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Source Type Positive Solutions of
Nonlinear Parabolic Inequalities

ISABELLE MOUTOUSSAMY - LAURENT VERON

0. - Introduction

In a recent paper Richard and Veron [20] noticed that, if h is a continuous
nondecreasing function such that

for some integer N &#x3E; 3 and u E is a nonnegative function such
that

in B1(0)B{0}, where

(i) either rN - 2 u(r, .) converges in measure on to some 0 as r

tends to 0, or

(ii) lim I x IN-2 u~~~ _ 
,

Their proof was based upon an elegant result due to Brézis and Lions [7] on
isolated singularities of linear elliptic inequalities. The consequence of Richard
and Veron’s result was a unification of the description of isolated singularities
of nonnegative solutions of

Pervenuto alla Redazione il 12 ottobre 1988.
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when 1  v The aim of this article is to give the parabolic version
of Richard and Veron’s work and to give applications to source type positive
solutions of semilinear heat equations.

Let us consider a continuous nondecreasing function g defined on I~ +,
such that g(o) = 0 and

where E(x, t) = (41rt)-NI2 exp and N is a positive integer. Assume

u E C2.1 (4B 1 (0, 0) }), where Q = qi 0&#x3E; x (0, T), T &#x3E; 0, satisfies u(x, 0) = 0 in
B1(o)B{o} and 

-

0) ) and let a be the extension of u by 0 outside Q. Then our generic
isotropy result is the following

(i) either there &#x3E; 0 such that converges to 

locally in measure in x R+ when k tends to 0, or

uniformly on any set Ea where Ea = f (x, t) E R N x R + : I x  
a &#x3E; o.

We first apply this result to semilinear heat equations with absorption of
the following type

wnere g is as above.

Assume u E C2.1(QB1(0,0))) is a nonnegative solution of (0.6) in

Q~{(0,0)} vanishing on B1(0) x {0}~{(0,0)}. Then either (ii) holds, or

(iii) there exists 1 ~ 0 such that tN12 [U (X, t) - -1 E (x, t) converges to 0 uniformly
on any set E’ n Q, when t tends to 0,

When g ( u) = uv, with 1  v  N 2 , we derive a new proof of Oswald
classification’s result [19].
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In the other sign case, that is

we first apply our "basic isotropy result" when g is just a continuous nonnegative
function vanishing at 0 (we do not assume monotonicity or (0.4)) and we prove
the following.

Let uE C2-’(QB1(0, 0))) be a nonnegative solution of (0.7) in C~~{(0,0)}
vanishing on B1(0) x {0}~{(0,0)}, then there exists 1 ~ 0 such that
kNI2 y E(x, t) converges to 0 in when k tends
to 0. Moreover g(u) E L1(Q) and u solves (0.7) with -y6(x) as an initial data
(8(x) = Dirac mass at 0).

When g is convex (for simplicity) and satisfies

for p, q &#x3E; 1 and N -+- 1  1, then we can apply Aronson-Serrin’s theory on2p q

quasilinear parabolic equations [ 1 ]; the previous convergence result is improved
and we get

uniformly on any set Ee n Q; and u is bounded = 0.

In the particular case of the following equation

with : we prove that

We end our paper with an appendix where we present the construction
and some properties of the solutions of

where g is nondecreasing and satisfies (0.4).
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Our paper is organised as follows:
1. - Isotropic singularities of parabolic inequalities
2. - Source type solutions of semilinear heat equations
3. - Appendix.

1. - Isotropic singularities of parabolic inequalities

Throughout the paper we assume that N &#x3E; 1 and we shall use the following
notations 

--

We first prove the following parabolic Brezis-Lions’ type result (see [7] for the
elliptic case).

THEOREM I.I. E and w E C’~(QB{(0,0)}) such that

wt - Ow E Lja~(Q~{(0,0~}) and satisfy

Then w E L°° ~(0, T); L1 (B1 (0))~ and there exist (3 &#x3E; 0 and (D E L1 (Q) such that

PROOF. Let 4;1 be the first eigenfunction of -0 in HJ(B1(0)) normalized
by ¢1(0) = 1 and À 1 the corresponding eigenvalue. Then, for 0  s  t  T,
we have by an easy approximation argument
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we have

in D’((0, T]), which implies that

is nondecreasing ; hence there exists A &#x3E; 0 such that

and f w ( x, t) dx is bounded for t E (0, T ~ . Henceforth there exist a positive
B1(0)

measure u and a sequence {tn }, tn ---&#x3E; 0 such that w (., tn ) - p in MB (B 1 (0) );
n-&#x3E; o0

JJ is concentrated at 0, so

in weak sense. Let h be -wt + 4lw - ~, then h &#x3E; 0 a.e. in Q and let

0 E D(B1 (0)), 0 :::; l/J :::; 1, some neighbourhood of 0. Then, for

any 0tT, we have

Letting t tend to 0 implies



532

As a consequence -wt -I- 4lw = O and Q E L1 (Q) and we get (1.2).
REMARK 1.1. The result is still true if w satisfies

for some a E L°° (Q) . Moreover the initial data = 0, 0, can be

replaced by the weaker one

0, where ~ E C°(B1(0)).
Our main result is the following.

THEOREM 1.2. Assume g is continuous and nondecreasing on

10, +oo), g(o) = 0 such that

and u E C2.1 (4B 1 (0, 0) }) satisfies

Then we have the following alternatives:

(i) either there exists -y &#x3E; 0 such that kN12 kt) converges to "IE(x, t)
locally in measure in X I~ +, when k tends to 0, and where u is the
extension of u by 0 in 4c, or

uniformly on where Ea a a &#x3E; 0.

PROOF. For any A &#x3E; 0, let vx be the solution of

(see Appendix) and for 6 &#x3E; 0, we set
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We define i

Hence G

Step 1. There exist (j = /3(A) &#x3E; 0 and Q E such that

We have immediately

and from convexity

We now define Qi (i = 1, 2, 3) by

On Q1 we have p’(u - voX) = 1 and

On C~ 2 we have p’ ( u - _ -1 and
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On and

By continuity of g and the mean value theorem, there exists 0 = 0 (x, t) E ~0, 1~
such that

and clearly 8 u + ( 1 - 8 ) VÅ  cv~ -~- ~ . As a consequence we get

in Q~{(0,0)}. As va  AE and g(cE+d) E L1(Q), for any c and d &#x3E; 0 (from
(1.8)), g(w5 + 6) E which implies (1.11).

Step 2. If wa is the extension of cva by 0 in 4c, then we prove that

in L1 (R N)]. °
As 0 :::; ó/’  :5 w -1 + ~ and supp. ,) c B, (0), it is sufficient to

prove (1.15) with replaced by Let E* (, t) be the solution of

then one has immediately
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As ~ E L1 (Q), we have classically

If we set x = v%y, t = kT in (1.19), we get

As

we deduce (using the same extensions E* for w5 and E*)

from ( This implies

Step 3. End of the proof. Let 5x be the extension of VÅ by 0 outside Q,
then from Proposition 3.1 (see Appendix) we know that

in ] and uniformly on x ~0, S~, a, S &#x3E; 0. Moreover
A - va is nondecreasing and it is the same with a H w ~‘ and A - p (A). We
shall distinguish two cases.

Case 1 : lim Q(A) = 7 e [0 + oo ) . We choose À &#x3E; 1. Let { kn } be any
A&#x3E;+oo

sequence converging to 0. From Step 2, we know that there exists a subsequence
converging to 0 such that

a.e. in ~N x ~+. Moreover ,0(a)  7  A. Henceforth we deduce from (1.22)
that

a.e. in R~ x R +. In order to prove that is independent of A E (7, +oo),
we take A’ E (7, +oo)B{a} and there exists a subsequence of 

converging to 0 and such that 
’~
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and, using again (1.22),

a.e. in x R +, which implies that /3(A) is constant on (1, + 00) (and in fact
with value 7 . As a consequence we get (i).

Case 2. lim P (A) = We fix u &#x3E; 0 and let A &#x3E; 0 such that P (A) &#x3E; u;
A&#x3E;oo

for (J &#x3E; 0, we define

We deduce from (1.10), ( 1.14) that

for 0  t’  t  T. Letting 6 go to 0 and using the monotonicity of g imply
that

is nonincreasing and it is the same with

From Step 2 there exists a sequence {kn} converging to 0 such that
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we deduce, by Lebesgue’s theorem, that

As a consequence

and v~  WA in Q. If we let , go to +00, we deduce (ii) from Proposition 3.2
(see Appendix).

means that

2. - Source type solutions of semilinear heat equations

Our first result deals with the following heat equation with absorption

where we assume that g is a continuous nondecreasing real valued function
vanishing at 0 and satisfying (1.8).

THEOREM 2.l. Let u E C2.1 (4B 1 (0, 0))) be a nonnegative solution of (2.1)
in Q~{(0, 0)} vanishing on B1(0) x {0}~{(0, 0)}. Then

(i) either lim u(x, t) = uniformly on any set Ea n Q, a &#x3E; 0, or
t-0

(ii) there exists -y &#x3E; 0 such that t) - -y E (x, t) converges to 0 uniformly
on any set E’ f1 Q, when t tends to 0. Moreover g(u) E and u

satisfies (2.1) in Q with initial data 

PROOF. From Theorem 1.2. we may assume that kNI2 ú(Vkx, kt) converges
to -y E (x, t) locally in measure in R N x R +, when k tends to 0, 7 being some
nonnegative real number. Let v7 be the solution of (1.10) with A replaced by
7. From the proof of Theorem 1.2 (Step 3, Case 2), we have
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in Q B 1 (0, 0) }. For t c (0,T], be f u (x, t) dx. As we have
B1(0)

we deduce, from the positivity of g(u) and the continuity of 2-1 on

8B1 (0) x [0, T], that i = lim i(t) exists in [0, +00]. 
a v

t-0

Step 1. We claim that i = 7. From (2.2) and the fact that

it is clear 7. Let us assume that i &#x3E; 7 and take 7 E (1, 2).
From Theorem 1.2 (Step 2) we have

and ,8(1) = 1. As lim = 0 for x E B1 (0)B{0}, we get for any t &#x3E; 0
t-0

Without any restriction we may suppose that the following inequalities hold for
0tT

I

and, by continuity, there exists a continuous function t? defined on (0, T] such
that 0  ’1(t)  t and

, and wn the solution of
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From the maximum principle we have

on [0,T- en ] and

As E L (Q), we deduce from Dunford-Pettis theorem that {g(wn)}
is weakly relatively compact in Moreover, from standard parabolic
estimates, {wn} is relatively compact in L1(Q) and in 

Henceforth there exist a subsequence and a function

such that

Let 0 E C2.1 [-Rl (0) X [0, ] with compact support in B1 (0) x 10, T), then we
have

As

and 0) -- 0 for 0, we deduce from (2.13) and (2.14) that
n-+o 

’ ’

and w = v7 from uniqueness. Henceforth (2.11) implies



540

locally in measure x R + and

this contradicts the fact that 1  7, and finally t = 1.

Step 2. End of the proof. From (2.3) and i == 1, we deduce that

and

in MB (B1 (0)). Hence u solves (2.1) with -16(x) as an initial condition.
Let p be the supremum of u(x, t) on 8B1 (0) x [0, T] and v* = V7 + p.

Then

and the function

is nonincreasing.
As

and the existence of {/cn} ---~ 0 such that

we deduce that lim 0 (k,,, t) = 0 for almost all t, and 0 == 0. As a consequence
n&#x3E;00

uy* &#x3E; u in Q and finally

From Proposition 3.1 and the scaling invariance of E
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uniformly on any set

uniformly on E~ n Q.
As an application we give a new proof of Oswald classification result [19]

when N &#x3E; 2.

COROLLARY 2.1. Assume

is a nonnegative solution of (2.1) in R N X (0, +oo) vanishing on R N x
{0}B{(0,0)}. Then

where f is the unique positive solution

(ii) or there exists 1 ~ 0 such that u is the unique solution of

Before proving the result notice that the existence and the uniqueness of
f is due to Brezis, Peletier and Terman [8] and the existence and uniqueness
of the solution of (2.24) is due to Brezis and Friedman [6].

PROOF. From Theorem 2.1 we are left with the case where
lim = -f- oo and u ( x, t ) &#x3E; for any n &#x3E; 0, where

t&#x3E;00

vn satisfies

From [13],
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The construction of the upper bound for u is an adaptation of [14]. For any
E &#x3E; 0, let be the solution of the following Cauchy-Dirichlet problem

The function Us is obtained as the increasing limit of U§ ( ~ - 0), where U,6
satisfies

the standard parabolic theory [15] asserts the existence of U~ . Moreover, as in
[14] we have

for el  E2, Ixl &#x3E; 62 and t &#x3E; 0 and

for a, e &#x3E; 0, which implies

If we set U ( y, -r) = lim Us(y,1’), then U (., T ) is radial in y and satisfies
.

(we have used the a priori estimate of [6]) and

for ~0, (1, T &#x3E; 0, which implies
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with n = . . As N &#x3E; 2, 0 x (0,+oo) ) is a removable singular set for Uvt-  ’ ’

[4]. As a consequence F satisfies the same equation as f with the same limit
conditions; hence f = F. From (2.28), u is majorized by U, which implies

REMARK 2.1. When N = 1, {0} x (0, +oo) is not necessarily a removable
singularity for U. As a consequence we just have F’ (0)  0. Henceforth, if

F(0) &#x3E; f (0) and F’(0)  0, the strict maximum principle implies F &#x3E; f on
(0, +oo) and a careful (but rather simple) analysis of the proof of the uniqueness
of f in [8] shows that this situation is impossible. As a consequence f = F.

Let us now consider the following semilinear heat equation with nonlinear
forcing term

where g is a continuous real valued function vanishing at 0 and nonnegative
on R + ; it is important to notice that we do not make any assumption of
monotonicity on g neither integrability condition (1.8) in the following theorem:

THEOREM 2.2. Assume u E C2u~Q~~(0,0)}~ ] is a nonnegative solution of
(2.35) in Q B 1 (0, 0) ) vanishing on B1(0) x {0}~{(0, 0)}, and let u be its extension
by 0 outside Q. Then there exists -y &#x3E; 0 such that

in Ll ~~~,+oo);L1(I~N)~. Moreover g(u) E L 1 (Q) and u solves (2.35) in D’(Q)
with initial data -1 6 (x).

PROOF. As -ut + Au  0, we deduce from Theorem 1.1 that

and that there exist such that

Let E, (z, t) be the solution of
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Then

(E* being defined in 1.16). Using (1.17) we deduce

(where it, = 0 outside If we set

then

which implies, with (2.40),

in L~ ~~0, -+-oo); L1 (l~N)~ .
REMARK 2.2. If we know that u(., t) is radial with respect to x and

radially decreasing in lxi, for any t &#x3E; 0, we get a much more accurate result
as in Proposition 3.1 and Theorem 2.1 and we have

uniformly on any set E’ n Q, for a &#x3E; 0.

REMARK 2.3. If g satisfies

then y = 0 as u &#x3E; E7 and L1 (Q); this is in particular the case if

THEOREM 2.3. Assume g is a continuous everywhere-differentiable
nondecreasing real valued function vanishing at 0 satisfying, for some

p &#x3E; 1, q &#x3E; 1 such that



545

the following relation

for any ljJ, 1/; &#x3E; 0 in Q such that g(0) and g( 1/;) are integrable in Q. Assume also
u E C2n~Q~(0,0)}~ ] is a nonnegative solution of (2.35) in QB 1 (0, 0) ) vanishing
on B1(0) x {0}~{(0,0)}. Then there exists -1 &#x3E; 0 such that

holds uniformly in any set Ea n Q. Moreover if -y = 0, u is bounded in Q.

PROOF. The assumptions (2.46), (2.47) may look rather strange but in fact
they are exactly what we need to apply Aronson and Serrin’s results [1]. Let
7 be the real number obtained in Theorem 2.2.

Case 1. Assume y &#x3E; 0. Using Theorem 3.2, let u be the solution obtained
by the iterative scheme (3.26) (with 1) of

The function u7 (’, t) is radial in x, radially decreasing with respect to x ~ I for

any t &#x3E; 0 and

in QB{(0, 0)}. Let w be u - u, and

then w satisfies

for any 0 E C2n [B1(0) x with compact support in Bi(0) x [0, T). Let
now 6 and J be the extensions of w and d by 0 in B1 (0) x [ - T, 0). If we

consider 0 E x (- T, T) I and gn (t) = &#x3E; 0, then
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but the left-hand side of (2.52) can be written as

As 6(-Ot - do) E Ll(Q) and lim Ilw(-, 0, we deduce that
t-0

i5 satisfies 
t-o

in D’ ~Bl(0) x (- T, T) ]. As for the coefficient d it is equal to g’(~(x,t)) where
~ (x, t) E [ u., (x, t), u(x, t) 1. As g’ satisfies the mean value property, we have

and

-

As w is bounded in a neighbourhood of the boundary of Bi(0) x (- T, T), we
deduce from [1, Theorem 1 ] that iv E x (-T,T)]. We then obtain
(2.48) from Remark 3.2.

Case 2. Assume 7 = 0. In that case we write (2.35) as

and we extend fi into Bl (0) x (-T, T) by 0 for t  0. As

we then deduce from (2.47) and [1] that u is bounded in Bi (0) x (-T,T).
In the power case we obtain a better result:

COROLLARY 2.2. Assume 1  v  N + 2 and u, E C2,110B1(0,0))] is a

nonnegative solution of 
N

in Q B 1 (0, 0) ) vanishing on B1(0) x {0}~{(0,0)}. Then there exists -y ~! 0 such
that
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uniformly in B 1 (0).
PROOF. Let y be defined by (2.36). From Theorem 2.2, uv E 

and it(a:)0) = ~ ~(x). In order to apply Theorem 2.3, we first notice that if
v’-’ E then sup (u’-’, vv) = [sup (u, v) ]" E and

If we take

holds. As a consequence u satisfies (2.48). In

order to improve this estimate, we define

Then E L (Q) and from Remark 3.4 there exists T* E (0, T] such that

Henceforth if u,~ is the solution of

defined by the iterative scheme

it satisfies (see [8-Appendix])


