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On Boundary Integral Equations of the First Kind
for the bi-Laplacian in a Polygonal Plane Domain.

MARTIN COSTABEL - ERNST STEPHAN

WOLFGANG L. WENDLAND

Introduction.

Here we analyze a system of Fredholm integral equations of the first
kind with logarithmic principal part on a polygonal boundary curve. This

is the system from Fichera’s single layer approach for the Dirichlet problem
of the bi-Laplacian. We show for the integral equations continuity in
Sobolev spaces, a Garding inequality and regularity results including
a-priori estimates, where the solution is decomposed into corner singular-
ities and smooth remainders. The Garding inequality holds on H-i(T), the
trace space corresponding to the energy norm. We also prove the unique
solvability of the integral equations and their equivalence with the va-
riational formulation of the corresponding boundary value problem. These

results are obtained by local application of the Mellin transformation.

The boundary integral method for elliptic interior and exterior boundary
value problems is one of the main tools for their constructive and also

numerical solution. For higher order elliptic equations the method of single
layer potentials goes back to Fichera [10] and has been worked out for some
equations with constant coefficients by Hsiao and MacCamy in [15]. This

method as well as its analysis in Sobolev spaces [16] was developped for
closed smooth boundaries only whereas in practical problems one is fre-

quently confronted with piecewise smooth curves having corner points.
As the first approximation to this general case we consider here a polygonal
boundary curve. The general case of a curved polygon will be treated with
similar methods in a forthcoming paper.

Pervenuto alla Redazione il 22 Maggio 1982.
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The boundary integral method for the plane mixed Dirichlet-Neumann
problem of the Laplacian on a polygon has already been analyzed by Costa-
bel and Stephan in [5], [6]. Here we extend their approach to the bi-Laplacian
and the corresponding system of integral equations for the Dirichlet problem
and present the method of Mellin transformation in detail which allows the
further extension to different and also mixed boundary conditions as well
as to other differential equations (as e.g. plane elasticity) and also other
boundary integral methods resulting from approaches different from Fichera’s

(e.g. the direct method [17]).
As representative examples of boundary value problems yielding our

boundary integral equations, we present the second fundamental problem
of plane elasticity, the clamped plate and exterior (and interior) Stokes flows.

Since boundary integral methods in connection with finite element ap-
proximations play a significant role among numerical procedures we have
focused our interest on the following principles:

1) The mapping properties of the integral operators in appropriate
Sobolev spaces and the relations to the variational solution of the original
boundary value problem.

2) Strong ellipticity of the integral equations and a GArding inequality.

3) Regularity of the solution and its decomposition into singular
functions near the corners and regular remainders and corresponding
a-priori estimates.

These three principles form the basis of the asymptotic error analysis
of Galerkin type boundary element methods (see [5], [6], [34], [29], [30],
[16], [33]). For smooth boundaries these properties are obtained by the
Fourier transformation and the calculus of pseudodifferential operators.
For the polygon, however, we have to use the Mellin transformation and the
calculus of Mellin symbols. This technique, which goes back to Kondra-
tiev [18] and Shamir [27] has been used more recently by several authors [8],
[9], [19], [24], [7]. Here we present in detail the complete analysis with the
Mellin transformation leading to the above three principles. The above

mentioned error analysis, however, will not be presented here.

The paper is organized as follows:

In § 1 we show the reduction of boundary value problems to the inte-
gral equations on the boundary, formulate the corresponding variational prin-
ciple and their equivalence. The system on the boundary curve 1-’ consists
of two Fredholm integral equations of the first kind with the logarithmic
kernel as principal part and three additional constraints for two boundary
densities and three real parameters.
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In § 2-4 we present the local analysis of the integral equations near
the corner points = 1,..., J. (The indices will be used cyclically mod J,
e.g. to = tJ.) The polygon .1~ with the corners t; is composed of the open
straight line segments ri connecting with t; , respectively (j = 1,..., J).
We assume that T is the boundary of a simply connected bounded domain S~.
By ccy we denote the interior angle between ri and Fj+’. For the local

analysis we choose respective local Euclidean coordinates with the origin
at the corner point under consideration and identify the complex plane
with R2. Moreover, the two segments joining at this corner point are sup-
posed to be incident with the half lines r- = exp and T+ = R~
spanning the reference angle r - u {0} U -P+. A function g on rro
will be identified with the pair (g_, g+) of functions on R+ viz. g-(x) =
= g(x exp and g+(x) = g(x) for x &#x3E; 0. This induces an identification

of any scalar integral operator on which corresponds locally to an integral
operator on 1~ near the corner, to a 2 X 2 matrix of integral operators on R~..
Thus, locally our 2 x2 system of integral equations on 1’ becomes a 4 x4
system on 

In § 2 we apply the Mellin transformation to this localized system and
calculate the corresponding 4 X 4 Mellin symbols. Up to finite dimensional
operators, the integral operators are of such a form that the Mellin trans-
formation converts them into multiplications with these symbols (up to a
shift). Analogously to (Fourier) symbols of pseudodifferential operators on R,
we use the Mellin symbols to prove boundedness in weighted Sobolev spaces
on l~+. The final results then are formulated in the usual Sobolev spaces
without weight, since we are interested in the trace spaces of the varia-
tional solution.

§ 3 is devoted to strong ellipticity and a Carding inequality. We are able
to show local positive definiteness of our system of integral operators on
a subspace with codimension 1 of H-l(rro). Here we make use of the explicit
symbols in order to show that the logarithmic principal part dominates the
remainders with respect to the spectral norm. The remainders here are not
compact as in the case of a smooth curve .1~. The principal part is positive
definite due to Costabel and Stephan [5].

In § 4 we perform Kondratiev’s technique for our integral equations,
i. e. the application of the Cauchy residue theorem in the complex plane of
the Mellin transformed variable. This gives the decomposition of the solu-
tion into singular and regular parts as well as a-priori estimates and re-

gularity in a whole scale of Sobolev spaces. The exponents of the singularity
functions turn out to be the roots of the same transcendental equation as
derived by the usual Kondratiev technique for the bi-Laplacian in a plane
sector [18], [26]. In addition to the singularity functions for the interior
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angle 00 here also appear those belonging to the exterior angle 2yr 2013 cv, like
in the potential case [5].

In § 5 we patch up our local results to obtain a global Girding inequality
on as well as continuity and regularity of the integral operators on r
in the whole scale of Sobolev spaces. These results then are used to prove
the equivalence theorem 1.1.

1. - Boundary value problems and boundary integral equations.

In this section we present three representative problems which can all
be reduced to the interior or exterior Dirichlet problem for the bi-Laplacian
and its variational solution on one hand.

On the other hand, by Fichera’s method [10] we reduce these problems
to boundary integral equations of the first kind together with appropriate
side conditions following [15] and [14]. Theorem 1.1 gives the equivalence
of both formulations.

1.1. The second fundamental problem of plane elastioity.

Introducing the Airy stress function U(x, y) in plane elasticity, the
second fundamental problem reads as follows [14] : Find the weak solution

U(x, y) of the bi-Laplacian

satisfying the boundary condition

where f corresponds to the given boundary forces and a denotes a yet un-
known constant vector to be specified later on by the equilibrium state con-
dition. The specific boundary condition (1.2) requires the compatibility
condition for the given f

Expressing the stress function U in terms of a single layer potential, i.e.
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is the fundamental solution of the bi-Laplacian, we find from (1.2) the inte-
gral equation

with the matrix function L" given by

with x = 0. The equilibrium conditions give

with b; = 0, j = 1, 2, 3 (see [14]). Here 1~ is a given smooth function on r
which is fixed arbitrarily such where i = ~), i.e. k

does not satisfy (1.3). One possible choice is k(z) = y . The term a3’k-x
in (1.6) and the condition in (1.8) are introduced in order to achieve unique
solvability of the integral equations (1.6) and (1.8) even if f does not sat-
isfy (1.3). Solutions of the boundary value problem (1.1), (1.2) however,
then always correspond to the case b3 = 0 which yields a:,= 0 provided f
satisfies (1.3).

1.2. The clamped plate.

The problem of the clamped plate can be reduced to finding again a
biharmonic function ZT satisfying (1.2) by setting

where corresponds to the normal displacement of the plate. Here the

single layer g becomes a fictitious boundary moment and a, y correspond
to the yet unknown rigid motion. The boundary conditions of the clamped
plate yield again the integral equation (1.6) with side condition (1.8) [14].
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1.3. Viscous flow and Stokes problems.

Both interior and exterior viscous flow problems with small Reynolds
numbers can be reduced to the Stokes problem [31], [2], [l5], [14].

The Stokes problem reads as

and

where Dc denotes the exterior domain For the interior problem f
is given, and for the exterior problem we have f = 0 and the additional
condition

for Izl --~ oo where A is given and a = a2) to be determined. In both

cases we introduce the stream function

which gives

The desired single layer g is the yet unknown hydrodynamic stress distri-
bution on the boundary and .F’ denotes the fundamental solution

with

For both boundary value problems we again find the integral equa-
tions (1.6) where x in (1.7) corresponds to (1.17). Here b in (1.8) is either
given as 0 for the interior problem or is given by b = (- A2 , AI) for the
exterior problem [14].

Among the weak solutions the variational solutions U E respect-
ively U E in Giroire’s [11] terminology) play a fundamental



203

role in our analysis, since the corresponding variational problems are coercive
and uniquely solvable even for our polygonal domains. Moreover, the
boundary integral equations (1.6) provide in the corresponding trace spaces
a Garding inequality.

For the formulation of the above boundary value problems and integral
equations in the weak and the variational form we need the usual Sobolev
spaces H8(Q), s E R [20], and the following traces, i.e. corresponding So-
bolev spaces on the boundary curve following [12] and [5]:

is defined as the trace space of H8+1(R2) for s &#x3E; 0, as 12(F) for s = 0,
and as the dual space of H-8(T) for s  0.

Hs(ri) is defined as the usual trace space of for 8&#x3E; 0 [20], whereas

]7s(Fi) denotes the subspace

equipped with the topology of H8(T) for s &#x3E; 0. For s  0 we define

and (H-8(T»I’ by duality.
With the trace lemma by Grisvard [12] it follows that H8(T) is a sub-

space of fl for s &#x3E; 0 whose elements satisfy additional compatibility
i

conditions corresponding to the corner points t,. For 0 c s C 2 these sub-
spaces are characterized by the identification of functions u on the reference
angle h~ with pairs (~c_, u+) of functions on R~ as follows:

For further use it should be noted that we have the following equivalent
norms for 0 c s C 2 ~

In order to formulate the relation between the boundary value problems
in the form (1.1), (1.2) and the integral equations (1.6), (1.8) we first for-
mulate the corresponding variational problem.
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To any givenfE fulfilling (1.3) we find a continuation to h E 
satisfying

with a trace theorem by Grisvard [12, Theorem 1.5.2.8]. To this end note

that the data

on r

satisfy the required compatibility conditions [12, Theorem 1.5.2.8J. With h
we formulate the variational problem:

Find satisfying

for all test functions v E H2(Q). As is well known, the above variational
problem has a unique solution to any given h E H2(Q).

THEOREM 1.1. Let f E be given with (1.3). Then we have the fol-
lowing eq2civatenee.

i) Any weak (distributional) solution U E H2(Q) of (1.1), (1.2) is given by

with h E H2(Q) satisfying (1.21) and w c- H2(,Q) given by (1.22 ) and any
y E R, i. e. U is a variational solution.

ii) Any solution w of (1.22) with h E H2(Q) satisfying (1.21) defines
by (1.23 ) a weak solution of (1.1 ), (1.2), i.e. any variational solution U E 
is a weak 

iii) To any given h with (1.21) and w defined by (1.22) there exists a

density and solving the integral equaction (1.6) with aa = 0
and a suitable constant y such that U defined by (1.4) is a variational solution

of the form (1.23).
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iv) To any given f E H!(T), (b, b) there exists a unique solution
g E (a, a3) E R3 o f the system (1.6), (1.8). The constant part ac3 of the
solution is such that f + ask satisfies (1.3), in particular aa = 0 for f sat-
isfying (1.3). In the latter case U defined by (1.4) is a variational solution of
the boundary value problem (1.1 ), (1.2).

REMARK 1.2. Note that the equations (1.6), (1.8) differ from the for-
mulations given in [15], [16] by the additional constant a3 and the last

side condition in (1.8). Without these two quantities the system would have
the one-dimensional kernel span ~(x, and a one-dimensional cokernel in

contrary to Theorem 3 in [15]. Our formulation with three constants

(al, a2 ~ a3) and three constraints (1.8) is in agreement with the rigid motions
which appear in corresponding exterior plane elasticity problems.

2. - Mellin symbols and continuity at a corner.

In order to characterize the mapping properties of the operators cor-

responding to the integral equations (1.6), (1.8) we introduce in equa-
tions (1.6)-which will be written in short as

the operators

with Lo(Z, C) defined by (1.7) with x = 4. Then

In the case of a smooth boundary curve .1~, the operator ’ill is a pseudo-
diff erential operator of order - 1 and ~o is a pseudodifferential operator
of order - 2 and A satisfies a Girding inequality [16] in the form

where y &#x3E; 0 and c&#x3E;0 are suitable constants independent of g.
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I

In our case of a polygonal domain, however, at the corner points "U) and Co
cannot be considered as pseudodifferential operators anymore. Since con-

tinuity of the operators and regularity of the solution are local properties,
it suffices to investigate "U) and Co near each corner point separately fol-

lowing the approach in [5]. To this end we introduce the reference angle Fro
and consider W, Co on Fro. Here the identification of functions ’U on Fro

with pairs (u_, u+) of functions on R via (1.18) induces an identification of
any scalar integral operator forming ‘1,U resp. Co on Fro with a corresponding
(2 x2) matrix of integral operators on R~_. Thus ‘1,U respectively Lo will cor-
respond to a matrix of operators whose entries can be ordered as follows:

With local coordinates we write z = x on 7~ ~ = 0153 exp rim] on 1~’_ and

correspondingly ( = $ on 1’+ and ( = $ exp on .1~ with x, ~ E l!~+ and
obtain the explicit formulas

where

according to [5, (2.13)]. Note that now all functions as are

defined on R+ as well as their images in (2.8), (2.7). Similarly, we define with

and Co+-, Co-+, ~o++, correspondingly, the kernels of the operators in (2.3),
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(2.6) by the formulas

All the above decompositions are constructed with the aim of obtaining
simple Mellin multipliers by the use of the Mellin transformation. For the
operator ~,-+, however, we shall need another decomposition, namely

where ~1 + is defined by the relations (2.9)-(2.11).
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Since all the desired mapping properties will be obtained by Mellin trans-
formation as in [61, we now list the Mellin symbols of the above operators.

The Mellin transformation is for any cp given by

As is well known, the Mellin transformation is the composition of the Euler
transformation exp [- t] : R+ -+ R with the Fourier tranformation. The
inverse transformation is given by

LEMMA 2.1...Let cp E C;’(R+) be any test Then the Mellin trans-

formation A. yields the equalities

and

where the Mellin symbols are given by
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PROOF. The following calculations for 90(1) and ~~,(~,) are taken from [5]
whereas those for are extensions of the one sided Hilbert transforma-

tion on the reference angle 1~~ in [4] and [12, p. 270]. The latter reads

([5, (2.18)])

where

and

We also need the multiplication operator

i) Partial integration yields for any test function 99 E oo)

where

having the Mellin transform

Inserting (2.18)-(2.20) and (2.22) into (2.21), we obtain with a straightforward
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calculation

This is the second formula of (2.12), the first follows with co = 0.

ii) Because of

the operator £~- with kernel (2.10) can be written as

For Mellin transformation, we again insert (2.17)-(2.20) and obtain (2.15).

iii) For the proof of (2.16), first note that we have from (2.10)

with a matrix function k whose Mellin transform is given by ê~ - (A).
This implies the elementary equality

for Im (- Â) E (0, 1).

In order to find ~1 + (~), we use the analytic continuation of
from the strip into Im Â E (0,1). The corresponding oper-
ators can be expressed by the use of the inverse Mellin transformation:

and
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Both operators are connected by the Cauchy theorem as follows:

For the corresponding kernels we thus have

the desired relation (2.11).
This completes the proof. D

In order to find the appropriate function spaces to be used for the system
(1.6), (1.8) of integral equations, we introduce the spaces It’ = *’(R+) as
completions of C~(0y oo) with respect to the norms

for any s E R. These spaces are equivalent to weighted Sobolev spaces in-
troduced by Kondratiev [18] and further investigated by Avantaggiati and
Troisi [1], and (2.25) corresponds to Perseval’s equality.

Now the explicit Mellin symbols in Lemma 2.1 provide with (2.25) the
following properties.

LEMMA 2.2. Let 8 E (1, -a). Then the following mappings are continuous :

PROOF. The proof follows directly from (2.25) by taking advantage of
the asymptotic behaviour of the Mellin symbols for JAI - o0 on Im A

whereas decay exponentially. D
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In order to apply these results to our original integral equations note
that all functions on Fro will have a common compact support since the

original boundary curve is compact. This can be described by a finite and
fixed partition of unity on 1~’.

To this end let in the following X be a cut-off function attached to one
corner:

(2.26) X E with x = 1 in a neighbourhood of the corner point,
i.e. the vertex of and y depending only on the distance to the
corner point .

Now for v = xu with fixed y we make use of the equivalence of norms:

and

This result follows from the interpolation property of weighted Sobolev
spaces proved in [32, (4.3.2/7)].

LEMMA 2.3. Let s E (- 2 , -a). Then the following mappings are continuous :

where E {-~-, -} and

PROOF. For the operators the proof was done in [5, Lemma 2.15J.
Here we shall repeat these arguments and extend them to the above oper-
ators 

i) First observe that ? in (2.8), ~o__, and £o++ in (2.9) are linear func-
tionals which generate the following continuous mappings :
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ii) For any of the above operators, the proof of continuity will be
executed in three steps. First we find continuity for the spaces with s in
one of the intervals

then we show continuity in the second interval and thirdly the case s = 2
follows by interpolation.

iii) Let us begin with (2.29). Lemma 2.2 in connection with the

equivalence of norms (2.27), (2.28) yields continuity of

In view of (2.32) this is already the proposed continuity of for

s The operators are self adjoint in .L2. This follows from (2.8)
by an elementary computation for the corresponding kernels. Hence, by
duality they are also continuous in .g-s(ll~+) ~ ~1-s(lE~+) for s E 12. This

means continuity in HS-1(R+) -¿.l1s(R+) for sEll. Interpolation com-

pletes the proof of (2.29) for X’illlX,BX.
Besides the above continuity of x~,l + x, Lemma 2.2 also yields the con-

tinuity of x~° + X: - ]7s(R+) for This implies also con-

tinuity of XEO + X: l1S-1(R+) -¿.l1s(R+) since the norm in l1s-1(R+) dominates
that in HS-1(R+) for 8 Ell. Because of (2.9) and (2.11), XLo-+ X differs from
both operators and only by operators generated by linear
functionals of the form (2.32). Thus --~ HS(ll~+) is con-

tinuous for s E h U I2. For - = 2 we find the proposition by interpolation.
The explicit form of the kernels of £o+- and E,-+ in (2.9) shows that

holds where * denotes the E2 adjoint.
Hence, by duality we find continuity

which coincides with (2.29).

iv) For (2.30) we see from (2.29) the proposed continuity for s e li
because of = 17-(R+).

For the remaining case s E 12 note that with (2.11) and (2.9), respectively,
we have
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Both right hand sides are continuous in HS-1(R+) - for s E 1, due
to Lemma 2.2. Again, interpolation gives (2.30) for all 8 E (- !, 2 ).

v) For the proposed continuity (2.31) follows with (2.7) for

by Lemma 2.2, that of

by (2.30) because of = HS-1(R+) for s E 12.
All these operators are self adjoint in .L2 (see (2.34)). Hence, by duality

we find continuity for s E 11 and with interpolation for all s E (- 2 , 2 ). D

Now we are in the position to formulate the continuity properties of
our integral operators A in (2.1) on Fo). According to (1.18)-(1.20) we de-

compose all functions into their even and odd parts. For g ~ (g_, g+) with

we define

This induces a decomposition of A for x = 4 as follows:

where

THEOREM 2.4. Let s E (- t, 2 ). Then the operator

is eontinuo’U8.
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PROOF. In view of (1.18)-(1.20) we have to show continuity of the fol-
lowing mappings defined by (2.38):

(2.40) follows from Lemma 2.3, (2.29). (2.42) follows from (2.30) in

Lemma 2.3.

Since Lo-- and to++ are self adjoint in ..L2 and because of (2.34) we see
that is the adjoint to in .L2 . Hence, by duality (2.42) im-
plies (2.41).

Finally, (2.43) follows from (2.31) in Lemma 2.3. D

3. - Local coerciveness at a comer.

The generalization of the GArding inequality (2.5) for a smooth boundary
curve .1~ to our polygon creates two significant new difficulties. The first

consists of the generalization of (2.5) to ‘LU near a corner point. Here one

needs the Mellin transformation and a careful investigation of the map-

pings (2.7). This generalization was performed in [5], here we shall repeat
the proof for our situation which is a special case of that in [5]. The second
difficulty arises from to which is not a compact perturbation anymore as
for smooth r. Here we shall prove that Co is a small perturbation with
respect to a suitable spectral norm of ‘LU.

For the analysis we need besides the relations (2.27), (2.28) between the
spaces (1.18)-(1.20) and with (2.25) also a characterization of 
by means of the Mellin transformation which is given by the following
lemma.

LEMMA 3.1 [5, Corollary 2.4]. There exists a positive constant c such that
for any E Co (0, oo)

provided the integral is finite.
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LEMMA 3.2. The set of test functions

is dense in the subspace

PROOF. The first linear functional in (3.2) satisfies

and, hence is a bounded linear functional on since v E 

The second functional, however, is given by

and, hence is not bounded on H-l(rro) since y Hl(rro). Therefore

the kernel of the functional (3.5) is dense in D

The generalization of (2.5) to ’ill reads as

THEOREM 3.3 (see also [5, Theorem 2.19]). There exists a positive con-
stant y depending on y and ()) such that

for all g E 
PROOF. Since ’ill is defined by a diagonal matrix (cf. (1.6)), it suffices

to show (3.6) for the scalar case. Moreover it suffices to prove (3.6) for v 
instead of g since jf is dense in H+I(FO)) and for w - g in H-1 we have

--~ and also

because of the continuity of due to Theorem 2.4.
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For the following we write

and decompose also V accordingly as in (2.36). The decomposition in (2.38)
corresponding to ’ill in (3.6) gives with (2.7)

The right hand sides we rewrite with Parseval’s equality for the Mellin
transformed functions given in (2.14) obtaining

For the last equality we have deformed the path of integration and used
the analyticity and exponential decay of the integrand at infinity. To this

end we used the holomorphic function

In order to estimate (3.8) we use the inequalities

where C1 and e2 are two suitable positive constants. Hence (3.8) yields
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For the first integral on the right hand side we use (3.1) and for the second
(2.25) together with (2.27) obtaining

With (1.20) this is the desired estimate (3.6). D

LEMMA 3.4. For g E ,Mx the bilinear form

is equivalent to

PROOF. The relation (3.10) was shown in the foregoing proof of The-
orem 3.3, viz. (3.8). The equivalence follows from (3.6) together with the
continuity of which results from Theorem 2.4. D

The following theorem gives the main result of this section.

THEOREM 3.5. T’or there holds

This implies for A = - (W -f - L) and 0  00  2n the coerciveness

for all where y is a suitable positive constant depending only
on co and x.

PROOF. i) The coerciveness (3.12) follows from

Theorem 3.3, and (3.11) by the triangle inequality.

ii) Because of the continuity of and zwz (Theorem 2.4), it suf-
fices to show (3.11 ) for g E In this case all the linear functionals in C

and LU vanish on g. Hence here £zg = and A can be decomposed
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as in (2.37), (2.38). Furthermore

with cp = Xg

Thus we obtain

where

In view of (3.10) we introduce the new Mellin transformed vector function

With this notation we write (3.10) as

and (3.13) as

is given by

with
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For the comparison of (3.15) with (3.16) in view of the assertion (3.11) we
have to show the pointwise estimate

where denote the eigenvalues of the Hermitian matrix f (3.17). (3.19)
means « strong ellipticity » of the system on rro, i. e. a generalization of the
corresponding concept for pseudo-differential operators which is defined via
Fourier transformation [29], [7, § 26].

For finding ,u~ we first compute the determinant

where

Then 0 the four eigenvalues are given by

Hence

Since

and (sin [sin (2n - co) I we obtain (3.19) from (3.23), i.e. (3.11). 0
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4. - Local regularity at a corner.

In order to obtain a local expansion of the solution of our integral equa-
tions in terms of singularity functions near a corner we proceed along the
lines of Kondratiev [18]. For this expansion we shall need the regularity of
the solution on the smooth parts of the boundary which can be character-
ized by standard a-priori estimates with pseudodifferential equations as

follows.

LEMMA 4.1. let X E 0- be a cut-off function having its support on the
interior o f some segment f E with s &#x3E; -1 and let g E be a

solution of the integral equation (1.6) with a., = 0. Then there holds the

a-priori estimate

PROOF. Multiplication of (1.6) by X gives

Now we introduce another cut-off function xl c with X = XX, and
obtain

Since =0, the kernel of x‘1,U(1- xl) as well as X(z) £’(z, C) are
C°°-functions. Hence the right hand side of (4.2) can be estimated as

(4.2) can be understood as an equation on a simple closed C°° curve h con-
taining T’ and having conformal radius 0 1. Then on f consider V-1

which is a pseudodifferential operator of order 1 which gives

Hence (4.2) yields

The commutator V-lx - %V-1 is a pseudodifferential operator of order
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zero and therefore we find the estimate

Repeating the above arguments we find an estimate

where the cut-off function X, E satisfies %1 = After a finite

number of repeated estimates we finally find

and with (4.3) the desired estimate (4.1 ). 0

For the regularity at the corner points we use again the Mellin trans-
formed equations and the Cauchy residual theorem in the complex plane
of the Mellin transformed variable. As we shall see, the singularity functions
are given by

where A is a solution of the transcendental equation

and (c_, c+) C C4 is the corresponding eigenvector of the Mellin symbol at
the above A. In the case of I being a multiple root of (4.5) the singularity
functions (4.4) may have the more general form

where are appropriate chains of generalized eigenvectors of the
Mellin symbol.

It should be emphasized that (4.5) is exactly the same equation as for
the singularity functions of the Dirichlet problem for U with the bi-Laplacian
in the interior as well as the exterior domain of 1~ near the corner. For the

latter we refer to Williams [35], Kondratiev [18] and Seif [26], for further
investigations see e.g. [22], [21), [28]. Seif [26] has shown, the roots of each
factor in (4.5) have at most multiplicity 2, being in this case purely imaginary.
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Furthermore, for 0. 812n or (2n- ro) &#x3E; 0.812~c, respectively, all roots

of the corresponding factor are purely imaginary. For the characterization
of local regularity of the solution we need’the following Lemma.

i) The Mellin transformed f unction exists for Im and is

holomorphic for Im A  h. Moreover, there exist real positive constants c, N

and a such that

and

f or any 

ii) The Mellin transform (1 - X)(Â) exists for Im A &#x3E; 0 and is of the

form

where 99 E and, hence, g~(~,) is entire analytic satisfying

for any N E Rand A E C.

iii) (1 - exists for Im ~, ~ h and is holomorphic for Im ~, &#x3E; h.
It can be expressed by the convolution

f or Im I &#x3E; ho.

PROOF. i) Since the Mellin transform of Xu on the line Im A = h is

defined by the Fourier transform of y(t) = xu(egp [- t]) exp [th], we have
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This implies (the space of tempered distributions). Since,
furthermore, supp (y~ ) c [- In fl, oo), the desired estimate (4.7) as well as

the proposed holomorphy are direct consequences of the Paley-Wiener-
Schwartz theorem [25, § IX.3].

In order to verify (4.8) we first introduce the modified Bessel potential
operator Ah+1 by

From (4.12) we have obviously the equivalence of norms

Inserting (4.12) into (4.7) yields an estimate of the same type for .

implying supp c [0, ~] by the Paley-Wiener-Schwartz theorem.

Thus the Euler transformed function A h+i zu(exp [- t]) belongs to 

having its support in [- ln ~8, oo) and the classical Paley-Wiener Theorem
can be applied yielding

This is equivalent to (4.8).

ii) With = - ixX’(x), 99 E PJ we find (4.9) by integration by
parts for 1m Â &#x3E; 0. Then the Euler transformed 99(exp [- t]) is in

f3, -In a] and (4.10) is the consequence of the Paley-Wiener-
Schwartz theorem.

iii) The desired holomorphy follows from the Paley-Wiener-Schwartz
theorem applied to

with

and supp 21 c (- oo, In ~8].

The convolution property (4.8) follows by direct verification from the
convolution theorem for the Fourier transformation. D
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In the following theorem we summarize the local regularity properties
of the solution of the integral equations.

THEOREM 4.3. Let f E with s &#x3E; 2 and s ~ 2 -E- Im A for all roots A
of (4.5). Let g E be a solution of the integral equations (1.6), (1.8).
Then g provides the local expansion

where Vk are the functions of the form (4.4) or (4.6), respectively, and where Âk
are the roots of (4.5) or Âk = im, m = 1, 2, ..., and Xg(s) E Further-

more there holds the a-priori estimate

PROOF. In order to use the Kondratiev technique for the system of
integral equations we first bring it into such a form that the Mellin trans-
formation can be applied. Therefore we introduce cut-off functions

Xl’ X2, depending only on I with X;= 1 for 

and Xj = 0 for ( j = 1, 2, 3). aj are chosen such that ,81  DC2,

2  and furthermore the support of Xj contains only the corner at the
origin. Then (1.6) near the corner can be written as

Obviously, (4.15) can also be considered as an equation on Tro. The right
hand side satisfies the estimate

This follows, y since

where on one hand
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due to Lemma 4.1 with y = (1- Xl) Xa and on the other hand

since the operator has a C°°-kernel. As we shall see below, we will need the
Mellin transformed equation for 1m Â E (- 1, 0) whereas (2.12) gives the
Mellin transformed equation for Therefore we need a dif-

ferent decomposition

given by

and

where tJt and a correspond to (3.13), £o-- and ~o++ are given by (2.9),

and Vo with 00 = 0. Now the Mellin transform exists for Im Â E

e (- 1, 0) provided cp E Co is any test function and has the form

with
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and

(cf. (2.14), (3.13)). Here the transition from Im A E (o, 1 ) to Im A E (- 1, 0)
can be performed in the same manner as the transition from Z’ + to EO +
in the proof of Lemma 2.1.

Now approximate X,g in by cp E Then i) con-
verges to i) in the sense of Lemma 4.2, (4.7) for Im 1  0. Hence

there holds for 1m Â E (- 1, 0)

Now we write the local integral equation (4.15) with the decomposition
(4.17) as

or

The term consists of constant, y respectively logarithmic functions

(cf. (4.19), (4.20)) multiplied by x2. Therefore its Mellin transform exists

and is holomorphic for 1m Ä.  0. Moreover it has the form

where ’(A) is an entire analytic function satisfying (4.10). Note that the

functionals in .ae~ are continuous in The Mellin transform 

exists and is holomorphic for 1m Â  0 and has a meromorphic extension
to possessing at most simple poles at since

= x2 Fo(x) + where P(x) is the Taylor polynomial of F about
x = 0 of degree s and x2Fo E for all (J  s. The Mellin transform
-

X2 Fo(Â) is holomorphic for Im , C s - 2 due to Lemma 4.2 and is

meromorphic in C.
If (4.26) is Mellin transformed for 1m Â E (- 1, 0) then the above argu-

ments yield there the existence of too. On the other
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for any and Lemma 4.2 implies that

is holomorphic for all A with Im A &#x3E; - 1.
Thus the Mellin transformed equation (4.26),

which is valid for 1m Â E (- 1, 0) can be extended meromorphically to all À
with 2). Inserting (4.2~) gives the equation

where U(Â - i) denotes the meromorphic extension of

Im A e (-1, 0) to 1m Â E (- - 2 ) . The function

from

exists for all h E (- 1, s - 2 ) with h not equal to 1m Âv where A v denotes the
poles of §#-i(1)1i(1) and for h E (- 1, 0) we have

For the other h the Cauchy integral theorem gives the decomposition

Because of (4.28) the residues appear at the poles of and ~(~,)-1,
which can be classified as follows:

2) poles of 17(A) at A = ik with k e N and

3) zeros of (4.5) defining poles of 

1) In view of (4.27), may have a pole of order one or two at Â = 0.
The meromorphic function O(A - i), however, is regular at the origin, since
Lemma 4.2 with h = - 1 provides the estimate
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where thus excluding poles of at ~, = 0. Hence

1 = 0 gives no contribution to (4.30).

2) The equation (4.28) can be written as

where

is holomorphic for all I (cf. (2.14), (2.15), (3.13)). Since H(Â) has at most
simple poles at A = the right hand side of (4.31) is there holo-

morphic. Therefore these poles do not contribute to (4.30) unless

det f3(2) = 0 which is equivalent to (4.5) as we shall see below. Hence all

poles in (4.30) belong to case 3).

3) An elementary computation yields the equation

where is given by (3.17) and I denotes the 4x4 identity matrix. Hence

From (4.23) and (2.14) one finds

where d is given by (3.21). Furthermore, det (11 - t(À)} is given by
(3.20) with f-l = 1. Thus we obtain-

which corresponds to (4.5). Note that (4.34) has zeros of at most 4-th order
and therefore the poles of C~ 2013 i) are also at most of order 4.

It remains to give the connection between the decompositions (4.13)
and (4.30) and to show (4.14). To this end we note that there is an

interval I = (s - -1 - s, s - 2 ) such that O(Â- i) is holomorphic for 
Therefore (cf. (4.29)) is independent of h E I due to (4.30).
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Now we define

for h E I. This defines with (4.30) the decomposition (4.13) since the residues
are of the form

where the constants 0, correspond to Laurent coefficients of i) and
since x. In this way we are led to the explicit form (4.6) of the sin-
gularity functions.

It remains to show that ZTh( · ) E Wo’-’. Then the a-priori estimate (4.14)
is a consequence of the closed graph theorem.

For brevity let us consider first the case s - 2 ~ Z. We note first that
(4.29) is valid (in the distributional sense) for h = s - 2 , too.

As above we have

where x2Fo E t-’ 0 and therefore with Lemma 4.2, (4.8)

for ~e[~2013~2013~~2013~]==:7. Next note that P(x) is a polynomial and

~f(~) decays rapidly for The same holds for

view of (4.27). The inequality corresponding to (4.37) for
the last term of (4.36), namely

will be obtained from Lemma 4.2 in connection with the Cauchy integral
theorem. In particular, (4.11 ) yields

for p E (- 1, 0) and Im A &#x3E; p. Furthermore (4.7) and (4.10) yield the
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estimates

for all ~C with Im p p and 

For we also have that A(,u) is bounded. Therefore we can
deform the path of integration in (4.39) into e1 U e2 U C, where

and

In this way we obtain

with

o

i.e.

where

From (4.40), (4.41) we get the estimates (for any N &#x3E; 0)
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and

Now we note that oc2 &#x3E; which implies the convergence of the integrals J1
and Jg as well as the estimates c C(I -E- IA12)-N for k = 1, 2, 3. In

this way, (4.38) follows from (4.42).
Returning to (4.36), y we see now that all terms on the right hand side

satisfy an inequality corresponding to (4.37). Therefore

Now has no poles in Im Therefore -~-- 
(Note that the diagonal terms of A(A) in (4.22)-(4.24) behave like! coth nA,
all other terms decay exponentially for IRe Al ~ Therefore (4.28)
gives with k = s - 2

By (4.29) this gives Uk E 7 and from the definition (4.35) of and

the equivalence of norms (2.27), (2.28) we finally obtain Xg(s) E HS-1(Fro).
The remaining case 8 - ! e Z is treated by interpolation which is pos-

sible if there is no zero of the transcendental equation (4.5) on the line
Im ~, = s - 2, i.e. there is no change in the decomposition (4.13) across

this value of s. D

REMARK 4.4. It is not only possible to determine the exponents of the
singular functions v, in (4.13), but also to calculate the constant vectors

Ci- 7 C,+ in (4.6). By the decomposition (4.30) according to the Cauchy inte-
gral theorem, this is done by computing the Laurent expansion of i)
at a pole. In view of (4.28) this means to compute the generalized eigen-
vectors (generalized Jordan expansion) of the 4 X4-matrix valued Mellin

symbol A(A) which is explicitly given by (4.22)-(4.24) together with (2.14)-
(2.16). In [5], where the symbol was a 2-2-matrix, this was done in detail.

5. - Mapping properties of the integral equations on the whole boundary
and the proof of the equivalence Theorem 1.1.

In this chapter we combine the foregoing local results to obtain the map-
ping properties of A on i.e global continuity, GArding inequality and
regularity. These results then easily yield also the equivalence Theorem 1.1.
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THEOREM 5.1. The defined by (1.6) maps 
continuously f or s e (- 2 , 2 ) ~

PROOF. As in [5, (2.8)] we use a partition of unity ..., zj) with the
properties

(5.1 ) Xi is the restriction of a O(R2)-function to r,

z; ~ 1 in a neighbourhood of the vertex and

supp Xi c rj u U 

Then

splits into the operators whose continuity has to be shown for the
three cases Ij - kl = 0, 1, &#x3E; 1.

For j = k use the local continuity result of Theorem 2.4. &#x3E; 1

note that the kernels of the integral operators in Xi .aeXk are Coo -functions
providing continuity from HS-1(T) into any Sobolev space t E R.

= 1 one can use a combination of the two preceding cases:
Let x E be chosen with =1 and .r r1 supp X c FTc u 1-’k+1

U {tk}. Then

where the first operator is continuous from HS-1(F) into H8(T) due to the
continuity of XAX and the second one has a Coo-kernel. 0

THEOREM 5.2. A satisfies the G&#x26;rding inequality

for all g E where y &#x3E; 0 and k[g, g] denotes a compact bilinear form
on 

PROOF. Note that by setting

with

g° E and Theorem 3.5 yields with (3.12) a local Gårding inequal-
ity (5.3). Then as in [5, Lemma 2.20] the global Garding inequality (5.3)
follows from the following lemma.
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LEMMA 5.3. Let A : .H-~(.1~) ---~ be a continuous operator having the
following properties :

a) A satisfies the local Garding inequality

for all 99 E with Sj any compact subset of Fj U {tj} U 1 ~~+1, where

0 and 99] is a compact bilinear form on H-i(F) depending only on S,,
j . =1,...,J.

b) For any ø2 E C~(R2) with supp r1 supp 02 = ~ the operator
Ø1AØ2 from into is compact. For any 0, Vf E C;’(R2) with

r n supp P c for some j the operator P(AØ - is also compact.

Then A satisfies a global Gårding inequality (5.3).

The proof follows as in [5, Lemma 2.20].
This completes the proof of Theorem 5.2 since A has the properties

a) and b).

REMARK 5.4. If we denote the operator belonging to the system (1.6),
(1.8) by C:

then C: xR3 satisfies also a Girding inequality in

the form

which is obvious from (5.3).

THEOREM with where Äjk are
the roots of (4.5) with w = Let be a solution of the integral
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equations (1.6), (1.8). Then g is of the form

where djk E Rand Vjk are the singularity functions given by

Here Cn are vector f unctions taking constant but possibly different values on FJ
and T’~+1, respectively, which correspond to the generalized eigenvectors (c,- , cl+)
of the local Mellin symbol it(A) at the corner zj, and g(s) E 
there holds the a-priori estimate

The proof is obvious in view of Theorem 4.3.

REMARK 5.6. Due to the uniqueness of the solution of the integral equa-
tions (1.6), (1.8), the a-priori estimate (5.9) holds even with C2 = 0.

In order to prove the unique solvability of the integral equations (1.6),
(1.8) as well as the equivalence with the boundary value problem (1.1), (1.2)
we need the following lemma.

LEMMA solution of the integral
equations (1.6), and let U be given by the representation formula (1.4), i.e.

Then U E and U satisfies the boundary value problem (1.1), (1.2).
The mapping B: - is continuous for s E [0, 2).

PROOF. Let us consider SZ as an intersection of half-planes with boundaries
which are straight lines containing the segments Fi. We can decompose
the potential II (5.10) into the sum of integrals over the individual seg-
ments These potentials can then be viewed as potentials on respective
half-planes generated by densities on the respective lines which are exten-
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sions by zero of These extensions belong to Now it suf-
fices to show the above continuity of B for one of these potentials where J~
is an interval on the real axis. Here

with * the two-dimensional convolution and where

with 6 (y) the Dirac distribution. Then g (&#x26; 6 E H-1+S(R2) having compact
support and the convolution by 4) is a pseudodifferential operator of order
- 3 since .F’ is the fundamental solution to L12 in R2. Thus

is continuous providing the proposed continuity of B. (See Eskin [7,
p. 106 ff.]).

For s &#x3E; 0 we therefore have U E H2+~(,SZ) c and grad U E CO(,Q)
being given by

For z E .1-’’ this gives with (1.6) the boundary values (1.2). The differential

equation (1.1 ) on is obvious. 0

THEOREM 5.8. The operator C, i.e. the integral equations (1.6), (1.8), de-
f ine an isomorphism

PROOF. From the Girding inequality (5.6) we see that C is a Fredholm
mapping of index zero. Hence in view of Fredholm’s alternative we have

only to show injectivity. Let (g, a, a3) E XR3 be a solution of the

homogeneous equations (1.6), (1.8),

Then Theorem 5.5, viz. a-priori estimate (5.9) assures with some

8 &#x3E; 0. Moreover the special form (5.8) of the singularity functions implies
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and glri E Cl+&#x26;’ with some 8’ &#x3E; 0 if s in Theorem 5.5 is chosen

large enough. The potential

now satisfies the differential equation

and, by Lemma 5.7, the boundary condition (1.2), i.e.

which yield explicitly

due to the continuity of grad Uo. This implies

if y E R is chosen appropriately. Now we want to use the uniqueness theorem
by Giroire [11, p. 68] for the bi-Laplacian in W~,o(R2). It implies 
if we can show that the second derivatives of Uo belong to [11, Lem-
ma 11.3].

Since g satisfies (1.8) with b = 0 we have

Moreover, g E and (5.15) can be differentiated with respect to x, y
for large iz under the integral sign. The second derivatives D z TIo are then
of the form

where p is composed of 4-th derivatives of which are for
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IzJ --* oo uniformly for C re [o,1]. Hence Dz Uo e and I7o
vanishes everywhere.

On i.e. away from the corner points, with E C1+8’ we can use the
standard jump relations as given e.g. by Hsiao and MacCamy [15, A.2, A.3] :

and

where [’] denotes the jumpflacross r from the outside to the inside of S~.
This implies

a constant on each Ti. Inserting (5.16), (5.17) into (5.10) gives

for all This implies e1 for j = 1, ..., y which can be

seen by applying d 2 to (5.18). Now (5.16) yields g = 
From the second equation in (1.8) we find

hence cl = 0. Thus (g, a, a3) = 0 which completes the proof. D

PROOF oF THEOREM 1.1. The properties i) and ii) are well known results
from the variational calculus, see e.g. Necas [23].

Now let us prove iv). The first assertion corresponds to Theorem 5.8.
As we have seen in the proof of Theorem 5.8, the self-adjoint integral

operator A has the kernel span Hence its range is characterized by the
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orthogonality relation (1.3). Now, if f also satisfies (1.3) then there follows
~3=0.

Thus, it remains to show that a solution (g, a, 0) E x R3 of (1.6),
(1.8) generates by (5.10) a weak solution (1.23) of the boundary value
problem (1.1), (1.2). To this end we approximate f in by a sequence
In E with s &#x3E; 0 and fn satisfying also (1.3). Then Theorem 5.8

implies the existence of satisfying (1.6), (1.8)
in Ian - a -~ 0. If we define Un : = Bgn we have by

Lemma 5.7 Un for any n, Un satisfying (1.1), (1.2) with

Moreover U = Bg in H2(Q). On the other hand we find a sequence
of variational solutions 0n E g2(S~) satisfying also (5.19) and converging also
in to a variational solution U of (1.1), (1.2). By uniqueness of the
variational solution we have

and from Un -¿. U and 0n - E7 in H2(Q) it follows with the Sobolev imbed-
ding theorem that the convergence also takes place pointwise implying
yn Therefore U = U -f - y is also a variational solution which

proves iv).

iii) For given h with (1.21) and w defined by (1.22) we have that
satisfies (1.3). Therefore (1.6), (1.8) has a solution (g, a, 0) to f

and b = 0, b3 = 0. By iv) U = Bg defines a variational solution of the
form (1.23). D
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