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A Boundary Value Problem
for Quasilinear Hyperbolic Systems
in the Schautder Canonic Form (*).

LAMBERTO CESARI (**)

1. - Introduction.

In the present paper we take into consideration the following Schauder
canonic form of quasilinear hyperbolic systems

in a slab 1. = ~x ~0 c x c a] . Thus, whenever the m X m matrix

[Aii] is the identity matrix, system (1.1) reduces to the Lax-Courant ca-
nonic form

Instead of usual Cauchy data at x = 0, we shall take into considera-
tion here more general types of boundary data (I, II, III below).

I. For instance, we may assume that certain functions y E .Err
i = 1, ... , m, and an integer m’, 0 c m’ m, are assigned, and we may re-

(*) This research was partially supported by AFOSR Research Project 71-2122
at the University of Michigan.

(**) University of Michigan, Ann Arbor.
Pervenuto alla Redazione il 24 Gennaio 1974 e in forma definitiva il 5 Otto-

bre 1974.
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quest that

For m’= m (as well as for m’= 0) we have the usual Cauchy problem.

II. More generally, y we may assume that certain numbers ~0~~
and functions i = 1, - - ., m, are assigned, and we may request
that

III. In a more general setting, we may assume that certain numbers ai,
0 c az c a, functions ~~ (y), YEEr, i = 1, ... , m, and an mXm matrix [bi3(y),
il j:--:: 1, ..., m], 9 y E Er, are assigned, det (bii) :A 0, and we may request that

If is the identity matrix, then this boundary condition III reduces
to II. If furthermorel ai = 0 f or i = 1~ ..., m’, ai = a f or i = m’ -~- 1, ..., m,

then we have problem I.

In the present paper we prove a theorem of existence, uniqueness, and
continuous dependence upon the data, for Schauder hyperbolic systems (1.1)
with boundary conditions III when both the matrix [Aij] and the matrix

have « dominant » main diagonal. Thus, problems I and II the

identity matrix) for system (1.2) ([Aii] the identity matrix) are always
included.

In § 2 we give a new proof with needed estimates of the existence

theorem for the Cauchy problem for Schauder’s system (1.1), proof based
on Banach’s fixed point theorem (see [7, 8] for a previous proof). In §3
we then prove the existence theorem for system (1.1) with boundary condi-
tions III (thus, including boundary conditions I and II). The proof is

also based on Banach’s fixed point theorem, and on the precise estimates
obtained in § 2.

We proved a slightly simpler theorem in [1, 3] for systems (1.2) with

boundary conditions III (problems I and II being always included). When
the « dominant main diagonal condition » is not satisfied, the conclusions
of the same theorems may not hold, as simple counterexamples show [2].

Since we obtain the solution as the fixed point of transformations which
are contractions in the uniform topology, the usual iterative method is

uniformly convergent to the unique solution.
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The boundary value problems under consideration, in the present gen-
erality, are new. However, problem I, for very particular systems, was
considered by O. Niccoletti [11 ], and aspects of these problems were discussed
anew later by different authors (see e.g. [12-21]).

Leaving aside Goursat problems and analogous ones, let us mention

here that boundary value problems for linear symmetric systems have been
studied by Friedrichs [9] and Sarason [13]. Finally, various periodicity
requirements as boundary value problems for canonic forms of nonlinear
hyperbolic systems in the plane, including the wave equation, have been stu-
died by a number of authors, in particular by Cesari [5] and Hale [10] making
use of alternative methods (see these two papers for further references).

2. - The main existence theorem for the Cauchy problem.

We consider here quasilinear hyperbolic systems of the Schauder canonic
form. Thus, x is a scalar, y = ( yl , ... , yr ) is an r-vector, and z(x, y ) =
- (z1, ..., z~) is the m-vector of unknown functions zi(x, Y1’ ..., Y.), i=1, ..., m.
We denote by jyj = Max, BYkB the norm of y in Er and by lzl = magi Izil
the norm of z in Em.

We consider first the Cauchy problem for the differential system

in an infinite strip with initial data

THEOREM I (an existence theorem for the Cauchy Problem (2.1), (2.2)).
Let Ia denote an interval and, if is a given
constant, let S~ also denote the interval [- Q, Q]m c Em.

Let Ai j(x, y, z), = 1, ..., m, be continuous functions on Ia. 
ao &#x3E; 0, with in for some constant ,u, and let us
assume that there are constants C ~ 0 and a function 

E L1[0, ao], such that, for all (x, y, z), (x, y, z), (x, y, z) E Iae X Er 
and all i, j = 1, ..., m, we have

21 - Annali della Scuola lVorm. Sup. di Pisa
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Let y, z), Y7 0)7 ~ = 1, ..., m, k = 1, ..., r, be functions defined
in Ia.xErxQ, measurable in x for every (y, z), continuous in (y, z) for every
x, and let us assume that there are nonnegative functions m(x), I(x), n(x),

0  x  ao, 7 m, l, n , II E .Ll [o, ao], 7 such that, for all (x, y, z), (x, y, z ) E
E I a X Er X S2, i = 1, ..., m, k = 1, ..., r, we have

Let y E Er, i = 1, ..., m, be given functions continuous in Er, and
let us assume that there are constants c~, A, 0 o c~ C S~, ~l ~ 0, such that,
for all and i == 1, ..., m, we have

Then, for a sufficiently small, 0  there are a constant Q &#x3E; 0, a
function x(x) E .Ll[o, a], and functions z(x, y) = z(x, yl,
..., yr) =(zl, ... zm), continuous in such that for all (x, y), (x, y), (x, y) E

C-IaxEr9 and i = 1, ... , m, we have

satisfying (2.2) everywhere in Er and satisfying (2.1) a.e. in Da . Further-

more, z(x, y) is unique and depends continuously on (qJ1’ ..., qJm) in the
classes which are described in the proof below.

PROOF. The proof is divided into parts (a),..., (g).

(a) Choice of constants p, Q, f unction X, and estimates for a. As usual

we denote by otij the cofactor of Åij in the m x m matrix divided by
Since relations (2.3-5) yield analogous relations

for the elements (Xij. Thus, there are constants C’, and a 0,
such that for all (xy,z), (x, y, z), 

and i, j = 1, ... , m, we have
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Note that the functions z), y, z) are absolutely continuous in
each single variable x, yh, zs with

Analogously, the functions (!ik(X, y, z), y, z) are absolutely continuous
in each yh and in each zs with

For every we define the following constants:

Let us choose constants

Let us take

and, for every a,

We first can choose 4 sufficiently small so that
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and we denote by A the constant 2 - (I - L,(l + Q))-1, so that 1  

and certainly We shall have to impose on a
further limitations from above. Though this could well be done at this

stage, we prefer to mention the further restrictions on the size of a as need
comes in the course of the argument.

(b) The classes ~o and ~1. We denote by Da and 1,, the regions

Let Ko be the set of all systems

of continuous functions gik in L1a satisfying the following conditions

Thus, each function gik is absolutely continuous in ~ for every (x, y), and we
have

the set of all systems

Then relations (2.21-23) become
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Thus, for i we have

that is, the functions hik are uniformly bounded in Also

Finally, for the r-vector functions
have

we also

Note that jlo is a subset of the Banach space I with norm

We also consider the set Ki of all systems

of continuous bounded functions zi in Da satisfying the following conditions

for all (x, y), (x, 9), (x, y) E Da, i = 1, ..., m. Thus, each zi is absolutely
continuous in z for every y, Lipschitzian in y for every x, and we have
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we also have

for all (x, y), (x, y), (~, y) E Da . Here, is a subset of the Banach space
with norm

(c) The transformation Tz. For every fixed ZEX1, let us consider the
transformation T~ defined on Ko, say G = Txg, or - [Gi.], by
taking

Note that the functions G ik are obviously continuous, and that

for all 

used here inequalities
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By comparison of (2.34-36) with (2.21-23) we conclude that G = 

belongs to Ko . In other words, for every the transformation T.,, de-
fined above is a map Tx : ~o. Considering the differences hik = gik - I

I we may well think of T z as a map P.: Xo -+ 3to with a

subset of a Banach space. Let us prove that T z : is a contraction.

Indeed, if g, and h, h’,g,H’ are the corresponding
elements in Xo, then

By the definition of norm llhll [[ we obtain, by force of (2.19 ~ t

where k  1. Thus, for every the map Tz: is a contraction

of constant k  1.

We conclude that Tz : j’to - jl~ has a fixed point h E Jto, and the corre-
sponding element is a fixed point of the transformation Iz : 
We shall denote this fixed element by or g(~; x, y) = [gik’
2 = 1,..., m, k = 1, ..., r], and g[z] satisfies the integral equations

Note that each component x, y) of the fixed element g = Tz g, is cer-

tainly an absolute continuous function in ~ for every (x, y), is Lipschitzian
in y of constant 1 -~- p for every ($, x), and satisfies
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Moreover, for every 2 = 1, ..., m, the r-v ector function ~,(~; x, y ) = 
k = 1, ..., r), thought of as a function of E, is a Carathéodory solution of
the system of ordinary differential equations

Let us prove that each component of the fixed element g[z] is

absolutely continuous in x for every (~, y). Indeed, for any two (~; x, y),
(~; x, y) ELla, we have

Since

is certainly attained for some k and some ~, (6 depends w

derive from (2.40) that

or

This proves that each git[z] (~; x, y) is an absolutely continuous function of x
for every (~, y) with
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Because of (2.6-7) and (2.29-30) we know that #i(~; z, y) is the unique so-
lution of problem (2.38-39). Thus, #i satisfies the groupal property

For we have

Thus, for the symmetric relations hold

For any fixed and these relations represent a 1-1 transfor-
mation of the y-space Er into the q-space Er. Indeed, if

then

and hence

where Analogously, we could prove that

By adding equation x = x to relations (2.43), we obtain a 1-1 trans-
formation of the slab of the xy-space Er+i onto the slab of

the zq-space Er+1.

Finally, we consider the operation z --~ g[z], or mapping each
element z E into the corresponding element g = g[z] E Ko . By taking as
usual y + hi, we have a transformation z --~ h[z], or mapping
each element z e Ki into the fixed point or h[z], of the transfor-
mation Tzo Let us prove that z -~- h[z] is a continuous map.
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To this eff ect, let z, z’ E ~1 and let us denote by h, h’ the corresponding
elements in 9,,, or fixed points h = Tzh, h’= -Tz, h’. From (2.37) we de-
rive now

Hence,

where . and this yields

It is correct to write this relation in the form

(d) The transformation Here z denotes any element of and

g = g[z] E Ko the unique fixed element g = Tzg E Ko of the transformation T..
Let 3 denote the class of all functions 99(y) - (qi, ..., 7 y E Em, such

that, for all y, y E Er and i = 1, ..., m, we have

For every E 3 let us consider the set of all systems

of continuous bounded functions

ing conditions
satisfying the follow-

Thus, ~1~ c and Jtl9’ is, as 3~,~, a subset of the Banach space
with the norm stated in part (b).
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For every fixed z E K1 and corresponding g = g[z] E Ko , we consider now
the linear transformation U--- or [ui] -* [ Ui], defined by

Note that Ash(x, y, z) is absolutely continuous in x and Lipschitzian in y
and z ; gi(~; x, y) is absolutely continuous in ~; Zh(X, y), u,,(x, y) are absolutely
continuous in x and Lipschitzian in y. Hence, the composite functions

gs(~; x, y), z(~, g$(~; x, y) )~, u,~(~, g8(~; x, y) ) are absolutely continuous
in ~.

First, note that

so that, by adding and subtracting Si in the second member of (2.48),
we have

From here it is apparent that
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Note that, because of the absolute continuity of the composite function

Ash(...) in (2.49), we have

In addition, the relation

holds a.e. by force of usual chain rule differentiation statements of real

analysis. For instance, by applying the chain rule lemma of no. 4,(b) of [1 ],
or analogous statement in [6], we can say that, for every fixed x E [0, a],
the relation above holds for almost all ( ~, y). By force of (2.49), (2.51) and

manipulations we have

By using the bounds for the derivatives we already have, we obtain

and hence
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Analogously, y we have,

Again, y by using the bounds for the derivatives we have, we obtain

and hence

Finally, we have, by using i

From relations
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provided a is assumed sufficiently small in order that

For any two points (x, y), (x, y) E Ia X Er, and by using (2.52), we see

that the difference Ui(x, y) - Ui(x, y) can be written as the sum of tern-is 3~ ,
6, 1 6,, ð3 , which we write and estimate below one by one:
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Finally, by manipulations and integration by parts, we write and estimate a3
as follows:

Combining the previous estimates we have
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where

If we assume a sufficiently small so that

then we have, for all i

For any two points (x, y), y) E laXEr, and by using (2.52), we see
that the difference U2 (x, y) - y) can be written as the sum of terms

which we write and estimate below one by one:
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We have used here (2.6), (2.8), (2.13), (2.14), (2.30), (2.41). By ma-

nipulation and integration by parts, we write and estimate (13 as follows:

22 - Annali della Scuola Norm. Sup. di Pisa
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We have used here (2.12), (2.31), (2.41), (2.53), (2.56), (2.57),
Combining the previous estimates we have
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From relations

and consequent relation

We shall take a sufficiently small so that

Then and using

x x

Comparing (2.50), (2.59), (2.62), (2.65), with (2.29), (2.30), (2.31), (2.47),
we see that, for every fixed corresponding and every
fixed the transformation T/~, or 2c -~ U, maps into itself.

Let us prove that Tzp is a contraction. Indeed for any corre-

sponding g = g[z] e Jto, and any two elements u, u’ e K1, we have from
(2.48), for ~7=T~, U’= T ~u’,
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We shall take a sufficiently small so that

and then the previous estimate yields

Thus T* : is a contraction. There exists, therefore, a unique fixed
element 1), == u[z, g~] E with u - For this fixed element, we derive
from (2.48) the integral equations

and from (2.50) we have
From (2.52) we have for u(x, y) - ..., um) also the equivalent inte-

gral equations:

where ZEX1, and is the unique element in ~o with g = Z’zg,
J, and u = 

(e) The element u[z, 99] as the solution of the linear Cauchy problem.
Let us prove that this element ~c = u[z, g~] E C Xl is the unique solution
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of the Cauchy problem for the linear system, in the unknowns u1, ..., u

(Cfr. [6] for this proof). If we write j instead of i in relations (2.67), then,
by multiplication by Aij(Xl y, z(x, y)), summation with respect to j, and
usual simplifications, we have

By integration by parts, and further simplifications, we obtain

and this relation holds for all i = 1, ... , m. By taking
y = 0, q) and making use of (2.42), relation (2.71) is transformed into

and this relation holds for all (x, q) of the region (in the xr¡-space).
By force of (2.38) and (2.55), the derivative in (2.72) becomes
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where the arguments of are ( ~, gZ (~ ; 0, r~ ) ), and this relation holds
a.e. in the region of the By differentiating (2.72) with re-
spect to x we obtain the relation

and this relation holds a.e. in Ia X ~T. Finally, by taking here ?y == gi(O; x, y),
that is, returning to the variables xy, we obtain

Since the transformation 71 = #, (0 ; x, y), or (2.43), preserves sets of measure
zero, we conclude that (2.73) holds a.e. in Ia xEr as stated.

We have proved that the element tt = u[z, q] is a solution of the linear
Cauchy problem (2.69), (2.70).

(f) The element u[z, g~] is a continuous f unction of z and g~. We need

to show that u[z, ~9] is a continuous function of z and 99. Let z, z’ be any
two elements of ~1 and let g = g[z], g’= g[z’] be the corresponding elements
of Ko, g = Let g~, q’ be any two elements of 3, and let
M== u[z, q], u’ = u[z’, gg’] be the corresponding elements u - ’ = 

u’- K~v,. Then from (2.68) we derive

where Eo, E1, ~3, 83 have the expr, sions given below, and we shall estimate
them one by one. First we have

with Llsl, given by (2.52) and for which we gave in (2.58) the
estimate

By force of (2.13) we have now
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Then, we have with obvious notations

By force of

Analogously, we have

By force of

Finally, y we have, by manipulation and integration by parts,
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By force of
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Combining the previous estimates we have

and finally

where y is the same constant we have encountered in

We shall assume a &#x3E; 0 sufficiently small so that

Then, the estimates above yield

(g) The transformation For each we have first determined

a unique element with and for each we have deter-

mined a unique element satisfying (2.68). Since

~19’ c Jt1, we may take and then we have actually defined a map
~c = ‘~~ z, or z --~ u, or This transformation is a contraction.

Indeed, for any two elements z, 9 === g[z], g’= g[z’], and u = 
we have from (2.76)

where Thus, for every (p c 3, there is a fixed element
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z E K,,, such that the following integral equations hold:

Here z E and g = g[z] E We shall denote this element z by 
From (2.67) we derive for z also the equivalent equations

From (e) we derive that is a solution of the Cauchy problem which
we obtain from (2.69), (2.70) by taking z = u ; that is, is a solution

of the original Cauchy problem (2.1), (2.2). We have already seen that
is the unique element in the class having this property. Let us

prove that depends continuously on 91.
Since the map 9) ---&#x3E;- z is actually a map from 3 into and

this map is continuous. Indeed, and z = z’= then,
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from (2.76), we derive

where k  1. Hence, we have

Theorem I is thereby proved.
Note that the only restrictions we had to impose on the size of a,

are relations (2.19), (2.60), (2.61), (2.64), (2.66), (2.75). These

are not meant to give, however, the best possible estimate for a. Improved
estimates on the size of a will be discussed elsewhere.

3. - The existence theorem for the boundary value problem.

We consider here hyperbolic systems of the same Schauder canonic

form (1.1), or

with boundary conditions III, that is,

where are given functions of y in Er with and

where are given numbers (between 0 and a). As men-

tioned in the introduction, we assume here that both the matrix 

and the m x m matrix [A ij] have  dominant » diagonal terms. By possibly
multiplying each equation (3.1) and (3.2) by suitable nonzero factors, we
shall simply assume that
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where are « small » in the sense we

state below.

where Sup is taken for all yEEr. If is the identity matrix, then Jo = 0.

Thus, the smallness of ao gives an indication of the closeness of to

the identity matrix.
We proceed in some way analogously with the m X m matrix As

in Section 2 we denote by (Xii the cofactor of Aij divided by and

we tak e

Now let

where Sup is taken for all

Note that, for [Aij] the identity matrix, we have a = 0. Thus, the small-
ness of or gives an indication of the closeness of [Aij] to the identity matrix.

We shall assume below that

Note that, if is the identity matrix, or - 0, and all we need is that
ao C 1. If [bii] is the identity matrix, cro= 0, and all we need is that a  1.

THEOREM II (an existence theorem for boundary value problem (3.2) and
Schauder’s canonic system (3.1)). Let Q be a given positive number, and let
S~ also denote the interval [- S~, S2]- in Em. Let Ai.1(x, y, z), i, j = 17 ..., m,
be continuous functions on with 

in lao x El X Q for some constant u. Let us assume that there are constants
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and a function , such that, for
, we have

If (Xij denotes the cofactor of A ij in the matrix divided by
then certainly there are constants H’ &#x3E; 0, C’ &#x3E; 0 and a function

ma’ (x) &#x3E; o, mo ’c- L,,[0, aol, such that, as above

Let ~=1~...~~~ ~==1~...~~ be functions defined
in measurable in x for every (y, z), continuous in (y, z) for

every x, and let us assume that there are nonnegative functions m(x), I(x),
n(x), M, 1 , n, 1,, E L, [0, ao], such that, for all (x, y, z), (x, y, 

we have

Let Vi(y), bi;(y), i, j = 1, ..., m, be given continuous functions
in El, and let us assume that there are constants mo, zo, 

Ao &#x3E; 0, 0, such that, for all y, J E Er and i = 1, ..., m, we have

With the notations (3.3), 9 (3.4), 9 (3.5) let us assume that a + 
Then, for a, (°0’ C, C’ sufncien tly small, 0  a c ao , (°0’ C, C’ &#x3E; 0,
and for every system of numbers a i , i = 1, ... , m, there are a
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constant Q&#x3E;O, a function X(x):&#x3E;O, and a vector

function y) == (Zl’ ..., zm), (x, y) = (x, Y1’ ..., Yr) E Ia xEr, continuous in

satisfying (3.2) everywhere in Er, satisfying (3.1) a.e. in and

such that for all (x, y), (x, 9), y) E Ia x ET and i - 1, ..., m, we have

The function y) = (z1, ..., zm) above is unique and depends continuously
on 1p(y) = ("Pl’ for z and q in classes which are described in the proof
which follows.

Also, computable estimates of (1)0’ C, C’, are given which depend
only on the constants S~, H, H’, Ao, (1, ao, on the constants H, li’ in (3.11)
below, and on the functions m, m’ m, n, 11 1,7 but not on the numbers ai,

PROOF. The proof is divided into parts (a), (b), (c), (d).

(a) Choice of constants. First, let us denote by H, l~’ constants

such that

for all (x, y, and i, j =1, ... , m. Thus, we can take H, 

Let us choose any number w, 0  (o  ~3, as close to ,~ as we want, and
let us choose wo, so small that 

Also, let us choose some number as large as we want, so as to

satisfy [1- (a -~- We shall write these relations in the form

Let Q be any number

and let denote the numbers
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We shall assume that are so small that

Let k’ denote any number such that

It is possible to satisfy these relations because of and

of (3.12).
If 0  k, p, y  1 denote arbitrary numbers, let

These numbers approach ~’o, ... , T2, respectively, y as k, p, y ---&#x3E; 0+. Thus,
we can determine numbers 0  1, such that we also have

for all Note that for any such p
we certainly have
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I 

We now take ~p ~p and we choose constants Ro, R1, R2, R3,
such that

Thus, relations (2.15) and (2.16) are all satisfied.
We are now in a position to define x(x) as in (2.17), and to determine

a preliminary value, say a, for the constant a, so as to satisfy
relations (2.19), (2.60), (2.61), (2.64), (2.66), (2.75). Moreover, in deter-

mining ~, we shall require, furthermore, that the numbers y, y defined in
(2.74) satisfy the following relations.

and thus relation (2.75) is certainly satisfied. We now proceed to define
the classes Ko, Ki, 3 as in Section 2, parts (b) and (d), in connection with
the choice of the constants p, Q, k, co, ~l, ..Ro, Rll R27 R3 already made.

Now let
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We can finally determine a, sufficiently small so that

We shall write the first of these relations in the form

(b) The transformation T**. In Section 2, for every 99 E J, we have
determined a unique element and corresponding element g = g[z],

g E 3(,0 , satisfying (2.77), (2.7~), or

where we have written z in the form (2.78).
Because of for i

i, ~ =1, ... , m, with obvious simplifications we derive from (3.17) that

23 - Annali della Scuola Norm. Sup. di Pisa



346

We shall write (3.18) in the form

and we have for ~i(x, y) the equivalent expression

By force of (2.22), (2.45), (3.5), (3.6), (3.10) the fourth term in (3.20)
is in absolute value not larger than
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By force of (2.53), (3.7), (3.8) the fifth term in (3.20) is in absolute value
not larger than

By these partial estimates, and (2.45), (3.5), and (3.20), we derive now
the following estimate for 5i:

By using the numbers 0  y  1 and .1~~ &#x3E; 0 mentioned in part (a), we
also have

so that, by force of (2.45) and (3.19) we have

and finally

We consider now the transformation 1

defined by

By force of ( and (3.22) we have now



348

(c) Properties of the transformation T**. For any two y, 9 E Er and

i = 17 ..., m, by force of (3.20) and manipulations we have
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By force of I and (3.21) we
have now

By integration by parts and the use of (2.27), (2.53), (2.56), (3.6), (3.7),
and (3.21) we also have
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Thus, combining the estimates above, we have

where IT is the expression in the first brackets above, and Sa, the expres-
sion in the second brackets, was introduced in part (a). By force of (2.27),
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we have also

We have now, by using

We note here that, if a function F(y), satisfies

 I£ ) y - j ] , then, for all 

By force of (3.23) and (3.27), we now have, for all and i == 1, ..., m,

From (3.24) and (3.28) we see that the transformation
defined by (3.23), maps 3 into J.



352

(d) The transformation T** is a contraction. Let us prove that the

transformation T**: 3 -~ 3 is a contraction. To this effect, let cp, 99’ be
elements of 3, and 7 z’c g’= g[--’], 0 = T** 99, 

2/)y õ:(x, y) be the corresponding elements. Then, we have
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We now evaluate each of these expressions one by one:

By integration by parts and analogous evaluations we have also
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We have now, by using the estimates above and (2.44),

By using (2.79) and manipulations, we obtain
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where L is the expression in the first braces, and T a , the expression in the
second braces, was introduced in part (a).

Finally, by (2.44), (2.45), (2.79), (3.4), (3.19), (3.23), (3.29) we have

Also,

and by using (3.30) we obtain
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By the expression of L above, by manipulations, and the use of (3.15)
we have

where k’ C 1. Thus, T**: 3 - 3 is a contraction. By Banach’s fixed point
theorem there is an element with 99 = T**T, and this element 99 is

unique in the class J.

For this element T**q we derive from (3.19), (3.23)

or

and because of (3.3) also

The element cp = also a continuous function of y. Indeed, if 1jJ, 1jJ’
are any two elements satisfying (3.1-2 ), and z, z’ the corresponding elements,
by repeating the argument above we find
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and by using (2.79) also

Theorem II is thereby proved.
In particular situations, the restrictions imposed on the data in Theorem

II can be reduced. These particularizations, together with improved esti-
mates on the size of a, will be discussed in forthcoming papers. It will be

also shown that the results of Niccoletti and others are particular cases

of the present line of research.
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