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Bounds for double zeta-functions

ISAO KIUCHI AND YOSHIO TANIGAWA

Abstract. In this paper we shall derive the order of magnitude for the double
zeta-function of Euler-Zagier type in the region 0 < Ms; < 1 (j = 1,2). First
we prepare the Euler-Maclaurin summation formula in a suitable form for our
purpose, and then we apply the theory of double exponential sums of van der
Corput’s type.
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1. Introduction

Lets; =0 +it; (j =1,2,...,r) be complex variables. The r-ple zeta-function
of Euler-Zagier type is defined by

1
(s, e, 80) = Z ST s

1<nj<--<n, oy nr

which is absolutely convergent foro, > 1,0, +0,-1 > 2,...,0,+---+ 01 > r.
The function ¢, has many applications to mathematical physics. In particular, alge-
braic relations among the values of ¢, at positive integers have been studied exten-
sively [14]. As a function of the complex variables s, the analytic continuation of
¢, has been dealt already. For r = 2, this problem was studied by F. V. Atkinson
[3] in his research on the mean value formula of the Riemann zeta-function. For
general r, the analytic continuation was proved by S. Akiyama, S. Egami and Y.
Tanigawa [1] and J. Q. Zhao [17] independently, and later by K. Matsumoto [13].
The values at negative integers were considered in [2].

On the other hand, the order of magnitude of the zeta-function on some vertical
line plays an important role in the theory of zeta-functions, e.g. it is used for the
estimation of the sum of arithmetical functions (see below). The aim of this paper
is to study such a problem for the double zeta-function of Euler-Zagier type:

1
Ol = Y —. (1.1)

1<m<n
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Before stating our results, we shall recall the previous result for the Riemann
zeta-function ¢(s) and the double zeta-function ¢>(sy, s2). Let (o) denote the
infimum of a number ¢ > 0 such that

S(o+it) < |t]°,

or alternatively as

. log |{ (o + i1)]
u(o) = limsuyp ———.

1.2
t—00 log t ( )

As for a classical result for the function (o) it is known that (see A. Ivi¢ [11,
Theorem 1.9])

_[i-0 ito<o
wo) =1, ifo>1,

and |
/,L(O')SE(I—O’) if0<o <1.
Furthermore it is well known that
1
C(it) < |t|2 log |¢| (1.3)

and R
(1 +1it) < (log|t])s (1.4)

for |t| — oo (Ivi¢ [11, p. 144 (6.7)]). In the case of 0 = %, which is the most
important in the theory of zeta-function, the first non-trivial result

1 _ 1 (1.5)

"2) =56 '
was obtained by G. H. Hardy and J. E. Littlewood (see [11]). The best estimate
hitherto proved is u (%) < % = 0.156140... due to M. N. Huxley [8]. (He

announced that he got an improvement ,u(%) < % =0.156098...[9].)

Concerning the multiple zeta-function, H. Ishikawa and K. Matsumoto used
the Mellin-Barnes integral formula to obtain some results on the order of magnitude
on the line 01 = o2 = 0. In fact, they [10] showed that for a fixed «(7# =£1) and
any € > 0,

Oo(it, iat) < (14 |13+ (1.6)

and

g3(—it, it it) < (1+ |t]) 27
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As they mentioned in [10], it holds that ¢, (it, it) < (1 + [t])1+e trivially. Hence
(1.6) is far from the true order of magnitude for the double zeta-functions. Any
other results on the order of magnitude for the double zeta-function (1.1) on the

line o; = % are not stated in [10]. In view of this, it is of some interest to try
to determine an upper bound for the double zeta-function on the line other than
o;i =0.

J

In this paper, we shall study the order of magnitude of the double zeta-function
(1.1) in the region 0 < 0; < 1 (j = 1, 2), where we use, instead of Mellin-Barnes
integral formula, the theory of double exponential sums of van der Corput’s type
(see E. Kritzel [12] and E. C. Titchmarsh [15]).

We use the standard notatione.g. f(x) = O(g(x)) means that | f(x)| < Cg(x)
for x > x¢ and some constant C > 0 where f(x) is a complex function and g(x) is
a positive function. Further f(x) <« g(x) means the same as f(x) = O(g(x)) and
f(x) < g(x) means that both f(x) <« g(x) and g(x) < f(x) hold.

Our main result can be stated as follows.

Theorem 1.1. Let |t1| and |tz| > 2 be real numbers such that
[t1| < |t2] and |t; + 2] > 1.
In the case o1 = 0y = 0, we have
&, i) < |nllog? |1 ]. (1.7)

Suppose that 0 < o; < 1 (j =1,2) and o1 + 0 > 0. Then we have

_2
! 3@t log? 1] (001 <4,00224)
5 1
|11]873 1427 Jog? |1y <%<01<1,0§02§%)
Go(oy+ity, oo +it) K s 1o 5 . (1.8)
1116 3G+ 1003 |1 <O§a1§§,§<az<1)
2 1
1113 73@1F92) Jog# |1 <%<01<1,%<02<1).

As an immediate consequence we have:

Corollary 1.2. Suppose the same condition on t| and ty as in the above theorem.
Then we have,

1 1 1

o) (5 +ity, 5 + itz) < |ti]3 log? |11 (1.9)
1 2

%) (o+m, 7 +it2) < |t113 log? |11 (1.10)

1 2
o (5+it1,0+itz) < |15 log* |1]. (1.11)
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Remark 1.3. Under the condition |¢{| =< |f2| and |¢] + 2] > 1, we can expect that
£a(s1,52) & |y 1OV Jog |1y |

for some constant A. The non-trivial estimates of the Riemann zeta-function on the
imaginary axis and the critical line are ;£ (0) = % and u (% < é, respectively. The
exponents in Corollary 1.2 can be said to correspond to the classical estimates of
the Riemann zeta-function.

Our theorem has an application to the modified weighted divisor problem. Let
1 < a < b be fixed integers, and d(a, b; n) the number of representations of n as
n= n[l‘ng, where n| and nj are positive integers. This function plays an important
role in many problems. J. L. Hafner [7] and A. Ivi¢ [11, Chapter 14] considered the
asymptotic behaviour of the sum ) __d(a, b; n) whose main term can be obtained
by the residue of ¢ (as)¢ (bs) since

n<x

> d(a,b;n)

275 = {(as)¢ (bs) fs > 1/a.
n=1 n

The above representation reveals the close connection between the weighted divisor

problem and the Riemann zeta-function.

Now let h(a, b; n) be the number of representations of n as n = n‘fng with

np < nj:
h(a,b;n) = Z 1.
b

—pnd
n—nlnz
nyp<np

In this case we have

Z M = &y (as, bs)

nS
n=1
for Ms > max{2/(a + b), 1/b}. Our estimate can be applied to the analysis of
Zns . h(a, b; n), which will be considered elsewhere.

ACKNOWLEDGEMENTS. The authors would like to express their gratitude to Pro-
fessor Andrzej Schinzel for pointing them Huxley’s new result on p(1/2) and to
Professor Chaohua Jia for the valuable discussions. They are also grateful to the
referee for valuable comments.

2. Some lemmas on the Riemann zeta-function

Our proof of Theorem 1.1 depends on the expression derived from the Euler-
Maclaurin summation formula. Usual formula, however, is not enough for our pur-
pose, so we will give some refinement of it in the following lemma.
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We prepare some notation. Let B, and B, (x) denote the r-th Bernoulli number
and r-th Bernoulli polynomial, respectively. We put B, (x) = B, (x — [x]) as usual.
Let I'(a, z) and W(a, b; z) denote the incomplete Gamma function of the second
kind and one of the solutions of confluent hypergeometric equation defined by

o0
I'(a, 2) =/ e e, M) > 0,
Z

and
I — b)
V(a,b;z) = —— | F b;
(a,b; 2) Fa—b11) 1(a, b;z)
re—

D 12
Fila—b+1,2—-0b;72),
T z "1Fi(a + 2)

respectively. These two functions are connected by the relation
I'la,z) =7%"*¥({1,a+1;z2) 2.1
(see A. Erdélyi et al. [4, p. 257 (6) and p. 266 (21)]). The integral representation

1
I'(a)

ooeid’
W(a,c;z) = f e A+ e ar (2.2)
0

holds true for fa > 0, —7 < ¢ < 7 and —%n <¢p+targz < %71 (4, p- 256 (3)D.
Finally let (w), be the rising factorial defined by

(W) =1, (W)pt1 = (w+ p)(w),

for non-negative integer p.
Lemma 2.1. Let N < 1 and x be real which satisfies |x| > %|Tsu|. Then we have

2
[W(l, u+15ix)| < |x|—— (2.3)

Sl
Proof. We may suppose that I > 0 without loss of generality. Let
coel
J = \IJ(l,,u-l—l,ix):/ e+ e
0

for simplicity, where we used the integral representation of (2.2).
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(I) The case x > 0.
Since arg(ix) = 7, we can take —7 < ¢ < 0. We introduce a new variable u by

t =e%u (u > 0), thereby we have
J = e'P* /ooe_ei(¢+g)x”(u + e )y lau.
0

Putting
u+e ' =reit r=1,0<&<—9)

and noting that )i < 1 by the assumption of this lemma, we have
(e8]
[J] < e / e R3O mE Sy (2.4)
0

Now we take ¢ = —%, then we have coté = u for this choice. To evaluate the
integral (2.4), we divide the range of integration into two parts at 1. For0 <u <1,
using the following inequality

T
& =arccotu > — — u,
2

we have
1 N 1 . N e—%%u
/ e—xu—s NP < / e—xu—(j—u);sudu < — (25)
0 0 X —3u
For u > 1, we have
o0 N o0 e—x
/ e UESI gy < / e Mdu = —. (2.6)
1 1 X
Hence (2.5) and (2.6) give us
T eI X 2
[J] <e2 — +—] = —. 2.7)
x —Ju X x —3u

(IT) The case x < O. _
Since arg(ix) = —%, we can take 0 < ¢ < 7 in this case. We put u + e™'¢ =
re” (0 < & < ¢) and as in the previous case, we can easily see that

o
| 5/ o Xl oS~ T +6) ,~ =6V g, < L
0 |x| cos(—=F + @)

Hence, taking ¢ = 7, we have

1
= —. (2.8)
|x|

This completes the proof of the lemma. U
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Lemma 2.2. Lets = o +it, |t| > 1. For N > %|t|, m=>lando > —2m — 1, we
have

1 N N2 B
— _ N—(S—H()
¢(s) Z—ns+s_1 5 +Z:(k+1)!(S)k

n<N k=1 (2.9)

+ 0 (|t|2m+1 N—O—Zl’l’l—l)
where the implied constant does not depend on t.

To prove our theorem, we apply Lemma 2.2 in the case m = 1 which we
present as a corollary.

Corollary 2.3. Lets = o +it, |t| > 1. For N > % |t| and o > —3, we have

1 N=s N5
= — — — Nty o(ePN—3), 2.10
(=Yt T (kPN=), o)

where the implied constant does not depend on t.

Proof of Lemma 2.2. We start with the well-known formula for the Riemann zeta-
function which is derived by the Euler-Maclaurin summation formula:

(=Y~ + vl +MZ_1 Bt N=60 4 Ry, @11)
nt o os—10 2NY = (k+ D! e
where N and M are positive integers and
o
Ryun = _(;;Af/ Bu(o)x Mgy, (2.12)
*JN

We take M = 2m + 1. The function By, 1(x) is a periodic function with period 1
whose Fourier expansion is given by

sin 2w vx

o0
Bows1(x) = 2Q@m + DI=1"""
v=1
Substituting (2.13) into (2.12), we have

o0 o
Romitny =2(=1)"(8)2m1 Z(zm)s—lf x5 Vsinxdx.  (2.14)
2

v=1 TvN

Now the last integral of (2.14) can be written as

/ x"~sinxdx = — {e_T/F(M, 2m'vN)—eTlF(,u,—2nivN)}
2nvN 2
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for Ru < 1 (I. S. Gradshteyn and I. M. Ryzhik [5, 3.761-2]), hence putting u =
—s — 2m and using Lemma 2.1, we have

00 N —o—2m
/ 22l g vy « O T (2.15)
2nvN 2mvN — |t|

for N > %|t|. Therefore we get

1 1
R N—o—2m
2m+1,N L [($)2m1] Z} 2 20N — 1]
"= (2.16)
|t|2m+1
< No+2m+1
for N > %ltl. This completes the proof of Lemma 2.2. U

Remark 2.4. (i) If we evaluate the integral (2.12) directly, we only get

| ¢ |2m+1
Romyin K W»
which is not sufficient for our purpose.
(i1) The approximate functional equation in the simplest form can be written as

1—s

1
(@) =) —+ <+ 0G) 2.17)

n=<x

for0 < ogp <o < 2,x > |t|/m (A. Ivi¢ [11, Theorem 1.8]). Lemma 2 can be
regarded as a refinement of this formula.

For the estimate of finite zeta sum and the zeta-function, we shall use the fol-
lowing lemma.

Lemma 2.5. Lett > 2, N < N; <2N and N < t, then we have

1 1
_ 6
> 7 <10 (2.18)
N<n<N;
1 1
E — K12, (2.19)
nlt
N<n<N;

(2.20)
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and
12

t273% logt (0505

{lo+in <y, | <

Proof. For the proof of (2.18) and (2.19), see E. C. Titchmarsh [16, Theorem 5.12]
and S. W. Graham and G. Kolesnik [6, Theorem 2.2]. As for (2.20), we use (2.18),
(2.19), trivial estimate Y, _y ﬁ < log N and the Phragmén-Lindel6f convexity
principal.

From Corollary 2.3, we get

2.21)

1
z<0'§

o DO —

13739 log?t

1 _ t
g(s)zngl:vn—s+0(t ) for <N<u.

Hence by dividing the range 1 < n < N into O(logt) subsums of the form of the
left-hand side of the above, we obtain (2.21). O

3. Double exponential sums

Next we shall recall the simplest result for double exponential sum, which is given
by E. Kritzel [12, p. 61] and E. C. Titchmarsh [15]. Throughout this paper the
following conditions are always assumed to be true:

(A) Suppose that D is a subset of the rectangle
Dy = {(x1,x2) a1 < x1 <b1,a2 < x2 < by}

with¢; := bj —a; > 1(j = 1,2), where D denotes a bounded plane domain
with the area | D]|.

(B) Any straight line parallel to any of coordinate axis intersects D in a bounded
number of line segment. For the sake of simplicity we only consider such do-
mains D where these straight lines intersects the boundary of D in at most two
points or in one line segments. We can do this without loss of generality, because
each such general domain can be divided into a finite number of these special
domains.

(C) Let f(x1,x2) be areal function in D with continuous partial derivatives of as
many orders as may be required. Suppose that the functions f5, (x1, x2) and
S, (x1, x2) are monotonic in x; and xp, respectively.

(D) Intersections of D with domains of the type ij (x1,x2) < cor fo(x1,x2) <
¢ (j = 1, 2) must satisfy condition (B) as well.

(E) The boundary of D can be divided into a bounded number of parts. In each
part the curve of boundary is given by xo = constant or a function x; = p(x2),
which is continuous in the closed intervals described above.

We need the following lemmas.
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Lemma 3.1 (Titchmarsh [15, Lemma y]). Let f(x1, x2) be a real differentiable
Junction of x| and x;. Let fy,(x1, x2), as a function of x| for each fixed value of x,
have a finite number of maxima and minima, and let fy,(x1, x2) satisfy a similar
condition as a function of x; for each fixed value of x1. Let 0 < § < 1 be a fixed
number and let

| fo, (X1, x2)| <8, |fro,(x1,x2)] <6
for (x1,x2) € D. Then

Z e2mif(nin2) / f AT g dxs + O(cy) + O(ca).
D

(n1,n2)eD

Lemma 3.2 (Kriitzel [12, Theorem 2.21]). Let f(x1, x2) be a real function in D',
and let Hy, Hy be integers with1 < H; <c; (j =1,2). Let

W = Z e2if (n1,n2)

(n1,n2)€D

Then we have

D] D/ Hisl 172 pr| il ] 172
W« + (Wil + [Wa| ,
v HiH HiH; h12—:1 Z ZO th:l
where
Wy = Z e2mi(f(nithinythy)—f(n1.m2)
(nl,nz)eD
(n1+hy,ny+hr)eD
and
W, = Z 2 (f(nithy,ny—ha)—f(n1.n2))
(nl,nz)ED
(n1+h1,112—h2)€D
Further, we denote the Hessian of the function f(x, x2) by
d(fxy> Jxn)
H(f)= W = freon (1, %2) frpey (X1, X2) — fi, 1, (X1, X2).
Lemma 3.3 (Kriitzel [12, Lemma 2.6]). Suppose that
Aj < fajxj (e, x| <45 (= 1,2), | frin (X1, X2)| K v/ A1A2

and
H(f)> M2
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throughout the rectangle D1. For all parts of the curve of boundary let x; = const
or x1 = p(x2), where p(x) is partly twice differential and |p" (x)| < r. Then we
have

//‘ T G15) gx dy < 1 +1log |Dy| + |log A1] + | log As| i cr 3.1
D VA A2 A2

Lemma 3.4 (Kriitzel [12, Theorem 2.16]). Suppose that

| fajx; s x2) | < A5 (G =1,2), [ frx (61, x2)] K VA1A2

and
[H(f)] > Ao

throughout the rectangle Dy. For all parts of the curve of boundary let x; = const
or x1 = p(x2), where p(x) is partly twice differentiable and |p" (x)| < r. If R is
defined by

[
R=1+1log|Di| +|logii| + |log Aa| + cor x_l
2

then we have

Y. e(f(nn)

(nl ,nz)ED

< (cm + ean/arn + 1) (cm +e1y/an + 1)

(3.2)

VA

Let M and N be positive integers such that M < N. In the next lemma we shall give
the partial summation formula for the double sum ), ,_. <n<N f(m,n)g(m,n)

where f(x,y)isa C2-function on [M, N] x [M, N] and g(m, n) is an arithmetical
function on the same domain. Let

Gx,y= Y glmn).

x<m=<n<y
Lemma 3.5. Let the notation be as above. Suppose that

G(x, y)| =G, [ fx (e, Y| < k1,
|fy(x’y)| = k2, |fxy(X,y)| = K3

forany M <x, y <N.
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Then we have

> fm,mglm,n)

M<m<n<N

(3.3)

= G(If (M, M)l + (1 + k)N = M) + 13N = M)?).
Proof. We shall apply partial summation twice. Let

Vi)=Y fOm,m)gm,n).

M<m<n

Then we can write

Ji= Y fommgmn= Y V. (3.4)

M<m<n<N M<n<N

By using partial summation to the sum V (n), we have

V(n)= f(n,n)H(n,n) — /n fr(x,n)H (x,n)dx 3.5)
M

with
H(x,n) = Z g(m,n).

M<m=<x

Substituting (3.5) into (3.4), we have

J = Z f(mn,n)H(n,n) — Z /fo(x,n)H(x,n)dx

M<n<N M<n<N
=Ji— Ja,

say. We apply partial summation again in the sums of J; and J,, namely we have

%f(x,x)( Z H(n,n))dx

M<n<x

N

Ji=f(N.N) Y H(n,n)—/

M<n<N M

N
= f(N,N)G(M, N)—/ if(x,)c)G(M,)c)dx
M dx

N
= f(N, N)G(M, N)—/M (fx(x,x)+fy(x,x))G(M, x)dx,
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and

N
Jr = (x,n)H (x,n)d
2 /M Z fr(x,n)H (x,n)dx

x<n<N

N N
=/ {fx(x,N) > H(x,n)—/ fxy(x,y)( > H(x,n))dy}dx

M x<n=<N x<n<y

N
=/ {fx(x, N)(G(M, N) — G(M, x) — G(x, N))
M

N
_/ fxy(x’}’)<G(M’)’)_G(M,x)—G(X’Y)>d)’}dx
— G(M, N)(f(N, N) — f(M, N))

N
- / (fx(x, N)G(x,N) + fr(x, x)G(M, X))dx
M

N pN
[ fewn(6a ) - 66w )ava.
M Jx

Hence we have

N

I = PG N + [ (Sl NG N) = £, 0G0 )da
M

(3.6)

N pN
+ / / For .0 (GM.y) = G, ) )dyax.
M Jx

Our assertion follows by taking the absolute value in the right-hand side of
(3.6). O

4. Proof of Theorem 1.1

Lets; = oj +it;j (j = 1,2) be complex variables with |t1] =< [f;]. We take a
parameter T such that max{|#{|, |2, |1 + 2|} +2 < 7 L |11].
Assuming that Wis; = o; > 1 (j = 1, 2), we divide the double series (1.1) as

1 1
{2(51’ SZ) = Z mslnsz + Z mslnsz

m<n<t m<n 4.1)

n>t

=: S1(s1, 82) + S2(s1, $2),

say. After analytic continuation of the infinite sum S>(s1, s2), we consider the order
of magnitude of these sums in the range

0<oj<1(j=12).
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4.1. Evaluation of S(s1, 572)

First we shall consider the estimate of S>(sy, s2). Since n runs over the integers
greater than T > |¢1|, we can use Corollary 2.3 to obtain

1 1 1
Sa(sis2) = prey (Z i nj)

n>t m<n

: i 1 1 1
= é‘(sl) Z E + 1 — 5 Z nS|+S2—1 o 5 Z n51+52

n>t n>t n>t (42)

s1+s2+1 Z o1+02+3
12n>rn1 : n>tn1 :

=h+h+hL+1L+]Is,

say.
Since o1 + 02 > 0, the sum in /5 converges absolutely, and we have

Is < tl-(@1to), (4.3)

The analytic continuation and the estimate of the sum ), __ niw in the range Nw <

1 are also given by Corollary 2.3 under the condition 7 > |Jw|/4. For the estimate
of 11, we have

1—s7

] —s S2 —sr—1 _
_ 52 _“ 52 0 (o)
e e M T L )}

Iy = ¢(s1)
4.4)
L [¢(splT™7,
and for I, we have
1 2= (s1+52) 1

I = — —gl=Gits)
I—si{s1+s2—2 2

+ 51 +1S22 — 1.5—(S1+Sz) +0 (Tl—(UH-Uz))} (4.5)

< -L-l_(Ul+0'2)_

Similarly we have
I < it (=3 4). (4.6)

Combining (4.3), (4.4), (4.5) and (4.6), we have
Sa(s1, 52) K tmax{ll«(ﬂl),l—m}—@’
in particular, for oy < 1,

Sa(s1, 82) K Tim@1to2), 4.7)
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4.2. Evaluation of S;(s1, 572)

We shall consider the estimate of Sy(sy,s2). Let2 < M < /2. We define, for
o, >0(j=1,2),

1
T (s1,82; M) =
M<mon<ay M1
and : |
Ulsi,sos M) =Y poes > o
m<M M<n<2M
Since S can be written as
[1;)(;51;2‘[] | |
S = Y |Tene2o+uenn27n)l, @)
j=1

it is enough to consider the estimates for 7 (s, s2; M) and U (s1, s2; M).
First we consider the case 01 = 02 = 0. Applying Lemma 3.4 to the function

f(x1,x2) = —%(rl log xy + 1, log x2) and noting that T < |7;| and M < 7/2, we
have
T(it1,itr; M) < tlogrt. 4.9)
As for the term U (itq, itr; M), we have from (2.19)
U(ity,itr; M) < tlogt. 4.10)
From (4.8), (4.9) and (4.10), we have
Si(if, i) < tlog? . (4.11)

The proof of (1.7) follows from (4.11) in conjunction with (4.7).
Next we consider the case of o1 + 03 > 0.

Estimation of 7 (s, sp; M). To consider the upper bounds for 7 (s, s2; M), we
divide the region into three parts:
M L t%, t% <ML T%, T% <ML

Let jo = [log7/3log2] and N = 2-Jor = t2/3. To reduce the evaluation of
T (o1 + it1, 00 + itp; M) into that of T'(it, ity; M), we apply Lemma 3.5 with

flx,y) = W and g(m, n) = e~ (logm+nlogn) Thys we have
T (s1,82: M)
1 1
- Z mo1tit goatin, Z nO1+oa+i(t1+1)
M<m<n<2M M<n<2M

LM 1 max
M<x<y<2M

1
Z mitlnitz

x<m=n=<y

|

1
b | Y
i(t1+1)
M<u<2M M=n<u n
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and hence

Z T(s1,:2777) < T log2 T K tl_%(01+02) log2 T
J<Jo
by (2.19) and (4.9).
On the other hand, for M <« t!/3, it follows that

Not “+o07

T = VY L nmiogn

M<m<n <2M

We take j; = [2log 7/31log 2], then

Z T(s1, 52,27/ 7) € 13734 Jog 7.
J>

(4.12)

(4.13)

We use Lemma 3.2 with H; = H, = H to consider the estimate of T (sq, so; M)

for 713 « M « t2/3, where H is chosen later. Let M < M’ < 2M and

W = ZZ milipit — ZZ Q2mif )

M<m<n=<M’ M<m<n<M’
where we put

f(xi,x2) = %(ﬁ log x1 + 12 log x2).
Foreachl < h; < H (j = 1,2), we define

Dhl,hzz{(m,n)GZZ|M<m<n§M/,M<m+h1 <n+hy <M}

and

D;”,hz:{(m,n)GZ2|M<m<n§M/,M<m—|—h1<n—h2<M’}_

By Lemma 3.2, we have

1

H—1H—-1 2 H—1H-1
W< —+— (Z Z Wi h, h2>|) +(Z > IWahn, hz>l>
hy=lhy— h1=0 hy=1
where
Wi(hy. hy) = Z o2 i(f (m+hy.nthy)— f(m.n))
(m,n)€Dpy h,y
and
Wo(hy, hy) = Z 2 i(f (mthy,n—hy)—f (m,n))
(m,n)eD;ll'h2

, (4.14)
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Now we treat the sum W;. Denote

g(x1,x2) = f(x1 + h1, x2 + ha) — f(x1, x2),

then
( ) 1 1 1 ( ) 15 1 1
X1, X2) = — -—, X1, X3) = — - —
B AL X2 2w \x1 + h X1 Exp A1, A2 2w \x2 + hy B)
t1 h1(2x1 + hy) 1 hay(2x2 + h)
gux (X1, X2) = s—m 5 o (X1, X)) = ——F——

21 x3(xy + h1)?’ 21 x3(x2 + h2)?

Consider the case hy # O firstly. We divide the triangular region Dy, 5, into the
squares of side /, or parts of such squares

Apg={x, ) IM+pl <x < M+(p+DI, M+ql <y < M+(q+DI}N Dy, n,

with
_AM?

TH

l (4.15)

where A is a small constant.
For a fixed (o, B) € A 4, we get

tHIM

gxl(xl,XZ) _gx1(aa /3) << EW = Aa

and if A is small enough, the total variation of gy, in A, ;4 is smaller than %, and so
is gx,. Hence there are two integers P and Q such that

3 3

8x (x1,x2) — P| < 1 and [gy,(x1,x2) — Q| < 1

for any (x1, x2) € A, 4. Now putting
G(x1, x2) = g(x1, x2) — 2w (Px1 + Qxz),

then we have, from Lemma 3.1,

Z eZnig(m,n) — // eZniG(xl,XQ)dxldXZ + O(Z)

(m,n)eAp 4 Bpg

Since
‘Ch,'

Gyyx (X1,x2) X Aj = 57a (=12,

by applying Lemma 3.3, we have

; logt M?
2mG(x,y)d d

e xdy < .

.//A,,’q T Whiha
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Now the number of A, , is at most O(Mz/lz), thus we have

Wi(hi hy) <Y /f FCEN dxdy + 0(1)
p.q |77 Bpa
logt M3 M?
< ( T +l) =
< tlog rH—2L
Vhiha M

by (4.15).

When h, = 0, we have, by E. Kritzel [12, Theorem 2.1],
Wih1,0)= Y I einogtnth—logm)

M-+hy<n<M' M<m<n

th/M?
< ¥ LS
M+i<n<m’ VTh1/M
<LV TMh

Similar estimates can be obtained for Wy (h1, h»).
Therefore, we obtain

<™\ mH0g0b 4+ (P Z
—— TIOET .
H & H

Taking H = M/t'/3, we get
WK Mr%(log t)%.
By Lemma 3.5 and (4.16), we have

T(s1,82; M) < M=o 1og% T.

It follows that

2 3
rl=5301402) 1093 ¢ o1 +oy <1

o Tersn2in <],

1 3
Jo<i<i T373@1+) Jog3 ¢ o1+ oy > 1.

(4.16)

4.17)
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From (4.12), (4.13) and (4.17) we have

2

Y T(s1,s:2770) < (rl—%“ﬁ@) + ri—%“’lm)) log? 7. (4.18)
]

Remark 4.1. In the case Wj(h1,0), we note that g.,, = 0, H(g) = 0, since
glx1,x2) = 2f—‘ﬂ(log(xl + h1) — log x1). This is the reason that we used E. Kritzel
[12, Theorem 2.1]. The situation is the same for W» (0, h»).

Estimation of U (s, so; M)
To treat the sum of U (s, s2, M), we shall apply Lemma 2.5. Noting that
T < [t;], we have

and
> o< (
sy 11
M<n<2M n' (

Collecting these estimates, we obtain that

rl—%(m—b—oz) logzr (OSUIS%,OECQf%)
. T8 501+202) log® © <%<01<1,0502§%)

Y UG« 5, . . (4.19)
7 6 3(“1+“2)10g T <0501§§,§<02<1)
r3—3(01+02) log* <%<01<1, %<02<1>

From (4.7), (4.18) and (4.19), we get the assertion (1.8).
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