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Continuity Properties of Functions from Orlicz-Sobolev
Spaces and Embedding Theorems

ANDREA CIANCHI

1. — Introduction

The classical Sobolev embedding theorem tells us that if G is a sufficiently
smooth open subset of R", n > 2, then

(1.1) WL (G) — L75 (G)
if p<n and
(1.2) WhP(G) - Cy(G)

if p > n. Here:
— LP? denotes Lebesgue space;

- WLP(G) = {u € LP(G) : u is weakly differentiable on G and |Du| €
L?(G)}, the customary Sobolev space;

- Cp(G) = L*®(G)NC(G), where C(G) is the space of continuous functions;
— The arrow “—” stands for continuous embedding.
When p = n, as long as Lebesgue spaces only are taken into account,
what one can say is that

(1.3) W(G) - LI(G)

for every g € [n, 00), whereas simple counterexamples show that W (G) ¢
L*(G). '

The embedding (1.3) can be improved if Orlicz spaces are employed.
Roughly speaking, the Orlicz space L4(G) is the Banach space which is ob-
tained when the role played by the function s” in the definition of L?(G) is
performed by the N-function (or, more generally, Young function) A(s); the
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same replacement in the definition of W!?(G) yields the Orlicz-Sobolev space
WLA(G) (see Section 2 for precise definitions on this subject).
Indeed, if the Lebesgue measure m(G) of G is finite, then

(1.4 wbin(G) - L3(G), B(s) = " — 1,

where n’ = n/(n — 1), the Holder conjugate of n ([Tr]; see also [P]). Moreover,
this embedding is sharp, in the sense that there is no Orlicz space, strictly
contained in LB(G), B(s) = e¢" — 1, into which W'"(G) is continuously
embedded ([HMTY)).

The present paper deals with the following optimal embedding problem:
given any N-function A, which is the N-function B such that LB(G) is the
smallest Orlicz space into which W4(G) is continuously embedded?

Embedding theorems for Orlicz-Sobolev spaces have been studied in [DT]
and [Ad2]. In [DT] it is proved that, if G is sufficiently smooth, m(G) < oo
and A is any N-function, then

(1.5) Wh4(G) - Cy(G)
if [ 452 D4t < oo, and
(1.6) WLA(G) - LA*(G)

if [*° tl 8 dt = oo, where A, is the N-function defined by

_ rAT\(@1)
1 —
1.7 A () —/0 pEsy dt.

Observe that such a result reproduces the Sobolev theorem if A(s) = s? with
p # n. However, it does not solve the optimal embedding problem in general,
and the reason it twofold. Firstly, as we shall see below, the convergence of
the integral [ ﬁ;,%dt is not a sharp condition for the embedding (1.5) to
hold. Secondly, definition (1 5) for a Sobolev conjugate of A fails to give

optimal results when [* A (’)dt oo and the asymptotic behaviour of A(s)
near infinity is close to that of s". For instance, (1.6) yields W'*(G) — L3(G)
with B(s) = e® — s — 1, a weaker result than (1.4).

Special situations have been studied by means of ad hoc methods — see,
for instance, [EGO] and [FLS] for the case where A(s) behaves like s"(1g(s))?
for large s, with ¢ > n — 1 and g < 0, respectively.

Our results can be summarized as follows. In [Ta2] it is shown that, if
m(G) < oo, then the condition [ o tlig}dt < oo is sufficient for the embedding

(1.8) Wy 4(G) - L®(G)
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to hold. Here, A is the Young conjugate of A and W(}’A(G) is the subspace
of WH4(G) of those functions which vanish (in an appropriate sense) on 9G.

Notice that the convergence of the integral [* ;%(r—'nl,dt is a weaker condition

than the convergence of [ 0 ﬁ%%%dt (see [Ta2]). As a first result, we show
that, in fact, the following holds.

THEOREM 1a. Denote by G an open subset of R", n > 2. Let A be an N-
function. A constant C, depending only on A, m(G) and n, exists such that

1.9) lullcy6y = CliDullpagy

for every G having finite measure and all u € Wé ’A(G) if and only if

(1.10) /oo tA(tn) dt <00.

Inequality (1.9) holds also when m(G) = oo (and hence with C independent
of m(G)) if and only if the full integral

1.11) /0°<> A® 4 < o

t1+n’

An analogous result concerning the embedding (1.5) is proved in Theo-
rem 1b, Section 3. Theorem 3 of the same section deals with the modulus of
continuity of functions from W'4(G). Thus, the existence of embeddings for
Orlicz-Sobolev spaces into C,(G) is characterized.

Assume now that f o0 ﬁi—,dt = oo. In this case we prove that, at least

when A is sufficiently regular, the optimal embedding problem is solved by the
N-function A defined as

(1.12) A(s) — /S rn'_l(q)—l(rn/))nldr ’
0

where

(1.13) () =n’ /0 {%%),dt

and ®~! is the inverse of ®.
The following is a prototype of our results in this context.
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THEOREM 2. Denote by G an open subset of R", n > 2. Let A be an N -function

such that .
* A@)
/ Wdt =00
If
A(r
(1.14) lim —(——sl exists for large A,
§—00 (S)

then a constant C, depending only on A, m(G) and n, exists such that
(1.15) lull i gy < CIDull 4

for every G having finite measure and all u € WOI’A(G).
Inequality (1.15) holds also when m(G) = oo (and hence with C independent
of m(G)) provided that (1.14) is replaced by

AL A(r
(1.16) f‘:ﬁ A((SS) < Const. SIB{)% forlarge A

and A satisfies the additional assumption

A@t)
/Ot1+"'dt <0

In any case, irrespective of whether (1.14) (or (1.16)) is satisfied or not, (1.15)
cannot hold if LA(G) is replaced by any smaller Orlicz space.

Theorem 2 is a special case of a more general result which also includes
the embedding

Wi4(G) > LAG)

(Theorem 5, Section 5). Such a result holds under weaker assumptions than
(1.14) (or (1.16)). However, we remark that conditions (1.14) and (1.16), which
in a sense amount to requiring that A has a uniform rate of growth, are satisfied
by customary N-functions.

Section 4 deals with embeddings of W!4(G) into Marcinkiewicz spaces,
which will be referred to as weak-type embeddings. In this context, an exhaus-
tive picture of the situation is given. Indeed, we show that, for any N-function
A and any sufficiently smooth G,

wWlAG) > MAG),

where M4 (G) is the Marcinkiewicz space associated to A. Furthermore, this is
the best possible among all embeddings of weak-type for W14(G) (Theorem 4).
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2. - Orlicz spaces and rearrangements of functions

In this section we recall a few basic definitions and properties about Orlicz,
Orlicz-Sobolev and Marcinkiewicz spaces and about the behaviour of norms in
these spaces under rearrangements of functions. For a detailed treatment of
Orlicz and Orlicz-Sobolev spaces we refer to [Adl] and [RR]; Marcinkiewicz -
spaces are presented e.g. in [BS].

2.1. An N-function A is a convex function from [0+ o0) into [0, +00) which

vanishes only at 0 and such that lim,_, q+ ééﬂ =0 and lim;_, ﬂsﬁ = 00.
Let G be any measurable subset of R" and let A be an N-function. For

any measurable function u on G, set

@1 el gy = inf{x >0: /GA ('“(;”) dx < 1} .

The Orlicz space L4(G) is defined as the set of all (equivalence classes of)
measurable functions ¥ on G such that |jul| LAG) < 0. LA(G), equipped
with the norm | - || LAG) is a Banach space. Clearly, if A(s) = s?, then
LA(G) = LP(G) and | - "LA(G) = P_l/p" Ner(o)-

The following generalized version of Holder’s inequality holds:

22) /G u(x) v(x) dx < 2l a1l i g,
Moreover,
2.3) ||u|lLA(G) < sup {/Gu(x) v(x) dx/||v||L,;(G) v E LA(G)}

(see e.g. Lemma 8.1~7 of [Ad1]). Here, A is an N-function and A is its Young
conjugate; namely A is the N-function defined by

2.4 A(s) = sup{sr — A(r) : 0 < r < 4o00}.

Embeddings between Orlicz spaces defined by different Young functions
are characterized in terms of the following partial-ordering relation between
functions. A function B is said to dominate a function A globally [respectively
near infinity] if a positive constant K exists such that

A(s) < B(Kys)
for all s > O [respectively for s greater than some positive number]. Two

functions A and B are called equivalent globally [near infinity] if each dominates
the other globally [near infinity]. If for every K > 0 a number sy > 0 exists such
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that the last inequality holds for s > s¢, then A is said to increase essentially
more slowly than B.

The embedding LZ(G) — L“(G) holds if and only if either B dominates A
globally or B dominates A near infinity and m(G) < oo ([Ad1], Theorem 8.12).

2.2. Orlicz spaces are rearrangement invariant spaces; namely, ||u|| LA de-
pends only on the distribution function of u or, equivalently, on the decreasing

rearrangement of u. Indeed, the equimeasurabilty of u and of its decreasing
rearrangement ¥* implies that

m(G)

2.5) /A(Iu(x)l)dx:/ A®u*(s))ds
G 0

for any N-function A; hence, by (2.1),

(2.6) ”u”LA(G) = ”u*"LA((),m(G)) .

Recall that #* is the right-continuous non-increasing function on [0, m(G))
which is equimeasurable with u; in formulas,

2.7 u*(s) = sup{t > 0: u,(t) > s},
where
(2.8) wu (@) =m({x € G : lu(x)| >1}),

the distribution function of u (we refer to [BS] for a detailed treatment of
rearrangements and of rearrangement invariant spaces).

The Hardy-Littlewood maximal function of u*, denoted by u**, is given
by

2.9 w*(s) = 1/s w*(r)dr.

§ Jo
u** is non-increasing, since u* is. Clearly,
(2.10) u*(s) <u*™(s) for s e[0,m(G)],
and
2.11) esssup |u| = u*(0) = u™(0).
Moreover,

(2.12) (u + )™ (s) < u™(s) +v™(s)
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for any couple of measurable functions # and v on G and all s € [0, m(G)]
([BS], inequality (3.10)).

For any measurable function u on a subset G of R” having finite measure,
the signed decreasing rearrangement u® of u is defined by

(2.13) u’(s) =sup{t e R:m({x € G :u(x) > t}) > s} for se[0,m(G)].
Observe that
2.14) ul(s) = ui(s) —ur(m(G)—s) forae. sel0,m(G)].

Hereafter, u, = %ﬂ and u_ = M;—“, the positive and the negative part of u,

respectively. Clearly, a property analogous to (2.6) holds for u°; namely

(2.15) ”u"LA(G) = |Iu°||LA(o,m(G)) .

2.3. The definition of Marcinkiewicz spaces is based on the notion of u**. Let
¢ (s) be a non-decreasing function from [0, +00) into [0, +o0o] which tends to
+00 as s goes to +00. Denote by ¢! the (generalized) inverse of ¢, i.e.

(2.16) ¢~ () =sup{t >0:¢() <r} for r>0,
so that
@.17) IO ENERICRIG)E
For any measurable subset G of R" and any measurable function u on G, set
(2.18) lleell 3y, = su {—— :0<s < m(G)} .
& =P 51(1ys)

The Marcinkiewicz space M?(G) is the collection of all functions u such that
lull ppo Gy < o0 Thanks to inequality (2.12), M?%(G), endowed with || - | o Gy
is a (rearrangement invariant) Banach space. If A is an N-function, we shall
call M(A; G) the weak Olircz space defined by A. In fact, the embedding

(2.19) LA(G) > MA(G)
holds and
(2.20) "u"MA(G) =< "u"LA(G)

for any function 4 on G (see [O], Lemma 3.1).

Notice that M?(G) = L(p, o), the weak Lebesgue space, if ¢(s) = s?
and M?%(G) = L*®(G) if ¢(s) equals O for 0 < s < 1 and takes the value oo
otherwise.
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2.4. In this subsection we consider spaces of weakly differentiable functions.
If G is an open subset of R”, the Orlicz-Sobolev space W14(G) is defined as

(2.21) wl4(G)
= {u € LA(G) : u is weakly differentiable on G and |Du|eL*(G)}.

WHA(G), equipped with the norm |lully1,4.) = lullag) + 1DullLa, is a

Banach space. By W(}'A(G) we denote the subspace of those functions from
WL4(G) whose continuation by O outside G belongs to WHA(R").
The following generalisation of Polya-Szeg6 principle will play a basic role

in our proofs (see e.g. [BZ]). Let u be any function from WOI’A(G). Then u*
is locally absolutely continuous on (0, m(G)) and

’ du*
Cl/n 1/n (_ )
ncC,”s ds

(2.22) 1Dullpay =

LA(O,m(G))

Here, C, = n™?/T'(1 + n/2), the measure of the unit ball in R”.

The decreasing rearrangement defined by (2.7) has been shown to be a
usefull tool for dealing with Sobolev-type embeddings involving spaces of func-
tions vanishing on the boundary (see [Au] and [Tal]): indeed the n-dimensional
problem is reduced to a 1-dimensional one thanks to (2.6) and (2.22).

To treat spaces of functions which do not necessarily vanish on the bound-
ary, the signed decreasing rearrangement turns out to be appropriate. An in-
equality analogous to (2.22) for this kind of functions is stated in Lemma 1
below in terms of the isoperimetric function Ag of G. Such function is defined
by

(2.23) hg(s) =inf{P(E;G) : E C G,m(E) = s},

where P(E; G), the perimeter of E relative to G, coincides with the (n — 1)-
dimensional Hausdorff measure of dE N G provided that E is smooth, and is
given by the total variation over G of the gradient of the characteristic function

of E otherwise.
Observe that, when m(G) < oo,

(2.24) hg(s) =hg(m(G) —s) for s e[0,m(G)].
The very definition of hAg implies
(2.25) hc(m(E)) < P(E; G)

for any measurable subset E of G. (2.25) is called the isoperimetric inequality
relative to G. In particular, if positive numbers o and Q exist such that

(2.26) hg(s)Q = min®{s, m(G) —s} for s € [0, m(G)],
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then G is said to satisfy a relative isoperimetric inequality with exponent o.
The smallest number Q which renders (2.26) true is denoted by Q,(G) and is
called the relative isoperimetric constant of G for the exponent o.

It is easily verified that (2.26) cannot hold with o < 1/n’, whatever G is.
On the other hand, (2.26) is known to hold with ¢ = 1/n’ if G is sufficiently
regular, e.g. connected and with the cone property (see [M], Corollary 3.2.1/3
and Lemma 3.2.4). Recall that G has the cone property if there exist a cone
Y such that for any x € G, G contains a cone which is congruent to X and
whose vertex is x. In case dimension n = 2, explicit evaluations and estimates
for Q,(G) are available ([C1]).

A proof of inequality (2.22) is based on the standard isoperimetric inequality
in R” (see [B] for an alternative approach). Inequality (2.25) is a substitute of
the latter for proving (see also [G] and [RT])

LEMMA 1. Let G be any connected open subset of R" having finite measure.
Let A be an N-function. Assume that u is a weakly differentiable function on G and
|Du| € LA(G). Then u® is locally absolutely continuous and

d 0
ho(s) (—%)

Proor. The absolute continuity of u® is proved in Lemma 6.6 of [CEG].

Moreover, if we set
du®
8(s) = hg(s) (_d—> ,
K

then inequality (6.18) of the same paper tells us that

2.27) 1Dull 4G >

LA(0,m(G))

(2.28) /Os gr(r)dr < /Os |Dul*(r)dr for s € [0, m(G)].

Thus, (2.27) follows from Proposition 2.1 of [ALT]. O

3. — Embeddings into C;(G)

Theorem la of Section 1 and the results of this section are a completion
of the theorem of [Ta2].

Theorem la characterizes the existence of the embedding WOI’A(G) -
C»(G). The existence of embedding for spaces of functions which do not
necessarily vanish on dG requires some regularity assumption on G. Classes
of sets which are appropriate to deal with such embeddings are introduced in
the following definition (see also [M], Chapter 3).
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DEFINITION 1. For o > 1/n’ we set

Z(o) = {G C R" : G is open and satisfies a relative isoperimetric

3.1
3.1 inequality with exponent o'}
and
32) F(o) ={G C R" : G is the union of a finite number of

sets from (o)} .

ExaMpPLE 1. Any open set G, with finite measure and having the cone
property, belongs to the class F(1/n’). In fact, under these assumptions, G has
a finite number of connected components each one having the cone property
and thus satisfying a relative isoperimetric inequality with exponent 1/n’ (see
Section 2).

THEOREM 1b. Denote by G an open subset of R*, n > 2. Let A be an N-
Jfunction. The following assertions are equivalent

i) /oo A0 4t < 0.

t1+n’

ii) A constant C, depending only on A, m(G), Q1,,(G) and n, exists such that
(3.3) lu —uglic,) < CllDull A
for every G € I(1/n’) having finite measure and all u € W“4(G). Here ug =

ﬁG) fG u(x)dx, the mean value of u over G.

iii) The embedding
3.4) WHA(G) — Cu(G)

holds for every G € F(1/n’) having finite measure.

Under the assumption that [*° 1114%

of continuity of functions from W14(G) is available in terms of the function
H defined by

dt < 00, information about the modulus
’ n’
(3.5) H(s) = (s O 1(s" )) ,

where

(.6) o) =n' / *AD 4,

t1+n’ :
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THEOREM 3. Let G be an open subset of R", n > 2. Let A be an N-function

satisfying
© A(t)
/ prFe dt < 00.

Then, for every compact subset G’ of G, a constant C exists such that
(3.7 lu(x) —u)| < CllullyragH " (x—yI™)

foranyu € WHA(G) and a.e. x,y € G'.
Under the additional assumption that G is a bounded strongly Lipschitz do-
main, (3.7) holds for a.e. x,y € G.

Recall that a bounded open set G C R” is called strongly Lipschitz if,
for each x € 3G, there exist a neighbourhood U, of x, a coordinate system
(&1, ..., &) centered at x and a Lipschitz continuous function ¢ of &, ... , &,
such that

GCNU ={G1,...80) 1 & > 91, ..., &-1)}

Theorems la, 1b and 3 yield, via Ascoli-Arzela theorem, the following
compactness result.

COROLLARY 1. Let G be a bounded open subset of R*, n > 2. Let A be an

N-function satisfying
* A1)
/ ﬁ:;’—,dt < o0

Wo*(G) = Cy(G)

is compact. If in addition G has the strong Lipschitz property, then also the embed-
ding

Then the embedding

WH4(G) — Cy(G)
is compact.
Proposition 1 below generalises Theorem 1 in case of less smooth domains.

ProposITION 1. Denote by G an open subset of R*, n > 2. Leto € [1/n/, 1).
Let A be an N -function such that

© A@)
(38) / tlTl/a—dt < o0
Then:
i) A constant C, depending only on A, m(G), Q,(G) and n, exists such that
[l — uG"Cb(G) < C"Du"LA(G)

for every G € I(c) having finite measure and all u € W'4(G).
ii) The embedding
WH4(G) - Cp(G)

holds for every G € F (o) having finite measure.
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A proof of Proposition 1 makes use of the same arguments of the proof
of Theorem 1b and will be omitted.
Before proving Theorems 1a, 1b and 3, we establish the following lemma.

LemMA 2. Letn > 2. Let A be an N-function. Then r=" e LA(0, s) for

s > 0 ifand only if 3
/°° A()
dt < o0

1+
Moreover,
(3.9) " N iy = H™(1/5)
for s > 0, where H is the function defined by (3.5).
In particular,
~1/n’ ;[ AW "
(3.10) Ir ||L,;(0’oo) = (n /0 Wdt) .

Proor. By definition (2.1),

s —1/n’
—1/n'y . . ~[r
3.11) i~ n"LA(O,s)—mf{)‘>0'/0 A( : )drgl} .

A change of variable in the integral on the right-hand side of (3.11) yields

, 1o A(t)
—1/n ~ . . n
(3.12) I~ ||L"‘(O,s) = inf {A >0: ' ,A—ls_l/"/ t1+n’dt = 1} ’

< 0o if and only if [® AL dt < co. If this is the case,

—1/n"y .
whence ||r ”LA(O 9 1t

equation (3.12) easil’y implies that
s—l/n'

(3.13) I =1/ I 40, = Q-1(1/s)’

where (recall (3.6))
(3.14) Q) =r"ee).
Equations (3.5) and (3.14) give

1/n’
Q- l(s) "

Thus, (3.9) follows from (3.13) and (3.15).
Equation (3.10) is a consequence of (3.12). O

(3.15) H'(s) =
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Proor oF THEOREM la. Let G be an open subset of R”. Set V = m(G).
Then

“ (r)dr
’

14
(3.16) u*(0)=/0 -2

for all u € WOI’A(G). Hence, via (2.2), we get

/ du*
Cl/n 1/n (_ )
ntC,"'r ar

G1T)  ur0) < e’

LA©,V)

nCy'" LAQY)

This is the point where the main ingredient of the proof, i.e. Polya-Szegd
principle in the form of inequality (2.22), plays its role. Indeed, using (2.22)
and recalling (2.11), one obtains from (3.17)

2 1
(3.18) i) = 17 1 g 1Dl A
n

Thus, by Lemma 2,

2
(3.19) llull oGy = H™'(1/V)||Dull pa )
n

Cl/n

n

if V < o0, and

~ 1/n’
2 , [ A@)
(3.20) lull Loy < W (n /0 t1—+n7dt> | Dull 4

if V =o0.

The continuity of u can be established as in the proof of Theorem 1b
below. Thus, (1.9) follows from (1.10) when V < oo and from (1.11) when
V =o0.

Conversely, assume that (1.9) is true. Denote by S either a ball of R” or
the whole of R" according to whether (1.9) is assumed to hold for sets having
finite measure or for any set. Set V = m(S). Consider radially decreasing
functions U from WOI’A(S). Since

nepn it (-4)

(3.21) IDU |l acs) = -

’
LA©,V)

inequality (1.9) yields

\%4 *
3.22) /0 —dg (rydr=U*0)<C

/ au*
Cl/n 1/n (_ )
nC,"r dr

LA®0,V)
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Hence, thanks to the arbitrariness of U, we infer from (2.3) that

(3.23) | ncy"c.

- <
LA©,V) —

By Lemma 2, (3.23) implies (1.10) or (1.11) according to whether V < oo or
V = o0. O

PrOOF OF THEOREM 1b. Let G be a set from Z(1/n’) having finite measure.
Set V =m(G). Then

\4 duO
(3.24) esssupu — essinfu = / ———(r)dr
0 dr

for all u € WLA(G).
Applying inequality (2.2) to the right-hand side of (3.24) we get

d 0
ho(r) (—d—”rv))

From (2.24), (2.26) with o = 1/n’ and (3.9) one infers

(3.25) esssupu —essinfu <2 ‘

k() llLAo,v) LAQ,Y)

1
hg(r)

(3.26) <2Qyw(GH(1/V).

LA©,v)

Our basic tool is now the generalized Polya-Szegd principle expressed by in-
equality (2.27). Combining such inequality with (3.25)-(3.26) we get

(3.27) esssupu —essinfu < 4Q1/,,/(G)H‘1 a/mi DuIILA(G) ,
whence, in particular,
(3.28) lu — ugliLeoy < 4Q1w (GYH™'(1/V)||Du L4 -

Moreover, since

1

(3.29) Mie = TS0 me)

via triangle inequality and inequalities (3.28) and (2.2) one obtains

2
-1
(3.30) llullLo@) <4Q1w(G)H™ (1/V)||Dullpacy + mllulm«;)-
Thus ii) and (in the special case where G € Z(1/n')) iii) will follow from (3.28)
and (3.30), respectively, if we show that u equals a.e. a continuous function.
To this purpose, consider any cube E(8) contained in G and having sides of
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length 8. Call v the restriction of u to E(§). Using inequality (3.25) with u

replaced by v we get
dv°
ke () | ———()
hE@)(r) £O ( dr )

Since the relative isoperimetric constant Q;/, is dilation-invariant,

(3.31) esssupv—essinfv < 2

LA~ (0,8™) LA(0,8m)

(3.32) Q1w (E8)) = Quw (E(1))

for every § > 0. Owing to (2.26), (3.9) and (3.32), we have
1

3.33 20, (EQ)H@E™).

(3.33) R ® a0 sn <2Qyw(E()H™ (")

Moreover, by (2.27),
dv®

he@(r) _—d_(r) = "Dv"LA(E(a)) = "Du"LA(G) .

r LA(0,8™)

From (3.31), (3.33) and (3.34) one obtains
(3.35) esssupv —esssupv < 4Q1/,,/(E(1))H"l (8'")||Du||LA(G) .

(3.34)

Notice that H~1(67") tends to O as § goes to O%.

Now, for k € N set uy(x) = ug, k), the mean value of u (extended by 0
outside G) over the cube E,(1/k) centered at x and having sides of length
1/k which are parallel to the coordinate axes. Observe that u; is a continuous
function.

Assume, for instance, that k < h; then inequality (3.35) implies that

uk(x) — un ()] < 4Q1w (EA)H™ &I Dull 4 g,

whenever E,(1/k) € G. Thus, {u;} is Cauchy sequence in C(G’) for any
compact subset G’ of G. Therefore, {u;} converges to a continuous function,
say u, in G. By Lebesgue theorem, # = u a.e. in G. Hence, the continuity of
u follows.
Therefore, ii) is proved and iii) is proved under the additional assumption that
G € I(1/n’). The generalisation of iii) to the case where G € F(1/n') is
straightforward.

Finally, both ii) and iii) imply i) since |lully1.4., and ||Dull 4, are
equivalent norms in WOI’A(G) by Lemma 3 of [Ta3]. The proof is complete. O

PrOOF OF THEOREM 3, SKETCHED. Inequality (3.7) for x, y in compact subsets
of G is easily deduced from (3.35).
To prove that (3.7) holds for a.e. x,y € G when G is a strongly Lipschitz
domain one may assume, without loss generality, that G is a cube (see e.g. [DT],
Theorem 3.6). In this case, for every x, y € G, a cube E(|x—Y|), having sides of
length |x —y| which are parallel to those of G, exists such that x, y € E(|]x—y|)
and E(|x — y|) € G. Thus, (3.7) follows from (3.35). O
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4. — Embeddings into Marcinkiewicz spaces

We have seen that the assumption
% A(t)
/ mdt < 0
is necessary and sufficient for the embedding
Wh4(G) —» Cy(G)

to hold for any sufficiently smooth open set G having fixed finite measure.
Thus, henceforth we shall be concerned with embeddings for W4(G) when

< A@)
/ T dt = o0
The following result solves the optimal embedding problem for embeddings into
Marcinkiewicz spaces.

THEOREM 4. Denote by G an open subset of R, n > 2. Let A be an N -function.
Assume that

4.1) /oo A®) dt =

t1+n’

Let A be the function defined by (1.12). Then:
i) A constant C, depending only on A, m(G) and n, exists such that

(4.2) lullpyd gy = CliDull Lo

for every G having finite measure and all u € W(} ’A(G).
ii) A constant C, depending only on A, m(G), Q1,,/(G) and n, exists such that

4.3) lu = ugll 4. < ClIDUll LA

for every G € I(1/n’) having finite measure and all u € WH4(G).
iii) The embedding

(4.4) WlA(G) - MAG)

holds for every G € F(1/n’) having finite measure.
Moreover, 1) holds also when m(G) = oo (and hence C is independent of m(G)
in (4.2)) provided that A satisfies the additional assumption

JECI
0

t1+n/

In any case, M A (G) is the smallest Marcinkiewicz space which renders (4.2)-
(4.4) true.
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ReEMARK 1. When dealing with sets G having finite measure, one may

assume, without loss of generality, that [ ﬁ%dr < 0o. Indeed, if this is not
the case, A can be replaced by another N-function which is equivalent to the
original one near infinity and makes the relevant integral converge. Such a
replacement does not effect the result since the corresponding Orlicz-Sobolev
space remains unchanged (see Section 2). In particular, the function A, given

by (1.12), can always be assumed to be well-defined.

ExampLE 2. Consider N-functions A(s) which are equivalent to s?(1g(s))?
near infinity, where either p > 1 and g e R or p=1 and ¢ > 0. Let G be
an open subset of R” having finite measure. Then Theorem la tells us that the
embedding

W, 4(G) = Cp(G)

holds if and only if either p > n, or p=n and g > n — 1.
Theorem 4 yields

WGy - MA(G)

where

np_ _ng_
sn=P(lgs)"P ifl<p<n

==

(4.5) A(s) is equivalent near infinity to{ S ifp=n, g<n-—1

sn

e ifp=n,g=n-1.
The same embeddings are true (and optimal) with W(;’A(G) replaced by Wh4(G)
provided that G € F(1/n’).

The following version of Theorem 4 (with analogous proof) holds under
weaker smoothness assumptions on G. The role played by A in Theorem 3 is
performed here by the function A, defined by

4.6) Aa(s)=/0 r*1+1/¢7(¢;1(r1/a))1/0dr’
where

1 [ A®)
@7 @0 (r) = — /0 s

Notice that A = Al/n"

ProPOSITION 2. Denote by G an open subset of R", n > 2. Leto € [1/n/, 1).
Let A be an N -function such that

(4.8) / ©AD 4

t+1/o
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Then:
i) A constant C, depending only on A, m(G), Q,(G) and n, exists such that

(4.9) lu = 461,14y gy < CllDull L4

Jor every G € I(o) having finite measure and all u € WLAG).
ii) The embedding

(4.10) WLAG) > M* (G)

holds for every G € F (o) having finite measure.
The origin of the function A is explained by the following lemmas.

LEMMA 3. Letn > 2. Let A be an N-function such that

4.11) /0 :}ffn)d: <00 and /oo :}i’), f =
Set

4.12) An(s) = (s <1>-1(s"’))"l ,
where @ is defined by (1.13). Then

(4.13) P N i ey = An (1/5)
and

(4.14) Il iy < (0= Ds AT (1s)
Jors > 0.

The function A,, given by (4.12), is not necessarily convex. However, A,
is equivalent to the N-function A defined by (1.12) (Lemma 4 below). Thus,
Theorem 4 could have been equivalently stated with A replaced by A,. We have
preferred to make use of the former function for homogeneity with Theorems 2
and 5.
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LemMA 4. Letn > 2. Let A be an N-function satisfying (4.11). Let A and A,

be the functions defined by (1.12) and (4.12), respectively. Then A is an N -function
and

(4.15) A(s) < An(s) < A(2s) for s € (0,00).

ProoF oF LEMMA 3. By (2.1)

o0 —1/n’
—1/n'y L . ~[r
(4.16) [Ir "LA(s,oo)_mf{)‘>0'/s A( Y )drgl} .

A change of variable in the latter integral shows that

1/n' s
@.17) I o = GTa7my)
where
@.18) V() = r;uq;(r)

and @ is the function defined by (1.13). On the other hand, by (4.12) and (4.18),

1/n

(4.19) ALlGs) = )

Equations (4.17) and (4.19) give (4.13).
As far as (4.14) is concerned, we have

1 s rl/n
n - —_ .
I /s"LA(o,s)"mf A>0./0A e dr <1
00 - —1/n’
=inf{k>0:/ (n—1A (y/\ )(s/y)"dysl}.
s

Since A is non-decreasing, convex and vanishing at 0,

(4.20)

4.21) (n — DA@s) < A((n — 1)s).

Combining (4.20) and (4.21) and making use of the fact that (s/y)* < 1 for
y > s yields

(4.22) 1P /80 A gy < 0= DIY™™ U gy o -

Thus, (4,14) is a consequence of (4.22) and (4.13). [}
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ProoF oF LEMMA 4. We have

4.23) A(s) = /O TAO

r

Since A,(s)/s is increasing, formula (4.23) shows that A is an N-function.
Moreover, the following chain holds:

_An(s/2) [° A (r) A, (r)
An(s/2) = 5/2 /3/2 //2 r /0 r

As) [F
<2 /0 dr = Ay(s)

for s > 0. Hence, the conclusion follows. ]

ProOF OF THEOREM 4. We begin by proving part i). Let G be an open
subset of R”. By Remark 1, we can assume that [, ﬂl;dt < o0 also in case

m(G) < oo. Let u € WO AG). Extending u by 0 outs1de G (and still denoting
by u the extended function) we have u € WH4(R") and

(4.24) u*(s) = / ” —‘Z‘: (r)dr

for s > 0. From (4.24), via Fubini’s theorem, we obtain

—_ t)dt .
/S 0

1/ 1 rs
425)  u(s) = - / W rdr = - / _
s Jo s Jo
By (2.2), equation (4.25) implies
2 / du*
*k < Cl/n tl/n (__)
u (S) = nC'i/n { ntC, dt LA((),s) s LA(O,s)

1 1/n' du* —1/n’
+|n G,/ (— dt) =4/ ||L,z(m)}-

Using Polya-Szegé principle in the form of (2.22) and recalling (4.13)-(4.14)
one gets from (4.26)

1
o 12

(4.26)

LA(s,00)

2
427) Ut (s) < o AL (1/5)1Dull A -

Thus, (4.2) follows from (4.27) and (4.15).
Conversely, suppose that ¢ is any (admissible) function enjoing the follow-
ing property: a constant C exists which renders the inequality

(4.28) "u"M¢(G) < C||Du "LA(G)
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true for every open subset G of R” having a fixed measure V and all u €
WOI'A(G). Let S be either a ball of R” having measure V or the whole of
R" according to whether V < oo or V = oo0. Fix s € (0,V). If U is any

radially decreasing function from Wol’A(S) such tha —% vanishes outside
(s, V), then (4.28) tells us that

au*
(4.29) U*(s) < Cop~'(1/s) [nCV/7 r /" (-—) )

dr LA(s;V)

On the other hand, by (2.10),

v *
(4.30) / —dd(i (r)dr = U*(s) < U™(s).

Owing to (2.3) and to the arbitrariness of U, inequalities (4.29)-(4.30) lead to

(4.31) [’ <nCVrCc¢7'(1/s) for se€(0,V).

LA, V)
Equation (4.13) and inequality (4.31) ensure that a constant K exists such that

(4.32) AN(1/s) < K¢7'(1/s) for s€(0,V).

Inequalities (4.32) and (4.15) imply that M A(G) is continuously embedded into
M?(G) for any open set G having measure V. Thus, M4(G) is the smallest
-Marcinkiewicz space which renders (4.2) true.

Consider assertions ii) and iii). Let G be any set from Z(1/n’) having

finite measure. By Remark 1, we may assume that [, tﬁ%dt < 00. Set

V = m(G). Let u € WH4(G). Our starting point for the proof of (4.3)-(4.4)
are the inequalities

(4.33) (u—ug)™(s) < w—u(V/2)5 () +@—u’(V/2)2 () +[u’(V /2) ~ug]
and

@.34) u™(s) < u—u’(V/2)5 () +@—u’(V/2))* () +1u’(V /2) —uc|+luc| ,
respectively, which hold for s € [0, V] and follow, via (2.12), from the equations
(4.35) u=u—u’(V/2) +u’(V/2) —ug +uc

and

(4.36) lu = u®(V/2)] - w—u(V/2) + @ —u’(V/2))-.
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Now, first recall (2.14) and deduce that

V/2 0
(4.37a) w—ul(V/2)E(s) = u’(s) —ul(V/2) = / —;r—(r)dr

V/2 0
@4.370)  (u—u(V/2)* () =ul(V/2) —ul(V —s) = / —‘%(v —r)dr

for a.e. s € [0, V/2], whereas
(4.37¢) (u—u’(V/2)%i(s) =0 for se(V/2,V].

Starting from equations (4.37), proceeding along the same lines as in the proof
of (4.2), making use of (2.27) (instead of (2.22)) and of (2.26) with o = 1/n’
one arrives at

(4.38) (u — uO(V/2)5(s) < C A7 (1/9)]| Dull a g

for some constant C and for s € [0, V].
Next, it is easily verified that

1
(4.39) u®(V/2) —ug| < V”“O(V/z) —ull 1) -

Inequality (4.39), Holder inequality and Theorem 3.2.3 of [M] tell us that

< Q1w (G)

(4.40) W(V/2) —ul = =775

| Dull1G) -
Hence, by (2.2) and (3.29),

201/ (G)

0
(4.41) [’ (V/2) —ucl = Vi A-1(1/V)

| Dull 4G, -
Finally, (2.2) and (3.29) imply

(4.42) lugl < lullLac) -

VA-1(1/V)

Thus ii) is a consequence of inequalities (4.33), (4.38), (4.15) and (4.41);
iii) follows, in the special case where G € Z(1/n’), from (4.34), (4.38), (4.15),
(4.41) and (4.42). Assertion iii) is easily extended to the case where G €
F(1/n') by means of inequality (2.12).

The fact that MA(G) cannot be replaced by any smaller Marcinkiewicz
space in (4.3)-(4.4) is a consequence of the same assertion for inequality (4.2),
thanks to the equivalence of the norms [[ully1,4., and || Dull 4, in Wy'*(G)
(Lemma 3 of [Ta3]). O
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5. — Embeddings into Orlicz spaces

Let A be an N-function such that

% A(t
/ —(—),dt =00
t1+n

We already know (Theorem 4) that, if G is sufficiently smooth and has finite
measure, then MA(G) is the smallest weak Orlicz space into which W14(G)
is continuously embedded.

On the other hand, Proposition 4 below ensures that any Orlicz space into
which W4(G) is embedded cannot be smaller than LA(G).

These facts suggest that A is a good candidate to solve the optimal em-
bedding problem for Orlicz-Sobolev spaces stated in Section 1. We are able
to prove that A is in fact the solution under some regularity assumption on A.
The regularity we need will be expressed in terms of the quantities defined as
follows.

For any positive non-decreasing function f on (0, 00), set

a(f) = lim * (ligigp j;((kss))> B(f) = lim ‘s (lisqli’o‘f J;((Ass)))
T a0 IgA = am 7
f(xs) ' £05)
too(f) = lim . (SUP”O W) Boo(f) = lim lg (mf”" —Rv)“)
o) - A—>00 lg)» 00 = Jm lgl .

Notice that the above limits exists by Lemma 1 of [Bo]. Clearly,

0 < Boo(f) = B(f) = a(f) S ax(f) <00

for any such f.

Theorem of [Bo] tells us that, if A is an N-function, then the upper and the
lower Boyd indices of the Orlicz space L4(G) agree with a(A~!) and B(A™1),
respectively, if m(G) < oo and with @ (A™!) and B (A7) if m(G) = 0o. We
need not recall the definition of Boyd indices here (see e.g. [BS]); let us only
mention that they play a role in the theory of interpolation in rearrangement
invariant spaces. The following relations hold for any N-function A:

5.1 a(AH+BAH=1 BAH+a(A™H=1

(see [Bo]). The same equations are true with @ and B replaced by oy and Be.
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THEOREM 5. Denote by G an open subset of R", n < 2. Let A be an N -function

such that .
A1)
/ tT"'?dt =0
Assume that

1 1 1
5.2 either a(A)<n or ——— —— < —
62 B(A) «a(Ad) n
(in particular, the latter condition is fulfilled if lim;_, %()‘Ts)l exists for large M\).
Let A be the N-function defined by (1.12). Then:
i) A constant C, depending only on A, m(G) and n, exists such that

(5.3) lull i gy < CllDull L4

for every G having finite measure and all u € Wol 'A(G).
ii) A constant C, depending only on A, m(G), Qy,,(G) and n, exists such that

(5.4) lu — ugll 4G, < CllDullLac

for every G € I(1/n’) having finite measure and all u € W4(G).
iii) The embedding

(5.5) WhA(G) > LAG)

holds for every G € F(1/n’) having finite measure.
Assertion i) is true also when m(G) = oo (and hence C is independent of m(G)
in (5.3)) provided that (5.2) is replaced by

1 1 1

(5.6) either a(A) <n or () — () < "

(in particular, the latter condition is fulfilled if sup, %Xs—s)l < Const. inf-. ¢ A%%S—S)) for
large L) and A satisfies the additional assumption

/A(t)dt < 00.
0

t1+n’

In any case, irrespective of whether (5.2) (or (5.6)) is satisfied or not, (5.3)-(5.5)
cannot hold if LA(G) is replaced be any smaller Orlicz space.
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REMARK 3. Let us make a few comments about assumption (5.2) (analogous
remarks hold for (5.6)).

Arguing as in the proof of Lemma 2 of [Ta3] shows that, if @(A) < n,
then A(s) is dominated near infinity by s? for some p < n.
A condition ensuring that ¢(A) <n is

dA

5:1—(5)
limsup 45— < n.
s—>oop A(S)

This assertion can be proved by using the fact that “lim,_, " in the definition
of a can be replaced by “sup,.,” (see [Bo], Lemma 1) and arguing as in
remark (v) of [Ta3].

The assumption [ %%,dt = oo implies that n > B(A). Indeed, if n <

B(A), then A(s)/A(r) < Const.(s/r)" % for sufficiently small & when s > r
and r is large enough (see Lemma 2 of [Ta3]). Consequently, the hypothesis
ﬁ —am < % plays a role in case B(A) < n < a(A). Such an hypothesis
requires that ¢(A) and S(A) do not differ “too much”, i.e. the rate of growth
of A is (any but) uniform enough.

REMARK 4. The same argument as in Theorem 3.7 of [DT] ensures that,
whenever the embedding (5.5) is true and G is bounded, then the embedding

wh4(G) - LE(G),
is compact for any N-function B which increases essentially more slowly than
A near infinity.

ExaMpPLE 3. Let us take into account again N-functions A(s) which are
equivalent to s”(1g(s))? near infinity, where either p > 1 and g e R or p=1
and g > 0. Such functions are easily seen to satisfy (1.14). Let G be an open
subset of R” having finite measure. Then, by Theorem 2,

Wi4(G) —» LAG)

whenever p and g are such that f 0 tff'f, dt = oo. Furthermore, such embedding

is optimal. The asymptotic behaviour of the N-function A is described by (4.5).
If G € F(1/n’), then also the embedding

(5.7) Wh4(G) - LAG)

holds and is optimal, by Theorem 5.

Notice that (5.7) includes known results as special cases: when p < n then (5.7)
agrees with Sobolev theorem (1.1) if ¢ = 0, and overlaps with (1.6) if g # 0;
when p = n, (5.7) reproduces the embedding (1.4) for ¢ = 0 and gives results
of [FLS] if ¢ <0 and of [EGO] if ¢g =n — 1.

The following extension of Theorem 5 holds for less smooth domains G.
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PrOPOSITION 3. Denote by G an open subset of R", n > 2. Let o € [1/n/, 1).
Let A be an N-function such that

* A1)
/ md’ =0
Assume that

RN S
B(A)  a(A)

either «a(A) <1/(1—-0) or l1—o0.

Let A, be the function defined by (4.6). Then:
i) A constant C, depending only on A, m(G), Q,(G) and n, exists such that

flw — uG"LAa(G) = C”Du"LA(G)

for every G € (o) having finite measure and all u € WH4(G).
ii) The embedding .
WLA(G) —» L (G)
holds for every G € F (o) having finite measure.

A proof of Proposition 3 is analogous to that of Theorem 5 and makes
use of versions of Lemma 4 above and Lemmas 5-7 below with A replaced by
A, and n' replaced by 1/0. The details will be omitted for brevity.

We establish now some results which will be used in the proof of Theo-
rem 5. We being by a proposition concerning the optimality of our embedding.

" PROPOSITION 4. Let n > 2. Let S be either R" or a ball of R". Assume that A
and B are N -functions enjoing the following property: a constant C exists such that

(5.8 llu ”LB(S) < C||Du "LA(S)
forallu € Wy*(S). Then
(5.9) LAG) > LB(G)
Jor every open subset G of R", or for every open subset G of R" having finite
measure, according to whether S is the whole of R" or a ball.

The embedding (5.9) is true for every open subset G of R" having finite measure
also if S is a ball and inequality (5.8) is replaced by the inequality

llu — uG"LB(S) =< C"Du"LA(s)

for u € WHA(S), or by the embedding WhA(S) — LEB(S).
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ProOF. Set V = m(S). Let U be any radially decreasing function from
W, 4(S). From the equation in (4.30) and from (2.6), (3.21), (5.8) we get

du*

(5.10) or

(t)dt

/-

LB,v)

Fix s € (0, V). For any U such that %

,( dU*
(5.11) nClnyl/n <— )
dr LA(O,V)
and
\4 dU*
/ - (t)dt >
(5.12) roodt LEov)

<C

' au*
e (~40°)

LA(0,V) '
vanishes outside (s, V), one has

)

au*
dr

n C;/” rin (—

LA(s,V)

(t)dt

Vv dU*
[ dt LB(O,S)

1 v qu*
B—l(l/s)/s ~gr Dt

Let A, be the function defined by (4.12). From (5.10)-(5.12), thanks to (2.3),
(4.13) and to the arbitrariness of U, one infers that

V. dU*
— Il,5 / Y ar =
L?Z(0,s) s dt

B(s) < Ap(nCY/" Cs)

for s € (0, 00), or for s greater than some sg, according to whether V = oo or
V < 0o. Thus, by (4.15), A dominates B globally or near infinity, respectively.
Hence, the embedding (5.9) is a consequence of Theorem 8.12 of [Ad1].

The second part of the statement follows from the equivalence of the norms
lully1.acs) and | Dull as, in Wo*(S) (Lemma 3 of [Ta3]). O

LEMMA 5. Let n > 2. Let A be an N-function satisfying (4.11). Let A be the
N-function defined by (1.12). If

1 1 1
then
(5.14) a(A D +a(AH <1.

The same statement is true with « and B replaced by oo, and B, respectively.
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PrOOF. Lemma 4 ensures that a(A™!) = a(A,; 1y, Moreover, equation (4.19)
and the very definition of o and B yield

1
(5.15) a4 == - ).
n
Hence, (5.14) is equivalent to
~ 1
(5.16) a(AH - <=,
n
The following relations hold for any N-function ¢:
1 1
(5.17) a(@) = —, @)= —-—7-
TP M TP
This is a consequence of the fact that the functions
. ¢~ (s)
5.18 h(r) =lims
( ) (t) 1s—>ogp ¢_1(‘L'S)
and
: ¢ (As)
5.19 k(L) = limsu
(5.19) @) m sup )
are related by
1
5.10 ki) = —
(5.10) () )

(see the Remark in [Bo]).

Thus, since both A and W are N-function (note that 4%£&)

. ds
since 4% 5o is), equations (5.17) imply that (5.16) is in turn equivalent to

1 1 1
5.21 ——— < -
-2 BA) @) “n

A change of variable yields

is non-decreasing

[ A(Ar)
(522) \IJ(A.S) =n’s” /0 W
for A > 0. Hence, by 1’Hospital rule,
170} AQh

(5.23) limsup =) < Jim sup 229

s—oo  W(s) s—»o0  A(S)
From (5.23) we deduce
(5.24) a(¥) < a(A).
Combining (5.17) and (5.24) we get

1 1 - -
(5.25) — ——— <a(AH - pAdY.

B(A) a(¥)

Hence, via (5.1), (5.17) and (5.13), inequality (5.21) follows.

The proof of the same statement for as and B, is completely analo-
gous, since (5.18), (5.19) and (5.23) also hold with “limsup,_, .~ replaced by
“sup;.o”. O
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LEMMA 6. Letn > 2. Let A be an N-function satisfying (4.11). Let A be the
function defined by (1.12). If (5.13) is fulfilled, then for every a € (0, 00) a constant

C exists such that
a
| roar
R

for every measurable function f : (0, a) — [0, 00).
Inequality (5.26) holds with a = oo provided that (5.13) is satisfied with « and
B replaced by o, and Boo, respectively.

(5.26)

1 /
= ClIsY" O Naa
LA(0,a)

ProoF. To avoid misunderstandings in the notations, the function A will be
denoted by B throughout the proof.

A duality argument easily shows, via (2.2) and (2.3), that (5.26) holds if
(and only if) a constant C; exists such that

—1/n’ : -
(5:27) ”s | swar| < cilslpg,

LA0,0)
for all g € LE(O, a). (5.27) is a weighted Hardy-type inequality in Orlicz
spaces. Owing to Theorem 2 of [Be], such inequality will be proved if we
show that

a number p > 1 exists such that L’S(O, a) satisfies an upper

(5.28) .

p-estimate and L2(0, ) satisfies a lower p-estimate
and
(5:29) sup (11l Ir ™" Il gy 0 < 00-

O<s<a

We refer to [LT] for the definition of upper and lower estimates in Banach
lattices. Let us only recall that, if a Banach lattice satisfies an upper [respectively
lower] p-estimate, then it satisfies an upper [lower] g-estimate for every g €
(1, pl [g € [p, o0]l. B

Consider (5.28). By Lemma 5, assumption (5.13) ensures that a(A™!) <
1 —a(B~!). Hence, owing to (5.1),

a(A™) < B(B7Y.

In particular, «(A~') < 1 and B(B~!) > 0. Proposition 2.b.5 of [LT] tells us
that

——— =sup{p: LA(O, a) satisfies an upper p-estimate}
a(A™D)
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and

= inf{p : LB (0, a) satisfies a lower p-estimate} .

1
B(B-1)

Thus, there exist numbers p; _and p2 such that 1 < p, < py, L’Z(O, a) satisfies

an upper pi-estimate and L?Z(0,a) satisfies a lower p,-estimate. Therefore,
(5.28) is proved.
As far as (5.29) is concerned, we have

(5.30) 1/B71(1/s) < 1/A;1(1/s)

by the former of inequalities (4.15). On the other hand,
(5.31) Il 85 =1/B~'(1/s).
Thus, by (5.30), (5.31) and (4.13),

—1/n’ —1/n’
(5.32) sup Usoglr™"" i, < sup IlLaeglr™/"| 00.
O<s<oo

A <
A
o<s<a L7 (s,00)

Hence, (5.29) follows. In case a = oo the proof is analogous. O

LEMMA 7. Letn > 2. Let A be an N-function. If aso(A) < n, then a constant
K exists such that

(5.33) /0 TAW L AL

t1+n’ - sh

fors > 0. Ifa(A) < nand [, t‘?—fnl,dt < 00, then a positive number s exists such

that (5.33) is satisfied for s > so.

PrOOF. Assume that o (A) < n (the proof of the latter assertion is anal-
ogous). Thanks to equations (5.1) and (5.17), our assumption implies that
Boo(A) > n’. Let § be any positive number smaller than Boo(A) — 1. Arguing
as in Lemma 2 of [Ta3] we infer that a constant C exists such that

~

(5.34) A(s)/A@r) > C(s/r)"*

for s > r > 0. By (5.34),

s A@t) dt 1_,_3/s_1 1
5.35 < —s" TG = —s7
-3 /0 Ag) 7 = ¢’ o cs’

whence (5.33) follows with K = é. O
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ProOF OF THEOREM 5. Let G be an open subset of R* and set V = m(G).
Consider assertion i). Assume that V < oo. Therefore, by Remark 1, we way

suppose that [, :4(-"3’

different lines according to whether the assumption @(A) < n or ﬁ -
is in force.

First, let us take into account the case where «(A) < n. Under this
assumption, a proof of inequality (5.3) parallels that of the embedding (1.6)
in [DT], which in turn is based on the embedding Wy''(G) — L”(G). An
inspection of that proof shows that, thanks to Lemma 4, the whole argument
applies to establish (5.3) provided that a positive constant C is known to exist
such that

dt < 0o. Our proof of inequality (5.3) proceedes along

1 1
a@® < n

(5.36) ;—r(A},/"’(r)) <CA'(A,(r)) for r>0.

Straightforward computations show that (5.36) is equivalent to

n+1  ps A~ ¢ - ;S At
(5.37) s+s~—/ AO 4 < c & s"/ AO ) for s>o0,
A(S) 0 tl+n 0 tl+n

where s and r are related by 7" = ®(s) (recall (1.13)).
By Lemma 7, positive numbers K and so exist such that

(5.38) dt <K

0 t1+n’ - sn’

/s At) A(s

for s > so > 0. Modifying, if necessary, A near 0, we may assume that (5.38)
is fulfilled for all s € (0, 00). Thus

n'+l S A t
(5.39) s+s~—/ @ 4t <1+ K)s for s>0.
A(s) Jo tl+n

We claim that

~ ’ s A
(5.40) A(%)SS"/ AD 4 for s> 0.
0

tl+n’
Actually, since A is non-decreasing,

~ (s , s - (s | 1
Al=-)=n"=— Al = /—,dt
2 27 —1 2 tltn

(5.41) )

< s" /S A(t)dt<n'—i/s&dt
- 2n’_1 s/2 t1+n' - 2n’_1 0 tl+n’

n
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Inasmuch as n’/ (2"/ —1) < 1, (5.41) implies (5.40).
Inequality (5.37), with C = 2(1 + n’K), is a consequence of (5.39)-(5.40).
Hence, (5.3) follows.

1 1 1
Assume now that A~ ad <n We have
\'4 du*
(5.42) u*(s) = / 2 har
s dr

for all u € WOI'A(G). Thanks to (5.42), (2.6) and Polya-Szegd principle (2.22),
inequality (5.3) will follow if we prove that a constant C, independent of u,
exists such that

\4 *
/s —‘Zi (r)dr

Inequality (5.43) follows from Lemma 6.

Assertion i) is fully proved in case V < oco. When V = oo and | tffz, dt <
00, the proof of i) proceeds exactly through the same steps as for V < oco: one
has simply to make use of Lemmas 6-7 with @ and B instead of o and B.
Take now into account ii) and iii). Let G € Z(1/n’) and V < 0o. Suppose
that «(A) < n. Our assumption on G ensures that a constant C exists such

that

(5.43) <C

LA, V)

[ du*
nC’}/nsl/n (_* du (s))
s

LA©O,V)

(5.44) llu — u'G”L"'(G) = C”Du”LI(G)

for all u € W1(G) (see e.g. [C2], where the best constant in (5.44) is charac-
terized). By triangle inequality, (5.44) implies that

(5.45) lll oy < ClIDullL1Gy + V™ ull 1) -
(G) (G) (G)

Starting from (5.44) and (5.45), inequality (5.4) and embedding (5.5) respectively
follow via the same arguments as in the proof on Theorem 3.2 of [DT] and
part i) above.

Suppose now that ﬁ - a(l—A) < % Let u € WH4(G). From equa-
tions (4.36), (4.37) and (2.6) one gets

llu —u®(V/2)I

LA =

LA, v/2)

V2 qu0
/ ——(V —=r)dr
5 dr

(5.46)
+

LA©,V/2)
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On the other hand, Polya-Szeg6 principle in the form of (2.27) and the isoperi-
metric inequality (2.26) yield

s'" (—d—"o(s)) + [} (—@(V —s))
(5.47) ds LAO,V/2) ds LAQO,V/2)
<2Q1w(G)DullLa, -
Via Lemma 6, inequalities (5.46) and (5.47) give
(5.48) le —u®(V/2)ll 46, < Const. Q1w (G)|| Dull 4 g -
From (4.41) and (4.42) we obtain
(549)  u°(V/2) —ugl i < Vl/n’,i—zlﬁl//';;();)_l(l/V) 1Dull 4
and
(5.50) ([P P p—N—
VA-1(1/V)A-1(1/V)
respectively.

Assertion ii) follows from (5.48) and (5.49). Moreover, (5.48)-(5.50) prove
iii) when G € Z(1/n’); the extension to the case where G € F(1/n’) is straight-
forward.

Finally, none of (5.5)-(5.5) can be true for any Orlicz space smaller than

LA(G) by Proposition 4. The proof is complete. O
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