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ABSTRACT. - The exact controllability of the semilinear wave equation
one space dimension with Dirichlet boundary conditions is studied. We prove that if ~(~)~~~( log2 ~ s ~ - 0 as
-~ oo, then
the exact controllability holds in Ho (Q) x L2 (Q) with controls
h E L2 (Q x (0, T)) supported in any open and non empty subset of Q. The
exact controllability time is that of the linear case where /=0. Our
method of proof is based on HUM (Hilbert Uniqueness Method) and on
a fixed point technique. We also show that this result is almost optimal
by proving that if f behaves
with p > 2 as
then the system is not exactly controllable. This is due to blow-up phenomena. The method of proof is rather general and applied also to the wave
equation with Neumann type boundary conditions.
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RESUME. - On demontre la controlabilite exacte de 1’equation des
ondes semi-lineaire a une dimension d’espace pour des nonlinearites/ que
satisfonts ~/~ s ~Ilog21s ~1-+0 lorsque1 s( -~oo. La methode de demonstration
combine HUM et une technique de point fixe. En utilisant des arguments
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d’explosion

on démontre que la condition de croissance
nonlinearite est presque optimale.

imposee

a la

1. INTRODUCTION AND MAIN RESULTS

This paper is concerned with the exact controllability of the semilinear
equation in one space dimension.
Let be Q = (0, 1) c R and c~ _ (ll , l~) a subinterval with Q __ l ~ l2 __ 1. Let
be T > 0 and
and let us consider the following semilinear wave

wave

equation

where h = h (x,
~,2
(0, T))~
Ho (Q) x L2 (~) and X~
denotes the characteristic function of the set co.
We shall assume the existence of some positive constant C > 0 such that
Under this assumption, by the methods of A. Haraux and T. Cazenave
it follows that system ( 1.1 ) has a unique global solution
The exact

controllability problem

hE L 2 (o x (0, T))

as follows: for
find a control function
such that the solution of ( 1.1 ) satisfies

Thus, the question is whether

we can

state to any final state in time T

support in

may be formulated

by

drive the system from any initial
of the action of a control with

means

(0, T).

When this property holds true we will say that system ( 1.1 ) is exactly
controllable in time T.
When the control acts in all of Q (i. e.
the exact controllability in
any time T > o is easy to prove without any restriction on the nonlinearity.
When the support of the control is restricted to some subset ~ ~ ~ the
situation is much more delicate.
However, in the linear framework (/= 0), the problem is by now well
understood. In one space dimension with ~._ (ll,
~_ (o,: 1) the exact
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holds in time T > 2 max (l1, 1- l2) (see E. Zuazua [Z3]).
Observe that in the one-dimensional case the exact controllability holds
for any open and non-empty subset o of Q. However, in several space
dimensions, the geometric control property is needed on the subset ~ in
order to ensure the exact controllability (see C. Bardos, G. Lebeau and J.
Rauch
BLR2]).
Very recently the first exact controllability results have been proved for
the semilinear wave equation.
In [Z4, Z5] we have proved that system (1.1) is exactly controllable
when the nonlinearity f is globally Lipschitz. In fact, in [Z4, ZS~ we proved
this result also in several space dimensions in the case where (D was a
neighborhood of the boundary of Q.
The method of [Z4, Z5] was based on the Hilbert Uniqueness Method
(HUM) introduced by J. L. Lions [Ll, L2, L3] to study the exact controllability of linear systems and a fixed point technique.
Later on, these results were recovered by I. Lasiecka and R. Triggiani
in [LaTl, LaT2] by using global inversion theorems. They also improved
in some cases the regularity of the controls given in [Z5] but their results
were, as in [Z5], completely restricted to globally Lipschitz nonlinearities.
In a recent paper [Z6], by using in a deeper way the fixed point technique
of [Z5] we have proved the exact controllability of system (1.1) (in one
space dimension) under the following growth condition on the nonlinearity

controllability

The goal of this paper is to improve this
controllability under the weaker assumption

In

fact,

we

shall prove that there exists

some

result

by proving

Po > 0

such that if

the exact

then the exact controllability ofsystem (1.1) still holds.
Condition ( 1. 4) allows nonlinearities that grow at infinity in a superlinear way. This growth condition might seem to be too restrictive but it is
almost optimal since no assumption is done on the sign of the nonlinearity.
Indeed, if f behaves at infinity like - slogP I:). with p~ > 2, then due to
blow-up phenomena, the system is not exactly controllable in any time
T>O.
To be more precise, let us state our main positive and negative results.
Vol. to, n° 1-1993.
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THEOREM 1.
Let be 03C9= (h, l2) ~ ~ and T > T (h, l2) 2 max (ll; 1- l2).
Then there exists some (30 > 0 such that if the nonlinearity f~C1 (IR) satisfies
( 1. 4) then system ( 1.1 ) is exactly controllable in time T.
-

=

THEOREM 2. - Assume that w ~ S2 and that f satisfies

for

some p > 2. Then, system ( 1.1 ) is not exactly controllable in
any time
T>O.
The proof of Theorem 1 is based on the fixed point technique introduced
in [Z5] that reduces the exact controllability problem to the obtention of
suitable a priori estimates for the linearized wave equation with a potential.
These estimates will be obtained by techniques that are genuinely onedimensional. For this reason, we are not able to extend Theorem 1 to
several space dimensions.
The proof of Theorem 2 is based on a blow-up argument that applied
also in the case of several space variables. It is sufficient to observe that
there exist solutions of ( 1.1 ) with h = 0 that blow up in an arbitrarily
small time in some point (xo, to) that is out of the influence-region of the
control. Then, whatever control h we choose supported in co, the solution
of ( 1.1 ) will blow up at time to and therefore it will not be even global in
time and in particular, (1.2) will not hold.
All we have said concerns the internal control problem, i. e. the case
where the control is distributed in the interior of the domain Q. However,
from Theorems 1 and 2 we can also obtain positive and negative results
for the following system with boundary control:

We have the

following

result.

THEOREM 3. - (a) Let be T > 2. Assume that f~C1(R) satisfies ( 1. 4)
with
small
Then,
(3° > 0
enough.
for
every
E Ha (Q) x L2 (Q) there exists a control v E C ([0, T]) such that the
xO,
solution y of ( 1 . 6) satisfies ( 1 . 2).
(b) Assume that the nonlinearity f satifies (1 . 5) with p > 2, then, system
(1 . 6) is not exactly controllable in any time T > o. More precisely, there
exist initial
E Ho (Q) x L2 (Q) for which the solution of (1 . 6)
in
T
time
t
blows-up
for any control function v E C ([0, T]).
The first statement (a) of this theorem is a direct consequence of
Theorem l. It is sufficient to extend the domain S2 as well as the initial
and final data and define the control function v as the restriction at x 0

{

=
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of the controlled state y that satisfies an equation of type (1.1) with a
control h that is supported in the exterior of Q.
Since y E C ([0, T]; H~ (Q)) U C~ ([0, T]; L2 (Q)) we deduce that the con-

trol function verifies v E Cs ([0,

0

t]) for any 0

1 . The solution y of (1.6)

is given as the restriction to Q x (0, T) of the solution y defined in
the extended domain. On the other hand, the uniqueness of the solution
of (1.6) is easy to prove. Therefore, for the control v constructed as
above system ( 1. 6) has an unique solution in the class
C([0, T] ; V) ~1 C 1 ([0, T’]; L2 (SZ)) with V = ~ cp E H 1 (Q) : cp ( 1 ) _ ~ ~ .
Theorem 3 applies also in the case where the control functions acts at
x =1, i. e. with boundary conditions y (0, t) 0, y ( l, t) w (t) for t E (0, T).
When we consider controls at both ends x=O and x=l, i. e. when the
for t E (0, T), the
boundary conditions are y(O, t)=v(t),
exact controllability time reduces to the half: more precisely, the system is
then exactly controllable at any time T > 1.
This paper is organized as follows. Section 2 is devoted to the development of the fixed point method: Theorem 1 is reduced to the obtention
of suitable observability estimates for the wave equation with potential.
This estimates are proved in Section 3. In Section 4 we give the proof of
Theorem 2 by using blow-up arguments. Section 5 is devoted to the
boundary control problem: Theorem 3 is proved. We end with Section 6
where we mention some extensions of the methods and results of this
paper as well as some open problems.
Let us complete this introduction with some comments on the bibliographical references that we have not mentioned above.
One of the classic tools that has been used for the study of the
controllability of nonlinear system is the Implicit Function Theorem (IFT).
L. Markus in [M] and E. B. Lee and L. Markus in [LeM] applied the
IFT to deduce local controllability properties for some systems of ODEs
(by local controllability we mean that one can drive some initial state to
some final state when they are close enough). This technique was after
adapted and extended to the wave equation by H. O. Fattorini [F] and
W. C. Chewning [CH] (see also D. L. Russell’s review article [R]), but
their results were also of local nature. M. A. Cirina in [Ci] developed a
different method for proving local controllability results for some first
order hyperbolic systems in one space dimension.
Another classic view-point to study nonlinear control problems is that
of using fixed point techniques (cf. H. Hermes [H]). D. L. Lukes in
[Lu] gives global controllability results for some systems of ODE with
nonlinearities that are globally Lipschitz with small Lipschitz constant.
In [Lu] the control may enter in the system in a nonlinear way. The work
=
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of N. Carmichael and M. D. Quinn [CaQ] describes some of the applications of fixed point methods in nonlinear control problems.
More recently, K. Naito [N], T. Seidman [Se] and K. Naito and
T. Seidman in [NSe] have used Schauder’s fixed point Theorem to prove
the invariance of the set of reachable states under nonlinear preturbations
that grow at infinity in a sublinear way for a number of parabolic and
hyperbolic problems. By combining HUM and Schauder’s fixed point
Theorem we obtained in [Zl, Z2] exact controllability results for wave
equations with nonlinearities that were allowed to grow in a sublinear or
linear way at infinity.
In the present paper, it is the use of Leray-Schauder’s degree theory
(instead of Schauder’s fixed point Theorem) that allows us to go farther
by allowing some nonlinearities that grow at infinity in a superlinear way.

2. DESCRIPTION OF THE FIXED POINT METHOD
In this section we describe the fixed point technique we use in the proof
of Theorem 1. The proof of Theorem 1 will be reduced to the obtention
of a suitable observability property for the linear wave equation with a
bounded potential. This will be done in the next section, concluding the
proof of Theorem 1.
We proceed in several steps.
Let us fix the intial and final
Step 1.
x L2
E
(Q) and let us introduce the continuous function
Ho (Q)
~ z°,
-

Given

h = h (x, t;

any

(0, T))

look
we
such that the solution y

for

= y (x,

a

t;

ç)

control
of

satisfies

To prove this we use HUM.
We first solve the system.
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solution

and therefore

cp 1 ~ E L2 (Q)

Then, for

x

H - (Q)

we

solve

and

We define the linear and continuous operator

by
problem reduces to prove
cp 1 } E L2 (Q) x H -1 (Q) such that

The

Indeed,
solution of

(2. 7),

is solution of
satisfies

the

(2. 9),

and therefore y = 11 + z satisfies both (2. 2) and
In order to solve (2. 9) we observe .that

existence

then x~, the

see

some

corresponding

(2. 3).

this, it is sufficient to multiply the equation (2.7) by
integrate by parts.
Let us now consider the following wave equation
To

of

cp and to

with potential a (x, t) E L°° (Q x (0, T)).
Let us assume that the following observability property holds for system
C ([0, oo])
(~ . ~ 1): there exists a real positive and continuous function
Vol. 10, n° 1-1993.
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such that

cp 1 ~

for

(Q) X H -1 (S2) and

denotes the

norm

(S2 X (0, T)). In (2 .12) I I . ( ~
[resp. L°° (SZ X (0, T)].

in

ThenormiH-1(03A9)sgivenby~03C6H-1(A9)=~d - d2dx)-1

dx B

Combining (2 .10)

and

(2 .12)

we

03C6~ L2 (03A9).
/

obtain

and therefore

A~ :

L2 (Q) x H -1 (SZ) ~ L2 (Q) x Ho (S2) is

Then, equation (2. 9) has

a

unique

an

isomorphism. (2 .14)

solution

and the function

is the desired control such that the solution y of (2. 2) satisfies (0.3).
We have defined in a unique way a control h (x, t; ç) E L2 (co x (0, T))
for system (2 . 2)-(2 . 3) and this for
T)). The solution
L2
C’
of
to
C
(2 . 2) belongs
y
([0, T]; Hà (Q)) n ([0, T]; (Q» and thanks to
the embedding Hà (Q) c L°° (Q) we deduce that y E L°° (Q x (0, T)).
Therefore, we have constructed a nonlinear operator
such that K (~) ~ y where y is the solution of (2. 2)-(2. 3) with the control
function h E L2 (Q x (0, T)) defined above.
It is easy to see that the operator K sends bounded sets of
L °° (Q x (0, T)) into bounded sets of
This fact, combined with the compactness of embedding
of K from L°° (Q x (0, T)) to
L °° (Q (0, T)) and the fact that K maps bounded sets of L °° (Q x (0, T))
into relatively compact sets of itself.
Therefore the operator

allows

us

to prove both the

continuity

x

2. - We observe that, provided (2.12) holds, it is sufficient to
the
existence of a fixed point of K. Indeed,
(Q x (0, T))
prove

Step
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fixed point of K, then § y E C ([0, T]; Ho (SZ)) n C 1 ([0, T]); L2 (SZ))
and y satisfies both ( 1.1 ) and (1.2). Therefore, if ~ = y is a fixed point
of K, it is sufficient to choose h (x, t; ç) as control for the nonlinear

is

=

a

system ( 1.1 ) .
In order to prove the existence of a fixed point for K
Schauder’s degree Theorem. We define the operator

we use

Leray-

such that

K~ is the compact operator defined as in Step 1 but for the
nonlinearity cr g.
The operator K is compact and K(0, ~) Ko (~) is independent of ~.
Therefore, in order to conclude the existence of a fixed point for K = K1
it is sufficient to prove that the identity

where

=

T)) implies an uniform bound for y
with ~ E [0, 1]] and
L °° (Q x (0, T)).
By construction of K, equation (2.16) is equivalent to the system

Let

us assume

equation

In

satisfied

(2 . 18) ~ . , . ~
From

(2.18)

Vol. 10, n° 1-1993.

for the moment that f (o) = o. Multiplying by cp
by y and integrating by parts in Q x (0, T) we get

denotes the
we deduce

duality pairing

between

Ho (Q)

and H -1

in

the

(Q).
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In view of

by

cp

and

(2.12)

Combining (2.19)

We

can assume

increasing) in
and therefore

Steep
Let

the

time-reversibility

(-

and

consider the

us

equation satisfied

we

get

a

is

(y ~

following general

~

is

decreasing (resp.

II ~) I )

in terms of

linear

wave

dx dt.

equation

define the energy

We have the

following estimate.

LEMMA 1.
There exist two positive constants
T
on Q and such that
-

for

of the

increasing and thatgI
0) [resp. (0, co)]. Then a. (cr

that

oo,

(2.20)

3. - We need to estimate

us

and let

by

deduce

we

and

every

b E L2 (Q x (0, T))

every

A, B > 0 that only depend

solution

of(2 . 22)

with

(Q) x L2 (Q).
Let

and let

us

define the

perturbed

energy
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We have

and therefore

(2. 24) easily follows. 0
Applying (2. 24) to the solution y of (2.17) and using the continuity
the embedding H~ (S~) c L°° (Q) we deduce that, for C > 0 large enough,

from where

From the
such that

growth condition (1.4) we deduce

Combining (2. 25)

If

Po >

0 is small

and

enough

which combined with

From

(2.21)

Assume that

and

a

that there exists

some

of

d>O

(2. 26) we get

such

thatJ2 Po CT _ I

we

deduce that

(2 .19), yields

(2.27)

and g

we

are so

get

that

Then, from (2 . 28) we deduce that
~{~(~}~+~(T),q/(T)}~ is uniformly bounded, which combined
with (2.27) yields an uniform bound for
[[
for

every

C2 > Or

1.

~.

Vot. 10, n° 1-1993.
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Therefore, the problem reduces

to prove

(2.29).

Assume that

we

have

the estimate

Then, clearly, (2. 29) follows from the growth condiis small enough.
Step 4. - Let us return to system (2.17) but now for the case where
f (o) ~ 0. Instead of (2.18) we have
for some A’, B’ > 0.
tion ( 1. 4) provided

Assume that

for

some

we

have the

following

increasing function

estimate for cp:

y such that

some A", B" > 0.
Then, proceeding as in steps 3 and 4

for

we easily obtain the uniform
bound for
It remains to prove the observability property (2.12) with a satisfying
(2 . 30) and (2 . 31 ) with y satisfying (2. 32). This will be done in the
following section (Theorem 4 and Lemma 2) and then the proof of Theorem 1 will be concluded.

3. OBSERVABILITY ESTIMATES FOR THE WAVE
WITH BOUNDED POTENTIAL

EQUATION

The aim of this section is to prove the following observability result
for system (2 . 11 ). For proving this estimate we will use the intermediate
Lemma 2 which provides (2 . 31 ) with y satisfying (2. 32).
THEOREM 4. - If
A1, B1>0 such that

for

every

aE

L°° (H x

T>2

max

(/1’ 1- l2),

(0, T)) and every

there exist two positive constants

solution p

of (2 .11) with initial data
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Proof. Steps

1.

-

We have the

in several steps.

proceed

First

we

study

the behavior of the energy

following estimate.

LEMMA 2. - There exist positive constants

for

every

aE
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L °°

(Q x (0, T))

Proof of Lemma

and every solution

2. - We

with p and q respectively

A2, B2 > 0 such
of (2.11 ).

the solution cp of

decompose

that

(211)

as

solutions of

and

The

energy ~ is conserved for system (3 .4). Therefore

In order to estimate the energy
and b = - ap. We get

Combining (3 .6)

and

of q

apply

(3 . 7), (3 . 3) follows easily.

Remark. - Observe that Lemma 2

(2 . 32).

we

Lemma 1 with u = q,

D

provides (2.31)

with y

satisfying

0

2. - From Lemma 2 we deduce that in fact it is sufficient to
the
existence of tl, t2 E [o, T] with t 1 t2 and C > 0 such that
prove

Step

Vol. 10, n° 1-1993.
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Indeed, by (3 . 3) and the time-revertibility of system (2 .11 )

follows
in order to get

Combining (3 . 8)-(3 . 9), (3 . 1 )
We

now

observe

that,

cp in

Indeed, multipying by

ing by parts

in Q x

(tl, t2)

easily.
(3 . 8), it is sufficient

we

equation (2 . 11)

we

have

to prove

and

integrat-

get

Combining (3 . 10) and (3 .I) it is easy to get (3 . 8).
Step 3. - If cp E L2 (m X~(o, T)) L2 (ll, l2; L2 (0, T)), by using
=

the equa-

tion

we

deduce that cpxx E L2 (ll,

Then, by interpolation

l2; ~-I ~ 2 (0, T))

we

obtain that

with

lz; H ~ ~ ~o, T))

Annales de l’lnstitut Henri Poincaré -
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deduce that, in order to get

From
obtain

(3.12)

We

observe that in fact it is sufficient to prove

now

for any
where

xoEQ

we

and T > 2

1 2014 xo) with

max

Indeed, integrating (3 .14) with respect
time T
with tl

given in Theorem
= max (/1, 1- l2),

(3.10) it is sufficient

T

(xo)

to those

4 satisfies

B)/ = B(/ (x, t )

=

Ii

to

(xa) U i2 (xo)

for which the
we

get (3 .13)

1-12).

Step 4. - Let us finally prove (3.14). We observe
speed of propagation (= 1) in system (2 .11 ) we have

where

123
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that due to finite

is the solution of

System (3.16) is
variables has been

equation where the roles of the time and space
interchanged. It is an evolution equation with respect
a wave

to x.
_

We

can

apply

Lemma 2 to system

Combining (3 .15)
proof of Theorem 4.
Vol. 10, n° 1-1993.

and

(3 . I 7. )

we

(3.16).

We get

get (3.14) and this concludes the
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4. PROOF OF THEOREM 2

Due to finite
the set

speed of propagation (= 1)

in system

( 1. 1 ),

the

points of

remain out of the influence-region of the control h that is supported in
T) with ~ _ (ll, l2).
Therefore, if (xo, to) E R then the solution y of ( 1.1 ) restricted to the
set

does not

depend on the control function h.
particular, if the restrictions of the initial data
(xo - to, xo + to) are constant functions, i. e.
In

and p

= p (t) is

then the

the solution of the differential

solution y

for any h E L2 (m

Assume

x

of

to the interval

equation

( 1.1 ) satisfies

(0, T)).

that

we are able to construct data
{ y, ~ ~ such that the
of (4. 3) blows-up in time t> to. Then, in view of (4. 5), we
deduce that for initial data
L 2 (Q) satisfying (4. 3) the
solution y of (1.1) blows-up in time t> to for any control function
T)). In particular, the desired final condition (1.3) will be
and the system ( 1.1 ) will
impossible to achieve for any final data ~ z°,
not be exactly controllable in any time T > o.
We have reduced the proof of Theorem 2 to show that under the growth
condition ( 1. 5) on the nonlinearity f there exist solutions of the differential
equation (4. 4) that blow up in arbitrarily small time.
Let us choose y, 8 > 0 such that
now

solution p

Then, it is
where I (y,

b)

easy to

see

that the solution p of (4

is the existence interval for

. 4) satisfies

equation (4 . 4).
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y > 0 such that

for every
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Multiplying (4 . 4) by p’

we

get

with

and therefore

Thus
and
with

Assume that

any E > 0

we

For this choice of y

we

Then, given
s >_ y and

and

may choose

choose S > 0 such that

(4.14) implies that

and in view of (4

.11 )

we

conclude that

This means that the solution p of
up in time

(4 . 4)

with this choice

of ~ Y, ~ ~

Therefore, it is sufficient to check that (4.13) holds.
see that, for k > 0 large enough,

sufficient to
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From the

which

growth condition (1 . 5)

implies (4.16)

for p>2.
This concludes the

we

deduce that

since

proof of Theorem

2.

5. BOUNDARY CONTROL

This section is devoted to the proof of Theorem 3. The proof of the
second statement (b) of this Theorem is analogous to that of Theorem 3.
Therefore we concentrate our attention on the proof of the exact controllability result (a).
We first observe that, as a consequence of Theorem 1, if Q = (a, b) c R
with l2 > ll, then under the growth condition (1. 4)
and
with
small enough, system (1.1) is exactly controllable in time
T>2 max (ll -a, b-l2).
Given any E > 0 let us define the extended domain S~ _ ( - E, 1) and
~ _ ( - E, ~). Let us extend our initial and final
E Ho (Q) x L2 (Q) by zero outside of Q to define

Then
In view of Theorem 1 and since T > 2, we deduce that there exists
control h E L2
(0, T)) such that the solution y of

a

satisfies
and v = y {o, t). Then y satisfies clearly (1.6)
(1.2). Therefore the control v answers to the question and since
(S~)) (~ C1 ([0, T]; L2 {SZ)) we deduce that, in particular,
y E C ([©, T];
v ~ C ([0, T]).
This completes the proof of Theorem 3.
Let be

and
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6. FURTHER COMMENTS
1.

Clearly, Theorems

1 and 2 do not cover the case where the nonlinearbehaves
like
+
ks
ity f
log2 ( 1 + s ~) ass ~-~ oo with k > 0 large. Very
in
those
cases
the exact controllability holds since blow-up
probably,
do
not
phenomena
appear.
2. All the results of this paper extend easily to semilinear wave equations
with variable coefficients like

with aEW1, 00 (Q),
a(x)~a0>0, ~ x~03A9 for some constant ao > 0. We refer
to [Z3] for the linear case.
3. We have not used in an essential manner the Dirichlet boundary
conditions. The same results hold for system (1.1) with Neumann boundary conditions or mixed Dirichlet-Neumann boundary conditions. When
considering Neumann boundary conditions the only change to be done in
the statement of our theorems is to replace the space H~ (Q) [resp. H -1 (Q)]

by H 1 (Q) [resp. by (H ~ (SZ))’] .
4. If the nonlinearity f E C1 (R) satisfies the sign condition f (s) s >__ 0,
then all the solutions of (1.1) are global in time. Thus, one could
the
exact controllability of system ( ~ .1 ). The exact controllability
expect
of systems like
with p > 1 is

open question.
the local controllability results of [Z2] with the stabilization ones of [Z7] one can prove that given any { y°,
~ z°, E Ho (S2) x ~2 (Q) there exists a time T > 0 and a control function
x
(0, T)) such that the solution of {6 . 1 ) with Dirichlet boundary
data satisfies both the initial condition y (o) = y°, y’ (0) = yl and the final
condition y (T) = z°, y’ (T’) = z1. However the controllability time T we get
in this way is not uniform and tends to infinity when the norm of the
initial or final data goes to infinity.
5. The fixed point technique described in Section 2 can be easily adapted
to the semilinear wave equation in any space dimension with control on a
neighborhood of the boundary ofD. However, in order to show the
existence of a class of nonlinearities that grow at infinity in a superlinear
way for which the exact controllability holds, we need an observability
result with explicit constants (like Theorem 4) for the wave function plus
a potential in several space dimensions. The method we have used in
Theorem 4 is genuinely one-dimensional. Therefore the extension of
Theorem 1 to several space dimensions is an open problem. However, as
we have mentioned in the introduction, the
counter-example of Theorem 2
extends easily to several space dimensions.
an

Combining
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6. The fixed point method of Section 2
like semilinear models of the form

with several

can

be also

adapted

to

plate-

conditions. However, once again, the obtention of
results for plate models with potential and explicit constants

boundary

observability
an open problem.

is
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