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On Analyticity in Homogeneous First Order
Partial Differential Equations.

HANS LEWY (¥)

1. — Let oy, a5, s be independent real variables and z, y, » real C*-func-
tions of these near the origin, satisfying

o(x,y, w)
@ 0(otyy g5 8) o
and
o(z, y) ox
(2) m#(), -8—8#0.

An arbitrary C'-function u = f(z, y) satisfies (1). We investigate condi-
tions such that f is analytic in « and y.

THEOREM 1. If », y, u satisfy (1) and (2) and

Ty Ys (y,/-’l?,)s
(3) Ty Y (Yo[@a)y |70

Zyo Yay  (Ys[®s)s,

and if ©, ¥y, u can be extended as holomorphic functions of s+ it, |t|<<t,,
which remain C* in oy, &y, 8, t, then u=f(x, y) where f is analytic in x and y.

Proor. We first establish that near the o, «,, s, t-origin the map
sy Syt >, Y

is one-one for ¢4 0.

(*) University of California at Berkeley, visitor, Scuola Normale Superiore, Pisa.
Pervenuto alla Redazione 1’8 Aprile 1976.
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Put
@ = @y + @y(s + it) + La,y(s + it)2 + ...
Y ="1Yo+ ¥s(s + i) + §yusls + it)2 + ...

where
ox

Ty = @(0ty5 %gy 0) ws=5s'(°‘1,“2y0)’ .

An application of Cauchy’s integral formula shows the coefficients of the
above power series to be (C'-functions of o, «,. The imaginary parts of z
and y are of the form ¢P(s, ) where P(s, t) is a convergent power series in s
and ¢. It follows from (2) that for ¢4 0

Imy__ys—l_yns"{_“'_gf syuwx—msyas

Imes a,+ x,8+... x? T
a power series in s and ¢.
Hence near s =t =a; = a, =0,
o(Rez, Rey, Ima, Imy/Imx)
J= =
0(8y 1y oty ota)
yaaxs - 09..%,
N
O 0 =z 0 s Y (Ys[m)s
= Ys Fo=— @, Yu  (Ys[Bs)y | s+ ..
T Yo O .
oo Ty Yo (Ysl@i)e,
Ys
w0 ()
o oy ).,

where the omitted terms are of degree >1 in s,¢.
By (2) and (3), J % 0 near the origin. Accordingly
Imy

8,t, 0, ¢, —Rex, Rey, Imx, Tma

is one-one, if Imy/Ima is defined by continuity also for Imx =0; Ima= 0
coincides with {=0 by (2). Now the map

Rex, Rey, Imwx, %»Rex, Rey, Imz, Imy
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is one-one as long as Imax =~ 0. Hence the part of an open neighborhood
of the s,t, o, a,-origin for which ¢~ 0 is in one-one correspondence with
a certain open get of Rex, Rey, Imax, Imy-space with Imx s~ 0; and the
Jacobian 9(x, y, Z, §)[0(o, &, S, t) = 0 there.

Now consider for ¢t~ 0 the form

w=duNdeNdy\dy .
We have

ou _ _
w= ﬁdx/\dx/\dy/\dy

_ o(uy @, Y, )
- 0(ctyy otay 8y 8) on ey 8

=( o(u, @, y) _3;7_ o(u, @, y) @ o(u, @, ?/)%_ o(u, @, y) _a_y:
O(0tyy gy 8) O O(0tzy %oy ) 08 0(0t1y S,1) Oty O(ctay 8, 8) Oy

=0 do N\ doty A\ ds N\ dt

since by assumption (1) holds and u,x,y are all holomorphic in s t,
i.e. satisty Ou[0t= i(0u/0s), ..., Oy/ot = i(0y[0s), and the first derivatives with
respect to o, &, are also holomorphic in s + i¢t. As J 70 in ¢+ 0 we conclude

2’2 =0 fort#0.

0%
Similarly, ou/oj=0 for t++0. Hence u=f(x,y) in t5% 0 with f holo-
morphic for Imz 0. As Imx — 0 we have ¢t -0, Imy — 0 and », z, ¥y tend
to their values for { = 0 uniformly on compact sets of «,, o, s. This im-
plies that f(x, y) with x, y real is the limit of f(x, y) as «, y tend from complex
to real values. Moreover that part of the neighborhood of the origin of the
x, y-space which is image of a neighborhood of the origin of &, a,, 8, ¢ cer-
tainly contains the Cartesian product of

|Rex|<e, |Rey|<e
with
Imy y,

Imz a, <€

0 Ima|<e, I

with e > 0 and small, ¢.e. the products of a square E of the Rex, Rey-pla-
ne with an open «cone» W of the Imx, Imy-plane (truncated by Imx = &),
vertex at (0, 0), and with its negative, — W. Therefore we may apply the
local version of the edge-of-the-wedge theorem [1] which tells that f(x, y)
is holomorphic also for real z,y, q.e.d.
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2. — Theorem 1 containg the special case when x = &, ¥ = «, for s = 0.
We then have u(ocl, aty, 0) = f(as, ;) With analytic f.

Note that (1) (with the aid of (2)) can be formulated thus: x,y, u are
solutions of

ov ov ov
(4) i 4, o + 4, o,
with
A — @ y) |o@,y) _ Oz, y) [ (=, 9)
LT 081y tg)/ 0oty 0t5) ] 4, = (01, 8)/ Oatry o)

This suggests the following corollary of Theorem 1.

THEOREM 2. Let A(cty, %y 8)y, Aoy, Xy, 8) be real valued analytic fun-
ctions of oy, oz, 8, extensible holomorphically as functions of s it, [t| <<t,.
Let v be a O'-solution of (4) which can be extended to a C'-function of
s -+ ity o1y 0tzy holomorphic in s+ it for |t|<<t,. Then v is holomorphic in all
three variables o, oy, 8, provided A,(0A4,/0s) — A,(04,/0s)=~ 0.

ProoF. There exist by Cauchy-Kovalewski two solutions =, y of (4)
which reduce to v = oy, y=a, for s=0. We find for s=0, if w.lo.g.,
A, = ox[ds # 0,

ox ox oy o0y or oy
=1 8—“—2_0, w0 =l Hm=Ay =4
02z 8A1

0% 04, & , 04,
Sriant =gt

st

go that (3) becomes for s=0

-
e Al Az yasAl - xas-Az

xal y“‘ (y—s) = w:2 1 0 AI(AZ)al - Az(Al)al s

0 1  Ay(4)y—44(4y),

Ys
.’Da’ y“l (;)
_ﬁ-z(AlaéA A,a;);eo

so that Theorem 1 applies. Hence v is a holomorphic function of #, y which



ON ANALYTICITY IN HOMOGENEOUS FIRST ORDER ETC. 723

in turn are analytic in o«;, o, s as Cauchy-Kowalevski solutions of (4).
Thus v is holomorphic in «,, «,, s, q.e.d.

Dr. T. KAwWAI has kindly communicated to the A. how to deduce The-
orem 2 as a special case of a general analyticity Theorem to be found in [2].
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