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Effective Measures of Irrationality for Cubic
Extensions of Number Fields

E. BOMBIERI * - A. J. VAN DER POORTEN ** - J. D. VAALER ***

1. - Introduction

A basic problem of Diophantine approximation is to give effective measures
of irrationality for algebraic numbers. We formulate this problem as follows.
Let k be an algebraic number field, v a place of k, and | |, the associated
absolute value on the completion k,. Here we normalize | |, exactly as in [5],
[7] or [8]. Let K be a finite extension of k having degree r > 2. We assume
that K has at least one embedding in the completion k, and then we identify
K with a fixed embedding of K in k,. If 8 belongs to k we write H(3) for

the absolute height of the corresponding projective point 8 = [f ] in Pl(k).

We warn the reader here that this height H () differs from the Weil height
Hyeir( ) because we use the £2-norm, rather than the £*°-norm, for the places
at co. In any case, we have

Hyeil(B) £ H(B) £ 2Hwei(B) ,

so that the two heights are comparable. However, the use of the projective
height H() leads to neater and sharper results and suggests itself naturally in
this context.

If @ belongs to k, but not to k then Dirichlet’s theorem asserts the existence
of a positive constant C; depending on « and infinitely many distinct 8 in k
such that

(1.1) la — Bl, < CLH(B) 2.

By a measure of irrationality for o with respect to v and k& we understand a
positive number p for which an inequality of the type

lo — Bly = CH(B)™

* Research of the first author was supported by Macquarie University.

** Research of the second author was supported partially by grants from the Australian Research
Council and Macquarie University, and a research agreement with Digital Equipment Corporation.
*** Research of the third author was supported by a grant from the National Science Foundation,
DMS-8701396.

Pervenuto alla Redazione il 26 giugno 1995.



212 E. BOMBIERI - A. J. VAN DER POORTEN - J. D. VAALER

is valid for all B in k with H(B) > C3. Here C, and C3 are positive constants
independent of B. If the constants C, and C3 can be computed from knowledge
of o and p then the measure of irrationality is said to be effective. In view of
(1.1) any measure of irrationality p must satisfy p > 2.

If o belongs to K but not to k then the fundamental theorem of Roth
states that 2 + ¢ is a measure of irrationality for every ¢ > 0. Unfortunately,
all known proofs of Roth’s theorem result in constants C, and C3 which are
not effectively computable. Alternatively, Roth’s theorem asserts that

—logja — Bl < 2log H(B) + o(log H(3))

as H(B) — oc.

Our knowledge of effective measures of irrationality for algebraic numbers
is still rather limited. To begin with there is the simple but important Liouville
bound

lo — Bly = H(@)"H(B)™",

which is easily obtained from the product formula. This shows that r is an
effective measure of irrationality for any o in K but not in k.

There are essentially three methods for obtaining improvements in the Li-
ouville bound in which all constants can be effectively determined. Historically
the first of these is in the work of Baker [1], [2], although a forerunner of it is
implicit in the early work of Thue [17]. This method is based on the explicit
construction of Padé approximations to algebraic functions. At present it pro-
vides good effective measures of irrationality for special numbers, in particular
for certain cubic irrationalities and for r-th roots of certain rational numbers.
See Chudnovsky [10].

The second method is based on Baker’s theory of linear forms in logarithms
of algebraic numbers. The first general improvement on Liouville type bounds
was obtained by Baker [3]. This had far reaching consequences, allowing for
example the effective solution of the general Thue equation F(x, y) = m, where
F(x,y) € Z[x, y] is a binary form with at least three distinct linear factors in
Clx, y].

In the form obtained by Feldman [11], the method yields an effective
measure of irrationality for ¢ when r > 3 which is slightly smaller than r.
Although the improvement on the Liouville bound is usually very small, this
method applies to all algebraic numbers «. For special numbers such as cube
roots of positive integers, very explicit bounds have been given recently by
Baker and Stewart [4].

The third method has been developed by Bombieri [5] and by Bombieri
and Mueller [7]. This approach combines elements of the original non-effective
methods of Thue and Siegel with an important result of Dyson for establishing
the non-vanishing of the auxiliary polynomial in two variables. This method is
not unrelated to the Padé approximation method, and it may be considered as a
two-variable Padé approximation method in which the approximants do not quite
reach the maximum order of approximation one can achieve. In some favorable
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cases, this method leads to the construction of triples (K, k, v) for which an
effective measure of irrationality much smaller than r can be established. An
important feature of the method is that the measure of irrationality which is
obtained holds for all @ in K but not in k.

We define w,(a) to be the greatest lower bound for effective measures of
irrationality of «, relative to the absolute value v.

In the present paper we formulate and prove a new equivariant version of
the Thue-Siegel principle which applies only to special numbers in the Galois
closure of K/k. In order to define these special numbers it is necessary for
the Galois group to have a faithful, projective représentation in PGL(2, k). We
study here in detail the representation of the symmetric group S3 in PGL(2, Q)
generated by the classical substitutions z — 1 —z and z +— 1/z. If K/k is
a cubic extension we obtain by our methods very good effective measures of
irrationality which approach the limiting value 2 in favorable cases. Suppose,
for example, that m is a large positive integer and K C R is the cubic extension
of Q formed by adjoining the unique real root of x3+mx + 1. Then we obtain
an effective measure of irrationality u,(a) < 24 10(logm)~!/3 for all generators
a of K/Q.

Another interesting application of the new equivariant form of the Thue-
Siegel principle in this paper has been worked out in detail in Bombieri [6]. The
group in question now is the cyclic group of order r, acting by multiplication by
r-th roots of unity. The results obtained there are sufficiently strong to imply,
by known reductions going back to Siegel and Baker, a new proof of the
Baker-Feldman improvement of Liouville’s inequality, valid for every algebraic
number.

The method used in the present work originates in the paper of Bombieri
[5] and continues to use Dyson’s Lemma in an essential way. We also introduce
some new technical devices. Let K be a cubic extension of k, identify K with
an embedding of K in k,, and then fix an embedding of the Galois closure L
of K/k in k,. We determine a faithful, projective representation ¢ — P, of
G = Gal(L/k) into PGL(2, Q) and then define a subset A(P) C P!(L) by

A(P)={NeP'(L):67'(A\) = P, for all o in G}.

Our next step is to consider how well the point [(1)] in P'(L) can be approx-
imated by points A in A(P). For this purpose we introduce a suitable metric
8, on P!(k,) which is induced by | |, on k,. In Theorem 4 we show that [?]

cannot have two excellent approximations A; and A, in A(P) for which H(\;)
and H(XA;) are both large. This is our new form of the Thue-Siegel principle
for special points. It is expressed as an inequality in which all constants are
given explicitly and we refer to it now as the Thue-Siegel inequality. The proof
of Theorem 4 is given in Sections 4 through 8. During the course of the proof
we take advantage of the fact that the action of G on points in A(P) is strictly
controlled.
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It remains then to demonstrate how effective measures of irrationality can
be obtained from Theorem 4. It turns out to be very convenient to reformulate
the basic problem of lower bounds for |@ — S|, in terms of the projective

metric 8,. Thus we let a = [T] in PI(K), B = [f] in P!(k), and provide

lower bounds for §,(a, B3). Since §,(a, B) < |a — By, our lower bounds apply
automatically to | — B|,.
In Theorem 5 we show that if A; in A(P) is an excellent approximation

to [(:] then

1) = ( ~ log$, ([(1)] )\1))—1 (610g{8H(A1)} + 19(10g{8H(A1)})2/3)

is an effective measure of irrationality for each generator « of the cubic extension
K/k. Of course A; qualifies as an excellent approximation to [(1)] precisely

when ul(A;) < 3.

In Section 9 we assume that f(x) = x> + px+gq, p # 0, is irreducible
in k[x] and that the smallest root of f in k, generates K/k. We use the
roots of f to construct a point A; in A(P). Then we estimate the measure
of irrationality p)(A1) in terms of p and g. This allows us to construct cubic
extensions of k which have an effective measure of irrationality close to 2 by
making a suitable choice of p and g. A precise upper bound for u}(A;) with
explicit constants is given in Theorem 17. Suppose, for example, that K is
generated by the unique real root of x> + px + ¢ =0, where p > 0 and q are
relatively prime integers. We get a non-trivial effective measure of irrationality
for each generator of K/Q as soon as p > C(¢g)|q|**®, for a suitable effective
C(e) and any ¢ > 0. The measure of irrationality is

2log(p?)

~1/3
_log(p3/q2) + 0 ((log D) ) .

oo (A1) =

In our proof of the Thue-Siegel inequality it is necessary to construct an
auxiliary polynomial with prescribed vanishing and small coefficients. We note
that this step has now been disconnected from any conditions involving irrational
algebraic numbers. We require that the polynomial be bihomogeneous with

integer coefficients, and that it vanish to high order at the points ([?] [0]),

() G1)- ana (5] L3]) m 2t |

In this respect, our auxiliary polynomials are universal for the problem
of effective approximation of cubic irrationals. Here we use a simple form of
Siegel’s lemma to construct them. We remark, however, that a direct construction
may lead to a much better understanding of these universal polynomials and
thereby drastically improve and modify the application of our method.
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2. — Inequalities for the projective metric

Let k be an algebraic number field, v a place of k and k, the completion
of k with respect to v. We will use two absolute values | |, and || ||, from
v which are determined exactly as in our previous papers, such as [5], [7] or
[8]. In particular we have x|, = ||x||%/? for all x in k,, where d = [k : Q]
and d, = [k, : Q,]. These absolute values have unique extensions to £2,, the
completion of an algebraic closure of k,. We extend | |, to a norm on finite
dimensional vector spaces over 2, as follows. If

X1
X2

X =
XN

is a column vector in QY we set

max{||x,|l,: 1 <n <N} if vioo

(2.1 Ixlly = N V2
{Enxnnv} if v|oo
n=1
and |x|, = ||x||%/¢ in both cases. Let ej, ey, ..., ey denote the standard basis
vectors in QvN . For each subset 1 C {1,2,..., N} let e; be the corresponding

standard basis vector in the exterior algebra /\(Qf,V ). We recall that this is a
graded algebra

A& =A@,
n=0

in which each subspace A,(2Y) has dimension (V) and basis vectors {e; :
|I| = n}. As usual we identify Q¥ with the subspace A;(Q2Y) so that

e =¢; /\eiz/\”-/\e,'n
whenever | = {i; < i) < --- < i,} € {1,2,...,N} is not empty. Then | |,
extends to /\(Qf}’) by applying (2.1) to the basis {e; : I € {1,2,...,N}}.
We identify elements of Hom(QY, QM) with M x N matrices over ,.
Then we extend | |, to such matrices A by setting
|Al, = sup{|Ax], : x € Q) , x|, < 1}.

If v{oo and A = (am,) we find that

(2.2) |Aly = max{lamal, : 1 <m <M,1 <n < N}.
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If vioo let A* denote the complex conjugate transpose of A and let
O0<M=Zhm=-- =iy

denote the eigenvalues of the positive semi-definite matrix A*A. It follows that

2.3) |Aly = A%/

We define a map
My ¢ GL(N, ) — [1, 00)

by 1.(A) = |A|,|A"!|,. Obviously n,(aA) = n,(A) for all a # 0 in , and
therefore 7, is well defined as a map

Ny : PGL(N, ©,) — [1, 00).

We note that 7,(A) = 1 if and only if the identity |Ax|, = |A|,|x|, holds for
all x in QUN . In the special case N = 2 the identities (2.2) and (2.3) can be
used to verify the formula

(2.4) n,(A) = |det A|; 'A%
We define a second map \

8 QN x QN - 10, 1]
by

_IxAYl

2.5) Sy(X,y) = .
X[y lylo

Since §8,(ax, by) = 8,(x,y) for all a #0 and b # 0 in Q,, it follows that §, is
well defined as a map

8, PV Q) x PV (@, = [0,1].

It can be shown that 8, is a metric on PY~!(,) and the induced metric topology
coincides with the quotient topology determined by the norm | |, on QY. This
observation, but with a different definition for §,, is due to Néron [12]. The
fact that our definition is equivalent to Néron’s was established by Rumely [15].
If N=2 and v|oo then @2, = C and §,(x,y) is the cordal distance between
points x and y on the Riemann sphere P!(C) normalized so that the diameter
of the sphere is 1. :

In case N =2 the maps 7, and §, satisfy the basic inequality

(2.6) 1, (A)718,(x, y) < 8,(Ax, Ay) < 1,(A)8,(x, )
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for all A in PGL(2, Q,) and x,y in P'(R,). To verify the inequality on the
left of (2.6) we note that

8,(Ax, Ay) = |Ax|; 1Ayl | det Aly|x A yly
> A2 det Al Ix]; yl X Ayl
= n,(A)7'8,(x, ).

Then the inequality on the right of (2.6) follows since nv(A~1) = n,(A). This

result continues to be true if N > 3, as shown by K.-K. Choi [9]; a proof of the

weaker inequality with n¥2(A) in place of n¥!(A) can be found in S. Tyler [18].
If B occurs in kN we define its height by

2.7) H@) =]]18l,

v

where the product extends over all places v of k. By the product formula this
height is well defined on PV~1(k).
We mention here, as an illustration of what we have done so far, two
theorems which show how classical results can be formulated in our setting.
If « belongs to PY~!(k,) for some place v of k then we may ask how
well o can be approximated by points 3 in PY~!(k) with H(8) bounded by a
suitable parameter. In order to state a reasonably precise result let

(2.8) cr(N) = 2|A /> T rw)®/?,

w | oo

where Aj is the discriminant of k and
1 1/N
712 {F (EN + 1>} if w is real

Q)" 2{r(N + D} if w is complex.

2.9 rw(N) =

Then we have the following projective form of Dirichlet’s theorem.

THEOREM 1. Let o belong to PN~ (k,), T belong to k, and assume that 1 < |t|,.
Then there exists 3 in PN 1 (k) such that
® H@) < M)zl
(i) 8u(ax, B) < cx(N){Iz|,H(B)} ™.
If o belongs to PY~!(k,) but not to PNY~'(k) then (i) and (ii) can be

combined to establish the existence of infinitely many distinct 8 in PN~1(k)
such that

(2.10) Sula, B) < cr(NYN/N=D g (gy=N/(N=D
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This formulation of Dirichlet’s theorem is similar to, but slightly more precise
than, that obtained by Schmidt [16], Theorem 1. A proof has been given by
S. Tyler [18], Theorem 3.2.

Next we consider lower bounds for the projective distance d,(c, 3) and in
doing so we restrict our attention to the projective line P!(k,). Suppose then

that o
":[1]

in homogeneous coordinates with « algebraic over k of degree r > 2. As K =
k() is embedded in k, there exists a place w of K with w|v, [Ky : ky] =1,
and ||} = |a|,. It follows that

Sa(x,y) =8,(x,y)
for all x and y in P'(Kz) = Pl(k,). If B occurs in P! (k) C P!(K) then

2.11) Su(a, B) =dg(a, B)" = {H&u(a, B)}

where the product on the right of (2.11) extends over all places w of K. Since
B # a we conclude that

Sy(c, B) = { [T1el' 1815 e A ﬂlw}
= {H(@H@B)} .

(2.12)

This is the Liouville lower bound for the projective metric. If r = 2 then (2.10)
with N = 2 shows that this bound is essentially sharp.

3. — The Thue-Siegel inequality

We assume throughout this section that @ in k, is algebraic over k of
degree 3, that K = k() C k,, and that &’ and o«” are conjugates of « in k,.
Let L = k(a,o’,a”) C k, denote the Galois closure of the extension K/k.

We write , ,

am[i] w=[5]. =[]

for the corresponding points in P'(L). For each ¢ in G = Gal(L/k) there
exists a unique element Q, in PGL(2, L) such that

o(a) = Qoa s 0(‘1/) = Qoa/ s U(a”) = Qaa// .
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Clearly 0 — Q. is a faithful, projective representation of G in PGL(2, L).
Also, there exists a unique element ® in PGL(2, L) such that

G.1) Do = [(1)] . ®a = [}] . ®a’ = [(1)] .

It follows that the conjugate representation o’ — Py = ®0,®! acts to permute
the elements of the set {[(1)] , [i] , [(1)]} If G is noncyclic then {P, : 0 €
G} =G, where

on a3 S0 803 112 L 2L )
is exactly the subgroup of PGL(2, Q) which permutes the elements of the set
{[(1)] ) [i] ) [(1)]} If G is cyclic then

woea={[3 L 10 B} eo

In particular, 0 — P, is a faithful, projective representation of G in PGL(2, Q).
LEMMA 2. Let X belong to P! (L). Then the identity

o' = P,

holds for all o in G if and only if ®~' X occurs in P! (k).
Proor. If o is in G then

o (®)a =o' (®)o (0(a)) =0 H{Po(a)}
=0 Y®Q, P '®a} =0 {P, Pa}.

But P, ®a occurs in {[(1)] , [:] , [(1)]} and it follows that o~ !(®)a = P, Pa.

In a similar manner we find that o~ (®)a’ = P, ®a’ and 0 ! (®)a” = P, ®a’".
This shows that o ~!(®) = P, ® in PGL(2, L) for each ¢ in G.
If 67'(A\) = P, for all o in G then
o (@ N =01 (@) o7\ = (P, ®) 'PA=3 1A

Hence @~ !\ belongs to P!(k). On the other hand, if ® '\ occurs in P!(k)
then A = ®8 with 3 in P!(k). Thus we have

c ' N =0"1(®)B= P, ®8 =P, A

for all o in G. This proves the lemma.
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We define the subset
AP)={AeP(L):67(\) = P, for all 0 in G} = {®3:8 € P(k)},

where the second equality follows from the previous lemma. Thus A(P) is
exactly the set of all cross ratios [a, o, a”; 3] with 3 in P! (k). We note that
A(P) does not depend on our choice of generator o for the extension K/k.
For suppose that K = k(x;) with a;, @] and af the corresponding points in
P!(L). Then there exists a unique element ¥ in PGL(2, k) such that o = Pa;.
Therefore

1

. ewei=[3].

dVa, = [ 0

o] ewai=

and the corresponding set of cross ratios is
{(®UB: B eP'(k)} = A(P).

Also, the only p(gints in P! (k,) which are fixed by each element of {P, : o0 € G}
are [gf] and [{f ], where g is a primitive sixth root of 1, and these are fixed

points only when G is cyclic. It follows that A(P) does not intersect P!(Q).
We now consider the problem of giving good effective lower bounds for

the projective distance 5([ ?]A) for all A in A(P). Toward this end it will
be convenient to define the exponent of approximation e, (), for all A in A(P),

to be
s (9]
(3.3) = — e (1/\)} :
so that
5 (m ,A) = BHN)}™WV
We also set

Nw(P) = max{ny(P;) : o0 € G}

at each place w of L and

n(P) = [[ nw(P).

A simple calculation using (2.2) and (2.3) shows that n(P) = %(3 + 5172y, If
[L:k] =6 and & and «” occur in k, then the Liouville bound (2.12) implies
that e,(A) < 6 for all A in A(P). In fact this estimate can be substantially
improved simply by using the defining property of A(P).

THEOREM 3. For each point A in A(P) we have 0 < e,(\) < 3.
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PrOOF. Our initial embedding of L into k, determines a place w of L such
that w | v and
[L:k]
[LIZJ : ku]
If [L:k)[Lg :k,]~! =3 the result follows as in our derivation of the Liouville
bound (2.12). Only the special case [L : k][Lg : k,]~! = 6 requires a separate
argument. The group G acts on places w of L such that w|v, where v is a
fixed place of k. If o is in G then ow is the place of L determined by

log 85 (x,y) = logdy(x,y).

|X|gw = |~ (x)|w for all x in L.

With respect to the projective metrics §,, and points A in A(P) this action
results in the identity

b ([9]:3) = ([3) ) =52 (9] )

for all 0 in G. We have

SN
= St (%]

=3 (min f1ogte ([{].3) 0 <)

I CATEN(HEDRIT)

=3 (min{1ogsn (.2 [{]. 222) 20 € 6})

> WZI: (min{ ~togn(P) +1ogs, (P [7].2) :0 € 6})

> ; (- logmu(P) + min { log, (P [(1)] A)ioe G})
> —logn(P)

e s ([9].3) v ([1].2) s ([§].2))
> —logn(P)+ Y logu ([1].)
e (1] )+ s (1] )

> —logn(P)—log H ([(1)])—1ogH (“])—logH ([é])—?alogH(A)
= —3log {(1.5470.. )H(A)} .



222 E. BOMBIERI - A. J. VAN DER POORTEN - J. D. VAALER

The desired inequality plainly follows from this.
For each pair of points A; and X, in A(P) we define

. [log{8H (A1)} 10g{8H(Az)}}
O 7, A2) ““““{log{SH(Az)}’ log(8H (A1)}
and
(3.5) sQAL ) = (1og{8H(,\1)})‘1 +( 10g{8H(A2)})—1 )

The main technical result of this paper is a formulation of the Thue-Siegel
principle as an inequality which is explicit in all constants. The inequality
bounds the product e,(A1)e,(A) whenever A\; and A, occur in A(P). By
Theorem 3 we have e,(A1)e,(A2) <9, but if (A1, A7) and s(\;, A2) are small
then our inequality shows that e,(\;)e,(\2) is not much larger than 6. The
precise result is as follows.

THEOREM 4. If A\| and \; are points in A(P) then
(3.6) es(A)ey(A2) < 6+ 19s(A1, A)/3 + 24r(\, Ap)'/2.

After several preliminary inequalities, our proof of Theorem 4 will be given
in Section 8.
If ¢ > 0 then by a familiar argument (3.6) implies that

(3.7 {Ae A(P): 67+ <e,(N)}

is a finite set. Of course the argument which leads to this conclusion does not
provide an upper bound for H(A) when A belongs to the set (3.7). In order
to obtain an effective result we must be able to determine a point A; in A(P)
for which

(38) wyn) = ey(A1) 7' {6 + 19(log{8H (A)H)/*}

is less than 3. Then uj(A;) will be an effective measure of irrationality for
each generator « of the cubic extension K = k(«) C k,.

THEOREM 5. Assume that A in A(P) satisfies (A1) < 3. Then we have

(39)  —logd(a, B) < wi(A)log(8H(B)} + O {(log(8H@)}) "}

for all B in P! (k). The implied constant in (3.9) depends in X and o.
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Proor. From the mean value theorem we have the elementary inequality

x2/3 -1

(x—l + y—1)1/3 _ x—1/3 < y

W | =

whenever x and y are positive real numbers. If A, belongs to A(P) then
esAD {6+ 195(A1, A2} — ui(An) < 4(log{8H(AD}) ™ (log(8H (M) ™!
and, using (3.6), we find that

ev(A2) < piA1) + 4(log{8H (A} (log{8H (A2)}) "

3.10)
( +12(log{8H(A)}) * (log{8H(A)}) /2.

Let ¢ be the unique element of PGL(2, L) which satisfies (3.1) and write

n(®) =[[n@ =[] 120,

where the equality on the right follows from (2.4). If 8 occurs in P!(k) then

(3.11) H@P) < [[1®1wIBlw = n(®)/*H(B).

And from (2.6) we conclude that

su(c, @) =, (7! [(1)] L e7'ep)
(3.12) > n@'s,([]]. 28)

> @5 [}] 26).

As ®3 occurs in A(P) the inequalities (3.10) and (3.12) can be combined. In
this way we obtain the bound

—log8,(a, B) < p*(\) log{8H (®8)) +12(log(8H (A)}) ' (log{8 H (&))"

+4(log{8H (D)™ + logn(®).

The result plainly follows by appealing to (3.11).
We now turn our attention to the proof of Theorem 4.
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4. — Local estimates

Throughout this section M and N are nonnegative integers, w is a place of
the number field L and 2, is the completion of an algebraic closure L,. We
identify the vector space E, = QMTDN+D with bihomogeneous polynomials

M N
4.1) FOGY) =YD fmnxfxt " ygyt "

m=0 n=0

in ©,[x, y] having bidegree (M, N). We define two norms on E,. The first
of these we denote by | |, and define by setting

42)  |Fly=sup{IFX Ylw:x€Q,yeQ],[xly <1 and [y, <1}.

As (x,y) = [X|I;M|yloN|F(x,y)|y is a well defined map from P!(Q,,) x P1(Q,,)
into [0, 00), it follows that

@3)  |Fly=sup { X" yI;¥ IF (1)l : X € P'(R) and y € P(Qu) }

is an alternative definition for this norm. The group GL(2, 2,,) x GL(2, )
acts on E, as follows, if (A, B) € GL(2, Q) x GL(2, 2,) we define p, p) :
E, — E, by

(pa.;yF)(x,y) = F(A™'x, B7ly).

Then p4,8y00(c,p) = Pac,Bp) and therefore (A, B) — p(4,p) is a representation
of GL(2, 2,,) x GL(2, ©,) in GL(E,).

LEMMA 6. Let F € E,, and (A, B) € GL(2, ) x GL(2, ). Then we have

(4.4) LAILM|BIZY | Flw < 1048 Flw < |1AT1MB7YN|F),, .

Proor. For each x in P'(,,) the inequality
JAIMA T xZM < x|2M < A7 M A x| M

holds, and similarly with A, x and M replaced by B, y and N. The lemma
follows easily by using (4.3).
Next we introduce a second norm on E,,. In doing so it will be convenient

to set
{ 0 if wtoo
&y = .
v [Ly:QullL:QI! if w|oo.
Let F(x,y) be given by (4.1). If wt oo we define

[F]w—_-max{lfm,nlw:ofmsM andOSnSN},
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and if w|oo we set

171, = { Sy <Z>_l <f>_lufm,nni}ew/2-

m=0 n=0

LEMMA 7. Let F(X,y) occur in Ey. If w t 0o then
4.5) |Fly = [Flw,
and if w | 0o then

(4.6) {(M +1)(N + 1)} *[F1, < |Fly < [Fl.

Proor. If w { oo the identity (4.5) can be established as in [13], Lemma
2. Assume then that w|oo. Let

S={xeQ:|xl,=1}

and write o for the unique rotational invariant measure on the Borel subsets of
S such that o (S) = 1. It follows using [14], Proposition 1.4.8 and 1.4.9, that

M N [ -1 N -1
<M+1)—1<N+1>—122(m> (n) I fon,n I3,

m=0n=0
- /S /S IF &, y)I2do ¥)do ().
We conclude that

{(M + 1N+ 1)} **"[F], <sup {|FX y)|n:x€S,yeS}
=|Fly.

To verify the remaining inequality in (4.6), let x € S and y € S. Then by
Cauchy’s inequality

M N
2
IEE DI =30 fmaxfxl 7 yeyl ™
m=0n=0 w
M N -1 -1
M\ (N )
<
‘{mz::o,.:o(m) (n) Il }
M N
M N —zm n —zin
x {ZZ( )( )nxoni'"nxlni?f ol 1yl 2}
m=0 n=0 m n
M N -1 -1
M N 5
={ZZ( ) () nfm,nn;,}
m=0n=0 m n

x (%ol + 11 112)™ (lyoll2, + Iy l2)N .
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This shows that
[F (X, Y)|w < [Flw

whenever x € S and y € S. The inequality of the right of (4.6) follows
immediately.

Suppose now that N = 0 and so F in E, is simply a homogeneous
polynomial in €2,,[x] which can be written as

M
.7 Fx) =Y fuxgxt'™.
=0

If M is positive and F is not identically zero then there exist nonzero vectors
€, &, ..., €y in Q2 such that

M
48) Fx) = [[xném).
m=1

LemMMA 8. Let F(X) in E,, be given by (4.7) and (4.8). If w { oo then

M
(4.9) log |Fly = log[Fly = Y _ 10g [€mlw ,

m=1
and if w | oo then

M
log|Fl, < log[Fly, < Y logémlu

m=1

(4.10) 2 {M ~log(M + 1)} +1oglF1,

IA

IA

%“iM+1og|F[w.

Proor. If w t oo then (4.9) is Gauss’ lemma for homogeneous polynomials.
This can also be established as in [13], Lemma 2. We assume then that w | co.
Let J denote a subset of {1,2,..., M} having cardinality |J| and write (4.8)
as

M
F&) = [] Emxo — bomx1).

m=1

fa= ¥ {Hsu}{ H(—§0j’)},

J jelJ e T
i=m 7 j'ed

Then we have
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where J = {1,2,...,M}\ J. It follows that

I full? < (Z) > {Hnsuni}{ II ||so,~fu%u}
itm I jel

and

> (1;4)—1”%"5 = é 2 {H ||s1,-n2w}{ I1 uso,«ui}

m=0 = |J|J=m jeJ jleJ
M M
2 2 2
=[] {Igml3 + 1Eml5} = T] 1€ml% -
m=1 m=1

This shows that "
loglFly < Y log [€mluw -

m=1

Next we define 7: Q2 \ {0} - R by

@.11) 1) = /S log X A €]l dor ().

with S and o as in our proof of Lemma 7. As o is rotationally invariant and
the unitary group U (2, 2,,) acts transitively on S, we find that [ restricted to
S is constant. The value of this constant is

0
I { (1) } = /S log %o lludo (%)

1 1 2 . 1
= —/ / rlog|re® |, dodr = —=.
T Jo Jo 2

For & # 0 in Q, and & # 0 in Q2 we have

(4.13) I(c§) =loglleallw + 1(5).
Combining (4.12) and (4.13) leads to the identity

4.12)

1
(4.14) /SlOg I A &llwdo (x) = =7 +log 1§l -

Finally, we use (4.8), (4.14), and Jensen’s inequality to conclude that

1 M
~5M+ 3" 10g Il = [ 10gIF () ldo (0
m=1

1
log { /S nF(x)nida(x)}

M -1
log{(M+l)—IZ(m> Inl}
m=0

=

N = N
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This verifies the bound

M
> loglemlw < —{M log(M + 1)} + log[F1,, .

m=1

The remaining inequalities in (4.10) follow from (4.6).

We return to consideration of bihomogeneous polynomials and assume now
that M and N are positive integers. We require two positive real parameters 6
and t. Then we define

I'=T(M,N;0,r1)

4.15) 2.
m,n)eZ°:0<m<M,0<n<N, and1‘<‘0—M+—

We also define
Yw =Vw@,1t) CEy

to be the subspace of all polynomials F(x,y) in E, such that

Sm,n = 0 whenever W+LN<1'

Thus F(x,y) belongs to ), precisely when its vector of coefficients (m,n) —
fm.n is supported on I'. ‘In our next lemma we make use of the following
elementary inequality: if 0 <s <1 and 0 <? <1 then

(4.16) max {s™t" : (m,n) € T} < max {s®* ¢V},

LEMMA 9. Let F be a polynomial in Y,, x € P1(Qy,) andy € P1(Q,). Then
we have

XM Iyl 1F (%, ¥)lw
G e s ([0 ([7]9)

ProoF. Suppose that w t co. Then

XI5 YY1 F & 9l
- ol (|x0|w>m<|x1|w>M_'"<I)’0lw)"(Iyllw>N_"
mer |7 Ul ) Ui ¥l / \ ¥l
0 " 0
[HESRNIRE

(m, n)eF X I¥lw

<trmman o (2] e (3)-9) "}

<[Fly m
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follows using (4.16).
If w|oo we apply Cauchy’s inequality to deduce that

@.18)  IxIZMIyIM I Fx, I3

{25 () () ver)
(S (0 () () () () )

e

< {2“”2_%”2_0( ) 1(1;’)_lufm,,,u.%,}

0 2\ " 0 2
1G]l ) (0] A1,

X113, Iyl

X

:(m,n) el

We raise both sides of (4.18) to the power &, /2 and apply (4.16). The desired
inequality (4.17) follows immediately.

Let F in E, be given by (4.1) and let (A, B) occur in GL(2, 2,,) X
GL(2, 2y). Then p4,p) acts on F and so also on the vector of coefficients
(m,n) — finn. We write

(Pa.B F)(X,y) = F(A“x B'y)

‘ZZ(MAB)f)mnxox myeyy ",

m=0n=0

so that (m,n) — (p,B)f)mn is the vector of coefficients of p g F. Then
we define

Index(F; A, B,OM,TN) =min{0M 2 (0,8 mn ;éO}

(f F is identically zero we set its Index equal to oc.) For k > 0 we have
4.19) x‘llndex(F; A,B,O0M,tN) =Index(F; A, B,kOM,ktN)

and so it suffices to consider the Index only when OMtN = 1. It will be
notationally convenient, however, to use all four parameters in later applications.
As p is a representation we have the simple identity

4.20) Index(po(c,pyF; A, B,OM, tN) = Index(F; AC, BD,6M,tN).
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Also, if a # 0 and b # 0O belong to €2, then
Index(F;aA,bB,0M,tN) =Index(F; A, B,OM, tN).

The map
(A, B) - Index(F; A, B,OM,TN)

is therefore well defined for (A, B) in PGL(2, 2,,) x PGL(2, ©,,). Clearly the
polynomial F occurs in ), if and only if

1 < Index(F; 1,,1,,0M,TN),

where 1, = [(1) (1)]

THEOREM 10. Let F be a polynomial in E,, x € P/(Q,) andy € P'(Q).
Assume that
1 <Index(F; A, B,6OM, tN)

for some pair (A, B) in PGL(2, Q) x PGL(2, Q). Then we have

XIZM Y1V IF X Wl < {(M + DN + D24V Y920 My, (B)Y
romax {3 (3] 40)"™ a0 (3] 59) "}

Proor. Using (4.20) we find that
1< Index(p(A,B)F; 1,,1,,6M,TN).
Therefore we may apply Lemma 9 and obtain the inequality

x|, M 1y 1N F (X, )l
< 1A121B|Y | Ax| ;™| Byl (p(a,5) F)(AX, BY)|w

(4.22) < @MANy w2 AMIBIN o4 By F

mas o ([}]42) e (9] 29)}

Then Lemma 6 and Lemma 7 imply that

1AM BN [pa,8)Flw
< {(M + DN + DY |AM BN loa.5) F
<{M + DWW+ DY AM A M BN B F,
={M + DN + D} 0, (A0, (B)VIFI,, .

The result follows by combining (4.22) and (4.23).

(4.23)
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5. — Global estimates

Let L/k be a Galois extension of algebraic number fields with G =
Gal(L/k). We assume that 0 — 1, is a faithful, projective representation
of G in PGL(2, k). At each place v of k we define

nv(¥) = max{n,(Ys) : 0 € G}.

Because of the way we have normalized absolute values we have

n(¥) = [] (max{n,Wo) : o € G}),

wl|v

where the product extends over all places w of L such that w|v. As n,(¢) =1
for almost all places v of k we define

n@) =[] n@).

Next we define
5.1 AW)={XeP(L):07'(\) = ¥ for all ¢ in G}.

The group G acts on places w of L such that w|v where v is a fixed place
of k. If 0 is in G then ow is the place of L determined by

1Xlow = |0~ (x)|w for all x in L.

With respect to the projective metrics §,, and points A in A(y) this action
results in the identity

b ([2].) =50 (8903

for all o in G.

Let E = LM+DWN+D denote the L-vector space of bihomogeneous poly-
nomials

M N
FEY) =D funxxt Ty y ™
m=0 n=0

in L[x,y] having bidegree (M, N).
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LemMA 11. Let F(X,y) be a polynomial in E and let A1 and X\ be points in
A (). Assume that F(\1, X2) # 0 and that
(5.3) 1 < Index(F; ¥y, Yo, M, TN)
for all o in G. Then for any place v of k and any embedding of L into k, we have
0 < Mlog {2'2n(y)H(A)} + N log {2"*n(¥)H(32)}

1
(5.4) + 5 log {(M + (N + D} + zw:log |Fly

+ max {9Mlog8,, ([(1)] A1), TN logs, ([(1)] ,,\2)} :

Proor. We apply (4.21) at each place w of L. In this way we obtain the
estimate

MY I N T F O, A |
< {(M + 1)(N + 12"V} 20 )M, ()Y

|F | <min {max {sw ([(1)] ,%AI)GM,(S,,, (m ,l/fg)\z)tN} o€ G}) .

Taking the product over all places w leads to the bound
0 < Mlog {2'/2n(W)HAD} + Nlog {2/ n(¥) H () }

+ 3108 {(M+ DO + D} + Y log Fl

+wz:|v (min {max {6 10g 8, ([(1)] Yoi), TN log8, (m ok} o€Gl).

An embedding of L into k, determines a place @ of L such that @ |v and
[L: k]
[Li) : kv]
at all points x and y in lP’l(IE,,). As L/k is a Galois extension, w — [L,, : ky]
is constant on places w with w|v and therefore

[L:k]
(5.5) dol= .
o ekl

Finally, we use (5.5) and the fact that G acts transitively to conclude that

wzlv (min {max {o M 10g 5., (m Y1), TN logd,, ([(1)] o)} o €GY)
= 3 fs et (3] 1) ovies (1))

= max {oMloga,, ([(1)],)\1), TN log$, (m ,)\2)} .

This proves the lemma.

log é5(x,y) = logd,(x,y)
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6. — Dyson’s lemma

In this section we assume that Q is an algebraically closed field of char-
acteristic zero and F(x,y) is a bihomogeneous polynomial of bidegree (M, N)
having coefficients in . Let

sab{[%]} = {v epoLce.: 0[] =[]}

= {[Z; ’;Z] € PGL(2, Q) : ups = 0}

denote the stabilizer of [?] Then
Index(F; A, B,OM,tN) = Index(F; UA,VB,60M,TN)
whenever U and V belong to stab{[?] } That is, the map
(A, B) > Index(F; A, B,OM,TN)
is constant on all right cosets of stab{[(;]} X stab{[(:]} in PGL(2, Q) x
xPGL(2, Q). Now let (o, 3) belong to P!(Q) x P!(Q2) and select (A, B) so
that A‘l[(l)] =a and B“l[?] = 3. We set
index(F; o, 3,0M, tN) = Index(F; A, B,O0M,tN).

By our previous remarks index is well defined. We note that the analogue of
(4.12) is the identity

6.1) index(F; o, 3,0M, tN) = index(pc,p)F; Car, DB,0M, TN) .

We now describe the projective form of Dyson’s lemma. We require the
following objects:

aj,a,...,ay are distinct points in ]P’I(SZ),
B1, B, ..., B, are distinct points in P'(R),
0<6 <1,0<1<1, for j=1,2,...,J.
DysoN’s LEMMA. Let F be a bihomogeneous polynomial of bidegree (M, N)
in Q[x, y] which is not identically zero. If
) 1 < index(F; aj, B, 0;M, t;N)
foreach j =1,2,...,J then

1< J=2\ . (M N

This can be obtained from the affine formulation given in [5] with minor
modifications. It can also be obtained, again with minor modifications, from
the more general result of Vojta [19]. For our purposes it will be useful to
have a second version which' specifically bounds the index.
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CoROLLARY 12. Let F be a bihomogeneous polynomial of bidegree (M, N) in
Q[x, y] which is not identically zero. Then we have

{3

<1+<J—2) . {M N
—— Jmin{ —, — ¢ .
- 2 N M

Proor. Select «j, j=1,2,...,J, so that

67 (index(F; aj, Bj, 6;M, T;N)) }
6.2)

0 <k; <min {6, 7, index(F; o, B, 6; M, T;N)} .

It follows that 0 < «;6; <1, 0 < «;7; <1, and
1< K; lindex(F; aj, Bj,0;M, tiN) = index(F; o, Bj, kj6i M, k;T;N) .
By Dyson’s lemma we conclude that

J
J=2 M N
(6.3) 3 Z@jtjlcjz <1+ <——2—) min { N’ M}

The corollary follows by taking the supremum on the left hand side of (6.3)
over all values of the parameters «;, j =1,2,...,J.

In applications of Dyson’s lemma it is necessary to estimate how the index
changes when a differential operator is applied to F. Let

T(x,y) = ZZtmxoxR xRSy
r=1 s=1

be a second bihomogeneous polynomial of bidegree (R, S) in 2[x,y] and let

O | a1 /8 \ 1 9\
r®= ZZ” (a_xB> ®—n)! (E) F(a_%) S9! (E)

r=1 s=1

be the corresponding linear partial differential operator. If («,3) belongs to
P(Q) x P!(Q2) we find that

index(T(D)F; a, 3,0M, tN) > index(F; o, B, 60M, TN)

©4) + index(T'; Le, LB,0M, TN) ( R + S )
.9 a’ ) ] - . -
202 oM ' TN

where I, is the involution 0 .

12:[1 0]'
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. 0 0 . .
In the special case a = [1] and 3 = [1] the inequality (6.4) follows from the
expansion

M—-RN-S§ R S

{TOFRE)=) > {szmﬂ"“t” (m;H)

(6.5) m=0 n=0 ‘ r=0 s=0
(RIS et

The general case can then be established by selecting A and B so that A~! [(1)] =
a, B! [(:] = 3 and using the identity

(6.6) o, { (o sy T)D)F} = T(D)(pa,)F)

where A’ and B’ are the transpose of A and B respectively. (Note also that
A'hA=1 and B'IbB = I, in PGL(2, Q).)

Again let A and B satisfy A‘l[?] = o and B“l[?] = (3. We say that
the pair of nonnegative integers (R, S) is critical with respect to the index at

(o, B) if

index(F: v, 8, 0M, tN) = min { o+ L a0

OM N
_ R N S
T OM TN

and
(0,8 flrs #0.

If (R, S) is critical at («, 3) then (6.4) and (6.5) can be used to show that
index(T(D)F; o, 3,0M,TN) =0

if and only if
index(T; Lo, ,bB3,0M,TN) =0.

Alternatively, if (R, S) is critical at (o, 8) then
{TD)F}(a,B) #0

if and only if
T (Lo, hB) #0.
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7. — The auxiliary polynomial

Here we assume that 0 <6 <1, 0 <7 < 1 and also that 6t < 2/3. Then
we define

I=T'(M,N,0,7)

11
=l (m n)ez?:0<m<M,0<n<N, and 1 < — + "~ < —+——1}
0 N 0 T

and

r"=r"(M,N,0,1)

={(m,n)eZ2:0§m§M,0§n§N, and %+%<1}.

Let 0 < c¢; < ¢ < 00. Then
limM~ NI =1-6r1,

1
limMIN7I | = 59:,

where M — oo, N — 00, in such a way that

7.1 ct <MN7'<e,.
Therefore

3
(7.2) imMINTI(D| =T =1- 591

is positive. In particular, |I'| — |I'”| > 0 if M and N satisfy (7.1) and are
sufficiently large.

THEOREM 13. Let M and N be positive integers such that (7.1) holds and
IT/| — || > O. Then there exists a bihomogeneous polynomial

M N
F(x,y) = Z Z fm,nx(')nxiu_my(’)lyiv_"
m=0 n=0
of bidegree (M, N) in Z[Xx, y] such that
(i) F is not identically zero,

(i) 1< index(F; m [?],OM, tN),

i) 1 < index(F; [1] [1],0M, rN),

(v) 1< index(F; [;] [(‘)],QM, rN),
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(V) the coefficients fy, , satisfy

-1
(7.3) log| fnnl < % (1 - %91’) @M+ tN)+o(M)+0o(N),

(vi) either

F(x,y)=F<<(1) (l))x’((l) (l))y)
F(x,y)=—F<((1) (1))"’((1) (l))y)‘

Proor. We will construct F so that its coefficients f,, , are supported on I'.
This insures that (ii) and (iv) hold. We also require that

m n
man =0
(m%sl" (l)(])f ,

for all pairs (i, j) in I'” and this implies that (iii) is satisfied. Thus we need
a nontrivial solution in integers to || homogeneous linear equations in |I"|
variables. By the simplest form of Siegel’s lemma there exists such a solution
with

A4 logfual < {1 =101} 30 log{|r’|<1;4> (N)}

@, j)er” J

or

It remains then to estimate the right hand side of (7.4) as M — oo, N — o0,
in such a way that (7.1) holds.
Let
Y(x) = —xlogx — (1 —x)log(l —x)

for 0 <x <1, ¥(0) =¥ (1) =0, and define

y”:{(x,y)eR2:O§x§I,Ofyfl, andg+z<1}.
T

Then we have
M N i J
(7.5) log<i>+log<j> <My (M>+Nw (ﬁ) ,

(7.6) imM~'N"' >y (i) = / / ¥ (x)dxdy,
}’”

@, j)er”
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and

(7.7) imMINTD Ny <§) =// v(y)dxdy.

@, j)er” y”

By combining (7.5), (7.6) and (7.7) we find that

_ M N
{r'—1r} 1(lr"|log|r’|+ 3 {log<.>+log< )})
(i,j)eF” l ]

3 \-!
< (1 - —2—91'> {M//l/f(x)dx dy + N//\/f(y)dx dy}+0(M)+o(N).
,yll y//

Next we observe that

//W(x)dx dy =01t /01 Y(@x)(1 —x)dx

'’

(7.8)

y/

=0t 16’10 9+116 i 6
o 6 g 36 £=4£(€—1)(£—2)(£—3)

<! 192 lo 9+1192
——0“1 —0°t,
ST T8V T g

and in a similar manner

//w( Ydxdy < 10r210 T+ 1191'2
X —— —0t~.

Y v = 6 g 36

yll

It follows that

M//i//(x)dxdy—i— N//l/f(y)dxdy
r” v

1 11 1 11
(7.9) <M (—ger log6 + %91> + N (—891 logt + %9t>

1 11 1 11
< {6M + rN}max{—69tlog9 + %9'[, ——gerlogr + %9'(} .

Finally, it can be shown that

1 11 1 11
max { ——6ftlogh + —01, ——ftrlogt + —0O1

6 36 6 36
3 11
7.10 oo () + 1
(7.10) < —-log (2> +54

IA

k)

1
9
1
4
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in the region 0 < <1, 0 <7 < 1, and 6t < 2/3. The bound (v) plainly
follows from (7.4), (7.8), (7.9) and (7.10).
In the polynomial F fails to satisfy (vi) then we may replace F with

o e (( e (0 D))

It is easy to verify that (7.11) continues to satisfy (i)-(v).

8. — Proof of the Thue-Siegel inequality

We now prove Theorem 4 in the slightly stronger form
@.1) evAes(A) < 6{1+ Cos(Ai, M) + Cor(Ar, M) 12},

where C; = 273373 4 273343 = 3.152267442... and C, = (3/4)7'/? +
2-1/271/2 = 3.855142176.... In doing so we may assume that A; and X,
belong to A(P) and satisfy

2 <ey(N) <3, 2 < ey(N) <3,
and
(8.2) Css(A1, X)) + Cor(A, M)'? < 172,

For if any of these conditions fail to hold then the basic inequality (8.1) follows
from Theorem 3. Let G € PGL(2, Q) denote the subgroup on the right hand
side of (3.2) which is isomorphic to S3. Then G acts on P!(k,) and every orbit
has six elements with exactly three exceptions. The exceptional orbits are

{10 Lol AL 2[00 oma {15115}

where {g is a primitive sixth root of 1. If A in A(P) belongs to any of these
exceptional orbits then e,(A) < 2 follows easily. Hence we may also assume
that A\; and A\, each have orbits containing six points under the action of G.

Let 0 <6 <1,0<71 <1, with <6t < % Then let M and N be
positive integers such that

) = ’ — ’ .
2 ! 2 N M ! 2

We note that 7(A;, A2) < (50)~! by (8.2) and therefore

7 M N 9
8.3 14+ —min{ —, — -0t
(8.3) +2mm{N,M}<291
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We assume now that M and N are so large that the hypotheses of Theorem 13
are satisfied. Then let F be a bihomogeneous polynomial in Z[x, y] having
bidegree (M, N) for which the conclusions (i)-(vi) of that result hold. It is
easy to verify that

A — index(F; AA;, AX\2,0M,TN)

is constant for A in G. This is obvious if G = Gal(L/k) is noncyclic since
G={P,:0 €G}and P,\; =0~ !(\) for i = 1,2 in that case. If G is cyclic
it follows also because

g:{Pa:oeG}U{[(l) (l)]P(,:aeG}

and using (6.1) and (vi) of Theorem 13 we have

index(F; Ps A1, PsX\y,0M,TN)

— index (F; [(1) (1)] Pa,\l,[(l) (1)] P, A2, OM, tN).

To simplify notation we write
k = index(F; A1, A2, 0M,TN).

If 1 <« then we may apply Dyson’s lemma at the nine points

(axara s aegto{([(1.[V]) (L] (Lol [o])}

in P!(k,) x P!(k,). We conclude that

9o <147 ,{M N}
Py — min Y 1. P}
2'T=1T5 N' M

which is impossible by (8.3). Hence we must have 0 < k¥ < 1. Then a second
application of Dyson’s lemma in the form (6.2) implies that

3 2 7 . (M N
201+30r/< < 1+2mm{N , M} .

Next we suppose that the pair of nonnegative integers (R, §) is critical with
respect to the index at (A;, A2). Then we select a bihomogeneous polynomial
T(x,y) in Z[x,y] of bidegree (R, S) such that T(IpA;, Lb\;) # 0. An advan-
tageous choice for T is not apparent so we simply take 7' to be a monomial.
Thus we let T(x,y) = x(’,le_’y(s)yls_s, where 0 <r<Rand 0<s <S. It
follows from our remarks at the end of Section 7 that

{T(D)F}(A1,A2) #0.
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From (6.4) we conclude that

0

1 — k < index (T(D)F; m , [1

] M, tN)

and similarly at ( [i] , [1] ) and ([(1)] , {(1)] ) Thus we may apply the global
estimate (5.4) to {T(D)F}(x,y) with (M, N) replaced by (M — R, N —S), with
6 replaced by (1—«)(M —R)~'0M and with © replaced by (1=k)(N—=8)"1zN.
In this way we obtain the inequality

0 <(M — R)log {2'2n(P)H(A)} + (N — S)log {2'2n(PYH(\)}

1
(8.4) + 5 log {(M+ DN + D} + ijlog IT(D)Flw

+ (1 — k) max {0M10g8,, ([(1)} ,)q) , TN logd, ([(1)] ,)\2)} .

We may assume without loss of generality that 7 (D) F has relatively prime
integer coefficients. From the estimate in (v) in Theorem 13 and the expansion
(6.5), we find that a generic coefficient satisfies the bound

m+r\(M—-m—-r\[{n+s\[N—-—n—s
fm+r,n+s r R—r s S _s
r R—r
< log|fm+rn+sl +(m+r)¢ (—>+(M—m—r)w (X/I——)
(85) m-+r —m-—-r

s S—s
+ @ +5)Y (m) +N—-—n-s5)y (N_——n——_s>

log

<1 (1 - éf)t)_l(GM—l—tN) + o(M) + o(N) + My (5) +Ny <£>
=4 2 M N) '~

Using (8.5) we conclude that
> log|T(D)F|, <Y log[T(D)Fly
(8.6) v | v

-1
51 (1 - %01:) OM+TN)+ (M+N)log2 +o(M) +o(N).

After minor simplifications (8.4) and (8.6) imply that

-1
0 < Mlog{8H (A1)} + Nlog{8H(A\2)} + % (1 - %01’) (OM + tN)

(8.7) + (1 — k) max {9Mlog&, ([(1)] ,)\1) , TN logé, ([(1)] ’)‘2)}

+ o(M) + o(N).
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We select

o {2(1 —t)e,,o\z)}l/2 _ {2(1—t>ev(xl)}‘/2
1 3e0n) A BN W ’

whereO<t<%. Then0<0<1,0<t<1,and%<%(l—t)=9r<%.
And we let M - oo, N — oo in such a way that

M _ log[8H ()
N logBHO}

By compactness we can restrict (M, N) to a suitable subsequence along which
kK — k* with

(8.8) A-D+20-H* <1+ %r()\l, A2).

With these choices for 6, T, M and N the inequality (8.7) implies that
) 1/2
(8.9) (1—«") {5(1 - t)ev(z\l)ev(Az)} <2+ @7 s, A

By combining (8.8) and (8.9) we obtain the bound

14 87 's(A1, A2) }
1/
(1—nl2 - (%t +Ir(\, ,\2))

<62 1+ B Is(Ar, A2)
— 3 7 1/2
1— (zt +1r(\, )\2))

{es(ADe, (M)} < 6‘/2{

(8.10)

Finally, we select 1 = (24)~'/35(A;, A\2)*/ and use the simple inequality

2
8.11) (if’;) <14+2(1=b)2@+y),

which holds on the square
O0<x<b<l, 0<y<b<l.

From (8.2) we find that (8.11) can be applied with b =3 — 23/2 After a brief
calculation we conclude that

ey(ADey(A2)

1/2
<6 {1+2(1 —b)? {% (3s(A1, )\2))1/34—{% (3s(A1, /\2))2/3+%r()\1, ,\2)} }}

<6 {1 +—b)2 {% (3s(A1, M) + (7r(Ay, )\2))1/2}}
=6 {1+ Css(A1, )2 4+ Cor(Ar, A2}
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9. — Some effective measures of irrationality

We now show how to construct special cubic extensions to which Theorem 5
can be applied. Let

©.1 f@y=x*+px+q, p#0,
be an irreducible polynomial in k[x]. Let L be the splitting field of f, write
fO=Gx-a)x-a)x-a")

in L[x], and set
A=(@—ad)a —a)a —a).
Then the discriminant of f is A? = —4p3 —27g°. As in Section 3, let

a=[f]. @=[f] =[]

be points in P!(L). Then the unique element ® in PGL(2, L) which satisfies
(3.1) is given explicitly by

@ —-a)! —a@—a)!
9.2) P = [ ] .

_(a// _ a/)—l a”(a” _ a/)—l

'We find that &~ [;:] = [ 3; ] and therefore

SEAR

_2p a//

belongs to A(P).
Next we introduce the polynomials

a/ a// o *
(e 8) (o 3) o 3)
o o o

3 3 A
= (XS_ExZ_Ex—*—l)—'_Z(XZ_X)’

o o o
rz(x) = (x + ‘—/> ()C + ‘7) (x + —)
o o o
3

and their homogenizations

X X0
Ri(x) = x}r (—°> . Ryx)=xir (—-) .
X1 X1
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LEMMA 14. Let w be a place of L. If w t 0o then

1 N p3
04 log[R1 ]y = log[Ro],, = = log \ﬂw,
if w| oo then
log[R1]y, = log[R2]w
9.5) ey

=—1

ol 3+ 35+ 5L}

2

Moreover, the polynomials r\(x) and ry(x) are irreducible in k(A)[x].

ProoF. Assume that w t co. Then [R;],

lemma we have
9.6)

Using the identity
3

3
3 —_—— 2 — —
(x % x4+

2
we find that

1
log[Rl]w = 5

= [R,],, is obvious and by Gauss’

.-

log[R1 R3]y, .

2
27
1) + T(x2 —x)2=x*=x+1)?3

RiX)Ry(x) = xg — 3x3x1 + <q + 6) xoxl

.7

P’
<2— +7) x3x; + (q +6) xox1 — 3xox) + 8.

The identity (9.4) follows from (9.6) and (9.7). If w|oo then

1
(Rid = {143

2
3
2
3

A 3

2
2 2w+§HZ+EHw+
2
2q w

27y ™"
e

gw/2
'

‘Pj

and an identical calculation applies to R;.
The subgroup Gal(L/k(A)) € Gal(L/k) is cyclic of order 3 and acts

transitively on the roots of f.
If r; has a root in k(A) then Gal(L/k(A)) fixes this root and

the roots of rj.
we conclude that r; has one
r is pbq~*
irreducible in k(A)[x].

It follows that Gal(L/k(A)) acts transitively on

root of multiplicity 3. But the discriminant of

# 0 and the contradiction shows that r; (and similarly for r;) is
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LEmMMA 15. Let Ay in A(P) be defined by (9.3). Then we have
1 p’ d, p? 27
8210g+|q_2‘+26—dlog{ 3” u}

utoo uloo
<log H(A1)
1 1 P’ d, P’
§§+8210g+‘q_2’u+zai—log{ 6”
utoo uloo

where each sum is over places u of k.

27

i)

Proor. It follows from Lemma 14 that r;(x) is the minimal polynomial of
—a/a” over the field k(A). By using the transitive action of Gal(L/k(A)) on
places of L which lie over a fixed place of k(A) we find that the three points

(][ 5] and [ 7], in P'(L) have the same height. Then we apply (4.9)

and (4.10) to R;(x) and sum over all places w of L. In this way we obtain
the inequality

3
9.9) ;log[Rl]w <3logH(\) < (5 —log 2) + ;log[Rl]w .

If u is a place of k, ut oo, then Lemma 14 implies that

> log[Rily = 5 Zlog‘ |
(9.10) wlu 2l
p3
&

=—l +
2 %8

u

If u|oo then

Zlog[Rl]wz stlog{ Hp ” }

wlu
_ d_ulog{ Hp 27 }
2d 3 wf

The lemma follows by combining (9.9), (9.10) and (9.11).
Let v be a place of k. We assume now that f has a root in k, and we
identify L with an embedding of L in k, such that

9.11)

9.12) laly < ly < @]y .
LEMMA 16. Let A\ in A(P) be defined by (9.3). If v J( o0 then

9.13) ~log$, (m ,)\) log
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and if v | oo then

ililol«g{z+é”§-23—+gz

2d 8 4

= e ([9]. )

3d, | d, 7, 1yp 27
< — 4 — 1 — | —
<o 0g{8+6Hq2+ -

9.14)

)

PrOOF. Our embedding of L into k, determines a place w of L such that
wlv and | |g = ||, on k. If vtoo then (4.9) and (9.4) imply that

015 ~log* }5”;‘& = log[Ryl; = log* | =|  +log* loi +log” |%’w

2

a// w

We renormalize (9.15) with respect to v and use (9.12). It follows that

= ([3].0).

If v|oo then (4.10) and (9.5) show that

%blog{% + %”5—2 + %7“.”} = log[R: ]

"

%log+ ’Iq’—z‘v =log" %

£ a2 &5 a2
5710g{1+‘g w}+—2—log{l+’&7 i}}
8]1') a// 2
+?log{1+"— }

Again we renormalize with respect to v and use (9.12). The desired result
(9.14) follows as before because

2

)

—log$, (m ) = Z—;log{l +‘

Plainly Lemma 15 and Lemma 16 provide a rather precise upper bound
for the measure of irrationality

o
o

9.16) p*(A\)= (— log 8, ([(1)] ,/\1))_](610g{8H(>\1)}+19(log{8H()\1)})2/3),

which occurs in Theorem 5. In order to apply Theorem 5 we assume that among
the roots of f, which are arranged so as to satisfy (9.12), @ is a root in k,.
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Of course there are various ways to insure that this will happen. For example,
if v{oo, |gly < |ply, and 1 < |p|,, then it follows using Hensel’s lemma that
f has a unique root in {x €k, : |x|, < |p”!ql,}. As @ +a&’ +a” =0 we find
that the remaining roots satisfy ||, < |&/|, = |&”|,. If v|oo and exactly one
root belongs to k, then k, = R and A? < 0. In this case the condition 0 < p
implies that the unique real root « satisfies ||, < &/, = |&”],.

To simplify our notation we define

ha(p/q%) = log* \g—ZL

at all places u of k. Then
h(p*/a?) =Y hu(p?/q%)

denotes the logarithmic Weil height of p3/q>.

THEOREM 17. Let f(x) = x> + px + g, p # 0, be irreducible in k[x] and let
K = k(x) C ky be a cubic extension of k generated by the root a of f. Assume that

the conjugate roots o' and o” of f in ky satisfy ||, < |&'|y < |&”|,. And assume
that

9.17) 3000 < h(p*/q?) < %hv(zf/qz) :

Then the effective measure of irrationality (1} (1) satisfies

2h(p*/q%) 14
hy(p3/q®)  h(p3 /g3

9-18) Hy(An) <

Proor. From Lemma 15 we have
6log{8H (A} < 2h(p’/q°) + T
and Lemma 16 leads to the estimate
54 0
3,2y * e .
ho(p*/q°) 1og( 7) < —togs, ([1]. ™) -

The theorem follows now by a straightforward calculation using (9.16) and (9.17).
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