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NOTE ON CERTAIN
FUNCTIONAL EQUATIONS, CONNECTED WITH
HERMITE AND WEBER FUNCTIONS

by Har! pas BagcuHi, M. A., Ph. D,
Hardinge Professor of Higher Mathematics, Caleutta University

&

PuATIK cHAND CHATTER]JI, M. Sc.,
Formerly Research Scholar, Calcutta University

INTRODUCTION

The main object of the present paper is to investigate (in its general
analytic form) the common solution of the triad of simultaneous equa-
tions, viz,

(I) Sut1 (@) — A aful®) +pnfu (@) =0,
(1) Ju@) +Ezfu@)—Anfuy (@) =0,
az A2\ d
and —oiTtg—{—(Zk—?-)zd—?-]-
(A)
A2 By —%a
—{—(n7—|—k~|— ’ulu———z2>w:0, (w=/fu(2)),

it being understood that A,u,k are certain fized constants and = is a
non-negative integral parameter. The paper consists of four articles, of which
the first deals with the inter-relations between the three equations, and the
second disposes of their most general solution. Applications of these results
to the classical functions of Hermite and Weber are outlined in Arts. 3 and
4 ; in this connection it has been deemed necessary to introduce Hermite
and Weber’s functions of the second kind.

‘We are not aware whether the main results discussed in this paper
have been dealt with by any previons writer,
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ART. 1. — As a preliminary to the investigation of common solutions
of the three equations (I), (II) and (A), it is necessary to examine the inter-
relations among them. There are three cases to consider.

Case 1. — PFirstly, assuming that {f, (2)} satisfies both (I) and (II), we
may eliminate f,,_; (2) linearly from them so as to derive

(1) . lfn+1(z)_( _ﬂk 2fulz +/‘fn(z

which can, on n being replaced by (n — 1), be written as

(2) Afu@) — (R —ph)2fuy (@) -+ pfu(z

If we now eliminate f,_; (2) linearly from (2) and the equation, obtai-
ned from (II) by dlfferenmatlon, we readily obtain

B) pufa@+kpasfi@) 4@ n+kpfi@ —An@—pk)efuy(z) =0,

If we again eliminate f,_; (2) linearly from (3) and (II), we find, after
easy reductions,

: (z)+(2k——'172>zf; () -+

— kA

(oo EEEE ) fu =0,

shewing that w = f,, (2) satisfies (A). Thus (I), coupled with (II), leads to (A).

Case II. — Secondly, assuming that {f, (2)} satisfies both (II) and (A),
we have, on differentiating (II),

(4) W@+ E2fu@) + kfu®) —Anfi1()=0.
Exhibiting (A) in the equivalent form :

2

2 2
f:'f(z):(%-‘&k)zf,’, (z)—(%—{—k+ Wp—ki

zZ) /u (z),
and eliminating f, (2) from this equation and (4), we get

(5) (—% _ k) o file) — (n i‘—e + ’i’;—“—z 22)1‘}. () — in fhs(2) = 0.
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If we now eliminate f7, (2) and f;_; (2) linearly from (5) and the two
relations

Su@)=—kz/y(®) 4 An fu (2)

and

Sum (@)= —k2fua (@) + 10 —1)/(2),

(which are virtually implied in (II)), we obtain, after elementary mani-
pulations,

(6) ./;l (3) — 1 zfn—l (z) + 1 (n — 1)fu—-2 (z) =0.

Since (6) coincides with (I) as soon as = is changed into (» 4 1), it is
manifest that the combination of (II) and (A) leads to (I).

Case ITI. — Jhirdly, assuming that {f,(2)} satisfies both (I) and (A),
we have, on differentiating (I) twice,

(7 Jut1(®)— A 2f0 () — AJu () + pnfi— (2)=0,
and
(8) S @) — A2 /() — 2475, () + pnfig(x)=0.

2
Adding (8) to (7), multiplied by (2 k—-%)z and then to (I), multi-
plied by
(n -+ 1) A2
7’

2
)

2, 2
‘I‘k—l‘k'u klz

and attending to the three differential e§uations, inherent in (A), wiz.,

R IR PYACRE

2 2 —_— 2
+(%+k+lw—ﬂk—l—z2)fv(z)=0, (p=n+1,n,n—1),

we find, without much difficulty,

Su @ Fkzfu®) —ndfu_(z)=0.

Thus the two relations (I) and (A) ultimately lead to (II).

Summarising the results of the three cases, we can assert that the
three equations (I), (IT) and (A) virtually count as two effective equations, any
one of them following as a matter of course, from the combination of the
other two.
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ARrT. 2. — Plainly the difference-equation (I) being linear and homo-
geneous and of the second order, its general solution must be expressible
in the form : .

9 Ja (2) = oy, (2) g4 (2) _In_ Bu (2) hy, (2),

where a, (2) and 3, (2) are two linearly independent particular solutions, and
9» (2) and h, (2) are two arbitrary functions of z, which are periodic in n
with unit period. As n is here restricted to be an integer = 0, it is mani-
fest that g, (2) and h,(2) are practically independent of n and are as such
representable simply as g (z) and & (2). So the general solution of (I) can be
presented in the form:

(10) Su (@)= an (2) g (2) 4 B (2) b (2

where ¢ (z) and & (2) are arbitrary functions of z.

If we now suppose that a, (2) and B, (2) are particular solutions not
only of (I) but also of (II), it is possible to adjust the two arbitrary (or
disposable) functions ¢ (2) and k(2) in such a way that (10) may represent
the most gemeral common solution of (I) and (II).

For, if we start with (10) and impose the condition that (10) may sa-
tisfy (II), we readily obtain:

(@) {on@)+kza,(2)—Ano,— ()] +
4 h(2) {fu(2) + k2 Bu(2) —An By (2) )+ @ (2) ¢ (2) + Bu (&) W (2) =0,
which simplifies to
(11) @y (2) 9'(2) + Bu (&) ' (2) =0,

because both a, (2) and g, (2) satisfy (II).

Now if (11) is to hold for every value of z and for every non-negative
integer n, it is easy to see in the first place that the vanishing of any one
of the two functions ¢’ (2) and &' () entails that of the other.

For, if ¢’ (2) = 0 (identically), (11) gives

Bu (2 =0,

shewing that A’ (2) =0, (for B, (2) = 0).
Thus there are two possible cases to consider:

Case i. — ¢'(2) and ' (2) each=20.
Case ii. — ¢’ (2) &= 0 and b’ (2) 5= 0.
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For obvions reasons, Case ii is untenable; for otherwise (11) would
give rise to:

%y (2) b (2)

Ba(® 9’ (2

leading ultimately to the chain of equalities :

= a function of z, (being independent of n),

:ﬁ”(z)—_—...

(12) ay (2) — o, (2) — o, (2)
By (2) By ()

Relations like (12) are clearly unthinkable, for the two independent parti-
cular solutions of (I), viz a, (z) and B, (2) are arbitrarily chosen. Thus the
possibility implied in Case ¢ is negatived and we have to reckon only
with Case i, whence we derive by simple integration

g(@)=a and h(@=0b,

where @ and b ave arbitrary constants, which are certainly independent of n.
Hence recollecting (Art. 1) that any common solution of (1) and (II) is
a solution of (A) as well, we arrive at the under-mentioned proposition :

ProP. A. — The three equations (I), (II) and (A) are tantamount to
two independent equations and the most general form of their common solution
i8 representable in the analytic form :

(13) Ju@)=aa,(z)4 b f.(2),

where a, (2) and B, (2) are two particular common solutions of (I) and (II)
and a and b are two numerical constants, independent of n.

In the two succeeding articles we shall consider two interesting appli-
cations of Prop. A.

ArT. 3. — Let us now put

l=u=2 and k=0

in (I), (IT) and (A). Then these equations assume the respective forms:

Jupr1(® —22f,R)+ 20 f1(?) =0, 1y
Ju@=2nf(2), (ILy e
and
da? d
71—:;—2z—d—?—|—-2nw:0, (w=f,(2). (AY 5
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Recognising that (I), (II) and (A) are the three equations, usually as-
sociated with Hermite’s polynomial H, (2), we have a confirmation of the
results proved elsewhere (1) that the three equations (I), (II) and (A) are
equivalent to only two effective equations.

In order to derive the common solution of the three equations last
written, we have to choose, in accordance with Prop. A, two linearly in-
dependent solutions of (I) and (II). Certainly we are entitled to set
o, (2) = H, (2); as for B, (2), we may utilise a subsidiary function, intro-
duced by G. PALAMA (?).

To be precise, we may set

— ”n 1+<_1)n
CACHR kN 1'%—11&—(———21) %zz"'""—z'_

(14 pu(@)=(—1" T e 3 —(—1)
2—2_ m=0 I ?—773,-'———4———%/";!

= hy (2), (say).

‘We propose to designate this function hy, (2) as Hermite’s function of the
second Tkind in contra-distinetion to H, (2), which will now be called Her-
mite’s function of the first kind 3).

(1) See « Note on Hermite’s function H" (z) and associated equations (functional and dif-
fere);tial) » by H. D. Bagehi & P. C. Chatterjee [Vide ‘Journal of the Royal Asiatic Society
of Bengal, (1950)] and Copson: «Theory of Functions of a Complex Variable» (1935),
P 271, Ex 32.

(®) See « Funzioni di Laguerre di 20 specie» by Giuseppe Palama , [Vide Boil. Un.
mat. Ital., 111, 8. 5, 72-77 (1950)] )

(3) Strietly speaking, the fanction hy (2), as introduced by G. Parama (loc. cif.) is
defined (for even and odd positive integral values of n) by the two equations:

okt L

k L 3
by (2) = (—1)" . 2 2k!G(——k+7,T,z )

1
-4
_(=vhtlent ¢ - 2mt1

1 m=0 —_ _1_ ]
92 ['(k m + 5)-m!

14y

1
2kt~ 11
and g () = (— ne. k.2 2.(7(—76——2—,‘—,z?),

1
_(—l>’°.<2k+1)_!§ F(T""”) om
=1 3 .z
2’2‘ m=0F<k—’M+T>~m!
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Evidently (14) gives rise tor

3n , 14+3.(—D"
_+____
hp(2)=(—1)® Lo
(15)
— 1) — 1\
' §2m+ +(2 1)% ; _(__é]_)_; om L =1D"
L. > z 2
A — " 3— (=1
9?2 r 5 + 1 m !
: am_ 54310
and  h,_; () =(— 1) 2 Lo
(16)
12 } 2m+ (_D”
— 1)!
oDy L ] —.
97 m=o F%Tz——m —4 gml

Comparing the {wo expressions (15) and (16) in the two cases (n — even)
and (n = odd) and making use of the familiar lemma on the Gamma-fun-
ction, (viz. I'(p +1)=p I'(p)), one can without much difficulty substan-
tiate the relation :

Wy(z) =2n h,— (2),

shewing that h,(2) is but a particular solution of (II). Consequently h, (2)
must satisfy also (I), for the three equations (I), (II)’ and (A) being equi-
valent to two independent equations, any common solution of (II) and (A)
must be a solution of (I)' as well.

Thus in the present context we may set

oy (2) = H, (2) and B (2) = hy, (2)

in Prop. A and deduce immediately the following proposition :

it being understood that G is the well known function of Kummer. Comparison of (14)
and (14)" at once reveals the fact that the function hyu(z), as defined by (14)', differs only
by the factor (— 1)» from the function hy (2), as defined by (14). Inasmuch as Palama’s
function (14)’ satisfies the dlfferentlal equation (A)" it follows that the same is true also
of the function hy (2), as defined above by (14). The absolute necessity for introducing
the multiplying factor (— 1)» arose from the fact that, whereas the function &y (2), as
defined by (14)', satisfies only the differential equation (A)’ but not the functional equations
(I)! (IV'), the function hj, (2), as defined by (14), satisfies not only (A)’ bot also both (I)
and (I1)’, a fact which will be amply put in evidence in the concluding portion of Art. 3.

6 Amnnali della Scuola Norm Sup - Pisa.
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PrOB. B. — The three equations (I), (II), and (A) count as two inde-
pendent equations and the most comprehensive form of their common solution is

Ju(@) = a H,(2) + b hu(2),
where Hy (2) and Ly, (2) are Hermite’s functions of the first and second kinds
and a , b are numerical constants, independent of n.
ART. 4. — As a further application of Prop. A, let us put p—=21=1
and k:—;— Then the equation (I), (IT) and (A) may, by a slight change

of notation (¢) be written as:

Bt (¥) — & Py (1) + 1 Dyy (1) =0, U
@, (x) - —;~ x Dy () —n Dy_y () =0, (1n”
and
a2 1 1
Tt e)r=0,  e=0@. (4)"

Remembering that (I)”, (II)” and (A)” are the three equations (5), as-
sociated with the parabolic cylinder function D, (2), we readily perceive
that in any application of Prop. A, we are entitled to take

oy (#) = Dyp ()1 . €. 0y (€) = Dy, (x) .

Before we choose a second particular solution Sy (2), i. e. 5, (x) we may re-

mark that the two functional equations (1) and (1I), associated with Hermite

function H, (2) and considered already in Art. 3, are converted into the

two fanctional equations (1)” and (II)” by means of the transforming scheme:
n a?

17) Tu@) =27 ¢* Dy ().

!

Turthermore the differential equation (A)" of Art 3 is carried over into

(A)” by the relations:
I
w=2%¢" v,
(18)

(4) The reason for the change of notation will be ‘obvious from the latter part of
Art, 4.

(5) See «Note on Weber function Dy (z) and its associated equations (functional and
differential) » by H. D BaacHr & P. C. CHATTERJI [Vide Annali della R. Scuola Normale
Superiore Palazzo dei Cava, (1951) (in the press. (Pisa, Italy)].
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The relation (17) states distinctly that to every common solution
{/u(2)} of the triad of simultaneous equations (I),” (II)’ and (A)’, there an-
swers a uniquely delerminate common solution { @, (x)} of the triad of e-
quations (I)”, (IT)” and (A)”. In point of fact, we have it on the authority of
Bailey (6) that the particular solution @, (¥) of (I)”, (II)” and (A)”, which
corresponds to the solution :

of (Iy, (IT), (A) is that given by .

@y, () = Dy () .

Noticing that in view of (18) the relation (17) is equivalent to each of

. the relations:
n 22

Sn () = 278—2—@” (V§ z) ,

n

Go@)=2 ¢ ‘f, (%)

we are in a position to introduce a second common solution g3, () of (I)”, (IT)”
and (A)” in the form:

n x?

(19) Bu@)=2 e *n, (L_> =d,(®), (say),
Vo

where h,, () i8 Hermite’s function of the second kind. (Art. 2).

Let us now designate d, (x¥) as Weber function of the second kind in
contrast to the ordinary function D, (¢), which may now be called Weber
JSunction of the first Lind.

Thus setting o, (2), fu (2) = Dy (2), dy (2) respectively and repeating the
sort of reasoning employed in Art. 2, we immediately deduce from Prop. A
the following subsidiary proposition:

Prop. C — The most general type of solution, common to the three
equations (1)", (11)" and (A)", is given by:

Dy (@) = a Dy (2) + b du ()

where Dy, (x) and d, (x) are Weber functions of the first and second kinds respe-
ctively and a,b are constants, independent of the positive integral parameter n.

(6) See W. N. Bailey’s paper in « Journal of the London Mathematical Society », Vol.
X1II (1933), P 202.



