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The BV-energy of maps into a manifold:
relaxation and density results

MARIANO GIAQUINTA AND DOMENICO MUCCI

Abstract. Let )Y be a smooth compact oriented Riemannian manifold without
boundary, and assume that its 1-homology group has no torsion. Weak limits of
graphs of smooth maps u; : B" — ) with equibounded total variation give
rise to equivalence classes of Cartesian currents in cart!+! (B" x Y) for which
we introduce a natural BV-energy. Assume moreover that the first homotopy
group of ) is commutative. In any dimension n we prove that every element

T in cart"!(B" x ))) can be approximated weakly in the sense of currents by
a sequence of graphs of smooth maps uy : B" — ) with total variation con-
verging to the BV -energy of 7. As a consequence, we characterize the lower
semicontinuous envelope of functions of bounded variations from B" into ).

Mathematics Subject Classification (2000): 49Q15 (primary); 49Q20 (second-
ary).

In this paper we deal with sequences of smooth maps u; : B" — ) with equi-
bounded total variation

sup £1,1(ux) < 00, Er,1(ug) i=/ [Duy|dx
k B

and their limit points. Here B" is the unit ball in R” and )’ is a smooth oriented
Riemannian manifold of dimension M > 1, isometrically embedded in RN for
some N > 2. We shall assume that ) is compact, connected, without boundary. In
addition, we assume that the integral 1-homology group H;()) := H(); Z) has
no torsion.

Modulo passing to a subsequence the (n, 1)-currents G,,, integration over
the graphs of u; of n-forms with at most one vertical differential, converge to a
current T € cart"!(B" x ))), see Section 2 below. To every T € cart"1(B" x )
it corresponds a function ur € BV (B",)), i.e., ur € BV(B", RY) such that
ur(x) € Y for L"-a.e. x € B", compare [14, Vol. I, Section 4.2] [14, Vol. II,
Section 5.4]. Also, the weak convergence G,, — T yields the convergence u; —
ur weakly in the BV -sense.

Received June 12, 2006; accepted in revised form October 17, 2006.



484 MARIANO GIAQUINTA AND DOMENICO MUCCI

In order to analyze the weak limit currents, it is relevant first to consider the
case n = 1. Therefore in Section 1 we study some of the structure properties of
1-dimensional Cartesian currents in B! x ), i.e., of currents in cart(B I'x RN )
with support sptT C El x Y, compare [14, Vol. I]. In the simple case ) = § 1
the unit circle in R?, and in any dimension n, for any current 7 € cart(B" x S')
we can find a sequence of smooth maps {u;} C C L(B", §') such that G, weakly
converges to 7 and the area of the graph of the uj’s converges to the mass of
T,ie, M(G,,) — M(T), see [13] and [14, Vol. I, Section 6.2.2]. However, in
case of general target manifolds, and even in dimension n = 1, a gap phenomenon
occurs. More precisely, setting

M(T) :=inf{1}(m inf M(G ) [{ux} € C'(B',Y), Gy, — T weakly in Dy (B'x y)},
— 00

there exist currents T € cart(B! x ))) for which
M(T) < M(T),

i.e., for every smooth sequence {u;} C C 1(B',Y) such that G,, — T weakly in
Di (B! x)) we have that

liminfM(G,,) > M(T) + C,
k—o00

where C > 0 is an absolute constant and, we recall, the mass of G, is the area of

the graph of uy
M(Gy,) = Aluy) := /1 14 [Duy|*dx .
B

In order to deal with this gap phenomenon, we introduce the class cart!!(B! x )
of equivalence classes of currents in cart(B! x ))), where the equivalence relation
is given by

T~T & T =Tw) YoecZ''(B'x))),

see Definition 1.6. Here Z1:1(B! x ))) denotes the class of smooth forms w €
DY (B! x )) such that dya)(l) = 0, where d = d, + d, denotes the splitting
into a horizontal and a vertical differential, and oW is the component of @ with
exactly one vertical differential. In other words cart!! (Bl x )) is the class of
vertical homological representatives of the elements of cart(B' x ))). Notice that
if Yy =51, actually cart"1 (B! x §1) agrees with the class cart(B' x S1). We then
introduce on cart’!(B! x ))) the following energy

A(T) ::/ \/1+|Vu7(x)|2dx+‘DCuT‘(BI)—l— > Lr).
B!

xeJe(T)
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where Vuzy and DCup are respectively the absolutely continuous and the Cantor
part of the distributional derivative of the underlying function ur € BV (B!, )),
and the countable set J.(7') is the union

Jo(T) =Jy, Ulx;ii=1,..., 1}

of the discontinuity set J,, of ur and of the finite set of points x; where the mass
of T concentrates.

In the above formula, L7 (x) denotes the minimal length L(y) among all Lip-
schitz curves y : [0, 1] — ), with end points equal to the one-sided approximate
limits of u7 on x € J.(T), such that their image current p%[ (0, 1) ] is equal to
the 1-dimensional restriction 7Tu(T L {x} x ) of T over the point x. In the case
Y = S, it turns out that A(T) agrees with the mass of T, compare [13] and [14,
Vol. II, Section 6.2.2].

We will show that the functional T +— A(T) is lower semicontinuous in
cartl’l(B1 x )), Theorem 1.7, and that for every T there exists a sequence of
smooth maps {uy} C C'(B!,)) such that Gy, — T and M(G,,) — A(T) as
k — 00, Theorem 1.8. As a consequence, we conclude that A(T) coincides with
the relaxed area functional

A(T) = inf{l}cminf.A(uk) | {ux} € C'(BLY), Gy — T} .

In Section 2, we deal with the n-dimensional case, n > 2, introducing the class
cart"1(B" x ) of vertical homological representatives. The BV -energy of a cur-
rent T € cart""!(B" x ))) is then defined by

E(T) = f Vur ()| dx + |Dur|(B") + f Lr(x)dH" " (x),

B" Je(T)
see Definition 2.10, where J.(T) is the countably H"~!-rectifiable subset of B”
given by the union of the Jump set J,,, of ur and of the (n — 1)-rectifiable set
of mass-concentration of T. Finally, the integrand L7 (x) is defined as above, by
taking into account that the 1-dimensional restriction 7u(T L {x} x )) of T is
well-defined for H"!-a.e. point x € J.(T).

Notice that, if 7 = G,,, where u : B" — ) is smooth or at leastin W1, then
€1.1(Gy) = &1,1(w). Moreover, in the case ) = S', we have cart"!(B" x S!) =
cart(B" x S') and, due to the absence of gap phenomenon, the functional & 1(7T)
agrees with the parametric variational integral associated to the total variation in-
tegral, see Definition 2.5, and can be dealt with as in [13], see also [14, Vol. II,
Section 6.2], [8], [19]. The functional T — & 1(T) turns out to be lower semicon-
tinuous in cart!*! (B" x ), see Theorem 2.12 and Section 3. Moreover, assuming
in addition that the first homotopy group 71())) is commutative, in Section 4 and
Section 5 we will prove in any dimension n > 2 that forevery T € cart"'!(B" x)))
there exists a sequence of smooth maps {ux} C C 1(B",Y) such that Gy, =T
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and &1.1(ux) — &1.1(T) as k — oo, Theorem 2.13. Consequently, we show that a
closure-compactness property holds in cart!! (B” x ))), Theorem 2.17. We stress
that the commutativity hypothesis on 71())) cannot be removed, see Remark 5.2.

In Section 6, extending the classical notion of total variation of vector-valued
maps, compare e.g. [1], we introduce in a natural way the total variation of func-
tions u € BV(B", ))), given by

Erv ) :=/ |Vu(x)|dx+’Dcu’(B”)+/ H' (1) dH" " (x) |
B" Ju

where, for any x € J,, we let H'(l,) denote the length of a geodesic arc [, in
Y with initial and final points #~(x) and u™"(x). Extending the density result of
Bethuel [5], in Theorem 6.5 we will show that for every u € BV (B",)) we can
find a sequence of maps {ux} C R{°(B",)) suchthat uy — u as k — oo weakly
in the BV -sense and

lim |Duk| dx = ETV(u) .
k—o0 Jgn

If n = 1, the class R{°(B",)) agrees with C'(B",Y). If n > 2, it is given by
all the maps u € W1 (B",))) which are smooth except on a singular set which is
discrete, if n = 2, and is the finite union of smooth (n — 2)-dimensional subsets
of B" with smooth boundary, if n > 3. Therefore, if 71())) = 0, we obtain that
smooth maps in C!(B”,))) are dense in BV (B",))) in the strong sense above
mentioned.

However, in Section 7 we will show that Ery (1) does not agree with the
relaxed of the total variation

é;/(u):zinf{l}cm inf | |Dug|dx|{ux} C CYB"Y), ux —u weakly in the BV—sense}
— Q0 B"

if n > 2, and we have é;/(u) < 00, Theorem 7.3, and that

Ery ) =inf{& (T) | T € T},
Theorem 7.4, where 7, is the class of Cartesian currents 7 in cart"!(B” x ))
with underlying BV -function u7 equal to u, this way obtaining the representation
formula

Erviu) =/ IVu(x)| dx+‘DCu‘ (B”)—an{ Lr)dH™ ()| T e 7'}
Bn

Je(T)
We finally specify the above relaxation results to u € WI’I(B”, Y) and/or Y =S 1,
recovering in particular previous results in [13, 8], and [19].
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ration of this paper.
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1. Cartesian currents in dimension one

In this section we discuss some features of 1-dimensional Cartesian currents in
B! x ) and, in particular, we discuss a gap phenomenon and the relaxed area
functional.

First let us introduce a few notation about BV -functions and Cartesian currents
in the general context B" x ).

Vector valued BV -functions. Let u : B” — R" be a function in BV (B", RN),
e, u= ', .. .uN) withall components ul € BV(B™). The Jump set of u is the
countably "~ !-rectifiable set J, in B" given by the union of the complements of
the Lebesgue sets of the ul’s. Let v = v,(x) be a unit vector in R” orthogonal to
Ju at H" l-ae. point x € J,. Let u™(x) denote the one-sided approximate limits
of u on J,, so that for H" -ae. point x € J,

lim ,0_”/ lu(x) —uT(x)|dx =0,
B} (x)

p—0t

where B;'E(x) = {y € By(x) : £(y — x,v(x)) > 0}. Note that a change of
sign of v induces a permutation of u™ and u~ and that only for scalar functions
there is a canonical choice of the sign of v which ensures that u™(x) > u™(x).
The distributional derivative of u is the sum of a “gradient” measure, which is ab-
solutely continuous with respect to the Lebesgue measure, of a “jump” measure,
concentrated on a set that is o-finite with respect to the "~ !-measure, and of a
“Cantor-type” measure. More precisely,

Du = D% + D’ u+ DCu,
where
D% = Vu -dx, DVu=w"(x)—u" () Qvx)H 'L J,,
Vu := (Viu, ..., V,u) being the approximate gradient of u, compare e.g. [2] or
[14, Vol. I]. We also recall that {uy} is said to converge to u weakly in the BV -

sense, uyp — u, if up — u strongly in LI(B”,RN) and Duj — Du weakly in
the sense of (vector-valued) measures. We will finally denote

BV(B",Y) :={ue BV(B",RY) |u(x) ey for L"-ae. x € B"}.

Cartesian currents. The class of Cartesian currents cart(B” x RY), compare
[14, Vol. 1], is defined as the class of integer multiplicity rectifiable currents 7 in
R, (B" x RN) which have no inner boundary, 87 L B" x RN = 0, have finite
mass, M(T) < oo, and are such that

ITIh <oco, m(T)=[B"] and T% >0,



488 MARIANO GIAQUINTA AND DOMENICO MUCCI

where
IT 111 == sup{T (p(x, y)|y|dx) | ¢ € CX(B" x R") and [lg|| < 1)
and T% is the Radon measure in B" x RV given by
T (x, ) = T(p(x, y)dx) Vg e COB" x RY).

Finally, here and in the sequel 7 : R"*N — R” and 7 : R"*Y — R" denote the
projections onto the first n and the last N coordinates, respectively.

It is shown in [14, Vol. I] that for every T € cart(B" x RY) there exists a
function u7 € BV (B", R") such that

T(¢(x,y)dx) =/Bn¢(x,ur(x))dx (1.1)
for all ¢ € CO(B" x RN) such that |¢(x, y)| < C (1 + |y|), and
(1" T(p(x)dxi A dyl) = (Diu, ) == —/ W) (x) - Dig(x) dx

forall ¢ € Ccl(B"), where

—

dxi i=dx" A dx "V Ad TV A A dY

In particular, we have [|T[l1 = |luzllpi g gny-
Definition 1.1. [f n = 1 we set

cart(B' x )) := {T € cart(B' x RV) | sptT C B' x y} .

Notice that the class cart(B! x ))) contains the weak limits of sequences of graphs
of smooth maps uy : B! — ) with equibounded W !-!-energies. Moreover, it is
closed under weak convergence in D1 (B! x )) with equibounded masses. Finally,
the BV -function u7 associated to currents T in cart(B' x ))) clearly belongs to
BV(BL, ).

Restriction over one point. Let 7 € cart(B' x ))). Since T has finite mass,
n = T(xB ) A1), where x € Bland 0 <r < 1— |x|, defines a current in
D1()). The 1-dimensional restriction of T over the point x

m (T {x} xY) € D1(})
is the limit

FHT L {x) x ) = im TGg A, €D,
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Canonical decomposition. There is a canonical way to decompose a current 7 €
cart(B! x ). We first observe that the 1-dimensional restriction of 7 over any
point x in the jump set J,, of ur is given by

(T L{x} x J) =Ty,

[y being a 1-dimensional integral chain on ) such that o', = § wE@) ~ 8,~ ~(0)

where up T(x) and up (x) here and in the sequel denote the right and left 11m1ts of
ur at x, respectively. Therefore, by applying Federer’s decomposition theorem
[9], we find an indecomposable 1-dimensional integral chain y, on ), satisfying
dyy = SMJTr(x) -4 and an integral 1-cycle Cy in ), satisfying 0Cy = 0, such
that

ug(x)°

Fy=ye+Cc  and  M(x) = M(yx) + M(Cy). (1.2)

Currents associated to graphs of BV-functions. Next we associate to any 7T €
cart(B' x ))) acurrent Gy € D;(B' x )) carried by the graph of the function
ur € BV(B',)) corresponding to T, and acting in a linear way on forms @ in
DY(B' x V) as follows. We first split @ = ©® + ) according to the number
of vertical differentials, so that

N
0@ =g, pdx  and oD =3¢/ y)dy
j=1

for some ¢, ¢/ € Cé"’(B1 x V). We then decompose Gr into its absolutely
continuous, Cantor, and Jump parts

Gr=T'+T+T1’
and define 7€ (0©) = 77 (@®) = 0 and
Tw®) = f @ (x, ur(x))dx

%) = Z/ ¢/ (x, ur (X)) Vuh (x) dx
N
7€) = Z( Cufy ¢/ Cur ()

7/ (") —Z /J < / ¢f<x,y>dyf>-v<x>dH°<x>.

ur

Here, y, is the indecomposable 1-dimensional integral chain defined by means of
the 1-dimensional restriction of 7 over the point x € J,,, see (1.2).
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Notice that the definition of G7 obviously depends on y, and hence, in con-
clusion, on the current 7 € cart(B! x ))). Moreover, we readily infer that the mass
of Gr is given by

M(Gr) = M(T%) +M(T) + M(T"),

M(T“):/ J1+|Vur(x)2dx,
B!

M(T) = |[DCur|(B),

where

M(T)) = | H' () dH ).
Jug

A density result. We recall from [14] that if u : B! — Y is smooth, or at least
e.g. ue W“(Bl, Y), the current G,, integration of 1-forms in Dl(B1 x ))) over
the rectifiable graph of u is defined in a weak sense by G, := (Id < u)g[ B,
i.e., by letting G, (w) = (Id v< u)*(w) for every w € D'(B! x )), where (Id 0«
u)(x) := (x, u(x)). Moreover, the mass of G, agrees with the area A(u) of the

graph of u
M(G,) = A(u) := / W14+ |Du)|?dx.
B!

By a straightforward adaptation of the proof of Theorem 1.8 below, we readily
obtain the following strong density result for the mass of Gr.

Proposition 1.2. For every T € cart(B! x ))) there exists a sequence of smooth
maps {uy} C CY(B', V) suchthat uy — ur weakly in the BV -sense, G,, — Gr
weakly in Di(B' x V) and M(G,,) - M(Gr) as k — oo.

Vertical Homology. Let now Z'!(B! x ))) denote the class of vertically closed
forms

ZM(B' x V) == {0 e D'(B' x ) | dyo'V =0},

where d = d, + d, denotes the splitting of the exterior differential d into a hori-
zontal and a vertical differential. We say that 7y — T weakly in Zlyl(B] x Y) if
Ti(w) — T (w) forevery w € ZL(B x ).

Homological vertical part. By Proposition 1.2, since by Stokes’ theorem G, LB Ix
Y =0, whereas G,, — Gr, we obtain that

IGrL_B' x Y =0.

Remark 1.3. In higher dimension n > 2 in general G7 has a non-zero boundary,
i.e., 3G L B" x ) # 0, see Remark 2.2.
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Setting then
St:=T—-Gr,

by (1.1) we infer that St(¢(x, y)dx) = 0 and S7t(d¢) = O for every ¢ €
C(‘i"(lf1 x ))). Therefore, by homological reasons, since

inf(M(C) | C € Z,()), C isnon trivial in )} > 0,

similarly to [14, Vol. II, Section 5.3.1] we infer that
I
ST:Z(SM x C; on ZVI(B! x ),
i=1

where {x; :i =1,..., I} is a finite disjoint set of points in B!, possibly intersect-
ing the Jump set J,,, and C; is a non-trivial homological integral 1-cycle in V.
Notice that the integral 1-homology group H;())) is finitely generated.

Remark 1.4. Setting

1
Stsing =T —Gr — Z(Sx,- x Ci,
i=1

it turns out that St gng is nonzero only possibly on forms @ with non-zero ver-
tical component, o® # 0, and such that dya)(l) # 0. Therefore, St ging is a
homologically trivial integer multiplicity rectifiable current in R (B! x ).

Consequently, setting for T € cart(B! x )
I
TH =3 "5, x G, (1.3)
i=1

T decomposes into the absolutely continuous, Cantor, Jump, Homological, and
Singular parts,
T=T"+T+T7 +T" + Sr ging -

Gap phenomenon. However, a gap phenomenon occurs in cart(B! x )). More
precisely, if we set

M(T) :=inf{1}(m inf M(G,,)|{ur) c CY(B',Y), G, —T weakly in Dy (B! x y)},
— 00

we see that there exist Cartesian currents 7' € cart(B! x ) for which
M(T) < M(T).

For example, asin [14, Vol. I, Section 4.2.5],if T = G,+389xC,where u = P € Y
is a constant map and C € Z'()) isa I-cyclein ), it readily follows that for every
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smooth sequence {u;} € C'(B',Y) such that Gy, — T weakly in Di(B' x )
we have that

liminf M(G) = M(T) +2d. d :=disty(P. sptC),
—00

where disty denotes the geodesic distance in ).

Remark 1.5. This gap phenomenon is due to the structure of the area integrand
u > /1 + |Du|?, and it is typical of integrands with linear growth of the gradient,
e.g., the total variation integrand u +— |Du|, since the images of smooth approx-
imating sequences may have to “connect” the point P to the cycle C, this way
paying a cost in term of the distance d. This does not happen e.g. for the Dirichlet
integrand u +— %|Du | in dimension 2, compare [15]. In this case, in fact, the con-
nection from one point P to any 2-cycle C € Z,())) can be obtained by means of
“cylinders” of small 2-dimensional mapping area and, therefore, of small Dirichlet
integral, on account of Morrey’s e-conformality theorem.

Homological theory. In order to study the currents which arise as weak limits
of graphs of smooth maps u; : B! — ) with equibounded total variations,
supy, [[Dug|l;1 < oo, the previous facts lead us to consider vertical homology equiv-
alence classes of currents in cart(B' x ))). More precisely, we give the following

Definition 1.6. We denote by cart"' (B! x ))) the set of equivalence classes of
currents in cart(B' x V), where

T~T & T(w) =T@w) YoecZ'Y(B'x)).

If T~ T, then the underlying BV -functions coincide, i.e., ur = uz. Therefore,

we have T¢ = T¢ and TC = fc’ whereas in general T’ + T/, However, we
have that - -
/4179 =7"+T" on Z'Y(B'x)).

Jump-concentration points. For future use, we let
Jo(T) = Jy,, Ulx; ti=1,...,1} (1.4)

denote the set of points of jump and concentration , where the x;’s are given by
(1.3). We infer that J.(T') is an at most countable set which does not depend on
the representative T, i.e., J.(T) = J.(T) if T ~ T. By extending the notion
of 1-dimensional restriction 7x(7T L {x} x ))) to equivalence classes, we infer that
a4(T L {x} x V) =0 if x ¢ J.(T). As to jump-concentration points, letting

Z'Y) :={n e D'(Y) | dyn =0},
if x € Jy,, with x # x;, we infer that

T L {x}x V) =y on Z' ),
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where y, is the indecomposable 1-dimensional integral chain defined by (1.2), and
if x = x;,see (1.4),

(T L{x}x)Y)=p,+C; on Z' ),

where C; € Z1()) is the non-trivial 1-cycle defined by (1.3), and y,, = 0 if
xXi & Jup.

Vertical minimal connection. For every Cartesian current 7 € cart!(B! x )
and every point x € J.(T)) we will denote by

L7(x):={y €Lip([0,11,Y) | y(0) =u7 (x), y(1) = uz (x),

Vel O =T#(TL{x) x V) () ¥ne 2Ly 1)

the family of all smooth curves y in ), with end points ufTE(x), such that their
image current yx[[ (0, 1) ]| agrees with the 1-dimensional restriction 7u(7T L {x} x
V) on closed 1-forms in Z'()). Moreover, we denote by

Lr(x) :==inf{L(y) | y € 'r(x)}, x € J(T), (1.6)

the minimal length of curves y connecting the “vertical part” of 7' over x to the
graph of u7. For future use, we remark that the infimum in (1.6) is attained, i.e.,

VxelJ(T), Fyelrx) : Ly)=Lrx). (1.7)

Relaxed area functional. We finally introduce the functional

A(T, B) :=/ ,/1+|VuT(x)|2dx+|DCuT|(B)+f L7(x)dH(x)
B Je

(T)NB
for every Borel set B C B!, and we let
A(T) := AT, BY).
Notice that for every 7 € cart"1 (B! x ))) we have
min{M(T) : T ~ T} < A(T). (1.8)
Main results. We first prove the following lower semicontinuity property.

Theorem 1.7. Let T € cart"'(B' x V). For every sequence of smooth maps
{ux} € CY(B',Y) such that Gy, — T weakly in ZM(B1 x )), we have

liminf M(G,,) > A(T).
k—00

Then we prove the following density result.
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Theorem 1.8. Let T < cart"!' (B! x ))). There exists a sequence of smooth maps
{ux}y € CY(B,Y) such that Gy, — T weakly in Z11(B' x ) and M(Gy,) —
A(T) as k — oo.

As a consequence, if we denote, in the same spirit as Lebesgue’s relaxed area,

A(T) :=inf{1}(mian(uk)|{uk}CCl(Bl, V), G, —T weakly in Z; 1(B' x))},

by Theorems 1.7 and 1.8 we readily conclude that
ATy =AT) VT ecat" (B' x V).

Properties. From Theorems 1.7 and 1.8, (1.8) and the closure of the class cart(B! x
Y) we infer:

(i) the functional 7 +— A(T) is lower semicontinuous in cart’"! (B! x )) with
respect to the weak convergence in Zj (B x V):

(i) the class cart!!(B! x ) is closed and compact under weak convergence in
Z11(B! x ) with equibounded .A-energies.

We finally notice that similar properties hold if one considers the total variation

integrand u +— |Du| instead of the area integrand u — /1 + |Du|2. In particular,
setting

EL1(T) :=/ IVMT(X)Idx+|DCuT|(Bl)+/ L7 x)dH(x),
B! J(T)
forevery T € cart"1 (B! x ))) we have

E1(T) = inf{liminf/ |Duy|dx | {uy} € CY(B', ),
k—oo Jp1
G, — T weakly in 2,’1,1(31 X y)} .

Remark 1.9. For future use, we denote
Ve :={y e R | dist(y, V) < ¢}

the e-neighborhood of ) and we observe that, since ) is smooth, there exists
&0 > 0 such that for 0 < & < gg the nearest point projection IT, of ), onto ) is
a well defined Lipschitz map with Lipschitz constant L, — 17 as e — 0. Note
that for 0 < & < go the set ). is equivalent to ) in the sense of the algebraic
topology. In particular, we have

m(Ve) =m ().
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Proof of Theorem 1.7. Let {x;};~; C B! be the at most countable set of discon-
tinuity points in J,,, \ {x; : i = 1,..., I}, see (1.4). By the properties of )} we
have

Lr(xi) < C-lup(x) —up ()l Vi>1,
where C = C())) > 0 is an absolute constant, see (1.6). Therefore, since

o
1D ur|(B") = |uf (xi) — u7 (xi)| < o0,
i=1

for every ¢ > 0 we find /(¢) > I such that

o0
> Lrx) <e. (1.9)
i=l(e)+1
After rearranging in an increasing way the set {x; : i <I(¢)}, and setting xo = —1,

Xi(e)+1 = 1, we let
26 =26(e) :=min{|x; —x;j41|: i =0,...,1(e)} > 0.

For i € {1,...,l(¢e)}, due to the weak convergence u; — ur in the BV -sense,
possibly passing to a subsequence, we find the existence of sequences of points
a, €lx; —8/k, x;[ and by €]x;, x; + 8/k[ such that

. i 1 i i 4 1
dlsty(uk(ak), uT(xl-)) < X and dlSty(uk(bk), uT(xi)) < % (1.10)

for every k, where disty denotes the geodesic distance in ).
Let y; : [0, 1] — ) be the Lipschitz reparametrization with constant velocity
of the smooth curve u AL From the weak convergence G,, — T we infer that

Vgl 0, D) — Te(T L{x} x V))  Vne Z'(Y) (1.11)

as k — oo, where u(T L {x} x ))) is the previously defined restriction of 7'
over x. Moreover, by connecting the end points uy(a;) and ug(by) with uy (x;)

and u}L(xi), respectively, due to (1.10) we find a sequence of Lipschitz arcs )7,§ :
[0,1] — ), with end points )7,5(0) = u;(x;) and 57;(1) = u'}(x,-), such that
(Pl 0, DT — y{,l (0, D T)(m) — O forevery n € Z1(Y) as k — oo and

i i, 2
L) Sﬁ(yk)‘F; Vk.

By the construction we also infer that {)7,f}k is a sequence of equibounded and
equicontinuous maps. Therefore, by Ascoli’s theorem, possibly passing to a subse-
quence, we find that )7,§ converges uniformly to a Lipschitz arc 7 : [0, 1] — ),
with end points ujTF(x,-), satisfying by (1.11)

PO, DI =7e(T L {x} x M) Yne Z'Q).
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We then obtain that Y e r(x), according to the definition (1.5). Moreover,
by the lower semicontinuity of the length functional with respect to the uniform
convergence, we have . .

L") < liminf L(;) .
k— 00

By (1.6) and by the above estimates we conclude that
Lr(xi) §liminf£(y,§) Vi=1,...,1(e). (1.12)
k— 00

Now, since by the weak BV -convergence of uy — ur we have

/,/1—{—|VuT(x)|2dx+|DCuT|(Bl)gl}cminf.A(uk),
Bl — 00

by the previous argument, taking into account (1.9) and (1.12), we readily infer that

A(T) — & < liminf A(uy)
k— 00
and hence the assertion, by letting & \ 0. U

Proof of Theorem 1.8. Let {x;};~;, I(¢) and § = &(e) be defined as in the
proof of Theorem 1.7, so that (1.9) holds true. Let yi € I'r(x;) be such that
Ly < L (x;)+e-27", see (1.5) and (1.6). For fixed § € (0, (¢)), and for every
i=1,...,1(g), we first define u§ : [xi =8, xi +8] — YV by reparametrising with
the same orientation the arc y;, i.e.,

226

Setting [; :=]x;+6, x;1—=8[if i =1,...,l(e)=1,and I :=]—1,x1=68[, [ :=
1x1(e) + 8, 1[, we then extend u§ to the whole of B! by letting u§(x) := ur (¥;(x))
if x € I; forsome i = 0,...,[(¢), where W; is the bijective and increasing
affine map between the intervals /; and ]x;, x;4+1[. We then apply a mollification
procedure to the function u§, defining this way a smooth map vy : B! — R¥ such
that

e i 1 1
ug(x) =y <— + —(x —xi)> .

vy — usllp1pry <8 and /Bllegldxleugl(Bl)+8.
Since ur is continuous outside the Jump set J,, and (1.9) holds true, for every
o >0 we find n = (o, §, €) > 0 such that, in the a.e. sense,
Vx,yeB', x—yl<n = lu§(x) —u5(y)| <o +e.
As a consequence, we may and do define v§ in such a way that in particular
dist(vi(x),)) <e  VxeB'.

Setting now wj := Il o v§ : B! — ), compare Remark 1.9, taking first § small
with respect to €, and letting then ¢ — 0, by a diagonal procedure we find a smooth
approximating sequence. U
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2. Cartesian currents, BV-energy and weak limits

In this section we deal with the weak limits of graphs of smooth maps uy : B" — )
with equibounded W !-!-energies. We first state a few preliminary results.

Homological facts. Since H;()’) has no torsion, there are generators [y], ..., [¥s],
i.e. integral 1-cycles in Z;())), such that

Hi () = {Zns [ys] | ns eZ} :
s=1

see e.g. [14], Vol. I, Section 5.4.1. By de Rham’s theorem the first real homology
group is in duality with the first cohomology group H [} (D), the duality being
given by the natural pairing

(vl [o]) ==y (0) = / w, [yl € HIQ:R), [0] € Hiz().
v

We will then denote by [w'], ..., [®°] adual basis in H [} R () so that ys(0") =
dsr, where §;, denotes the Kronecker symbols.

Dy 1-currents. For p = 1,...,n, every differential p-form w € DP(B" x })

fzow(j), where p := min(p, M), M = dim(})), and

the w/)’s are the p-forms that contain exactly j differentials in the vertical )
variables. We denote by DP!(B" x ))) the subspace of DP(B" x ))) of p-
forms of the type w = 0@ 4+ o, and by Dy (B" x Y) the dual space of
DPY(B" x )). Every (p, 1)-current T € D), 1 (B" x )) splitsas T = T(g)+ T(1),
where T(j)(w) = T (wY). For example, if u € wbLI(B", ), then G, is an
(n, 1)-current in D,, 1(B" x )) defined in an approximate sense by

splits as a sum w =

G, :={Ud>=u4[B"1], (2.1)

where (/d o< u)(x) := (x, u(x)), compare [14], see also [4].
Weak Dy, 1-convergence. If {7y} C D, 1(B" x )), we say that {T;} converges
weakly in D, 1(B" x)), Trx — T,if Ti(w) — T (w) forevery w € D" (B"x ).

Trivially, the class D, 1(B" x )) is closed under weak convergence.

&1.1-norm. For w € DYB"xY) and T € D, 1(B" x )Y) we set

0)
lolle, | = max | sup 12— & )| (’”)',/ sup oV (x, ) dx | |
* P e

ITle,, = SHP{T(w) |w e D"'(B" x ), |ole, < 1}-



498 MARIANO GIAQUINTA AND DOMENICO MucCCI

Itis not difficult to show that | T'||¢, ; isanormon {T € D, 1(B" x)) : |[Tl¢g, <
oo}. Moreover, || - ||, is weakly lower semicontinuous in Dy.1, so that {T €
Dy (B" x V) : |T|lg,, < oo} is closed under weak D, j-convergence with
equibounded & 1-norms. Finally, if sup; [|Tx|le,, < oo there is a subsequence
that weakly converges to some T € D, (B" x )) with |T|¢g, , < oc.

Boundaries. The exterior differential d splits into a horizontal and a vertical dif-
ferential d = d, + dy. Of course 9,7 (w) := T (dyw) defines a boundary operator
Ay : Dp1(B"x)Y) — Dy_1,1(B" xY). Now, for any w € Dr-LI(B" x ), dyw
belongs to D™!(B" x ) if and only if dyw(l) = 0. Then 9,7 makes sense only
as an element of the dual space of Z"~11(B" x ))), where

ZPYB" x V) i={w e DPN(B" x V) | dyo'V = 0}.

Graphs of BV-maps. We introduce a class of D, -currents associated to the
graphs of BV-functions. To this aim, we observe that any form o = oV €
D™ (B" x ) can be written as

n N
oV =33 (=17l (x. y) dxt Adyl (2.2)
i=1 j=1

for some ¢’i‘/ € C3°(B" x ), and we will set ¢ = (¢>{, e gb;{).
Definition 2.1. We say that a current G € D, 1(B" x)) isin BV -graph(B" x)))
if it decomposes into its absolutely continuous, Cantor, and Jump parts

G:=G"+G“+G’,
where G(CO) = G(JO) = 0, and its action on forms in D' (B" x Y) is given for any
¢ € CX(B" x)) by
G(p(x, y)dx) = G(p(x, y)dx) := | ¢(x,u(x))dx
Bn

for some function u = u(G) € BV(B",Y) and, on forms o = oV satisfying
(2.2), by

N
G (V) = Zf (Vi , ¢/ (x, u(x))) dx
j=1"8"

N
GC (M) := Z/ &7 (x, u(x))dDCu’
j=178"

N n . )
=23 | ( ¢ . y) dyf) v dH ),
u Vx

J=li=1

where yx is a 1-dimensional integral chain in ) satisfying dyx = 8,+(x) — 8u~(x)
and v = (v, ..., vy,) is the unit normal to J, at x, for Hge x e J,.
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Remark 2.2. If n > 2 in general the current G has a non-zero boundary in B" x
YV, evenif u e WHI(B",)), i.e.,if G = G* Take forexample n =2, Y = S!
R2, and u(x) = x/|x|, so that G = G, := (Id > u)x[ B> ] and hence

AGLBYx S' = -8y x[S'],

where g is the unit Dirac mass at the origin. However, as we shall see in Re-
mark 6.10 below, the boundary 9G is null on every (n — 1)-form @ in B" x )
which has no “vertical” differentials.

Weak limits of smooth graphs. Let {u;} ¢ C'(B",)) bea sequence of smooth
maps with equibounded Wl’l—energies, supy | Duk|l;1 < oo. The currents G,
carried by the graphs of the u;’s are well defined currents in D, 1(B" x )) with
equibounded &) 1-norms. Therefore, possibly passing to a subsequence, we infer
that G,, — T weakly in D, 1(B" x )) to some current 7' € D, 1(B" x ), and
uy — ur weakly in the BV -sense to some function uy € BV (B",))). Therefore,
we clearly have that

T(p(x,y)dx) = /;g ¢(x,ur(x))dx Vo e C(B" x)). 2.3)

Moreover, by lower semicontinuity we have |T|lg,, < oo whereas, since the
Gy, ’s have no boundary in B" x ), by the weak convergence we also infer

AT =0 on Z" LN(B"x ). (2.4)

Currents associated to graphs of BV-functions. Arguing as in Section 1, we
associate to the weak limit current 7 a current Gy € BV -graph(B" x }))), see
Definition 2.1, where the function u = u(Gr) € BV(B",)) is given by ur
and the y,’s in the definition of the jump part G% are the indecomposable 1-
dimensional integral chains defined as in the previous section, but for H"!'-a.e.
x € Jyz,since || T||g , < oo, compare (1.2) and Definition 2.8 below. In general
0Gt L B" x Y # 0. However, setting

ST2=T—GT,

we clearly have S7(¢(x,y)dx) = 0 forevery ¢ € C°(B" x )). Moreover, we
also have:

Proposition 2.3. S7(w) = 0 for every form w = oV such that o = dyw for
some @& € D" LO(B" x ).

Proof. Write @ := w, A n for some n € C3°()) and ¢ = (@, ..., 9" €
Cgo(B”, R™), where

wp =Y (=1l (x) da'. (2.5)
i=1
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Since
d(wy A1) = dive(x)n(y) dx + (—=1)"lw, Adyy

and T(d(w, A1) = T (wy A1) = 0, we have
(=D"T (divp(x)n(y) dx) = T (0, Adyn)
50 that
St(wy Adyn) = (=1)"T (dive(x)n(y) dx) — Gr(wy Adyn).

Moreover, since 7(g) = G (0), by (2.3) we have
T (divp(x)n(y)dx) = / divp(x)n(ur(x))dx = —(D(nour), ¢)
Bﬂ

whereas, taking q’)ij = ¢' Dy,n in (22), by the definition of Gr, since dy, =
8+ —&8 - weinfer
up(x) ug(x)

(=D 1Gr(wy, Adyn) = Z/ —(uT(x)) (Vup(x), 9(x)) dx

Z / —(ur(x))qa(x)dDC

+/ (@ () = nuz (@) {px), vx)) dH" .

T

Finally, by the chain rule for the derivative D(n o u7) we obtain

(=D 'Gr(wy Adyn) = (D(our), ¢)
and hence that Sy (wy, A dyn) = 0. O

In conclusion, similarly to [14, Vol. II, Section 5.4.3], we infer that the weak
limit current 7' is given by

T=Gr+Sr, Sr=) L(Txy on Z"(B"x)), (26)

where [Ly(T) € Dy—1(B") is defined by
Lo(T) = (=)' '7*SrL7%0®), s=1,...,5, 2.7)

so that
Ls(T)(¢) = Sr(r*p An7*w’) V¢ e D" '(B").
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Notice that by (2.4) we have
ALs(T)L B" = (=) 'mu((0G 1) L7 0%) Vs=1,...,

“|

Finally, setting B
S
Stsing =T = Gr = Y Ls(T) X ¥, (2.8)
s=1
see Remark 1.4, it turns out that St sing is nonzero only possibly on forms @ with
non-zero vertical component, w1 # 0, and such that dya)(” # 0.

Parametric polyconvex lower semicontinuous extension of the total variation.
Following [14], Vol. 11, Section 1.2, we recall that the parametric polyconvex lower

semicontinuous extension | - |7y of the total variation integrand of mappings from
B" to RY has the form
1€y = 10| V& € ARV suchthat £% >0, 29

where 560 denotes the coefficient of the first component of any n-vector & €
AnR"N and |&()| is the euclidean norm of the component &1y of £ in A,_1R"®
A RN, We have

Proposition 2.4. The parametric polyconvex lower semicontinuous extension
F(x,u,&) : B" x RN x A,R"N — R' of the total variation integrand of map-
pings from B" into any smooth manifold ) C RY is given by

Ilrv  if uel, &€ Ay@R" xT,))

+00 otherwise , (2.10)

F(x,u, &) := {

where ||&||Tv is given by (2.9) and T, is the tangent space to Y at u.

Parametric total variation. If 7 € D, ;(B" x })) is such that ||T ¢, , < o0, we
denote by

—
T=|Tle,-T

the Radon-Nikodym decomposition of T with respect to the &1 j-norm, 7 being
identified with the R'*"V"-valued linear functional

T:=(T%° (I')gw), i=1,...n, j=1,...N,
where
T%@) :=T(@$dx),  TU(P):=Tpdx ndy)), ¢eCFB" x).

Definition 2.5. The parametric variational integral associated to the total variation
integral is defined for every Borel set B C B" by

Fiau(T, B xY) = /B @70, T () dITlg,, )

where F(x,u, &) is given by (2.10), and we let F1 1(T) := F1.1(T, B" x )).
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Gap phenomenon. If T € D, 1(B" x )) is the weak limit of a sequence {G,, }
of graphs of smooth maps {u;} c C'(B",)) with equibounded W!!-energies,
since F1,1(Gy,) = ||Dug| 1, by the lower semicontinuity of Fi; with respect
to the weak convergence in D, ; we infer that F; 1(T) < oo. Moreover, if T
decomposes as in (2.6) on the whole of D"Y(B" x ), i.e., the singular part St sing
defined in (2.8) vanishes, and if the ILg(7)’s are integer multiplicity rectifiable
currents, an explicit formula can be obtained. However, similarly to the case of
dimension n = 1, a gap phenomenon occurs. More precisely, in general for every
smooth sequence {uy} C CY(B",Y) such that Gy, — T weaklyin D, 1(B" x))
we have that

liminf Fy 1(Gy,) = F11(T) + C

k— 00

for some absolute constant C > 0, see Remark 1.5.

Vertical homology classes. As in Definition 1.6, we are therefore led to consider
vertical homology equivalence classes of currents satisfying the same structure
properties as weak limits of graphs of smooth maps u; : B" — ) with equi-
bounded total variation, sup; [|Duil|;1 < oo. More precisely, we say that

T~T & T(w)=Tw) YoecZ"'(B"x)). (2.11)
Moreover, we will say that Ty — T weakly in Z, 1(B" x )) if Ti(w) — T(w)

for every w € Z»1(B" x ).

Definition 2.6. We denote by £ 1 -graph(B" x ) the set of equivalence classes,
in the sense of (2.11), of currents T in D, 1(B" x Y) which have no interior
boundary,

AT =0 on Z" LN(B"xY),

finite &y 1-norm, i.e.
ITle,, == SUP{T(&)) lwe Z"1(B" x Y), lolle,, < 1} < 00,

and decompose as
5
T=Gr+Sr, Sr=Y L(T)xy, on Z"'(B"x)),
s=1

where G € BV -graph(B" x ))), see Definition 2.1, and 1.4(T) is an integer
multiplicity rectifiable current in R,_1(B™) for every s.

Remark 2.7. If T ~ T, in general Gz # Gr. However, the corresponding BV -
functions coincide, i.e., u(Gr) = u(G7), see Definition 2.1. This yields that we
may refer to the underlying functions ur € BV (B",)) associated to currents T
in &1, -graph(B" x ))).
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Jump-concentration set. Moreover, if £(7T) denotes the (n — 1)-rectifiable set
given by the union of the sets of positive multiplicity of the I;(7)’s, we infer that
the union

Je(T) := Juy UL(T) (2.12)

does not depend on the choice of the representative in 7. As in dimension one,
the countably "~ !-rectifiable set J.(T') is said to be the set of points of jump-
concentration of T.

Restriction over points of jump-concentration. Let 7 € & | -graph(B" x ))
and let vy : J.(T) — S"~! denote an extension to J.(T) of the unit normal
vy, to the Jump set J,,. Forany k = 1,...,n — 1, let P be an oriented k-

—k
dimensional subspace in R” and P, := P + Zln: | Mivi the family of oriented

k-planes parallel to P, where A := (Ay,...,Ay—) € Rk, span(vy, ..., Vp—k)
being the orthogonal space to P. Since T has finite £ j-norm, similarly to the case
of normal currents, for £"*-a.e. A such that P, N B" %+ @, the slice T Lyr_l(PA)
of T over w1 (P;) is a well defined k-dimensional current in &1, -graph((B" N
P;) x V) with finite £ -norm. Moreover, for any such A we have

J(TLx Y (P))=J.(T)N P, in the H* '-a.e. sense,

whereas the BV -function associated to 7L~ !(Py) is equal to the restriction
ur|p, of ur to P;. Therefore, in the particular case k = 1, as in Section 1 the
1-dimensional restriction

(T La ' (P))L{x} x V) € Di(Y) (2.13)

of the 1-dimensional current 7L ~!(P;) over any point x € J.(T) N P, such
that vr(x) does not belong to P is well defined. In this case, from the slicing
properties of BV -functions, if x € (Jo(T)\ Ju;) N P, we have ur|p, (x) = ur(x).
Moreover, if x € J,, N Py, the one-sided approximate limits of u7 are equal to
the one-sided limits of the restriction u7|p,, i.e.

”}_IPA (x) = u}'(x) and M;IPA(X) =uy(x),

provided that (v, v, (x)) > 0, where v is an orienting unit vector to P, com-
pare Theorem 3.2. We finally infer that for H"'-a.e. point x € J.(T) the 1-
dimensional restriction (2.13), up to the orientation, does not depend on the choice
of the oriented 1-space P and on XA € Rr1 provided that x € P, and vr(x)
does not belong to P. As a consequence we may and do give the following:

Definition 2.8. For H" '-a.e. point x € J.(T), the 1-dimensional restriction
7#(T L {x} x ) is well-defined by (2.13) for any oriented 1-space P and ) €
R such that x € P, and (v, vr(x)) > 0, where v is the orienting unit vector
to P.
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BV-energy. The gap phenomenon and the properties previously described lead us
to define the BV -energy of a current T € & 1 -graph(B” x ))) as follows.
Definition 2.9. For H" '-a.e. point x € J.(T) we define T'r(x) and L (x) by
(1.5) and (1.6), respectively, where this time Tu(T L {x} x ))) is the 1-dimensional
restriction given by Definition 2.8.

Definition 2.10. The BV-energy of a current T € &1 1 -graph(B" x ) is defined
for every Borel set B C B" by

EL1(T,B %)) ;=/ |Vur(x)| dx + ‘Dcur‘ (B)+/ L) dH " (x).
B Jo(T)NB

We also let
E () =& 1(T,B" x)).

Of course, if T = G, is the current integration of n-forms in DY(B" x )
over the graph of a smooth W' !-function u : B” — ), then

Er1(w) = &E1,1(Gy) = [ Dullp .

Definition 2.11. We denote by cart'1(B" x ) the class of currents T in & 1-
graph(B" x Y) such that £ 1(T) < oo.

Lower semicontinuity. Using the lower semicontinuity result in dimension n = 1,
see Theorem 1.7, and applying arguments as for instance in [7], in Section 3 we
will prove in any dimension:

Theorem 2.12. Let n > 2 and T € cart"!(B" x))). For every sequence of smooth
maps {uy} C CY(B",Y) such that Gy, — T weakly in Z,1(B" x )), we have

1iminf€1,1(uk) > gl,l(T) .
k— 00

A strong density result. In all the results stated below, we shall always assume that
the first homotopy group w1()) is commutative. We shall prove in any dimension
n>?2

Theorem 2.13. Ler T € cart"! (B" x ))). There exists a sequence of smooth maps
{ux) € CY(B", V) such that Gy, — T weaklyin 2, 1(B" xY) and & 1(uy) —
E1.1(T) as k — oo.

More precisely, in Section 4 we will prove:

Theorem 2.14. Let T € cart"'(B" x )). We can find a sequence of currents
{Ti} C cart"1(B" x Y) such that

Ty —~ T weaklyin Z,1(B" x)), E1(Ty) — &E11(T)

and for all k the corresponding function uy := ug, in BV(B",Y) has no Cantor
part, i.e, |DCuy| = 0 for every k. Moreover, uy weakly converges to ur in the

BV -sense and
lim |Duy|(B") = |Dur|(B").
k— 00
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In Section 5 we will then prove

Theorem 2.15. Let T € cart"'(B" x )) be such that the corresponding BV -
function ug € BV (B",)) has no Cantor part, i.e, |DCur| = 0. There exists
a sequence of smooth maps {uy} C CY(B",Y) such that Gy, — T weakly in
Zy1(B" x Y) and the energy E1.1(ur) — E1.1(T) as k — oo.

By a diagonal argument we then clearly obtain Theorem 2.13.

Relaxed total variation functional. As a consequence, setting
ET) = inf{ liminf/ |Duy|dx : {uz} C CY(B",)),
k—o0 Jpn
Gy, — T weaklyin Z, 1 (B" x y)} ,

by Theorems 2.12 and 2.13 we conclude that
E(T)=E(T) VT ecart" (B" x ).

Properties. By Theorems 2.12 and 2.13 we readily infer the following lower semi-
continuity result.

Proposition 2.16. Ler {T;} C cart"!(B" x ))) converge weakly in Zy1(B" x )),
Ty — T, to some T € cart"1(B" x ). Then

51,1(T) < liminf&’l(Tk) .
k— 00

As a consequence of Theorem 2.13, in the final part of this section we prove that
the class of Cartesian currents cart"!(B" x ))) is closed under weak convergence
with equibounded energies.

Theorem 2.17. Let {T;} C cart"!(B" x ))) converge weakly in Zp1(B" x ),
Ty — T, tosome T € Dy 1(B" x)), and sup, E1.1(T) < oo. Then T €
carth1(B" x )).

By the relative compactness of &£} j-bounded sets in D, j(B" x }), we then
readily infer the following compactness property.

Proposition 2.18. Ler {T;} C cart"!(B" x V) be such that supy £1,1(Tk) < oo.
Then, possibly passing to a subsequence, Ty — T weakly in Z, 1(B" x Y) to
some T € cartl’l(B” x V).

Proof of Theorem 2.17. By Theorem 2.13, and by a diagonal procedure, we may
and will assume that 7Ty = G,, for some smooth sequence {u;} C C (B, ). As
a consequence, by the first part of this section we infer that T satisfies (2.4) and
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(2.6). It then remains to show that the [;(7)’s in (2.6) are integer multiplicity rec-
tifiable current in R,,—1(B"). In this case, in fact, since ||T|l¢,, < 0o, we obtain
that T € & 1-graph(B" x ), see Definition 2.6, and hence, by lower semicon-
tinuity, Theorem 2.12, and the condition sup; £1.1(G,,) < oo, we conclude that
E1.1(T) < oo, whichyields T € carth 1(B" x ), according to Definition 2.11. To
prove that the [_;(7")’s are integer multiplicity rectifiable currents we make use of
the following slicing argument.

As before, let P be an oriented 1-space in R"” and {P;}, cgs—1 the family of
oriented straight lines parallel to P. For H" '-a.e. A the slice T L~ '(P;) of
T over m~1(P,) is well defined on ZL-1(B" N Py) x YV) and Gy, Lz~ (Py)
belongs to cart 1 ((B"N P,) x ) for every k. Moreover, since G,, — T weakly
in 2,1, for H"l-ae. A, passing to a subsequence we have Gy, L~ l(P) —
T L~ (P) weakly in 21 1((B"N P;) x Y), with sup, M(G,, L 7~ (P;)) < oo,
so that by the closure-compactness of cart’! on 1-dimensional domains, we infer
that TL w1 (Py) € cart" ' ((B" N P,) x ).

Therefore, the 0-dimensional slices s (T)L 7w~ (P;) are rectifiable in Ro(B"N
Py),as T Lz~ (Py) belongs to cart"!((B"N Py) xY) and Ly(T)L 7~ (P =
Ls(T =1 (Py)). Since the Ls(T)’s are flat chains, see Lemma 2.19 below, ar-
guing as in [12], by White’s rectifiability criterion [23], see also [3], we infer that
Ls(T) is an integer multiplicity rectifiable current in R, (B") for every s, as
required. O

Lemma 2.19. The 1.4(T)’s are flat chains in B".

Proof. By Theorem 2.13, we may and will assume that 7 is the weak limit of
G, for some smooth sequence {u} C CY(B",)) such that supy, lluk w11 < oo.
The proof follows the same lines as the proof of [17, Theorem 2.15]. Since uj €
BV (B",Y) is smooth, for all k and s we infer that [;(G,,) = mx(G,, L7t
is a flat chain with equibounded flat norms. Recall that the flat norm F(Ls(Guk))
of Ls(Gy,) is given by

F(Ls(Gup)) := sup{Ls(Gu) (@) | ¢ € D" 1(B"), F(¢) < 1},
where

F(¢) := maX{ sup [[¢(x)|l, sup ||d¢(X)II}-
xeB" xeB"
Next, since u;y — ur weakly in the BV-sense, we deduce that {IL;(Gy,)(¢)}k
is a Cauchy sequence for every ¢ such that F(¢) < 1. If F=1(B") denotes a
countable dense subset of smooth forms ¢ in D"~ (B") satisfying F(¢) < 1, by
a diagonal argument we infer that

sup { (Ls (Gup) = L (Gu) @) | 6 € F"~' (8™

is small for k, h large. This yields that {IL;(G,,)}x is a Cauchy sequence with
respect to the flat norm, i.e., that

F(Ls (Guk)_Ls(Guh)) ::SUP{ (Ls (Guk) - Ls(Guh))(¢) | ¢ EDn_l (Bn) ’ F(¢) = 1}
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is small for k, h large and therefore, due to weak convergence of G,, to T, that
Ry := mu(T L7*w%) is a flat chain. Similarly, by using a trivial extension of
Theorem 6.7 below, we infer that D := 74(Gr L T¥w®) is a flat chain and hence,
since (="' 14(T) = R, — Dy, compare (2.6) and (2.7), we conclude that T5(7)
1s a flat chain, too. O

3. Lower semicontinuity

In this section we prove Theorem 2.12, by recovering it from the one dimensional
case. To this aim, we recall the following properties from BV -functions theory,
compare [2, Section 3.11].

One-dimensional restrictions of BV-functions. Let Q2 C R” be an open set.
Given v € §"~! we denote by , the hyperplane in R”" orthogonal to v and by
2, the orthogonal projection of €2 on m,. Forany y € Q, we let

Q;:={teR|y+tveQ}

denote the (non-empty) section of 2 corresponding to y. Accordingly, for any
function u : B ¢ @ — RY and any y € B, the function uy @ By — RV is
defined by

u;(t) =u(y+1v).
Proposition 3.1. Ler u € L'(2, RN). Then u € BV(Q2, RY) if and only if there

exist n linearly independent unit vectors v; such that u;i € BV(Q;i, RY)Y for
L ae yeQ, and

/|Du;f|(sz;f)d£"1(y)<oo Vi=1,...,n.

Theorem 3.2. If u € BV(Q,RY) and v S~ then

(Du,v) =L""1LQ, @ Du}), (D, v)=L"""LQ, ® DY,
(D u, vy =L""1Q, ® Dju; , (DCu, vy =L Q) ® Dcu; .

In addition, for L" '-a.e. y € Q, the precise representative u* has classical
directional derivatives along v L'-a.e. in 2y, the function (u*)y is a good repre-
sentative in the equivalence class of u;, its Jump set is (Ju); and

ou*

v

Finally, o (1) = (v, vy(y +1v)) # 0 for L '-a.e. y € Q, and L'-a.e. t € QY
and

liinu*(y +sv) =ut(y+1v), li%nu*(y +sv)=u"(y+tv) if o()>0
syt st

(y+1v) = (Vu(y +1v),v)  forLl-ae t € QY.

liinu*(y +5v) =u"(y+1v), li%nu*(y +sv)=ut(y+1tv) if o) <O.
st st
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One-dimensional restrictions of Cartesian currents. If 7 € cart""!(B", ), tak-
ing Q = B", forany v € §"~! the 1-dimensional slice

T; =TL (B"); x Y

defines a Cartesian current TyU € cartl’l((B”)‘;, x V) for L' l-ae. y € (B"),.
Also, by Theorem 3.2 and by Definition 2.10, we infer that the BV -energy of Ty"

is given for £""'-ae. y € (B"), by

ELACTY AL x ) = [ I(Tur(y + 000 dr -+ 1D @i}

A])
' (3.1)
+ Y. Lry+1t)

te(Je(T)NA)}
for any open set A C B".
Proof of Theorem 2.12. We follow [2, Theorem 5.4], [7]. Since {uz} C C'(B",))
is such that G,, — T weakly in Z, 1(B" x )), for L lae y e (BY), we

infer that
(Guk); — Ty” weakly in Zlyl((B”); x)),

where
(Gu)l =Gy @o)(0) = ug(y + 1) € C (BN, V).
Therefore, arguing as in the proof of Theorem 1.7, we readily infer that

E11(T) . A x V) < liminf &1 ((up)", AY) (3.2)
k—o00
for any open set A C B", where

EL o)y, AY) = E1,1(Guyy, Ay x V) = / [(Vur(y +1tv), v)|dt.
AU

y

We now denote by vy an extension to the countably H"~!-rectifiable set J.(T)
of the outward unit normal to the Jump set J,,. By the coarea formula, for any
v € §"~! and any open set A C B”", we have

f (o7 (), )] f () dH" ™ () = / Y fo4 e
J(T)NA

v 1e(Jc(TH)NA)Y

for any Borel function f : J.(T) N A — [0, +00]. Moreover, Theorem 3.2 gives

fA“WT’V)ldx =f (/Avww);(z)wz) £~ (y)

(DCur,v)| (a) = /N )Dcy(ur); (A dL" ().
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Therefore, setting for every open set A C B" and v € §"~!
E(T,AxY,v) 2=/ [(Vuz, v)|dx + (D ur, v)|(A)
A

+ / [(vr (x), v)| L7 (x) dH" " (x)
J(T)NA
by (3.1) we obtain the identity

E (T, AxY,v)= / EL(T), AL x VydL" " (y). (3.3)

Ty

Similarly, for every k we obtain
Eniug, A, v) ;:/ I(Vuk,v)ldXZ/ ELi(@n)y, ADdL ™ (y).  (34)
A Ty

We also notice that
E(T, Ax Y, v) <E (T, Ax)) and Entlug, A, v) < &1 1(ug, A).

Since

lim / </ |(l/lk);—(MT);ldt)d,Cn_l(y): lim/|uk—uT|dx=O,
k—o0 Jz, AY k—o0 Ja

we can find a sequence {k(h)} such that

liminf &y 1 (ug, A, v) = lim &1 (ukny, A, v)
k—00 h— 00

and (Guk(h))‘y)’ converges to T}‘,’ weakly in Zl,l(A‘;, x )) as h — oo for L£"1-
a.e. y € m,. The lower semicontinuity property in dimension one, see (3.2), implies
then

liminf & 1 ((ukn))y, Ay) = E1(Ty, Ay x V)

h—00

for £ '-a.e. y € m,. Integrating both sides on 7, using Fatou’s lemma and
(3.3), (3.4), we get

liminf & 1 (ug, A, v) = lim &1 (ur@py, A, v) = E1 (T, A x Y, v).
k— 00 h— 00
Let A :=L"+ Ly () H" 'L J(T)+|DCur| andlet {v;} C S*~! be a countable

dense sequence. Choosing an £"-negligible set E C B"\ J.(T) on which |DCur|
1s concentrated, we can define

(Vur(x), vi)l if xeB"\(EUJ.(T))
o Kvr @) v Lr(x) if - x € Jo(T)
(pl(x) =
(DCur, v;)|

X if xekE
|IDCur| 0
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and obtain from (3.3) that
liminf &1 1 (ug, A) > liminf &y 1 (ug, A, v;) > E1 (T, A x Y, v;) = / @i dr
k— 00 k—00 A

for any i € N and any open set A C B”". By the superadditivity of the liminf
operator, we obtain that

. . n
l}crgggfgl,l(uk, B") > ,Z/Ai @i d)

for any finite family of pairwise disjoint open sets A; C B". We now recall that by

[2, Lemma 2.35]
supwd)»:sup: / (p-dk},
\/;n ieN l Z A,‘ '

iel
where the supremum is taken over all finite sets / C N and all families {A;};c; of
pairwise disjoint open sets with compact closure in B”. We then conclude that

liminf &y | (ug, B") > / sup ¢; di
k—o00

B" ieN

:/ |Vur (0)ldx + [Dur|(B) + | Lrx)dH"™" (x)
B Jo(T)

=& .1(T,B" x )). 0

4. The density theorem: part I

In this section we prove Theorem 2.14. To this aim we first recall that every T €
cart""!(B" x ) decomposes as

s
T=Gr+Sr, Sr=) L(T)xy, on Z"'(B"xD),
s=1

see Definition 2.11. Let u = uy € BV (B",)) be the BV -function associated to
T, according to Remark 2.7. For every Borel set B C B" we have

E1.1(T, B xY) =f |Vu(x>|dx+|DCu|(B>+f Lr(x)dH" " (x),
B J.(T)NB

where J.(T), I'r(x),and L7 (x) are given by (2.12), (1.5), and (1.6), respectively,
compare Definition 2.10.

Slicing properties. Similarly to the case of normal currents, for every point xg €
B" and for a.e. radius r € (0, rg), where 2ry := dist(xg, d B"), the slice

<T7 dX()a r) = (GT7 dxoa r) + <ST»dxov r) ’
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where d, (x, y) :=|x —xo/, is a well-defined Cartesian current in cart!1 (3 B, (x¢) x
Y). More precisely, let i x,) := u|3B, (x,) be the restriction of u to d B, (xp), which
is a function in BV (3B, (x0), V) with jump set satisfying Ju(r,x0> = J, NIB,(xp)
in the H"'-a.e. sense. The slice (G, dy,, r) is an (n — 1)-dimensional current in
BV -graph(d B, (xo) x )) such that its action on forms in D"~ 1(3B, (x¢) x V),
according to a straightforward extension of Definition 2.1, depends on the restric-
tion u(,x,) and on the 1-dimensional integral chains y, in ) associated to the
current Gy € BV -graph(B" x ))), so that in particular dy, = §,+

(r,xq
n—1
for H" ™ -ae. x € Jy,,- Also,

0 g

(ST, deg, 1) =Y (Ls(T),85,7) x5 on Z" M1 @B (x0) x V),

s=1
where 6y,(x) := |x — xpl|. Finally, letting

J (T, dxoa r)) = Jy U LT, dX()a r),

(r,.xp)
where L((T, dy,, r)) denotes the (n — 2)-rectifiable set given by the union of the
sets of positive multiplicity of the (ILs(T), 8x,,7)’s, we have, in the H L ae.
sense,

J (T, de, r)) = Je(T) N OB, (x0) ,

where J.(T') is given by (2.12). In this case we say that r is a good radius for T at
xo. Moreover, by the argument preceding Definition 2.8, we also infer that for any
good radius

Lir.ay.rx) =Lrx)  for H' ae. x € J.(T, dyy, 1)) .

As a consequence, according to Definition 2.10, we infer that the BV-energy of
(T, dy,, ) is given by

E1 1T, dy,, 1), 0By (x0) X V) = / \Vett(ray| dH" ™ + DS u|(d B, (x0))
9B, (x0)

+ / Lr(x)dH" % (x),
Je(T)NA By (xp)

4.1)
where D; and V; denote the distributional derivative and the approximate gradient
with respect to an orthonormal frame t tangential to d B, (xq), respectively.

Proof of Theorem 2.14. We make use of an inductive argument on the dimension
n. More precisely, we will assume that Theorem 2.13 holds true in dimension n — 1,
and we use Theorem 1.7 in the case n =2. Therefore, taking into account the slicing
properties previously outlined, we may and will assume that for every xo € B" and
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for a.e. radius r € (0, r(xg)), where r(xp) > O is suitably chosen, by the inductive
hypothesis we find a sequence of smooth functions {vi} C C Y(@B,(x0),)) such
that

Gy — (T, dyy, 1) weakly in  Z,_1 1(dB(xg) x ))
and

f Dol dH'™ = €11 (T, dug, 1), 0B, (o) x V). (42)
9By (x0)

In particular, we have that vy — u(. ;) weakly in the BV-sense. We divide the
proof of Theorem 2.14 in six steps.

Step 1: Definition of the fine cover F,,. We define for every m € N a suitable fine
cover F,, of B"\ J.(T) consisting of closed balls of radius smaller than 1/m. To
this aim, let uy and @y be the mutually singular Radon measures on B” given
for every Borel set B C B" by

1ta(B) :=/ |Vur(x)|dx + |D ur|(B),

b 43)

KLic(B) 1=/ Lrx)dH" ' (x).
J(T)NB

Definition 2.10 yields that the BV -energy of T decomposes into the “diffuse” and
“jump-concentration” part, i.e., setting

MT = [d + HJc
for every Borel set B C B" we have
E(T, B xY)=pur(B) = pa(B) + pyc(B).

By the decomposition of the derivative Dur, compare [2, Proposition 3.92], we
infer that for any point xo in B" \ J.(T) we have

.. mT(Br(x0)) .. . . |Du|(Br(xp))
liminf ——— =liminf ——— =

r—0 =1 r—0 pn—1

0.

Moreover, since je = ycL Jo(T), where J.(T) isacountably H*~ L rectifiable
set, and wur(J.(T)) < oo, for every m € N we find a closed subset J,, C J.(T)
such that

1
Jn C It and mr(Je(T)\ ) = pge(Je(T)\ Jm) < Z Vm.

This yields in particular that

J l
ID ur|(Juzp \ Im) < —.
m
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Setting now
Q:=B"\ J(T),

Jn being closed, for every xg € 2 there exists a positive radius r = r(xg, m),
smaller than the distance of xg to the boundary dB", such that for every 0 < r <
r(xo, m) _

By(xo)NJy =0.

Finally, by (4.1), if xo € €2, for every 0 < r < r(xg, m) we find a good radius
p € (r/2,r) such that

2 _
E11(T, dyy, p), 3By (x0) X V) < - E(T, Br(xo) x ).

We then denote by JF, the union of all the closed balls centered at points xo €
and with good radii 0 < » < min{r(xg, m)/2, 1/m} such that

E11(T dg, 1), 0B, 00) x V) = 2 E4(T By Go) x V) (4
and B |
2] E11(T, Bar(x0) x V) =< —. (4.5)
The above construction yields that F,, is a fine cover of Q such that
JFn c B\ .

Step 2: Covering argument. We apply the following extension of the classical
Vitali-Besicovitch covering theorem, see e.g. [2, Theorem 2.19], with respect to
the positive Radon measure

wi=L" +pur=L"+pa+ i1y,

where L" is the Lebesgue measure and ji4, 17 are given by (4.3). In the sequel,
for any closed ball B we will denote by B the closed ball centered as B and with
radius twice the radius of B, i.e.,

B:=By(xo) if B=B.(x).

Theorem 4.1 (Vitali-Besicovitch). Letr Q C R" be a bounded Borel set, and let
F be a fine cover of Q made of closed balls. For every positive Radon measure [
in R" there is a disjoint countable family F' of F such that

M(Q\UF) —0.

D wB) =Copu@,

BeF'

Moreover, we have

where C = C(n) > 0 is an absolute constant, only depending on the dimension n.



514 MARIANO GIAQUINTA AND DOMENICO MUCCI

Proof. Following the notation in [2, Theorem 2.19], setting Ao := €2, forevery h €
N*, at the 1'" step we may and do apply the Besicovitch theorem [2, Theorem 2.17]
by selecting the fine cover of A,_1 given by all the closed balls B of JF such that
the corresponding balls B are contained in Aj_;. Besicovitch’s theorem yields
the existence of a countable family made of closed balls B which do not intersect
more than & times and such that their doubles B do not intersect more that 7
times, where & = &(n) and n = n(n) are absolute constants. Therefore, the
disjoint family Gj, satisfies

> u(B) <n-u(Ap-r)

BeGy,

whereas, letting A; := Ap_;1 \ U Gn, we have

1
w(Ap) <8 u(Ap-1), di=1- % <1

Therefore, since w(Ap) < sh . w(Agp) for every h, we obtain

> wB) <n-8""u@)

BeGy
and finally
- o - (e¢]
DouB =Y > pB) =) 18" u@)
BeF’ h=1 BeGy, h=1
which yields the assertion, by taking C :=n/(1 — §). O

By Theorem 4.1 we obtain for every m a suitable denumerable disjoint family
F,, of closed balls contained in B" \ J, and with radii smaller than 1/m. We
finally label

o0
Fn = {Bf};‘il ’ S 1= U Bj
j=1
and notice that
1
() < I'LJC(Bn \ Jm) < Z and /’Ld(Bn \Q2,)=0. (4.6)

Step 3: Smoothing of the boundary data. If B; = B, (xo) € F,, arguing as
in Gagliardo’s theorem [11, Theorem 1.IT], that states the existence of a whi.
extension of any L'-function, we are able to modify the boundary datum (7, dyy, 1)

to a smooth W!-!-map with values into ). This can be done by paying an arbitrary
small amount of energy.
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More precisely, due to the inductive hypothesis, see (4.2), we find a sequence
of smooth maps {v(J)} cwh 1(BBJ, Y) such that ||vh — U|pB; ”Ll(aB 5 =0,

GU;(,J‘) — (T, de, r) weakly in Zn_l,l(aBj X y) (4.7)
as h — oo and

/ Do [ dH ™ < E1 (T dyg, 1), 0B; x V) - (14277 (4.8)
JB

J

for every h. Taking k sufficiently large, we now define a map W(J Jew! Tar RN,

where 0 < pr < r and A’ denotes the annulus

ok

AT :=B,(x0) \ By(xo), O<p<r,

in such a way that Wk(lja)Br (xo) = U19B,(xo) in the sense of traces,

X — X X — X
Wk(])<x0+pk )—v,((j)(xo—f—r )
|x — xol lx — xol

and the energy | A |DWk(j )| dx is arbitrarily small, if p; /' r sufficiently rapidly.
Pk

The function W,ij ) is obtained by parametrizing in a sequence of annuli of the
type Ap "+ for a suitable sequence {pj}n>¢ of radii py /' r, the affine homotopies

()

no + A —mvl . m=um) €[0,1],  p=x—xol,

where f;,(p) is the affine map such that #;, (o) = 1 and 1, (pp+1) = 0. Therefore, if
) )

we show that for every ¢ € [0, 1] and & > k the L°°-distance of ¢ v, +(1—=1) Vi
from ) is small, we find that

dist(Wk(j)(x), V) < g for L"-ae. x € A:)k (4.9)
and hence we may and do define wk =TIl o Wk]) on A:)k, where Iy, is the

Lipschitz projection on ) given by Remark 1.9.

To prove (4.9), due to the L'-convergence and to (4.8), by applying Poincaré
inequality we find an absolute constant ¢, > 0 such that, if k is sufficiently large,
for H"'-a.e. x € 3B, (xp) and every h > k we have

/ o () — u(y)| dH"~ (y)
0By (x0) _
< 0, 0) = o O AH ™ ) + vy = ull 1 98, x00)

3B (xp)

< cnrf |D U(J)|dHn ! + ||U _u||L1(3Br()C0))
9By (x0)

S 2cl’lr : gl,l(<T7 dXO’ r)7 aB} x y) .
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As a consequence, by (4.4) and (4.5) we obtain

rn—]

/ W) — ) dH () <2+ ey - —
0B, (x0) m

and hence, by convexity, for any ¢ € [0, 1] we have

f 0" () + (1= 1) 0, (0) — ) dH" ™ ()
9B, (xp)

< vy () — u () dH" ™ () +f o) () — () dH" ()

= JaB,(x) 3By (x0)
< H""1 (@B (x0)) - €0

provided that m € N is large enough so that 2"*2 . ¢, - 1/m < &g - n - w,, where
w, 1s the measure of the unit n-ball. Therefore, arguing as in Schoen-Uhlenbeck
density theorem [21], we obtain

dist(r v;” () + (1 = ) v (), ) < g0 for H"l-ae. x € 9B, (x0), (4.10)

which yields (4.9), as required.

We remark that due to the strong convergence (4.7) (4.8), the sequence {w ,ij ) e
this way obtained also satisfies the boundary condition

<Gw§f>’ dxo, 1) = (T, dxy, 1) . (4.11)
Finally, for future use, we extend w,Ej ) to the whole ball B; by the map ﬁ)’,ﬁj )
B, (x0) — Y given by

50 x) = { w0 Yroy() if xeAZS) (4.12)
k u o (]ﬁ(r’g)(x) if x € Br_as(x0),

o

where o :=7r — pr, Y(.0) 1 A, 5, — AJ_, is the reflection map

X — X0
|x — xol

Viro)(x) = (—lx — x0l + 2 (r — 0))

and @ o) : Br—25(x0) = B, (x0) is the homothetic map

r

D(r,o)(x) = x0 + (x — xp) .

r — 20

Notice that @I(Cj ) is smooth on A’ ~7  and that, taking o small, by the property
above we may and do assume that

DT (B, (x0)) < 2|Dul(B,(x0)) . (4.13)
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Step 4: Approximation on the balls of F),. Let B; = B,(xo) € F,,. Making use of
arguments from [5], we now define an approximating sequence on B;.
We first fix some notation. For any p > 0, we let

Q" :=[—p.pI" CR"

denote the n-dimensional cube of side 2p and X f) the i-dimensional skeleton of
", sothat (J 221 =907 Let |lx|| := max{|xi], ..., |x,|}, so that

Q,={xeR" : |lxll = p}, 300, ={x e R" : |Ix]| = p}.

If v: Q" — RY isany given BV-function, and F is any i-face of X!, in the
sequel we will denote
Ey1(v, F) := [Dv|r|(F)

where Du)r is the distributional derivative of the restriction v|r of vto F, and we
let

Evi(v, )= Y Eii(v, F).
Fexi

Recall that )) ¢ R¥, and denote by

By(y.e):=B" (y.&)NY

the intersection of )/ with the closed N-ball of radius ¢ centered at y. If y € V
and 0 < ¢ < gp, welet W(, ) : RN — By (y, ) be the retraction map given by
\p(y’é‘) (Z) = Hg [e} S(y,a), where

i it zeB (ye)
§re@) =1 % it zeRV\B (y,¢)
z—Yy

and IT; : Ve — )Y is the projection map given by Remark 1.9. Of course, W, ¢)

is a Lipschitz continuous function with Lip W(, .y = LipIT, — 17 as ¢ — 0.
First, letting p = px from Step 3, by means of a deformation and slicing

argument, we may and do define a bilipschitz homeomorphism ; : Ep (x0) — QZ

such that |DVjllec < K, ||Dglfj_1||OO < K for some absolute constant K > 0,

only depending on n. Moreover, we may and do define ; in such a way that
Y;i(Br(x0) = Q% VRe(p/2,p). (4.14)

Finally, for any given BV-function v : Ep(xo) — Y, smooth on 9B, (xp), if
v QZ — Y is the corresponding map given by v; :="7vo 1//;1, we also may and
do define v; in such a way that

) 1 .
Ei1(v;, =) <C- . Eii(w;, =it Yi=1,....n-2, (4.15)

where C > 0 is an absolute constant, not depending on v.
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Taking v ="7; := w,ﬁf’ from (4.12), i.e., letting
1)) —-1. Hn
V)= wy owj .Qp—>y, (4.16)
by (4.8) and (4.15) we readily infer that
Ei1(vj, 20) <2CK p' "M & (T, dyy, 7). 3B; x V) Vi=1,....n—1
and hence, by (4.4), that
E11(vj,2) <Cp ™" E11(T, By (x0) x V) Yi=1,....n—1. (417
On the other hand, since we may assume p > r/2, due to (4.5) and (4.13), by (4.17)
we also obtain
ﬁEl,l(v‘,,Ep)SCZ Vi=1,...,n, (4.18)
0
where in the above formulas C > 0 is an absolute constant.

Remark 4.2. Let ¢, := 1/\/m. By the Sobolev embedding theorem, if m € N
is sufficiently large, e.g., m > 4C?, the inequality (4.18), with i = 1, yields that
the oscillation of v; on the 1-skeleton Z/l) is smaller than ¢,,/2, if v; is smooth.

Therefore, the image v; (X /1)) is contained in a small geodesic ball By(y;, &,/2)
centered at some given point y; € ). Actually, since the total variation of 1-
dimensional BV -functions estimates the oscillation, we infer that the above prop-
erty holds for BV -function v;, provided that in (4.18) we consider the total varia-
tion of the 1-dimensional restriction of v to X }). We also notice that

lim &, -m =400
m——+00

whereas, on account of Remark 1.9,
Lip Wy, e,) = Lip I, — 1t as m — +00.
The case n = 2. In case of dimension n = 2, we define w; : Q% — By (yj, em)
by
wj =Wy em) 0V
where v; is given by (4.16), so that
|Dw;[(Q7) =: Er1(wj, Q7)) < (LipIy,) - E1.1(v;, Q7).

Remark 4.2 yields that w; agrees with v; on the boundary of Q%. Moreover,
letting R := p — o, by (4.12), (4.14) and (4.16) we infer that w; is smooth on

Q2 \ Q% and that

w;(x) = \Ij(yj,(c/‘m) o(uodyeg)) o w;l(x) Vx e Q% .
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Since the image of Q% by w; is contained in the geodesic ball By (y;, &),
by means of a convolution argument we can approximate w; on Q% by a smooth
sequence véj ). Q% — EN (¥j, &m) which converges in the L'-sense to w i10% and
with total variation converging to the total variation |Dw; |(Q%e)- We ﬁhally set
ng) =TI, ovéj) : Q% — ), see Remark 1.9, so that clearly ng) — w; weakly
in BV(Q%, RN), whereas

Eii(wd, 0%) < (LipI,) - E11(vY), 0%),

so that .
limsup E1,1(w{), %) < (LipI,,)? - E.1(vj, OF) (4.19)

e—0

Moreover, by suitably defining the convolution kernel, we may and do assume that

»  _ .\
the traces are equal, so that Wi 0 = Ve 0 .
the construction we may and do assume that the boundaries of the graphs agree on
902, so that

= W02 Most importantly, by

0G ;) LIQE x YV =0G ;) LIQK x YV = 0Gu, LIQ% x V. (4.20)

Finally, letting wf;j) =w; on Q% \ 0%, we define u,((j) : By(xo) — Y by
w o j(x) if x € B,(xo)

Dy .
ug (x) = wIEJ)(x) if x e B,(xq) \Ep(x())’

where p = pr and g; N\ 0 along a sequence.

The case n > 3. For § := p(l — n), where n := 1/q and g € NT, we let
D5 : Q’;) — Qf be given by

Q(p’g)(x) = (1 — n)x.

Note that ‘ ' '
Eii(vjo @) SH = - Eviw;, 5. (4.21)

so that (4.18) yields

ﬁELl(UjOCD Ea)SCZ

; s Vi=1,...

S

(4.22)
Define w; : Q% — By (yj, &m) by

wj =Wy, e 0V 0 Dl (4.23)
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where v; is given by (4.16), so that
|Dw;|(Q5) =: E11(wj, Q) < (LipTle,,) - Ep1(vjo @}y, 05).

Remark 4.2 yields that w; agrees with v; o d>(_p1’ 5) on the 1-skeleton X J} of QOf.
Moreover, letting R := (p — o)(1 — ), by (4.12) and (4.14) we infer that w; is
smooth on Qf \ Q; and that

w;(x) = Wy e, 0 (U0 Pge) o wj_ o <I>_ .5) (%) Vxe Q.

Now, since the image of Q' by w; is contained in the geodesic ball By (y;, &),
as in the case of dimension n = 2, we approximate w; by a smooth sequence
(J ). D 0% — B (yj, &m) which converges in the L'-sense to w Qs with total

variation converging to the total variation [Dw;|(Q'). Setting w(J ) =TI, ovéj )
Q% — )., we have w(]) — w; weakly in BV (Q%, RY), whereas

Evi(wy), Q%) < LipT,) - Evi(v, Q%)
so that again we have

limsup E1 1 (w), Q%) < (LipT,)* - E11(vj o @'y, Q%) (4.24)
e—0
Moreover, we may and do assume that the traces of w(J ) and w j on 0Q'% are
equal, u)él g on = WjlaQl and that the boundaries of the graphs agree on 9 Q'%, i.e.,
R

0G ) LOQ% x ¥V =0Gu,LdQ% x V. (4.25)

Finally set w) = w; on 05\ O%-

In order to extend the approximating map to Q7 \ Qj, we use an argument
from [5]. If S;, is one of the (n — 1)-faces of Zz I where h = 1,...,2n, we may

and do define a partition of S, into (¢ + 1)~ small (n — 1)-dimensional “cubes”
C; , in such a way that the following facts hold:

i) If [C;n]; denotes the i-dimensional skeleton of the boundary of Cj j, the re-
striction of v to [Cy ;]; belongs to Wbt for everyi = 1,...,n—2;in particular,
v; is continuous on the 1-skeleton [Cy 1 ];.

ii) If n = 3, we have

(g+1)?

Z E11(vj,0C ) <= K (El 1(vj, 0Sp) +4 El 1(vj, Sh)) (4.26)
=1

where K > 0 is an absolute constant.
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iii) If n > 4, and [Sy]; denotes the i-dimensional skeleton of S, for every i =
1,...,n —2 we have

(g+D"! n—1

t—i
> E1,1<v,-,[cz,h]i)sl<-2<%) CEni(, [Shl) ., (427)

=1 t=i

where K > 0 is an absolute constant.
iv) Allthe C;j’s are bilipschitz homeomorphic to the (n—1)-cube [—p/q, p/ g1

by linear maps f; , suchthat |Df; sl < K, ||Dfl}lll|oo <K.

Moreover, the inequality (4.18), withi = 2,...,n — 1, yields that if m € N
is sufficiently large, and ¢ satisfies

1 Em

_ _Em
T=5sm_-2C 2

we may and do define the partition of S;, in such a way that
Ep1(v;, [Cial) < %’" Vi=1,....(g+D)"", Yh=1,...,2n. (4.28)
Therefore, in the sequel we will take
q = integer part of (6~ Em - M) 4.29)

for some fixed constant C > 0, say C:= 1/(12(n — 2) 5).

Remark 4.3. Again by Remark 4.2, since the image v.,-(E},) is contained in
By(yj, em/2), the inequalities in (4.28) yield that the image of [C; |1 by v; is
contained in the geodesic ball By (y;, &,) for every [ and h. By (4.23), this yields
that the function w, and hence the wéj ) s, agrees with v o(I)&)1 5 on the 1-skeleton

f]g of dQf given by

N 2 g+
¥ = <I>(p,5)<U U [Cl,h]l> :
h=1 =1

Finally, if m(, s) : QZ \ Of — BQZ is the projection map 7, s)(x) := px/| x|,
setting

2n (g+)"!
. -1
Mps) = T8 ° <I>(p’3)<U U 3Cl,h)

h=1 [=I

it turns out that the (n — 1)-skeleton

Np.s) = MpsUdQ), U305
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is the union of boundary of n-dimensional “cubes” Qy ;, satisfying C;, C Q.
for every / and h, that partition Q) \ Qf%. Moreover, each Q; ;, is bilipschitz home-

omorphic to the n-cube [—p/q, p/q]" by linear maps fl,h such that ||Dﬁ,h loo <
K, ||Dfl_h1 loo < K, where K > 0 is an absolute constant.

We now extend the approximating map to the interior of Q7 \ 05, first con-
sidering the simpler case n = 3.

The case n = 3. We first set w; := v; on BQ?) and
wj = vjomp,s(x) on M.

By Remark 4.3, the function w; is smooth on the 2-skeleton N, 5). We then

extend w; to the whole of Q f, \ Qg by means of a radial extension on each cube
Q1.n, i.e., by setting

(e i) ))
wi(x) == w;j (flh <q —||ﬁ,h(x)|| , X € Qih, Vi, h. (4.30)

The function w; this way constructed is smooth on the closure of Qf, \ Qg, uptoa
discrete set of points. Moreover, denoting by C > 0 an absolute constant, possibly
varying from line to line, but not depending on p or m, we have

0
Ei(wj, Qrp) =C 7 Ey1(w;,000),
whereas
D
Ej1(wj,dQ10) <C (El,l(vj, Cin) + 7 Eyq1(vj, 3C1,h)) .

Therefore, by (4.26), and by summing on / and /&, we estimate
o p\°
Eri(wj, Q,\ 03) <C (5 Eir1(vj, 23) + <;) E11(v;, 2},)) :

Finally, by (4.29) and (4.17) we obtain, for m > 1/ 52,
1

Em M

Eri(wj, 0;\ 03) <C E11(T, Bar(x0) x V). (4.31)
The case n > 4. According to Remark 4.3, we first set w; := v; on BQZ and

Wj 1= Vj 0 T(p,8) (X) on n&)?s)(Zg).

To extend w; to the whole of Q’;) \ OfF, we argue by iteration on the dimensioni =
3...,n. More precisely, if F is any i-dimensional face of [Q; ;]; with disjoint
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interior from both 0 Q” and 9 Qf, we extend w; to the interior of F' by means of
a suitable radial extension of the boundary datum of w; on 9 F similar to the one
in (4.30), so that

P
Eij(wj, F) =C 7 Ei(wj, dF).

Therefore, by the construction, and for (4.27), we readily infer that
n—1 0 n—i )
Eii(wj, Q,\Q5) =C Z<5> Eii(vj, X)),
i=1

so that by (4.29) and (4.17) we obtain again, for m > 1/ 62,

Eii(wj, 0\ 0F) < (x0) X V). (4.32)

Remark 4.4. For future use, we notice that for any n > 3 the function w; this
way constructed is smooth on the closure of Q) \ Q%, up to a “smooth” closed
(n — 3)-dimensional set. This yields that the graph of w; has no boundary in the
interior of Q’; \ 0F, ie.,

3Gy, =0 on Z" M(n(Q)\ 0F) x V).
We finally set for any n > 3

() . n
~(Ny . Jwe () if xeQ
e (x) = { wi(x) if xe Q% \ Q"

and define u(]) B,(xg) = Y by

(])(X) — wé‘k OWJ(X) it x Egp(xo) .
w (x) if x € Br(x0)\ Bp(xo),

where p = pr and g; N\ 0 along a sequence.

Step 5: Approximating maps on the whole domain. For any n > 2 we define now
(m) n
:B" = Y by

oo
) _Ju () if xeB;, jeN _ .
= {MT(X) if xeB"\Qpu, S L:Jl B;. (433

By Step 4 we know that u(]) Wl’l(Bj, Y) for every j and k. Moreover, by

(4.6), and since u,(cj ) — ur on dB;j forevery j, we infer that u(m)

function in BV (B", )), with null Cantor part, |DCu ,((m)l =0.

is for every k a
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We now deal with the energy estimates of u,(cm), first considering the simpler
case n = 2.

The case n = 2. By (4.19) and Step 3 we infer that

limsup Ey 1 ("™, Q) < (LipMg,,)? - [Dur|(Qm) ,

k— 00

whereas by (4.6)
1
[Dur|(2m) < a(2m) + Z .
By a diagonal argument, setting u,, := u,(;:’) for a suitable sequence k,, — 00 as
m — 0o, we infer that
lim_|Du,u|(B*) = |Dur|(B?).
m— 00
The case n > 3. By (4.31) and (4.32) we infer that
o
Y Ene™ yren o) <
=1

=

1 © ~
> ET, B x V),
Em - m 4
j=1
whereas by Theorem 4.1, on account of (4.3), we obtain
oo ~
Y & B xY)<C- (51,1<T, B" xY) +£"(B">> < o0,
j=1

and 1/(g, -m) — 0 as m — o0, see Remark 4.2. On the other hand, by (4.24),

and since n — 0 as m — oo in (4.21), as in the case n = 2 we estimate the

energy of u,((m) on the sets wj_l (Q%). In particular, setting u,, := u,i:) for suitable

sequence k, — oo as m — oo, we infer that
o
. —1 n _ n
mlgnoozl 11 (um, ;7 (05)) = ta(B")
j:
and hence, by Step 3, that for any n > 2
lim |Du,,|(B") = |Dur|(B"). (4.34)
m—00

Moreover, in any dimension n > 2, since for every j the radius of the ball B;in

F,, is smaller than 1/m, and u,((m) = ur on dBj, the above energy estimates and

the Poincaré inequality yield that for m sufficiently large

o o
1
/|um—ur|dx=2/ u™ —ur|dx <Y Cy-— - |Dur|(B;)
" =18, = mn
1

< Cy-—|Dur|(B"),
m
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where C, > 0 is an absolute constant. This proves the L!-convergence of u,, to
ur as m — oo, and hence weakly in the BV -sense.

Finally, for future use, we observe that by the definition of u,,, on account of
(4.6), the previous construction yields that the jump part of Du,, strictly converges
to the jump part of Dur. Therefore, denoting by

5um := D%y, + DCu,, , ﬁur := D% 7 + DCur,

the diffuse part of Du,, and Dur, where we recall that the Cantor part IDCu,, [(B") =
0 for every m, by (4.34) we have

Du,, — Dur  and  |Duy|(B") — |Dur|(B"). (4.35)

Step 6: Approximating currents. For every m and k let Tk(m) €D, 1(B"x)) be
given by

7™ = ZG o L int(B)) x Y+ TL(B"\ Q) x V.
Jj=

where ul((j)e W“(Bj ,)) is defined by (4.33). Since the boundary BGMU)I_ int(B)x
k

Y = 0, whereas
8(Gu,§” Lint(Bj) x V) =(T,dy,. 1),

we readily infer that T(m) e cart"!(B" x ), with corresponding function in

BV (B™",)) given by uk , see (4.33). Setting T, := Tk( ™ where the sequence
k;, — oo is defined as in Step 5, by (4.6) and (4.35) we readlly infer that

lim &1 (T, Qu x V) = |Dur|(B") (4.36)
m-—0Q0

which clearly yields that

mlimwgl,l(Tma B" xY)=&1(T,B" x ).

It therefore remains to show that, possibly taking a subsequence,
T, —~T weakly in 2, 1(B" x ). (4.37)

By applying Theorem 2.15, the proof of which is independent of the one of The-
orem 2.14, every T, is the weak limit of a sequence of smooth graphs of maps
vlgm) € C'(B",)), with energies converging to the energy of 7j,. Therefore, since
sup,, £1.1(T,y, B" x )) < oo, arguing as in the first part of Section 2, by a diago-
nal argument we may and do assume that, possibly passing to a subsequence, Ty,
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weakly converges in Z, 1(B" x ))) to some current T e cart"(B" x ))). Sim-
ilarly, by the lower semicontinuity theorem for smooth graphs, Theorem 2.12, we
infer that for any open set A C B" we have

ST, AxY) < liminf 1,1 (T, A x V). (4.38)

Moreover, since the sequence of functions {u,,} C BV (B",)) corresponding to
the T,,’s weakly converges in the BV -sense to ur € BV (B",)), we infer that ur
is the BV -function corresponding to 7.

We first show that T agrees with T on Q x ), where

Q:=B"\ J(T),
Jo(T) being the set of points of jump-concentration of 7. Fix mg € N. Since
QCQuCAn, Apm = B"\ Jn,
and {J,} is an increasing sequence of closed sets, for any m > mo we infer that
Amg = @ U LU\ Ty \ Q]

with disjoint union. Moreover, we recall that 7,, is equal to 7 out of €, x ).
Therefore, since by (4.6)

1
EL(T, [Je(T)\ Img) \ Q] x V) < —,
mo

by (4.38) and (4.36) we obtain

E(T, Apy x V) < [Dur|(B") + liminf €11 (T, [(Je(T) \ Jg) \ @l x V)
< |Dur|(B") + lkrr_l)ior})f&,l(T, [(Je(T)\ Jmg) \ Q] x V)
< |Dur|(B") + 1/my.
By outer regularity, since |5uT|(Jc(T)) =0 and A, \( Q as m — 0o, we infer

that N N
E (T, 2 x)Y) <|Dur|().

Therefore, decomposing the energy of T into its diffuse and Jjump-concentration
part, see (4.3), we infer that the jump-concentration part is concentrated in the jump-
concentration set of 7', so that

J(T)CJA(T) and TLQXxY=TLQxD).

We now show that T agrees with T on J.(T) x ), which concludes the proof. As
before, since 7T,, is equal to T out of 2, x YV, and Q,, N Ji, = ¥ if m > my,
for every form w € Z™1(B" x ))) we have

(T=T) L Jy x V)@) = (T =Tp) L iy x V)@) + (T =T) L Jny x V)(@)
= ((T=Tn) L Jmy X V) (@) = 0
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as m — 00, by the weak convergence of 7, to T. This yields that
TUdpg XV =T Jpy XY

and finally the assertion, by inner regularity, since J,, /' J.(T) in the H" '-sense
as m — o0. U

5. The density theorem: part II

In this section we prove Theorem 2.15. Extending the notation from the previous
section, see (4.3), in the sequel for every current T e carth 1(B" x V) we will
denote by ;. 7 the Radon measure on B" given for every Borel set B C B" by

Mye 7(B) ::/ o L) dH (), (5.1
J.(T)NB

that corresponds to the jump-concentration part of the BV -energy &1 (f, B x)).
We also recall that if 7 € cart’!(B" x ) satisfies |DCu7| = 0, for every Borel
set B C B"

51,1@, B x)) = /B |Vuz(x)ldx + ;. 7(B).

Moreover, for any T as above, in this section we will denote by F(f) the flat norm
given by

F(T) :=sup{T(¢) | ¢ € Z" ' (B" x V), F(¢) < 1},
where

F(¢) i=maX{ sup [[¢ (), sup ||d¢>(z)||},

z€B"xY z€B"*x)Y
and we notice that the flat convergence F(Ty — T) — 0 yields the weak conver-
gence Ty — T weakly in Z, 1(B" x ))), compare [22].

Proof of Theorem 2.15. It is based on the following:

Proposition 5.1. Let T ¢ carth 1(B" x )) be such that |DcuT|(B”) = 0. Let
e €(0,1/2) and k € N. We can find a current T e cart! A(B" x V) such that
ENT B x V) <& (T, B" x V) +eb,  FT -T) <,

1 (5.2)
Wy (B") < 7" Wy 7(B") and |D€uz| = 0.
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In fact, for any ¢ € (O 1/2) we apply iteratively Proposition 5.1 as follows.
Letting 7y := T, at the k' step, in correspondence of T := =T/ , we find T :
T such that (5.2) holds true. By induction on k € N, we deﬁne T¢ = TE

cart"1(B" x ) such that
[o¢]
ELTE B" x V) <E(T.B" x V) + Y e <&1(T. B" x V) + 2
k=1
and |D€ure| = 0. Moreover, since for every k
Myes(B") <275 e (B,

letting k — oo we obtain that p . 7¢(B") = 0. Finally, since

o o0
F(T°—T) <> F(If —Tf ) < Y & <2,
k=1 k=1
letting Ty := T for some sequence & \ 0, and uy := ug,, we infer that

the sequence {7} C cart'1(B" x ) weakly converges to 7 with & 1(Tx) —
E1.1(T) as k — oco. Moreover, since |DCuy|(B") =0 and . 1, (B") = 0 for
every k, we obtain that uy € WL1(B", V) and that Ty agrees with the current G,
given by the integration of forms in Z™!(B" x ))) over the rectifiable graph of uy,
see (2.1), so that & 1 (Tx) = &1.1 (ug).

By means of Bethuel’s density theorem [5], for every k& we find a smooth
sequence {uh )}h c C'(B",)) that strongly converges to u; in the W' !-sense
as h — oo. In fact, even if the first homotopy group 71())) is non-trivial, being
commutative it is homeomorphic to the first homology group H;())). Therefore,
the null-boundary condition

3G, =0 on Z" V(B"xY) (5.3)

allows to remove the (n — 2)-dimensional singularities, compare [6] and e.g. [16].
Lower dimensional singularities are removed as in [5]. Since the strong conver-
gence yields G,w — Gy with El,l(uzk)) — &1.1(ug), the assertion follows by
h
means of a diagonal argument. U
Remark 5.2. This is the exact point where the commutativity hypothesis on the
first homotopy group 71()) is used, in addition to (5.3). If 71())) is non-abelian,
even in dimension n = 2 we find functions u € W“(Bz, Y), smooth outside

the origin and satisfying (5.3), such that for every sequence of smooth maps u, :
B" — Y for which G,, — G, weakly in Z, ;(B" x )) we have

liminf/ |Dup|dx > C+/ |Du|dx
BZ

h— o0 B2

for some absolute constant C > 0, compare [17].
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Proof of Proposition 5.1. We set T =T, for simplicity, and divide the proof in
four steps.

Step 1: Blow-up argument. We apply the argument by Federer [9, 4.2.19]. The
rectifiable measure (4. 7 can be written as

wier =Lr H™ L JA(T),

where the jump-concentration set J.(T') is countably "~ !-rectifiable and the den-
sity Lr(x) is a non-negative H"=1_ J.(T)-summable function on J.(T). There-
fore, by [9, 3.2.29] there exists a countable family G of (n — 1)-dimensional C'-
submanifolds M ; of B" such that wj. r-almost all of B" is covered by G.
Moreover, since . 7(B") < 0o, we can find a positive number 6 > 0 so that the
subset

J={xeJ.(T)| Lr(x) > 0}

satisfies the following properties:

H"'(J) <oco  and ;uAB"\J)<i-MhJUW). (5.4)
Let 0 > 0O to be fixed. By [9, 2.10.19], by the Vitali-Besicovitch theorem, Theo-
rem 3.2, and by the properties of the class cart’!(B" x ))) we can find a number
te € (0, 1), a countable disjoint family of closed balls Bj;, contained in B" and
centered at points in J, and a bilipschitz homeomorphism v, from B” onto itself
satisfying the properties listed below, where ¢ > 0 is an absolute constant, possi-

bly varying from line to line, which is independent of o and of the radii r; of the
balls B;.

D wye,r(B"\U,; Bj) =0.
ii) If Bj:=B(pj,r}), for every j there is a manifold M ; of G such that p; € M.
iii) Since H"~'(J) < oo, then

o0
Yo"t <o HTNT) < o0 (5.5)
j=1

iv) Letting C; := B(pj, t,r;) N M, we have
mier(B(pj,rj))\Cj) <o -puyer(B(pj,rj)) Vj. (5.6)

v) If p; ¢ Ju;,itis a Lebesgue point of ur whereas, if p; € J,,, the one-sided
approximate limits of u7 at p; are well-defined.
vi) The 1-dimensional restriction 74(T L {p;} x V) is well-defined, compare Defi-
nition 2.8, and
(T L{pj} x V) =T

for some integral chain I'; € D;()).
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vii) If np; 5 0 R" x RN — R"” x RV denotes the “blow-up” map Npj(x,y) =
(% y), the limit current

Si(w) = A1inol+ Np; T (@), we Z"(B" x )

is well-defined, and the flat distance of 7 from §; is smallon B; x ), i.e.
F(SjLBjxY—-TLBjxY)<c-o-rj" ! (5.7)
viii) Since |Dur|(B) < ur(B), we have

|[Dur|(B(pj,rj)\ Cj)
wp—17;"!

<c-o, (5.8)
where w,,_1 is the measure of the (n — 1)-dimensional unit ball.
ix) Since Lr(p;) is the (n — 1)-dimensional density of ;.7 at p;, we have

n—1

lse.r(Bj) = LT (pj) - wp1 7" <0 - wu_yr;" " (5.9)

x) Lipys <2 and Lipy I < 2. Moreover, ¥, maps bijectively B j onto Bj,

with wg|33j = Id|3Bj and V,(pj) = p; forall j, and ¥ is equal to the
identity outside the union of the balls B;.

xi) ¥ (Cj) = B(pj, pj) N (pj + Tan(M, p;)) forevery j, where Tan(M;, p;)
is the (n — 1)-dimensional tangent space to M ; at p; and p; € (r;/2,r;).

As a consequence, defining T]?T € Dy, 1(int(B;j) x )) for any j by
T;’ = (Yo < Idgn)#(T L int(Bj) x )),

we infer that T;’ belongs to cart™! (int(B ) x )) and its corresponding function

u;’ = ury € BV (int(B;), )) is given by

uf = (ur 0 Yy )jinus)) -
Moreover, we clearly have
Wiers = Vo#(ieT L int(B;)) .

Step 2: Approximation on the balls B;. We now apply for every j a “dipole con-
struction” to approximate almost all the Jump-concentration part of T;’. Set

x=G x) e R xR,
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Without loss of generality we may and will assume that
szﬁl;e, B(pj,pj) = B!, O0<r <R,
where B)' := B"(0,r), sothat R =r; and r = p;, and
B(pj, pj)N(pj+Tan(M;, pj)) =D, x{0} CR"'xR, D, := B" ' (Oga1,7).

Let y(X) := (r — |X|) denote the distance of X from the boundary of the (n — 1)-
disk D,. For § > 0 small, let

¢s(x) == (X, s(y(X))xn) , x € Dp x [—1, 1], ¢s(y) := min{y, 6} .

Let Q5 := ¢5(D; x [—1, 1]) be the “neighborhood” of D, x {0} in B} given by

Qs ={(x,x0) | X €Dy, p=es(y(X)},

where p := |x,|, and let

Qs := ¢s(Dy x [—1/2,1/2]) = (X, x,) | T € Dy, p < 95(y(X))/2}.

Also, set
Qo) := Qs \ (Dr x {0}).

Let U}T : (95\523) — ) be given by v;.’(x) = u‘}oxp;’(x),where lp;’ : Qa\?z,; —
Q(5) 1s the bijective map

W}T(f’ Xp) = (3\57 (2 - %f;’))) xn) .

Since we have
Vo7 ()] < cIVuG (R, 2 = os(y(X)/p) x)| - (1 + @5 (y(X))/p) ,
and @s(y(X))/p €]1/2, 1], we infer that v? € BV (25 \ 55, Y), with
/ _ IVufldx Scf |Vu‘;|dx. (5.10)
Q5\ Qs Qs

Moreover, the current
TS = ()" s ldpn)p(T7 L (int(R.5)) x V)

belongs to cart! ! (int($2s \ 55) x ), its underlying BV -function is v;.’, and T;
satisfies _
Moo (int($25 \ £25)) < pye,7e (I(L(r.5)))



532 MARIANO GIAQUINTA AND DOMENICO MUCCI

so that by (5.6) we have
e (nt(Qs \ ) < copre (BY). (5.11)

We now define w? : (25 \ Qs) — RV by

o 210 o 2p +
i =l ——=—1) V7, x, 2— ——F -z,
Wy ) ((ps(y(X)) ) v o6 x ”( ¢5<y<x>>> %

where =+ is the sign of x;, and zjﬁ are the one-sided approximate limits of u‘; at
the point 0 € Juz]z, so that

lim p”[ lul(x) —zT|dx =0,
B/:,E J J

p—0F

if p; belongs to the jump set of u?, and they agree with the Lebesgue value of u‘;
at p;, otherwise.
Ifr—8<|xX|<rand (r —|X|)/2 < p < (r —|X]), then

c

IVw?|(x) < 05 () = 27| + ¢ [VoS ()],

r— x|
whereas if |X] <r — 38 and §/2 < p < 8, we estimate

Vw?|(0) < < 07 () — 2F] +¢ | VoI ()]

JIK) =< 1Y; % j

Moreover, by (5.8) and the Poincaré inequality we infer that the oscillation of u‘;
on the upper and lower half-balls ‘

BE :={x e B" | +x, > 0}
is smaller than ¢ o, so that
o + ~
”vj (x) — Z; ”oQ’QS\QS =co.

As a consequence, on account of (5.10) we obtain

A

/ _ IVwTldx _caﬁ"(Qs\ﬁa)‘i‘C/ . [Vfldx
2:\&s 2\ % (5.12)
caﬁ"(Qs\Ezs)‘FC/ |Vu7|dx

Qs

IA

which is small if § and o are small, by the absolute continuity. Also, since the
oscillation of w(/.’ is smaller than c o, by projecting w‘i7 into the manifold ), see
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Remark 1.9, we may and will assume that w}’ is a function in BV (25 \ 55, Y).
We finally observe that

wi & +os(y(®)/2) =z;  VXeD;.
Now, by means of the vertical part of the current 7(;, we may and do define a
current i" € cart"! (int(Q2s \ 55) x ), with underlying BV -function wj.’, such

that
Moy, o (int(S25\ ©25)) < ¢ pt 7o (int(825\ £25))

and TJ‘.T satisfies the boundary condition
OTY = 9Ty LaQs x Y+ 1[99 N BF 1 x 6.+ —[0Qs N B 1 x5 .
J J

In particular, by (5.11) and (5.12), taking § small, we infer that f;’ satisfies the
energy estimate

51,1(?}47, int(Qs \ Q5) x V) = /|Vw‘]7|dx + e o (int(Q2s \ )

25\ 82
<cor 4 Copjers (B").

Due to the property vi) above, setting

TP :=T7 +T7 L (By\ Q) x V.

we infer that T"Jf’ belongs to cart!-! ((Bg \Qg) x )), satisfies the boundary condition

0T? = dT? LOBY x Y —[aD, x {0}] x T;

J i A
J j
and the energy estimate
51,1(7\";’, (B \ 53) x)) < / IVujldx
By (5.14)

+cor" 4 COopyeTs (B").
To extend i"\;’ to a current in cart!!(int(B i) X ), we notice that JC(T;’) =

Yo (Jo(T) Nint(B;)). Moreover, if y; € I'r(p;) satisfies (1.7), of course y;
belongs to I“T/q (pj) and satisfies

L(yj) = Lre(pj) = L1 (p))
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and y;#[[ (0, 1) ] = I';, see property vi). We define v;’ Qs — Y by setting

V7 (x) = y,-(l + "—N) . X¥eD,. p<es(y())2.
J 2 os(y(®) =

where the orientation of y; is chosen in such a way that y;(0) =z j and yp(1) =
zj, sothat 8 y; ]| = 8+ — 6,-. Since

vI(x) = oy N(x),  x€ps(Dy x[=1/2,1/2]),

where v : D, x [—1/2,1/2] — Y is given by v(X, 1) := y;(1/2 + 1), we readily
estimate

A

[ 1515 = 267 D) +e £ D\ D)
Qs (5.15)
<or" '+ LDy - Lo (p))

if § > 0 is small. Setting now
F(0) . o
T, =T; +Gv;r,

where Gv;r is the current integration over the graph of v‘i’, the above construction
and the boundary condition (5.13) yield that T ,.(U) has no boundary in int(B;) x J,

so that Tj(a) belongs to cart!! (int(B;) x ). Moreover, by (5.14) and (5.15), on
account of the property vi) above, we obtain that

E1(T,int(B)) x ) < E1(T7, By x V)

+co ] —|—C(T//L]C’TJ{T(B;1). (5.16)
We finally notice that TJKG) agrees with TJf’ outside Q5 x ).
Step 3: Flat distance. We now show that for § small enough
F(T\ LBy xY—T7 LBy xY) <c o R (5.17)

In fact, by the property vii) above the blow-up current
Si(w):= lim nouT? (@), weZ" (BLx))
A—>0t Y

is well-defined, and by property vi) it satisfies

Si=0BfIx8++[Bgllx8-+[D1xT;,
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where 0I'j = §,+ — 8,-. On the other hand, (5.7) yields that
F(S;LByxY—T/ LBy xY)<c-o R"". (5.18)
Also, by the definition of v;‘ we infer that for § > 0 small

F(§]L§8X‘)}_GU7|—§3XJ})§CO’}"n_l

Moreover, the BV -energy of fj(o) on (25 \525) x Y is small if § is small, whereas
fj(”) agrees with T;’ outside 25 x ). By (5.18) we then obtain

F(S;L(BR\ Q) x Y =T\ L(BR\ Q) x V) <c o - R"
and finally (5.17), as r € (R/2, R).
Step 4: Approximation on the whole domain. Setting now
T(7 = (Y, ' o< ldgn)s(T7) L int(B)) x V),

by (5.16), since r = p; € (rj/2, r;), we infer that for every j
51,1(T]F0),int(3j)xy) S/B |Vur|dx+(1+co) wier(Bj)+eor;"~ ', (5.19)
j
whereas by (5.17), since R = r;, we obtain that
F(T,” L int(B)) x Y = TLint(Bj) x V) <c-o-r;" " (5.20)
Let now 77 € cart"!(B" x ))) be given by

T° -— ;TJ_(U) +TL (B" \ U int(Bj)) x V.

J Jj=1

By (5.19) and (5.5) we obtain that

E(T?7, B" x ) S/ \Vur|dx + (14 co) py. 7(B") +coH'"'(J),

n

sothatif o =o(e, k, J, je ) > 0 is small, we have

E1L1(T°, B xY) <& 1(T, B" x V) + .
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Moreover, by (5.4) and (5.6), taking o small, the above construction yields that

o.¢]
pieo(B") < ¢ pjer(Bi\Cj)+ e r(B"\J)
j=1

IA

1 1
co pye,r(B") + I wie,T(B") < 3 wie,T(B").

Finally, by (5.20) we have

o0
F(I7 —T) < Y F(I;” L int(B)) x Y = TL int(B)) x )
=1
J -
< c-oer"_l <&k
j=1
if o = o(e,k) > 0 is small. Since Durs has no Cantor part, the proof is
complete. U

6. The total variation of BV-functions
Extending the classical notion of total variation of vector-valued maps, to every

map u € BV(B",))) we associate in a natural way its fotal variation, essentially
in the sense of Jordan, given for every Borel set B C B" by

Erv(u, B) :=/|Vu<x>|dx+|DCu|<B)+ H @) dH (x).  (6.1)
B JuNB

Here, for any x € J,, we let H'(1,) denote the length of a geodesic arc I, in Y
with initial and final points #~(x) and u ™ (x). Moreover we set

Erv(u) :==Ery(u, B").

Note that if u is smooth, at least in W“(B”, Y), then
Erv(u, B) =&11(u, B) := / |Du|dx .
B

Moreover, clearly for every u € BV (B",))) we have
|Du|(B) < Ervy(u, B).

Lower semicontinuity. In a way similar to Theorems 1.7 and 2.12, it is not difficult
to prove in any dimension n the following:
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Proposition 6.1. Ler u € BV (B", )). For every sequence of smooth maps {uy} C
CI(B", Y) such that up — u weakly in the BV -sense, we have

Ervu) < l}cminfé'rv(uk) :

The previous definition is motivated by the 1-dimensional case, n = 1. In fact,
similarly to Theorem 1.8, we can prove the following:

Theorem 6.2. For every u € BV (B',)) there exists a sequence of smooth maps
{ury € C®(B',Y) such that up — u weakly in the BV -sense and Ervy (ur) —
Ervu) as k — oo.

Density results for Sobolev maps. If n > 2, we denote by R{°(B",))) the set of

all the maps u € WL (B",Y) which are smooth except on a singular set X (u) of
the type

sw=J=. reN,
i=1

where %; is a smooth (n — 2)-dimensional subset of B" with smooth boundary, if
n >3, and X; is a point if n = 2. The following density results appear in [5].

Theorem 6.3. The class R{°(B",))) is strongly dense in whi(Bm, V).

Theorem 6.4. The class C'(B",)) is dense in R{°(B",)) in the strong whi
topology if and only if 7(Y) = 0.

Using arguments from the proof of Theorem 2.13, it is not difficult to extend
Theorem 6.3 to maps in BV (B", )), by proving:

Theorem 6.5. For every u € BV (B",)) there exists a sequence of maps {u} C
R{°(B",Y) such that uy — u as k — oo weakly in the BV -sense and

lim | |Dug|dx = Ery(u, BY). 6.2)

k—o0 Jpn
As a consequence, by using Theorem 6.4 we immediately obtain:

Corollary 6.6. Suppose that 71())) = 0. For every u € BV (B",)) there exists
a sequence of smooth maps {uy} C CY(B",Y) such that uy — u as k — oo
weakly in the BV -sense and (6.2) holds true.

Currents carried by BV-functions. Following Section 2, the structure of a func-
tion u in BV (B",))) suggests to associate to u a suitable current G = T, €
BV -graph(B" x }))), see Definition 2.1, where the function u(7,) € BV(B",))
is equal to u and the y,’s in the definition of the jump part GL{ agree for every
x € J, with an oriented geodesic arc [, in ) with initial and final points respec-
tively given by u~(x) and u™"(x), so that [/, ] = Su+(x) — Su-(x)- We notice
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that the definition of 7, depends on the choice of the geodesics /. In particular,
if u e whi(B",), clearly 7, = T,/ and hence T, agrees with the current G,
integration of forms in D! (B" x ))) over the rectifiable graph of u, see (2.1).
Now, Definition 2.5 yields that the parametric variational integral 7, associated
to the total variation integral is such that for every Borel set B C B"

Fia(T,, B x)Y)=Erv(u, B) Yue BV(B",)).

Moreover, arguing as in the proof of Theorem 2.13, we readily extend Theorems 6.2
and 6.5 by proving in any dimension n > 2

Theorem 6.7. For every u € BV (B",)) we find the existence of a sequence of
maps {ur} C RY°(B",Y) such that ux — u weakly in the BV -sense, G, — T,
weakly in Z, 1(B" x V) and

lim |Duy|dx = Ery (u, B").

k—o00 Jgn

Remark 6.8. If n > 2 in general the current 7, has a non zero boundary in B" x
Y, compare Remark 2.2. However, as shown by Proposition 6.9 below, a7, is null
on every (n — 1)-form @ in B" x ) which has no “vertical” differentials. To this
purpose, following Proposition 2.3, any smooth (n — 1)-form @ € D"~ 1(B" x )))
with no vertical differentials can be written as @ := wy, A n for some n € C3°())
and ¢ = (¢!, ..., ¢") € Cgo(B", R"), where w, is given by (2.5). Since dy® =
dwy A n = dive(x) n(y) dx, by Definition 2.1 we have

Ty () = T,(dy@) = T,(div p(x)n(y)dx)
= / divp(x) - n(u(x))dx .
Bn
We now show that 9,7, (@) = —d, T, (@), which yields the assertion.

Proposition 6.9. We have

Ay Tu(wy A1) == Ty (dy(wy A 1))
= — /B dive(x) - n(u(x))dx =: (D(nou), ¢).

Proof. Since

dy(wy A1) = (=D)L, Adyn
=Y D (=" (1) —(y) dx’ Ady’
ay/

j=1i=1
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taking ¢ij = ¢! 1,y; n(2.2), by the definition of 7, we infer

(1" Ty A dyn) = Z / o ) (Vi ()., ) i

/ —(u(x))w(x)dDCuf

+/m@W+QD—HW_@»Wva@»dH”4.

u

Therefore, by the chain rule formula for the distributional derivative of 7 o u, com-
pare [2], we obtain the assertion, as

Ty (dy(wy A M) = (=1)"" Tu(wy Adym) = (D(nou), @) . O

Remark 6.10. If G is any current in BV -graph(B" x ))) with corresponding
function u(G) € BV (B",)) equal to u, see Definition 2.1, arguing as in Proposi-
tion 6.9 we obtain again that

0xG(wy A1) = —0,G(wy A1) = /B" divp(x) - n(u(x))dx .

Example 6.11. Of course, compare Section 2, every Cartesian current 7 in
cart"!(B" x ) may be decomposed as

T=T,+Sr on Z"YB"x)), (6.3)

where u = ur € BV (B",))) is the BV -function corresponding to T and T, €
BV -graph(B" x )Y) is defined as above, by means of geodesic arcs connecting
u~(x) and ut(x) atthe points x in the jump set J,. However, even in dimension
n = 1 and in the particular case ) = S', the unit sphere, in general it may happen
that the BV -energy of T cannot be recovered by the sum of the BV -energies of its
component 7, and S7 in (6.3). If ) = S!, in fact, we have St.sing = 0, L.e., the
equivalence classes of elements in cart'!(B" x S') have a unique representative,
and the energies &1 1(T) and Fj ((T) are equal, i.e., no gap phenomenon occurs.
Consider the current 79 € cart"! (B! x S!) given by

O =T (=101 x8p + [0, 1) x8p, +80 X s » 6 €10,2n],

where Py = (cos6,sinf) and yy is the simple arc in S! connecting the points
Pp and Py in the counterclockwise sense. If 7 < 6 < 27 we clearly have

Ty =M (=101 x38p + 1O, )] x3p +3dx ¥,
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where 7 is the simple arcin S' connecting the points Py and Py in the clockwise
sense, so that we may decompose T ¥ asin (6.3) with St = 8¢ x [ S J. Since

Fiil) =H'Gp) =27 -6,  Fi11(S7) =27,

we infer that the sum of the energies F1 1(T,)+F1,1(S7) is greater than the energy
of Te, as clearly
ET) = Fi(r?) =H'(vp) = 0.

7. The relaxed BV-energy of functions

In this section we analyze the lower semicontinuous envelope of the total variation,
defined for every function u € BV (B",)) by

Ery(u) == inf{ liminf/ |Dug|dx | {ux} C C'(B",)),
k—o0 Jpn
up — u weakly in the BV-sense} .
Remark 7.1. Of course one may equivalently require that u; — u strongly in
LY(B",RV).

We first recall the following facts.
Definition 7.2. Forevery k =2,...,n and I" € D,,_;(B"), we denote by

m; pn(T') ;= inf(M(L) | L € Ry—x+1(B"), (@L)LB" =T}
the integral mass of I" and by
my pn (D) :=inf(M(D) | D € Dy_j+1(B"), (dD)L B" =T}

the real mass of I'. Moreover, in case m; pn(I') < oo, we say that an integer
multiplicity rectifiable current L € R, —;4+1(B") is an integral minimal connection
of ' if QL)L B" =T and M(L) = m; p»(I').

We also recall that by Federer’s theorem [10], and by Hardt-Pitts’ result [18],
respectively, in the cases k = n and k = 2 we have that

mi gn(T) = my, (). (7.1)

Vertical homology classes. Let u € W"!(B",)) and let G, be the current
integration of forms in D" (B" x V) over the rectifiable graph of u, see (2.1).
We have that 3G, (») = 0 if @ € D""M1(B" x V) with o =0 or dyw = 0.
Setting

BPY(B" x V) i={w e D"'(B" x V) | e D" M0 (B" x V) : 0V =dyn}
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and
ZPY(B" x Y)

Br-Y(B" x Y)’
then dG, = 0 on B L1(B" x ))) and 0y,0G, = 0, whence G, (w) depends

only on the cohomology class of € Z"~11(B" x ))). As a consequence 9G,
induces a functional (3G,), on H"~1(B" x ) given by

HP Y (B x ) =

@G )@+ B =G, (0+B"")=0G,(0), wez"",
compare [14], Vol. II, Section 5.4.1. Therefore, since
HPH(B" x V) = DPH(B") @ Hyr (),
the homology map (dG,), is uniquely represented as an element of D, _,(B";

H;(V; R)). More explicitly, if ¢ € D"~%(B"), we have [(3G,).(¢)] € H;(V; R)
andfor s =1,...,5

(3G )«(@), [@°]) = 3G, ("p AT W),

(,) denoting the de Rham duality between H;();R) and H 6} x(Q): in general
(0G )« is non-trivial.

Singularities of Sobolev maps. Following [14], Vol. II, Section 5.4.2, we now set
P(u) := (0G,)« € Dn—Z(Bn; Hi(Y; R))
and foreach w € [w] € HL}R () we define the current P(u;w) := —m4((0G, ) LT w) €

D,,_»(B™), so that

P(u; 0)(¢) = -G, (7w A ) = G, (7 0w A ntde) = f o ndg

n

for every ¢ € D""2(B"). We also define for every w € Z!())) the current
D(u; o) := 74(G, L T w) € D,_1(B"), so that

D@ w)(y) = Gu(@ o A ty) = / o ny vy e D" L(BY).
Bn

The following facts hold:

@G fors=1,...,5

P(u; 0”)(@) = (Pw)(#), [']) ,

i.e., P(u; »*) does not depend on the representative in the cohomology class
[@];
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5
(i) dP(u) =0 and P(u) = Z P(u; @*) ® [ys], hence it does not depend on the
s=1

choice of y1,..., ¥5;

(iii) 0 D(u; w)(¢p) = (P(u)(¢), [@]) and hence 9 D(u; @°) L B" = P(u; »*) for
each representative @° in [@®].

We can therefore set
Ds(u):=D(u; 0°), Psu):=Pu;o’)=0Dswm)_B", s=1,...,5. (7.2)
Notice that if T € cart"!(B" x )) satisfies

s
T=G,+Sr, Sr=) L(T)xy, on Z"'(B"x)),
s=1

where u = ur € WhHY(B", ) and L(T) € R,_1(B"), since
(—1D)"20G, 7T ' Antp) = 0G, (7t p A TF0') = —3Sr (P A THW)
= —0Ls(T)(9),
we infer that
Ps(u) = (=" 9 Ls(T)L_ B" Vs=1,...,5. (7.3)
Finally, we clearly have P(u) = O if u is smooth, say Lipschitz, or at least in

Wl,Z(Bn’ y)

Results. In the sequel we shall assume that the first homotopy group w1 ()) is
commutative. Moreover, we denote by

To :={T € cart" ' (B", V) | ur = u} (7.4)

the class of Cartesian currents 7 in cart'-!(B" x ))) such that the underlying BV -
function ur is equal to u, compare Definition 2.11 and Remark 2.7. We first prove

Theorem 7.3. For every u € BV (B",)) we have g;:/(u) < o0.

From the results of the previous sections we then obtain the following repre-
sentation result.

Theorem 7.4. For any u € BV(B",)) we have
Ervw) = infl& (1) | T € T}

— ¢ n
_ /Bn|Vu(x)|dx+|D u|(B") (7.5)

+inf{/ Lrx)dH"'x) | T eTu} ,
Jo(T)

where Ty, J.(T), and Ly (x) are given by (7.4), (2.12), and Definition 2.9, re-
spectively.



THE BV-ENERGY OF MAPS INTO A MANIFOLD 543

Proof of Theorem 7.3. We observe that it suffices to show that the class 7, is
non-empty, see (7.4). In this case, in fact, if 7 € 7, by Theorem 2.13 we find a
smooth sequence {uy} C CY(B",)) such that G,, — T weaklyin Z, 1(B" x))
and |[Dug|p1 — &E11(T) as k — oofidthis yields also that uy — ur weakly in the
BV-sense, where ur = u, whence Ery (1) < oo.

Now let us prove that 7,, is non-empty. We first notice that, since ) is smooth
and compact, there exists an absolute constant C > 0, depending on ), such that

Erv(u, B") < C|Du|(B") < cc.

Let {ux} be the approximating sequence given by Theorem 6.7. Since u; €
RfO(B”, Y), the real mass of the singularities is bounded by the L'-norm of Duy.
More precisely, there exists an absolute constant C > 0 such that

mr,B"(Ps(”k))EC/ |[Duy|dx Vs=1,...,5,

n

see Definition 7.2. In fact, we have

M(Ds (i) = sup{ /B A (') [ e DB gl < 1}

C/ |Duy|dx ,
Bl’l

IA

see Proposition 7.6 below for the case ) = § 1 5o that the assertion follows from
(7.2). Therefore, since by Hardt-Pitts’ result (7.1) we have

m; gn (Ps(ur)) = my pn(Ps(ui)) ,

we find for every s an integer multiplicity rectifiable current ]L]S‘ € R,—1(B") such
that

Py = (<1 OLYHLB"  and  M(LY) < C / \Duldx,  (16)

n

compare (7.3). As a consequence, letting

5
Ty == Gy, + ZLIS( XVs
s=1
we readily find that Ty € D, 1(B" x )) has no interior boundary
3T =0 on Z" LI(B"x )
and finite BV -energy
5
£ = [ 1Dwldx -+ CO) Y MAY) M) < oc
BII

s=1
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for some absolute constant C()/) > 0. In conclusion, by (7.6) we obtain a sequence
{Ti} C cart!-1(B" x ) with equibounded energies

sup&1.1(Ty) < supC/ |[Duy|dx < CEry(u, B") < oo,
k k Bn

where C > 0 is an absolute constant. Therefore, by compactness, Proposition 2.18,
possibly passing to a subsequence we find that 7y — 7 weakly in Z, 1(B" x )
to some T € cart"!(B" x ) satisfying

gl,l(T) < liminfSl,l(Tk) < 0
k—o00

by lower semicontinuity, Proposition 2.16. In particular, since u; — u weakly in
the BV-sense, we find that the underlying BV -function u7 = u and hence that
T e7T,. O

Proof of Theorem 7.4. Let {u;} C C'(B",)) be a sequence of smooth maps
with equibounded energies, supy || Dukll;1 < oo, weakly converging to u in the
BV -sense, see Theorem 7.3. By compactness, Proposition 2.18, possibly passing
to a subsequence we find that G,, — T weakly in Z, 1(B" x )) tosome T €
cart! 1(B" x ) satisfying ur = u, i.e. T € Ty, see (7.4). Since by lower
semicontinuity, Proposition 2.16,

51y1(T) < liminf/ |Duk|dx,
k—o0 Jpn

we readily conclude that
inf(€11(T) | T € To) < Ervw).

To prove the opposite inequality, by applying Theorem 2.13, for every T € 7,
we find a smooth sequence {u;} C C'(B",)) such that G,, — T weakly in
Z,1(B" xY) and ||Dug|;1 — &1.1(T) as k — oo. Since the weak convergence
Gy —T yieflgs the convergence u; — ur weakly in the BV -sense, and ur = u,
we find that Ery (u) < &£;,1(T), which proves the first equality in (7.5). The second
equality in (7.5) follows from the definition of BV -energy, Definition 2.10. O

The above results simplify if we specify them to u € W'!'(B",)) and/or
Y = S§!, recovering this way previous results, compare e.g. [13], [8], and [19].

The relaxed W !-energy. The relaxed energy of u € W1(B",)) is of course
given by

E1.1(u) :=inf l}cminf |Dug| dx|{ux}C CY(B",Y), up— u strongly in L'(B",RV)1,
—00
Bn

see Remark 7.1. In this case, Theorem 7.4 reads as:
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Corollary 7.5. For any u € WY1 (B",Y) we have gl\jl(u) < o00. Every T € T,
has the form

T=G,+ Y LygxC; on Z"'(B"x)),
qeH (V)

—
where Ly =1(Ly, 1, L) is an integer multiplicity rectifiable current in R, —1(B")
and C,4 € Z\()) is an integral 1-cycle in the homology class q, and its BV -energy
is given by

511(7"):/ |Du|dx + Z / Lr(x)dH"™ 1()

qeH ()

where, for x € Ly, we have Lr(x) :=inf{L(y) |y € Ty(x)} and
[y(x) :=={y € Lip([0, I, V) | y(O) =y (D) = ulx), [0, DI e€q}.

The relaxed energy is given by

Efl(u):/ |Du(x)|dx+inf{ / Lrx)dH" ') | T eT,
Bn

qeH (V)

The case Y = S!. Further simplification arises if we assume ) = § ! In this case,
in fact, St sing = 0, i.e. the equivalence classes of elements in carth1(B" x S1)
have a unique representative, and the energies &1, 1(T) and F ((T) are equal, i.e.,
no gap phenomenon occurs. Moreover, if x belongs to the jump-concentration set
J(T), the 1-dimensional restriction has the form

(T {x} xS =0y T1+q05'1,

where q € 7Z and [y, ] is the current associated to a suitably oriented simple arc
ye in S! connectmg the points w4 (x) and uT(x) where ur 1is the function in

BV (B", S') associated to T, and y, = 0 if x ¢ Jur. Consequently, in (7.5) we
have
Lrx)=H' () + 27 q|

and hence in cart’!(B" x S') the BV-energy agrees with the energy obtained in
[13], compare Theorem 1 of [14, Vol. II, Section 6.2.3].

The singular set. If u € whl(r, sh, its singular set is the current P(u) €
Dn—2(B™) given by

_ # N #
P@)(@) = =3 0Cu(rog Ax'e) = | ey Ade  (17)

for every ¢ € D"~2(B"), where

wg1 = yla'y2 — yzdy1
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is the volume 1-form in S' ¢ R2. Therefore, P(x) is the boundary of the current
D(u) € D,_1(B") defined for any y € D"~ (B") by

] # # ! #
D(u)(y) = EGu(n wgt ATTY) = T Bnu w1 AY .

Proposition 7.6. For every u € WH1(B", S') we have

M(D(w)) < Lf |Du|dx .
27T B

Proof. By the definition of mass we clearly infer

27 M(D()) < / lu*wgi | dx .

n

#

Moreover, since u*wg = u'du® — u?du', we estimate

n n
# 2 1.2 21,2 1 2 1 2 \2
lfwgl® <Yt el —uwPul P <> (et ud |+ | )
i=1 i=1

Observe now that for any a,b > 0 and A, u > 0 with A2 4+ > =1

ra+ub <va*+b?.

Since |u(x)| = 1, this yields (ju'||u | + |u'||u2 )* < |Dyul* and hence the
assertion. O

We now recover the following estimates about the relaxed energy, compare [8]
and [19].

Proposition 7.7. For every u € whL(B", S1) we have
Ea) <2&.w),  where &)= / |Du| dx . (7.8)
Bl’l

Moreover, for every u € BV (B", Sl) we have
Ervu) <2&ry(u), (7.9)
where Epy (1) is the total variation of u, given by (6.1).

Proof. Letue W(B" S'). Proposition 7.6 yields that the real mass my pn(P(u)) <
&1.1(u, B™) /27 and hence, on account of Hardt-Pitts’ result (7.1), the integral mass

1
m; pn(P(u)) < - Eri(u),
JT
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see Definition 7.2. As a consequence, since for every ¢ > 0 we find a current
T € 7T, such that

T=G,+Lx[S']T and & (T)=E1(u)+2r M(L),

where L € R,_1(B") satisfies M(L) < m; p»(P(u)) + ¢, taking into account
Theorem 7.4 we obtain (7.8).

In the more general case u € BV (B", S'), Theorem 6.7 yields the existence
of a sequence {u;} C whl(B", §1) such that uy — u weakly in the BV -sense

and &1 1(ux) — Erv(u). Also, for every k we find a smooth sequence {uﬁlk)}h C

cl(B", sh converging to uj strongly in L' and such that Slyl(u;lk)) — é;(uk)
+1/k as h — oo. Finally, by (7.8) and by a diagonal argument we readily obtain
(7.9). O

Remark 7.8. As in [20], since 71())) is commutative, if u € R‘fo(B”, Y), for
every s = 1,...,s we may find an integral current L; € R, _>(B") satisfying

(—1)"(OL)L B" = Py@)  and M(Ls>sc/ | Dul dx
Bn

for some absolute constant C > 0 independent of u. Therefore, arguing as above
it is not difficult to show that

Eliw) <CmY)-Eaw)  Yue W (B",Y), (7.10)

where C(n,)) > 0 is an absolute constant, only depending on n and ). Finally,
by Theorem 6.7 we conclude that

Ervu) <Cn,Y)-Ery)  Yue BV(BYY),

where Ery (1) is the total variation given by (6.1) and the optimal constant C(n, ))
is the same as the optimal constant for W!!-functions in (7.10).
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