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ON RELATIONS OF CURVATURE TENSORS OVER
SEN’S SYSTEM OF AFFINE CONNECTIONS

RANJAN KUMAR GARAI

In a paper Sen (Sen, 1959) obtained some relations of curvature tensors
over Sen’s system of affine connections. In this paper we obtain some other
relations of this nature.

Sen’s system of affine connections (Sen, 1950 a) may briefly be described

as follows : Let riJ be an arbitrary affine connection and gij the fundamental
tensor in a Riemannian space. Denoting Iii by a, I let a* = ij -~- git 
where comma denotes covariant derivative with respect to T;) and 
a* and a’ are called respectively the associate and conjugate of a. The af-
fine connection a is self associate if a = a* and is self conjugate if a = a’.
It is seen that these affine connections have involutory property a**= a"= a.

If we put

we obtain the following cyclic sequence of 12 terms (if they are all distinct)

Pervenuto alla Redazione il 4 Luglio 1970.
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The sequence (1.1) is then used to construct the following coefficients of
affine connections :

where ap and aq belong to the sequence (1.1). Sen’s system of affine con-
nections generated by a is finally formed to consist of all affine connections

which are generated by repeated applications of *, / on the set (1.2). In
this system, the Christoffel symbols (which define the Levi-Civita parallelism)
are given by

The Levi-Civita parallelism is the only parallelism in Sen’s system which
is both self associate and self conjugate.

In another paper Sen (Sen, 1950 b) obtained some fundamental relations
connecting curvature tensors formed by the coefficients of affine connections
of the system. We state the following results from his work as we shall

use them frequently in our discussion.

Let and .L ~ correspond to two arbitrary connections and let

If and be the curvature tensors formed with riJ, y and A’
respectively, then

Consequently if correspond to any four

affine connections such that

where
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and similarly for the other curvature tensors in (1.5). Since, by (1.3)

it follows immediately from (1.5) that

We shall also use the following relation obtained by Sen (Sen, 1959)

where

We know that the Riemannian curvature tensor satisfies the fol-

lowing relations with regard to indices.

where semi colon denotes covariant derivatives with respect to Levi-Civita

parallelism. Prof. R. N. Sen (Sen, 1950 b) generalized the relation (1.9)
and Dr. H. Sen (Sen, 1959), the relations (1.10) to (1.12) over Sen’s system of
affine connections. In this paper we have done the same thing for the re-
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lations (1.13) and (1.14). Some other relations are also obtained which can

be looked upon as another way of generalising (1.10).

2. We shall first prove a useful formula relating covariant derivatives
of curvature tensors. In order to do so, it seems convenient to use the

following notations. With reference to the sequence (1.1), put

In what follows a solidus followed by an index indicates covariant dif-
ferentiation with respect to the affine connections with which the respective
curvature tensors are formed, whereas a semicolon, as before, denotes co-
variant differentiation with respect to the Christoffel symbol. The following
relations can be verified by straightforward calculations.
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By (1.8) we have

Theiefore, using all the relations from (2.2) to (2.10), we get

where

and

But, by (1, 7), we have Kjtz = 0 and = 0.

Hence, from (3.11)~ we obtain finally the relation
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There are three such formulae over Sen’s sequence (1.1 ), Viz :

where (p, q) is any one of (1,12), (2,3) and (4,5).
We now proceed to generalise the identity (1.13) over Sen’s system of

affine connections. We put

Applying (2.12) and using the notation (2.14), we get

Again, since are self conjugate

(Eisenhart, 1927), we have

Hence (2.15) reduces to

Thus we have

where (p, q) is any one of (1,12), (2,3) and (4,5).
The three equations (2.16) constitute the required generalisation of the

identity (1.13). Here we note that using the relation (2.13), putting 
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for + ap riiz/j + and adopting the above process, one can obtain
another proof of the identities (5.9) obtained by Sen (Sen, 1959) which ge-
neralises the Bianchi’s identity (1.11) over Sen’s system of affine connections.

Now we proceed to generalise the identity (1.14). Denoting the cova-
riant derivative with respect to ap by the notation /ar and putting

we have

Putting 
a

the following results are seen to hold. The co-
variant derivative of gij

Now applying (2.17) and (2.18) and remembering the first of the equations
(2.16), we g’et,
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By (1.7) we have

Therefore the right hand side of (2.19) becomes

Again, since - are self conjugate, we have from

(2.17) and (2.18)

Similarly for

Hence (2.19) finally reduces to
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Thus we have

where (p, q) is any one of (1,12), (2,3) and (4,5). The three equations (2.21)
constitute the required generalisation of the identity (1.14) over Sen’s sy-
stem of affine connections.

3. In this section we proceed to prove some relations connecting cur-
vature tensors which may be considered as generalisation of (1.10). For
this purpose we adopt the following notations. Put

Dr. H. Sen (Sen, 1959) generalised the identity (1.10) and obtained two

sets of relations which are as follows :

where (p, q) is any one of ~ {

where (p, q) is any one of (2,11), (1,4) and (3,6).
We propose to obtain some other relations of this type.

It is known that apAhi’k = 0 if ap is self conjugate. Therefore, applying
the formula (1.8) directly, we have

Accordingly, from (3.4) we arrive at the following sets of formalae.
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The three formulae (3.2) can be obtained by subtracting one equation from
the other from (3.5a), (3.5b) and (3.5c).

The second member of (2.20) gives another relation

Similarly using the formula

Thus we have
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Now writing
get .

and using (Sen, 1950b), we

and consequently all the equations of (3.5) and (3.6) reduce to

respectively. The equations (3.5), (3.6), (3.7) and (3.8) may be considered as
the generalisation of (1.10). The three formulae (3.3) can be obtained by
adding two suitable equations from (3.7) or (3.8).

In conclusion, I beg to acknowledge my gratefulness to Dr. H. Sen
who suggested the problem and helped me in the preparation of the paper.

Department of Mathematic8,
Shyam8undar College,
Burdwati, We8t Bengal, India.
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