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Integrable Systems and Projective Images
of Kummer Surfaces

LUIS A. PIOVAN - POL VANHAECKE

Dedicated to our teachers Mark Adler and Pierre van Moerbeke

Abstract. The (—1)-involution on the Jacobian Jr of an arbitrary Riemann surface
I" of genus two leads to a singular surface, the Kummer surface Kr of Jr, which,

after desingularization, defines a K -3 surface IEF. We consider ample line bundles

on Kr coming from the even or odd sections of [n®] with prescribed vanishing
at the 2-division points of Jr (@ is the theta divisor of Jr). We use an integrable
system to show that in the cases we study the linear system is base-point-free,
to determine which curves are contracted to singular points and to compute an
explicit equation for the surface in projective space. Our explicit methods apply
to the Kummer surface of any Abelian surface, given as the fiber of the moment
map of an algebraic completely integrable system.

Mathematics Subject Classification (1991): 14)28 (primary), 14H40, 58F07
(secondary).
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1. — Introduction

When studying quartic surfaces in three-space with sixteen nodes, Kummer
discovered a very beautiful geometry, relating such a surface on the one hand
to the Jacobian of a hyperelliptic curve (of genus two) and on the other hand
to the singular surface of a quadratic complex (for a modern account of this,
see [10, Chapter 6]). These singular surfaces, which form a three-dimensional
family, are called (singular) Kummer surfaces. They reappeared recently in
the compactification of the moduli space of stable rank two bundles (of fixed
determinant) on a Riemann surface (see [20]) and as the singular locus of a
natural Poisson structure on a moduli space of flat SU(2) connections on a
Riemann surface (see [13]).

The easiest way to obtain abstractly the Kummer surface X which is asso-
ciated to a compact Riemann surface I' of genus two is as the singular quotient
Jr/(—1) of the Jacobian Jr of I' by the (—1)-involution x > —x (recall that
Jr is a two-dimensional complex torus). As such the Kummer surface has an
obvious generalization to other Jacobians (i.e., to Riemann surfaces of higher
genus) and to other complex algebraic tori (Abelian varieties) (see [16, Section
4.8]). To obtain the Kummer surface concretely, i.e., as an algebraic surface in
projective space, one considers the image of the regular map

épe) : I — PH(Jr, [20])*

yielding a quartic surface in P3; the divisor ® which appears in this map is
the divisor of Riemann’s theta function, and the 2 : 1 map ¢pe) assigns to any
point P € Jr the hyperplane of sections of the line bundle [2@] that vanish
at P. For higher dimensional Jacobians the image of ¢pe; also provides a
projective image of its Kummer varieties (see [16, Section 4.8]), but for other
Abelian varieties, even for Abelian surfaces, the situation is more complicated
(see [6]). Getting explicit equations for Kummer surfaces is still a different
matter and relies in all situations that have been considered on arguments that
depend heavily on the specific geometry of the Kummer surface at hand (for
higher dimensional Kummer varieties no such equations are known at present).
One classical computation of the equation of the Kummer surface Kr as a
surface in P? for example relies on the symmetries of the level two Heisenberg
group (a central extension of the group of half periods (2-division points) of Jr)
(see [12, Chapter 8]); it is not clear how to adapt this approach to other Kummer
surfaces. The other classical computation relies on the above mentioned fact that
the minimal resolution of Kr is the singular surface of the quadratic complex
(see [14, Sect. 82]) and is thus even more dependent on the specifics of the
geometric situation.

The purpose of this paper is to show how equations for projective images of
Kummer surfaces can be obtained in a systematic way. Although our techniques
are valid for other Abelian varieties, we will restrict ourselves here to Kummer
surfaces of two-dimensional Jacobians, but we will consider besides the classical
Kummer surface in P also other, less singular, projective models in P?, P4,
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and P°. Abstractly, these Kummer surfaces are obtained by desingularizing Kr at
some but not all of its singular points: note that on any Abelian surface the (—1)-
involution has sixteen fixed points, hence the quotient Kr has sixteen singular
Roints. The desingularization of Kr is a K-3 surface which is denoted by
Kr, and the partial desingularizations are called intermediate Kummer surfaces.
Concretely, as algebraic surfaces in projective space, the K-3 surface and the
intermediate Kummer surfaces are obtained by constructing line bundles on the
(abstract) K-3 surface Ep. We construct such line bundles as follows. Let

p:Jr— Jr

be the blow-up of Jr at its sixteen half periods. The (—1)-involution on
Jr induces an involution on Jr which leads to a non-singular quotient 7 :
jr — IEF We p1ck a symmetnc line bundle £ on Jr and denote the line
bundle p*L on Jr by L. For any v = (v;)i= 1,...16 We consider the space \C|+
(resp. |£|v) of even (resp. odd) sections of E which vanish at least v; times
at the exceptional divisor E; which lies over the half period e¢;. These linear
systems descend to complete linear systems |M}| (resp. |M;|) on Kr. Using
standard algebraic geometric arguments we will determine the dimension of such
linear systems (Proposition 3.2), i.e., the dimension of the target space of the
map
$px - Kr = PHOKp, M7) .

The main focus of the paper is then on studying the map ¢ ME and on obtaining
explicit equations for the image of this map. We do this by using an algebraic
completely integrable system (a.c.i. system) whose fibers of the (complex) mo-
ment map are affine parts of genus two Jacobians. Our methods do not depend
on the particular a.c.i. system that we use and can hence be used to compute
explicit equations for other Kummer varieties, as long as the corresponding
Abelian varieties appear as the fiber of the moment map of some a.c.i. system.
Let us explain shortly the role of this deus ex machina (for more information,
see [3] or [28]). It was observed by Kowalewski that an a.c.i. system on an
n-dimensional space M must have one or several families of Laurent solutions
depending on n — 1 free parameters. A careful analysis shows that each such
family F; corresponds to an irreducible component D; of the divisor D to be
adjoined to a generic fiber 1~ (c) of the moment map

u:M — Spec A

(A is the algebra of first integrals of the a.c.i. system; D depends on ¢) in order
to complete it into an Abelian variety. Moreover, for any function f on M the
restriction f, w1, of f to this fiber has a pole along D; which equals the pole
of the Laurent series of f, as computed from the family F;. Since (the first few
terms of) the Laurent solutions of an a.c.i. system can be effectively computed,
we have an effective way to compute a basis for the meromorphic functions
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having prescribed poles at a given divisor and hence an effective way to compute
explicitly the sections of any of the line bundles £ = [Y_ n;D;]. Since the (—1)-
involution reverses the signs of all the integrable vector fields of the a.c.i. system
the splitting in even and odd sections can also be determined explicitly. Finally,
having these sections at hand one expresses easily the condition that a section has
a prescribed vanishing at some of the half periods. Summarizing, starting from
an a.c.i. system which has a given Jacobian Jr (or, more generally, an Abelian
variety) as one of its fibers, we can find an explicit basis for H(Kr, Mvi)
and hence also explicit formulas for the (non-linear) relations which hold be-
tween those sections, i.e., for the equations that define the projective image
.of ’E[‘.

The integrable system comes in handy for many other things. We use it for
example to determine the base locus of the linear system under consideration: in
the cases of interest to us, this base locus will be shown to be empty, showing
that our maps ¢ ME are regular maps. Moreover we can use it to determine
which divisors are contracted: in our case the only possible contractions will be
divisors on K which correspond to translates of the theta divisor (theta curves)
or to the exceptional divisors E;. Our arguments have the advantage that they
consist of an algebraic computation only, in contrast with the more geometric
arguments, which are specific to the particular class of Abelian surfaces and to
the linear system under consideration.

Finally, using the explicit sections we can compute the coordinates of the
singular points of the image, which allows us to rewrite the equation(s) of
the embedded intermediate Kummer surface in a very symmetric form. In
those cases in which no vanishing at the half periods is prescribed we will
also provide an equation whose coefficients are explicitly expressed in terms of
the coefficients of the curve, defining the Riemann surface I'; from the point
of view of number theory such equations are more useful than equations that
depend on the coordinates of the Weierstrass points of the surface. As far as
we know such equations for Kummer surfaces do not appear in the classical
or modern literature. When rewritten in a more symmetric form, depending
on the coordinates of the Weierstrass points, we recover in some cases known
equations and otherwise new equations for projective images of Kr. In the
following table we summarize some geometric information about the projective
images that we consider.

Table 1
L parity v P sing. points eq.1 eq.2
[2©] even 0 P?  16+0=16 (22) (25)
[3@] even 0 P?  6+0=6 Qn (9
[30] odd 0 P+ 10+1=11 (30) (31)
[30] odd 2,0,...,0) P?  9+1=10 — (34
[40] odd 0 PS5 0+0=0 35) (36)

[4©] odd a,....,1,3) PP o0+6=6 (27) (29)
[40] even (22220,...,00 P5 12+0=12 — (37)
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The meaging of the first three columns is clear. In the fourth column,
P¥ = PHO(Kr, M¥)*. The first number appearing in the sum in column
five is the number of exceptional curves that get contracted while the second
number is the number of theta curves that get contracted. The sum in column
five is the total number of irreducible divisors that get contracted. In the
last two columns we give a reference to the equations for the image of the
Kummer surface in PV, the first equation being the one that does not involve
the coordinates of the Weierstrass points explicitly, while the second equation is
more symmetric but does depend on the coordinates of the Weierstrass points.
Equations (25) and (36) appear already in [14] but all other equations are new.
Using a related integrable system the second author has, in collaboration with
José Bertin, obtained equations for a one-dimensional family of generalized
Kummer surfaces in P* (see [9]).

ACKNOWLEDGEMENTS. The first author wishes to thank the Université Catho-
lique de Louvain for its hospitality. The second author would like to thank
José Bertin for drawing his attention to the classical paper [23] by Remy and
is grateful to Francesco Bottacin for useful discussions; he also acknowledges
the Universidad Nacional del Sur in Bahia Blanca for its hospitality.

2. — Abelian and K -3 surfaces

In this section we consider some basic facts about complex Abelian surfaces
and K-3 surfaces. These surfaces are nonsingular and their canonical bundles
are trivial. For any surface X we will write Oy for its structure sheaf and Ky
for its canonical divisor. When X is non-singular then the line bundle £
(invertible sheaf) which corresponds to a divisor D will be denoted by [D] and
the dimension of the i-th cohomology group H'(X, L) is written as h'(L) or
h'(D). When D is effective we denote its complete linear system PH 0x, D))
by |D|; for £ = [D] we also write || for |D|. An effective reduced divisor
on X will be called a curve on X. Linear equivalence of divisors is denoted
by ~.

For an Abelian or K-3 surface X the birational invariants are summarized
in the following table.

Table 2
invariant notation definition K-3 Abelian
irregularity q(X) hl(Ox) 0 2
arith. genus Pa(X) x(Ox) —1 1 -1
geom. genus pe(X) h2(Ox) 1 1




356 LUIS A. PIOVAN - POL VANHAECKE

We will use line bundles on Abelian and K-3 surfaces to construct images
of Kummer surfaces and K-3 surfaces in projective space. Recall that to a line
bundle £ = [D] there is associated a holomorphic map

ér: X\ B(L) > PHY(X, £)*

which assigns to any point P (which is not in the base locus B(L) of L) the
space of sections of £ that vanish at P. We call £ (and D) very ample when ¢
is an embedding and B(L) = . If some positive power of £ (multiple of D)
provides an embedding then we call £ (or D) ample. Explicitly, if (so, ..., sn)
denotes a basis of HO(X, £) then ¢ is given for P € X \ B(L) by

¢c(P) = (so(P) :51(P) :--- :sn(P)).

Let us assume that B(L) = @ and that the image of ¢ is a surface. Then, by
Bertini’s first theorem (see [26, p. 21]), the general member of |£] is irreducible
and smooth. If ¢, contracts a curve C (¢-(C) is a point p), then £L-C =0
since we can choose a curve D’ € |£| = |D| such that ¢.(D’) avoids the
point p. By Bertini’s second theorem ([26, p. 24]) such a curve is smooth and
it is clear that D’ does not intersect C. However, if C is not contracted then
D - C is the degree of ¢.(C) in PH(X, £)*, multiplied by the degree of ¢,.

The adjunction formula for nonsingular curves on a surface implies that
the (virtual) genus of a curve C on an Abelian or K-3 surface is given by
g(C) = C?/2+ 1. On the other hand, the Riemann-Roch formula

1
x(D) = ;D (D — Kx) + 1+ pa(X)
simplifies for a curve C on an Abelian or K-3 surface to
0 1 2 1
h°(C) = EC + 14 p(X)+h (C)

because Ky = 0 and the Euler characteristic of [C] is given by x(C) =
ho(C) —h(C) + hO(Kx — C) = h°(C) — h'(C). In classical terminology 4!(C)
is called the superabundance of C and is computed by using a theorem by
Kodaira (see [15, Theorems 2.2 and 2.3]).

THEOREM 2.1. Let m be the number of connected components of a curve C on a
surface X. Then h' (K + C) = m — 14k, where the integer k denotes the dimension
of the kernel of the homomorphism

H'(X,0x) > H'(C, O¢).
In the case in which X is K-3 we have from Table 2 that g(X) =hl(0x)=0
so that k =0 and A!(C) = m — 1, leading to the final formula
1
) hO(C)=§C2+m+1=g(C)+1.

In this case conditions for an ample line bundle to lead to a birational map
were given by Saint-Donat (see [25, Theorem 5.2]).
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THEOREM 2.2. Let L be a line bundle on a K -3 surface X such that £* > 4. If
the linear system |L| = PH®(X, L) has no fixed components then L = [C] for an
irreducible curve C of genus g(C) = L£*/2 + 1 and the map

éc: X > PHYUX, £)* = P8O,

is regular. Moreover, ¢ is birational unless X contains an irreducible curve C' such
that g(C') = 1and C' - C = 2 or such that g(C') =2 and C ~ 2C".

The following result, which is also due to Saint-Donat (see [25, Theo-
rems 6.1 and 7.2]), gives some information about the equations which define
the image.

THEOREM 2.3. Let L = [C] be a line bundle on a K -3 surface which satisfies
the conditions of Theorem 2.2, excluding the exceptional cases, i.e., ¢ is birational.
Then the natural map

¥ S*HY(X, £) — P H(X, L")

n>0

is surjective. If L* = 4 then the kernel of \r is generated by an element of degree
four while if £L* = 6 it is generated by a pair of elements of degrees two and three.
If L > 8 then the kernel of ' is generated by its elements of degree two unless X
contains an irreducible curve C' such that g(C') = 1 and C’ - C = 3 or X contains
a pair of irreducible curves C', C" such that g(C') =2, g(C")=0,C"-C" =1
andC ~2C'+C". .

3. — Projective images of Kummer surfaces

A natural class of K-3 surfaces appears as follows. Let A be an Abelian
surface. The (—1)-involution on A (reflection with respect to the origin), which
will be denoted by (—1)4, leads to a singular quotient X4 = A/(—1)4 which
is called the (singular) Kummer surface of A. It has sixteen singular points
which correspond to the half periods ej,..., e of A. The desingularization
of K4 can be described as follows. Let p: A — A be the blow- -up of A at
all its half periods and denote the corresponding exceptional divisors by E;.
(—1)4 extends to an involution (—1)+ 4 on A and the quotient ICA = A/ =Dy
is a K-3 surface (see [8, Proposition VIII.11]). ICA is the desingularisation
(minimal resolution) of X4 and we have the following commutative diagram.

_p_.>A

! !

IEA—>ICA
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Associated to A there are also several intermediate Kummer surfaces which are
desingularizations of K4 at some but not all singular points.

We will be interested in projective embeddings of smooth, singular and
intermediate Kummer surfaces. Therefore. we need to know how to construct
ample line bundles on K4. Let £ be a symmetric line bundle on A, (—1)4,L = L.
Then (—1)4 lifts uniquely to an involution (—1). on the total space of £ which
is C-linear on the fibers of £ and which is identity on the fiber over the origin
of A (see [16, Lemma 4.6.3]). Since the involution which (—1), induces on
the fiber over each half period is linear it is either identity or multiplication by
—1. If it is identity the corresponding half period is called even, otherwise it is
called odd; in particular the origin is always an even half period. The induced
involution s — (—1)zs(—=1)4 on H%(A, L) leads to a splitting of H°(A, L)
into (+1) and (—1) spaces, whose elements are called even sections and odd
sections,

HYA, L) = HA, 0" @ H°(A, £)™.
Everything can be pulled back using p: we have a line bundle L= prL
on A with an induced involution (—1)7 and an induced splitting of HO(A C)
clearly p* realizes isomorphisms between the even resp. odd sections of L and
those of £. Most importantly, these even and odd sections of £ correspond to

the sections of two line bundles on /EA: the rank two sheaf JT*Z splits under
the action s — (— Dzs(— 1) into (+1) and (—1) spaces

L =M @M,
and there are isomorphisms [6, Proposition 1.1]
HYA, £)* = HO(K 4, MF).

So, we can realize odd (even) sections of £ on the Abelian variety A as sections
of M~ (M™) on the smooth Kummer surface K4. The above construction can
be generalized by defining for any vector v = (vy,...,vi6) € N'© the line
bundle £, by

@ Ly=p"Lo Y (-wE].

We think of sections of £, as sections of £ with prescribed vanishing at the
half periods e;. The involution (—1) z, on the total space of £, is defined as
the tensor of (—1)z with the identity on each [E;]. Thus, Ly splits under the
action ¢(s) = (— I)E s(— l)A into (4+1) and (—1) 11ne bundles on ICA, which

we denote by M7 and M.

When worklng out concrete examples it is useful to know in advance the
dimension of H%(K 4, M), to know whether the map to projective space, given
by the sections, is birational and whether some divisors (exceptional or not) are
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contracted by this map. Since the symmetric line bundles £ which we will
consider come from explicitly given divisors, we will state the result in the
language of divisors. A divisor (or curve) D on A is called symmetric if
(=% D = D. The line bundle of a symmetric divisor is symmetric and the
even and odd sections of a symmetric line bundle are symmetric divisors ({16,
Lemma 4.7.1]); therefore, working with symmetric divisors is just as general as
working with symmetric line bundles. We will call a symmetric divisor even or
odd according to whether it is defined by an even or odd section. It is easy to
see that an even (resp. odd) divisor D has even (resp. odd) multiplicity precisely
at the even half periods (in particular at the origin). We denote the multiplicity
of D at the half period e; by u;(D). Let us fix a symmetric curve D on A for
which [D] = L. By passing to a linearly equivalent divisor (if necessary) we
may assume that D is such that the chosen numbers v; satisfy v; < u,;(D) for
any i, because if a divisor with the required vanishing at the half periods does
not exist, then £, has no sections and is not of interest for our purposes. As
we will show in the next proposition the divisor p*D — Z}il v; E; is symmetric
if and only if the multiplicities v; are either all even or all odd; we will say
in these cases that v is even or odd. If we denote the proper transform of D
by D then p*D = D + 3 ui(D)E; so that

L= D+ (uD)-wE] .
Let®®

1 . 1Js
3) C=;mbD+s > (ui(D) = pi)Bi ,
i=1
where B; = n,.E; and p; is defined by po; = v; if u;(D) —v; is even, and
pi =vi+1if w;(D)—v; is odd (( = 1,...,16). The curves B; are called
(—2)-curves because

1
B? = 5(n*B,-)2 =2E} = -2.

PROPOSITION 3.1. Suppose that D € |L| be symmetric, let v € N 16 be even or
odd and let the curve C on K 4 be defined by (3). Then [C] = M} if D and v have
the same parity, otherwise [C] = M.

PROOF. Let s resp. s* be sections that vanish at D’ = D + Z}il(ui(D) -
v;)E; resp. at p*D = f)+2}21 ui(D)E;. We choose a local defining equation
x; for E;. Using the fact that x; (—1); = —x; and that locally the two sections

are related by s = s*/x;" we find

0(s) = (=D)z,s(~Dz = (=D s* (=D z/(-D"ix;" = £s/(=1)",

(DNotice that since D is symmetric each irreducible component of its direct image 7, D appears
an even number of times.
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where +/— corresponds to s* even/odd. This implies that s is symmetric if
and only if v is even or odd, and it shows how the parity of s is related to
the parity of s* (1 e., of D) and of v. We want to see how s descends to the
Kummer surface K 4. Let us assume that s is an even section, s € H 0(A Cv)
so that 1/s locally generates the 0~A-module M ; a proof for an odd section
goes along similar lines.

The canonical map OEA — O leads, by taking a direct limit over

neighbourhoods of g € A, toa map

Ty OEA,n(q) - H*Olq -0z,

and induces an isomorphism OIEA = (n*O;)G, where G is the group generated
by (—1)} ([19, page 66]). Away from the ramification locus of s, which
consists of the set of exceptional curves E;, the map m, is an isomorphism.
Therefore, if g € A does not belong to an exceptional curve then 7, sends the
local equation of C to the equation s = 0 of D’. It remains to be shown that
this is also true when g belongs to an exceptional curve. Let g be a point in E;;
we may assume that g does not belong to any other E;. If we denote a local
defining equation for E; by x;, as before, and we consider a coordinate system
(xi,t), then (u = x ,t) is a coordinate system around 7(g) and the map m, is
the immersion (C[[u t]] = C[[x?, t1] = C[[x, t]]. An equation for D’ about the
point g is given by s = f(x,t) = x™ig(x,t), where g is a local equation for
the proper transform D and m; = u;(D) —v;. The local section g is even ([6,
Proposition 1.2]), so that g(x, ) = g(x%, ¢), and

p(s) = p(x™g) = (=D™ix™g = (=1)"s.

Since s is an even section the above equation shows that e; is an even half period
precisely if m; is even. Now, 1/f is a generator of the Oz -module L, and

the linear map ¢ splits the rank two (9~ -module L'q into (:I:l) spaces M=
Then, for this generator

e(1/f) =D/, o&/f) =—(=D"x/f.

It follows that if e; is an even half period then 1/f is a generator of M
around g; otherwise M is generated by x;/f around g. In the first case an
equation for a divisor on ICr corresponding to the line bundle M is given by
fxi,t) = x2kg(x,, H=u g(u t) = 0. In the second case such an equation
is given by f(x;, t)/x; = xzk“g(x, ,1)/x; = u*g(u,t) = 0. In both cases this
gives a local equation (around g € E;) for the divisor C, given by (3). O

m(q)*

In the following proposition we use Kodaira’s Theorem to compute °(C).
We also compute the intersection of C with other curves (in particular the
(—2)-curves) because this allows us to determine which curves are contracted
by the map ¢ : ICA - ]P’HO(ICA, [C]) and to compute the degree of the image
curve.
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PROPOSITION 3.2. Let D a symmetric curve on an Abelian surface A which
induces a polarization of type (81, 8,). Suppose that v € N6 is symmetric and
satisfies vi < u;(D) fori = 1,...,16. Let C be the curve on K, defined by (3)
and assume that |C| has no fixed components. Then

16
@ c? —8182——2»0,,

i=1

5) rO(C) = @—12 +m+1,

where p; = v; if u;(D) — v; is even and p; = v; + 1 otherwise; the integer m is
the number of connected components of C. If C' is any curve in K o which does not
contain any of the curves B; as one of its irreducible components, then

~- 5 Zpl/'l‘l (D),

DD’

©) C-C'=

where D' is the symmetric divisor on A such that n*C’' = p*D’ — Z}gl ui;(D)YE;.
Also C - B; = p; for any .

Proor. We know from Formula (1) that
C2
) hO(C)=—2—+m—|—1,

where m is the number of connected components of C. Since m is of degree
two we get from (3) that

16 2 16 2
2C? = (D + Y (ui(D) — Pi)Ei> = (P*D - ZP:‘E:') :
i=1

i=1

Using the fact that (p*D)? = D? = 25,5, we find the announced formula (4).
Combined with (7) this gives the right number for A°(C). The verification
of (6) is similar:

NI'—'

16
( +Z(u.(D) p,)E) (P*D’—Zui(D’)Ei)

i=1

16
(*D Zp, )~<p*D’—Zu,~(D’)E,~)

i=1

Nl'—'

_D-: "
ini(D")
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Finally,
1 . 16
C-Bi=2|D+3 (D)= p)E; | -2E; =p;. O

i=1

Our formula for h°(C) generalizes the formula given in [6, Theorem 3.1].
In the latter formula all v; are zero which implies m = 1 because at any half
period which belongs to two irreducible components of D we have w,;(D) > 2.
If D is even (resp. odd) then p; = 1 for the odd (resp. even) half periods and
pi = 0 for the even (resp. odd) half periods. Thus our formula specializes to
Bauer’s formula,

5132 n
8 C)=—"7"-=+2
®) O =—F"-7+

where n is the number of even half periods if D is odd and n is the number
of odd half periods if D is even.

4. — The Mumford system

In this section we introduce an integrable system and we use it to compute
explicit bases for the sections of different natural line bundles on the Jacobian
as well as parametrizations of the divisors that are cut out by these sections. In
the next section we will use these sections to compute several projective images
of its Kummer surface.

Consider a hyperelliptic curve of genus two, given by the equation

5 5
©) u?=f() where fQ)=][G-4)=3) or®"
i=1 i=0

and assume that it is smooth, i.e., all A; are different. This curve can be
completed into a non-singular complete curve (compact Riemann surface) I' by
adding a single point which we will denote by co. The map I' — P which is
given on the affine part I" \ {oo} by (A, u) — XA expresses I' as a two-sheeted
cover of P. It has six ramification points w; (i = 0,...,5) which are called
Weierstrass points. They are the fixed points of the hyperelliptic involution i
which is given on I \ {00} by (A, u) > (A, —ut). At oo the Riemann surface
is described in terms of a uniformizing parameter ¢ by

4 a2
10) A =t?%  u@) =t (1 + %rz + —"2-8—"%4 + 0(:6)) ,
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showing that oo is one of the Weierstrass points; we will always label these
points such that oo = wp and such that A(w;) = A; for 1 <i < 5. At w; the
curve is parametrized by

1) MO =r+12  u@ = [[[i - @+ 0.
J#i

(the particular choice of square root is irrelevant because we can replace ¢
by —t). We denote the Jacobian of I' (its group of divisors of degree zero
modulo linear equivalence; equivalently its group of line bundels of degree zero)
by Jr and we denote the element of Jr that corresponds to a divisor D of
degree zero on I' by [D]. It is a fundamental fact that Jr is an Abelian surface
and that the map P — [P — oo] is an embedding of the curve in its Jacobian.
We denote the image of this map by © and call it the theta divisor; ® is indeed
a divisor and @? = 2.

The hyperelliptic involution : on I" extends linearly to an involution on the
group of divisors on I which in turn descends to the (—1)-involution on Jr.
It follows that the sixteen half periods on Jr are given by e;; = [w; — w;] and
their group structure is governed by the formulas

eij +ejx + e =0, for any i, j, k,
eij+eq+emn =0,  fori,j kI, mn all different,

(for the proof of the second formula, use the meromorphic function (A —A;)(A—
Ak)(A — Am)/p to realize the linear equivalence w; + wy + wm ~ wj + W + Wy).
We also introduce the sixteen translates ®;; = © +e¢;; of the theta divisor which
we will call theta curves. The theta curves ®;; are symmetric, the odd ones
are the six curves ©gy; which pass through the origin and the remaining ones
are even.

To every point of Jr we can uniquely associate a matrix of polynomials
(in A)

(12) (v()») u(r) ) _ ( VA + v A2+u1A+uz)
w) —vA)) T \ XM+ wr2+wih+w,  —viA—v

whose characteristic polynomial equals u? — f(A) as follows (see [18]). Every
element of Jr is of the form [P + Q —200] for some P, Q € I' and the
unorderd pair (P, Q) is unique if and only if P # :(Q). In this case, if
both P and Q are different form oo we take the entries of the matrix (12) to
be given by (note that w(}) is indeed a polynomial because v(A(P)) = u(P)
and v(A(Q)) = u(Q))

ud) = Rr—A(P)AX -A1(Q)),
o) = p(P) — M(Q)A + A(P)u(Q) — MQ)u(P) ’
(13) A(P) — A(Q) A(P) = MQ)
) —v )
wiA) = ———-.

u(2)
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For example, for the ten half periods e;; = [w; — ;] (1 <i < j <5), we get

0 A= A)(A = A))
(14 ( [Ta-w 0 ) :

ki, j

The above formula for v(1) is to be interpreted in the right way when P = Q:
taking the limit Q — P in the above formula for v(A) we find the following
formula for v(A) when P = Q,

S PR = A(P)) +2f(A(P))

s) v(d) = 20(P)

Note that the denominator does not vanish because P # 1P, ie., P is not a
Weierstrass point. Still assuming that P # :1(Q), if Q = oo then the matrix is
given by

S u(I;) A —=A(P)
(16) [Ha -2 -TJP) =)
i=1 i=1
"= AP) —u(P)

For example, for the five half periods e;o = [w; — o0],i =1,...,5 we have

0 A=A
(H(A—Aj) 0 ) :

J#

The divisors P +1(P)— 200 form a linear system that corresponds to the origin
of the Jacobian; its matrix is given by

;0 1
17 (H(x—m 0)-
i=1

For future use we will now compute the set of matrices which correspond to the
divisors ©;;; more precisely we will give a parametrization of all of the divisor
minus one point. In order to make our formulas more compact we introduce
the following expressions in the A; which generalize the elementary symmetric
polynomials o; (introduced in (9)),

Ok,ii...in = OklA; ==, =05 (I=<n+k<5),

ak,l'l.“in = 6k,j1...j5_n9 ({jlv vy jS—n} = {1’ ceey 5} \ {il’ ceey ln}) .

For example 01,12 = —A1 — Ay and 0_'3,12 = —A3A4As.
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Clearly, a parametrization for the theta divisor ® = ®q is given by all
matrices (16) where P runs over I'. For the other divisors ®¢y we get

A—A;
WPy =" (A = AP)( — A)
(18) MP) =i ien |

*; —M(P)m

where *; is found by expressing that the characteristic polynomial of the matrix
is equal to u? — f(A),

*i = A3 + 2261 + A(P)) + A(G2i + A(P)G1i + AM(P)?)

= Py = Gei + MG+ A (P)G2 + MA(PY2G1; + MA(P)’].

The formulas for computing the other ®;; (with 0 <i < j < 5) require some
more work. The points on ®;; are of the form [P + w; + wj — 300], which
we first need to rewrite in the standard form [Q + R — 2o0] (Q and R will
depend on P). Consider for fixed P the following meromorphic function on I,

A =2)A —4))
P
ot ) P S A P) — A)
G = MPY = A — &)

op(A, pn) =

It realises the linear equivalence P + w; + w;j ~ Q + R + oo, the points Q
and R being given as the non-trivial zeros of the numerator. To find these
zeros, multiply this numerator by

A =A)A —4A))
(A(P) = 2)(A(P) — A))

u— u(P)

to find the following equation in A whose solutions are A(Q) and A(R),

5 5
[T = %A P) = 22 (P) — 4)* = [J(P) — M) (A — 4:)*(h — ).

k=1 k=1

Note that we are not required to solve this for A(Q) and A(R) individually:
we can solve it linearly for A(Q) + A(R) and AL(Q)A(R) and this is enough to
determine the polynomial u(A) which is associated to an arbitrary point on ®;;,
in fact these are precisely the coefficients of u(1) since u(A) = (A —A(Q))(A —
A(R)). Solving linearly we get

uy = A2(P)ayij + AM(P) (02 — 262,ij) + 02,ij01,ij — 03,ij
(A(P) = L)(A(P) — &)

_ A2(P)0a,ij 4+ MP)(02,ij01,ij — 03,ij) + 02,ijG2,ij — 01,ij03,ij

B (A(P) = A)(A(P) — &) '

)

19)

Uz
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In order to find the polynomial v(A) which is associated to an arbitrary point
on ®;; we use the vanishing of the numerator of ¢p to find

Q) — R _ —u(P) MO +AR) —ri — A
AMQ) — A(R) (A(P) = A)(A(P) = 1))’
MAuR) —AR)u(Q) _ u(P) AQIA(R) — Aid;
A(Q) — A(R) (A (P) = L)(A(P) = 1))

The right hand side only involves A(P)+A(Q) and A(P)A(Q) hence it suffices
to plug in the expressions (19) for these to find the polynomial v(A) associated
to [P+ w; + wj — 300],

up+ A +A;
= u(P ,
=t BT B P = &)
(20) Uy — AjA;
vz = u(P) —

(A(P) = L)(M(P) = &)

. The corresponding polynomial w(A) is found from w(A) = (f(A) — v2(A)/u(r).

The above formulas for the divisors give a parametrization but do not
describe the sections which cut them out. Nor do we have, at this point, a way
to compute a basis for the odd or even sections of [n®] which lead to projective
images of the Kummer surface. To get these we consider the (two-dimensional)
Mumford system (see [18]), which consists of a pair of commuting vector fields
on the seven dimensional affine space M of matrices (12). Coordinates on M
are given by uj, us, vq, v2, wy, w; and w;.

Let H denote the map

H:M— C[A, ul: AQ) = |[AQ) — pl],

which associates to such a matrix A(A) its characteristic polynomial. Then the
fiber of H over a polynomial u? — f(A) (f monic of degree five and square-
free) is isomorphic to the affine variety Jr \ ® where I' is the curve defined
by u? = f(A); explicitly the isomorphism is given by (13). Equations for this
affine variety thus follow from the equations of the fiber,

Uy +wo =0q,
uz + ujwo + wy = 02,

1) upwo + uywy + wy + v? = o3,
uaw; + ujwr + 2v1v2 = 0y,

2
uwy + vy = 0s,
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where we denoted the coefficients of the curve u?> = f(A) by o;, as in (9).
Two independent commuting vector fields on M are given by

. 14

U=, u =",

. ’

U =12, Uy = U1V — Uy,

. 1 2 / 1

v = _E(wl +uy — ujwo — uz) , vy = —E(wz + ujuz — upawy) ,
. / 1 2

vy = —E(wz +ujup — uawg), Vv, = —5(141102 +u; —uswi),
. A

Wo = —Vp, Wy = —V2,

. /

W) = Uy — vjwWo — Va2, Wi = UV — VW,

Wy = UV — VW, w’2=u2v2+v1w2—v2w1.

Mumford shows that these vector fields restrict to linear vector fields on the
Jacobians which appear as fibers of the map H (it is easy to check that these
vector fields are indeed tangent to the fibers of H). Fixing the section which cuts
out n®, the sections of [n®] can be described by the meromorphic functions
with a pole of order at most » at infinity, i.e., at ®. To find these meromorphic
functions one looks for Laurent solutions to the differential equations which
describe one of the linear vector fields (see [28, Chapter 5.3]), more precisely
one looks for all families of Laurent solutions of the maximal dimension (i.e.,
containing the maximal number of free parameters). In the case at hand we pick
the first vector field (the Laurent solutions for this vector fields are easier to find
because that vector field is weight homogeneous, see [28, loc. cit.]) We find
that there is only one such family of Laurent solutions and that its dimension
is six. We display here precisely as many terms of the Laurent solutions as
we need for our computations below; moreover we only display them for u;
and u, because the Laurent solutions for the other affine variables follow at
once from them by using the differential equations (e.g., v; = u;, etc.).

4
Uy =- +a+2ct2+40dt3+et4+3d(a+2b)t5+ft6+--- ,

4b
uy=— —b(a+b)—240dt —2bct* +8d(3a+b)t* + (18 f +6c2 —be)t +- - - .

A basis for the functions with a pole of order two at most at ® is given by
zo=1z1=u1, 2=uz, 23 =u1u2 — Wy.

To see that the restriction of z3 to Jr is linearly independent of the other
functions it suffices to compute the leading term of z3, which is given by
4b(3a+2b)/t*. The corresponding sections embed the singular Kummer surface
into P? (see the next section). A basis for the functions with a triple pole
along O is given by adding the following five functions

24 = V1, 25 = V2, Z6 = U1V2 — U2V], 27 = VoW1 — Viwy + ug(U1v2 — Uvy),
78 = U Wy + uswi + 2uurwy .
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Their leading terms are given by

8
(24, 25, 26, 27, 28) = 5 (1, =b, b%, b*(3a + 2b), 1440d)

showing their independence. These nine functions allow to embed the Jacobian
into projective space P8. Finally, to get a basis for the space of functions with
a pole of order at most four along ©, one also adds the following functions:

2 2
29 = Uy, 210 = U1U2, 211 = U3, 212 = VW7 + UjwWov2,
2
213 = ULU2V2 — VW2 — UZV] — UaVaWo, 214 = Ua(U1Uz — W2),

2
215 = (uiuz — wo)“.

Their leading terms are given by
16 2 2 2 2
(29,2105 - - -, 215) = t_4(1’ —b, b*, —720d, —720bd, b*(3a + 2b), b*(3a + 2b)7),

hence these sections are also independent (on the Jacobian of any smooth
curve I'). Since the hyperelliptic involution on I' is given by (A, u) — (A, —p)
the (—1)-involution on Jr is given by

(u1, uz, v1, v2, Wo, Wi, W) H> (U1, Uz, —v1, —V2, Wy, Wi, W2),

and we easily see that each of the functions z;, i = 0,...,15 is either even
or odd with respect to this involution. In order to consider such a function z;
as a section of [n®] we need to multiply z; by the section that cuts out n®,
which is even for n even and which is odd for » odd. Therefore we find the
following table for the functions z; which represent the even and odd sections
of [20], [3®] and [4®]. An explicit basis for the even and odd sections for
[n®] with n > 5 are obtained in a completely analogous way but will not be
used here.

Table 3
line bundle even sections odd sections
[20] 1,z1,22,23 no
[30] 24, 25, 26, 27 1,21,22,23, 28
[40] 1, z1, 22, 23, 28, 29, 210, 211, 214 215 24, 25, 265 275 2125 213
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5. — Kummer surfaces of Jacobians

In this section we will use the results of the previous section to compute
different projective images of the Kummer surface Kr of Jr. The linear systems
which we will use consist of the even or odd sections of [n®] (with n = 2, 3, 4)
with prescribed vanishing at the half periods. Recall from Section 3 that we
denote the line bundle p*L ® [>_(—v;)E;] on Jp by L', and that we denote
the line bundles on Kr which correspond to the even and odd sections of L,
by MZ. In order to compute these induced linear systems on Kr we will use
divisors in |n®| which consist entirely of translates ®;; of ®. We will call such
divisors totally reducible divisors. These divisors have the convenient property
of having large multiplicity at several half periods and it is for these divisors
easy to figure out its multiplicity at any half period. The following lemma will
tell us which divisors in |n®| are totally reducible.

LEMMA 5.1. The divisor ©;j, + -+ + ©;,;, is in |n®| if and only if e, j, +
ot Cinjn = 0.

Proor. The proof of the only if part follows easily from [16, Lemma 4.1.5].
The if part then follows from the fact that two different translates of ® are
never linearly equivalent. O

We will in every case considered below show that the linear systems M
have no base points, so that the corresponding map ¢ ME is regular, we will
compute an equation of its image and we will determine which curves are
contracted (leading to a singular point of the image). We will denote the image
of the (—2)-curve B;; by &;; and the image of rr*((:),- i) by T;;. These images
can be points, straight lines or curves of higher degree. The incidence relations
between the thirty-two objects £;; and 7;; will follow easily from the incidence
relations on j]“ (see [12, Chapter 1]) which were classically represented in the
following compact form.

Table 4

00|01 | 1202
3412510515
35124104 | 14
45 (23103113

The way in which the incidence is encoded in this table is this: the divisors E;;
are pairwise disjoint as well as the divisors ©;. Every divisor E;; meets

precisely six divisors (:)kl and vice versa. E;; and @)kl will meet precisely when
the indices ij and kIl appear in Table 4 either in the same row or in the same
column (but not both!).
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5.1. — The linear system |20)|

The first case is that of D = 20, £ = [20]. Some of the results in this
paragraph are classical but the proofs that we give provide the reader with
a good illustration of our approach, which also applies to the more complex
situations studied in the subsequent paragraphs.

The divisor D has multiplicity two at the six half-periods ey, eo1, ..., €gs
and has multiplicity zero at the other half periods, in particular D is even and
all half periods are even. We picture D as follows.

01

By (8) every section of [2@] is even, in agreement with Table 3, leading
to a line bundle M™* on IEF. If s denotes the section of [2©] that cuts out 20
then Table 3 tells us that 6y = s, 0, = suy, 6, = supy and 65 = s(ujuy — wy)
span the space of sections of [20].

PROPOSITION 5.2. The linear system |20)| is base-point-free hence leads to a
regular map ¢+ : Kr — P3. The image of ¢+ is a quartic surface whose
equation is given, in terms of the coordinates 6;, i =0, ..., 3, by
0 = (40305 — 02)03 + 2[—2020501 + (0204 — 20105)6; + 20563163

+[4010507 — (2044072)0% + (405 —20104)6102 — 2040103 +40536,05162

+ 2[—2050; + 0203 + 204070, + (5102 — 203)6,63 + 26,07

— 026016203 — 2010263100 — (02 — 01610, + 6,63) .

(22)

The map ¢+ contracts the sixteen (—2)-curves B;j and maps the sixteen theta
curves to sixteen conics, leading to the classical 16g-configuration on the Kummer
surface Kr. No other irreducible divisor is contracted by ¢ .+.

ProoF. Let us show that there are no points on Jr where all sections of [20]
vanish. First, if such a point X exists then s(X) =0 hence X € ®. We know
that the points on the theta divisor are of the form [P — oco] where P € I'. Let
us suppose first that P # oo and consider the curve X (t) = P + Q(¢) — 200
where Q(0) = oo and Q(¢) = (A(¢), u(t)) is given by (10) for ¢ small and
different from zero. The polynomials u(A), v(A) and w(A) which correspond to
X (¢) are (for ¢t # 0) computed from (13). The image of X = X (0) in projective
space is then given by

lim (1201 (@) 2 u2(®) 2 ur@uz(t) — w2 (®) = (0: =1 A(P) : A(P)(o1 +A(P))),
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in particular not all sections vanish at X. If X is the origin then we consider
a curve X(¢) = [P(t) + Q(t) — 200] where P(t) and Q(t) are given as Q(t)
above and we find in a similar way that the origin gets mapped to (0:0:0: 1).
This shows that [20| is base-point-free, hence |M™| is also base-point-free.

We now indicate how the equation (22) was found. Since 6y = 0 cannot
be a component of the image it suffices to find a relation between the functions
20,...,23 (see Table 3). This is easily done from the equations (21) which
define the affine part of the Jacobian: use the first two equations of (21) to
eliminate wo and w; linearly from the other equations and eliminate v; and v,
from these by expressing that the obvious identity (viv2)?> = v?v? holds. The
resulting equation for between ui, up and w, is rewritten at once in terms of
20,...,23. If we let 6; = sz;,i =0,...,3 then we find (22). In order to
conclude from this computation that the image is always (i.e., for all values
of the parameters o; which define a smooth curve) a quartic surface we only
need to show that the quartic polynomial in equation (22) is not a complete
square, because the image is certainly irreducible and has degree four. Let us
suppose that the right hand side Q of (22) is a complete square, Q = P2,
Since the coefficient of 6 in Q vanishes there is no term 67 in P and hence
no term 6pf; in Q, ie., o5 = 0. But then also the coefficient of 6367 in Q
vanishes, hence the coefficient of 6y, in P vanishes. This implies in turn that
the coefficient 204 of 0061292 in Q vanishes. The two conditions o4 = 05 =0
are however impossible when I' is smooth.

Since p;; =0 for 0 < i, j <5 we have from Proposition 3.2 that C-B;; =0
for any i, j, i.e., all (—2)-curves B;; are contracted, so that every &;; is a point.
On the other hand, if we denote by C;; the projection of the proper transform
of any of the theta curves ®;; then C - C;; = ® - ©®;; = 2 so the sixteen theta
curves map to sixteen conics 7;; and we get Kummer’s 16¢ configuration of
lines and conics on Kr C P3. Explicit coordinates of the points &; and the
conics 7;; will be computed below.

Finally, we use the explicit sections to show that no other irreducible
divisor in Jr is contracted by ¢pe;. Since such a divisor lies in the affine part
Jr \ ® we can write it as [P(t) + Q(t) —200] where P(t) = (A;(¢), 1(¢)) and
0@) = (M(2), up(2)). If we assume that this curve is contracted by ¢ then
uy = uy = (uu; — wy)’ = 0 where the prime denotes derivative with respect
to t. Then

1) +25() =0,

(O () + A (OM(E) =0,

so that A}(#) = A5(¢) =0 or A;(t) = A2(¢). The first case does not correspond
to a divisor. In the second case we have that wu;(t) = u,(¢) because the pair of
points (P, Q) which corresponds to any point of Jr, different from the origin,
has the property that P # 1Q; from the explicit equations for ¢ it follows
that ¢ does not map such a curve to a single point. O

It should be remarked that the coefficients of the quartic (22) are expressed
in terms of the coefficients o; of the equation u? = f(A) for I' and not in
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terms of the roots A; of f(A). As far as we know such an equation does not
appear in the classical literature.

In computing an equation for the quartic surface we could have used another
basis for the sections of [2@]; note that each such choice corresponds to the
choice of a basis for P3. We will find a more symmetric equation by using the
singular points £;;, which are the images of the sixteen (—2)-curves B;;. For
0 <i < j<5 we find from (14) that the polynomials which correspond to e;;
are given by

ur) =A%+ ugh +uy = (A — A)A — A)),
v(A) =0,

w) =2 +wer? + wid +wy = [[ A -2
ki, j

so that for 0 <i < j <35 the image &;; of B;; is given by the point
&ij = (L1014 1 02,45 * 01,ij02,ij — 03,ij) -

The coordinates of the other six points &y, (0 <i <5) are found as follows.
The sixteen translations over half periods descend to sixteen automorphisms of
the Kummer surface and of its image. Any such automorphism is induced by
an automorphism of the ambient space P3. With the ten half periods at hand
we can compute the matrices of these automorphisms: in order to compute
the matrix 7o, which goes with translation over egy, it suffices to express the
fact that the translation interchanges the following three pairs of points: &;; <
Emns Eim <> Ejn and & < Ejy (here {i, j, k,m,n} ={1,2,3,4,5}). It leads to
the following formula for o

A2 A 1 0
Tor = klio—'Z,k + Aiél'k —A% Ul_ -1
Ok 04k + Ak03 0 —ArO1 k Ak

01(Gax + MG3x) —Oax — MO3x  2A3 + (02 — 0D)Ae Mk
The matrices for the other translations t; are found from t; = TorTe;. From
Tk (Eix) = o we find that &; = (0 : 1 : —A; : —A;01,;) from which we also
get that the origin in Jr is mapped to & = (0: 0:0: 1). This provides us
with the explicit coordinates of all singular points. Explicit equations for the
hyperplanes which cut out the conics 7p; and 7;; are found from the explicit
parametrization of these curves: using (18) we find at once that the section

(23) fi = 2260+ 1i61 + 6

vanishes once (hence twice) on ®; giving the following equation for the
conic 7y (as sitting in the hyperplane f; = 0).

(01 + MB0) (03 + M5y 101 — Ae(AE — MGk + 52,4)60)
+ 00(Ak63 + (Gax + A03£)00) = 0.
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Using (19) and (20) we find that
(24) Jij = (02,ij01,ij + 03,ij)00 — 02,ij61 — 01,ij02 + 63

vanishes twice on ®;; giving the following equations for the quadrics 7;;, (0 <
i, j <5) (as sitting in the hyperplane f;; = 0).

(02,161 — 01,ij62) (61 — 61,ij60) + (62 — 02,i;60) (B2 — 02,60)
+ 03,ij00(61 — 01,ij60) = 0.

A natural way to pick coordinates which make the equation of the quartic
more symmetric is it take them such that four of the translations t;; correspond
to interchanging the base points of P3 in pairs. Clearly these four translations
must form a subgroup of the group of all translations over half periods. These
subgroups come in two types: either one picks as generators two half periods
on a single theta curve or one picks two generators on two distinct theta curves.
If four half periods are linked by a subgroup of the first type they are classically
said to form a Rosenhain tetrad; clearly there are eighty such tetrads. Otherwise
they are said to form a Gopel tetrad; there are sixty such tetrads. There is a
significant difference between these two types: if the vertices of a Rosenhain
tetrad are taken as base points then each of the four coordinate planes contains
one of the conics 7;;, which is not true in the case of a Gopel tetrad. Indeed,
since each coordinate plane of a Rosenhain tetrad contains three points of one
of the conics 7;; it must contain the whole conic.

For example, the images of the half periods e, eo;, €o; and e;; form a
Rosenhain tetrad. If we take these as base points for P3 and we call 1y, t1, 12, 13
the new coordinates and we write A;; = A; — A; then

& 1 0 0 0 aplp

61 _ O1,ij 1 1 0 aty

6, | 02,ij —Aj —Ai 0 axty ’
A 01,ij02ij — 03;j —Ajo1j —Aop; 1 apa1axts

where aé = Aij, ai" = AigAimAin and a% = AjkAjmAjn. The other twelve singular
points have now the following coordinates (i, j, k, m, n are all different),

Eok : (0: —Aixay : Ajkay : AigAjrao)

Eik + (Aikaz : 0: AigAjiao © Ajrar)

gjk : (Ajkal . )»ik)\.jka() :0: )»ikaz)

Emn © (MikAjiao : Ajrar @ —Aigay : 0)
and the equation of the quartic takes the symmetric form

a5 + 113) + a3 (6] + 1513) + ag (gt} + 171})
(25) + 2a1a5(tot) — ta13) (tot2 — it3) + 2a3ar(tot1 + bat3) (fots — ti12)
- 2(13(11 (totr + t183) (tot3 + t1t2) + 2088t 12t3 = 0,
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where § = —263,,'1' +(012,ij —60’2,,-]')6’1‘[]‘ +Jl,ij(62,ij ——2(712,” +90’2','j). Notice that
this equation is precisely equation (5) in [16, p. 301] which was found by using
theta group techniques with an appropriate basis of sections of [20], in which
the action of the theta group related to this bundle is given by permutations
and sign changes.

The equation with respect to a Gopel tetrad, such as ey, eg, i), emn (all
indices different) is found in the same way.

It is clear that in the case of |2@| no birational images of the Kummer
surface are obtained by looking at sections which vanish at one or several half
periods.

5.2. — The linear system |30|

In the case D = 30 we will find several different projective images of the
Kummer surface Kr of Jr. Since D has odd multiplicity at the origin it is an
odd section and the half periods ey, €o, ..., eos are even while the other ten
half periods are odd. If follows from Lemma 5.1 that the linear system |30]|
contains besides 3@ another fifty totally reducible divisors:

Dy : Oy + Opj + O;; O<i<j<¥h),
’Dg_:®ij+@jk+®ki O<i<j<k<5)),
D_:0;; + O + Opy @, j,...,nall #),
D :0+20; 0=<i<j<59)

The ten divisors D, and the ten divisors D/ are even since their multiplicity
at the origin is two or zero, while the fifteen divisors D_ and the fifteen
divisors D’ are odd, their multiplicity at the origin being one or three. Here
is a picture of a particular D, and D_.

05 00
14 24

15 23
01 , \ ’ .\
35 03 02

We denote their projections on Kr by Cy and C_. It follows from (4) that
hO(C,) = 4 and h°(C_) = 5. This leads to two maps ¢+ : Kr — P* and
Paq- Kr — P* we will investigate later in this paragraph the subsystem
defined by odd sections that vanish at one of the odd half periods.
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We first investigate the map ¢,.+. We find from Table 3 four independent
even sections in [30] and accordingly we define
o = svy,
01 = svy,
26
(26) 6 = s(uiv2 — uzv1),
03 = s((w1 + uD)vy — (W + uuz)vy) ,
where s denotes the section that cuts out 3®. The six half periods on ® are
even and the other ten half periods are odd.

PROPOSITION 5.3. The linear system |3©|* has only the ten odd half periods
as base points; however, it defines a regular map ¢ 4+ : Kr — P3. Its image is a
quartic surface whose equation is given in terms of the coordinates 6;, i =0, ..., 3
by
0 = —05(0162 — 63)03 + [(0104 + 305816, — 04(07 + 6165)16%

+ [—20’5013 — (0103 + 0’4)91292 + 20'391922 - 0'2923 + 0’301293

+ 0’192203 — 92932]90 + 0'49;‘ + (010’292 - 0'392 — 0’293)913

— (0262 — 62)0} + (2016, — 63)6,67 — 65 .

@7

¢ pq+ contracts the (—2)-curves B; which correspond to the six even half periods
and maps the ten other (—2)-curves B; to lines. The image of © has degree three
while the other theta curves map to lines. No other curves are contracted by ¢ pq+.

Proof. If X € Jr is a half period that does not belong to ® then (13)
implies that the corresponding polynomial v(A) is zero, so that all sections,
given by (26) vanish and X belongs to the base locus of |3@|*. Suppose that
we have another affine point X where all sections vanish, X = [P + Q — 200].
If A(P) # A(Q) then v; = (u(P) — u(Q))/(A(P) — A(Q)) = O implies, u(P) =
p(Q). Further v, = A(P)u(Q) — M(Q)u(P))/(A(P) — A(Q)) = 0 implies that
w(P) = u(Q) = 0, which contradicts the fact that X is not a half period.
If A(P) = A(Q) then v = f'(A(P))/Qu(P)) = 0 implies f'(A(P)) = 0
and v; = u(P) — AM(P)f'(A(P))/2u(P)) = 0 implies u(P) = 0, again a
contradiction. In order to see what happens to the corresponding linear system
M at B;; we take a curve X (1) = [P(t) + Q(t) — 200], with P(0) = »; and
000 = wj,

P(t) = (i + 12, cit + O(t%),

Q) = () + (@), acit + 0(t?),
where ¢? = H#i (Ai —Xj) # 0. The factor o was introduced here to represent
the different directions at e;;, which become points of the exceptional divisor E;;

and of B;;. Computing (13) for these curves and taking the limit + — 0 for
their images in P* we find

Bo:61:62:03) = (c; —acj : acjAhi — CiAj - ci)»f - acj)»iz T%),
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(* is a finite number that is easily computed but whose value is not important
for us) so that for any « there is at least one section which is non-zero. Notice
that we don’t need to consider the value @ = oo because of the symmetric
role of P and Q. To show that no base point of [3@|* lies on ©, proceed as
in the proof of Proposition 5.2: first consider X (¢) = [P + Q(¢) — 200] where
P € I'\ {oo} and take Q(t) = (A(t), u(t)) € T') to be given by (10). If we
evaluate the map (v; : vp : ujvy —upvy @ (wy + u%)vz — (wy + urux)vy) at X(@)
and take the limit for + — 0 then we find (1 : —A(P) : A(P)? : %) (again the
(finite) value of « is irrelevant). This shows that, besides possibly the origin,
no point on the theta divisor is contained in the base locus of |M™|. Letting
P(t) as well as Q(t) be given by (10) one check in a similar way that the
origin is also not contained in the base locus, i.e., the base locus of |[M™| is
empty and ¢ ,,+ is regular.

An equation for the image of ¢,+ is computed as follows. Use the
first three equations in (21) to eliminate all w; linearly and use the first three
equations of (26) to eliminate v;, v, and u;. From the remaining equations
in (21) and (26) eliminate first s to obtain two equations in #; one of which is
linear. Elimination of u; gives the announced equation for the quartic. It can
be shown as in the proof of Proposition 5.2 that this quartic is not a complete
square; this will be however most obvious after we have rewritten the equation
in a more symmetric form, so we will not do this verification at this point.

We have that p; = 0 at the six even half periods e¢,; and p; = 1 at the ten
odd half periods so, using Proposition 3.2, we find that the image of ¢,,+ will
have six singular points and will contain ten disjoint lines, coming from the
(—2)-curves. Since ® does not contain any of the odd half periods, Formula (6)
implies that the image of © under ¢+ is a cubic curve which passes through
the six singular points; the other theta curves all contain precisely four odd half
periods so these curves map to fifteen lines.

Finally, suppose that some irreducible curve, which is different from the
(—2)-curves, is contracted. Since it is different from the theta divisor it intersects
the affine part Jr \ ® and can be written as X(t) = [P(¢) + Q(¢) — 200]
where P(t) = (A1(2), u1(2)) and Q(t) = (A2(t), u2(2)). As in the proof of
Proposition 5.2 we may assume that A;(z) # Ay(¢) and w1(¢) # u2(t). Let us
assume that the whole curve is mapped to the single point (1 : ¢; : ¢ : ¢3).
Solving for A; and w, we find that .

A 2 _
() = _mtcz ur(t) = i Czl)zp,](t) .

AM@) +ca A +c

Since u?(t) = f(A@)) for i = 1,2 we find that A (z) satisfies an algebraic
equation of degree eight with leading term (c; —c?)A3(z). Then c; = ¢? because
otherwise A1(¢) and hence also p(¢), A>(¢) and u(¢) are constant. However, if
c2 = ¢? then uy(t) = 0 so that the curve corresponds to one of the theta curves.
As we have seen, these theta curves map to lines, not to points. Therefore no
such curve is contracted by ¢ +. o
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We will now construct coordinates for P2 with respect to which the equation
of the quartic takes a completely symmetric form. First we show that any four of
the singular points £y, £, . . ., £s can be taken as base point for P3. Since Tgo
is a cubic curve and passes through all six singular points it will be planar as
soon as four of the singular points are coplanar. Then all six singular points
are coplanar and hence also the fifteen lines 7;;, 0 < i < j < 5, which join
these singular points. Then these lines would have intersection points besides
the singular points, which is impossible. We will take the points &y, ..., Eu as
base points for P3, so we need to find the coordinates of these points. Notice
that they are given by &y = 7;;N7,;. We do this by first computing the sections
which cut out the divisors D,. If we express that a section

aby + 61 + Y6, + 665
vanishes on ®¢; and @; (using the parametrization (18) of ®y;) then we find
a=rB—My=MB—Ny, §=0,
and we obtain that
(28) f,-;-“ = 07,ij60 — 01,ij01 + 62

is (up to a constant) the only even section that vanishes on ®; and ©p;. Since
we know that there exists an even section which vanishes in addition on ©;; this
section must also vanish on ®;;. The latter fact can of course also be verified
directly using (19) and (20). If we intersect the quartic surface (27) with the
hyperplane 6, = 01,;j61 — 02,;j60 then we find the equations for the four lines
Toi, Toj, T;j and &;. On the one hand we get from it that a parametrization for
Toi (1 <i <5) is given by (t € P)

Toi @ (L:=A:2A%:0).

On the other hand we find two factors which give the following equations for
for 7;; and &;; (to see that it is the first one which corresponds to 7;; and not
the second one, one can use e.g. (19) and (20)):

. . .32 . 12= =
Tj (At — A A7+ o015t 2 Aoy, + (01,01, + 02,5)) .
. 2 .
&ij + (1:t+oy 01t +al,ij —02,j -
2 = 3 - -
(01 + 02,ij)t +07;; + (62,ij — 02,ij)01,ij — 03,ij) -

This leads to &; = To;NT;; = (1: —A; : A? : A261;) and Ego = TiNTp; = (0: 0:
0:1). Now take the points &, .. ., £y as base points and call the corresponding

coordinates tq, ..., then the quartic takes the following symmetric form
4

29 SN MR Aimhintltite =0,
i=1 1<j<k=<4

JokEi
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where {i, j,k,m,n} = {1,2,3,4,5}. Since all terms in the new equation of
the quartic are of the form f?t;# this equation can never be an exact square
providing a simple proof for our earlier claim that the image of ¢,+ is a
quartic. With respect to the new basis for P3 the singular points Ey and &ys
have the following coordinates:

€00 : (A23A34A42 1 A31A14)43 T Aa1A12A24 © A13A32A21) ,

1 1 1 1
805 : ( . : . ) .
A2A13A14A15  A21A23A04A05  A31A32A34A35  A41A42AazAas

Using the coordinates of &y, ..., &ps the new equations of the lines 7;; are
immediately computed because 7;; passes through &,; and &o;.

We now investigate the map ¢_. Table 3 gives us five independent sections
of [3@]. Still denoting by s the section that cuts out 3@, we define 6y = s, 6; =
Sui, 6 = sup, 03 = s(uiuy — wy) and 04 = s(uywy + uawy + 2uurwg) /2.

PROPOSITION 5.4. The linear system |3®|~ is base-point-free, hence ¢ - :
Kr - Ptisa regular map. The image of this map is a complete intersection
of a quadric and a cubic hypersurface whose equations are given, in terms of the
coordinates 6;, i =0, ...,4 by

30) 0 = 26p04 + 6103 — (026p + 0161 — 6,)6,,
and

0 = (40305 — 603 — 4(02050) + 01050, — 0503 — 0404)03
(30) + 4[010567 + (05 — 0104)016; + 636205 — 62160
— 4(056} — 04616 + 0363)61 + 462(016, — 63) (0261 — 63) .

The theta divisor ® and the ten (—2)-curves B;j, 1 < i < j < 5 corresponding
to the even half periods are the only divisors which are contracted by ¢ ,,—, while
the other six exceptional divisors By;, 0 < i < 5, map to lines and the other theta
curves map to conics.

ProoF. The proof that the linear system |[20©|" is base-point-free applies
verbatim to the present case because the sections 6y, ...,03; are defined in
exactly the same way. The defining equation of 6, is easily rewritten in terms
of the other 6; giving the above equation of the quadric. Now obviously the
quartic equation (22) holds between the sections, but that does not mean that the
homogeneous ideal of the image is generated by the quadratic and the quartic
polynomials. Indeed, if we add the quadratic polynomial in (30), multiplied
by —01016; + 6163 + 67 + 20402 — 0260002 — 260004, to the left hand side of the
quartic (22) then the result is divisible by 6; and we are left with the cubic
equation (30). Since the degree of the image is six the image is the complete
intersection of the quadric and cubic hypersurface. Moreover, since ¢pe) does
not contract any curves besides the curves B; we can at least conclude that
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besides the B; no curve that intersects the affine part Jr \ © is contracted. In
this case p;; =0 for 1 <i < j <5 (corresponding to the ten odd half periods)
and pp; =1 for 0 <i <5 (corresponding to the other half periods). (6) shows
that © is contracted by ¢,,~ and the same is true for the exceptional divisors
Bij, 1 <i < j <5. The remaining theta curves and exceptional divisors map
to fifteen conics and six lines respectively. Notice that these six lines pass
through a single singularity of the image. O

Again a more symmetric equation is obtained by choosing some of the
singular points as base points, namely we choose &2, &3, €34, 45 and &5 as
base points. Using (14) we find that the old coordinates of &;; are given by

Eij (1 :0yj 1 0245 1 01,ij02,ij — 03,ij : (01,ij03,ij +02,ij02,ij) /2 + 02,ij01,ij01,ij) -

If we define #; to be the coordinates with respect to these five points then the
equation of the quadric becomes

31) Aaras(Ahata + Aiahista)ts + cyel (1,2,3,4,5) =0

while the equation of the cubic becomes

A s A
31) (£t2+ﬁ 3+—15t4+—t5) £24+(At+ Bttt + cycl (1,2,3,4,5)=0.
Ala = A Az Ax

Since the constants A and B are quite complicated when expressed in terms
of the A; we do not record their expressions here. Finally, let us compute the
sections that cut out the image of the divisors D_. This is done as in the case
of D,: such a section must be of the form

o+ Buy+ yuy + S(uiuy — wr) + €(uywy + upwy + 2ujurwo) ,

and it should vanish on 7;;, 7ox and 7., where {i, j, k,m,n} = {1,2,3,4,5}.
If we normalize € = 1 then we get by using (19) and (20)

o = 202(02,ij + O2,mn) — M3k — Gk »
ﬂ = 2)‘k(UZ,ij + UZ,mn) ,

Y = —201,ij01,mn »
8= -2\,
e=1.

In the case of |3®|~ we can restrict ourselves to the sections with prescribed
vanishing at the half periods. Every section of |3®|~ vanishes an odd number
of times at the even half periods so that a prescribed vanishing at one of these
half periods would imply that we consider M, for v=(0,...,3,...,0). Then
formula (3.2) leads to dim |[M | = 9/24+1—14/4 = 2, so the corresponding map
can never be birational. Therefore we consider an odd half period e;;, 1 <i, j <5
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and define v = (0,...,2,...,0) (the 2 being at position ij). Formula (3.2)
now leads to dim|M;| = 4, hence ¢ M TAps to P3. Using the fact that
Uy = —A; —)»j = 01,ij and u; = A.,'A.j = 07,;j at e;; we find from Table 3 that
the following four independent sections vanish at e;;.

6o = s(uy — 01,ij) ,
32) 01 = s(uz — 02,ij) ,
0) = s(u Uz — wy — 01,;j02,;j + 03,ij) ,

03 =s(uwr+uswy +2u Urwe—01,ij03,ij —02,ij02,ij —201,ij02,ij01,ij) -
We describe ¢ M and its image in the following proposition.

PROPOSITION 5.5. The linear system | M| is base-point-free, hence ¢ My

Kr — P2 is regular. It contracts ten divisors, to wit the nine exceptional divisors
By corresponding to the even half periods, but not B;j, and the theta divisor ©. The
image is a quartic which contains six lines £y (0 < i < 5) which are collinear at T
and it contains sixteen conics, one of which is the image £ of By.

Proor. Using (11) for the half period e;; it follows at once that the image
of B;; is a conic; alternatively this is seen from p;; = v;; = 2. Then (32)
implies that the only possible base points coorespond to s = 0, the theta
divisor. Using (10) we see that the theta divisor gets mapped to the single
point (0 : O : 0 : 1); using (11) for any of the other nine even half periods
it follows that each gets contracted. The verification that the odd half periods
map to lines and that the other theta curves map to conics is similar. Let us
assume that some other divisor D gets mapped to the point (a: b :c:d) € P3
and let us show how this leads to a contradiction (assuming I smooth). We
can parametrize D as [P(t) + Q(t) — 200] where P(t) = (A1(t), u1(¢)) and
0(t) = (A2(1), u2(2)). Then we look for solutions of

ai(t) =u1(t) —o1,ij,
bA(t) = uy(t) — 02,ij,

(33) cA(t) = ur(Duz(t) — wa(t) — 01,ij02,ij + 03,55
dr(1) = uy (w2 (t) + ua(H) w1 (2) + 2uy (uz(H)wo(?)

— 01,ij03,ij — 02,ij02,ij — 201,ij02,ij01,ij) -

with a, ...,d constant. The case a = b = 0 can be excluded at once because
it does not correspond to a curve. Similarly when A;(¢) = X; and a = 0.
If A1(t) = A;, so that u;(t) = O then we may therefore assume that a = 1.
Then the first two equations in (23) imply b = A; and A(f) = A2(t) — Aj. The
third equation in (33) then leads to Ay(f) = A; or A»(t) = A;, which are both
unacceptable, or to the following linear equation in A,(z):

(Ao — o)+ )»,'(X? + 02,5 + 52,,']' +c)+ 5’3,,'1' =0.



PROJECTIVE IMAGES OF KUMMER SURFACES 381

If A»(¢) is not constant then it can only satisfy the above equation if both
coefficients are zero, which happens for no value of ¢. By symmetry we can
also exclude the case A;(f) = A;. Also the case b = —A; can be excluded
because it leads to the previous cases b = A; or b = ;. We treated these
special cases because A;(t) — A;, A;(t) — A; and b + A; appear frequently as
factors in the two cases considered next. The first one corresponds to the general
case in which a = 0. Then we can take » = 1 and the first two equations
lead to A; = —A; +A; + 1 and A = —(A2 — A;)(A2 — A;). If we substitute this
in the third equation of (33), we find a monic equation in A,(¢) with constant
coefficients, which leads to A;(¢) and A,(#) being constant, a contradiction. The
second case corresponds to the generic case a # 0. Taking a = 1 we find A(z) =
=A@ = 2)A1(®) —Aj)/(A1(8) +b) and A (t) = (A +b)(Aj +Db)/(A1 +b) —b.
If we substitute this in the third equation of (33), we find an equation for A, ()
which depends on b and c¢. As before one finds that if I' is non-singular there
are no values for b and ¢ such that all coefficients of this polynomial are zero.
A proof that the image is a quartic and an explicit equation for it will be given
below. O

Since the roots A; of f will appear explicitly in the equation of the quartic
we will not write down the equations in terms of the 6; but we pass at once
to a set of natural coordinates, which will give the equation of the quartic a
symmetric form. The conic &; intersects the lines Zp;, 7p; and 7;; in.three points
(which are not collinear) and these points are independent of the image 7 of ©
(which is a singular point). We will take these points as basis points for P3.
To do this we first need to find their coordinates, which is done in this case
as follows. We use (18) to compute the images of ®y and we take the limit
for A — A; (i # j). This gives us the following coordinates:

E5NToi : (hij: —Aikij i Q7 + Ak = AD) + 02,4j614) + MiGaij + 53,55
D20[ATA; — O = Ay — AD)G1j + A6 + 63.45]) -
Using (19) and (20) we find the image of ®;; and the limit for A — oo gives
the following intersection point:
EiNTj @ (=02, +01,ij(01,ij — 01,ij) + 02,ij : —03,j + 02,ij(01,ij — 01,ij)
D —03,ijG1,ij + 02,461 — G2 — 012,,7 + 02,ij)
: 2[—03,j(02,ij + 012,,7 — 02,ij) + 01,ij01,ij02,ij (01,ij — 01,ij)])
Also recall that © is mapped to 7 = (0:0:0: 1). If we take the following
points as base points for P* (in that order)
T, &j N7, &j NToj, &ij N T
and we denote the corresponding coordinates (properly scaled) by 1o, ..., t3 then
we find the following equation for the quartic:
(it + it +1t — 1) 0t — 0t +at? + (o —a; +a) (i + bt +1311)]
G4 +to(tita + ot + 130y + B[t — 1) + Bt + 1) + 2y 13]
— 2tot3la;t} + ity + y12)] =0
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where

— 3 —
o = A, “l—”k#j)vlk,
- - 2 -
B = 4(03,ij + 02,01,ij) + 01,ij(07;; — 202,ij — 602,3) ,

- - 2 -
Y = 01,ij(02,ij — 02,ij) — 203,ij + (01;; — 202,ij)(01,ij — 1,i) -

Now we can easily see that ¢ is birational: if the equation of the quartic is a
square then the coefficient in 7 of degree zero is a square hence ajt12 — t% +
at? + (¢ — a; + @) (12 + b3 + 131) and 11, + K3 + 31 are proportional. In
particular @ = 0 so that A; = A; which is impossible since I' is non-singular.

It was pointed out to us by the referee that a quartic Kummer surface in P>
with ten singular points was considered recently by J. E. Rosenberg (see [24]).
Our surfaces are however different, because our surfaces correspond to blowing
down 9 exceptional divisors E; and the theta divisor, while the ones that appear
in [24] correspond to blowing down 10 exceptional divisors E;.

5.3. - The linear system |40)|

In this case all half periods are even and Lemma 5.1 implies that up fo
a translation over a half period the only totally reducible divisors in 40| are,
besides 40, the following

D,:0+0;;+0Ou+0p, (G(j,...,nal #),
D, :20 4 20;; 0=<i<j=<9),
D_I@+®0i+®0j+®ij O<i<j<5¥)),
D :0+0;;+0;x+0y (O<i<j<k<5).

Below we give a picture of particular divisors D, and D_. One sees that the
four curves in D, intersect in twelve nodes while the curves in D_ intersect
in four triple points. The divisors D, and D/ are even while the divisors D_
and D’ are odd.
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We denote by C_ the projection of p*D_ on K and we write ¢_ for drc_1-
By (3.2) we have that (X, C) = 6. We denote by s the section that cuts

out [40] and we find from Table 3 that the following sections 8y, . . ., 65 provide
a basis for the odd sections of 40©.

0() =Jsv,

6 = sva,

02 = s(u1v2 — uvy),

03 = s((w1 + u})vs — (w2 + wu)vy),
04 = s(viwz + ugwov2),

2
05 = s(u1uzvy — Vawy — UV — U2V W) .

In this case we easily find

PROPOSITION 5.6. The map ¢— : X > Plisan isomorphism onto its image. The
images &;j and T;j form two groups of sixteen disjoint lines, each line intersecting
six lines of the other group.

Proor. Comparing the section 6y, ..., 05 to the sections that were used in
the case of ¢, for 3@ we see that no affine point can be a base point. We
will compute below an equation for the image of theta, which is a line since
pi =1 for all i. So |C| is basepoint-free. Moreover, since the only divisor
which was contracted by ¢, in the case of 3@ was ©, which is not contracted
in this case, ¢_ is an isomorphism. p; = 1 for all i, hence all (—2)-curves
are mapped to (disjoint) lines; their equations will be computed below. Also
C-0;; =4—6/2 =1 so all theta curves are mapped to sixteen disjoint lines. O

We will find the relations between the 6; by expressing the fact that the
image contains a whole configuration of lines, coming from the theta curves ©;;
and the (—2)-curves B;. The lines 7;; (where i and j are not both zero) can
be computed explicitly using the parametrizations for the divisors ®;;. For 7y,
(i #0) we find by using (18) the following parametrization (¢ € P):

(i =r A2t =t — M(oa + AD) 1 =it — A2(A2 4+ 62.))
For T;; (i, j # 0) use (19) and (20) to find

(t:1: 0145 — 02,45t 1 02,ij + 01,ij01,ij — 01,ij02,ijt : 01,ij01,ij + 03,ijt :

- - 2
02,ij01,ij — 02,ij01,ij — 03,ij — 03;;1)

Note that we cannot compute the lines &;; in this way because all the functions v;
vanish at the half periods. However, any quadric which vanishes at the lines 7;;
must also vanish at the lines &;; because every line &;; has six points lying on
the lines 7;;. It is now easy to find and solve the (linear) conditions on «;; for
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> i<j @ijviv; to vanish on the lines 7;;: we get the following set of independent
quadrics:

07 — 51010, + 6104 + 6p85 = 0,
0508 + 030% — 046081 — 02010, + 0165 + 6,6, =0,
04(67 + 6082) + 02(67 — 6163) + 63 — 205606,
+ (0103 — 203)016; — 0162(03 + 04) + 0364 — 62,605 = 0.

(35)

Note that again these equations do not involve the roots A; of f(A) explicitly.
We will see that by using the A; explicitly we can make the equations much
more symmetric. Before we can do this we need to compute the equations for
the other lines (7o and all &;;) and the ninety-six intersection points of the
configuration. The following lemma provides an effective way to do this.

LEMMA 5.7. The hyperplane section which vanishes on the lines Tog, Toi, Toj
and T;; also vanishes on the lines £y, i, Eoj and &;j

Proor. The points e, eoi, eo; and e;; are triple points of the divisor Ggo+
®o;+0O0;+0;; hence the lines £y, Eoi, £oj and &;; have three points in common
with the hyperplane that vanishes on 7o, 7Zo;, 7o; and 7;;. O

In fact, since the degree of ¢_(Kr) is eight the hyperplane section must
consist exactly of these eight lines. It is now easy to do the computation: since
this hyperplane section is given as in (28) by 0,;;60 —01,;;61 +6> = 0 it suffices
to intersect the quadrics with the hyperplane

0, = 01,ij61 — 02,;;0

which amounts to solving the equations of the quadrics linearly for the remaining
variables. Besides the lines 7p;, 7p; and 7;; for which we gave the equations
above we also find the following lines

Too:(0:0:0:0:1:1),

Eo0:(0:0:0:1:-=1:1),

Eoit (L =Xt A2 i A%Gy,; 1t : Mt — A361,),

Loj 1 (L —=Xj 1 A2 :A261, 182 At — M)61,)

&ij i (2 1:01ij — 005t 0F; + Goij — (01,402, + 63, : 01ij01ij + F3ijt -
02,ij(01,ij — 01,ij) — 03,ij — 022',71) .

We have added the right labels already: to identify which is which one may

consider different values of i and/or j, identifying the last three lines; to dis-

tinguish 7oy from &y it suffices to check that Ty does not intersect any of the
lines 7;.
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Our next task is to find the coordinates of the ninety-six intersection points
of the configuration. We will need them to simplify the equations of our
quadrics. If we denote

pii" = &ij N Tn

then we find for any indices such that {i, j, k,m,n} ={1,2,3,4,5}

PR =(0:0:0:0:0:1),
P =0:0:0:0:1:4),
P =0:0:0:1:-1:-4),
Y = (1:=A A2 A%Gy, =MW+ 62,) 1 —AR(Ga + MiGri +AD))
p:)j, =0:-X: ).lz : kiz&l,i : (_73,,']' +0'2,ij6'1,ij +A.?(_71','j :
Ai(03,ij + 02,ijAi + 02,ij01,ij))
P?; = (1:=A 1 A2 1A =2(02,+02,1) — 3, :6’3,ij+0'2,ij5'1,ij+)~i261‘ij :
Xi(03,ij + 02,ijAi + 02,ij01,ij))
P,-; = (01,ij01,ij — 02,ij — 0'12,,-]- +09,ij : —03,ij — 01,ij02,ij + 01,ij02,ij
- 022',7 + 02,ij02,ij — 01,ij03,ij : 02,ij01,kmO1,knO1,mn — Gl,ijazz,ij
—83,1j01,ij01,ij * 63,1j(02,1j—82,ij =01 1) +01,ij02,ij01,ij (G1,ij —01,ij) *
532,,~j - Uzz,ij(c_fxz,,-j — 02,ij — 01,ij01,ij + 02,i)) »
pij" = (O1,mn = O1,ij : O2mn — 02,j : OLijO2,mn — 02,ij01mn 0% mn
— 02,mn(02,ij — Glz,ij) — 01,ij01,mn02,ij — M(01,ij02,mn — 02,ij01,mn)
(01,ij02,ij — O1,mnO2,mn) Mk + 01,ij01,mn(02,mn — 02,ij)

2 2
(02,mn - Uz,ij))\k + UZ,ijO'Z,mn(Ul,ij = Ol,mn)) -

These points are used to compute the sixteen projective tranformations 7;; which
come from the sixteen translations on Jr over half periods; it actually suffices
to compute the 7p;. The transformation 7o; should map the following seven
points

00 .0 .00 0 _0j _Om _On
Poo» Poos Pois Pois Pojs Pom> Pon
to
0i 00 0i 00 _ij im in
Poi» Poi» Poo» Poos Pij» Pim> Pin

(in that order), and similar for the other translations. If we introduce the
following abbreviation

k
kK _ Nz k=1
Xij —E Oj+Liki
1=0
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then we find that the matrix for 7q; is given by (A; B;), where

A M —hixjo
AiXi3 Al + Xis Ai Xio
—A2y1 A3yl 2
A = _ 1)2131 1 3_1th 4 2X12 1.4
P —01,iAi X3 Xi1Aio1i + Xi002  O1Xi3 — XioA;
rixh (A2 +262,i) A AP+ 620 AxAHO? +6,,)
— (x5) hixis it —i X3 xio
0 Ai -1
0 —A? Ai
0 A3 -2
B = i i
T xe M -xd 61,
0 O'I,i)"i + Xi3 A.,'(Ai + 0'2,,')
0 A'iXi13 )"12X120

The matrices 7;; commute pairwise so they can be simultaneously diagonalized.
The eigenvalues of t; are given by +¢; where ¢; = H#,- Aij and a complete
set of common eigenvectors for all t;; is given by

Wo =(0,0,0,1,0,0),
Wi = (1, —Ai, A2, G1iA7, —Ai(AZ + 62,0, Gai + AiG3,:)
where i = 1,...,5. If we let W denote the matrix whose columns are the

vectors W; (properly normalized) and define X = W~!V then then equations
of the three quadrics V7 Q;V = 0 take the following symmetric form.

o'+ o 2 o7 R ol F o' =0,
(36) o Mt + o3 o2 + o7 a2 + o a2 + o5 Ast2 =0,

TR + 93 M35 + 03 N + 0 A + o5 A3 =15
Of course one can get rid of all factors ¢; but we will not do this because

it makes the coordinates of the ninety-six points more complex. It is easy to
compute that these points have now the following coordinates.

O:%£1:41:41:41:41)

(£ —A) (A2 —A) t (A3 — A) - £(Ag — A) - £(As — A))
where the plus signs correspond to the origin resp. the points pgé. For the other
points pf‘} the i-th and j-th coordinates get a minus sign; notice that in this
way all possible signs appear! The translation over a half period w; + w; is
now just given by flipping the sign of the i-th and j-th coordinates. This fact
is useful in computing the new parametrizations of the thirty-two lines: one
easily finds that £y and ©gy, are given by

Eo:W:Mu+r:dutr:du+r:iqu+riisu+r),
Ouo:(—u:Au+r:du+r:Asu+r:dgu+r:Asu+r),
and for the other lines &; and ©®;; it suffices to add a minus sign in the i-th
and j-th coordinates. In particular we have the following proposition:
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PRrROPOSITION 5.8. The involution (to, t1, by, t3, Iy, t5, ) > (—1g, 1, by, 13, 14,
ts, tg) restricts to an automorphism of the K -3 surface which interchanges the two
Jamilies of sixteen lines.

In the case of the odd sections of [4®] one can ask for higher vanishing
at one of the half periods e;; and find a quartic in P?. It is easy to verify
that in this case the image has six singular points which come from the six
theta curves passing through that point. The exceptional divisor E;; maps to
a curve of degree three and all the theta curves and exceptional divisors are
mapped to lines. Compare this to the case of ¢, for 3@: it is exactly the
“dual”. Computing the image one finds exactly the same image as in the latter
case. The reason for this is that, as we have seen, the K-3 surface carries an
automorphism which interchanges the two families of sixteen lines.

We finally consider the case of even sections of 4®. Since ¢, leads
to a Kummer surface in P° we will restrict us here to a case in which we
prescribe the vanishing (of order at least two since all half periods are even)
at the points eg, ep;, e9; and e;;. Notice that these points form a group. The
corresponding Kummer surface was extensively studied by Tomasz Szemberg
(see [27]). We will give here the explicit calculation of the projective image,
because the equations which were obtained by algebraic geometric methods
in [27] are less explicit and its coefficients are not expressed in terms of the
underlying curve. We define v = (2,2,2,2,0,...,...,0) (the first four half
periods being e, egi, eoj and e;;). It is easy to verify that formula (3.2) leads
to dim | M| = 6, hence ¢ A Taps to P>.

PROPOSITION 5.9. The linear system |M; | is base-point-free, hence ¢ ME
/EF — IP° is regular. It contracts twelve divisors, to wit all exceptional divisors By
except Boo, Boi, Boj and B;j, which are mapped to conics. The image is a complete
intersection of three quadrics which can be taken as follows.
0= pR)urvy — @(Aj)uzvz,
0 = AJju2vz + p(A)usvs
0= (uy +uy+uz + vy +v2 +v3)° — 4Ai;z<p’(ki)u3v3

— 4[(uy + v2)uz + v2(uz + v1) + v3(u2 + v2)],

(37

where (1) = (A — A)(A — Am) (X — Ap).

Proor. We only indicate how (37) was computed and refer for the other
statements to [27]. There is a natural choice for the six sections, namely for
each pair of the curves ©g, Op;, ©g; and ©;; we consider the even section
of 4® which vanishes twice at this pair of curves. Since such a pair passes
through the points ego, epi, €0; and e;; these sections have the right vanishing
properties. Notice that these sections can be constructed from the sections
of [2@] by taking the tensor products #; ® t;, 0 <i < j < 3, where f, t1, 2,13
are the sections that vanish twice at one of the four curves. If we define
i =thp®¢ fori =1,2,3 and v; = t; ® & where {i, j,k} = {1,2,3} then
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we have two obvious quadratic equations #1V; = UV, = U303. It remains to
find a third quadric. The quickest way to do this is by using the equation
of the Kummer surface (22), rewritten in terms of the basis {f, #;, t, t3} for
HO%Jr, [20]). It follows from (23) and (24) that this leads to the following
change of coordinates:

to 1 0 0 0 6o
nl_ A2 Ai 1 0 61
L~ )»]é Aj 1 0 6,
2] 02,ij01,ij +03; —02,;j —01;j 1 63

If we substitute this in (25) and define @(A) = (A — A)(A — A,)(A — A,,) then
we find the following equation for the classical Kummer quartic.

[p(A )ity + @(Ai)toty + )»izjtota + Mijtity — tots — 13112

—4pA)totit2 (P (At + Aijta — 283)
+ 4n16t3(hijty — 13) — 40" (M)totiats = 0.

By defining u; and v; as appropriate multiples of #; and v; we get (37). O

6. — Appendix

For comparison we give a more conceptual (but longer) proof of the fact
that in the case £ = 40, v = 0 the map ¢_ is an isomorphism and that its
image is the complete intersection of three quadrics (see Section 5.3). This
proof is based on Saint-Donat’s Theorem 2.2 and works only in the generic
case. We will use the notation of Section 5.3.

PROPOSITION 6.1. If A = Jr is generic then the linear system |C_| has no base
points and leads to a regular map ¢_ : Kr — P°.

Proor. It follows from (4) that C2 = 8 so it suffices to show, according to
Theorem 2.2, that |C_| has no fixed components. None of the curves B; can
belong to the base locus because, if we increase one of the v; to three then
the number of sections drops. If some other divisor is a fixed component of
|C_| then there is a symmetric divisor D on A such that every odd section of
HO([D_]) vanishes on D. Since D is actually totally symmetric it is linearly
equivalent to ©, 20, 30 or 40 and we have a basis {ssy, ..., ss¢} of H(D-)),
D being cut out by s. Then the sections {s1, 52, 53, 54, S5, 56} represent a linearly
independent set of sections with the same parity (either even or odd) in either
H°(3@), H°(2®) or H%(®). Which is impossible. O

_ProposiTiON 6.2. If A = Jr is a generic Jacobi surface then the map ¢_ :
Kr — PS is birational.
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PrROOF. We show that we are not in one of the exceptional cases of Saint-
Donat’s Theorem (Theorem 2.2). Let us first assume that Kr contains an
irreducible curve C’ for which g(C’) =1 and C’- C_ = 2. Then there is a
symmetric divisor D’ on A such that

16
(38) p*D' =n*C'+ ) w(D)E;.

i=1
Since C?/2+1=g(C’)=1 we get C? =0 and D? = 3_/¢ u;(D')%. Then
Formula (6) implies (for D = D_ ~ 40©) that the intersection ® - D’ is given
by

1 Js
39 ®-D=1+- (D).
(39) + ;u,( )
The Hodge inequality (see [11, p. 368]) @*D"? < (® - D’)? and the Cauchy-
Schwarz inequality (3°;%, wi(D')? < 16 /8, u;(D’)? then lead to
16 16 16
2) w(D) =0D% <1423 w(D)+) m(D),
i=1 i=1 i=1
an equality, which is easily rewritten as
16 1\2
(40) > (u,-(D') - Z) <2.
i=1

This means that each of the u;(D’) must be either zero or one; if n of them
are equal to one and the other ones are equal to zero then (40) reduces to
n <2. Then © - D’ is only an integer for n = 0 in which case ® - D’ =1, an
impossibility if A is generic. This excludes the first case of the Saint-Donat
Theorem. _

We now assume that Xr contains a divisor C’ such that g(C’) = 2 and
C_~2C'. Then C_ -C’' =2C"”? =4. If we define D’ as in (38) then we find
as before

16 16
1
D*=4+ (D), ©.D=2+- (D").
2 m 3 2 ()
and proceed as in the first part of the proof: we apply the Hodge and Cauchy-

Schwarz inequalities to get
16

16 16
2 (4 +Y u,-(D/)Z) =0’D? <4+ wi(D)+ ) (D).
i=1 i=1 i=1
This inequality is easily re“;r6itten as ,
1
> (w@)-3) <o,
i=1 2
which has no solution. Thus, both exceptional cases of Theorem 2.2 are ex-
cluded and ¢_ is birational. O
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PROPOSITION 6.3. If A = Jr is generic then the birational map ¢_ : Kr — P’
is an embedding of the smooth Kummer surface Kr in P>

ProoF. Since we know from the previous proposition that ¢_ is birational
it suffices to show that no curve is contracted. If B; = n,(2E;) were contracted
then

1 16
0=C- 'Bj = 5 (p*D_ -ZEi) (2Ej) =1,
i=l1

a contradiction. Assume now that an irreducible divisor C’ on Er, different
from the curves B;, is contracted. There exists a symmetric divisor D’ on
A such that 7*(C’) = p*(D’) — '8, u;(D")E;. This leads to the following
contradiction:

2

16 16 16 2
@1 2(2%(!)/)) 5322m(D')2S32D'25(D--D’)2=(Zm(D’)> .
i=1 i=1 i=1

In the first inequality in (41) we used the Cauchy-Schwarz inequality and in the
second one we used that C’?> > 0. The third inequality follows from Hodge’s
inequality (cfr. supra) and the equality in (41) follows from

1 ) 16 )
O=C_-D=§<D_-D —Zui(u)).

i=l1

This shows that no curve is contracted hence ¢_ is an isomorphism onto his
image. O

We finally show that the image is of ¢_ is defined by quadratic equations.

PROPOSITION 6.4. If A = Jr is generic then the image of ¢_ in P’ is given by
an intersection of quadrics, in particular it is a complete intersection.

Proor. We exclude the exceptional cases of Theorem 2.3. First, assume that
there exists an irreducible curve C’ such that g(C’) =1 and C’-C_ = 3. There
exists a symmetric divisor D’ on A such that 7*(C’) = p*(D’) -—Z}il ui(D")E;
and we find C? =0, H2=Y;%,6? and © - D' = 3 + 1 1%, u;(D’), leading
to the following inequality for the w;(D’)

16 3 2 9
42) > (m(D/) - —g) <5

i=1

Since every term is at least equal to 9/64 all u;(D’) must be equal to 0 or 1.
If we assume that n of them are equal to 1 and the others are zero then (42)
reduces to n < 9 which gives only integer solution for ® - H when n =2 or
n==6. If n =6 then ® - D' = 3 which is impossible on a generic Jacobian.
If n =2 then ® - D' = 2 so that D’ is algebraically equivalent to ®, so D’
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is a translate of ®. Since D’ is symmetric it must be a translate of ® over a
half period. Now the equation p*H = n*D + E; + E; tells us that H has even
multiplicity at all half periods except at two half periods, which is impossible,
excluding the first exceptional case.

Second, let us assume that K contains two curves C’ and C” such that
g(C)=2,g(C"h=0,C"-C"=1and C_~2C'+C”". Then

C_.C"=2C'+C"-C"=2-2=0

implying that C” is a contracted curve for ¢_. We have seen however in
Proposition 6.3 that no curve is contracted, excluding the second exceptional
case. |

For a generalization to higher genus we refer to [7].
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