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Maximum Principles and Minimal Surfaces

MARIO MIRANDA

In memory of Ennio De Giorgi

Abstract. It is well known the close connection between the classical Plateau

problem and Dirichlet problem for the minimal surface equation.
Paradoxically in higher dimensions that connection is even stronger, due to

the existence of singular solutions for Plateau problem.
This fact was emphasized by Fleming’s remark [15] about the existence of

such singular solutions, as a consequence of the existence of non-trivial entire
solutions for the minimal surface equation.

The main goal of this article is to show how generalized solutions [26]
apply to the study of both, singular and regular minimal surfaces, with particular
emphasis on Dirichlet and Bernstein problems, and the problem of removable
singularities.

Mathematics Subject Classification (1991): 53A 10.

1. - The maximum principle in the calculus of variations

Let F : [0, ~-oo) be a C2-strictly convex function, i.e.

Let u : R" -+ R be a K-Lipschitz function, and Q c R" an open and
bounded set.

DEFINITION 1.1. u is a minimum for F in Lip K (Q), if

for any K-Lipschitz function v such that vlaq = 

The following elementary Maximum Principle can be easily proved:
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THEOREM 1.2. If u and w are two minima for F in L’PK (0), then

John von Neumann [35] derived from Theorem 1.2, the following Maxi-
mum Principle for the gradient of a minimizing function:

THEOREM 1.3. If u is a minimum for F in LIPK (0), then

David Hilbert (see [ 17] and [ 18] ) knew the identity (4), in the 2-dimensional
case, for

_ ...

and was able to prove the Dirichlet Principle under special conditions for the
data.

THEOREM 1.4 (Hilbert). If Q C is open, bounded and strictly convex, if
q5 E C2 (R 2) then there exists a unique Lipschitz function u such that

V Lipschitz v satisfying (5)

(7) ulQ is analytic and Au IQ = 0.

Henri Lebesgue [20] used the elementary Maximum Principle proved in
Theorem 1.2, and Hilbert’s solutions to establish the following Existence result

THEOREM 1.5 (Lebesgue). If Q C R 2 is open, bounded and strictly convex, if
~ E C (a S2) then there exists a unique u E C(0), satisfying (5) and (7).

Alfred Haar [16] remarked that Hilbert’s method could be applied to a
general integrand F. The hypothesis n = 2 is unnecessary, so we have the

following
THEOREM 1.6 (Hilbert-Haar). If 0 C R nis open, bounded and strictly convex,

if 0 E C2(JRn) then there exists a unique Lipschitz function u satisfying (5) and

The question "are the Hilbert-Haar minima smoother than Lipschitz?" was
answered by Ennio De Giorgi [9] and John Nash [29] :

THEOREM 1.7 (De Giorgi-Nash). The Hilbert-Haar minima have Hölder con-
tinuous first derivatives.
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De Giorgi’s proof was a consequence of the following regularity result
THEOREM 1.8 (De Giorgi). If Q C JRn is open and (aij(x)) is a (n x n)-

symmetric matrix with bounded measurable coefficients in Q, satisfying

If u E L2 (S2) has first derivatives Di u E L2 (S2) and satisfying

then u is Hölder continuous.

Jürgen Moser [28], using De Giorgi’s method, proved the following Hamack
type result

THEOREM 1. 9 (Moser). If u &#x3E; 0 satisfies (10), V Q’ cc Q 3 c = c(Q , S2’, A)
where

such that

Moser’s result implies the following strong Maximum Principle for Hilbert-
Haar minima.

THEOREM 1.10. Ifu &#x3E; w are Hilbert-Haar minima for F in Q, if Q is connected
and there exists Xo E SZ with u (xo) = w (xo), then u (x) = w (x ) V X E Q.

PROOF. u and w satisfy

Therefore

and also

This is an equation of ( 10)-type, then Theorem 1.9 applies to the function u - w,
what implies u - = 0. D
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2. - Classical results for the minimal surface equation

The minimal surface equation is the equation

that can also be written

and in two dimensions

where p = DIU, q = D2u, r = DIDlu, s = DID2u, t = D2D2U.
The following result, stated by Sergei Bernstein in 1912, was proved by

Tibor Rado [32]:

THEOREM 2.1 (Rado). If Q C JR2 is bounded and convex, if 0 E C (a S2) then
there exists a unique U E C (S2) n satisfying (17) in SZ and the boundary
condition

This is a good solution of the Dirichlet problem for (17) because Robert
Finn [14] proved the following

THEOREM 2.2 (Finn). The equation (17) admits a solution in a domain S2 for
arbitrary continuous boundary data if and only if S2 is convex.

Lipman Bers [4] and Finn [13] proved independently another remarkable
property of (17):

THEOREM 2.3 (Bers-Finn). If u E fxo I) is a solution of (17), then there
exists a unique extension u* E of u.

Johannes C. C. Nitsche [31] improved Bers-Finn theorem

THEOREM 2.4 (Nitsche). If u E B 1~) is a solution of (17), if K is closed
in SZ and H 1 (K) = 0, where H 1 is the Hausdorff I -dimensional measure, then there
exists a unique extension u* E of u.

Sergei Bernstein [3] proved
THEOREM 2. 5 (Bernstein). 1, f ’ u E is a solution of ( 17) then u is either

a polynomial of degree 1 or a constant.

Nitsche [30] was able to show that Bernstein’s theorem is a corollary of
Liouville’s theorem for holomorphic functions.
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3. - The minimal surface equation in higher dimensions:
, 
Hilbert-Haar’s approach

The minimal surface equation (15) in all dimensions is the Euler equation
of the integrand

therefore Hilbert-Haar’ and De Giorgi-Nash’ theorems imply the following

THEOREM 3.1. If 0 C 1R.n is open, bounded and strictly convex, E C2(1R.n),
there exists a unique u E Lip(Q) rl satisfying (15) in S2 and the boundary
condition ( 18).

A natural question was asking whether Lebesgue remark for the Laplace
equation, would apply to the minimal surface equation. The essential property
of harmonic functions, that made Lebesgue method work, is the following:

LEMMA 3.2. If U E C (Q) is the uniform limit of a sequence Uj E of
harmonic functions, then u is harmonic.

The extension of Lcmma 3.2 to the solutions of (15) is not trivial. This
extension is a consequence of the gradient estimate proved by Enrico Bombieri,
Ennio De Giorgi and Mario Miranda [6]:

THEOREM 3.3 (Bombieri-De Giorgi-Miranda). If u E is a solution

of ( 15 ), ifxo E S2 then

where d = dist(xo, a 0), cl and C2 are real numbers depending only on the dimension
of Q.

Theorems 3.1 and 3.3 imply

THEOREM 3.4. If Q C JRn is open, bounded and strictly convex, if 0 E C (a S2),
then there exists a unique u E c (Q) f1 satisfying (15) in S2 and the boundary
condition ( 18).

This statement is weaker than Rado’s two dimensional one, and far away
from being a good solution for the Dirichlet problem.

Howard Jenkins and James Serrin [ 19) proved that convexity of Q is no
longer a necessary condition in the case n &#x3E; 2;

THEOREM 3.5 (Jenkins-Serrin). Let S2 be a bounded domain of whose

boundary is of class C2. Then the Dirichlet problem for the minimal surface equation
in S2 is well posed for C2 boundary data if and only if the mean curvature of a SZ is
everywhere non-negative.
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REMARK 3.6. Theorem 3.3 proves that Jenkins-Serrin’s solutions exist for
all continuous boundary data.

REMARK 3.7. The C2-regularity of 8Q is an essential assumption for

Jenkins-Serrin’s argument. These authors establish an a priori estimate for the
gradient of solutions of the Dirichlet problem in terms of the boundary data
and the geometry of Q. This estimate in turn depends on a classical barrier
argument.

Therefore Jenkins-Serrin’s method does not apply to all convex domains.

4. - The minimal surface equation in higher dimensions:
De Giorgi’s approach

Ennio De Giorgi [ 11 ] studied the existence and regularity problem for
codimension one minimal surfaces, in the class of Caccioppoli sets of R’ [8].

De Giorgi gave the following definition

DEFINITION 4.1. The set E c R" has minimal boundary in the open set

De Giorgi proved the following, non-difficult, existence result

THEOREM 4.2. For any open set A C C R , for any Caccioppoli set E C R ,
there exists a Caccioppoli set M C Rn such that

REMARK 4.3. The set M has minimal boundary in A.

Ennio De Giorgi and John Nash visited Trento on March 6, 1996. In that
occasion De Giorgi declared "the regularity theorem for minimal boundaries is
the most difficult of all my results".

THEOREM 4.4 (De Giorgi’s RPgularity). If E has minimal boundary in the
open SZ C 2, then the reduced boundary a* E is analytic in S2 and

To study the boundary behavior of solutions M, whose existence was proved
in Theorem 4.2, I introduced the following definition (see [23] and [22]);
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DEFINITION 4.5 (Pseudoconvexity). The open set A c R’ is pseudoconvex
if its boundary a A is Lipschitz and b x E 8A there exists a ball Bp(x) such
that

A strong Maximum Principle type Theorem can be proved for minimal
boundaries contained in a pseudoconvex set:

THEOREM 4.6. If M has minimal boundary in Bp (x), if A is a pseudoconvex set
and M fl Bp(x) cAn Bp(x), ifx E a A n a M n Bp (x ), then

An easy consequence of Theorem 4.6 is the following
THEOREM 4.7. If Ace JRn is pseudoconvex, if E C a Caccioppoli set

and M satisfies (23), then

We want to show how De Giorgi’s approach to the Plateau problem, can
be used to solve the Dirichlet problem for the minimal surface equation.

Let us go back to the solutions u found in Theorem 3.4. They satisfy the
following inequalities

for any V E C(Q), satisfying (18). We can forget condition (18) and claim that

b v E C(Q).
In (28) and (29), and for any v E L 1 (Q) by

we mean the total variation in S2 of the vector distribution

where H’ is the Lebesgue measure and Dv is the gradient of v in the sense
of distributions.
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Therefore, it makes sense to say that the inequality (29) is satisfied for all
v E L 1 (0), because if

i.e. v E B V (S2), then

does exist, in the sense of Lebesgue, for all y E aS2, and (29) is
satisfied by meaning

The following result was proved in [23]
THEOREM 4.8. For any S2 C C JRn with Lipschitz boundary, Vo E C (a S2),

3 u rl B V (Q) such that

This theorem was precised in the following way
THEOREM 4.9. For any S2 CC R n pseudoconvex, V 0 E C (a S2), there exists a

unique u fl BV(Q) n c (Q) such that

for any v E 

REMARK 4.10. The functions u, that appear in Theorems 4.8 and 4.9 solve
the minimal surface equation in Q. Therefore, Theorem 4.9 is an extension of
Theorems 2.1 and 3.5.

5. - Removable singularities

There is only one joint paper by Ennio De Giorgi and Guido Stampac-
chia [12]. This paper contains an extension of Theorem 2.4. 

THEOREM 5.1 (De Giorgi-Stampacchia). open and K C C S2 is

compact with (K) = 0, if u E B K) solves the minimal surface equation,
then there exists a unique extension u* E ofu.. 

’

De Giorgi-Stampacchia’s proof is based on the Maximum Principle proved
in Theorem 1.2.
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6. - The Bernstein theorem in higher dimensions

Wendell H. Fleming [15] proved that the existence of a non-trivial solution
for the minimal surface equation in R" would imply the existence of a singular
minimal boundary in Fleming was able to prove the non-existence of
singular minimal boundary in JR3, getting so another proof of the classical
Bernstein theorem.

Ennio De Giorgi [10] improved Fleming’s remark; the existence of a non-
trivial solution for the minimal surface equation in R’ would imply the existence
of a singular minimal boundary in R~ . Therefore De Giorgi got the first exten-
sion of Bernstein theorem to solutions in R 3. Fred J. Almgren [ 1 ] and James
Simons [34] pushed the validity of Bernstein theorem to solutions in R 7

The proof of Bernstein theorem in higher dimensions, by De Giorgi-Fleming
method was stopped by the proof of the existence in JR8 of singular minimal
boundaries, such as

for k &#x3E; 4. See the famous paper by Bombieri-De Giorgi-Giusti [5], or [21].
In [5] the existence of non-trivial solutions for the minimal surface equation in

8, was proved (see also [2]).

7. - Harnack type inequalities on minimal boundaries and
generalized solutions of the minimal surface equation

Fundamental remarks about Maximum Principles and Minimal Surfaces can
be found in a paper by Enrico Bombieri and Enrico Giusti [7].
One of the most interesting results presented there, is the following

THEOREM 7.1 (Bombieri-Giusti). If E has minimal boundary in the open set S2
i fBp is an open ball contained in S2 and u is a positive supersolution

of a strongly elliptic linear equation in aE n Bp, i.e.

where 3i are the tangential derivatives on a E, then the following inequality holds

where

and 8, c are real numbers, depending only on the dimension n.
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This result plays an important role in the analysis of generalized solutions,
introduced in [26]:

DEFINITION 7.2 (generalized solutions). A Lebesgue measurable function

is a generalized solution of the minimal surface equation, iff the set

has minimal boundary in all open A Cc 0 x R.

REMARK 7.3. f remains a generalized solution, when its values are changed
on sets of zero measure. We can assume that they are chosen in order to obtain,
for the set E, the following property

For the set E, associated with a generalized solution f, we can consider
the exterior normal unit vector

v is an analytic function, defined Hn-almost everywhere on aE n (Q x R). Its

last component Vn+l verifies -

Therefore Theorem 7.1 applies to vn+1 and we get,

either

or

From (38) one gets

and a E n Bp (x, t) is a vertical cylinder.
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Therefore

and

is a vertical cylinder,

and the same is true for E n(Bp (x) x R).
From (39) one gets

so, there exists an open subset G of Bp (x), such that is a real analytic
function and

graph fiG.

When G = 0, is either or -cxJ.

A non-difficult argument proves the following

THEOREM 7.4. If f is a generalized solution, then the sets P, N defined by

have minimal boundaries in Q.

The following result completes our description of generalized solutions

(see [26]):

THEOREM 7.5. For any generalized solution f in Q, there exists an open set
G C S2 such that fiG is real analytic and a solution of the minimal surface equation.
Moreover

and is a continuous function with values in [-oo, -f-oo].

REMARK 7.6. In the case

the description is much simpler.
The existence of a ball B C JRn+1 such that
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implies the same identity for any other ball B * D B. Therefore

E and a E are vertical cylinders.

If (48) is never verified and 8E # 0, then there exists a non-empty open
set G c R’, such that f 1G is real analytic and

Moreover

and f is continuous everywhere.
This last remark, clarifies De Giorgi-Fleming’s remark about Bernstein the-

orem.

Let f : R, n a 2 be a solution of the minimal surface equation.
For any p &#x3E; 0, let us consider

defined by

The family being compact in the class of generalized solutions,
we can assume the existence of ph - +00 with

where F is a generalized solution.
Fleming proved that if f is non-trivial, then F must be singular. Therefore,

because of Remark 7.6, F must be a singular vertical cylinder, whose horizontal
section is a singular boundary in R" (De Giorgi).

A simple application of Theorem 7.4 is the following improvement of De
Giorgi-Stampacchia’s result about removable singularities:

THEOREM 7.7 ([25]). c R" open, for any K closed in Q with

for any solution u E B K) of the minimal surfaces equation, there exists a
unique extension u* E Cco(O).

PROOF. The function u is defined almost everywhere in Q, and (51 ) implies
that it is a generalized solution in Q. The sets P and .N must be contained in
K, and have minimal boundaries in Q. Therefore

that implies
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8. - Approximation of minimal boundaries by graphs of regular solutions

Let E have minimal boundary in the open set Q of and B cc Q
be an open ball such that a E 0. Consider the sequence of Dirichlet

problems for the minimal surface equation in B, with boundary data

where is the characteristic function of E.
Each solution uj takes the value j at all x E a B fl E°, and the value 0 at

all x E a B n E. Therefore the sequence is increasing as j -~ +00 and
converges to a generalized solution f in B.

For such an f there exists a non-empty open set G C B, such that

fiG is real analytic.

Moreover

Let us consider now the sequence

The sequence of analytic minimal surfaces

graph f h I G

converges to the vertical cylinder

9. - The strong maximum principle for minimal boundaries

Let E 1, E2 have minimal boundaries in the open set S2 of R’~. Assume

If xo is a regular point for 3Et, i.e. xo E 8*Ei, then x,~ E 8*E2 and the
classical Strong Maximum Principle implies

Maria Pia Moschen [27] proved (57), by using the properties of generalized
solutions, in the singular case
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10. - Complete minimal graphs and entire solutions of the minimal
surface equation

As we have already recalled, Bombieri-De Giorgi-Giusti proved the ex-
istence of non-trivial entire solutions of the minimal surface equation in R"
for n &#x3E; 8. The proof presented in [5] consisted in a very smart combination
of elementary functions to define a couple of global barriers for the Dirichlet
problem.

In [24] I presented a more direct method for proving the existence of
non-trivial generalized solutions in I~n for n &#x3E; 8. My solutions were analytic
complete graphs, but I was not able to prove for them

This was done by Leon Simon in [33].

REFERENCES

[1] F. J. ALMGREN, JR., Some interior regularity theoremsfor minimal surfaces and an extension

of Bernstein’s theorem, Ann. of Math. 85 (1996), 277-292.

[2] D. BENARROS - M. MIRANDA, Lawson cones and the Bernstein theorem, Advances in
Geom. Anal. and Cont. Mech., pages 44-56, 1995. Ed. P. Concus and K. Lancaster for Int.
Press.

[3] S. BERNSTEIN, Sur les surfaces définies au moyen de leur courbure moyenne ou totale, Ann.
Sci. Ec. Norm. Sup. 27 (1910), 233-256.

[4] L. BERS, Isolated singularities of minimal surfaces, Ann. of Math. 53 (1951), 364-386.
[5] E. BOMBIERI - E. DE GIORGI - E. GIUSTI, Minimal cones and the Bernstein problem,

Invent. Math. 7 (1969), 243-268.

[6] E. BOMBIERI - E. DE GIORGI - M. MIRANDA, Una maggiorazione a priori relativa alle

ipersuperficie minimali non parametriche, Arch. Rat. Mech. Anal. 32 (1969), 255-267.
[7] E. BOMBIERI - E. GIUSTI, Harnack’s inequality for elliptic differential equations on minimal

surfaces, Invent. Math. 15 (1972), 24-46.

[8] E. DE GIORGI, Su una teoria generale della misura (r - 1)-dimensionale in uno spazio
euclideo ad r dimensioni, Ann. Mat. Pura Appl. 36 (1954), 191-213.

[9] E. DE GIORGI, Sulla differenziabilità e l’analiticità delle estremali degli integrali multipli
regolari, Mem. Accad. Scie. Torino Cl. Sci. Fis. Mat. Natur. 3 (1957), 25-43.

[10] E. DE GIORGI, Una estensione del teorema di Bernstein, Ann. Sc. Norm. Sup. Pisa 19
(1965), 79-85.

[11] E. DE GIORGI - F. COLOMBINI - L. C. PICCININI, "Frontiere Orientate di Misura Minima
e Questioni Collegate", Pubbl. Cl. Sci. Scuola Norm. Sup. Pisa Cl. Sci., 1972.

[12] E. DE GIORGI - G. STAMPACCHIA, Sulle singolarità eliminabili delle ipersuperficie mini-
mali, Rend. Acc. Lincei 38 (1965), 352-357.

[13] R. FINN, Isolated singularities of solutions of non-linear partial differential equations,
Transact. Amer. Math. Soc. 75 (1953), 385-404.



681

[14] R. FINN, Remarks relevant to minimal surfaces and to surfaces of prescribed mean curva-
ture, J. d’Analyse Mathém. 14 (1965), 139-160.

[15] W. H. FLEMING, On the oriented Plateau problem, Rend. Circ. Mat. Palermo 9 (1962),
69-89.

[16] A. HAAR, Über das Plateausche Problem, Math. Ann. 97 (1927), 124-158.

[17] D. HILBERT, Über das Dirichlet’sche Prinzip, Uber. Deutsch. Math. Verein. 8 (1900), 184-
188.

[18] D. HILBERT, Über das Dirichlet’sche Prinzip, Math. Ann. 59 (1904), 161-186.

[19] H. JENKINS - J. SERRIN, The Dirichlet problem for the minimal surface equation in higher
dimensions, J. Reine Angew. Math. 229 (1968), 170-187.

[20] H. LEBESGUE, Sur le problème de Dirichlet, Rend. Circ. Mat. Palermo 24 (1907), 371-402.
[21] U. MASSARI - M. MIRANDA, A remark on minimal cones, Boll. Un. Mat. Ital. 2-A Serie IV

(1983), 123-125.
[22] M. MIRANDA, Un principio di massimo forte per le frontiere minimali e una sua applicazione

alla soluzione del problema al contorno per l’equazione delle superfici di area minima,
Rend. Sem. Mat. Padova 45 (1951), 355-366.

[23] M. MIRANDA, Existence and regularity of hypersurfaces of Rn with prescribed mean cur-
vature, AMS, Proc. of Symp. in Pure Math. 23 (1973), 1-9.

[24] M. MIRANDA, Grafici minimi completi, Ann. Univ. Ferrara 23 (1977), 269-272.
[25] M. MIRANDA, Sulle singolarità eliminabili delle soluzioni dell’equazione delle superfici

minime, Ann. Scuola Norm. Sup. Pisa Cl. Sci. 4 Serie IV (1977), 129-132.
[26] M. MIRANDA, Superfici minime illimitate, Ann. Scuola Norm. Sup. Pisa Cl. Sci.4 (1977),

313-322.

[27] M. P. MOSCHEN, Principio di massimo forte per le frontiere di misura minima, Ann. Univ.
Ferrara Sez. VII, Sc. Mat. 23 (1977), 165-168.

[28] J. MOSER, On Harnack’s theorem for elliptic differential equations, Comm. Pure Appl.
Math. 14 (1961), 577-591.

[29] J. NASH, Continuity of the solutions ofparabolic and elliptic equations, Amer. J. Math. 80
(1958), 931-954.

[30] J. C. C. NITSCHE, Elementary proof of Bernstein’s theorem on minimal surfaces, Ann. of
Math. 66 (1957), 543-544.

[31] J. C. C. NITSCHE, On new results in the theory of minimal surfaces, Bull. Amer. Math. Soc.
71 (1965), 195-270.

[32] T. RADO, The problem of the least area and the problem of Plateau, Math. Z. 32 (1930),
763-796.

[33] L. SIMON, Entire solutions of the minimal surface equation, J. Diff. Geom. 30 (1989),
643-688.

[34] J. SIMONS, Minimal varieties in Riemannian manifolds, Ann. of Math. 88 (1968), 62-105.

[35] J. VON NEUMANN, Über einen Hilfssatz der Variationsrechnung, Abh. Math. Sem. Hamburg
Univ. 8 (1931), 28-31.

Dipartimento di Matematica
Universita di Trento
via Sommarive 14
38050 Povo (TN) Italy
miranda @alpha. science. unitn. it


