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ABSTRACT. – Given any constantC > 0, we show that there existsε0 > 0 such that for any
ε < ε0, the problemPε: −�uε = u(n+2)/(n−2)

ε , uε > 0 inAε;uε = 0 on∂Aε, has no solutionuε,
whose energy,

∫
Aε
|∇uε|2, is less than C, whereAε is a ringshaped open set inRn andn � 4.
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RÉSUMÉ. – Etant donné une constante positiveC arbitraire, nous montrons qu’il existeε0> 0
tel que pour toutε < ε0, le problèmePε: −�uε = u(n+2)/(n−2)

ε , uε > 0 dansAε;uε = 0 sur∂Aε,
ne possède pas de solutionuε dont l’energie,

∫
Aε
|∇uε|2, est plus petite que C, oùAε est un ouvert

deR
n ayant la forme d’un anneau etn� 4.  2002 Éditions scientifiques et médicales Elsevier

SAS

1. Introduction and the main results

Let us consider the nonlinear elliptic problem

P(�)

{−�u= up, u > 0 in�,
u= 0 on∂�,
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where� is a bounded regular domain inRn, n� 3 andp+1= 2n/(n−2) is the critical
Sobolev exponent.

The interest in this type of equation comes from its resemblance to some nonlinear
problems in geometry (Yamabe problem, Harmonic maps, . . .) and physics (Yang–
Mills equations, Then body problem, . . .) where some lack of compactness occurs
(see Brezis [6]). It is well known that if� is starshaped,P(�) has no solution (see
Pohozaev [13]) and if� has nontrivial topology, in the sense thatH2k−1(�;Q) �= 0 or
Hk(�;Z/2Z) �= 0 for somek ∈ N, Bahri and Coron [3] have shown thatP(�) has a
solution. Nevertheless, Ding [9] (see also Dancer [8]) gave the example of contractible
domain on whichP(�) has a solution. Then, the question related to existence or
nonexistence of solution ofP(�) remained open.

In this paper, we study the problemP(�) when�= Aε is a ringshaped open set in
R
n andε→ 0. More precisely, letf be any smooth function:

f :Rn−1→[1,2], (θ1, . . . , θn−1)→ f (θ1, . . . , θn−1)

which is periodic of periodπ with respect toθ1, . . . , θn−2 and of period 2π with respect
to θn−1. We set

S1(f )= {x ∈R
n | r = f (θ1, . . . , θn−1)

}
where(r, θ1, . . . , θn−1) are the polar coordinates ofx. For ε positive small enough, we
introduce the following map

gε :S1(f )→ gε(S1(f )
)= S2(f ), x �→ gε(x)= x + εnx

wherenx is the outward normal toS1(f ) at x. We denote by(Aε)ε>0 the family of
annulus shaped open sets inR

n such that∂Aε = S1(f ) ∪ S2(f ). Our main result is the
following theorem.

THEOREM 1.1. –Assume thatn � 4. Let C be any positive constant. Then, there
existsε0 > 0 such that for anyε < ε0, the problemPε: −�uε = u(n+2)/(n−2)

ε , uε >

0 in Aε,uε = 0 on∂Aε, has no solution such that
∫
Aε
|∇uε|2 �C.

Remark1.2. – We believe the result to be true also forn= 3 (see Remark 1.4 below).

The proof of Theorem 1.1 is given in two principal steps:
Step1. We suppose thatPε has a solutionuε which satisfies

∫
Aε
|∇uε|2 � C, C being

a given constant. We study the asymptotic behavior ofuε whenε tends to zero. We prove
thatuε blows up at p points (p ∈ N

∗), then the location of blow up points is studied. In
order to formulate the result of this step, we need to introduce some notations.

We denote byGε the Green’s function of Laplace operator defined by∀x ∈Aε
−�Gε(x, .)= cnδx in Aε, Gε(x, .)= 0 on∂Aε (1.1)

whereδx is the Dirac mass atx and cn = (n − 2)meas(Sn−1). We denote byHε the
regular part ofGε, that is,

Hε(x1, x2)= |x1− x2|2−n −Gε(x1, x2), for (x1, x2) ∈Aε ×Aε. (1.2)



M. BEN AYED ET AL. / Ann. I. H. Poincaré – AN 19 (2002) 715–744 717

Forp ∈N
∗ andx = (x1, . . . , xp) ∈Apε , we denote byM =Mε the matrix defined by

M = (mij )1�i,j�p, wheremii =Hε(xi, xi), mij =−Gε(xi, xj ), i �= j, (1.3)

and defineρε(x) as the least eingenvalue ofM(x) (ρε(x) = −∞ if xi = xj for some
i �= j ). Fora ∈ R

n andλ > 0, δ(a,λ) denotes the function

δ(a,λ)(x)= c0 λ
n−2

2

(1+ λ2|x − a|2) n−2
2

. (1.4)

It is well known that ifc0 is suitably chosen(c0= (n(n− 2))
n−2

4 ) the functionδ(a,λ) are
the only solutions of equation

−�u= un+2
n−2 , u > 0 in R

n (1.5)

and they are also the only minimizers for the Sobolev inequality

S = inf
{|∇u|2L2(Rn)|u|−2

L
2n
n−2 (Rn)

, s.t. ∇u ∈L2, u ∈L 2n
n−2 , u �= 0

}
. (1.6)

We also denote byPεδ(a,λ) the projection ofδ(a,λ) onH 1
0 (Aε), that is,

−�Pεδ(a,λ) =−�δ(a,λ) in Aε, Pεδ(a,λ) = 0 on∂Aε.

Lastly, we define onH 1
0 (Aε) \ {0} the functional

Jε(u)=
∫
Aε
|∇u|2

(
∫
Aε
|u| 2n

n−2 )
n−2
n

(1.7)

whose positive critical points, up a multiplicative constant, are solutions ofPε.
Now we are able to state the main result of step 1.

THEOREM 1.3. –Let uε be a solution of problemPε, assume
∫
Aε
|∇uε|2 � C, where

C is a positive constant independent ofε. Then, after passing to a subsequence, there
existp ∈N

∗, (a1,ε, . . . , ap,ε) ∈Apε , (λ1,ε, . . . , λp,ε) ∈ (R∗+)p such that:
(i) ∣∣∣∣∣∇

(
uε −

p∑
i=1

Pεδ(ai,ε ,λi,ε)

)∣∣∣∣∣
L2(Aε)

→ 0,

λi,ε→+∞, λi,εdi,ε→+∞, εij → 0

whenε→ 0, wheredi,ε = d(ai,ε, ∂Aε) and

εij =
(
λi,ε

λj,ε
+ λj,ε
λi,ε
+ λi,ε.λj,ε|ai,ε − aj,ε|2

)− n−2
2

.
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(ii) Moreoverp � 2 and if n � 4, then we have: ∃k � p, ∃i1, . . . , ik ∈ {1,2, . . . , p}
such that

dn−2ρε(ai1,ε, . . . , aik,ε)→ 0, dn−1∇ρε(ai1,ε, . . . , aik,ε)→ 0

∀m, l ∈ {1, . . . , k} |aim,ε − ail ,ε|� C0d, whered =min{d(ail ,ε, ∂Aε) | 1 � l � k}
andC0 is a positive constant independent ofε.

Remark1.4. – We believe the result of part (ii) in the Theorem 1.3 to be true for
n= 3. Forn= 3 our method also proves easilydn−2ρε(ai1,ε, . . . , aik,ε)→ 0, but for the
proof of dn−1∇ρε(ai1,ε, . . . , aik,ε)→ 0 we need a more careful estimates of the rests in
Propositions 3.2 and 3.3 below.

The main ingredients of the proof of the Theorem 1.3 are a fine blow-up analysis, on
the one hand, and a very delicate expansion of∇J near infinity, on the other hand.

Step2. We prove the following result.

THEOREM 1.5. – For n� 3, letC0> 0 and let(x1, x2, . . . , xk) ∈Akε such that

dn−2ρε(x1, . . . , xk)→ 0 whenε→ 0 and |xi − xj |�C0d, ∀i, j,
whered =min{d(xi, ∂Aε) | 1 � i � k}. Then

dn−1∇ρε(x1, . . . , xk) �→ 0 whenε→ 0.

We notice that Theorem 1.1 is an easy consequence of Theorems 1.3 and 1.5.
The remainder of the present paper is organised as follows. Section 2 is devoted to the

proof of the first part of Theorem 1.3, while the second part of Theorem 1.3 is proved in
Section 3. In Section 4 we give the proof of Theorem 1.5. Lastly, we give in Appendix A
some technical lemmas needed in Section 3.

2. Asymptotic behavior of solutions with bounded energy

In this section, we will study the asymptotic behavior of solutionsuε of Pε whenε
is small enough and their energy is bounded. Thus, in the remainder, we assume that∫
Aε
|∇uε|2 � C, whereC is a positive constant independent ofε. We begin by proving

the following lemma.

LEMMA 2.1. –We have the following claim∫
Aε

|∇uε|2 �→ 0, Mε→+∞, whenε→ 0, whereMε = |uε|L∞(Aε).

Proof. –On the one hand, sinceuε is a solution ofPε, we have∫
Aε

|∇uε|2=
∫
Aε

u
2n
n−2
ε .
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On the other hand, we have

(∫
Aε

|uε| 2n
n−2

) n−2
n

� 1

S

∫
Aε

|∇uε|2

whereS denotes the Sobolev constant defined in (1.6). Thus

Sn = S n2 �
∫
Aε

|∇uε|2=
∫
Aε

u
2n
n−2
ε � cεM

2n
n−2
ε

and our lemma follows. ✷
LEMMA 2.2. –There exists a positive constant c such that forε small enough, we

have

εM
2
n−2
ε � c, whereMε = |uε|L∞(Aε).

Proof. –On the one hand, we have∫
Aε

|∇uε|2=
∫
Aε

u
2n
n−2
ε �M

4
n−2
ε

∫
Aε

u2
ε(x)dx.

On the other hand, we have∫
Aε

u2
ε(x)dx = εn

∫
Bε

v2
ε (X)dX

wherevε(X)= uε(εX) and whereBε = ϕ(Aε), with ϕ :x �→ ϕ(x)= ε−1x. Observe that

εn
∫
Bε

v2
ε (X)dX � ε

n

cε

∫
Bε

|∇vε(X)|2 dX = ε
2

cε

∫
Aε

|∇uε(x)|2 dx.

Thus

cε � ε2M
4
n−2
ε .

According to Lin [12], we have limε→0 cε = c > 0, therefore our lemma follows.✷
Now let Ãε = M

2
n−2
ε (Aε − a1,ε), wherea1,ε ∈ Aε such thatMε = uε(a1,ε), and we

denote byvε the function defined oñAε by

vε(X)=M−1
ε uε

(
a1,ε +M

−2
n−2
ε X

)
. (2.1)

It is easy to see thatvε satisfies{
−�vε = v

n+2
n−2
ε , 0< vε � 1 in Ãε,

vε(0)= 1, vε = 0 on∂Ãε.
(2.2)
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Observe that ∫
Ãε

|∇vε|2=
∫
Aε

|∇uε|2=
∫
Ãε

v
2n
n−2
ε =

∫
Aε

u
2n
n−2
ε � C.

Let us prove the following lemma.

LEMMA 2.3. –We have the following claim

M
2
n−2
ε d(a1,ε, ∂Aε)→+∞, whenε→ 0.

Proof. –Let l = limε→0M
2/(n−2)
ε d(a1,ε, ∂Aε). First we will prove l �= 0. A similar

result has been proved by Harrabi, Rebhi and Selmi [11]. We will adapt their proof to
our case. Let̄a1,ε ∈ ∂Aε such thatdε := d(a1,ε, ∂Aε) = |ā1,ε − a1,ε|. We may assume
without loss of generality that the unit outward normal to∂Aε at ā1,ε is en, whereen
is the last element of a canonical basic ofR

n. We see thatdε = a1,ε.en = an1,ε, where
a1,ε = (a1

1,ε, . . . , a
n
1,ε). vε is well defined in

B
(
0, (2/3)εM2/(n−2)

ε

)∩ {(x1, . . . , xn
)
/− dεM2/(n−2)

ε < xn < (2ε/3− dε)M2/(n−2)
ε

}
.

Let zε = (0, . . . ,−dεM2/(n−2)
ε ) and letṽε(X)= vε(X+ zε), for

X ∈ B(−zε, (2ε/3)M2/(n−2)
ε

)∩ {0< xn < (2ε/3)M2/(n−2)
ε

}
.

We suppose, arguing by contradiction, that|zε| = lε → 0 as ε → 0. Then−zε ∈
B+(0, θ) = B(0, θ) ∩ {(x1, . . . , xn)/xn > 0}, where θ is a fixed positive real small
enough choosen below. LetR > 0 be such that

B+(0, θ)⊂B+(0,R)⊂ B(−zε, (2/3)εM 2
n−2
ε

)∩ {0< xn < (2/3)εM
2
n−2
ε

}
for ε small enough. We consider the following equation{−�ωε = 0 inB+(0,R),

ωε = ṽε on∂B+(0,R).

Thenωε ∈ C2(B+(0,R))∩C0(B+(0,R)). We derive that

|ṽε −ωε|W2,q (B+(0,R)) � c, ∀q <∞.
In particular, grad(ṽε − ωε) is bounded inB+(0,R), and we have

∂ṽε

∂xn
< c+ ∂ωε

∂xn
.

Observe that

ωε(x)=−
∫

∂B+(0,R)

∂GB+

∂ν
ωε(y)dy in B+(0, θ).
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Thus
∂ωε

∂xn
(x)=−

∫
∂B+(0,R)

∂

∂xn

∂GB+

∂ν
ωε(y)dy.

According to Lemma 2.6 [10], we have

∃θ > 0, ∃c > 0 0<− ∂
∂xn

∂GB+

∂ν
(x, y)� c, ∀y ∈ ∂B+(0,R), |x′|< 1

2
, 0< xn < θ.

Sinceωε � 1, we derive that∂ωε/∂xn is bounded for 0< xn < θ . Thus∂ṽε/∂xn < c′.
Let fε(t)= ṽε(ten), then we have

fε(lε)− fε(0)= f ′ε(cε)lε =
∂ṽε

∂xn
(cεen)lε � c′lε

wherelε =M
2
n−2
ε dε. Hencefε(lε)− fε(0)= ṽε(0)− ṽε(zε)= 1 � c′lε which contradicts

the assumptionlε → 0. We derive thatl �= 0. We suppose, arguing by contradiction,
l <∞. Then it follows from (2.2) and standard elliptic theories that there exists some
positive functionv, such that (after passing to subsequence),vε→ v in C1

loc(�), where
� is a half space or a strip ofRn, andv satisfies{

−�v = v n+2
n−2 , v > 0 in�,

v(0)= 1, v = 0 on∂�.

But if � is a half space or a strip ofRn, by Pohozaev Identity (see Theorem III.1.3 [15]),
then v must vanish identically. Thus we derive a contradiction and our lemma
follows. ✷

From Lemma 2.3, we derive that there exists some positive functionv, such that (after
passing to a subsequence),vε→ v in C1

loc(R
n), andv satisfies{

−�v = v n+2
n−2 , v > 0 in R

n,

v(0)= 1, ∇v(0)= 0.
(2.3)

It follows from Cafferalli, Gidas and Spruck [7]

v(X)= δ(0,αn)(X), with αn = (n(n− 2)
)−1/2

.

Hence

M−1
ε uε

(
a1,ε +M

−2
n−2
ε X

)− δ(0,αn)(X)→ 0 inC1
loc

(
R
n
)
, whenε→ 0.

Observe that

M−1
ε uε

(
a1,ε +M

−2
n−2
ε X

)− δ(0,αn)(X)=M−1
ε

(
uε(x)− δ(a1,ε,λ1,ε)(x)

)
whereλ1,ε = αnM

2
n−2
ε .
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In the sequel, we denote byu1
ε the function defined onAε by

u1
ε(x)= uε(x)−Pεδ(a1,ε,λ1,ε)(x). (2.4)

Notice thatλ1,ε→+∞ andλ1,εd(a1,ε, ∂Aε)→+∞ whenε→ 0.

LEMMA 2.4. –Letu1
ε be defined by(2.4). Then we have

(i) −�u1
ε = |u1

ε|
4
n−2u1

ε + gε, with |gε|H−1
(Aε)
→ 0, whenε→ 0.

(ii)
∫
Aε
|∇u1

ε|2=
∫
Aε
|∇uε|2− Sn + o(1).

(iii)
∫
Aε
|u1
ε|

2n
n−2 = ∫Aε |uε| 2n

n−2 − Sn + o(1) whereSn = S n2 .

Proof. –
(i) We have

−�u1
ε =−�uε +�Pεδ(a1,ε,λ1,ε) = u

n+2
n−2
ε − δ

n+2
n−2
(a1,ε,λ1,ε)

= ∣∣u1
ε

∣∣ 4
n−2u1

ε + gε
where

gε = u
n+2
n−2
ε − δ

n+2
n−2
(a1,ε,λ1,ε)

− |u1
ε|

4
n−2u1

ε.

Observe that

gε =O
(|Pεδ| 4

n−2 |uε − Pεδ| + |uε − Pεδ| 4
n−2Pεδ

)+O
(
δ

4
n−2
ε (δε − Pεδ))

wherePεδ = Pεδ(a1,ε,λ1,ε) andδε = δ(a1,ε,λ1,ε). SinceL
2n
n+2 ↪→H−1, it is sufficient to prove

that ∫
Aε

δ
8n
n2−4
ε |uε −Pεδ| 2n

n+2 → 0 and
∫
Aε

δ
2n
n+2
ε |uε −Pεδ|

8n
n2−4 → 0, whenε→ 0.

Observe that∫
Aε

δ
8n
n2−4
ε |uε −Pεδ| 2n

n+2 � c
∫
Aε

δ
8n
n2−4
ε |uε − δε| 2n

n+2 + c
∫
Aε

δ
8n
n2−4
ε |δε −Pεδ| 2n

n+2

� c
∫
Ãε

δ
8n
n2−4
(0,αn)(X)

∣∣vε(X)−M−1
ε δε

(
a1,ε +M

−2
n−2
ε X

)∣∣ 2n
n+2 dX

+O
(|δε − Pεδ| 2n

n+2

L
2n
n−2

)
= c

∫
B(0,R)

+c
∫

Ãε\B(0,R)

+o(1)

whereR is a large enough positive constant such that
∫

Rn\B(0,R) δ
2n
n−2
(0,αn) = o(1).

Now we are going to estimate the 2nd integral
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Ãε\B(0,R)

δ
8n
n2−4
(0,αn)(X)

∣∣vε(X)− δ(0,αn)(X)∣∣ 2n
n+2 dX

�
( ∫
Ãε\B(0,R)

δ
2n
n−2
(0,αn)(X)

) 4
n+2
( ∫
Ãε\B(0,R)

∣∣vε(X)− δ(0,αn)(X)∣∣ 2n
n−2

) n−2
n+2

� c1
( ∫

Rn\B(0,R)
δ

2n
n−2
(0,αn)(X)

) 4
n+2

indeed
∫
Ãε
v

2n
n−2 �C. For the first integral, we have

∫
B(0,R)

δ
8n
n2−4
(0,αn)(X)

∣∣vε(X)− δ(0,αn)(X)∣∣ 2n
n+2 dX � C

∫
B(0,R)

∣∣vε(X)− δ(0,αn)(X)∣∣ 2n
n+2 dX→ 0,

whenε→ 0, indeedvε − δ(0,αn)→ 0 in C1
loc(R

n). In the same way, we prove that∫
Aε

δ
2n
n+2
ε |uε −Pεδ|

8n
n2−4 → 0, whenε→ 0.

(ii) We also have∫
Aε

|∇u1
ε|2=

∫
Aε

|∇uε|2+
∫
Aε

|∇Pεδ|2− 2
∫
Aε

∇uε∇Pεδ.

Observe that ∫
Aε

|∇Pεδ|2=
∫
Aε

δ
n+2
n−2
ε Pεδ =

∫
Aε

δ
2n
n−2
ε −

∫
Aε

δ
n+2
n−2
ε (δε −Pεδ)

=
∫
Ãε

δ
2n
n−2
(0,αn) −

∫
Aε

δ
n+2
n−2
ε (δε − Pεδ)

= Sn −
∫

Rn\Ãε

δ
2n
n−2
(0,αn) −

∫
Aε

δ
n+2
n−2
ε (δε − Pεδ).

For the 2nd integral, we have∫
Aε

δ
n+2
n−2
ε (δε −Pεδ)�C|δε −Pεδ|

L
2n
n−2 (Aε)

� c(λ1,εd1,ε)
2−n

2 → 0, whenε→ 0

whered1,ε = d(a1,ε, ∂Aε).

For the first integral, we have ∫
Rn\Ãε

δ
2n
n−2
(0,αn) = o(1)
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indeedÃε→R
n andδ(0,αn) ∈ L

2n
n−2 (Rn). Then∫
Aε

|∇Pεδ|2= Sn + o(1).

We also have ∫
Aε

∇uε∇Pεδ =
∫
Aε

∇(uε − Pεδ)∇Pεδ +
∫
Aε

|∇Pεδ|2.

Observe that∫
Aε

∇(uε − Pεδ)∇Pεδ=
∫
Aε

(uε − Pεδ)δ
n+2
n−2
ε

=
∫
Aε

(uε − δε)δ
n+2
n−2
ε +

∫
Aε

(δε −Pεδ)δ
n+2
n−2
ε

=
∫
Ãε

(vε − δ(0,αn))δ
n+2
n−2
(0,αn) + o(1)

�
∫

B(0,R)

(vε − δ(0,αn))δ
n+2
n−2
(0,αn) +

∫
Rn\B(0,R)

(vε − δ(0,αn))δ
n+2
n−2
(0,αn) + o(1).

Notice that, on the one hand

∫
Rn\B(0,R)

(vε − δ(0,αn))δ
n+2
n−2
(0,αn) � C

( ∫
Rn\B(0,R)

δ
2n
n−2
(0,αn)

) n+2
2n

= o(1).

On the other hand∫
B(0,R)

(vε − δ(0,αn))δ
n+2
n−2
(0,αn) = o(1), sincevε→ δ(0,αn) in C1

loc

(
R
n
)
.

Then ∫
Aε

∇uε∇Pεδ = Sn + o(1).

Thus (ii) of Lemma 2.4 follows.
(iii) The proof of (iii) in Lemma 2.4 is similar to the proof of (ii), so we will

omit it. ✷
Now, we distinguish two cases
(i)

∫
Aε
|∇u1

ε|2→ 0 whenε→ 0.
(ii)

∫
Aε
|∇u1

ε|2 �→ 0 whenε→ 0.
If
∫
Aε
|∇u1

ε|2→ 0, the proof of (i) (Theorem 1.3) is finished.
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In the sequel, we consider the second case, that is
∫
Aε
|∇u1

ε|2 � 0, whenε→ 0 and
we are going to look for a second point of blow up ofuε.

In order to simplify the notations, in remainder we often omit the indexε of aε andλε.
Let us introduce the following notations

uε(a2) := λ
n−2

2
2 = max

(Aε�B(a1,ε))
uε(x), (2.5)

hε = max
B(a1,2ε)

|x − a1| n−2
2 uε(x)= |a1− a3| n−2

2 uε(a3)= |a1− a3| n−2
2 λ

n−2
2

3 . (2.6)

We distinguish two cases.
Case1. hε→+∞ whenε→ 0.
Case2. hε � c, whenε→ 0.
Now we study the first case, that ishε→∞ whenε→ 0. Let

λ4=max(λ2, λ3) := u
2
n−2
ε (a4).

ForX ∈ B(0, λ4
2 |a1− a4|)∩Dε, we set

wε(X)= λ
−(n−2)

2
4 uε

(
a4+ λ−1

4 X
)
, with Dε = λ4(Aε − a4).

It is easy to check the following claims

λ4|a1− a4|� (1/2)λ3|a1− a3|, and λ4ε � (1/2)λ3|a1− a3|.

Thus

λ4|a1− a4| →+∞ and λ4ε→+∞ asε→ 0.

We also have

wε(X)� c, ∀X ∈ B(0, (1/2)λ4|a1− a4|)∩Dε.
As in Lemma 2.3, we can prove

λ4d(a4, ∂Aε)→+∞, asε→ 0.

Thus, there existb ∈ R
n and λ > 0 such thatwε → δ(b,λ) in C1

loc(R
n). Therefore we

have found a second point of blow upā2 of uε with the concentration̄λ2 in this case
(ā2= a4+ b/λ4 andλ̄2= λλ4).

Next we study the second case, that ishε remains bounded whenε→ 0, wherehε is
defined in (2.6). In this case we consider two subcases.

(i)
∫
B(a1,2ε)

|u1
ε|

2n
n−2 → 0 asε→ 0.

(ii)
∫
B(a1,2ε)

|u1
ε|

2n
n−2 � 0 asε→ 0.
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Let us consider the first case, that ishε remains bounded and
∫
B(a1,2ε)

|u1
ε|

2n
n−2 → 0 as

ε→ 0. Thus there existsc > 0 such that

0< c�
∫

Aε�B(a1,2ε)

|u1
ε|

2n
n−2 � cλ2

2

∫
Aε

u2
ε � c(ελ2)

2.

Hence, there exists̄c > 0 such that

λ2|a1− a2|� λ2ε � 2c̄.

Now, forX ∈Eε = λ2(Aε − a2), we introduce the following function

Uε(X)= λ
2−n

2
2 uε

(
a2+ λ−1

2 X
)
.

As in Lemma 2.3, we can proveλ2d(a2, ∂Aε)→+∞. It is easy to see thatUε satisfies

Uε � 1, in B
(
0, (1/2)λ2|a1− a2|).

Thus, there existsb ∈ R
n andλ > 0 such thatUε → δ(b,λ) in C1

loc(R
n). Therefore we

have also found a second point of blow upā2 of uε with the concentration̄λ2 in this case
(ā2= a2+ b/λ2 andλ̄2= λλ2).

Now, we study the second case, that ishε remains bounded and
∫
B(a1,2ε)

|u1
ε|

2n
n−2 � 0

asε→ 0. We introduce the following function defined onFε = ε−1(Aε − a1) by

Wε(X)= ε n−2
2 u1

ε(a1+ εX).
Observe thatFε “converges” to a strip ofRn whenε→ 0. We notice thatWε satisfies{

−�Wε = |Wε| 4
n−2Wε + fε in Fε,

Wε = 0 on∂Fε,

with |fε|H−1(Fε)→ 0 asε→ 0. We also have∫
B(0,2)∩Fε

|Wε| 2n
n−2 =

∫
B(a1,2ε)∩Aε

∣∣u1
ε

∣∣ 2n
n−2 � 0, asε→ 0

and ∫
Fε

|∇Wε|2=
∫
Aε

∣∣∇u1
ε

∣∣2 �C.

It is easy to check that there exists some fixed domainF ⊂ B(0,2) ∩ Fε such that
|Wε| 2n

n−2 → 0 almost everywhere and|Wε| 2n
n−2 � 0 in L1(F ). From Dunford–Pettis

Lemma [5], we have

∃δ0> 0, ∃αε > 0, αε→ 0, ∃bε ∈ F s.t.
∫

B(bε,αε)∩Fε
|Wε| 2n

n−2 � δ0. (2.7)
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We can choosebε andαε such thatαε is minimum and
∫
B(bε,αε)∩Fε |Wε|

2n
n−2 = δ0.

LEMMA 2.5. –Let (αε, bε) be defined by(2.7) and let λ̄2 = (εαε)−1, and ā2 =
a1+ εbε. Then we have

λ1

λ̄2
→+∞ or

λ̄2

λ1
→+∞ or λ1λ̄2|a1− ā2|2→+∞ whenε→ 0

whereλ1=M
2
n−2
ε .

Proof. –We argue by contradiction. Let us suppose thatλ1/λ̄2, λ̄2/λ1 andλ1λ̄2|a1−
ā2|2 are bounded whenε→ 0.

ForX ∈ Ãε := λ1(Aε − a1), we introduceωε defined by

ωε(X)=M−1
ε u

1
ε

(
a1+ λ−1

1 X
)
. (2.8)

Observe that, on the one hand∫
B(λ1(ā2−a1),λ1/λ̄2)∩Ãε

|ωε(X)| 2n
n−2 dX=

∫
B(ā2,1/λ̄2)∩Aε

∣∣u1
ε(x)

∣∣ 2n
n−2 dx

=
∫

B(bε,αε)∩Fε
|Wε(X)| 2n

n−2 dX = δ0> 0.

On the other hand, sinceλ1|ā2− a1| andλ1/λ̄2 are bounded, we have

∃R > 0 such that B
(
λ1(ā2− a1), λ1/λ̄2

)⊂ B(0,R).
Thus ∫

B(λ1(ā2−a1),λ1/λ̄2)∩Ãε

|ωε(X)| 2n
n−2 dX

�
∫

B(0,R)∩Ãε

|ωε(X)| 2n
n−2 dX

=
∫

B(0,R)∩Ãε

∣∣M−1
ε uε

(
a1+ λ−1

1 X
)−M−1

ε Pεδ(a1,λ1)

(
a1+ λ−1

1 X
)∣∣ 2n
n−2 dX

� c
∫

B(0,R)

∣∣vε − δ(0,αn)(X)∣∣ 2n
n−2 + c

∫
Aε

∣∣δε(x)− Pεδ(x)∣∣ 2n
n−2 .

Thus ∫
B(λ1(ā2−a1),λ1λ̄2)∩Ãε

|Wε(X)| 2n
n−2 dX→ 0 whenε→ 0

which yields a contradiction and our lemma follows.✷



728 M. BEN AYED ET AL. / Ann. I. H. Poincaré – AN 19 (2002) 715–744

Now we set ˜̃Aε = λ̄2(Aε − ā2) and we introduce the functionVε defined by

Vε(X)= λ̄
(2−n)

2
2 u1

ε

(
ā2+ λ̄−1

2 X
)
.

Observe that ∫
B(0,1)∩˜̃Aε

|Vε| 2n
n−2 =

∫
B(ā2,1/λ̄2)∩Aε

|u1
ε|

2n
n−2 = δ0> 0 (2.9)

and we also have ∫
|∇Vε|2 � C,

∫
|Vε| 2n

n−2 � C.

It is easy to see that there exists some functions V such that (after passing to a
subsequence),Vε→ V in H 1

loc(�) and V satisfies{−�V = |V | 4
n−2V in �, V = 0 on∂�,∫

� |∇V |2 �C,
∫
� |V |

2n
n−2 �C,

(2.10)

where� is a half space or a strip or aRn.
From (2.9), it is easy to see thatV �= 0.

LEMMA 2.6. –Let V be defined by(2.10). Then, we haveV � 0.

Proof. –We have

Vε(X)= λ̄
(2−n)

2
2 uε

(
ā2+ λ̄−1

2 X
)− λ̄ (2−n)2

2 δ(a1,λ1)

(
ā2+ λ̄−1

2 X
)

+ λ̄
(2−n)

2
2

(
δ(a1,λ1)

(
ā2+ λ̄−1

2 X
)−Pεδ(a1,λ1)

(
ā2+ λ̄−1

2 X
))
. (2.11)

Thus, it is sufficient to prove that

λ̄
(2−n)

2
2 δ(a1,λ1)

(
ā2+ λ̄−1

2 X
)→ 0 inH 1

loc

(
R
n
)
.

Observe that

Iε :=
∫

B(0,R)

(
λ̄
(2−n)

2
2

λ
n−2

2
1

(1+ λ2
1|ā2+ λ̄−1

2 X− a1|2) n−2
2

) n+2
n−2

dX

=
(
λ1

λ̄2

) n+2
2

∫
B(0,R)

dX

(1+ (λ1/λ̄2)2|X− λ̄2(a1− ā2)|2) n+2
2

. (2.12)

If λ1/λ̄2→ 0 it is clear thatIε→ 0 whenε→ 0. If λ1λ̄2→+∞, let y = (λ1/λ̄2)X.
Thus

Iε �
(
λ̄2

λ1

) n−2
2
∫
Rn

(
1

1+ |y − λ1(a1− ā2)|2
) n+2

2

dy→ 0 whenε→ 0.
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Lastly if λ1/λ̄2 �→ +∞ andλ̄2/λ1 �→ +∞, then, by Lemma 2.5, we have

λ1λ̄2|a1− ā2|2→+∞, whenε→ 0.

Observe that forX ∈ B(0,R), we have∣∣X− λ̄2(a1− ā2)
∣∣� ∣∣λ̄2(a1− ā2)

∣∣− |X|� c∣∣λ̄2(a1− ā2)
∣∣.

Therefore

Iε �
(
λ1

λ̄2

) n+2
2

∫
B(0,R)

1

(c(λ1
λ̄2
)2|λ̄2(a1− ā2)|2) n+2

2

� 1

(λ1λ̄2|a1− ā2|2) n+2
2

C(R)→ 0, whenε→ 0.

Then, our lemma follows. ✷
Now, from Theorem III 1.3 [15], we derive� = R

n. Thus, using (2.10) and
Lemma 2.6, we also obtain a second point of blow up ofuε in this case. Thus in all
cases we have built a second pointa2,ε of blow up ofuε with the concentrationλ2,ε such
thatλ2,ε→+∞ andλ2,εd(a2,ε, ∂Aε)→+∞ asε→ 0. It is clear that we can proceed
by inductions. Thus, we obtain a sequence(ukε)k such that∫

Aε

∣∣∇ukε∣∣2= ∫
Aε

∣∣∇uk−1
ε

∣∣2− Sn + o(1)=
∫
Aε

|∇uε|2− kSn + o(1).

Thus

0 �
∫
Aε

∣∣∇ukε∣∣2= ∫
Aε

|∇uε|2− kSn+ o(1)�C − kSn + o(1). (2.13)

Since the later term in (2.13) will be negative for large k, the induction will terminate
after some indexp ∈N

∗. Moreover, for this index, we have

∣∣∣∣∣∇
(
uε −

p∑
i=1

Pεδ(ai,ε,λi,ε)

)∣∣∣∣∣
L2(Aε)

→ 0, λi,ε→+∞,

λi,εd(ai,ε, ∂Aε)→+∞,

∀i �= j, εij =
(
λi,ε

λj,ε
+ λj,ε
λi,ε
+ λi,ελj,ε|ai,ε − aj,ε|2

)− n−2
2

→ 0

as desired in the first part of Theorem 1.3.
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3. Proof of the second part of Theorem 1.3

Let, for p ∈N
∗ andη > 0 given

Vε(p, η)=
{
u ∈D+(Aε) s.t.∃x1, . . . , xp ∈Aε, ∃λ1, . . . , λp > 0 with

∣∣∣∣∣u−C(p)
p∑
i=1

Pεδ(xi,λi)

∣∣∣∣∣
H1

0 (Aε)

< η, ∀i λi > 1

η
, λid(xi, ∂Aε)�

1

η
,

∀i �= j εij =
(
λi

λj
+ λj
λi
+ λiλj |xi − xj |2

)− n−2
2

< η

}

whereD+(Aε)= {u ∈H 1
0 (Aε) | u� 0, |u|H1

0 (Aε)
= 1}.

If a function u belongs toVε(p, η), then, forη > 0 small enough, the minimization
problem

min
αi,λi>0, xi∈Aε

∣∣∣∣∣u−
p∑
i=1

αiPεδ(xi ,λi)

∣∣∣∣∣
H1

0 (Aε)

(3.1)

has a unique solution, up to permutation (see Lemma A.2 in [3]).
Therefore, forε > 0 sufficiently small, Section 2 implies thatuε(solution ofPε) can

be uniquely writen as

ũε = uε

|uε|H1
0

=∑αi,εPεδ(ai,ε ,λi,ε) + vε (3.2)

wherevε satisfies the following conditions:

(V0) (vε,Pεδ(ai,ε,λi,ε))H1
0
=
(
vε,
∂Pεδ(ai,ε ,λi,ε)

∂λi

)
H1

0

=
(
vε,
∂Pεδ(ai,ε ,λi,ε)

∂ai

)
H1

0

= 0

andαi,ε satisfies: (
J (uε)

) n
n−2α

4
n−2
j = 1+ o(1), ∀j.

In order to simplify the notations, in the remainder, we writeαi, ai, λi, δi andPδi instead
of αi,ε, ai,ε, λi,ε, δai,ε ,λi,ε andPδai,ε ,λi,ε respectively and we also writeuε instead ofũε.

As usual in this type of problems, we first deal with thevε-part ofuε.

PROPOSITION 3.1. –Letvε be defined by(3.2). Then, we have the following estimate

|vε|H1
0 (Aε)

� C


∑
i

1
(λidi)

n−2 +∑ εij (Log(ε−1
ij )
) n−2
n if n < 6,∑

i
1

(λidi)
n+2

2
+∑ ε n+2

2(n−2)
ij

(
Log(ε−1

ij )
) n+2

2n if n� 6.
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Proof. –From (3.2), we derive

−�vε =−�uε +�
(∑

αiP δi

)
= (J (uε)) n

n−2
(∑

αiP δi + vε
) n+2
n−2 −∑αiδ

n+2
n−2
i

= (J (uε)) n
n−2

[(∑
αiP δi

) n+2
n−2 + n+ 2

n− 2

(∑
αiP δi

) 4
n−2
vε +O

(|vε| n+2
n−2
)

+O
(
Sup

(∑
αiP δi, vε

) 4
n−2−1|vε|2

)]
−∑αiδ

n+2
n−2
i .

Thus, sinceJ (uε) is bounded,∫
Aε

|∇vε|2= (J (uε)) n
n−2

[
〈f, v〉 + n+ 2

n− 2

∫
Aε

(∑
αiP δi

) 4
n−2
v2
ε

]
+O

(|vε|inf(3,2n/(n−2)
H1

0

)
where

〈f, v〉 =
∫
Aε

(∑
αiP δi

) n+2
n−2
v. (3.3)

Then

Q(vε, vε)= (J (uε)) n
n−2 〈f, vε〉 +O

(|vε|inf(3,2n/(n−2))
H1

0

)
,

where

Q(vε, vε)=
∫
Aε

|∇vε|2− n+ 2

n− 2

(
J (uε)

) n
n−2

∫
Aε

(∑
αiP δi

) 4
n−2
v2
ε .

Observe that, sinceJ (uε)
n
n−2α

4
n−2
i = 1+ o(1), thenQ(v, v) is close to∫

Aε

|∇v|2− n+ 2

n− 2

∑
i

∫
Aε

P δ
4
n−2
i v2

and thereforeQ is a positive definite quadratic form onv (see [2]). Thus

α0|vε|2H1
0
�Q(vε, vε)+O

(|vε|inf(3,2n/n−2)
H1

0

)
= (J (uε)) n

n−2 〈f, vε〉
�C|f ||vε|H1

0
.

Hence

|vε|H1
0

�C ′|f |.
Now we estimate|f |.We have

〈f, vε〉 =
∑
α
n+2
n−2
i

∫
Aε

P δ
n+2
n−2
i vε +O

(∑ ∫
Pδj�Pδi

P δ
4
n−2
i P δj |vε|

)
.
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Observe that∫
Aε

P δ
n+2
n−2
i vε =

∫
Aε

vεδ
n+2
n−2
i +O

( ∫
Aε

δ
4
n−2
i (δi − Pδi)|vε|

)

=O
( ∫
B(ai,di)

δ
4
n−2
i (δi −Pδi)|vε|

)
+O

( ∫
Rn\B(ai,di)

δ
n+2
n−2
i |vε|

)

wheredi = d(ai, ∂Aε). Thus∫
Aε

P δ
n+2
n−2
i vε =O

(
|vε|H1

0

[
|δi − Pδi|L∞

( ∫
B(ai,di)

δ
8n
n2−4
i

) n+2
2n

+
( ∫
Bc(ai ,di)

δ
2n
n−2
i

) n+2
2n
])
. (3.4)

Notice that ∫
Rn\B(ai,di)

δ
2n
n−2
i =O

(
1

(λidi)n

)

and ( ∫
B(ai,di)

δ
8n
n2−4
i

) n+2
2n

=O
(
d
n−6

2
i

λ2
i

(if n > 6)+ Log(λidi)

λ2
i

(if n= 6)+ 1

λ
n−2

2
i

(if n < 6)
)
. (3.5)

Therefore∫
Aε

P δ
n+2
n−2
i vε

=O
(
|vε|H1

0

[
1

(λidi)
n+2

2

+ (if n= 6)
Log(λidi)

(λidi)
4
+ (if n < 5)

1

(λidi)
n−2

])
. (3.6)

We also have ∫
Pδj�Pδi

P δ
4
n−2
i P δj |vε|� |vε|

[ ∫
Pδj�Pδi

(
(P δi)

4
n−2Pδj

) 2n
n+2

] n+2
2n

. (3.7)

If n� 6, we have 2n
n+2 � n

n−2 and thus∫
Pδj�Pδi

(
Pδ

4
n−2
i P δj

) 2n
n+2 �

∫
Pδj�Pδi

(P δiP δj )
n
n−2 =O

(
ε
n
n−2
ij Log

(
ε−1
ij

))
. (3.8)

If n� 5, we have 1< 4
n−2 , thus
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∫
Pδj�Pδi

(
Pδ

4
n−2
i P δj

) 2n
n+2 � c

( ∫
Pδj�Pδi

(δiδj )
n
n−2

) 2(n−2)
n+2

� cε
2n
n+2
ij

(
Log

(
ε−1
ij

)) 2(n−2)
n+2 . (3.9)

Using (3.6), (3.7), (3.8) and (3.9) we conclude that

|f |�


∑ 1
(λidi)n−2 +∑ εij (Log(ε−1

ij )
) (n−2)

n if n < 6,∑ 1

(λidi)
n+2

2
+∑ ε (n+2)

2(n−2)
ij

(
Log(ε−1

ij )
) (n+2)

2n if n� 6

and Proposition 3.1 follows. ✷
PROPOSITION 3.2. –For n� 4, we have the following expansion(
∇J (uε), λi ∂P δi

∂λi

)
H1

0 (Aε)

= 2J (uε)c1

[
−(n− 2)

2
αi
Hε(ai, ai)

λn−2
i

(
1+ o(1)

)
−∑αj

(
λi
∂εij

∂λi
+ (n− 2)

2

Hε(ai, aj )

(λiλj )
n−2

2

)(
1+ o(1)

)+R],
where

R =O
(∑
k

Log(λkdk)

(λkdk)n
+∑
i �=j
ε
n
n−2
ij Log

(
ε−1
ij

))
.

Proof. –We have

∇J (uε)= 2J (uε)
[
uε + J (uε) nn−2�−1(un+2

n−2
ε

)]
. (3.10)

Thus (
∇J (uε), λi ∂P δi

∂λi

)
= 2J (uε)

[∑
αj

(
Pδj , λi

∂P δi

∂λi

)
− J (uε) nn−2

[
λi

∫ (∑
αjP δj

) n+2
n−2 ∂P δi

∂λi

+ n+ 2

n− 2

∫ (∑
αjP δj

) 4
n−2
vελi

∂P δi

∂λi

+O
(|vε|inf(2,(n+2)/(n−2))

H1
0

)]]
. (3.11)

Notice that ifn� 4, we have(∑
αjP δj

) n+2
n−2 =∑(αjP δj )

n+2
n−2 + n+ 2

n− 2

∑
i �=j
(αiP δi)

4
n−2αjP δj

+O
(∑
i �=j
(αiP δi)

2
n−2 (αjP δj )

n
n−2

)

+O
( ∑
k/∈{i,j},i �=j

(αjP δj )
4
n−2 (αkP δk)

)
(3.12)
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and (∑
αjP δj

) 4
n−2 = (αiP δi) 4

n−2 +O
(∑
j �=i
P δ

4
n−2−1
i P δj + Pδ

4
n−2
j

)
. (3.13)

Combining (3.12), (3.13) and (3.11) and using the fact that|λi∂P δi/∂λi| � cδi and
Pδk � δk , we need to estimate the following integrals∫

Aε

δj δ
4
n−2
i |vε|�

∫
δj�|vε |

+
∫

δi�|vε |
+

∫
|vε |�inf(δi ,δj )

� O
(|vε| n+2

n−2

H1
0

)+O
(|vε|2H1

0

)+O
(∫
Aε

(δj δi)
n
n−2

)
, (3.14)

∫
B(ai,di)

P δ
4
n−2
i vελi

∂P δi

∂λi

=−
∫
Bi

P δ
4
n−2
i vελi

∂(δi −Pδi)
∂λi

+
∫
Bi

P δ
4
n−2
i vελi

∂δi

∂λi

�
|vε|H1

0

(λid
2
i )
n−2

2

(∫
δ

8n
n2−4

) n+2
2n +

∫
Bi

δ
4
n−2
i vελi

∂δi

∂λi
+O

(∫
Bi

δ
4
n−2
i vε(δi −Pδi)

)

=O
(|vε|H1

0

)( 1

(λidi)
n+2

2

+ (if n= 6)
Log(λidi)

(λidi)4
+ (if n� 5)

1

(λidi)n−2

)
, (3.15)

∫
Rn\B(ai,di)

P δ
4
n−2
i vελi

∂P δi

∂λi
=O

(
|vε|H1

0

1

(λidi)
n+2

2

)
. (3.16)

Now, using Proposition 3.1, Lemmas A.5–A.9 in Appendix A, and the fact that

J (uε)
n
n−2α

4
n−2
j = 1+ o(1),

Proposition 3.2 follows. ✷
PROPOSITION 3.3. –For n� 4, we have the following expansion(
∇J (uε), 1

λi

∂P δi

∂ai

)
H1

0

= J (u)c1
[
αi

λn−1
i

∂Hε(ai, ai)

∂ai

(
1+ o(1)

)
− 2

∑
αj

(
1

λi

∂εij

∂ai
− 1

λi(λiλj )
n−2

2

∂Hε(ai, aj )

∂ai

)(
1+ o(1)

)
+O

(
R+∑λj |ai − aj |ε

n+1
n−2
ij

)]
,

whereR is defined in Proposition3.2.
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Proof. –As in the proof of Proposition 3.2, we obtain (3.11) but with1
λi

∂P δi
∂ai

instead

of λi
∂Pδi
∂λi

and using Lemmas A.10–A.14 in Appendix A our proposition follows.✷
Next we are going to give the proof of the second part of Theorem 1.3. From

Proposition 3.2 we easily derive thatp � 2. Now for i ∈ {1, . . . , p}, we introduce the
following condition

2−p−1
∑
k �=i
εki �

p∑
j=1

Hε(ai, aj )(λiλj )
2−n

2 . (3.17)

We divide the set{1, . . . , p} into T1∪ T2 with

T1= {i | s.t.i satisfies(3.17)},
T2= {i | s.t.i does not satisfy(3.17)}.

In T2 we order theλ′is: λi1 � λi2 � · · ·� λis .We begin by proving the following lemma

LEMMA 3.4. –For n� 4, we have the following estimate∑
j∈T2,j �=i

(
εij + (λidi)2−n)=R1

whereR1=O[∑k∈T1
(

Logλkdk
(λkdk)n

+∑r �=k,r∈T1
ε
n
n−2
kr Log(ε−1

kr ))].
Proof. –Using Proposition 3.2, we derive

0=
s∑
k=1

2kαik

(
∇J (uε), λik

∂P δik

∂λik

)

= 2J (uε)c1
s∑
k=1

[
−∑
j �=ik

2kαjαikλik
∂εjik

∂λik

(
1+ o(1)

)
− n− 2

2

p∑
j=1

2kαjαik
Hε(aj , aik )

(λjλik )
n−2

2

(
1+ o(1)

)+R]. (3.18)

Notice that

−λi ∂εij
∂λi
= n− 2

2
εij

(
1− 2λj

λi
ε

2
n−2
ij

)
. (3.19)

Thus, ifλi � λj andi, j ∈ T2, we have

−2λi
∂εij

∂λi
− λj ∂εij

∂λj
�−λi ∂εij

∂λi
� n− 2

4
εij . (3.20)

For j ∈ T1 andi ∈ T2, two cases may occur.
(i) 1

2dj � di � 2dj . Using in this case the fact thatj satisfies (3.17) andHε(ai, ak)�
(didk)

−(n−2)
2 , we obtain

(
λj

λi

) n−2
2

εij �
(
λj

λi

) n−2
2

c

p∑
k=1

Hε(ak, aj )

(λjλk)
n−2

2

� c
p∑
k=1

(
(λidi)(λkdk)

)−(n−2)
2 .
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We deduce that
λi

λj
ε

2
n−2
ij =O

(
1

(λ1d1)
2

)
. (3.21)

(ii) In other cases, we have|ai − aj |� 1
2max(di, dj ), then

λj

λi
ε

2
n−2
ij � λj

λi

(
λiλj |ai − aj |2)−1 � (λi|ai − aj |)−2=O

(
1

(λ1d1)
2

)
and (3.21) follows in this case. Using (3.18)–(3.20), and (3.21), we see that

0�
(
(n− 2)/4

)∑
i∈T2

(∑
j �=i
εij − 2p

p∑
j=1

Hε(ai, aj )(λiλj )
2−n

2 +R
)
.

Sincei ∈ T2 andHε(ai;ai)∼ c/dn−2
i for ε small enough (see [1]), then

0� c
∑
i∈T2

(∑
j �=i
εij + 1

(λidi)n−2

)(
1+ o(1)

)+R1.

Therefore our lemma follows. ✷
Now, in T1 we order all theλidi: λj1dj1 � λj2dj2 � · · ·� λjqdjq . In order to simplify

the notations, we suppose thatT1= {1,2, . . . , q} andλ1d1 � λ2d2 � · · ·� λqdq .
Let us introduce the following sets:

K0=
{
i ∈ T1 | ∃k1, . . . , km ∈ T1 s.t.k1= i, . . . , km = 1

and
|akj − akj+1|

inf(dkj , dkj+1)
�C0

}
, (3.22)

B =K0∩ {1, . . . , l} (3.23)

where l = max{i ∈ T1 | λidi/λi−1di−1 � C1} and C0 and C1 are positive constants
choosen later.

LEMMA 3.5. –Let B be defined by(3.23). Then, there existsi ∈ T1 such thati ∈ B
and i �= 1.

Proof. –We argue by contradiction. We assume thatB = {1}. Using Proposition 3.2,
and the fact thatHε(ai;ai)∼ c/dn−2

i , we derive

0=
(
∇J (uε), λ1

∂P δ1

∂λ1

)
= 2J (u)c1

[
−(n− 2)

2
α1
Hε(a1, a1)

λn−2
1

(
1+ o(1)

)+O
(∑
k �=1

εk1

)]
.

Thus

0�−c(λ1d1)
2−n +O

(∑
k �=1

ε1k

)
. (3.24)
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Observe that:
– for k ∈ T2, we have by Lemma 3.1,ε1k =O(R1);
– for k ∈ T1, two cases may occur.

If k > l, then

ε1k � 2p+1
p∑
j=1

Hε(ak, aj )

(λiλj )
n−2

2

� c
(

1

(λkdk)(λ1d1)

) n−2
2

� 1

C
n−2

2
1

1

((λldl)(λ1d1))
n−2

2

.

Thusε1k = o((λ1d1)
2−n) if we chooseC1 large enough.

In the other case, we havek /∈K0, then|a1− ak|� C0 inf (d1, dk), then

ε1k �
(

1

λ1λk|a1− ak|2
) n−2

2

� 1

Cn−2
0

1

((λ1d1)(λkdk))
n−2

2

= o
(

1

(λ1d1)
n−2

)

if we chooseC0 large enough. Thus (3.24) yields a contradiction and our lemma
follows. ✷

In order to finish the proof of the second part of Theorem 1.3, it is sufficient to prove
the following lemma.

LEMMA 3.6. –For n � 4, we havedn−2ρB → 0 and dn−1∇ρB → 0,whenε→ 0,
where d = infi∈B d(ai, ∂Aε) and ρB = ρ(ai1, . . . , aim), with B = {i1, . . . , im} the set
defined by(3.23).

Before giving the proof of this lemma, we begin by studying the vectorH defined by

H= (λ 2−n
2
i1
, . . . , λ

2−n
2
im

)
. (3.25)

We denote bye the eingenvector associated toρB.We know that all components ofe are
strictly positive (see [4]). Letη > 0 be such that for anyγ belongs to a neighborhood
C(e, η) of e, we have

T γMBγ − ρB |γ |2 � c2

dn−2
|γ |2 and T γ

∂MB

∂ai
γ =

(
∂ρB

∂ai
+ o

(
1

dn−1

))
|γ |2

(3.26)

and forγ ∈ (R+)m \C(e, η) , we have

T γMBγ − ρB |γ |2 � c3|γ |
2

dn−2
(3.27)

where

C(e, η)⊂
{
y ∈ (R∗+)m s.t.

∣∣∣∣ y|y| − e
∣∣∣∣< η},

m = cardB1 andMB =M(ai, i ∈ B) the matrix defined by (1.3).
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LEMMA 3.7. –LetH be defined by(3.25). ThenH ∈ C(e, η).
Proof of Lemma 3.7. –We argue by contradiction. We assume thatH ∈ (R∗+)m \

C(e, η). Let

H(t)= |H| (1− t)H+ t|H|e|(1− t)H+ t|H|e| :=
y(t)

|y(t)| .
From Proposition 3.2, we derive

(∇J (uε),Z)∣∣t=0=−c
d

dt

(T
H(t)MBH(t)

)+O
( ∑
i∈B,j∈(T1\B)∪T2

εij

)

+R+ o
(

1

(λ1d1)n−2

)
whereZ is the vector field defined on the variablesλ along the flow line defined byH(t).
Observe that

d

dt

(T
H(t)MBH(t)

)= d

dt

( TH(t)MBH(t)
|H(t)|2 |H(0)|2

)
= |H(0)|2 d

dt

(
ρB + (1− t)

2

|y(t)|2
(T
H(0)MBH(0)− ρB |H(0)|2))

= |H(0)|2
(

2(1− t)
|y(t)|4

(T
H(0)MBH(0)− ρB |H(0)|2)

× (−(1− t)|H(0)|〈e,H(0)〉 − t|H|2)).
Thus (∇J (uε),Z)∣∣t=0=−

2c

|H|2
(T
HMBH− ρB |H|2)(−|H|〈e,H(0)〉)

+ o
(

1

(λ1d1)n−2

)
+O

( ∑
i∈B,j∈(T1\B)∪T2

εij

)
.

Since|e| = 1, then there exists k such thatek � 1
m
. Thus

〈e,H(0)〉 =∑
i

eiHi �
1

m
Hk.

Using (3.27), we obtain

(∇J (uε),Z)∣∣t=0 � cc3

dn−2
|H|Hk + o

(
1

(λ1d1)n−2

)
+O

( ∑
i∈B,j∈(T1\B)

εij

)

� c

(λ1d1λkdk)
n−2

2

+ o
(

1

(λ1d1)n−2

)
+O

( ∑
i∈B,j∈T1\B

εi,j

)
.

Observe that
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– if j > l, sincej ∈ T1, we have

εij � c

(λ1d1)
n−2

2

.
1

(λjdj )
n−2

2

� c

C
n−2

2
1 (λ1d1λldl)

n−2
2

= o
(

1

(λ1d1λkdk)
n−2

2

)
;

– if j /∈K0

εij �
(

1

(λiλj |ai − aj |2)
) n−2

2

� C2−n
0

(λ1d1λjdj )
n−2

2

� C2−n
0 Cm−1

1

(λ1d1λkdk)
n−2

2

= o
(

1

(λ1d1λkdk)
n−2

2

)
if we choseC0 C1.

Thus

0 �
(

c

(λ1d1λkdk)
n−2

2

)
+ o

(
1

(λ1d1)n−2

)
�
(

1

(λ1d1)n−2

)(
c

(C1)
n−2

2

+ o(1)
)
> 0.

This yields a contradiction and our lemma follows.✷
Proof of Lemma 3.6. –Using Proposition 3.2, we have

0=∑
i∈B

(
∇J (uε), λi ∂P δi

∂λi

)

=∑
i∈B

[
Hε(ai, ai)

λn−2
i

(
1+ o(1)

)− ∑
j �=i,j∈B

(
εij − Hε(ai, aj )

(λiλj )
n−2

2

)(
1+ o(1)

)
+O

( ∑
j∈(T1\B)∪T2

εij

)
+R

]

= THMBH+ o
(

1

(λ1d1)n−2

)
+R1+O

( ∑
j∈(T1\B), i∈B

εij

)
.

Observe that, fori ∈ B and j ∈ T1 \ B, we have, as in the proof of Lemma 3.5,
εij = o((λ1d1)

2−n), for C0 andC1 large enough. Thus

0=T HMBH+ o
(
(λ1d1)

2−n). (3.28)

We assume, arguing by contradiction, thatdn−2ρB �→ 0, whenε→ 0. Therefore, there
existsC4> 0 such that|ρBdn−2|� C4.

Now, we distinguish two cases.
1stcase: ρB > 0. In this case, we derive from (3.28)

0� ρB |H|2+ o
(

1

(λ1d1)n−2

)
� C2

|H|2
dn−2

+ o
(

1

(λ1d1)n−2

)
> 0.

This yields a conttradiction and we derive thatdn−2ρB→ 0 in this case.
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2ndcase: ρB � 0. In this case, we derive from (3.26) and (3.28),

0� ρB |H|2+ c2|H|
2

dn−2
+ o

(
1

(λ1d1)n−2

)
� |H|

2

dn−2

(
ρBd

n−2+C2
)+ o

(
1

(λ1d1)
n−2

)
� |H|

2

dn−2
(−C4+C2)+ o

(
1

(λ1d1)n−2

)
.

If we chooseC2 � 1
2C4, we obtain a contradiction. Thendn−2ρB→ 0, whenε→ 0 also

in this case.
Observe that, sincedn−2ρB→ 0, then there existsC5> 0 such that|ai − aj |� C5d,

for any i, j ∈ B andi �= j.
We assume, arguing by contradiction, thatdn−1∇ρB �→ 0 whenε→ 0.

Using Proposition 3.3, we derive

0= TH∂MB
∂ai
H+O

( ∑
j∈T1\B

(
∂εij

∂ai
− 1

(λiλj)
n−2

2

∂Hε

∂ai
(ai, aj )

))

+ o
(

1

di

1

(λ1d1)n−2

)
+ λiR+O

(∑
j∈T1

λiλj |ai − aj |ε
n+1
n−2
ij

)
+O

(∑
j∈T2

λiεij

)
.

Observe that:
– for j ∈ T2, we have by Lemma 3.1λiεij =O(λiR1);
– for j /∈K0, we have∣∣∣∣∂εij∂ai

∣∣∣∣+ 1

(λiλj )
n−2

2

∣∣∣∣∂Hε∂ai (ai, aj )
∣∣∣∣

� c

(λiλj )
n−2

2

(
1

|ai − aj |n−1
+ 1

di |ai − aj |n−2

)

� c

Cn−2
0

(
1

(λidiλjdj )
n−2

2 di

)(
1

C0
+ 1

)

� 2c

Cn−2
0

1

d

1

(λ1d1)
n−2
= o

(
1

d(λ1d1)
n−2

)
;

– for j > l, we have∣∣∣∣∂εij∂ai
∣∣∣∣+ 1

(λiλj )
n−2

2

∣∣∣∣∂Hε∂ai (ai, aj )
∣∣∣∣

� c

C
n−2

2
1

(
1

(λ1d1)
n−2d

)
= o

(
1

d(λ1d1)
n−2

)
;

– for j ∈ T1, we have

λiλj |ai − aj |ε
n+1
n−2
ij = o

(
d(λ1d1)

1−n).
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Therefore, by (3.26) we have

0=T H∂MB
∂ai
H+ o

(
1

d(λ1d1)n−2

)
=
(
∂ρB

∂ai
dn−1+ o(1)

) |H|2
dn−1

+ o
(

1

d(λ1d1)n−2

)
.

Thus

0�
(∣∣∣∣∂ρ∂a

∣∣∣∣dn−1+ o(1)
) |H|2
dn−1

+ o
(

1

d(λ1d1)n−2

)
�C6

|H|2
dn−1

+ o
(

1

d(λ1d1)n−2

)
> 0.

This yields a contradiction and our lemma follows.✷
4. Proof of Theorem 1.5

Let (x1, . . . , xk) ∈Aε such that

dn−2ρε(x1, . . . , xk)→ 0 whenε→ 0 and|xi − xj |� C0d, ∀i, j, (4.1)

whereC0 is a fixed positive constant andd =min1�i�k d(xi, ∂Aε).
We may assume, without loss of generality, thatd1= inf1�i�k di.
Now we introduce the map

Aε→ Ãε, x �→ x̃ = d−1
1 (x − x1).

According to [1], we have

ρε(x1, . . . , xk)= d2−n
1 ρ̃ε(0, x̃2, . . . , x̃k) (4.2)

whereρ̃ε is the function defined, replacingAkε by Ãkε in (1.3), andÃε converges in the
C1-topology on every compact set to�, where� is a half-space or a strip.

Observe that|x̃i |� C0, ∀i ∈ {2, . . . , k}.
Now, we have the following Lemmas.

LEMMA 4.1. –For ε > 0, let

Fk(ε)= {(X1, . . . ,Xk) ∈ Ãkε | ∃i �= j s.t. Xi =Xj
}
.

Thenρ̃ε converges in theC1-topology toρ�, whenε→ 0, on every compact set that does
not intersectV , whereV is any neighborhood ofFk(ε) andρ� is the function defined,
replacingAkε by�k in (1.3).

The proof of Lemma 4.1 is similar to the proof of Lemma 4.1 in [1].

LEMMA 4.2. –Letρ� the function defined replacingAkε by�k in (3). Then the map

]0,1] →R, t �→ tn−2ρ�(0, tX2, . . . , tXk)

decreases when t decreases for anyX2, . . . ,Xk ∈�.
The same arguments in the proof of Lemma 4.5 in [1] prove easily our lemma. From

(4.1), (4.2) and Lemmas 4.1 and 4.2, we easily deduce our theorem.
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Appendix A

In this appendix, we collect the estimates of the different integral quantities which
occur in the paper. For the proof of these estimates, we refer the interested readers to [2]
and [14]. In the sequel, we assume thatε is small enough.

LEMMA A.1. – We have the following estimate∫
Aε

|∇Pδ(a,λ)|2= Sn− c1Hε(a, a)
λn−2

+O
(

Logλd

(λd)n

)

wherec1> 0 andd = d(a, ∂Aε). Futhermorec1 andO are independent ofε.

LEMMA A.2. – For n� 4, we have the following estimate∫
Aε

P δ
2n
n−2 = Sn − 2n

n− 2
c1
Hε(a, a)

λn−2
+O

(
logλd

(λd)n

)

wherec1 andO are independent ofε.

LEMMA A.3. – For i �= j , we have

(P δi,P δj )H1
0 (Aε)

= c1
(
εij − Hε(ai, aj )

(λiλj )
n−2

2

)
+O

(
ε
n
n−2
ij Log

(
ε−1
ij

)+ ∑
k∈(i,j)

Log(λkdk)

(λkdk)n

)

wherec1 andO are independent ofε.

LEMMA A.4. – For n� 4, we have the following estimate∫
Aε

P δ
n+2
n−2
i P δj = (P δi,P δj )H1

0
+R

whereR =O(ε
n
n−2
ij Log(ε−1

ij )+
∑
k∈(i,j)

Log(λkdk)
(λkdk)n

).

LEMMA A.5. – We have(
Pδ,λ

∂P δ

∂λ

)
H1

0

= n− 2

2
c1
Hε(a, a)

λn−2
+O

(
Log(λd)

(λd)n

)

wherec1 andO are independent ofε.
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LEMMA A.6. – For n� 4, we have∫
Aε

P δ
n+2
n−2λ

∂P δ

∂λ
= 2

(
Pδ,λ

∂P δ

∂λ

)
H1

0

+O
(

Log(λd)

(λd)n

)
.

LEMMA A.7. – For i �= j , we have(
Pδj , λi

∂P δi

∂λi

)
H1

0

= c1
(
λi
∂εij

∂λi
+ n− 2

2

Hε(ai, aj )

(λiλj )
n−2

2

)
+R

where R is defined in LemmaA.4.

LEMMA A.8. – For n� 4 and i �= j, we have∫
Aε

P δ
n+2
n−2
j λi

∂P δi

∂λi
=
(
Pδj , λi

∂P δi

∂λi

)
H1

0

+R

where R is defined in LemmaA.4.

LEMMA A.9. – For n� 4 and i �= j, we have

n+ 2

n− 2

∫
Aε

P δj

(
Pδ

4
n−2
i λi

∂P δi

∂λi

)
=
(
Pδi, λi

∂P δi

∂λi

)
H1

0

+O
( ∑
k∈(i,j)

Log(λkdk)

(λkdk)
n

)
.

LEMMA A.10. – We have(
Pδi,

1

λi

∂P δi

∂λi

)
H1

0

=−1

2

c1

λn−1
i

∂Hε

∂ai
(ai, ai)+O

(
1

(λd)n

)
.

LEMMA A.11. – For n� 4, we have∫
Aε

P δ
n+2
n−2

1

λ

∂P δ

∂a
= 2

(
Pδ,

1

λ

∂P δ

∂a

)
+O

(
Log(λd)

(λd)n

)
.

LEMMA A.12. – For i �= j, we have(
Pδj ,

1

λi

∂P δi

∂ai

)
H1

0

=− c1

(λiλj )
n−2

2 λi

∂Hε

∂ai
(ai, aj )+ c1

λi

∂εij

∂ai

+O
(∑
k∈i,j

1

(λkdk)n
+ ε

n+1
n−2
ij λj |ai − aj |

)
.

LEMMA A.13. – For i �= j andn� 4, we have∫
Aε

P δ
n+2
n−2
j

1

λi

∂P δi

∂ai
=
(
Pδj ,

1

λi

∂P δi

∂ai

)
H1

0

+O
(∑
k∈i,j

1

(λkdk)
n
+ ε

n
n−2
ij Log(ε−1

ij )

)
.
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LEMMA A.14. – For n� 4 and i �= j, we have

n+ 2

n− 2

∫
Aε

P δjP δ
4
n−2
i

1

λi

∂P δi

∂ai
=
(
Pδi,

1

λi

∂P δi

∂ai

)
H1

0

+O
( ∑
k∈{i,j}

1

(λkdk)
n

)

+O
(
ε
n
n−2
ij Log

(+ε−1
ij

))
.
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