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E. E. LEVI CONVEXITY
AND THE HANS LEWY PROBLEM.

PART I : REDUCTION TO VANISHING THEOREMS

By ALDO ANDREOTTI and C. DENSON HILL (*)

l,et S be a portion of a smooth real (2n - l j-dimensional bypersurface in
an n dimensional complex analytic manifold M. On At there is the Cauchy-
Riemann operator a, and on S there is the tangential Cauchy-Riemann ope-
rator The purpose of this paper is to make a study of the relationship
between and as. s

Motivation for this work stemmed originally from a paper of Hans Lie

wy [12] There Lewy dealt with a three-diInensional S in (t2: He considered
the problem of extending a smooth function on S, which satisfies the tan-
gential Cauchy-Riemann equations, to a smooth function that is holomorphic
in a (possibly one-sided) neighborhood of S. Lewy showed that, locally,
whether or not such an extension is always possible is dependent on the

convexity of S in the sense of E. E. Levi [11].
Let be an appropriate one-sided neighborhood of S. liewyls exten-

sion problem is a homogeneous Cauchy problem in for the operator a
acting on functions; the initial data on S have to satisfy homogeneous com-

patibility conditions determined by ~s .

We generalize the above Cauchy problem by letting a and as act on
differential forms of type (p, q) and are led to a formulation of the Cauchy
problem in terms of cohomology classes : On W we define a certain Cauchy
cohomology group on S we define a boundary cohomology group

Pervenuto alia Redazione il 24 Febbraio 1971.

(*) Research supported by the Oftice of Scientific Research of the United States Air

Force under Contract AF F 44620-69-C-0106, and by the North Atlantic Treaty Organiza-
tion during the term of a Postdoctoral Fellowship in Science.
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(8). Given a boundary cohomology class (S), the problem consists
in finding~ a such that ~o is the restriction of ~ to S.

Let Il+ be a similar one-sided neighborhood on the side of S opposite
from U-. Given a we also consider the problem of finding a
~+ E Hpq (U+) and a ~- (U-) such that ;0 is the jump between ~+ and
~- across S. This is the additive Riemann-Hilbert problem for cohomology
classes.

For these problems we pose the usual questions about existence and

uniqueness. The central theme of Part I of this work is to reduce all such

questions to corresponding questions about the vanishing of certain cohomo-
logy groups.

In the additive Riemann-Hilbert problem the Levi convexity of s does
not enter into the picture. What is important there is the vanishing of the
standard Dolbeault cohomology for the two-sided neighborhood IT= U+ u IT-;
hence a complete treatment (Theorem 2) is obtained within the context of

well-known results. There the main point is an analytical version of the
M+yer-Vietoris sequence (Theorem 1). This has an analogue (Theorem 3) for

cohomology with compact supports ; it leads to a generalization (Theorem 4)
of a result of Bochner Fichera-Martinelli about the holomorphic extension
of functions to the interior of a compact region in 1), from its

smooth connected boundary S. Using Serre duality we obtain, in particular,
the analogue of Bochner’s result for a Stein manifold. Again this is inde-

pendent of the Levi convexity of S.
For the Cauchy problem, however, the Levi convexity of S is important.

We show (Theorem 5, 6, 8) that existence and uniqueness depend on the
vanishing of certain cohomology groups that are not standard they involve
behavior at the boundary. In Part I we are concerned primarily with that

reduction to vanishing theorems; hence we refrain here from using any
vanishing theorems except the simplest ones, namely the vanishing of the
Dolbeault cohomology for a Stein manifold. Part II of this work will be

devoted to proving the necessary vanishing theorems, under suitable hypo-
theses on the Levi convexity of S. The case of functions (q = 0), however,
is special. There the role of the vanishing theorem is played by another

question which, essentially, boils down to a question about envelopes of
holomorphy (Section 4.5) Therefore, interesting results for functions can be
obtained by using wellknown results about envelopes of holomorphy. In

particular, one can see a clear distinction between the local Cauchy problem
and the global Cauchy problem. We also obtain some useful isomorphisms
(Theorems 7, 9), and make un application to the unique continuation pro-

perty for as (Section 4.6).
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There is a connection between this work and a recent paper of the

authors. It was shown in [3] that, whenever sufficiently many characteristic
coordinates are available, an essentially arbitrary first-order linear system
of partial differential equations in one unknown function has a local cano-

nical form in which the non trivial portion of the principal part of the

system is the tangential Cauchy-Riemann operator to a real submanifold S
of for some q. This paper treats the case where S has real codimension

one. As an illustration of these ideas we discuss, at the end of the paper,
the original example of Lewy of a linear partial differential equation without
solutions. Lewy’s operator-even though it is not locally solvable represents
the compatibility conditions for two different, perfectly good, Cauchy pro-
blems.

In the first two sections we formulate the necessary notation and defi-

nitions, and prove several preliminary propositions. In particular, we give
an intrinsic definition of as that does not involve the introduction of any
Hermitian metric on M. It should be noted that the boundary cohomology
groups Hpq (S) we define here are essentially the same as those introduced
in a different way by Kohn [9] and Kohn and Rossi [10].

The authors wish to acknowledge the stimulation they received from
A. Huckleberry and R. Nirenberg. In particular we would like to thank

R. Nirenberg for pointing out that the Whitney extension theorem could
be used in the proof of Lemma 2.1.

The results of this work have been announced in [1].

§ 1. Preliminaries. 

1.1. In this section we introduce some notation and terminology that
will be used throughout the remainder of the paper. Consider a connected

complex analytic manifold M of complex dimension n, and an open connected
subset U of M(1). Let S be a closed Coo.differentiable submanifold of ll of
real dimension 2n-1. We assume that S has two sides in U. This latter con-

dition means the following:
(i) ~’ is oriented. A certain side of  which we call the « - » side,

is determined locally by the requirement that, from that side, the orienta-
tion of S is induced from the orientation of M. The other side of S is called

the « -~ » side.

(1) We assume M and U are paracompact.
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where
- 

are disjoint non-void open
subsets of’ M.

0

(iii) Every point p E S has a neighborhood co in U such that (t) n TI+
0 

, 

is on the «+» side of S and aJ n Ur is on the «-» side of S(2).
0 0

Set U + = ~7- == Then U + u U - -- U, and U ~
is a C °° manifold (which in general is partly wijh and partly without boun-

0

dary) of real dimension 2~~~ whose interior U± is a complex manifold of

complex dimension n.

These general considerations are motivated by the important special
case where Essentially there are two situations of principal inte-
rest : 1° . (motivated by the Catichy problent) where ~’ is not compact, but is
a connected portion of a hypersurfaee which divides U into two connected

pieces U + and U-. 2~ . (motivated by the Dirichlet proble1n) where 8 is
compact and forms the boundary of the compact connected region U-,

0

whose complement in U is U+. In the first case « initial values » will be

prescribed on ~S ; in the second case « boundary values » will be prescribed
on S.

1.2. Global definition of S. Under the assumptions listed above we have

PROPOSITION 1.1. There exists a real-valued function e E C °° ( U) such

~ 0.

PROOF. Let I be a locally finite open covering of ~S in U such
that in each p2 there is a oi E C co =~ 0 on s n T~2 a,nd 8 n vi =

By changing the sign of ei, if necessary, we may
assume &#x3E; 0 on the «+» side of S and Loi  0 on the « - side

of S. On any non-void intersection F~ n Vj it follows that &#x3E; 0. Adjoin
fl 0

the open sets U + and U - to the covering I and define correspon-
, 

0 
, 

0

ding functions o+ .= -~-1 in IT+ and g « - I in U-. To simplify nota-
tion we denote the new covering and enlarged system of functions again
by ( yT2 , Qi, Since 0 in each non-vold intersection Vi n Vj, we
can set hij ! log eiloj. Then -~- hji = 0 in Yin Vj and hij -~-- hjk -~- hki = 0
in each nonvoid Vi n This assignment is a 1.-cocycle h which

0
(2) I,e,, on the positive normal to S points into w n u 0+
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v

represents a class in H 1; U, ( 1, C °°, where C °° is the sheaf of germs of
v 

- 
-

C °° functions in U. But because is a fine sheaf;
hence h is a coboundary, and there exist functions such that

hi = hij on each non-void Vi f1 Vj. It is easily verified that the function

e, defined by in each is well-defined as a (7°° function on

U and has all the properties required by the proposition.

1.3. 000 (U), C ~° ( U ±~ and 0 oc (8) denote the complex-valued infinitely
differentiable functions defiued on U, respectively. We shall

use Co ( U~, Ca ( U±), and to denote the corresponding classes of
functions which have compact support. A function in (7°~(~7+)~ for example,
is infinitely differentiable up to that part of the boundary of U -t. formed by
8; if in addition it is in 0000 (U+), then its support may meet S but it

vanishes identically in a neighborhood of the boundary of U.
Next we consider forms on if and place various restrictions on their

coefficients: If C is any space of functions defined on a subset of ?4, 
shall denote the space of forms on M of type (p, q) whose coefficients are

in C. Thus for we have the corresponding spaces C§i,q&#x3E; (U),
Cc~, q) ( U -).... , Coc ~, q) tS).

Since Ut and S are relatively closed in U, it follows from the Whitney
extension theorem [19] by using a partition of unity that any element of

C~ ~, q) (~’ ) ( Co ( p, q~ ( ~’ )~ can be extended to an ele-

ment of C~~, q~ ( U ) ( C~ ~ ~, q~ ( U )~. Hence whenever it is convenient to do so we

may regard a form in C~~, ~~ ( U±) or C( p, q) (~), etc., as an equivalence class
of forms in C~ p, ~~ (U), etc.

In terms of local holomorphic coordinates on M, a form u of type ( p, q)
is given by

where (ii , i2, a.. , ip) and J = j2 , ... , jq) are multi-indices of integers
between 1 and n. Here

and the notation ~’ means that the summation extends only over strictly
increasing multi-indices. The functions ui,.T are assumed to be antisymmetric
in both I and J. 

~ 

-

The exterior differentiation operator d decomposes into the 
such that
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p, where

The operators a and 0 I can be defined on 
,- . ,. , , .

, and by continuity up to S. We also have the relations

which hold when u is a form of type ( p, q) and when v is a form of any
type.

1.4. The ideal generated by o and ao. Let denote the « diffe-

rential » ideal (cf. Kahler [8], page 8) in C , ) ( IT ) generated by g and 
that is, u E ~~ ~, q) ( ~ ) means that where 

In the special case q ---. 0~ any u E ~~ ~, o) ( U) can ben written
more simply as it vanishes on S. Observe that 9 ,, qj (U) is actually
independent of the fnnction g used to define S globally. Indeed if e’ is

another global donning function having all the properties listed in Proposi-
tion l.ly then e’ - O h for some h E C°° ( ~T ) 0 on U. It follows that

a form u E C~~(~7) can be written as u = ea + 8 g if and only if it can

be written as u = g’ r¡,,’ + a g’ A f3’ .
In the same fashion we define the analogous ideal 9,, qj j ( U),

or ~o( ~, ~~ ( ~T ±) by requiring that a belong to Co c ~, ~) ( ~T ), or

C ( ~, q) and that # belong to 0~, q-l) ( ~), or (U *),
respectively. As above, any form in 9,,qj (V±) (~o ~ ~, ~~ ( tT ~ )) can always be
extended to a form in ~( ~, ~) ( U) ( ~~ ~ ~, q) ( IT )). When there is no danger of

confusion we shall sometimes write to stand for any one of the above

ideals, and use in a corresponding notation. When p = q - 0, we

shall occasionally write 9 and C°° instead of and 

It follows from (1.3.2) that

The following proposition gives an alternate characterization of 9(p, q~ .
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PROPOSITION 1.2.

PROOF. If f has the form f = oa ~-~- a ~ A ~, then (1.4.2) clearly holds.

On the other hand, (1.4.2) implies that for some 

Let be a C°° extension of /&#x3E;0. for some

ex E C( ~, q~ ’

1.5. The tangential operator ou S. Consider two forms

, and denote their jump

and assume that the u± have also been extended to Since

;;’0 - (it+ - u-) vanishes on S we bave ’;0 - (2~+ - u-) = eh for some

hE (~7). Similarly B(u+ - u‘) = (2hi , for some h~ E ~+i) (~ because

a (a~+ -- u-) vanishes on S. It follows that = g (ah + hl) + 8e A h. Thus
a necessary condition for uo to represent the jump across S of two a closed

forms, defined on either side of S, is that E 9(p, for any C°° exten-

sio-n no. According to (1.4.2) this is equivalent to 
On the other hand, let be two forms such that

Then it follows from (1.4.1) and (1.4.2) that 
- - 

z 

-

- In particular, if uo and uo are two different C °° extensions
’"

of some Uo E (S), then ag Since, in general, the

the operator does not distinguish between Ui and u2 if their dif-

ference is in the ideal, it is convenient to define the tangential Cauchy-
Riemann operator ~s directly on equivalence classes of such forms U1 and u~.

Therefore we introduce the quotient

and use (ul to denote the equivalence class in q) ( tT~ represented by

- 

(3) Restriction here means only restriction of the coefficients ; i. e.? (1.4.2) means that
has coefficients which vanish at each point of ,S,

4 Akinali della Scuola Norm. di Pisa
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nel of as in ( tT ~. Then tT ) consists of the holomorphic p-forms
on ~T and HPO (8) is isomorphic to the space of p.forms whose coefficients

f are C°° on S and satisfy the tangential Cauchy-Rieman equuatinn 
there. 

_

The previous paragraph can be paraphrased by saying that as is

defined so as to make the following diagram commutative :

Here the maps labeled i represent inclusion and those labeled j represent
projection onto the quotient ; all the rows are exact.

The operator as does not depend on the global defining function o
because the ideals are independent of g.

The above considerations can be restricted to either of the sets 

Then one obtains a commutative diagram exactly like the one above, except
that U must be replaced everywhere by In that case the kernel

consists of the p-forms which are holomorphic in the interior
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o

UI, and whose coefficients are smooth up to S ; but the kernel Hpo (8) of

as in is isomorphic to the previous one based on 
The above considerations can also be carried out with 

C~,)(~), and 9(p.~)(~) replaced by 90 ,, qj ( U ), and 

(using an obvious notation). Similarly they can also be carried out for the

case and It what follows we shall

have occasion to refer to all of these cases.

§ 2. Coholuology for the CaucbJ Problem.

2.1. In this section, we introduce certain cohomology groups that are

important in the study of the Cauchy problem (as well as in other problems)
for the a operator. They arise quite naturally. However, with the exception
of part (a) below, eJnphasize that these cohomology groups are not the usual
ones ; they should not be confused Dolbeault cohomology or

with sheaf cohomology on U.

(a) The usual Dolbeault cohomology in U we shall denote by Hpq (U) ;
that is,

and

According to the Dolbeault isomorphism Hq (U, ~~~,~), where
11

Hq ( ~, is the q-th cohomology group of IT with coefficients in the sheaf
of germs of holomorphic p-forms on U.

By we shall mean the analogous cohomology with compact
supports in that is,

and

Since ~I is open, we have Reo (U) = 0 for all p, except for the special
case where .~ is compact and U - M.
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(b) Cohomology for the Cauchy problem. On either of the two sets

U±, we ciefine the cohomology groups (U±) by

and

RF,MARK. In the above, the operator a is defined in the usual way in
0

the interior and is defined by continuity up to S. Thus an element

of H°°(U+), for example, is a function which is holomorphic in the

interior of U+ and C°° up to that part of the boundary of tT+ formed by S.

The analogous cohomology Hpq (Ux) with compact supports in U* is
defined by

and

REMARK. If UI is compact, then for all p and

q. If is not compact, then (~7~)=== 0 for all p on each noncompact
component of U +.

(c) Cohomology in the ideal. In U, define the groups

There is no point in defining these groups for the case q = 0 because

gpo Sf) = ~±9 9) = 0 for all p. This is a consequence of the fol-

lowing.

REMARK. Let 0 be a connected component of ~~ (or IT ~, and let a
be an open set in S such that od ~~. Suppose f E Ci (Q) is a function

which is holomorphic in the interior of Q and vanishes on o. Then f == 0
in Q. To see this, let za E a, and consider a sufficiently small connected
neighborhood OJ of zo in M. Then if f is extended to be identically zero

in co n C Q, the hypotheses on f imply that a f -- 0 in co in the sense of

distributions. By interior regnlarity and the uniqueness of analytic conti-

nuation, we conclude that f « 0 in hence f = 0 in £2.
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We shall always assume that r~ ~ ~. Then, according to the remark

we can add the exact row

to the upper left of 

... 

to the upper left of the diagram on page 8.

After a fashion by now familiar to the reader, we also define, for

q &#x3E; 1, I the cohomology groups and Hfq(UI,9) in the ideal

with compact supports.

(d) The boundary cohomology.

PROPOSITION all p and q, we have the isomorphisms

and

PROOF. We sball show Q(p,,,) (U+) ~ ~I ), the other cases ’being
similar. Consider a class ) represented by v
and let u E (U) be an extension Then u’ represents a class

E Q(,, q) (U). The class ~~+~ is independent of the particular C°° extension
chosen ; the difference between any two extensions vanishes on U + and
hence belongs to ~‘(~,, q) (U). Since any element of 9(p, q) (U+) can be exten-
ded to an element of 9(p, q) ( ~T ~, it follows that the class of is inde-

pendent of the parlicular representative it+. Thus we have a homomorphism
h : q) (U+) -+ q) (U). By taling restrictions from IT to D~+, one sees

that is one-to-one and onto, hence an isomorphism.
The boundary cohomology Hpq (S) of S is defined by
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and

Similarly, y we define the boundary cohomology .~k ~ (,S) with compact
support. Note that ..~~ q (S j ’‘~ .~ ~q (S ) if 8 is compact.

It will be useful in what follows to observe that the above characteri-

zations of (or Hlq (8)) can be rewritten in the slightly different form

and, for q ~ 1,

2.2. Distingaiished reresentatires. In this section, we consider HPq (8),
and and show

that each cohomology class from one of these groups has certain distin-

guished representatives. These distinguished representatives are important
because they exhibit very nice behavior upon approach to S.
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PROPOSITION 2.2. -1’

forms. Then there is a form.

0, 1, 2,....

PROOF. Let ( V, ; i E I) be a locally finite covering of S in ll such that,
in each Vi, there is a local coordinate system of the form X2 , ... , X2n)

= e. Then on each s n we have = ( , ..., x2n). By
I , I ,

applying the Whitney extension theorem I timen to the correspon-

ding sequences of coefficients, we can construct a form such

that

0

on S n ~~ for k = 0, 1, 2, .... Adjoin the sets with corresponding forms

f~. _--. 0 to the system constructed above. For simplicity, denote the enlarged
collection of sets and forms again t
partition of unity subordinate to the covering ( I

Consider this form in a neighborhood of ~’ :

because. 1. Restricting to S, we obtain

’t

For the case of compact supports, Proposition 2.2 must be modified to

of forms, all of whose supports are contained in a fixed compact set K of S.
Then there is a form

for



338

PROOF. Same as for Proposition 2.2 except that, at the end, f must be
multiplied by a cutoff function E Oooc ( U) with I ---1 in a neighborhoodof K.

DEFINITION. If f is a C °° form in U (or U---~:), we shall write f Is = 0°°
to 1nean that f vanishes to infinite order on S; that is, for any integer m,
we have f = 0 (ern) as e --~ 0, and the 0 is uniform on compact subsets of
D~ (or U:i:).

In the following lemma, 9(p, q) stands for any one of the differential
.-I _ ........-- .-.p ---- . .-. - _ . .nil

shall write for the corresponding

and

This new form (31 has the advantage that, near S, Pi - vanishes to
- - .

vanishes on S, it must
Thus f can always be written as

vanishing to infinite order.
be the form given in part (ii), and write it in the above fashion
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written as 7

is vanishes to infinite order. Since 

we can therefore write i
B

by induction, suppose that

with Mid where each flk vanishes to infinite order.

which implies that 8g A Î’m Is ~ 0 because au vanishes to order 0 (~~). Thus

g vanishes to infinite order. Since

we obtain

This completes the induction step.

and note that According to Proposition 2.2, there exists a

(In the case of compact supports, it is necessary to use Proposition 2.2’,
and to observe that, from the above construction, it follows that 

and hence the hlk&#x3E; , can all be chosen to have their supports contained in
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some fixed compact set of S ~. Let and near S,
we have

Therefore

1

as o - 0, where the last term on the right is 0 (em) because each 

vanishes to infinite order on S. As this holds for any m, we have

(u -- = 0°° , and the proof of the lemma is complete.

presentative of a class

the corresponding definition in the case of compact supports.

LEMMA 2.2. Every class in Hpq (8) has a distinguished representative.

PROOF. Consider any class represented by some u E ( ~T ).
9 we can apply Lemma

2.1 to Hence there is a such that (au - av) Is = 000. Let
and u’ is the distinguished repre-

sentative required by the lemma.

LEMMA 2.3. Every class in Hpq(U,9) (or has c~ distin-

guished representative.

PROOF. Let [u] E Hpq ( U, 9) be a class represented by u E 9(p, (U).
Then au == 0, and, since we need only consider the case q ~ 1, Lemma 2,I
is again applicable. Hence there exists a v E ~~~, q_1~ ( ~T ) such that

a distinguished representative. The proof for is identical.



341

REMARK. Lemmas 2.2 and 2.3 also hold for the case of compact sup-
ports, with the same proof.

§ 3. The Riemann-Hilbert Problem.

3.1. A Mayer- Vietoris sequence. The purpose of this section is to derive

an exact sequence that relates the cohomology u- = ~T and the

cohomology that of U + and U -, and which resolves
the additive Riemann-Hilbert problem in U whenever U is Stein. This is

the analogue of the Mayer-Vietoris sequence for cohomology; however, we
must giv® a proof from first principles since our cohomology groups are not
the standard ones. We also wish to make explicit all of the maps involved.

First, we define these maps and then prove a lemma showing that they
are well-defined.

DEFINITION. For any and o,1, .., , the maps cxq I flq and Yq
are defined as follows :

U + and ~I ~’. Consider a represented by u. 2

and let [u±] be the class in Hpq (U±) represented by u± . Then

and let be the class in (8) represented by 
extension of Then

is defined a,s follows : Consider a class

it a distinguished representative u. Set

and let be the class in represented by U1. Then
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IlEMMA 3.1. The maps aq and yq are 1vell defined homomorphis,))ts.

PROOF. Since aq is defined by restriction, it is clearly a map of
classes.

(b) Consider (3q. At the beginning of Section 1.5, it was shown that
^ IV -

a 9(p, q+l) so it, does represent a class in Hpq (S). That class is in-

dependent of which C- extension of 2ca is taken because the difference

between any two C °° extensions of the same ito belongs to 9(p, q) ( ~). To
see that ~q is a map of classes, consider any other representatives w+ and
w- such that - ’tt::t: == in U± , y and set wo = w- According

IV N

to the above, we are free to choose convenient extensions and wo in
N N N

order to prove that _ [2UO] in (S’ ). Choose C °° extensions of v±

(c) Finally, consider yq . Since = 0°° for a distinguished repre-

sentative, it follows that u1 E (U) and 0 in U; hence ui does

represent a class in HP,,2+1 (U). First, take the case q = 0. Let w be any
other distinguished representative which represents the same class as u,
and set

Since we have &#x3E; , it follows from

part (i) of Lemma 2,1 that

~~~~~ = [wi] ill Hpl (U), and completes the proof for the case q = 0. Now
take the case q &#x3E; 1. Again, let av be any other distinguished representative
of the same class as 1J¡, and define wi as above. This time, we have it, -

Hence by part (ii) of Lemma 2.1, there is such that
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Then V E P, (U), and we obtain w, - ul = atp in U. Thus [u 11 = ~~01~. Yq
is a map of classes, and the proof of the lemma is complete.

THEOREM 1. The sequence

is exact.

PROOF. Exactness at (U). When q = 0, this is trivial because ~o
is obviously injective. Therefore, consider the case q h 1.

U1 === 8VJ+ on IT+ and that there is a y- such that Uf _ on U-. We

may assume that tp+ and y have been extended and belong to q-l) { ~T).

Define . Observe 

- a~~’ = 0 on ~- and u , -® a~+ ~ 0 on U + ; hence their difference va-

nishes to infinite order on S, which means that = 0°° . So u is the

distinguished representative of a certain class [u] in (8). But

99 E (U), and an easy calculation shows that

Therefore,

Exactness at When q = o, this is trivial : A

holomorphic function in U has no jump across S; two holomorphic functions,
~ 

0 0

one in and one in W, which are smooth up to S and agree there,
form together a holomorphic function in ~T. Therefore, consider the case

q ¿ 1. (a) flq o a~ = 0. Again, this is trivial since the jump uo = - u- Is
is zero whenever u+ and u- are the restrictions of a hence

for some (U): We may assume that it+ and u- have been extended
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we observe that ; hence u represents
and consequently

Exactness at 1
. where u+ and u- have been

I is a distinguished represen-
tative. We have

With u a distinguished representative

The proof of Theorem 1 is complete.

3.2. The additive When p = q = 0, the addi-
tive Riemann-Hilbert problem is the problem of finding a function u+ ho-

o 0

lomorphic in and a function u- holomorphic in U" with u+ and u-
smooth up to S, such that their jump across S is equal to a prescribed
function uo .

More generally, consider the same problem for arbitrary p and q : Sup-
pose a form C~ ~,, q~ (~) is given. The problem is to find forms C~~(~7~)
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with au± = 0 on U± such that At the beginning of
Section 1.5, we derived the necessary condition that E 9(p, (U) for

any C °° extension and observed that this condition is independent of
which C °° extension is taken. Thus any such form uo for which the problem
is possible determines a unique boundary cohomology class 

represented by an arbitrary extension Suppose is the

image, under the map flq from the Mayer-Vietoris sequence, of a class

with representatives u+ and w as indi-

We shall formulate the additive Rieniann-Hilbert problem directly in
terms of cobomology classes ; it follows from the preceding discussion that
nothing is lost at the level of forms with such a formulation. Thus the

problem is : boundary cohornology class ~o E Hpq (8), it is required
to find Cauchy cohomology classes ~t E Hpq ( such that flq (~+ E8 ~-) = ~o .
We say the problem has a unique solution if ~+ and y are uniquely de-
termined by $0. *

The following theorem states that the additive Riemann-Hilbert problem
for cohomology classes is always solvable in ~l if U is a Stein manifold
and that the solution is unique for q ~ 1.

THEOREM 2. Let U be a Stein manifold. Then
(i) the sequences

is exact., and for q &#x3E; 1, we have the isomorphis1ns

PROOF. If ~7 is a Stein manifold we have Hpq (U) = 0 for p
the result follows as a corollary of Theorem 1.

REMARK. In an arbitrary U, the Mayer-Vietoris sequence also gives a
precise result : For a given ~o E the Riemann Hilbert problem is
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solvable if and only if the image of ~o under the map 7q is the zero class

in the solution is unique modulo the image of by aq .
In particular, part (ii) above holds if only Hpq ( U) = HP, q+l (U) = 0.

3.3. Solution of Rientann-Hilbert barrier relations. In one complex va-

riable, the classical Riemann-Hilbert problem is a multiplicative problem
that consists of solving certain homogeneous or inhomogeneous barrier re-
lations. However, in the standard theory (see for example [7]), the multipli-
cative problem is always reduced to the additive one by taking logarithms.
The same redaction can be used together with the results of the previous
section to solve analogous barrier relations in several complex variables.
Here we indicate how this is done in the case of functions (p = q = 0) by
treating a simple situation.

Consider functions G, g E C °° (S ) with G # 0 everywhere on S, and
assume that G and g satisfy the tangential Cauchy-Riemann equations on
S. This can be expressed by G, if we regard (~ and g as equi-
valence classes of C- extensions to U. The homogeneous barrier _Problem is

0

the problem of finding functions h± holomorphic in U±, smooth up to S,
with ~=j=0 on U±, and such that

The inhomogeneous barrier problem asks for functions f I holomorphic in
0

~7~ smooth up to S, and such that

We assume that (U) -= 0, so that part (i) of Theorem 2 is valid

with jp = 0. Moreover, we assume the situation is such that G has a well-

defined single-valued logarithm. Then (3.2.1) and (3.2.2) can be solved in
U : Let ~co = log G, and note that ito also satisfies the ta,ngential Cauchy-
Riemann equations on S. According to part (i) of Theorem 2, the map Po
is onto ; hence there are functions u± E ..H° ( U::1::) such tha t 

_ _ -!

The required solution of (3.2.1) is then given by Next, let vo -

= 1/:-ls’ , and observe that vo again satisfies the tangential Cauchy-Riema,nn
equations on S. Therefore, we can find functions vt E HOO (U:t:) such that

- = vo . It is easily verified that the functions f ± = hI v:t: provide
a solution of (3.2.2).
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3.4. Mltyer- Vietoris seque&#x3E;ice for compact supports. The considerations

of Section 3.1, including the proof of exactness of the Mayer-Vietoris se-

quence, carry over without change to the case of compact supports.

THEOREM 3. The sequence

is exact..

REMARK 1. In the above we have ~~ ° ( D-) = 0, except for the special
case where 1!~ is compact and U = M.

REMARK 2. If U is q-complete, then (U) = 0 for all r and s  
(see [2]). Here D’ is said to be q-complete if there is a real function

C °° ( ~ ) such that

at each point the Levi form

has at least n - q positive eigenvalues.
In particular = 0 for s if n &#x3E; 1 and U is Stein.

REMARK 3. Suppose Hpl (~T) = 0 and let ~5 be such that neither U+
nor U! has any compact components. Then from Theorem 3 we obtain

that Hfo (S) = 0.

It is straightforward to write down the precise analogue of ’Theorem
2. However, in the case of compact supports we obtain a more interesting
analogue of the additive Riemann-Hilbert problem by looking at the following
situation :

THEOREM 4. Assume S and are compact.
(i) If .~k 1 ( ~T ) ® 0 and U + has no compact components, then have

/I/O

an isomOlphism

5. Annali della Scuola Norm. Sup. di Pisa.
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isoi)zor,vhism -I’

The ro, represent restriction from Ur to S.

PROOF. The maps ro, rq differ from only by a minus sign. Part

(ii) is immediate from Theorem 3; and 

because S and U- are compact. For Part (i) it is sufficient to observe

that gk ° ( U +) = 0 and Hlo ( U) =--- 0. The latter follows from the fact that

if were compact and ~7==if~ then U+ would have to be closed in if

and hence compact.

Part (i) above provides a generalization to manifolds of a well known

theorem in (tn that is substantially due to Bochner [4] (see also Martinelli

[15], [16] and Fichera [6]). The problem of Bochner is similar to the Diri-

chlet problem : Let U- be a c01npact region on a complex manifold M with
smooth boundary a U- . Given a smooth function on a U- which satisfies
the tangential Cauchy-Riemann equations on 8 U-, the problem is to extend
~ 

0

it to a smooth function on U - which is holomorphic in U-. We say the
Bochner problem is solvable if such an extension is always possible. Set

o

U = M, S = 8 U - , U + = ll -- U - and p = 0 in Part (i) } above. Since 1-0
is the restriction from U ~ to U-, we obtain:

COROLLARY 4.1. The Bochner problem is solvable if H21 (M) = 0 and
U+ has no compact components.

The classical result in Cn follows easily: by using the Cauchy integral
formula it is easy to show that (.tn) = o if ~a &#x3E; 1.

According to Remark 2 above, (M) = 0 if is (n - 2) complete
or, less generally, if .I~ is Stein and n &#x3E; 1. For .~1 Stein one can also

obtain Hkol (~ ) = 0 by Serre duality [17] : (M) is dual to (M) = o.

COP.OLLiRy 4.2. On ccn (n - 2)-complete manifold M (in particular if
n &#x3E; 1 and M is Stein) the Bochner proble1n is a,lways solvable provided U+
has no contpact components.

The interesting thing about the above results is that they involve only
global hypotheses on if and ~7". and do not depend on the « shapes of

U - ; i. e., the local Levi convexity of 8 U- does not enter. In [10] Kohn
and Rossi remarked that the generalization of Bochner’s theorem to complex
manifolds presents some difficulties : They gave the example .IVI = (~1 X 
U = 1 ~ X Any function independent of the second factor sa-

tisfies the tangential Cauchy-Riemann equations on a U-; but if such a



349

function is not identically zero, and it vanishes on an open set in a U-,
then it cannot be extended. Note that for this example -Uk 0 (l~) # 0 because

(~1) # 0 (in fact, they are infinite-dimensional).
However, y by imposing a convexity condition on a U-, Kohn and Rossi

[10], proved the following extension theorem for an arbitrary M :

COROLLARY 4.3. Let U- be compact and S = c7 U- be connected. At

every point of S a8S1tme that the Levi IHT (the Levi form restricted
to the holomorphic tangent space - see (4.5.1) for a definition) has at least

one positive eigeYvvalue. Then the Bochner problem is solvable in U-.

PROOF. By using Theorem 3 and imitating part of the argument of
Kohn-Rossi we obtain a simpler proof of their result: The hypothesis about
the Levi convexity of s means that there is a sufficiently small open neigh-
horhood U of U- which is (n - 2).convex (4). From the (n - 2) convexity
of U it follows (see [2]) that

Since d7 + has no compact components, we obtain from Theorem 3 an exact
sequence

It remains to show that the finite dimensional space Hk’ 1 ( tI) does not ob-
struct the surjectivity of r° .

If every element of is constant, then the corollary is trivial.

Otherwise let [u] (8) be such that u is not constant on S, and

yo ([u]) = ~ 0, where u and U1 are as in the definition of Let .P (~c)
be any polynomial with complex coefficients. Then P (1.£) represents a class

it follows that ~ is the zero class in

’ . We can assume 0. By exactness it follows

that there is a holomorphic function

(4) U is said to be q-convex if there exists a function g E C° (U) such that part (a)
under Remark 2 holds, and part (b) holds in U - K, where I~ is some compact subset of
U. Here it suffices to choose g of the form 99 =,u (eA2 - 1) where 1 &#x3E; 0 is sufficiently
large and p (t) is a strictly increasing convex function.
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.g is not constant because is not constant. Each Hj u represents a class

and Gmp must coincide because they belong to ( ~I -) and
have the same boundary values. Hence P (FIG) == H on U- - ~C~ = 0) and
it follows that Fj’G is holomorphic and locally bounded there. Since G ~ 0
because H is not constants, the Riemann extension theorem implies that

FIG E HOG ( U-) is the desired extension of 1l. The proof of the corollary is

complete.
In the next section we treat the case of general U - and S ; so the

Bochner problem is also included. However, the situation we wish to emp-
hasize there is the case where IT- and S are not compact.

~ 4. The Cauchy Problem.

4.1. The inhomogeneous Cauchy problem. Consider the general Cauchy

Clearly some compatibility conditions are necessary : we must 0

for any C °° extension U. of ’Mo. Problem
(4.1.1) can be written equivalently as

where
~ . Suppose a u" can be found such
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The existence of such a u" means that f’ represents the zero cohomology
class in 9). Note that the class repre-

sented by f’ does not depend on which extension uo of U0 is used. There-

fore any prescription of compatible Cauchy data f and 2~o in (4.1.1) determines
a unique cohomology class

exists if and only if [ f’~ = 0. In particular, we have proved

When = 0 solutions of (4.1.1) are unique. Suppose q &#x3E; 1 and let

w - Ut, where 111 and u2 are two solutions of (4.1.1). Then

so w represents a class in 9). Conversely any cobomology class

in (U- , 9) has a represe:atative w that satisfies (4.1.4). This suggests
we should identify two solutions U1 and 1M2 if their difference is cohomolo-

gous to zero in (U-, 9). Then the set of solutions to (4.1.1) is parti-
tioned into equivalence classes, and the uniqueness question is shifted to

the question of how many distinct equivalence classes of solutions there

are. Thus we arrive at

PROPOSITION 4,2. The solution of (4.1.1) is unique, irc the sense that

there is only one equivalence class of solutions, if and only (U- , 9) --- 0.

Obviously U- can be replaced everywhere by U+ in the above discus-
sion. We can also replace ~l- everywhere by U and consider a two-sided

Cauchy problem in which Cauchy data are prescribed on S and a solution
is sought in ~7. With these replacements Propositions 4.1 and 4.2 remain
valid.

4.2. The homogeneous Cauchy problems for cohomology classes. Consider the
homogeneous version of (4.1.1): Given uoE Ct p, ~~ (8) a solution u E 0 t;J q) (U-)
is sought to
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As we have seen the problem is possible only if I for any

C°° extension uo of IUO. Therefore any allowable assignment of Cauchy data

determines a unique boundary cohomology class l;o] E Hpq (8). Likewise any
solution u determines a unique Cauchy cohomology class [it,] E Hpq (U-).

DEFINITION. For any p and = 0, 1, 2y ... the map rq: 
is defined by restrictions from Given any class [u] E HPq(U-)

IV -

represented by u, rq ( u] ) = E where ;;0 is any 000 extension of

uo It follows as in part (b) of the proof of Lemma 3.1 that r~~ is a
well-defined hoinomorphism. In the obvious way we also define the restriction
maps r~ : and 

Now we can formulate the Cauchy problem in for cohomology
classes: Given a boundary coho1nology class the is to

find a Oauchy cohoinology class  E such that rq () =;0’
Just as with the additive Riemann-Hilbert problem, nothing is lost at

the level of forms by such a formulation in terms of cohomology classes.

Of course U- can be replaced by U+ and the same problem can

be considered in U+ ; in either case we have a one-sided Cauchy problem.
Likewise U could be replaced by U and a two-sided Cauchy problem
could be considered.

4.3. The one-sided Cauchy The existence or the uniqueness of

solutions to the Cauchy problem for cohomology classes in U- is equivalent
to the surjectivity or the injectivity, respectively, of the homomorphism

These questions will be reduced to corresponding questions about the vanis-
hing of certain cohomology groups.

PROPOSITION 4.3. We have the co&#x3E;nxiutative diagram
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in which the rows are exact.

PROOF. The unlabeled vertical arrows represent the obvious isomor-

phisms. The homomorphisms i. and aq are induced by inclusion and by a,

respectively. The bottom row is the standard exact coho:nology sequence in
TI - associated with the short exact sequence

of graded groups and allowable homomorphisms. The top row is motivated

by an analogous standard exact cohomology sequence in U; that is, the
one obtained by replacing by the ideal of forms in 

which vanish identically on U+. The maps iq are defined as follows :

is the extension by zero of a distinguished
representative (here Consider a class with distin-

guished representative u-. Then

where is defined by

) is the a of an extension to U-. Consider

represented by be any extension

where

These and aa are well.deflned homomorphism,. We omit the proof
because it is easy and is very similar to the proof of Lemma 3.1.
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As for the exactness of the top row, we do the case q &#x3E; 0 and leave

the obvious changes in the proof for q = 0 to the reader :

- is a distinguished representative

where u- is a distinguished representative that

represents a class

Exactness at (a) rq o i’q = 0 : This is trivial because extensions

Hence u- is a distinguished representative of some class [
in U provides the extension of u- by zero

Exactness at J

is restricted to U+ and then extended back to ~T r ; the extension can be

taken to be it again. But 0 u = 0 in U, so we obtain that is the

With u+ and ac+ as in the definition of’ aq 9 the hypothesis

, so by Lemma 2.1~ there is a

, Define

and observe that

Then u represents a class ~ and we have
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Finally, as the reader can see, the diagram is obviously commutative.

This completes the proof.

THEOREM 5 (UNIQUENESS). Either autornatic

for q == 0) or sufficient condition for the injeetivity of
rq

H pq (U-)--+ (~).

PROOF. From the commutative diagram in Proposition 4.3, one sees
that either condition implies that the image of in by
2q is zero ; therefore r. is injective.

7
THEOREM 6 For the surjectivity of r  (s)THEOREM 6 (EXISTENCE). FOR the surjiecivtyI

is su ff icient ;

is also necessary if

) is sudficient if .

PROOF. ~~c) and (0) are obvious. For (b), it suffices to observe that

the surjectivity of rq implies that the image .of
by is zero ; hence (U-, 9) ~ o.

THEOREM 7. Assume that 1

(which is auton@atie for q = 0), there is an

isoi)torpltism

(b) if Hpq (U) = 0, there is an isomorphism

PROOF-follOWS immediately from Proposition 4.3.

As a corollary of the above results, we obtain :

THEOREM 8. Let U be a connected Stein manifold of dimension n &#x3E; 1,
and consicler the Cauchy problem (4.3.1) in U-. Then

(i) for q = 0, it is uniquely solvable if and orcly if
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it is uniquely solvable if and onlg if

4.4. The t2oo sided Cauchy problem. One can also consider the Cauchy
problem for cohomology classes in U :

This is less interesting than the one-sided problem because if ~T is Stein,
for example, only nontrivial. Also, the two-sided problem can

be reduced to solving the separate one-sided problems on either side. Here
we indicate briefly how this is done.

PROPOSITION 4.4. There is an isomorphism

’ 

induced by restriction.

PROOF. r is defined by

Since every class in (UI, has a distinguished representative UI,
2c can be taken as 2c = u± on U± . Hence r is surjective. If r ( [uJ ) = 0,
then it can be assumed to be a distinguished representative; it follows

from Lemma 2.1 that u± = a v± on where VI Is = 0°° . 
in IT with v defined as v = v± on ~7~. Hence r is injective, so r is an

isomorphism.

THEOREM 9. Assume that .H~’~(~)==0 and ~~q ( IT ± , ~ ) = 0 (10hich
is auto»iatic for q = 0). Then there is acn isomorphism

PROOF. From the short exact sequence
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in U, we have the exact cohomology sequence

Using Proposition 4.4 and Theorem 7 we obtain a short exact sequence

which gives the desired result.

It follows from Theorems 5-9 that, under the assumptions of Theorem 9,
the two sided problem (4.4.1) is uniquely solvable if and only if both of
the one-sided problems are uniquely solvable.

4.5. Extension of holomorphic functions. Suppose U and S are such that

(i) ~oi(~)==0, I
o

(ii) U- c: envelope of holomorphy of U+.
and it follows from Theorems 6-7 that

ro
an isomorphism. This means that every slnooth

function which sat18fies the tangential Oauchy-Riemann equations, has
0

a sx%ooth extension to U- which is holomorphic in U-. If we also have that
0

(iii) U+ Cr envelope of holomorphy of ~T- , then from Theorem 9

ro
we obtain the isomorphism hence in that case the

to all of ff.

Examples of U and S in ~n (n &#x3E; 1) satisfying either (i), (ii) or (i), (ii),
(iii) are easy to construct. A general example can also be abtained by ta-

, 
0

king U and S such that U is equal to the envelope of holomorphy of 
Then (i), (ii) are both satisfied because U is Stein.

The problem considered above is a global the functions to be

extended from S are required to satisfy the tangential Cauchy-Riemann
equations on all of S, and the holomorphic exteiisions are sought in a fixed
global region IT- (or U+ or U). One can also consider the local pr¡’oblern
on Given an arbitrarily small neighborhood Up of a point p E S, one can
consider smooth functions that satisfy the tangential Cauchy-Riemann equa-
tions only = S ~ Up, and require that all such functions should be
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holomorphically extendable to some small (depending on Up) region ~+ (or
Up+ or Up).

It is well-known that solvability of the local problem is determined by
the local Levi convexity of S near p : The Levi form 

(the Levi form restricted to the holomorphic tangent space) is defined

by

The signature of independent of the function t) used to define
S, and is invariant under holomorphic changes of coordinates. The well-known
results are:

(a) The local problem at p is solvable (at least on one side) if

E (Q) IHT(P) ~ 0-
(b) The local problem at p is not solvable (on either side) if

-e (,o) = 0 for all zo in a neighborhood Sp of p on S.
By taking Up to be an arbitrarily small Stein neighborhood of p, and

by using elementary techniques of Levi convexity, y one can easily deduce (~)
and (b) from the above discussion involving (i), (ii).

What is more interesting is the fact that the global problem on S may
be solvable even when the local problems is not solvable It is easy to

construct examples of l~ and S that satisfy (i), (ii) above, but such that the
Levi form of S vanishes identically on a portion ~’~ of S. In fact S can be
considerably deformed without destroying extendability from S to the cor-

responding U- (it is only necessary that (ii) be maintained in the defor-

mation).

4.6. continuation for as. The tangential Cauchy-Riemann operator
is said to have the continuation property on S if the following is

true: If given any open connected set a in S and any function u. E HOO (8)
with ~o = 0 in a, then necessarily uo == 0 in the connected component 
that contains a.

It is easy to see (for example, when the Levi form of S is identically

zero) that as may not have the unique continuation property. However, as
has the unique continuation property on S if’ the followtng conditions are
satisfied
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0

2. Either U e envelope of holomorphy of U + , 3or else IT+ c enve-
0

lope of holomorphy of U-.

Indeed, the above conditions imply that HOO (~’) is isomorphic to either
H°° (U-) or else ( U+). But if there is (say) some it E (U+) such that
= 1to’ and uo = 0 on 0, then it follows (see the remark in Section 2.1)

that ito FEE 0 in the connected component of S that contains G.

The criterion given above can be generalized in an obvious fashion :

It is only necessary to observe that as has the unique continuation property
on 8 if every point of S has a neighborhood in S such that the restriction

of as to that neighborhood has the unique continuation property. The latter
remark follows because F = supp ~c° is closed; but the hypotheses imply that
~’ consists entirely of interior points, so h is also open. Since S - F con-

tains the open set a, it follows that the intersection of F with the connected

component of S that contains o is void.

From (a) of the previous section we obtain, as a special case, that

8s has the unique continuation property on S if the Levi 

does not vanish at any point of S.

§ 5. The equation of Hans Lewy. e

In [13] Lewy gave the first example,

of a linear partial differential operator Z such that the inhomogeneous equation
.L2c = f is not locally solvable at any point in 1R3. Lewy’s equation is not
locally solvable even in the sense of distributions or in the sense of hyper-
functions. For the definition of local solvability, and a discussion of recent
results on solvability, see the survey [18]. In general there is a connection
- through the use of complex characteristic coordinates - between operators
such as (5.1) and tangential Cauchy-Riemann equations. That is explained
in detail in [3]. Here we discuss the special case (5.1); we exhibit a parti-
cularly simple three-dimensional real hypersurface f in G2 (an imbedding
of in G2) such that Z has Lewy’s operator as its a-, .

given by

where
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Note that Z has the form of ~R1 x ja paraboloid). Alternately, in terms of

the complex characteristic coordinates x + iy and f -i- i (x2 + y,  is deter-
mined by the imbedding 1]~3 ~ G2 given by

Obviously g E C°° 0 on -V. A trivial calculation shows that the

Levi defined by (4.5.1), has one negative eigenvalue at every
point of ~. This implies, in particular, that Lewyls operator has the unique
continuation property in any connected region in 1R3.

Let p be an arbitrary point on ~ and consider an open connected

neighborhood U of p in C2. Set S = .2: n U, U + := je:~~ 0 ) n U aud --

= (e ~ o) n U. In what follows U will be assumed to be such that S, ~+ ,
~I - are all connected

In order to interpret as on S, we write Q(~, q~ for any of the isomorphic
occuring in part (i) of Proposition 2.1. It is clear from the defini-

tion that Q(o, o) C°° (S). In a sufficiently small neighborhood of any point

on S, we may take d z and a e as a basis for all form of type (0, 1). It

follows that there is an isomorphism 000 (S) Similarly = 0

because d z is a basis near S for all forms of type (0, 2). Therefore,
by a slight abuse of our previous notation, as on S can be regarded as

The first ~s above in given by as = where .~ is a linear map
L : 000 (&#x3E;8 ) - C°° (8). This .~ is the operator (5.1) of Hans Lewy : Let u E C°° (8)
and consider a 000 extension u of u p it represents a class (~) in Q(O, 0) -
Since the class of as (I) in Q(O, 1) is independent of the particular extension
il chosen, we may conveniently take u such that

Near S we have

Restricting to S and using
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we find that the class in Q(O, 1) corresponds to

as was claimed.

Therefore in terms of l,ewyls operator Z we obtain the interpretations

From the non-solvability of L it follows that g °1 ~~ ) ~ ~ and indeed it is

infinite-dimensional. Note that this is true no matter how small the neigh-
borhood v of p is taken-the boundary cohomology is not trivial even locally.
Moreover the Poincare lemma does not hold for the sequence of « sheaves »

Now take U to be Stein. This choice of U implies a special class of

First consider .g°° (~ ~ : Since the Levi form of S has one

negative eigenvalue everywhere U may be readjusted to a Stein
N 0

U = the envelolope ef holomorphy of [For instance, given 
and e &#x3E; 0 one can (E) &#x3E; 0 so small that f1 (q  x2 + has

~~VE~ as its envelope of holomorphy, where WE is defined by

What is involved here is essentially the disc theorem.] This gives us a
""

new U+. Then according to Section 4.5 we have

Next consider HO’ (8) : Return to the original Stein G. In Part II of

this work [4] we prove: the fact that has one negative eigenvalue
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everywhere on S implies that H °1 (u+) = 0. Hence from Theorem 8 we

obtain

Thus there are two perfectly good Cauchy problems associated with

Lewy’s operator-one on each side of ~. The first is Lewy’s original extension
problem [12]. The second provides an « explanation &#x3E;&#x3E; for the non-solvability
in Lewyls example.
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