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Liouville-Gelfand Type Problems for the N-Laplacian
on Bounded Domains of RN

ELVES A. DE B. SILVA* - SÉRGIO H. M. SOARES**

Abstract. In this article it is used minimax methods to establish some results of
existence and multiplicity of solutions for the N-Laplacian equation on bounded
domains with Dirichlet boundary conditions, when the nonlinearity has
exponential growth. The subcritical and critical cases are considered.
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1. - Introduction

In this article, we study the existence and multiplicity of solutions for the
following quasilinear elliptic problem

where Q is a bounded smooth domain in 2) with boundary &#x3E; 0
is a real parameter, and the nonlinearity f (x, s) satisfies

(/i) R is a continuous function and f (x , 0) &#x3E; 0, for every x E Q,

and the growth condition

(I)ao There exists ao &#x3E; 0 such that
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** Research partially supported by PICD/CAPES.
Pervenuto alla Redazione il 9 febbraio 1998 e in forma definitiva il 3 novembre 1998.



2

In the literature [I], [10], [ 11 ], f (x , s ) is said to have subcritical or critical

growth when ao = 0 or ao &#x3E; 0, respectively. We note that such notion is
motivated by Trudinger-Moser estimates [17], [23] which provide

and

where wk is the volume of Sk. We also observe that a typical and relevant
case to be considered for problem (P)À is given by f (x , s ) = exp(aos NIN-1).

In our first result, we _establish the existence of a solution for (P)x when
h &#x3E; 0 is sufficiently small,

THEOREM f (x, s) satisfies (fl) and Then, there existsk &#x3E; 0

such that problem (P)~, possesses at least one solution for every À E (0, ~,).

To obtain the existence of a second solution for problem (P)À in the

subcritical case, we assume that f (x, s) satisfies

( f2) There are constants o &#x3E; N and R &#x3E; 0 such that

THEOREM 1.2 (Second solution: Subcritical case). Suppose f (x, s) satisfies
(fl), ( f 2) and (f)ao’ with ao = 0. Then, there exists ~. &#x3E; 0 such that problem ( P )~,
possesses at least two solutions for every À E (0, À).

Note that ( f2) is the version of the famous Ambrosetti-Rabinowitz condi-
tion [3] for the N-Laplacian. It implies, in particular, that f(x, s)/sN --+ oo,
as s --~ oo, uniformly on Q.

In our next result, we provide the existence of two solutions for (P)À when
f (x , s ) has critical growth. In that case, we shall need to suppose a stronger
version of condition ( f2),

( f2) For every 0 &#x3E; N, there exists &#x3E; 0 such that

Assuming the following further restriction on the growth of f (x , s ),

( f3) There exists a non-empty open set S2 03A9 such that

we obtain
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THEOREM 1.3 (Second solution: Critical case). Suppose f (x, s) satisfies ( fl),
(i2), (f3) and with ao &#x3E; 0. Then, there exists I &#x3E; 0 such that problem (P)x
possesses at least two solutions for every À E (0, ~,).

Exploiting the convexity of the primitive F(x, s), in our final result we are
able to consider a weaker version of ( f3), obtaining the same conclusion of
Theorem 1.3. More specifically, we suppose

(Î3) There exist a non-empty open set ~2 c Q

where , and ~ J otherwise.

(f4) F (x , . ) is convex on [0, cxJ) for every x E S2 given by (i3),
THEOREM 1.4 (Second solution: Convex Critical case). Suppose f (x, s)

satisfies ( fl), (i2), (i3), (f4) and with ao &#x3E; 0. Then, there exists I &#x3E; 0 such

that problem (P)~, possesses at least two solutions for everyk E (0, X).

We observe that Theorem 1.4 establishes the existence of two solutions of

(P)x for k &#x3E; 0 sufficiently small when f (x , s ) = 
As it is well known, the classical Liouville-Gelfand problem is given by

where Q is a bounded domain in 1) with boundary 8Q, and h &#x3E; 0

is a real parameter. First considered by Liouville [16], for the case N = 1,
and afterwards by Bratu [4], for N = 2, and Gelfand [13], for N &#x3E; 1, this

problem has been extensively studied during the last three decades (See [7], [8],
[12] and references therein). As observed in [12], problem (LG)x is of great
relevance since it appears in mathematical models associated with astrophysical
phenomena and to problems in combustion reactions.

In [8], Crandall and Rabinowitz used bifurcation theory to establish the
existence of one solution for problem (LG)~,, for h &#x3E; 0 sufficiently small, and
a nonlinearity f(x, s) replacing es . In [8] no growth restriction on f (x, s ) is

assumed. To obtain such result, those authors assume f (x, s) E x R, R),
fs (x, 0) &#x3E; 0 and fss (x, s) &#x3E; 0, for every x E Q and s &#x3E; 0 Supposing that
f (x, s) has a subcritical growth, they show that this solution is a local minimum
for the associated functional. Then, using critical point theory, they are able to
prove the existence of a second solution. We note that Theorems 1.3 and 1.4

improve the last mentioned result of [8] when N = 2 since they allow f (x, s)
to have critical growth. In particular, we may consider f (x, s) = es2.
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In [12], Garcia Azorero and Peral Alonso proved the existence of solutions
for (LG)~,, with k &#x3E; 0 sufficiently small, when the Laplacian is replaced by a
p-Laplacian operator. The nonexistence of solutions for (LG)x for this more
general class of operators, when X &#x3E; 0 is sufficiently large, was also established
in [12]. We should also mention the article by Clement, Figueiredo and Mitidieri
[7], where the exact number of solutions for an operator more general that the
p-Laplacian is established when Q is an open ball of In [7], it is not
assumed any growth restriction on f (x, s).

We note that the solutions mentioned in Theorems 1.1-1.4 are weak solu-
tions of (P)x (See [19]). We also observe that in this article, we use minimax
methods to derive such solutions.

To prove Theorem 1.1, we first provide an abstract result that establishes
the existence of a critical point for a functional of class C 1 defined on a real
Banach space assuming a version of the famous Palais-Smale condition for the
weak topology (See Definitions and Proposition 2.2 in Section 2). Motivated by
the argument used in [18], we prove that the associated functional satisfies such
condition under hypotheses ( f 1 ) and Taking k &#x3E; 0 sufficiently small, we
are able to apply the mentioned abstract result. In our proof of Theorem 1.2,
we use condition ( f2) to verify that the associated functional satisfies the Palais-
Smale condition. As in [8], this provides the existence of a second solution for
(P)x via the Mountain Pass Theorem [3].

In the proofs of Theorems 1.3 and 1.4, we argue by contradiction, assuming
that Theorem 1.1 provides the only possible solution of (P)~,. This assumption
and condition ( f2) allow us to use the argument of Brezis and Nirenberg [6]
and a result of Lions [15] to verify that the associated functional satisfies the
Palais-Smale condition on a given interval of the real line.We use conditions ( f3)
and ( f3), respectively, to establish that the level associated with the Mountain
Pass Theorem belongs to this interval. As in the proof of Theorem 1.2, that
implies the existence of a second solution.

Finally, we should mention that the existence of a nonzero solution for
(P)x when f (x, 0) n 0 has been intensively studied in recent years (See [1],
[2], [10], [11] and references therein) . As it is shown in [1] (See also [10]),
when f (x, s) &#x3E; 0, for s &#x3E; 0, a weaker version of ( f3 ) may be considered.
We also observe that our method may be used to improve such results since in
those articles a stronger version of ( f2) is assumed. Condition ( f3) can also
be used in that setting to study the case where f (x, s) may assume negative
values.

The article is organized in the following way: In Section 2, we introduce
the notion of Palais-Smale condition for the weak topology and establish two
abstract results which are used to prove our results. There, we also recall the
variational framework associated with (P)x and state a version of Trudinger-
Moser inequality (1.2) for when Q is an open ball in In section

2, we also state a result by Lions [15] that will be used, via contradiction,
to verify for c below a given level, when condition holds with

ao &#x3E; 0. In Section 3, we prove the weak version of Palais-Smale condition for
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the associated functional. In Section 4, we prove Theorems 1.1 and 1.2. In

Section 5 we establish the estimates that are used to prove Theorem 1.3. In
Section 6, we prove Theorem 1.3. In Section 7, we establish the estimates for
the associated functional when conditions (i3) and ( f4) are assumed. There, we
also present the proof of Theorem 1.4. In Appendix A, we prove the Trudinger-
Moser inequality mentioned in Section 2. Finally, in Appendix B, we prove an
inequality for vector fields on R , used in Section 7 to establish the necessary
estimates.

2. - Preliminaries

Given E a real Banach space and 4$ a functional of class C 1 on E, we
recall that (D satisfies Palais-Smale condition at level c E R [Denoted (PS)c]
on an open set 0 c E if every sequence (un ) C 0 for which (i) - c

and (ii) 4$’(un) - 0, as n --&#x3E;. oo, possesses a converging subsequence. We also
observe that (D satisfies if it satisfies (PS)c on E, and we say that (D
satisfies ( P S) when it satisfies (PS)c for every c Finally, we note that
every sequence (un) C E satisfying (i) and (ii) is called a Palais-Smale [(PS)]
sequence.

To establish the existence of a critical point when the functional is bounded
from below on a closed convex subsets of E, we introduce a version of the
Palais-Smale condition for the weak topology.

DEFINITION 2.1. Given c E R, we say that I&#x3E; E C 1 (E, R) satisfies the

(wPS)c on A C E if every sequence (un ) C A for - c and
-~ 0, as n ~ oo, possesses a subsequence converging weakly to a

critical point of (D. We say that I&#x3E; satisfies (wPS) on A if 0 satisfies (wPS)c
on A, for every c When I&#x3E; satisfies (wPS) on E, we simply say that 4J
satisfies (wPS).

Assuming
0

(1&#x3E;1) There exist a closed bounded set A C E, constants y  b E R, and Uo E A
such that

we define

The following abstract result provides a critical point for (D under conditions
(I&#x3E; 1) and (wPS).
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PROPOSITION 2.2. Let E be a real Banach space. Suppose (D E C 1 (E, R)
satisfies ( ~ 1 ), with A a closed bounded convex subset of E. possesses a

critical point u E A provided it satisfies (WPS)Cl on A.

PROOF. Arguing by contradiction, we suppose that 4S does not have a critical
0

point u E A. Under this assumption, we claim that I&#x3E; satisfies (PS)CI on A.
0

Effectively, given a sequence (un ) C A such -~ cl and - 0,
as n - oo, by (un ) possesses a subsequence converging weakly to a
critical point u. Furthermore, u E A since A is a closed convex subset of E.
This contradicts our assumption and proves the claim.

We note that y  If cl = ~ (uo), the conclusion is immediate.
Thus, we may assume cl  ~ (uo)  b. In this case, we take 0  ~  (D(uo)-cl.
Then, we argue as in Proposition 2.7 of [19], using a local version of the
Deformation Lemma [21], to obtain a contradiction with the definition of c 1.

Proposition 2.2 is proved. 0

0

REMARK 2.3. When (D satisfies (PS),, on A, the second part of the proof
0

of Proposition 2.2 shows that actually (D possesses a local minimum u E A
such = c 1.

Taking b E R and A, given by (~ 1 ), we consider

(~2) There exists e E E B A such that

and we define

where

As a consequence of Proposition 2.2, Remark 2.3 and the argument em-
ployed in [21], we obtain the following version of the Mountain Pass Theo-
rem [3].

PROPOSITION 2.4. Let E be a real Banach space. Suppose (D E C 1 (E, R)
satisfies ((D 1 ), with A closed and convex subset of E, and ((D2). possesses
at least two critical points provided it satisfies ( P S)c, for every c  C2.

PROOF. By Proposition 2.2 and Remark 2.3, (D possesses a local minimum
o

u 1 E A such = cl . Furthermore, if 4$ does not have any critical

point on a A, we may invoke the local version of the Deformation Lemma [21] ]
one more time to obtain a neighbourhood V of uo and c &#x3E; 0 such that Uo E V,
e V V and
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Consequently, by the Mountain Pass Theorem [3], c2 is a critical value of 1&#x3E;.

The proposition is proved. D

Observe that when cl = c2, by the above proof, (D must have a critical
point u E 9A such = ci.

Now, we recall the variational framework associated with problem ( P ) ~, .
Considering the Sobolev space endowed with the norm

the functional associated with

where we assume for every and we take
Under the hypothesis the

functional Ix is well defined and belongs to
Furthermore,

Thus, every critical point of Ix is a weak solution of (P)x.
We also remark that if f (x, s) satisfies conditions ( fl ) and then,

for every f3 &#x3E; ao, there exists C = C (f3) &#x3E; 0 such that

As a direct consequence of ( 1.1 ) and (2.3), we obtain that F (x, u (x)) E 
and f(x, u(x)) E for every q &#x3E; 1, whenever u E Wo ’ N ( S2 ) .

The following lemma establishes a version of Trudinger-Moser inequality
( 1.2) for W 1, N (Q) when Q is an open ball in RN .

LEMMA 2.5. Let B(xo, R) be an open ball in RN with radius R &#x3E; 0 and center

xo E Then, there exist constants a = &#x26; (N) &#x3E; 0 and C (N, R) &#x3E; 0 such that

PROOF. For the sake of completeness, we present the proof of Lemma 2.5
in Appendix A. D

Finally, we state a theorem due to Lions [15] which will be essential to
verify, via contradiction, that the functional Ix satisfies for c below a

given level, when f (x, s) satisfies the critical growth condition.
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THEOREM 2.6. Let be a sequence in

converging weakly to a non,zero function u. Then, for every 0
we have

3. - (wPS) condition

In this section, we shall prove a technical result that will be used to establish
(wPS) condition for the functional defined by (2.2), when the nonlinearity
f (x, s) satisfies the critical growth condition,

(f5) There exist a, C &#x3E; 0 such that

Our objective is to verify that any bounded sequence (un) C such
that I (un ) ---&#x3E; 0, as n - 00, possesses a subsequence converging weakly to a
solution of ( P ) ~, . Such result provides (wPS ) condition for the functional IÀ.

Considering that next result is independent of the parameter À &#x3E; 0, we
denote by ( P ) and I the problem ( P ) ~, and the functional h,, respectively.

The proof of the following proposition is based on the argument used in
[18] for the Neumann problem (See also [10]).

PROPOSITION 3.1. Let S2 be a bounded smooth domain in s) E
x satisfies ( f5). Then, any bounded sequence (un) C such that

I’ (un ) 2013~O.~~2013~OO, possesses a subsequence converging weakly to a solution
of (P).

REMARK 3.2 (i) Note that Proposition 3.1 generalizes to the N-Laplacian
a well known fact for the Laplacian operator on S2 C I1~N, N &#x3E; 2, when the
nonlinearity f (x, s) satisfies the polynomial critical growth condition. (ii) We
also observe that in Proposition 3.1 it is not assumed that (un ) is a Palais-Smale
sequence since I (un) may be unbounded. (iii) Finally, we note that in [22], we
prove a similar result for the p-Laplacian on Q = 

The proof of Proposition 3.1 will be carried out in a series of steps.
First, by the Sobolev Embedding Theorem, Banach-Alaoglu Theorem and the
characterization of C(S2)*, given by the Riesz Representation Theorem [20], we
may suppose that (un ) has a subsequence, still denoted by (un ), and there exist
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I N - -

u E and &#x3E; E M (Q), the space of regular Borel measure on Q, such
that

N 
_ _

Now, we fix 0  cr  oo such that aa N-i  a, with a given by Lemma 2.5.
Setting Qa = {x E Q I we have that S2~ is a finite set since A is
a bounded nonnegative measure on Q. Furthermore,

LEMMA 3.3. Let K C (Q B be a compact set. Then, there exist q &#x3E; 1 and
M = M(K) &#x3E; 0 such that

N 
_

PROOF. To prove such result, we take q &#x3E; 1 such that  a and
consider rl = dist(K, &#x3E; 0, the distance between K and For

every x E K, there exists 0  rx  rl such that

Using the compactness of K, we find j E N so that

Applying (3.1) and (3.2), we find no E N such that

Consequently, from Lemma 2.5, (f5), (3.3) and our choice of q, there exists
M &#x3E; 0 such that

for every n &#x3E; no. This proves the lemma.

be a compact set. Then, Vu, strongly
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PROOF. Taking 1/1 E Co ( S2 B such that 1/1 --_ 1, on K, and
and considering that

we obtain

we have

as n ~ oo. Moreover, since (1f¡un) is a bounded sequence in we

also have

as n ~ oo. Combining (3.5)-(3.7), we obtain

Applying Lemma 3.3, for the compact set supp1f¡ c (S2 B SZ~ ), and using Holder’s
inequality, we get

The hypothesis that (un) C is bounded and (3.1) show that Vun - Vu,
strongly in (L N ( K ) ) N, as desired. The lemma is proved. 0

As a direct consequence of Lemma 3.4, we have
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I NCOROLLARY 3.5. The sequence (un) C (S2) possesses a subsequence (uni)
satisfying V uni (x) - Vu (x), for almost every x E Q. 

The following Lemma shows that I’ (u) restricted to Qa) is the
null operator.

LEMMA 3.6.

for every

PROOF. Given ~ e Co (Q B Qa), by Hölder’s inequality and the fact that
(un ) c is a bounded sequence, we have that is

a family of uniformly integrable functions in L1(S2). Thus, by vitali’s Theorem
[20] and Corollary 3.5, we get

We also assert that

for every 0 E Qa). Effectively, by Lemma 3.3, there exist q &#x3E; 1 and

Ml 1 &#x3E; 0 so that

where K2 = suppq5. Given E &#x3E; 0, from (3.1 ) and Egoroff’s Theorem, there
exists E C 03A9 such that ]E] I  E and u n (x ) ---&#x3E; u (x ) , uniformly on ( SZ B E).
Using Holder’s inequality, (3.11), and ( f5), we get M2 &#x3E; 0 such that

As c &#x3E; 0 can be chosen arbitrarily small and f (x, -~ f (x, u (x ) ), uni-
formly on we derive (3.10). Now, we use (3.9), (3.10) and the fact that
I’ (un ) --+ 0, as n --+ oo, to verify that (3.8) holds. D

In the following, we conclude the proof of Proposition 3.1. In view of

(1.1), (f5) and the density of in it suffices to show that
relation (3.8) holds for every 4, E 

Given ~ E such that suppo 0, we take K = suppq5, 
Qa = {yi, ..., yl and rl &#x3E; 0 such that 2rl  m,
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and 2rl  dist(K, a Q). We consider, E R) such that I

1f¡ - 1, on [0, 1], and * = 0, on [2, oo), and we define

We also set for every x E S2 . ==

and From Lemma 3.6, we have

Applying Holder’s inequality, for every 1 l , we get

where J5/ = B(yi, 2r), 0  r  rl. On the other hand, from the first Trudinger-
Moser inequality ( 1.1 ) and ( fs ), we find M3 &#x3E; 0 such that, for every 1  i  1,

We use our definition of to get M4 &#x3E; 0 so that

Consequently, given E &#x3E; 0, by Lebesgue’s Dominated Convergence Theo-
rem, (3.13) and (3.14), we find 0  r2  ri so that

for every 0  r  r2, 1  i  l. From (3.12), (3.15) and the fact that E &#x3E; 0 can
be chosen arbitrarily small, we obtain that (3.8) holds for every 0 E 
This concludes the proof of Proposition 3.1. D

As a direct consequence of Proposition 3.1, we have the following results:
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COROLLARY 3.7. Let Q be a bounded smooth domain in Suppose that
f(x, s) E C(S2 x R, R) satisfies ( f5). Then, I satisfies (wPS) on A, for every
bounded set A C Wo’N (Q)

COROLLARY 3.8. Let SZ be a bounded smooth domain in Suppose that
f (x, s) E C (Q x R, R) satisfies ( f5). Then, I satisfies (wPS) provided every (PS)
sequence associated with I possesses a bounded subsequence.

4. - Theorems 1.1 and 1.2

In this section, we apply the abstract results described in Section 2 to prove
Theorems 1.1 and 1.2.

PROOF OF THEOREM 1.1. The weak solution of problem (PÀ) will be estab-
lished with the aid of Proposition 2.2. For this, it suffices to verify that for
À &#x3E; 0 sufficiently small, satisfies (~ 1 ) and (wPS)cl on the closure of B (o, p),
denoted by B [0, p], for some appropriate value of p &#x3E; 0.

. aN 
N-1

Given f3 &#x3E; ao, we take p E (0, ( aN ) N-1 ) and use (2.3) to obtain C1 1 &#x3E; 0

such that

for every u E such p. Hence, by Trudinger-Moser in-
equality (1.2), we find C2 (N) &#x3E; 0 such that

for every u e B[0, p]. _

Taking 1 = N-1C2(N)-1 pN, Uo = 0, y = -IC2(N), b = 0, and consid-
ering cx = cl, cl given by (2.1), we have that h, satisfies condition (I&#x3E; 1), for
every 0  À  ~.

Finally, we observe that conditions ( fl), (f)cxo and Corollary 3.7 imply
that Ix satisfies (wPS) condition on B[O, p]. Theorem 1.1 is proved. 1:1

Before proving Theorem 1.2, we note that, from ( fl ) and ( f2), there exists
a constant C &#x3E; 0 such that

PROOF OF THEOREM 1.2. Considering I &#x3E; 0, given in the proof of Theorem
1.1, we have that the functional satisfies (~i), for every À E (0, I). Thus,
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by Proposition 2.4 , it suffices to verify that Ix satisfies ((D2) and (PS) for such
values of À.

Choosing u E {0} such that u (x) &#x3E; 0, for every x E Q, from
(4.1 ), we obtain

Therefore, - -oo, as t - since C &#x3E; 0 and 0 &#x3E; N. Conse-

quently, h, satisfies 02.
Now, we shall verify that h, satisfies (PS). Let (un) C be a

sequence such that c R is bounded, and - 0, as n --+ oo, i.e,

and

I Nfor every v E Wo ’ N (Q), where En -
( f2), we use (4.2) and (4.3) to get

Taking 0 &#x3E; N, given by

From this inequality, ( f2), and our definition of f (x, s) for s  0, we conclude
that (un) is a bounded sequence in Consequently, we may assume
that

weakly in strongly in

From (4.3), with v = un - u, we have

Using Holder’s inequality, we may estimate the second integral in the above
equation,
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where p, q &#x3E; 1 are fixed with q + p 1 = 1. Noting that (un ) is a bounded

sequence, we may find f3 &#x3E; ao - 0 such that  aN, for every
n E N. Hence, by (2.3), we have

Thus, by Trudinger-Moser inequality (1.2), we obtain C2 &#x3E; 0 such that

Since un ~ u strongly in Lq (Q), from (4.4) and the above inequality, we have

On the other hand,

because un - u weakly in Consequently,

Thus, by inequality (3.4), we have

This implies that h, satisfies (PS) condition. Theorem 1.2 is proved. D

REMARK 4.1. As it is shown in [9] (See also [14]), any solution of (P)x
is in c1,a (Q), for N &#x3E; 3, and in C2,, (Q), for N = 2.
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5. - Estimates

We start this section with the definition of Moser functions (See [17]). Let
xo E S2 and R &#x3E; 0 be such that the ball B(xo, R) of radius R centered at xo is
contained in S2. The Moser functions are defined for 0  r  R by

Then, Mr e I = 1 and supp (Mr) is contained in B(xo, R).
Considering S2 given by ( f3 ), we take xo E Q and consider the Moser sequence

I-N

Mn (x) - MRn (x) where Rn = (log n) N , for every n e N. Without loss of
n

generality, we may suppose that supp (Mn ) C Q, for every n e N.
Taking À &#x3E; 0 and UÀ, for À e (0, A.), given in the proof of Theorem 1.1,

we have

PROPOSITION 5.1. Suppose f (x, s) satisfies ( fl), with ao &#x3E; 0, and ( f3).
Then, for every À e (0, À), there exists n e N such that

The proof of Proposition 5.1 will be carried out through the verification of
several steps. First, we suppose by contradiction that, for every n, we have

Now, we apply the argument employed in the proof of Theorem 1.2 to

conclude that IÀ (uÀ + as t -~ oo, for every n E N. Thus, there
exists tn &#x3E; 0 such that

The following lemmas provide estimates for the value of tn.

LEMMA 5. 2. The sequence (tn ) C R is bounded.
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PROOF. Since it follows that

Invoking Holder’s inequality, we obtain

We observe that given M &#x3E; 0, from ( f3 ), there exists a positive constant C
such that

Thus, from (5.3)-(5.4), the definition of the function Mn and the nonnegativity
of ux, we have

Using the definition of the function Mn one more time, we find C &#x3E; 0 such
that

Hence, from the definition of Rn, we get

Since Rn -~ 0, as n ~ oo, from (5.5), we conclude that (tn) c R is a bounded
sequence. Lemma 5.2 is proved. 0
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LEMMA 5.3. There exist a positive constant C = C (À, ao, N) and no E I~ such
that 

PROOF. From equation (5 .1 ),

Hence,

Furthermore,

where m &#x3E; 0 is given by ( f l ) and Consequently,

On the other hand, from the definition of the sequence (M~), we have

Using (5.6)-(5.8) and Lemma 5.2, we find a constant C &#x3E; 0 such that
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A direct application of Mean Value Theorem to the function 
on the above relation provides the conclusion of Lemma 5.3. D

Now, we shall use Lemmas 5.2 and 5.3 to derive the desired contradiction.
From (5.5), Lemma 5.3 and the definition of Rn, we obtain

Thus,

But, this contradicts Lemma 5.2, since M can be arbitrarily chosen and Rn - 0,
as n - 00. Proposition 5.1 is proved. 0

6. - Theorem 1.3

In this section, after the verification of some preliminary results, we prove
Theorem 1.3.

LEMMA 6 .1. Suppose f (x , s) satisfies (fl), (i2) and Then, any (PS)

sequence (un) C associated with I~, possesses a subsequence con-

verging weakly in to a solution u of(P)À’ Furthermore,

REMARK 6.2. We note that Lemma 6.1 also holds when f (x, s) satisfies

(/2) and and s  0, respectively.

PROOF. Consider a sequence (un) C such that

Arguing as in Section 4, we obtain that (un) is a bounded sequence. Therefore,
by Proposition 3.1, there exists a subsequence, that we continue to denote by
(un), converging weakly in to a solution u of (P)x. Moreover, we

may assume that un (x) 2013~ u(x), for almost every x E S2. From (6.1) and ( fl ),
we get
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as n - oo. Hence, u n (x ) --+ u (x ) &#x3E; 0, as n - oo, for almost every x E Q.
Now, we fix 91 &#x3E; N, and we consider R 1 - &#x3E; 0 given by (i2). From
(6.1) and ( f2), we find M1 &#x3E; 0 such that

Observing that from (2.3), (6.2),
(6.3) and Holder’s inequality, we have

Given E &#x3E; 0, we take 92 &#x3E; (}1 such that and R2 &#x3E; max(Ri , ~(~2)},

R«()2) given by (i2). Applying (6.4) and ( f2 ), we obtain

Applying Egoroff’s Theorem, we find E C S2 such that ]E] I  E and un (x) -
u (x ), as n ---&#x3E; oo, uniformly on ( S2 B E ) . Hence, from (2.3) and (6.2), we have

Fixed q &#x3E; 1, we use (2.3) and Holder’s inequality to get M2 &#x3E; 0 such that

From (6.5), (6.7) and Lesbegue’s Dominated Convergence Theorem, we have

The above inequality, (6.6), (6.7) and the fact that E &#x3E; 0 can be chosen arbitrarily
provide the conclusion of the proof of Lemma 6.1. 0

Considering cx = Ix (ux) + 1 (aN) . , with given by the proof ofN (a0
Theorem 1.1, we shall verify that Ix satisfies (PS) condition below the level cx,
whenever we suppose that u = ux is the only possible solution of (P)~,.
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LEMMA 6.3. Suppose f (x, s) satisfies (fl), with ao &#x3E; 0, and ( f2).
Assume that u~, is the only possible solution of (P)~,, for 0  À  À. Then, Ix

satisfies (PS),, for every

PROOF. Let C Wo ’ N ( S2 ) be a sequence such that

Since is the only solution of (P)x, by Lemma 6.1, we may assume that
un -~ ux, as n -~ oo, weakly in and

From (6.8) and (6.9), we have

Taking we get that

where Considering f3 &#x3E; ao such that

by (2.3), we find q &#x3E; 1 and C &#x3E; 0 so that

Thus,

for every n E N. On the other hand, by (6.11),
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Consequently, from (6.10), there exists p &#x3E; 0 such that

Hence, by Theorem 2.6 and (6.12), there exists M &#x3E; 0 such that

Applying Egoroff’s Theorem, the above inequaltiy and the argument employed
in the proof of Proposition 3.1, we obtain

Therefore, by (6.8),

The Lemma 6.3 is proved. D

Now, we may conclude the proof of Theorem 1.3. Arguing by contradiction,
we suppose that ux, for 0  h  ~,, is the only possible solution of (P)x. By
Lemma 6.3, Ix satisfies for every c  cx. Furthermore, by the argument
employed in the proof of Theorem 1.1, h, satisfies (I&#x3E; 1) on p], for p &#x3E; 0

0

sufficiently small. Hence, Proposition 2.2 and Remark 2.3 imply E p].
Invoking Propositions 5.1 and 2.4 and Lemma 6.3, we conclude that Ix possesses
at least two critical points. However, this contradicts the fact that ux is the

only critical point of Ix. Theorem 1.3 is proved. 0

7. - Theorem 1.4

In this section we establish a proof of Theorem 1.4. The key ingredient
is the verification of Proposition 5.1 under conditions ( f3 ) and ( f4) . To obtain
such result we exploit the convexity of the function F (x , s ) and the fact that

for X E (0, ~,), is a solution of (P)x.
First, we state a basic result that will be used in our estimates.

LEMMA 7.1. Let a, b E N &#x3E; 2, and (. , .) the standard scalar product in
Then, there exists a nonnegative polynomial PN (x, y) (P2 = 0) such that

Furthermore, the smallest exponent of the variable y of PN (x, y) is 3/2 for N = 3
and 2 for N &#x3E; 4, and the greatest exponent of y is strictly smaller than N.
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PROOF. We present a proof of Lemma 7.1 in Appendix B. 0

Now, we are ready to establish the version of Proposition 5.1. Consider f3,
S2 given by ( f3 ) . Let xo E S2 and the Moser sequence associated Mn = 

where Rn = (log n) , and where

is chosen so that B(xo, R) C Q.

PROPOSITION 7.2. Suppose f (x, s) satisfies ( fl), with ao &#x3E; 0, (Î3), and
( f4). Then, for every À E (0, ~,), there exists n E I~ such that

Arguing as in the proof of Proposition 5.1, we suppose by contradiction
that for every n E N, (5.1 ) holds. As before, there exists tn satisfying
equation (5.2). The following two results are versions of Lemmas 5.2 and 5.3
for this new situation.

LEMMA 7.3. The sequence (tn ) C R is bounded.

PROOF. Arguing as in the proof of Lemma 5.2, we have that equation (5.3)
must hold. By ( fl) and ( f4), for every x E ~2, the function f (x, .) is positive
on [0, oo) and nondecreasing. Thus, from (5.3),

Now, by (Î3), given M &#x3E; 0 there exists RM &#x3E; 0 such that

Consequently, by the definition of Mn, for n sufficiently large, we get

Now, from definition of Rn, we have

Thus, we conclude that (tn ) c R is a bounded sequence. The lemma is proved. 0
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LEMMA 7.4. There exist no &#x3E; 0, and a positive constant C(,X, ao, N) &#x3E; 0
(C(À, ao, 2) = 0) such that

where y = 3/2 if N = 3, and y = 2 if N &#x3E; 4.

PROOF. From equations (5.1)-(5.2), we have

Consequently,

Using Lemma 7.1 with a and b we have

From (7.4), I = 1, and the fact that is a solution of (P)x, we
obtain

Hence, from (7.6) and ( f4), we get

In the particular case N = 2, from Lemma 7.1, we have that p2 - 0. From
(7.7), we obtain
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Thus, it suffices to consider N &#x3E; 3. Using the definition of the function Mn,
we obtain the following estimates

Now, from (7.8), Lemma 7.3, and the definition of the polynomial y)
(See Lemma 7.1.), there exists a positive constant C such that

where y = 3/2, for N = 3, and y = 2, for N &#x3E; 4. Hence, from (7.7), (7.9),
we have 

-- ,y _ --

Arguing as in the proof of Lemma 5.2, we get the conclusion of Lemma 7.4. D

To prove Proposition 7.2, we use Lemmas 7.3 and 7.4 to derive the desired
contradiction. From (7.7) and (7.9), for n sufficiently large, we have

Using the definition of Mn and Lemma 7.4, we get

for N &#x3E; 3, and

for N = 2.
From the definition of Rn, we obtain

and

From (7.10) or (7.11) and (7.12), we have a contradiction because the left hand
sides of (7.10) and (7.11 ) are bounded and M can be chosen arbitrarily large.
This proves Proposition 7.2. 0

Finally, we observe that the proof of Theorem 1.4 follows the same ar-

gument employed in the proof of Theorem 1.3, with Proposition 7.2 replacing
Proposition 5.1.
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8. - Appendix A

In this Appendix, we prove Lemma 2.5. First, we note that, without loss
of generality, we may suppose B(xo, R) = R) -= BR.

Setting uM = BR fBR u(x) dx, we may apply Lemma 7.16 in [14] to findR R

C = C (N) &#x3E; 0 such that

Taking v(x) = u (x ) - u M, h E LP(BR), p &#x3E; 1, q = I and we use Holder’s

inequality, as in [23], to obtain

Observing that the diameter of BR is equal to 2R, we get a constant C, (N) &#x3E; 0
such that

Applying Holder’s inequality one more time, we find C2 (N) &#x3E; 0 such that

Combining the above inequalities, we find C3 (N) &#x3E; 0 such that

for every h E LP (BR). Therefore,

for every q &#x3E; 1. Consequently, there exists C4(N) &#x3E; 0 so that
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whenever Now, we use the power series

expansion of * (t) = e’ and the above inequality to derive

if Hence, there exist a = &#x3E; 0, and C5(N) &#x3E; 0 such
that

Since

for some C6 (N) &#x3E; 0, we may use the convexity of the function
to obtain C(N, R) &#x3E; 0 such that

for every u e satisfying 1. Lemma 2.5 is proved. D

9. - Appendix B

In this Appendix we prove Lemma 7.1. First, we establish an inequality
that will be necessary in the sequel.

LEMMA 9.1. Let x, y be real numbers with x &#x3E; 0 and x + y &#x3E; 0. Consider
k = 2 , where N e N, and N &#x3E; 3. Then, there exist nonnegative constants C1, CZ
such that

Furthermore, C1 = C2 = 0 if N = 3 and 4, and C1 = 0 when N = 5.

PROOF. Since x &#x3E; 0 and (x + y)k = -I- it suffices to consider
for every z &#x3E; -1.

3 3 3

(i) Case N = 3. Let g (z) = 1 + 2z + |z| 2 - ( 1 + Z)2, for every z &#x3E; -1.
We must show that the function g is nonnegative. Direct calculation shows
that g’ (z) &#x3E; 0 for every z &#x3E; 0, and g (0) = 0. When [-1, 0], we consider

Thus, and h’ (r ) &#x3E; 0, and
Hence, g (z) &#x3E; 0 for every .z &#x3E; -1.
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(ii) Case N = 4. The proof is immediate.
(iii) Case N = 5. Consider the polynomial function:

By L’ Hospital’s Theorem, we have

Moreover, by Mean Value Theorem, we get

Consequently, there exists a nonnegative constant C such that

(iv) Case N &#x3E; 6. Consider the polynomial function:

Arguing as above, we have

and

Consequently, there exist nonegative constants Cl, C2 such that

Lemma 7.3 is proved. 0

PROOF OF LEMMA 7.1. The proof is immediate when N = 2. Thus, it
suffices to verify the lemma for N &#x3E; 3. Writing
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and using Lemma 9.1 with and we have

Applying Lemma 9.1 one more time, we obtain

where

Finally, since Cl = C2 = 0 if N = 3 and 5, and C1 - 0 when N = 5,
from the definition of PN we conclude that the smallest exponent of Ibl is 3/2,
for N = 3, and 2, for N &#x3E; 4, and the greatest exponent of Ihl is strictly smaller
than N. Lemma 7.1 is proved. D
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