (6.22), one deduces that

Q)= i(l—)m;

n?\2—«a

— 2\* ®
--(0()2(;> o

since the right hand side of the above inequality is increasing, we deduce
that Z fulfills all the properties of the claim of Corollary 6.1
Now, from our change of variables we have

and then that

(6.23) f W=, — A,

0

Hence the inequality (6. 15) can be rewritten as

(6.24) Sr (ytds— @V QP a(@-a)blea) @ e
' 0 4(1-3)

1
A (B—1)/Bj (W) u™
g_m(_) o
2 (jw B>(B—1)/B
1
0

Assuming that p is not constant, from (6.24), (6. 15), (6. 18), we deduce
— 2 — 2 — _— — 2
6.25 5 Q-0 a(@zw)bC a)a) -1 e
4(1—6)j (n")?
0

ANGB-DB ]
S—2aE<« PN T
- 2 ZXB. D
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and therefore from (6.22), (6.9), (6.23) and (6. 1), we obtain
Q-a)?2-x)*a((C-o)b/2-a)a)— 1)’ o
41-8) | @
0
(o) (m) (5) =
“\a Q2-0)a, 2-a,) E@)¥

Now, according with the claim of Proposition 6.3, we assume that

6.27) 13((2_“1”)“2—“ <E().

a\(2-)o,; /) 2—a,

(6.26) 5—

Let us denote

b LBV (@ma)) 2=\
©-29) }31(;’“2’“’&1) <a> ((2—a)a1> ((2—%)) |

We set

8= 1(1 + al (b/d, Ay, u'>a1)>;
2 E@)*"

it follows from (6.4) that 0<d<1. Now (6.26) becomes
(6.29) J W)P=2-0)’Q2-w)an
0
x ((2_d’1)b _ l>2 <1 _ &l (b/a’QZ’ a’al)>—2
(2-ay)a E@)*"
and hence, from (6.19),

® 1/ 1
6.30 2Ry < (2-90)2(Q2-a,) a? @R,
(6.30) <L ) ) < = (2_0()(2(0()(2 02 (2-0,)d? o

8 ((2—ul)b 3 l>2<l & (bja,ay, oc,ocl)>‘2
(2—ay)a (E (@) '

Now, an easy computation shows that

Ay i (2+a)/2>ZB )1/B=< (2+O() >2<J‘w n2p )Ul3
<L<dtp “ 20-w) \J, @ %)

so that, from (6.30), (6.9) we obtain that

M d 2B 1/
(6.31) (J <_p<z+«w> d,>
a \df
-2 (2 to)/a (2+a)/a
§&2<ésa2’aaa1 a2<_'—E> (& )
a 2—a,)a 2
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638 S. TERRACINI

where

b _( Q+o) 21 B o
§2(a’%’cx’o“) (2(2—@) nZQ(a)(z W@~ oa)”

< ((2'—0‘1)17 _ 1>2<1 _ €, (b/a, O(230530(1))_2
(2—ay)a (& (o))*”

Therefore &, enjoys the following properties (see Remark 6. 1):

lim §2<1—),cx2,oc,oc1>=0, Vi<a<?
(6 . 32) (2—a1)b/(2-az)a) > 1 a
lim &, (é,az, oc,oz1>=0 if % remains bounded.
a2 a —0,)a

2 —
Let us write p*=<-(—;—;5)a

local maximum p(#,) has p(f,)=p,, then either p, is assumed by the
function p (7) or p ()= p,, V. From (6.31) we deduce

d

—P

Aa
I p2+a2 (p) — p(*2+a)/2 | éj
A, |4t

— 2+a)/2a
<( ”(dp<2+«>/2)”dz>‘”Bw—wwsﬁz(;” L)
v \dr 2—ay)a 2

and hence, from (6.1),

1/a
> . Remark that, since from (6.7) every

(2+a)/a

dt

—_ 2+a)/2a
(6.33) |p(“«vZ(z)—pf“”z|§53(&§Eﬁ> g e,

where

b _ _n_z é 2a [ (=)o \2 [ 2—o |2t
¢ §3<2’°‘2’°"°‘1> f”a(a) ((2—a)a1> (2—a2>

still satisfies

b
lim E_,3<,a2,oc,oc1>=0, Vi<a<2
(6. 35) ((2—a1) bj(2—az)a) > 1 a

2_
( lim &, é,ocz, a, oc1>=0 if 2-o)b remains bounded.
a 2—ay)a

o= 2
Finally obtain
(2—ay)a

(6.36) p(t);clpfcl( —

1/a
) , Vie[k, A5l
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and
2___ 1/a
(6.37) p(z)§czp*=ol<(—;“—§i’), Vel hl,
where
b (2 +a)/2 b
((51(—,0(2,0(,0(1)) =1—§3<—,a2,a,a1),
a a
and

(2+a|2
<cz<é,a2,a,al>) =1+§3(é,a2,a,a1>.
a a

From (6.35), both o, and o, satisfy

lim ci<é,cx2,oz,cx1)=l, Vi<a<?2
(6.38) (2—ap)bi2-az)a) > 1 a
. . (2= .
lim ci<é,cx2, a,0, |=1 if @-o)b remains bounded.
a2 \a (2—ay)a

Hence Proposition 6.3 is proved.

Proof of Proposition 5.6. — We assume that (5.41), (5.42) and (5.43)
hold with E, o, and o, respectively defined in (6.22), (6.36), (6.37).
Assume first that y e F,,. Then Proposition 6.1 says that there is 7€[A;,A,]
such that y(f)=0. We then deduce from (6.3), (H1) and Proposition 6.3

b a
that o, (—, oy, o, a1> <
a

, that is a contradiction.
2—o,

.. ) . T .
Now we assume that the minimal period of y is ;, for some integer

k=2. Then Wirtinger inequality leads to
2 (T A
(6.39) (3’1’5> J Iy'lzgj |52
I8 0 0
On the other hand, from (H5) we have
A A
(6.40) J |);|22_0’~1j F(y)
0 0

and, from (H4), (H6) and Proposition 6.3 we obtain

v A » 1
(6.41) J |y|2=j IVF(y)Izéazaij Toper2
o o o |l

_2E (2 +a)/a 1 A
gaa§ ——-——-) TJ‘ —F().
(2—ay)a o1 *Jo
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640 S. TERRACINI
From (6.40) and (6.41) we deduce

2 2 _ (2 +a)/a
2nk> Sa%( 2E ) 1 .
A )T oy \Q-x)a cite

Therefore (6. 1) implies

k2<b2/°‘ o3 (2—ay \2 [ 2—a \@roe ] <4
a3\ 22—« 2—a, ote 7

1

that is (k is an integer) k= 1.
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