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Abstract. We prove that the Cauchy problem for a class of hyperbolic equations
with non-Lipschitz coefficients is well-posed in C∞ and in Gevrey spaces. Some
counter examples are given showing the sharpness of these results.
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1. – Introduction

This work is devoted to the study of the Cauchy problem for the equation

(1.1) utt −
n∑

i, j=1

ai j (t)uxi xj +
n∑

i=1

bi (t)uxi + c(t)u = 0 in [0, T ] × Rn ,

with initial data

(1.2) u(0, x) = u0(x), ut (0, x) = u1(x) in Rn ,

under the hypothesis of strict hyperbolicity for (1.1). Supposing that B is a
class of infinitely differentiable functions on Rn we will say that the Cauchy
problem (1.1), (1.2) is B-well-posed if for all given initial data u0, u1 ∈ B there
exists a unique solution u to (1.1), (1.2) such that u ∈ C1([0, T ];B).

It is well known that if the coefficients of the principal part of the equation
are Lipschitz-continuous then (1.1), (1.2) is C∞-well-posed: more precisely in
this case the Cauchy problem is well posed in Sobolev spaces and one can
prove that for all u0 ∈ Hs(Rn), u1 ∈ Hs−1(Rn) there is a unique solution in
C([0, T ];Hs(Rn)) ∩ C1([0, T ];Hs−1(Rn)) (see e.g. [5, Ch. 9]).

Pervenuto alla Redazione il 12 dicembre 2000.
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Interesting results have been obtained in weakening the regularity assump-
tion on the coefficients ai j . In particular it as been proved that if the ai j ’s
are Log-Lipschitz-continuous (we recall that a function f is a Log-Lipschitz-
continuous if

sup
0<|t−s|<1/2

| f (t) − f (s)|
|t − s‖ log |t − s‖ < +∞

then the Cauchy problem (1.1), (1.2) is still C∞-well-posed but in this case
there exists δ > 0 (depending on the Log-Lipschitz-norm of the coefficients
ai j ) such that for all u0 ∈ Hs(Rn), u1 ∈ Hs−1(Rn) there is a unique solution
in C([0, T ];Hs−δ(Rn)) ∩ C1([0, T ];Hs−1−δ(Rn)) (this behavior goes under the
name of loss of derivatives).

Finally if the coefficients ai j are only Hölder-continuous of exponent α < 1
then (1.1), (1.2) is γ (s)-well-posed for all s < 1/(1−α), where γ (s) the Gevrey
space of order s (see [1] and [3], [6], [7] for related results for operators with
coefficients depending also on x).

One may think to weaken the Lipschitz-continuity assumption on the co-
efficients of the principal part of the operator in a different way, supposing the
ai j ’s to be C1 functions on [0, T ] \ {t̄} and imposing a bound on the derivative
of the ai j ’s of the type

(1.3) |a′
i j (t)| ≤ C |t − t̄ |−q ,

for all t ∈ [0, T ] \ {t̄} (remark that t̄ may also be 0).
Elementary examples show that if q ≥ 1 then condition (1.3) is independent

from the regularity of the coefficients on the whole [0, T ]. More precisely it is
possible to construct a function f , C1 on ]0, T ] and Log-Lipschitz-continuous
on [0, T ], such that

lim sup
t→0+

tq | f ′(t)| = +∞ ,

for all q ≥ 1. Conversely it is easy to find a function g, C1 on ]0, T ], continuous
on [0, T ] but Hölder-continuous on [0, T ] for no α < 1, such that

lim sup
t→0+

t |g′(t)| < +∞ .

In the present paper we prove that if the condition (1.3) holds with q = 1
then (1.1), (1.2) is C∞-well-posed with a loss of derivatives (Theorem 1), if (1.3)
is satisfied for a given q > 1 and, for instance, the coefficients ai j are bounded
then (1.1), (1.2) is γ (s)-well-posed for all s < q/(q − 1) (Theorem 2) and
if (1.3) is true for some q > 1 and the ai j ’s are Hölder-continuous of exponent
α then the Cauchy problem is γ (s)-well-posed for all s < (q/(q −1))(1/(1−α))

(Theorem 3).
The results proved by Theorems 1, 2 and 3 are in a sense optimal. In fact

we construct a coefficient a which is Hölder-continuous of exponent α for all
α < 1 and it satisfies, for all q > 1 and for all t ∈ ]0, T ], the condition

|a′(t)| ≤ Cqt−q ,
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and we find two C∞ functions u0, u1 such that the Cauchy problem{
utt − a(t)uxx = 0

u(0, x) = u0(x), ut (0, x) = u1(x)

does not have any solution (not even if we look for a solution in a neighborhood
of the origin, which is only a distribution in the x variable, see Theorem 4).
Similarly we show by another counter example that in the case of Gevrey-well-
posedness the relations among q, α and s determined by Theorems 2 and 3
cannot be improved (Theorem 5).

Finally we state and prove two results in the case of one space variable;
in this situation we show that the well-posedness can be proved when the
coefficient c in the equation (1.1) depends also on x (Theorems 5 and 7).

Acknowledgment. A part of this research was carried out while the first
and the second author were visiting the Department of Mathematics of Tsukuba
University; they wish to thank Professor K. Kajitani for his warm and kind
hospitality.

2. – Results and remarks

Let T > 0. We consider the following equation

(2.1) utt −
n∑

i, j=1

ai j (t)uxi xj +
n∑

i=1

bi (t)uxi + c(t)u = 0 ,

where the matrix (ai j (t)) is real and symmetric for all t ∈ ]0, T ], ai j ∈ C1( ]0, T ])
and bi , c ∈ C([0, T ]). We set, for (t, ξ) ∈ ]0, T ] × Rn \ {0},

a(t, ξ) =
n∑

i, j=1

ai j (t)ξiξj/|ξ |2 ,

and we denote by ′ the derivative with respect to the variable t . We suppose
that the equation (2.1) is strictly hyperbolic, i.e. there exists λ0 > 0 such that

(2.2) a(t, ξ) ≥ λ0 .

for all (t, ξ) ∈ ]0, T ] × Rn \ {0}.
The first result of the paper is the following.
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Theorem 1. Suppose that there exists C > 0 such that, for all (t, ξ) ∈ ]0, T ] ×
Rn \ {0},
(2.3) t |a′(t, ξ)| ≤ C .

Then the Cauchy problem for the equation (2.1) is C∞-well-posed.

Remark 1. Using the same technique of the proof of Theorem 1 it is
possible to prove that the Cauchy problem for (2.1) is C∞-well-posed under the
following more general hypothesis (see [2]): there exist t̄ ∈ [0, T ] and C > 0
such that for all (t, ξ) ∈ ([0, T ] \ {t̄}) × Rn \ {0},

|t − t̄ ||a′(t, ξ)| ≤ C .

For s ≥ 1 we denote by γ (s)(�) the Gevrey space of order s in the open
set � ⊂ Rn , i.e. f ∈ γ (s)(�) if f is a C∞ function defined on � and for all
compact sets K ⊂ � there exist C , M > 0 such that

|∂α
x f (x)| ≤ C M |α|(α!)s ,

for all x ∈ K and α ∈ Nn; in particular if s = 1 then γ (1) is the space of the
analytic functions on �. We have the following result.

Theorem 2. Let q > 1 and p ∈ [0, 1[ , with p ≤ q − 1. Suppose that there
exist C, C ′ > 0 such that, for all (t, ξ) ∈ ]0, T ] × Rn \ {0},

tq |a′(t, ξ)| ≤ C ,(2.4)

t p|a(t, ξ)| ≤ C ′ .(2.5)

Then the Cauchy problem for the equation (2.1) is γ (s)-well-posed for all s <(q−p)/

(q − 1).

Remark 2. We want to point out two simple consequences of Theorem 2.
If 1 < q < 2 then, taking p = q − 1, hypothesis (2.5) follows from (2.4).
Hence, if 1 < q < 2, condition (2.4), without any other assumption, gives the
γ (s)-well-posedness for all s < 1/(q − 1). If a is bounded then (2.5) is verified
with p = 0. Consequently, if q > 1 and a is bounded, (2.4) implies that the
Cauchy problem for (2.1) is γ (s)-well-posed for all s < q/(q − 1).

For α ∈ ]0, 1[, we denote by C0,α the space of the Hölder-continuous func-
tion with exponent α. The following theorem makes a relation among the
Hölder-regularity of the coefficients of the principal part, the bound on its
derivatives and the order of the Gevrey space in which the well-posedness
holds.

Theorem 3. Let q > 1 and α ∈ ]0, 1[. Let ai, j ∈ C1( ]0, T ]) ∩ C0,α([0, T ]).
Suppose that (2.4) is verified.

Then the Cauchy problem for the equation (2.1) is γ (s)-well-posed for all
s < (q/(q − 1))(1/(1 − α)).
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Remark 3. The result of Theorem 3 can be thought as an average between
Theorem 4 of [1], in which, assuming only the Hölder-continuity of the coeffi-
cients, γ (s)-well-posedness is proved for s < 1/(1 − α), and the Theorem 2 in
the case of the function a bounded.

Remark 4. Supposing s = (q − p)/(q − 1), under the hypotheses of
Theorem 2, one can prove that for all pair of functions u0, u1 ∈ γ (s)(R) there
exists T ′ ∈ ]0, T ] such that the Cauchy problem for (2.1) has a unique solution
u ∈ C1([0, T ′]; γ (s)). The same result holds under the hypotheses of Theorem 3
if s = (q/(q − 1))(1/(1 − α)).

Finally we state two theorems showing that the conditions (2.3) and (2.4)
are in some sense necessary. We denote by D′(�) and D′(s)(�) the space of
the distributions and the space of the Gevrey-ultradistributions of order s on the
open set � respectively. The results are the following.

Theorem 4. There exists a positive function a ∈ C∞(R \ {0}) ∩ C0,α(R) for all
α ∈ ]0, 1[, with

(2.6) sup
t>0

tq |a′(t)| < +∞ ,

for all q > 1, and there exist u0, u1 ∈ C∞(R) such that the Cauchy problem

(2.7)
{

utt − a(t)uxx = 0

u(0, x) = u0(x), ut (0, x) = u1(x)

has no solution in C1([0, r [ ;D′( ]− r, r [ )), for all r > 0.

Theorem 5. Let q0 > 1 and α0 ∈ [0, 1[. There exists a positive function
a ∈ C∞(R \ {0}) ∩ C0,α0(R) (for α0 = 0, a ∈ C∞(R \ {0}) ∩ C(R)), with

(2.8) sup
t>0

tq0 |a′(t)| < +∞ ,

and there exist u0, u1 ∈ γ (s)(R) for all s > s0 = (q0/(q0 − 1))(1/(1 − α0)) such
that the Cauchy problem

{
utt − a(t)uxx = 0

u(0, x) = u0(x), ut (0, x) = u1(x)

has no solution in C1([0, r [ ;D′(s)( ]− r, r [ )), for all s > s0 and for all r > 0.

Remark 5. Theorem 4 can be considered the converse of Theorem 1; for
α0 > 0, Theorem 5 is related to Theorem 3, while, for α0 = 0, Theorem 5 gives
only a counter example to the result of Theorem 2 in the case of a bounded.
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3. – Results in one space dimension

In the case of one space dimension the results of Theorems 1 and 2 can
be a little improved, letting the coefficient c depend also on x . We consider
the equation

(3.1) utt − a(t)uxx + b(t)ux + c(t, x)u = 0 ,

where a ∈ C1( ]0, T ]), b ∈ C0([0, T ]), c ∈ C([0, T ]; C∞(Rx)) and a(t) ≥ λ0 > 0
for all t ∈ ]0, T ]. The following results holds true.

Theorem 6. Suppose that there exists C > 0 such that, for all t ∈ ]0, T ],

(3.2) t |a′(t)| ≤ C .

Then the Cauchy problem for the equation (3.1) is C∞-well-posed.

Theorem 7. Let q ∈ ]1, 2[ and 2 < s < q/(q − 1). Suppose that a is bounded
and c ∈ C([0, T ]; γ (s′/2)(Rx)) for some s ′, 2 < s ′ < s. Suppose moreover that there
exists C > 0 such that, for all t ∈ ]0, T ],

(3.3) tq |a′(t)| ≤ C .

Then the Cauchy problem for the equation (3.1) is γ (s)-well-posed.

In the proof of the Theorem 6, in order to obtain the estimate of certain
weighted L2-norm of the Fourier transform of the solution, we show that the
weight function is actually a temperate weight function. This fact is crucial in
proving the following corollary.

Corollary 1. Let f be an entire analytic function with f (0) = 0. Suppose
that the condition (3.2) holds.

Then for all u0, u1 ∈ C∞
0 (R) there exists T ′ > 0 such that the Cauchy problem

(3.4)
{

utt − a(t)uxx + b(t)ux + f (u) = 0

u(0, x) = u0(x), ut(0, x) = u1(x)

has a unique solution u ∈ C1([0, T ′]; C∞
0 (R)).

4. – Proofs of the Theorems 1, 2 and 3

In this section we prove the Theorems 1, 2 and 3. We start remarking that,
possibly performing a linear change of variables, it is not restrictive to suppose
that λ0 = 1 in all of the three cases.
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Let us begin with the proof of the Theorem 1. First of all we observe
that (2.3) implies that the function t �→ a(t, ξ) is in L1( ]0, T [ ) for all ξ ∈
Rn \ {0}, and its L1-norm is uniformly bounded with respect to ξ . In fact

|a(T, ξ) − a(t, ξ)| ≤
∫ T

t
|a′(s, ξ)| ds ≤ C log

(
T

t

)
,

and hence there exists C ′ > 0 such that, for all (t, ξ) ∈ ]0, T ] × Rn \ {0},

(4.1) |a(t, ξ)| ≤ C ′ + C log
(

1 + 1

t

)
.

We define, for all (t, ξ) ∈ [0, T ] × Rn \ {0},

ã(t, ξ) =


a(T, ξ) if T |ξ | ≤ 1 ,

a(|ξ |−1, ξ) if T |ξ | > 1 and t |ξ | ≤ 1 ,

a(t, ξ) if t |ξ | > 1 ,

and, for all (t, ξ) ∈ ]0, T ] × Rn \ {0},

α(t, ξ) =
{ |ã(t, ξ) − a(t, ξ)| |ξ | if t |ξ | ≤ 1 ,

|a′(t, ξ)|
a(t, ξ)

if t |ξ | > 1 .

We remark that, for all ξ ∈ Rn \ {0}, the function t �→ α(t, ξ) is in L1( ]0, T [ )

and it is also piecewise continuous. We fix σ > 0 and we set

k(t, ξ) = (1 + |ξ |2)σ exp
(

−
∫ t

0
α(s, ξ) ds

)
.

We define the energy density of the solution u as

(4.2) E(t, ξ) = (|v′(t, ξ)|2 + (1 + ã(t, ξ)|ξ |2)|v(t, ξ)|2)k(t, ξ) ,

where v = Fx u is the Fourier transform of u with respect to x . We denote by
E the energy of the solution:

(4.3) E(t) =
∫

Rn
E(t, ξ) dξ .

From (4.1) we deduce that, for all (t, ξ) ∈ [0, T ] × Rn \ {0},
|ã(t, ξ)| ≤ C ′ + C log(1 + |ξ |) ,

consequently, for all ε > 0 there exists �ε > 0 such that, for all t ∈ [0, T ],

(4.4) E(t) ≤ �ε

∫
(1 + |ξ |2)σ+ε(|v′(t, ξ)|2 + (1 + |ξ |2)|v(t, ξ)|2) dξ .
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On the other hand, if T |ξ | ≤ 1, we have∫ t

0
α(s, ξ) ds ≤

∫ T

0
|a(T, ξ) − a(t, ξ)| 1

T
dt ≤ |a(T, ξ)| + 1

T
‖a(·, ξ)‖L1( ]0,T [ ) ,

while, if T |ξ | > 1, from (2.3) and (4.1) we deduce that∫ t

0
α(s, ξ) ds ≤

∫ T

0
α(s, ξ) ds

≤
∫ |ξ |−1

0
|ã(t, ξ) − a(t, ξ)||ξ | dt +

∫ T

|ξ |−1

|a′(t, ξ)|
a(t, ξ)

dt

≤ C ′ + C log(1 + |ξ |) + |ξ |
∫ |ξ |−1

0
|a(t, ξ)| dt +

∫ T

|ξ |−1

C

t
dt

≤ 2C ′ + C(1 + log(1 + T ) + 3 log(1 + |ξ |)) .

Hence there exists N > 0 and �̃ > 0 such that, for all t ∈ [0, T ],

(4.5) E(t) ≥ �̃

∫
(1 + |ξ |2)σ−N (|v′(t, ξ)|2 + (1 + |ξ |2)|v(t, ξ)|2) dξ .

We compute the derivative of E with respect to t and we obtain, for t |ξ | < 1,

E ′(t, ξ) = (2Re(v′′v̄′) + 2(1 + ã(t, ξ)|ξ |2)Re(v′v̄)

+ (|v′|2 + (1 + ã(t, ξ)|ξ |2)|v|2)(−α(t, ξ)))k(t, ξ) ,

and, for t |ξ | > 1,

E ′(t, ξ) =
(

2Re(v′′v̄′) + a′(t, ξ)|ξ |2|v|2 + 2(1 + a(t, ξ)|ξ |2)Re(v′v̄)

+ (|v′|2 + (1 + a(t, ξ)|ξ |2)|v|2)
(

−|a′(t, ξ)|
a(t, ξ)

))
k(t, ξ) .

Recalling that

v′′(t, ξ) = −a(t, ξ)|ξ |2v(t, ξ) − i
n∑

j=1

bj (t)ξjv(t, ξ) − c(t)v(t, ξ) ,

we deduce that, for t |ξ | < 1,

E ′(t, ξ) ≤ 2(ã(t, ξ) − a(t, ξ))|ξ |2Re(v′v̄)k(t, ξ) − α(t, ξ)E(t, ξ)

+
1 +

n∑
j=1

|bj (t)| + |c(t)|
 E(t, ξ) .
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and, for t |ξ | > 1,

E ′(t, ξ) ≤ (a′(t, ξ) − |a′(t, ξ)|)|ξ |2|v|2k(t, ξ)

− |a′(t, ξ)|
a(t, ξ)

(|v′|2 + |v|2)k(t, ξ) +
1 +

n∑
j=1

|bj (t)| + |c(t)|
 E(t, ξ) .

Consequently
E ′(t, ξ) ≤ K E(t, ξ) ,

where K = 1 + maxt∈[0,T ]{
∑n

j=1 |bj (t)| + |c(t)|} and hence

(4.6) E ′(t) ≤ KE(t) .

From (4.4), (4.5) and (4.6) the C∞-well-posedness follows by standard argu-
ments. This concludes the proof of the Theorem 1.

The proof of the Theorem 2 is close to the previous one. If s = 1 the
result follows from [1, Theorem 4]. Let 1 < s < (q − p)/(q − 1). We set

ã(t, ξ) =


a(T, ξ) if T |ξ |1/(qs−s) ≤ 1 ,

a(|ξ |−1/(qs−s), ξ) if T |ξ |1/(qs−s) > 1 and t |ξ |1/(qs−s) ≤ 1 ,

a(t, ξ) if t |ξ |1/(qs−s) > 1 ,

α(t, ξ) =
{ |ã(t, ξ) − a(t, ξ)| |ξ | if t |ξ |1/(qs−s) ≤ 1 ,

|a′(t, ξ)|
a(t, ξ)

if t |ξ |1/(qs−s) > 1 ,

and

k(t, ξ) = exp
(

−
∫ t

0
α(σ, ξ) dσ + β|ξ |1/s

)
.

where β is a positive constant. We define the energy density and the energy of
the solution as in (4.2) and (4.3) respectively. From (2.5) we have easily that
for all β ′ > β there exist �β′ > 0 such that

(4.7) E(t) ≤ �β′
∫

eβ′|ξ |1/s
(|v′(t, ξ)|2 + (1 + |ξ |2)|v(t, ξ)|2) dξ .

On the other hand, if T |ξ |1/(qs−s) ≤ 1, again from (2.5), we deduce that∫ t

0
α(σ, ξ) dσ ≤

∫ T

0
|a(T, ξ) − a(t, ξ)||ξ | dt ≤ C ′

(
2 − p

1 − p

)
T 1−p−sq+s ,

and, if T |ξ |1/(qs−s) > 1, by using (2.5) and (2.4) we have∫ t

0
α(s, ξ) ds ≤

∫ |ξ |−1/(qs−s)

0
|ã(t, ξ) − a(t, ξ)||ξ | dt +

∫ T

|ξ |−1/(qs−s)

|a′(t, ξ)|
a(t, ξ)

dt

≤ C ′
(

2 − p

1 − p

)
|ξ |1−(1−p)/(qs−s) + C

q − 1
|ξ |1/s .
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From these inequalities, considering that 1 − (1 − p)/(qs − s) < 1/s, it follows
that there exists δ > 0 such that, for all (t, ξ) ∈ [0, T ] × Rn \ {0},

∫ t

0
α(σ, ξ) dξ ≤ δ(|ξ |1/s + 1) .

Consequently
k(t, ξ) ≥ exp(−δ + (β − δ)|ξ |1/s) ,

and

(4.8) E(t) ≥ e−δ

∫
e(β−δ)|ξ |1/s

(|v′(t, ξ)|2 + (1 + |ξ |2)|v(t, ξ)|2) dξ .

Differentiating the energy density we obtain, for t |ξ |1/(qs−s) < 1,

E ′(t, ξ) = (2Re(v′′v̄′) + 2(1 + ã(t, ξ)|ξ |2)Re(v′v̄)

+ (|v′|2 + (1 + ã(t, ξ)|ξ |2)|v|2)(−α(t, ξ)))k(t, ξ) ,

and, for t |ξ |1/(qs−s) > 1,

E ′(t, ξ) =
(

2Re(v′′v̄′) + a′(t, ξ)|ξ |2|v|2 + 2(1 + a(t, ξ)|ξ |2)Re(v′v̄)

+ (|v′|2 + (1 + a(t, ξ)|ξ |2)|v|2)
(

−|a′(t, ξ)|
a(t, ξ)

))
k(t, ξ) .

Replacing v′′ by its value obtained from the equation we deduce that

E ′(t) ≤ KE(t) .

where K = 1+maxt∈[0,T ]{
∑n

j=1 |bj (t)|+|c(t)|} and hence the conclusion follows
from (4.7), (4.8) and this last inequality.

To prove the Theorem 3 we argue similarly to the two preceding proofs.
Again if s = 1 then the γ (s)-well-posedness follows from [1, Theorem 4]; so
we suppose that 1 < s < (q/(q − 1))(1/(1 − α)) and we consider r > q and
0 < ω < α such that s = (r/(r − 1))(1/(1 − ω)). Then a ∈ C0,ω and, possibly
taking a different value for the constant C , the condition (2.4) implies that

(4.9) |a′(t, ξ)| ≤ Ct−r ,

for all (t, ξ) ∈ ]0, T ] × Rn \ {0}. Let ρ be a real non-negative C∞ function
defined on R such that supp (ρ) ⊂ [−1, 1] and

∫
ρ(x) dx = 1. We extend the
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value of a to the whole of R × Rn \ {0}, setting, for t ≤ 0, a(t, ξ) = a(0, ξ)

and, for t ≥ T , a(t, ξ) = a(T, ξ). We define

ã(t, ξ) = |ξ |
∫

a(t − τ, ξ)ρ(τ |ξ |) dτ ,

α(t, ξ) = |ã(t, ξ) − a(t, ξ)||ξ | + |ã′(t, ξ)|
ã(t, ξ)

,

and finally, denoting with β a positive constant,

k(t, ξ) = exp
(

−
∫ t

0
α(σ, ξ) dσ + β|ξ |1/s

)
.

By the fact that a and ã are bounded we easily obtain that

(4.10) E(t) ≤ �

∫
eβ|ξ |1/s

(|v′(t, ξ)|2 + (1 + |ξ |2)|v(t, ξ)|2) dξ,

where � is the maximum value for |a| (here we use the same notations as in
the previous cases: E and E are defined in (4.2) and (4.3) respectively).

To obtain an estimate from below for E(t) we argue in the following way.
Suppose first that |ξ | ≤ max{1, T r/(ω−1)}. Then∫ t

0
α(σ, ξ) dσ ≤

∫ T

0
α(t, ξ) dt ≤

∫ T

0
|ã(t, ξ) − a(t, ξ)||ξ | dt +

∫ T

0
|ã′(t, ξ) dt ,

where ∫ T

0
|ã(t, ξ) − a(t, ξ)||ξ | dt ≤ 2�|ξ |T ≤ δ

2
,

and ∫ T

0
|ã′(t, ξ)| dt =

∫ T

0
|ξ |2
∣∣∣ ∫ a(t − τ, ξ)ρ ′(τ |ξ |) dτ

∣∣∣ dt

=
∫ T

0
|ξ |2
∣∣∣ ∫ (a(t − τ, ξ) − a(t, ξ))ρ ′(τ |ξ |) dτ

∣∣∣ dt

≤
∫ T

0
|ξ |2
∫

|a(t − τ, ξ) − a(t, ξ)||ρ ′(τ |ξ |)| dτ dt

≤
∫ T

0
|ξ |2
∫

‖a‖C0,ω |τ |ω|ρ ′(τ |ξ |)| dτ dt

≤ ‖a‖C0,ω |ξ |1−ω T
∫

|s|ω|ρ ′(s)| ds ≤ δ

2
.

Hence

(4.11)
∫ t

0
α(σ, ξ) dσ ≤ δ ,

for some δ > 0 not depending on t and ξ .
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Next, let |ξ | > max{1, T r/(ω−1)}. Then∫ t

0
α(σ, ξ) dσ ≤

∫ T

0
α(t, ξ) dt =

∫ |ξ |(ω−1)/r

0
α(t, ξ) dt +

∫ T

|ξ |(ω−1)/r
α(t, ξ) dt .

We have∫ |ξ |(ω−1)/r

0
|ã(t, ξ) − a(t, ξ)||ξ | dt

≤
∫ |ξ |(ω−1)/r

0
|ξ |2
∣∣∣∣∫ (a(t − τ, ξ) − a(t, ξ))ρ(τ |ξ |) dτ

∣∣∣∣ dt

≤
∫ |ξ |(ω−1)/r

0
|ξ |2
∫

|a(t − τ, ξ) − a(t, ξ)|ρ(τ |ξ |) dτ dt

≤
∫ |ξ |(ω−1)/r

0
|ξ |2
∫

‖a‖C0,ω |τ |ω|ρ(τ |ξ |)| dτ dt

≤ ‖a‖C0,ω |ξ |1−ω+(ω−1)/r
∫

|s|ω|ρ(s)| ds .

and similarly∫ |ξ |(ω−1)/r

0
|ã′(t, ξ)| dt ≤ ‖a‖C0,ω |ξ |1−ω+(ω−1)/r

∫
|s|ω|ρ ′(s)| ds .

We remark that 1 − ω + (ω − 1)/r = 1/s, so that

(4.12)
∫ |ξ |(ω−1)/r

0
α(σ, ξ) dσ ≤ δ

2
|ξ |1/s .

On the other hand, since |ξ | > 1 and 0 < (1 − ω)/r < 1, we have that
|ξ |(ω−1)/r > |ξ |−1. Consequently we deduce from (4.9) that

|a(t − τ, ξ) − a(t, ξ)| ≤ C(t − |ξ |−1)−r |ξ |−1 ,

for all t ∈ [|ξ |(ω−1)/r , T ] and |τ | ≤ |ξ |−1. Hence∫ T

|ξ |(ω−1)/r
|ã(t, ξ) − a(t, ξ)||ξ | dt

≤
∫ T

|ξ |(ω−1)/r
|ξ |
∣∣∣∣∫ (a(t − τ, ξ) − a(t, ξ))ρ(τ |ξ |) dτ

∣∣∣∣ dt

≤
∫ T

|ξ |(ω−1)/r
|ξ |
∫

C(t − |ξ |−1)−r |ξ |−1ρ(τ |ξ |) dτ dt

≤
∫ T

|ξ |(ω−1)/r
C(t − |ξ |−1)−r |ξ |−1dt

≤ C

r − 1
|ξ |1−ω+(ω−1)/r .
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and by an analogous computation

∫ T

|ξ |(ω−1)/r
|ã′(t, ξ)| dt ≤ C

r − 1
|ξ |1−ω+(ω−1)/r

∫
|ρ ′(s)| ds .

Then

(4.13)
∫ T

|ξ |(ω−1)/r
α(σ, ξ) dσ ≤ δ

2
|ξ |1/s .

From (4.11), (4.12) and (4.13) we finally obtain that there exists δ > 0 such
that, for all (t, ξ) ∈ ]0, T ] × Rn \ {0},∫ t

0
α(σ, ξ) dσ ≤ δ(1 + |ξ |1/s) .

It follows that, possibly taking a bigger � we have

(4.14) E(t) ≥ 1

�

∫
e(β−δ)|ξ |1/s

(|v′(t, ξ)|2 + (1 + |ξ |2)|v(t, ξ)|2) dξ .

The conclusion is easily reached from (4.10) and (4.14) remarking that also in
this case we have

E ′(t) ≤ KE(t) .

whit K = 1 + maxt∈[0,T ]{
∑n

j=1 |bj (t)| + |c(t)|}. The proof of the Theorem 3 is
complete.

5. – The counter examples

In this section we will prove the Theorems 4 and 5. Although the proofs
of both these two results follow closely that one of the Theorem 1 of [4]
(apart from different choices of the sequences of the parameters involved in the
construction of the functions a, u0, u1 and u), for the reader’s convenience we
will sketch the main parts of the argument, referring to the cited work for other
details.

Let us begin with the proof of the Theorem 4. We consider a real non-
negative 2π -periodic C∞ function ρ defined on R such that ρ(τ) = 0 for all τ

in a neighborhood of 0 and

∫ 2π

0
ρ(τ) cos2 τ dτ = π .
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We define, for all τ ≥ 0 and ε ∈ ]0, ε̄],

αε(τ ) = 1 − 4ερ(τ) sin 2τ + 2ερ ′(τ ) cos2 τ − 4ε2ρ2(τ ) cos4 τ ,(5.1)

w̃ε(τ ) = cos τ exp
(

ετ − 2ε

∫ τ

0
ρ(s) cos2 s ds

)
,

wε(τ ) = e−ετ w̃ε(τ ) ,(5.2)

and, for all τ < 0,

αε(τ ) = αε(−τ), w̃ε(τ ) = w̃ε(−τ), wε(τ ) = wε(−τ) .

As αε(τ ) = 1 and wε(τ) = cos τ in a neighborhood of the origin, αε and wε are
C∞ functions on R. Moreover αε, w̃ε and wε verify the following properties:{

w′′
ε + αε(τ )wε = 0

wε(0) = 1, w′
ε(0) = 0 ;

there exists M > 0, not depending on ε, such that for all τ ∈ R,

(5.3) |αε(τ ) − 1| ≤ Mε, |α′
ε(τ )| ≤ Mε ;

and finally αε and w̃ε are 2π -periodic in ] − ∞, 0] and [0, +∞[.
Next we consider four monotone sequences {hk}, {ηk}, {ρk}, {εk} of positive

real numbers such that

hk → +∞, ηk → +∞, εk → 0, ρk → 0 ;(5.4)

εk ≤ (2M)−1, for all k ∈ N ;(5.5)

hk, hkρk(4π)−1 ∈ N, for all k ∈ N ;(5.6)

+∞∑
k=0

ρk < +∞ .(5.7)

We define, for all k ∈ N,

tk = ρk

2
+

+∞∑
j=k+1

ρj ,

and

Ik =
[

tk − ρk

2
, tk + ρk

2

]
.

We set

(5.8) a(t) =


αεk (hk(t − tk)) for t ∈ Ik

1 for t ∈ R \
+∞⋃
k=0

Ik .
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Since a is identically equal to 1 in a neighborhood of the boundary of each
interval Ik , a is C∞ in R \ {0}. Moreover (5.3) and (5.5) imply that for all
t ∈ R, |a(t) − 1| < 1/2, i.e. a is positive. Suppose now that for all α < 1,

(5.9) sup
k∈N

εkhα
k < +∞ ,

then a ∈ C0,α(R) for all α < 1. In fact in view of the periodicity of αε we
deduce from (5.3) and (5.6),

sup
t,s∈Ik

t 
=s

|a(t) − a(s)|
|t − s|α ≤ sup

t,s∈[tk ,tk+2π/hk ]
t 
=s

|a(t) − a(s)|
|t − s|α

≤ sup
t,s∈Ik

t 
=s

|a(t) − a(s)|
|t − s|

(
2π

hk

)1−α

≤ Mεk(2π)1−αhα
k .

Finally, it is immediate to see that if, for all q > 1,

(5.10) sup
k∈N

+∞∑
j=k

ρj

q

εkhk < +∞ ,

then the condition (2.6) is verified.
Let us come to the construction of u0 and u1. Let ϕk be the solution to

(5.11)
{

ϕ′′
k + h2

ka(t)ϕk = 0

ϕk(tk) = ηk, ϕ′
k(tk) = 0 .

We have that ϕk ∈ C∞(R \ {0}) ∩ C2(R) and, for all t ∈ Ik ,

(5.12) ϕk(t) = ηkwεk (hk(t − tk)) = ηke−εk hk |t−tk |w̃εk (hk(t − tk)) .

Suppose that, for all k ∈ N,

2M
+∞∑

j=k+1

εjρj ≤ εkρk ,(5.13)

4M
k−1∑
j=0

εj h jρj ≤ εkhkρk ,(5.14)

and, for all p > 0,

(5.15) lim
k→+∞

p log hk + 4 log ηk − εkhkρk = −∞ .
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We denote by Eϕk , Ẽϕk the following two different type of energy:

Eϕk (t) = h2
k |ϕk(t)|2 + |ϕ′

k(t)|2 ,

Ẽϕk (t) = h2
ka(t)|ϕk(t)|2 + |ϕ′

k(t)|2 .

By (5.6), using the periodicity of αε and w̃ε, we deduce that

Eϕk

(
tk ± ρk

2

)
= Ẽϕk

(
tk ± ρk

2

)
= h2

kη
2
k exp(−εkhkρk) .

For t ≤ tk − ρk/2, we have

Eϕk (t) ≤ Eϕk

(
tk − ρk

2

)
exp
(

hk

∫ tk−ρk/2

t
|1 − a(t)| dt

)

≤ h2
kη

2
k exp(−εkhkρk) exp

hk

+∞∑
j=k+1

Mεjρj


≤ h2

kη
2
k exp

hk

−εkρk + M
+∞∑

j=k+1

εjρj

 .

and by (5.13) we obtain

(5.16) Eϕk (t) ≤ h2
kη

2
k exp

(
−1

2
εkhkρk

)
.

On the other hand, if t ≥ tk + ρk/2,

Ẽϕk (t) ≤ Ẽϕk

(
tk + ρk

2

)
exp

(∫ t

tk+ρk/2

|a′(t)|
a(t)

dt

)

≤ h2
kη

2
k exp(−εkhkρk) exp

k−1∑
j=0

2Mεj h jρj

 ,

so that, by (5.14), we infer

(5.17) Ẽϕk (t) ≤ h2
kη

2
k exp

(
−1

2
εkhkρk

)
.

From (5.15), (5.16) and (5.17) we deduce that for all p > 0 there exists Cp > 0,
such that

(5.18) |ϕk(t)| + |ϕ′
k(t)| ≤ Cph−p

k ,
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for all t ∈ R \ Ik . We set

(5.19) u0(x) =
+∞∑
k=0

ϕk(0)eihk x , u1(x) =
+∞∑
k=0

ϕ′
k(0)eihk x ,

and

(5.20) u(t, x) =
+∞∑
k=0

ϕk(t)e
ihk x .

Applying a Paley-Wiener type result for the Fourier series we deduce from (5.18)
that u0, u1 ∈ C∞(R) and u ∈ C2(R \ {0}; C∞(R)). Moreover we have, for all
s ≥ 1,

(5.21) lim
k→+∞

ηk exp(−h1/s
k ) = 0 .

In fact, suppose by contradiction that there exists s0 ≥ 1 such that

lim sup
k→+∞

log ηk − h
1/s0
k > −∞ ,

then, taking s1 > s0 we have

lim sup
k→+∞

log ηk − h
1/s1
k = +∞ .

Since (5.4) and (5.9) imply that limk h
1−1/s1
k εkρk = 0 we deduce that

lim sup
k→+∞

log ηk − h
1/s1
k (h

1−1/s1
k εkρk) = lim sup

k→+∞
log ηk − hkεkρk = +∞ ,

against (5.15). From (5.12), (5.18) and (5.21) we deduce that

|ϕk(t)| + |ϕ′
k(t)| ≤ Cs exp(h1/s

k ) ,

for all t ∈ R and hence u is a solution of (2.7) in C2(R;D′(s)(R)), where
D′(s)(R) is the space of the Gevrey-ultradistributions of order s. This solution
is unique (see [1, Theorem 6]), so that to conclude the proof it will be sufficient
to show that u 
∈ C1([0, r [ ;D′( ]− r, r [ )) for all r > 0.

Suppose finally that

(5.22) lim
k→+∞

h−p
k ηk = +∞ for all p > 0 .
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By the recalled Paley-Wiener result we have that (5.11) (5.20) and (5.22) imply
that u 
∈ C([0, r [ ;D′(R)). Let us show this fact in a direct way. We observe
that from (5.12), (5.18) it follows, for all x ∈ [−π, π ],

|u(tk, x)| ≤
+∞∑
j=0

ϕj (tk) ≤ ηk + C
+∞∑
j=0

h−1
j ,

and since, in view of (5.6) and (5.7), limk ηk = +∞ and
∑

j h−1
j < +∞, we

obtain that

(5.23) |uk(tk, x)| ≤ Cηk ,

where C does not depend on k. Let χ be a C∞ function with χ(s) = 0 for
s ≤ 0, and χ(s) = 1 for s ≥ 1; define, for all k ∈ N,

ψk(x) = χ(hk(π + x))χ(hk(π − x))
e−ihk x

√
ηk

.

From (5.22) we have that ψk → 0 in C∞
0 (R), while, from (5.23),

∫
u(tk, x)ψk(x) dx = 2π

√
ηk +

∫ π

−π

u(tk, x)

(
ψk(x) − e−ihk x

√
ηk

)
dx

≥ 2π
√

ηk − 2

hk
C

√
ηk

and then
∫

u(tk, x)ψk(x)dx → +∞.
It is possible to prove that u 
∈ C1([0, r [ ;D′( ]− r, r [ )) arguing in a similar

but more refined way and using as test function a cut off of the solution of the
dual problem {

vt t − a(t)vxx = 0

v(tk, x) = 0, vt (tk, x) = χk(x) .

where {χk} is a suitable 2π -periodic Gevrey function (see [4, p. 118] for the
details).

To end we perform a choice of sequences satisfying (5.4), (5.5), (5.6),
(5.7), (5.9), (5.10), (5.13), (5.14), (5.15), (5.22). We set

hk =N 2k([log(k + 3)]
)k

,

ηk =(log(k + 3))k log(k+3) ,

ρk =4π
(
[log(k + 3)(log(log(k + 3)))−1]

)k([log(k + 3)]
)−k

,

εk = N k L

hkρk
= L

4π N k

(
[log(k + 3)(log(log(k + 3)))−1]

)−k
,
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where [x] denotes the maximum integer ≤ x and N , 1/L are integers sufficiently
large. The proof of the Theorem 4 is concluded.

The proof of the Theorem 5 is essentially the same as the previous one.
We stress only the different points. We consider αε and wε as defined in (5.1)
and (5.2) respectively and we introduce four sequences {hk}, {ηk}, {ρk} and {εk}
such that (5.4), (5.5), (5.6) and (5.7) are satisfied. We define a as in (5.8) and
we require that

(5.24) sup
k∈N

εkh
α0
k < +∞ .

This is enough to have that a ∈ C0,α0(R). We remark that if α0 = 0, then (5.4)
implies that a ∈ C(R) and moreover in this case (5.24) is a consequence of (5.4).
To obtain the condition (2.8) it will be sufficient to suppose that

(5.25) sup
k∈N

+∞∑
j=k

ρj

q0

εkhk < +∞ .

Let ϕk be the solution to (5.11). We suppose that (5.13) and (5.14) are
satisfied. Moreover we impose that

(5.26) lim
k→+∞

h1/s
k + 4 log ηk − εkhkρk = −∞ ,

for all s > s0 = (q0/(q0 − 1))(1/(1 − α0)). Since also in this case (5.16)
and (5.17) are verified, condition (5.26) implies that for all s > s0 there exists
a positive constant Cs such that

(5.27) |ϕk(t)| + |ϕ′
k(t)| ≤ Cs exp(−h1/s

k ) ,

for all t ∈ R \ Ik . The functions u0, u1 and u are now defined like in (5.19)
and (5.20). As a consequence of the Paley-Wiener theorem it follows from (5.27)
that u0, u1 ∈ γ (s)(R) and u ∈ C2(R \ {0}; γ (s)(R)) for all s > s0. Moreover we
claim that

(5.28) lim
k→+∞

ηk exp(−h1/s
k ) = 0 ,

for all s < s0. Let us prove (5.28) by contradiction. Suppose that there exists
s < s0 such that

lim sup
k→+∞

log ηk − h1/s
k > −∞ ,

then taking s < s ′ < s0 we have that

lim sup
k→+∞

log ηk − h1/s′
k = +∞ .
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Since s ′ < s0 there exist q > q0 and α < α0 such that s ′ = (q/(q−1))(1/(1−α)).
From (5.24) we deduce that

lim
k→+∞

(εkhα
k )(q−1)/q = 0 ,

and from (5.25) we infer that

lim
k→+∞

ρk(εkhk)
1/q = 0 .

Consequently

lim sup
k→+∞

log ηk − εkhkρk = lim sup
k→+∞

log ηk − h1/s′
k ((εkhα

k )(q−1)/q(εkhk)
1/q = +∞ ,

and this last line is absurd in view of (5.26). A consequence of (5.28) is that
u is in C2(R;D′(s)(R)) for all s < s0.

Supposing that, for all s > s0,

(5.29) lim
k→+∞

ηk exp(−h1/s
k ) = +∞ ,

it is possible to see that u 
∈ C1([0, r [ ;D′(s)( ]− r, r [ )) for all s > s0 and for all
r > 0. The proof of this last claim is based, as in the case of the Theorem 4,
on a duality argument. We choose the sequences {hk}, {ηk}, {ρk} and {εk} in
the following way: if α0 = 0,

hk = N k ,

ηk = exp(N k/s0k−q0) ,

ρk = 4π
[
N (1−1/q0)k]N−k ,

εk = Lk−q0 ,

and if α0 > 0,

hk = N k ,

ηk = exp(N k/s0k−1) ,

ρk = 4π
[

N (1−(1−α0)/q0)k
]

N−k ,

εk = L N−α0k ,

where N and 1/L are integers sufficiently large. We let to the reader to verify
that with these choices the conditions (5.4), (5.5), (5.6), (5.7), (5.24), (5.25),
(5.13), (5.14), (5.26) and (5.29) are satisfied. The proof of Theorem 5 is
complete.
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6. – Proofs of the Theorems 6 and 7

In this section we outline the main points of the proofs of the Theorems 6
and 7 and of the Corollary 1. We start with the proofs of the two theorems.
First of all we remark that, by the finite speed of propagation (which is a
consequence of the fact that a ∈ L1), we can suppose in both cases, without
loss of generality, that c has compact support in the x variable. To prove
Theorem 6 we define

ã(t, ξ) =


a(T ) if T |ξ | ≤ 1 ,

a(|ξ |−1) if T |ξ | > 1 and t |ξ | ≤ 1 ,

a(t) if t |ξ | > 1 ,

and

α(t, ξ) =
{ |ã(t, ξ) − a(t)| |ξ | if t |ξ | ≤ 1 ,

|a′(t)|
a(t)

if t |ξ | > 1 .

We set

k(t, ξ) = (1 + |ξ |2)σ exp
(

−
∫ t

0
α(s, ξ) ds

)
,

where σ is a positive constant. Defining E as in (4.3) and arguing as in the
proof of Theorem 1 we obtain that the estimates (4.4) and (4.5) hold. Moreover
we have

(6.1) E ′(t) ≤ K̃E(t) +
∫

|Fx(cu)|2 k(t, ξ) dξ ,

where K̃ =1+maxt∈[0,T ]{
∑n

j=1 |bj (t)|}. Suppose now that there exist C , N > 0,
with N independent form σ , such that, for all t ∈ [0, T ] and for all ξ , η ∈ R,

(6.2) k(t, ξ + η) ≤ Ck(t, ξ)(1 + |η|)N ,

(this will mean in particular that k is a temperate weight function). Then, if σ

is sufficiently large, we deduce that

∫
k(t, ξ)

k(t, η)k(t, ξ − η)
dη ≤ C

∫
(1 + |η|)N

k(t, η)
dη

≤ C
∫

(1 + |η|)N exp
(∫ s

0
α(s, η)

)
dη ≤ C ′ .

Therefore denoting by |||c(t)||| the value

|||c(t)||| =
(∫

|Fx c(t, ξ)|2k(t, ξ) dξ

)1/2

,
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we have

|||c(t)u(t)|||2 =
∫

|Fx(cu)(t, ξ)|2k(t, ξ) dξ

≤ 1

2π

∫∫
Fx c(ξ − η)k(ξ − η)1/2v(η)k(η)1/2

×
(

k(ξ)

k(η)k(ξ − η)

)1/2

Fx(cu)(ξ)k(ξ)1/2 dη dξ

≤ 1

2π

(∫∫
|Fx c(ξ − η)|2k(ξ − η)|v(η)|2k(η)dηdξ

)1/2

×
(∫∫

k(ξ)

k(η)k(ξ − η)
|Fx(cu)|2k(ξ) dη dξ

)1/2

≤ 1

2π

(∫
|Fx c(ξ)|2k(ξ) dξ

∫
|v(η)|2k(η) dη

)1/2

×
(∫ (∫

k(ξ)

k(η)k(ξ − η)
dη

)
|Fx(cu)|2k(ξ) dξ

)1/2

≤ 1

2π
|||c(t)||| |||u(t)|||C ′|||c(t)u(t)||| ,

and finally
|||c(t)u(t)||| ≤ C̃ |||c(t)||||||u(t)||| ,

where C̃ does not depend on c or u. Using this estimate and the fact that
|||u(t)||| ≤ E(t), we obtain from (6.1) that

(6.3) E ′(t) ≤
(

K̃ + C̃2 max
t∈[0,T ]

{|||c(t)|||2}
)
E(t) .

From (4.4), (4.5) and (6.3) the C∞-well-posedness follows.
To end the proof it is sufficient to show (6.2). Let us denote by h the

following function

h(t, ξ) = exp
(∫ t

0
α(s, ξ) ds

)
.

We show now that there exist C , N > 0 such that, for all t ∈ [0, T ] and for
all ξ , η ∈ R, with |ξ | ≥ max{1/T, 1}, we have

(6.4) h(t, ξ + η) ≤ Ch(t, ξ)(1 + |η|)N .

We prove (6.4) considering many different cases depending on the values of t ,
ξ and η. In the following C and C ′ will denote constants not depending on t ,
ξ and η, possibly having different values in different lines.

If T |ξ + η| ≤ 1 then∫ t

0
α(s, ξ + η) ds ≤ a(T ) + 1

T
‖a‖L1 .
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If T |ξ + η| > 1 and t |ξ + η| ≤ 1, 10|η| ≤ |ξ |1/2 and t |ξ | ≤ 1 then∫ t

0
α(s, ξ + η) ds ≤

∫ t

0
|ã(s, ξ + η) − a(s)| |ξ + η| ds

≤
∫ t

0
|a(|ξ+η|−1) − a(s)||ξ+η|ds ≤

∫ t

0
|a(|ξ |−1) − a(s)||ξ |ds

+
∫ |ξ+η|−1

0
|a(|ξ |−1) − a(s)| |η| ds

+
∫ |ξ+η|−1

0
|a(|ξ + η|−1) − a(|ξ |−1)| |ξ + η| ds

≤
∫ t

0
α(s, ξ) ds +

∫ |ξ+η|−1

0
|a(|ξ |−1) − a(s)| |η| ds

+ |a(|ξ + η|−1) − a(|ξ |−1)| .
We have∫ |ξ+η|−1

0
|a(|ξ |−1) − a(s)||η| ds ≤(a(|ξ |−1) + C(1 + log(1 + |ξ + η|))) |η|

|ξ + η|
≤C(1 + log(1 + |ξ | + |η|)) |η|

|ξ + η|
≤C(1 + log(1 + |ξ |))|ξ |−1/2 ≤ C ′

and

|a(|ξ + η|−1) − a(|ξ |−1)| ≤ C

∣∣∣∣log
( |ξ + η|

|ξ |
)∣∣∣∣ ≤ C ′

so that

(6.5)
∫ t

0
α(s, ξ + η) ds ≤

∫ t

0
α(s, ξ) ds + C .

If T |ξ + η| > 1 and t |ξ + η| ≤ 1, 10|η| ≤ |ξ |1/2 and t |ξ | > 1 then

∫ t

0
α(s, ξ + η) ds ≤

∫ |ξ |−1

0
|a(|ξ + η|−1) − a(s)| |ξ + η| ds

+
∫ |ξ+η|−1

|ξ |−1
|a(|ξ + η|−1) − a(s)| |ξ + η| ds .

Arguing as in the previous case we obtain

∫ |ξ |−1

0
|a(|ξ + η|−1) − a(s)| |ξ + η| ds ≤

∫ t

0
α(s, ξ) ds + C ,



350 FERRUCCIO COLOMBINI – DANIELE DEL SANTO – TAMOTU KINOSHITA

and ∫ |ξ+η|−1

|ξ |−1
|a(|ξ + η|−1) − a(s)||ξ + η| ds

≤ C‖ξ + η|−1 − |ξ |−1‖ξ + η|(1 + log(1 + |ξ + η|)
+ log(1 + |ξ |)) ≤ C

|η|
|ξ | (1 + log(1 + |ξ | + |η|)) ≤ C ′ ,

and (6.5) follows from these inequalities.
If T |ξ + η| > 1, t |ξ + η| ≤ 1, 10|η| > |ξ |1/2 then∫ t

0
α(s, ξ + η) ds ≤

∫ |ξ+η|−1

0
|a(|ξ + η|−1) − a(s)| |ξ + η| ds

≤ |a(|ξ + η|−1)| + |ξ + η|
∫ |ξ+η|−1

0
|a(s)| ds

≤ C(1 + log(1 + |ξ + η|))
≤ C(1 + log(1 + |η|)) .

If t |ξ + η| > 1 (and consequently T |ξ + η| > 1), 10|η| ≤ |ξ |1/2 and t |ξ | ≤ 1
then∫ t

0
α(s, ξ +η) ds ≤

∫ |ξ+η|−1

0
|a(|ξ +η|−1)−a(s)| |ξ +η| ds +

∫ t

|ξ+η|−1

|a′(s)|
a(s)

ds .

As before we obtain that∫ |ξ+η|−1

0
|a(|ξ + η|−1) − a(s)| |ξ + η| ds ≤

∫ t

0
α(s, ξ) ds + C ,

and from (3.2) ∫ t

|ξ+η|−1

|a′(s)|
a(s)

ds ≤
∫ |ξ |−1

|ξ+η|−1

C

s
ds ≤ C ′

so that ∫ t

0
α(s, ξ + η) ds ≤

∫ t

0
α(s, ξ) ds + C .

If t |ξ + η| > 1, 10|η| ≤ |ξ |1/2 and t |ξ | > 1 then∫ t

0
α(s, ξ + η)ds ≤

∫ |ξ+η|−1

0
|a(|ξ + η|−1) − a(s)||ξ + η|ds+

∫ t

|ξ+η|−1

|a′(s)|
a(s)

ds

≤
∫ |ξ |−1

0
|a(|ξ + η|−1) − a(s)||ξ + η|ds +

∫ t

|ξ |−1

|a′(s)|
a(s)

ds

+
∣∣∣∣∣
∫ |ξ+η|−1

|ξ |−1
|a(|ξ + η|−1) − a(s)||ξ + η| + |a′(s)|

a(s)
ds

∣∣∣∣∣
≤
∫ t

0
α(s, ξ)ds + C .
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Finally if t |ξ + η| > 1, 10|η| > |ξ |1/2 then

∫ t

0
α(s, ξ + η)ds ≤

∫ |ξ+η|−1

0
|a(|ξ + η|−1) − a(s)||ξ + η|ds

+
∫ t

|ξ+η|−1

|a′(s)|
a(s)

ds ≤ C(1 + log(1 + |η|)) .

Hence there exist K , M > 0 such that for all t ∈ [0, T ] and for all ξ ,
η ∈ R with |ξ | ≥ max{1/T, 1},∫ t

0
α(s, ξ + η) ds ≤ K + M log(1 + |η|) +

∫ t

0
α(s, ξ)ds ,

and (6.4) follows. By the properties of the temperate weight functions (see e.g.
[5, Ch. 2]), (6.2) is an easy consequence of (6.4). This concludes proof of the
Theorem 6.

Let us come briefly to the proof of Theorem 7. First of all we remark
that it is sufficient to show the result supposing that s > 1/(q − 1). In fact if
s ≤ 1/(q − 1) there exists q ′ > q such that 1/(q ′ − 1) < s < q ′/(q ′ − 1) and
obviously the condition (3.3) implies that tq′ |a′(t)| ≤ C ′.

We set

ã(t, ξ) =


a(T ) if T |ξ |1/(qs−s) ≤ 1 ,

a(|ξ |−1/(qs−s)) if T |ξ |1/(qs−s) > 1 and t |ξ |1/(qs−s) ≤ 1 ,

a(t) if t |ξ |1/(qs−s) > 1 ,

and

α(t, ξ) =
{ |ã(t, ξ) − a(t)| |ξ | if t |ξ |1/(qs−s) ≤ 1 ,

|a′(t)|
a(t)

if t |ξ |1/(qs−s) > 1 .

We define

k(t, ξ) = exp
(

−
∫ t

0
α(σ, ξ) dσ + β|ξ |1/s

)
,

with β positive constant, and E like in (4.3). As in the proof of Theorem 2
the estimates (4.7) and (4.8) follow. Similarly we deduce that

E ′(t) ≤ K̃E(t) +
∫

|Fx(cu)|2 k(t, ξ) dξ ,

where K̃ = 1+maxt∈[0,T ]{
∑n

j=1 |bj (t)|}. Remarking now that (see the Appendix)
there exist C , ε > 0 such that for all t ∈ [0, T ] and for all ξ , η ∈ R,

(6.6) k(t, ξ + η) ≤ Ck(t, ξ)eε|η|2/s
,
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we deduce as in the previous proof that∫
|Fx(cu)(t, ξ)|2k(t, ξ) dξ ≤ C̃2|||c(t)|||2E(t) ,

where

|||c(t)||| = (

∫
|Fx c(t, ξ)|2(1 + |ξ |2)eε|ξ |2/s

dξ .

Hence
E ′(t) ≤ (K̃ + C̃2 max

t∈[0,T ]
|||c(t)|||2)E(t) ,

and the γ (s)-well-posedness follows.
Let us finally sketch the proof of the Corollary 1. We set u(0)(t, x) = u0(x)

and, for j = 1, 2, . . . , we define u( j)(t, x) as the solution to the following
Cauchy problem{ u( j)

t t − a(t)u( j)
xx + b(t)u( j)

x + f (u( j−1)) = 0 in [0, T ] × R ,

u( j)(0, x) = u0(x), u( j)
t (0, x) = u1(x) in R .

Using the notations introduced in the proof of the Theorem 6 we denote by D
the following constant

D =max

{
2, 2eK̃/2

∫
R

(|Fx(u1)|2+(1+ sup
t∈[0,T ]

ã(t, ξ)|ξ |2)|Fx(u0)|2)k(0, ξ)dξ

}
.

Setting, for j ∈ N,

Eu( j) (t) =
∫

R

(|Fx(u
( j))′|2 + (1 + ã(t, ξ)|ξ |2)|Fx(u

( j))|2)k(t, ξ) dξ ,

we easily deduce that

(6.7) sup
t∈[0,T ]

Eu(0) (t) ≤ D/2 .

Moreover, as we have

|||u( j)||| =
(∫

R

|Fx u( j)|2k(t, ξ) dξ

) 1
2

,

we deduce that |||u( j)||| ≤ Eu( j) .
We recall that the fact that k is a temperate weight has the consequence

that there exists C̃ > 0 such that

|||w j ||| ≤ C̃ j−1|||w||| j ,
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for all w ∈ C1([0, T ′]; C∞
0 (R)) and for all j ≥ 1. Let us remark that C̃ does

not depend on w but only on the weight k. On the other hand, since f is an
entire analytic function, for all r > 0 there exists Cr > 0 such that∣∣∣∣∣d j f

du j
(0)

∣∣∣∣∣ ≤ Crr j j! .

Let now r = 1/(2C̃ D) and M = max{1, (2Crr)2}; we claim that for all
j ∈ N,

(6.8) sup
t∈[0,T ′]

Eu( j) (t) ≤ D ,

where T ′ = min{T, 1/(2M)}.
For j = 0 the inequality (6.8) is a trivial consequence of (6.7). Suppose

now that
sup

t∈[0,T ′]
Eu( j−1) (t) ≤ D .

Arguing as in the proof of the Theorem 6 we have that

E ′
u( j) (t) ≤ K̃Eu( j) (t) + ||| f (u( j−1))|||2

≤ K̃Eu( j) (t) +

+∞∑
k=1

∣∣∣∣dk f
duk (0)

∣∣∣∣
k!

|||(u( j−1))k |||


2

≤ K̃Eu( j) (t) +
(

Crr
+∞∑
k=1

(rC̃ |||u( j−1)|||)k−1

)2

|||u( j−1)|||2

≤ K̃Eu( j) (t) + MEu( j−1) (t) .

Using Gronwall’s lemma we deduce

sup
t∈[0,T ′]

Eu( j) (t) ≤ eK̃ T ′Eu( j) (0) + M
∫ T ′

0
Eu( j−1) (τ ) dτ

≤ eK̃/(2M)Eu( j) (0) + MT ′ sup
t∈[0,T ′]

Eu( j−1) (t)

≤ D/2 + D/2 = D ,

and the claim (6.8) follows by a recurrence argument.
We define, for j = 1, 2, . . . , w( j) = u( j+1) − u( j), and we remark that w( j)

is the solution to the Cauchy problem{
w

( j)
t t − a(t)w( j)

xx + b(t)w( j)
x + f (u( j)) − f (u( j−1)) = 0 in [0, T ] × R ,

w( j)(0, x) = 0, w
( j)
t (0, x) = 0 in R .
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Since

f (u( j)) − f (u( j−1)) =
+∞∑
k=1

dk f

duk
(0)

k!
((u( j))k − (u( j−1))k)

=
+∞∑
k=1

dk f

duk
(0)

k!

(
k−1∑
l=0

((u( j))k−1−l(u( j−1))l)

)
w( j−1) ,

we obtain that, for all t ∈ [0, T ′],

E ′
w( j) (t) ≤ K̃Ew( j) (t) + ||| f (u( j)) − f (u( j−1))|||2

≤ K̃Ew( j) (t) +


+∞∑
k=1

∣∣∣∣∣dk f

duk
(0)

∣∣∣∣∣
k!

k−1∑
l=0

|||(u( j))k−1−l(u( j−1))lw( j−1)|||


2

≤ K̃Ew( j) (t) +
(

Crr
+∞∑
k=1

k(rC̃ D)k−1

)2

|||w( j−1)|||2

≤ K̃Ew( j) (t) + 4MEw( j−1) (t) .

Observing that supt∈[0,T ′] Ew(1) (t) ≤ 2 supt∈[0,T ′](Eu(2) (t) + Eu(1) (t)) ≤ 4D and
Ew( j) (0) = 0 for all j = 1, 2, . . . , again using Gronwall’s lemma, we deduce

sup
t∈[0,T ′]

Ew( j) (t) ≤ 4M
∫ T ′

0
Ew( j−1) (τ1) dτ1

≤ (4M)2
∫ T ′

0

∫ τ1

0
Ew( j−2) (τ2) dτ2 dτ1

≤ (4M) j−1
∫ T ′

0

∫ τ1

0
· · ·
∫ τj−2

0
Ew(1) (τj−1) dτj−1 . . . dτ2 dτ1

≤ (4M) j−14D
(T ′) j−1

( j − 1)!
.

Thus we find that

+∞∑
j=1

|||u( j+1) − u( j)||| ≤
+∞∑
j=1

(
sup

t∈[0,T ′]
Ew( j) (t)

) 1
2

≤
+∞∑
j=1

(
2 j+1 D

( j − 1)!

) 1
2

< +∞ .

This implies that the sequence {u( j)} converges, in the weighted L2-space, to
the solution of the Cauchy problem (3.4).
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A. – Appendix

Let a be a bounded function such that a ∈ C1(]0, T ]) and suppose that
q ∈ ]1, 2[, s ∈ ]2, q/(q−1)[, s > 1/(q−1) and a satisfies the condition (3.3); let
ã and α be defined as in the proof of the Theorem 7. We claim that there exists
ε > 0 such that, for all t ∈ [0, T ] and for all ξ , η ∈ R, with T |ξ |1/(qs−s) > 1,

(A.1)
∫ t

0
α(σ, ξ + η) dσ ≤

∫ t

0
α(σ, ξ) dσ + ε(1 + |η|2/s) .

The inequality (A.1) will be sufficient to obtain (6.6). In the following � will
denote the supremum of |a| and C will denote a constant not depending on t ,
ξ and η, possibly having different values in different lines.

If T |ξ + η|1/(qs−s) ≤ 1 then∫ t

0
α(σ, ξ + η) dσ ≤ 2�T |ξ + η| ≤ 2�T 1+s−qs .

If T |ξ + η|1/(qs−s) > 1, t |ξ + η|1/(qs−s) ≤ 1, 10|η| ≤ |ξ | and t |ξ |1/(qs−s) ≤ 1
then∫ t

0
α(σ, ξ + η) dσ ≤

∫ t

0
|ã(σ, ξ + η) − a(σ )| |ξ + η| dσ

≤
∫ t

0
|a(|ξ + η|1/(s−qs)) − a(σ )| |ξ + η| dσ

≤
∫ t

0
|a(|ξ |1/(s−qs)) − a(σ )||ξ |dσ+

+
∫ |ξ+η|1/(s−qs)

0
|a(|ξ |1/(s−qs)) − a(σ )||η|dσ

+
∫ |ξ+η|1/(s−qs)

0
|a(|ξ+η|1/(s−qs)) − a(|ξ |1/(s−qs))||ξ+η|dσ

≤
∫ t

0
α(σ, ξ)dσ +

∫ |ξ+η|1/(s−qs)

0
|a(|ξ |1/(s−qs)) − a(σ )| |η| dσ

+ |a(|ξ + η|1/(s−qs)) − a(|ξ |1/(s−qs))| |ξ + η|1+1/(s−qs) .

We have∫ |ξ+η|1/(s−qs)

0
|a(|ξ |1/(s−qs))−a(σ )||η|dσ ≤2�|ξ+η|1/(s−qs)|η|≤2�|η|1+1/(s−qs) ,

and from (3.3) we deduce

|a(|ξ + η|1/(s−qs)) − a(|ξ |1/(s−qs))| ≤ C |ξ + θη|−1+1/s |η| ,
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with θ ∈ ]0, 1[ , so that

|a(|ξ + η|1/(s−qs)) − a(|ξ |1/(s−qs))||ξ + η|1+1/(s−qs) ≤ C |η|1+1/(s−qs)+1/s ,

and finally∫ t

0
α(σ, ξ + η) dσ ≤

∫ t

0
α(σ, ξ) dσ + C(|η|1+1/(s−qs) + |η|1+1/(s−qs)+1/s) .

If T |ξ +η|1/(qs−s) > 1, t |ξ +η|1/(qs−s) ≤ 1, 10|η| ≤ |ξ | and t |ξ |1/(qs−s) > 1
then∫ t

0
α(σ, ξ + η) dσ ≤

∫ |ξ |1/(s−qs)

0
|a(|ξ + η|1/(s−qs)) − a(σ )| |ξ + η| dσ

+
∫ |ξ+η|1/(s−qs)

|ξ |1/(s−qs)
|a(|ξ + η|1/(s−qs)) − a(σ )| |ξ + η| dσ .

Arguing as in the previous case we obtain

∫ |ξ |1/(s−qs)

0
|a(|ξ + η|1/(s−qs)) − a(σ )| |ξ + η| dσ

≤
∫ t

0
α(σ, ξ) dσ + C(|η|1+1/(s−qs) + |η|1+1/(s−qs)+1/s) .

On the other hand we have

(A.2) ||ξ + η|1/(s−qs) − |ξ |1/(s−qs)| ≤ C |ξ |−1+1/(s−qs)|η| ,

so that∫ |ξ+η|1/(s−qs)

|ξ |1/(s−qs)
|a(|ξ + η|1/(s−qs)) − a(σ )| |ξ + η| dσ ≤ C |η|1+1/(s−qs) ,

and consequently∫ t

0
α(σ, ξ + η) dσ ≤

∫ t

0
α(σ, ξ) dσ + C(|η|1+1/(s−qs) + |η|1+1/(s−qs)+1/s) .

If T |ξ + η|1/(qs−s) > 1, t |ξ + η|1/(qs−s) ≤ 1, 10|η| > |ξ | then

∫ t

0
α(σ, ξ + η)dσ ≤

∫ |ξ+η|1/(s−qs)

0
|a(|ξ + η|1/(s−qs)) − a(σ )||ξ + η|dσ

≤ 2�|ξ + η|1+1/(s−qs) ≤ C |η|1+1/(s−qs) .
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If t |ξ + η|1/(qs−s) > 1, 10|η| ≤ |ξ | and t |ξ |1/(qs−s) ≤ 1 then

∫ t

0
α(σ, ξ + η) dσ ≤

∫ |ξ+η|1/(s−qs)

0
|a(|ξ + η|1/(s−qs)) − a(σ )||ξ + η|dσ

+
∫ t

|ξ+η|1/(s−qs)

|a′(σ )|
a(σ )

dσ .

As before we obtain that

∫ |ξ+η|1/(s−qs)

0
|a(|ξ + η|1/(s−qs)) − a(σ )| |ξ + η| dσ

≤
∫ t

0
α(σ, ξ) dσ + C(|η|1+1/(s−qs) + |η|1+1/(s−qs)+1/s) ,

and noticing, in view of (3.3), that for all σ ∈ [|ξ + η|1/(s−qs), |ξ |1/(s−qs)] we
have

|a′(σ )|
a(σ )

≤ C |ξ |q/(qs−s) ,

we deduce from (A.2) that

∫ t

|ξ+η|1/(s−qs)

|a′(σ )|
a(σ )

dσ ≤ C |ξ |q/(qs−s)|ξ |−1+1/(s−qs)|η| ≤ C |η|1/s .

If t |ξ + η|1/(qs−s) > 1, 10|η| ≤ |ξ | and t |ξ |1/(qs−s) > 1 then

∫ t

0
α(σ, ξ + η)dσ ≤

∫ |ξ+η|1/(s−qs)

0
|a(|ξ + η|1/(s−qs)) − a(σ )||ξ + η|dσ

+
∫ t

|ξ+η|1/(s−qs)

|a′(σ )|
a(σ )

dσ

≤
∫ |ξ |1/(s−qs)

0
|a(|ξ + η|1/(s−qs)) − a(σ )||ξ + η|dσ

+
∫ t

|ξ |1/(s−qs)

|a′(σ )|
a(σ )

dσ

+
∣∣∣∣∫ |ξ+η|1/(s−qs)

|ξ |1/(s−qs)
|a(|ξ+η|1/(s−qs))−a(σ)||ξ+η|+ |a′(σ)|

a(σ)
dσ

∣∣∣∣
≤
∫ t

0
α(σ, ξ)dσ +C(|η|1+1/(s−qs)+|η|1+1/(s−qs)+1/s + |η|1/s) .
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Finally if t |ξ + η|1/(qs−s) > 1, 10|η| > |ξ | then, using also the fact that
s > 1/(q − 1), we have∫ t

0
α(σ, ξ + η)dσ ≤

∫ |ξ+η|1/(s−qs)

0
|a(|ξ + η|1/(s−qs)) − a(σ )||ξ + η|dσ

+
∫ t

|ξ+η|1/(s−qs)

|a′(σ )|
a(σ )

dσ ≤2�|ξ+η|1+1/(s−qs)+C |ξ+η|1/s

≤ C(|η|1+1/(s−qs) + |η|1/s .

The conclusion is now easily reached remarking that 1 + 1/(s − qs) < 1/s.
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coefficients qui ne dépendent que du temp, Ann. Scuola Norm. Sup. Pisa Cl. Sci. 6 (1979),
511-559.

[2] F. Colombini – D. Del Santo – T. Kinoshita, On the Cauchy problem for hyperbolic
operators with non-regular coefficients, to appear in Proceedings of the Conference “À la
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