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The equation −�u − λ
u

|x|2 = |∇u|p + cf(x): The optimal power

BOUMEDIENE ABDELLAOUI AND IRENEO PERAL

Abstract. We will consider the following problem

−�u − λ
u

|x |2 = |∇u|p + c f, u > 0 in �,

where � ⊂ RN is a domain such that 0 ∈ �, N ≥ 3, c > 0 and λ > 0.
The main objective of this note is to study the precise threshold p+ = p+(λ)
for which there is no very weak supersolution if p ≥ p+(λ). The optimality of
p+(λ) is also proved by showing the solvability of the Dirichlet problem when
1 ≤ p < p+(λ), for c > 0 small enough and f ≥ 0 under some hypotheses that
we will prescribe.

Mathematics Subject Classification (2000): 35D05 (primary); 35J10, 35J60,
46E30 (secondary).

1. Introduction

We consider the linear operator

Lλ( · ) ≡ −�( · ) − λ
( · )
|x |2 : W 1,2(RN ) → W −1,2(RN ), N ≥ 3 and λ > 0.

By Hardy inequality Lλ is continuous and, moreover, is positive if λ < �N =
( N−2

2 )2. We will restrict ourselves to the interval 0 < λ ≤ �N where the behavior
of Lλ is quite peculiar. To have an idea of such a behavior we refer to the papers
[11] and [13]. In [11] is proved, among others, the following result.

Let � be a bounded domain in RN with 0 ∈ �. Consider the problem

Lλ(u) = f in �, u = 0 on ∂�, (P)

with f ∈ Lm(�), 1 < m < 2N
N+2 , and λ < λm,N ≡ N (m−1)(N−2m)

m2 . Then the weak

solution u belongs to W 1,m∗
0 (�), m∗ = m N

N−m . Moreover the result is optimal.
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In particular, for general f ∈ L1(�), problem (P) has no solution (see also [2]).
Also in [11] is proved that, even if f ∈ Lm(�) with m > N

2 the solutions are
unbounded. In this sense we see that the behavior of the solution is like the classical
Laplacian case, only if λ < λm,N , that is, the summability of the solution depends
explicitly on λ.

In [13] is studied the semilinear problem

Lλ(u) = u p (SP)

and a new critical exponent is obtained. Precisely we can reformulate one of the
main results in [13] as follows:

Let 0 < λ ≤ �N . There exists q+(λ) such that equation (SP) has a nontrivial

solution in D′(Br (0)) with u p,
u

|x |2 ∈ L1(Br (0)) if and only if p ∈ (1, q+(λ)).

An explicit expression for q+(λ) is given.
In the two previous results the critical parameters are deeply related to the

values

α(±) = N − 2

2
±

√(
N − 2

2

)2

− λ, (1.1)

which are the roots of the algebraic equation α2 − (N − 2)α + λ = 0. Such roots
give the radial solutions, u(r) = c1|x |−α(+) +c2|x |−α(−) , c1, c2 ∈ R, to the equation

−�u − λ
u

|x |2 = 0.

In this paper we will consider the quasilinear problem

−�u = |∇u|p + λ
u

|x |2 + c f, x ∈ � ⊂ RN , N ≥ 3, (1.2)

where � is a domain such that 0 ∈ �. We assume that λ, c are positive real numbers
and f is a nonnegative function under some extra hypotheses that we will precise
later. According with the results in [11], the existence of a solution to the equation
(1.2) it is not clear. Therefore, the main problem under consideration in this work
is to get, for λ > 0 fixed, the optimal exponent p+(λ) in order to find a solution for
(1.2). Notice that the variational technics are not useful in the quasilinear setting,
then the difficulties are considerably bigger than in the semilinear case.

It is worthy to point out that this type of quasilinear problems appear in several
contexts. For instance the case p = 2, and in the simplest case λ = 0, problem
(1.2) is the stationary counterpart of the Kardar-Parisi-Zhang model (see [18]) and
of some flame propagation models (see [7]). Moreover, equation (1.2) can be read
as the Hamilton-Jacobi equation

|∇u|p + λ
u

|x |2 + c f = 0
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with the viscosity term given by the Laplacian.1 See for instance [21] for details
and applications of this topic.

The paper is organized as follows. In Section 2 we identify the critical expo-
nent p+(λ) and prove the nonexistence result for p ≥ p+(λ). This nonexistence
result is the strongest possible: we prove nonexistence for very weak solutions in
the sense of the Definition 2.1, i.e. just the class to give sense to distributional solu-
tions. As we will see, for all λ > 0, p+(λ) < 2, then the classical case p = 2 falls
in the nonexistence interval. We would like to point out that in [2] has been studied
the natural quadratic term related to Lλ in order to have existence.

In Section 3 we analyze the nonexistence result by proving a blow-up result of
the solutions of approximate problems. Sections 4 and 5 are devoted to the existence
results that, in particular, show the optimality of p+(λ). In Section 4 we study the
existence in the case 0 < λ < �N while in Section 5 we study the existence in the
critical case λ = �N . Finally, in Subsection 5.1 we present some open questions.

2. Nonexistence results: exponent p+(λ)

The main result in this section is to find a necessary and sufficient condition on p in
a such way that problem (1.2) has not positive supersolution in a very weak sense.
In the whole section, we use the concept of very weak (sub, super) solution which,
roughly speaking, is the more general setting for which the equation has a meaning
in distributional sense.

Definition 2.1. We say that u ∈ L1
loc(�) is a very weak super-solution (sub-solution)

to equation (1.2) if u
|x |2 ∈ L1

loc(�), |∇u|p ∈ L1
loc(�) and ∀φ ∈ C∞

0 (�) such that
φ ≥ 0, we have∫

�

(−�φ)u dx ≥ (≤)

∫
�

(
|∇u|p + λ

u

|x |2 + f

)
φ dx .

If u is a very weak super and subsolution, then we say that u is a very weak solution.

If λ > �N ≡ ( N−2
2 )2, the non-existence result of positive very weak solution

to problem (1.2) is a consequence of the optimality of �N as constant in the Hardy
inequality. See for instance [1]. Then, hereafter we will assume 0 < λ ≤ �N .
We begin by the following elementary result which gives a lower estimate of u near
the origin.

Lemma 2.2. Assume that u ≥ 0 in �, u �≡ 0, u ∈ L1
loc(�) and u

|x |2 ∈ L1
loc(�). If u

satisfies −�u − λ u
|x |2 ≥ 0 in the sense of distributions, then there exists a positive

constant C and a small ball BR(0) ⊂ � such that u(x) ≥ C |x |−α(−) in BR(0),
where α(−) is defined in (1.1).

1 As a consequence of the nonexistence results in this paper, the reader could check without
difficulty that the vanishing viscosity method by P. Lax does not produce a solution for the first
order equation.
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Proof. By using the strong maximum principle and comparison result it is not diffi-
cult to obtain that u ≥ η in a small ball Br (�). Fixed R > 0, let w ∈ W 1,2(BR(0))

be the unique positive solution to problem
−�w − λ

w

|x |2 = 0 in BR(0),

w = η on ∂ BR(0).
(2.1)

By a direct computation we obtain that w(r) = Cr−α(−) with α(−) = N−2
2 −√

( N−2
2 )2 − λ and C = η

R−α(−)
. Since u is a super-solution to problem (2.1), then

using the weak comparison principle we conclude that u ≥ w in BR(0), thus u ≥
C |x |−α(−) in BR(0) and the result follows.

We will use the following necessary condition for existence.

Lemma 2.3. Consider the equation

−�w − λ
w

|x |2 = g in �, (2.2)

with g ∈ L1
loc(�), g(x) ≥ 0 and λ ≤ �N . If (2.2) has a very weak supersolution

then |x |−α(−) g ∈ L1
loc(�) where α(−) is defined by (1.1).

Proof. Assume that w is a very weak supersolution to (2.2) then it is sufficient to
check the conclusion in balls containing the origin, BR(0). For gn ≡ Tn(g) we
solve the problem 

−�wn − λ
wn

|x |2 = gn in BR(0),

wn = 0 on ∂ BR(0).
(2.3)

Using comparison argument as in [13] we obtain: i) {wn}n∈N in nondecreasing and
ii) wn ≤ w. Consider φ the solution to problem

−�φ − λ
φ

|x |2 = 1 in BR(0),

φ = 0 on ∂ BR(0).

One can check that φ(x) � c|x |−α(−) in a neighborhood of x = 0. Then by taking
φ as a test function in problem (2.3) we conclude that∫

BR(0)

wndx =
∫

BR(0)

gnφdx ≥ C2

∫
BR(0)

gn|x |−α−dx,

then the result follows by the monotone convergence theorem .
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Remark 2.4. It is easy to check that if in problem (1.2) we replace |x |−2 by a
weight g ∈ Lm(�) with m > N

2 , then there exists 0 < λ0 such that for 0 < λ < λ0
problem (1.2) has a weak solution for suitable f . The behavior of the problem with
the Hardy singular potential is quite different.

To find the optimal exponent we search a solution in the form u(x) = A|x |−β

of the equation. Hence by a direct computation we obtain that β = 2−p
p−1 and

β p Ap−1 = β(N − β − 2) − λ.

Since the left hand side is positive, then the right hand side must be positive, but the
second member is positive if and only if

α(−) < β < α(+) where α(±) are defined by (1.1).

Since α(−) < β < α(+) is equivalent to

p−(λ) ≡ 2 + α(+)

α(+) + 1
< p <

2 + α(−)

α(−) + 1
≡ p+(λ),

hence the heuristic guess as optimal exponent seems to be p+(λ).
The main result on nonexistence in this direction is the following.

Theorem 2.5. Assume that f ≥ 0. Let p+(λ) = 2+α(−)

1+α(−)
, where α(−) is defined in

(1.1). If p ≥ p+(λ), then equation (1.2) has no positive very weak super-solution.
In the case where f ≡ 0, the unique non negative very weak super-solution is
u ≡ 0.

Proof. We divide the proof into tree steps.

First step: p > p+(λ)

Assume by contradiction that equation (1.2) has a very weak super-solution u, then
−�u − λ u

|x |2 � 0. Then there exists a positive constant C and a small ball Br (0) ⊂
RN such that u(x) ≥ C |x |−α(−) in Br (0). Let φ ∈ C∞

0 (Br (0)), therefore, using

|φ|p′
as a test function in (1.2) and by Hölder, Young inequalities we obtain that

c1λ

∫
Br (0)

u|φ|p′

|x |2 dx ≤
∫

Br (0)

|∇φ|p′
dx (2.4)

where c1 is a positive constant that is independent of u and φ. Using the lower
estimate for u in Br (0) that provides Lemma 2.2, we obtain that

c2λ

∫
Br (0)

|φ|p′

|x |2+α(−)
dx ≤

∫
Br (0)

|∇φ|p′
dx .

We recall that p > p+(λ), hence we obtain that 2 + α(−) > p′ and then we reach a

contradiction with the classical Hardy inequality for W 1,p′
0 (Br (0)). Then the result

follows.
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Second step: p = p+(λ) and λ < �N

Again we argue by contradiction. Assume that equation (1.2) has a very weak
super-solution u. As above, by Lemma 2.2 there is a positive constant c0 such that

u(x) ≥ c0

|x |α(−)
in some ball Bη(0) ⊂⊂ �, (2.5)

without loss of generality we assume that η = e−1. Using Lemma 2.3 we obtain
that ∫

Bη(0)

|∇u|p+(λ)|x |−α(−)dx < ∞ and
∫

Bη(0)

u

|x |2+α(−)
dx < ∞. (2.6)

Let w(x) = |x |−α(−) (log( 1
|x | ))

β where β is a positive small constant that we will

choose bellow. Since λ < �N , w ∈ W 1,2(Bη(0)) and then, in particular, w ∈
W 1,p+(λ)(Bη(0)). By a direct computation we obtain that

− �w − λ
w

|x |2

= β

|x |2+α(−)

(
log

(
1

|x |
))β−1

[
(N − 2 − 2α(−)) + (1 − β)

(
log

(
1

|x |
))−1

]

Notice that |∇w| = |x |−α(−)−1(α(−) log( 1
|x | ) + β(log( 1

|x | ))
β−1)), thus

|∇w|p+(λ)

(
α(−) log

(
1

|x |
)

+ β

(
log

(
1

|x |
))−1

)1−p+(λ)

= |x |−α(−)−2

(
α log

(
η

|x |
)

+ β

(
log

(
1

|x |
))−1

)
.

Since |x | ≤ e−1, by choosing β small enough, we conclude that

−�w − λ
w

|x |2 ≤ β
1
2 |∇w|p+(λ)h(x)

where h(x) =
(
α(−) log( 1

|x | )+β(log( 1
|x | ))

−1
)1−p+(λ)

, which is bounded in the ball

Bη(0). Consider u1 ≡ c1u, then

−�u1 − λ
u1

|x |2 ≥ c1−p
1 |∇u1|p+(λ).

Let c0 be a fixed constant satisfying (2.5) when η = e−1 and take c1 > 0 such that
c1c0 ≥ 1. Then for β suitable small we have

c1−p+(λ)

1 ≥ ||h||∞β
1
2 .
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Since c1c0 ≥ 1 we obtain that u1(x) ≥ w(x) for |x | = e−1 and moreover

−�u1 − λ
u1

|x |2 ≥ β
1
2 h(x)|∇u1|p+(λ).

Claim. u1 ≥ w

We call v = w − u1. By using the regularity of w and by (2.6) we obtain that
v ∈ W 1,p+(λ)(Bη(0)), v ≤ 0 on ∂ Bη(0) and

∫
Bη(0)

|v|
|x |2+α(−)

dx < ∞,

∫
Bη(0)

|∇v|p+(λ)|x |−α(−)dx < ∞. (2.7)

By a direct computation it follows that

−�v − λ
v

|x |2 ≤ p+(λ)h(x)β
1
2 |∇w|p+(λ)−2∇w∇v ≡ a(x)∇v

where the vector field a(x) = −β
1
2 p+(λ) x

|x |2 ∈ Lq(Bη(0)) for all q < N . Notice
that with the regularity of the vector field, a, we can not apply the comparison
argument used in [6]. To overcame this lack of regularity we proceed as follows.
Using Kato type inequality (see [19] and the extension in [14]) we get,

−�v+ −λ
v+
|x |2 + p+(λ)β

1
2

〈
x

|x |2 , ∇v+
〉

≤ 0 and
∫

Bη(0)

|∇v+|p+|x |−α(−)dx < ∞,

and since α(−)

p+(λ)
< N−2

2 , then by Hardy-Sobolev inequality applied to v+ we obtain

∫
Bη(0)

v
p+(λ)
+

|x |p+(λ)+α(−)
dx < ∞. (2.8)

Define γ = β
1
2 p+(λ)

2 and consider the weight |x |−2γ . Then for suitable β, 2γ <

N − 2 and hence |x |−2γ is an admissible weight in order to have Caffarelli-Kohn-
Nirenberg inequalities (see [15]). Thus there results that2

− div(|x |−2γ ∇v+) − λ
v+

|x |2(γ+1)

= |x |−2γ

(
−�v+ + p+(λ)

〈
x

|x |2 , ∇v+
〉
− λ

v+
|x |2

)
≤ 0.

(2.9)

2 A detailed study of these equations related to the Caffarelli-Kohn-Nirenberg inequalities can be
seen in [3] and the references therein.
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Moreover, there exits σ1 > 2 + α(−), depending only on N and λ such that∫
Bη(0)

v+
|x |σ1

dx < ∞. (2.10)

Indeed,∫
Bη(0)

v+
|x |σ1

dx =
∫

Bη(0)

v+

|x |
p+(λ)+α(−)

p+(λ)

1

|x |σ1− p+(λ)+α(−)
p+(λ)

dx

≤
(∫

Bη(0)

v
p+(λ)
+

|x |p+(λ)+α(−)
dx

) 1
p+(λ)


∫

Bη(0)

1

|x |p′+(σ1− p+(λ)+α(−)
p+(λ)

)

dx




1
p′+

.

Denote θ(σ1) = p′+(σ1 − p+(λ)+α(−)

p+(λ)
). Since p+(λ) = 2+α(−)

1+α(−)
, then p′+ = 2 + α(−),

the conjugate of p+(λ), hence there result that θ(σ1) = (2 + α(−))(σ1 − 1) −
α(−)(1 + α(−)). By a direct computation we get θ(2 + α(−)) = 2(1 + α(−)) =
N − 2

√
�N − λ < N , then there exists σ1 > 2 + α(−) such that θ(σ1) < N and

then
∫

Bη(0)
|x |−(p′+(σ1− p+(λ)+α(−)

p+(λ)
))

dx < ∞. Thus (2.10) holds.
The idea should be to use ϕ, the solution to problem

−div(|x |−2γ ∇ϕ) − λ
ϕ

|x |2(γ+1)
= 1

|x |2(γ+1)
in Bη(0),

ϕ = 0 on ∂ Bη(0),

as a test function in (2.9). A direct calculation shows that

ϕ(x) = 1

|x |a − 1

ηa
where a = N − 2(γ + 1)

2
−

√(
N − 2(γ + 1)

2

)2

− λ,

that has not the required regularity to be used directly as a test function in (2.9).
Therefore, we consider the approximating sequence,

ϕn(x) = 1

(|x | + 1
n )a

− 1

(η + 1
n )a

,

then ϕn ∈ C1(Bη(0)), ϕn = 0 on ∂ Bη(0),

∇ϕn(x) = − a

(|x | + 1
n )a+1

x

|x | and − div(|x |−2γ ∇ϕn))

= |x |−2γ

(
a(N − 1 − 2γ )

|x |(|x | + 1
n )a+1

− a(a + 1)

(|x | + 1
n )a+2

)
.
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Notice that∫
Bη(0))

|x |−2γ |∇v+||∇ϕn|dx < ∞ and
∫

Bη(0))

v+ ϕn

|x |2(γ+1)
dx < ∞,

then choosing ϕn as a test function in (2.9) we obtain that∫
Bη(0))

v(−div(|x |−2γ ∇ϕn))dx − λ

∫
Bη(0))

v+ϕn

|x |2(γ+1)
dx ≤ 0. (2.11)

By the definition of wn we have,

v+ϕn

|x |2(γ+1)
≤ v+

|x |a+2(γ+1)
+ 2

ηa

v+
|x |2(γ+1)

.

Since a + 2(γ + 1) → 2 + α(−) as γ → 0, then by choosing β small we find γ

small such that a + 2(γ + 1) < σ1. Hence v+ϕn
|x |2(γ+1) ≤ C v+

|x |σ1 . Then by definition of
σ1 and using the dominated convergence theorem, we easily prove that∫

Bη(0))

v+ϕn

|x |2(γ+1)
dx →

∫
Bη(0))

v+
|x |a+2(γ+1)

dx− 1

ηa

∫
Bη(0))

v+
|x |2(γ+1)

dx as n → ∞.

We deal now with the first term in (2.11),∣∣∣v+div(|x |−2γ ∇ϕn)

∣∣∣ =
∣∣∣∣∣
(

a(N − 1 − 2γ )v+
|x |1+2γ (|x | + 1

n )a+1
− a(a + 1)v+

|x |2γ (|x | + 1
n )a+2

)∣∣∣∣∣
≤ a(N − 1 − 2γ )v+

|x |1+2γ (|x | + 1
n )a+1

+ a(a + 1)v+
|x |2γ (|x | + 1

n )a+2
.

As above it is not difficult to see that
a(N − 1 − 2γ )v+

|x |1+2γ (|x | + 1
n )a+1

+ a(a + 1)v+
|x |2γ (|x | + 1

n )a+2
≤ a(N + a − 2γ )v+

|x |σ1

and then by the dominated convergence theorem we obtain∫
Bη(0))

v+div(|x |−2γ ∇ϕn)dx →
∫

Bη(0))

a(N − a − 2(γ + 1))v+
|x |2(1+γ )+a

dx as n → ∞.

Hence passing to the limit in (2.11) and taking into account that a(N − a − 2(γ +
1)) − λ = 0, there result that∫

Bη(0))

v(−div(|x |−2γ ∇ϕn))dx − λ

∫
Bη(0))

v+ϕn

|x |2(γ+1)
dx →

→ 1

ηa

∫
Bη(0))

v+
|x |2(1+γ )

dx, as n → ∞,

thus, according with (2.11),
∫

Bη(0))

v+
|x |2(1+γ )

dx ≤ 0, hence v+ ≡ 0 and then u1 ≥
w.



168 BOUMEDIENE ABDELLAOUI AND IRENEO PERAL

To finish the proof in this case we use the same argument as in the first step.
More precisely for all φ ∈ C∞

0 (Br (0)), 0 < r << η we have

c1

∫
Br (0)

u1|φ|p′+

|x |2 dx ≤
∫

Br (0)

|∇φ|p′+dx (2.12)

where c1 > 0 is independent of φ. Using the result of the claim and by the fact that
p′+ = α(−) + 2 we obtain that,

c2

∫
Br (0)

|φ|p′+

|x |p′+

(
log

(
1

|x |
))β

dx ≤
∫

Br (0)

|∇φ|p′+dx

a contradiction with Hardy inequality in W
1,p′+
0 (Br (0)). Hence the result follows.

Third step: p = p+(λ) and λ = �N

Assume by contradiction that problem (1.2) has a positive very weak super-solution
u. In this case α(−) = N−2

2 and p+(λ) = N+2
N , hence by Lemma 2.2 we obtain that

u(x) ≥ c|x |−α(−) and by Lemma 2.3∫
Bη(0)

|∇u|p+(λ)|x |−α(−)dx < ∞.

We consider φ ∈ C∞
0 (Bη(0)) such that φ ≥ 0 and φ = 1 in Bη1(0), then by the

regularity of u we obtain
∫

Bη(0)
|∇(φu)|p+(λ)|x |−α(−)dx . Since α(−)

p+(λ)
= N (N−2)

2(N+2)
< N ,

we can apply Caffarelli-Kohn-Nirenberg inequalities to obtain that

C1

∫
Bη(0)

(φu)p+(λ)|x |−α(−)dx ≤
∫

Bη(0)

|∇(φu)|p+(λ)|x |−α(−)dx < ∞.

∫
Bη1 (0)

u p+(λ)|x |−α(−)dx < ∞ for some η1 < η

Therefore we conclude that u ∈ D1,p+
α(−)

(Bη1(0)), which is defined as the completion

of C∞(Bη(0)) with respect to the norm

||φ||p+(λ)

D1,p+
α(−)

=
∫

Bη1 (0)

|φ|p+(λ)|x |−α(−)dx +
∫

Bη1 (0)

|∇φ|p+(λ)|x |−α(−)dx .

It is not difficult to see that for all φ ∈ D1,p+
α(−)

(Bη(0)) we have

C2

∫
Bη1 (0)

|φ|p+(λ)

|x |α(−)+p+(λ)
dx

≤
∫

Bη1 (0)

|φ|p+(λ)|x |−α(−)dx +
∫

Bη1 (0)

|∇φ|p+(λ)|x |−α(−)dx



THE EQUATION −�u − λ
u

|x |2 = |∇u|p + c f (x): THE OPTIMAL POWER 169

where C2 > 0 is independent of φ, in particular,

∫
Bη1 (0)

u p+(λ)

|x |α(−)+p+(λ)
dx < ∞. (2.13)

Using the fact that u(x) ≥ c|x |−α(−) and since α(−) + p+(λ)+α(−) p+(λ) = N , we
reach a contradiction with (2.13). Hence the nonexistence result follows.

Remark 2.6.

1. Notice that p+(λ) < 2, for all λ ∈ (0, �N ], hence for p = 2 we easily obtain the
nonexistence result by the first step in Theorem 2.5. Moreover, p+(λ) → N+2

N if
λ → �N and p+(λ) → 2 if λ → 0. As a consequence, we find a discontinuity
with the known results for λ = 0. See, for instance, [17].

2. If 1 < p ≤ N
N−1 , then problem (1.2) has non very weak positive solution in

RN . This follows using the results in [6] and [17]. For the reader convenient we
include a proof.
We argue by contradiction. Assume that (1.2) has a positive solution u with
1 < p ≤ N

N−1 . It is not difficult to see, using the strong maximum principle,
that for any compact set K ⊂ � there exists a positive constant c(K ) such that
u ≥ c(K ). Let φ ∈ C∞

0 (�), then using |φ|p′
as a test function in (1.2) we obtain

that

p′
∫
RN

|∇u||∇φ||φ|p′−1dx ≥
∫
RN

|∇u|p|φ|p′
dx + λ

∫
RN

u

|x |2 |φ|p′
dx .

Using Young inequalities we conclude that

∫
RN

|∇φ|p′
dx ≥ c1λ

∫
RN

u

|x |2 |φ|p′
dx .

Since p′ > N , then Cap1,p′(K ) = 0 for any compact set of RN . Thus, there
exists a sequence {φn} ⊂ C∞

0 (RN ) such that φ ≥ χK and ||∇φn||L p′
(RN )

→ 0
as n → ∞. Hence by substituting in the last inequality we reach a contradiction.

3. Despite the previous remark, in bounded domains there are no restriction on p
from below. This follows by the fact that the relative q-capacity, q > N , of a
ball with respect to a concentric bigger ball is not zero. See [23], page 106.

3. Blow up result

As a consequence of the non existence result, we obtain the next blow-up behavior
for approximated problems.
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Theorem 3.1. Assume that p ≥ p+(λ). If un ∈ W 1,p
0 (�) is a solution to problem


−�un = |∇un|p + λan(x)un + α f in �,

un > 0 in �,

un = 0 on ∂�,

(3.1)

with f ≥ 0, f �= 0 and an(x) = 1
|x |2+ 1

n
, then un(x0) → ∞, ∀x0 ∈ �.

To prove Theorem 3.1, we need the following lemma that extends Lemma 5.2
in [6].

Lemma 3.2. Assume that {un} is a sequence of positive functions such that {un}
is uniformly bounded in W 1,p

loc (�) for some 1 < p ≤ 2 with un ⇀ u weakly in

W 1,p
loc (�) and that un ≤ u for all n ∈ IN . Assume that −�un ≥ 0 in D′(�) and

if p < 2, that the sequence {Tk(un)} is uniformly bounded in W 1,2
loc (�) for k fixed.

Then ∇Tk(un) → ∇Tk(u) strongly in (L2
loc(�))N .

Proof. Notice that the hypothesis on the boundedness of {Tk(un)} in W 1,2
loc (�) is

needed just when p < 2. Therefore by hypothesis we conclude that

||∇Tk(u)||L2(K ) ≤ ||∇Tk(un)||L2(K ) for all bounded regular domain K ⊂⊂ �.

Let φ ∈ C∞
0 (�) be a positive function, then since un ≤ u we get∫

�

−�un(Tk(un)φ)dx ≤
∫
�

−�un(Tk(u)φ)dx .

Notice that∫
�

−�un(Tk(un)φ)dx =
∫
�

φ|∇Tk(un)|2dx +
∫
�

Tk(un)∇φ∇undx . (3.2)

On the other hand, as un ≤ u,∫
�

−�un(Tk(u)φ)dx =
∫
�

φ∇un∇Tk(u)dx +
∫
�

Tk(u)∇φ∇undx

=
∫
�

φ∇Tk(un)∇Tk(u)dx +
∫
�

Tk(u)∇φ∇undx

≤ 1

2

∫
�

φ|∇Tk(un)|2dx + 1

2

∫
�

φ|∇Tk(u)|2dx

+
∫
�

Tk(u)∇φ∇undx
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Thus by the above computation and (3.2) there result

1

2

∫
�

φ|∇Tk(un)|2dx ≤ 1

2

∫
�

φ|∇Tk(u)|2dx +
∫
�

(Tk(u) − Tk(un))∇φ∇undx .

Hence we conclude that

lim sup
n→∞

∫
�

φ
(
|∇Tk(un)|2 − |∇Tk(u)|2

)
dx ≤ 0 for all positive test function φ.

We set wn = φTk(un) and w = φTk(u) where φ is a positive test function, then
wn ⇀ w weakly in W 1,2

loc (�). Notice that wn → w strongly in L2
loc(�). Therefore

using the above computation we get easily that

0 ≤ lim sup
n→∞

(||∇wn||L2
loc(�) − ||∇w||L2

loc(�)) ≤ 0.

Thus using the definition of the weak limit and using the strong convergence of wn
to w in L2

loc(�) we get the desired result.

Remark 3.3. From an anonymous referee we learnt that the previous lemma is re-
lated to a result by F. Murat in [22]. We thank for the information, add the reference
and, for the convenience of the reader, we maintain the proof.

Lemma 3.4. Let g be a positive function such that g ∈ Lρ(�) with ρ > N
2 and s >

0. Assume that w1, w2 are positive functions such that w1, w2 ∈ W 1,2
0 (�)∩ L∞(�)

verifying 
−�w1 ≤ |∇w1|p

1 + s|∇w1|p
+ g in �,

w1 = 0 on ∂�.

(3.3)

and 
−�w2 ≥ |∇w2|p

1 + s|∇w2|p
+ g in �,

w2 = 0 on ∂�.

(3.4)

then w2 ≥ w1 in �.

Proof. Consider w = w1 − w2, then w ∈ W 1,2
0 (�) ∩ L∞(�). We will prove that

w+ = 0. By (3.3) and (3.4) it follows that

−�w ≤ |∇w1|p

1 + s|∇w1|p
− |∇w2|p

1 + s|∇w2|p
.

Now for x, y ∈ RN we define the function ρ by setting

ρ(t) = T (t |x | + (1 − t)|y|) where T (t) = |t |p

1 + s|t |p
.
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For x = ∇w1 and y = ∇w2 we have

|∇w1|p

1 + s|∇w1|p
− |∇w2|p

1 + s|∇w2|p
= ρ(1) − ρ(0) = ρ′(θ) .

Since

|ρ(1) − ρ(0)| ≤
∣∣∣|∇w1| − |∇w2|

∣∣∣|T ′(θ)| ≤ |∇w1 − ∇w2||T ′(θ)|

and |T ′(t)| = p |t |p−1

(1+s|t |p)2 ≤ C , we conclude that

∣∣∣∣ |∇w1|p

1 + s|∇w1|p
− |∇w2|p

1 + s|∇w2|p

∣∣∣∣ ≤ C |∇w|.

Hence it follows that

−�w ≤ C |∇w|, w ∈ W 1,2
0 (�) ∩ L∞(�).

Using Kato inequality we get

−�w+ ≤ C |∇w+|, 0 ≤ w+ ∈ W 1,2
0 (�) ∩ L∞(�).

Therefore, using the maximum principle in Lemma 4.6 of [6] it follows that w+ ≡ 0
and then we obtain the result.

Now we are able to prove the blow-up result.

Proof of Theorem 3.1. Without loss of generality, we can assume that f ∈ L∞(�)

and that λ is small enough. Assume the existence of x0 ∈ � such that un(x0) ≤ C
for all n. Using the extended maximum principle obtained in [12], there exists a
structural positive constant C ′ (independent of un), such that

C ≥ un(x0) ≥ C ′(�)δ(x0)

∫
�

(λan(x)un + |∇un|p + f )δ(x) dx, (3.5)

where δ(x) = dist(x, ∂�). Let φ ∈ C∞
0 (�) be a positive function, by using

Tk(un)φ as a test function in (3.1), we can prove that Tk(un) is uniformly bounded
in W 1,2

loc (�).

For n fixed, we consider v j ∈ W 1,2
0 (�)∩ L∞(�) the minimal positive solution

to problem, 


−�v j = λan(x)v j + |∇v j |p

1 + 1
j |∇v j |p

+ α f in �,

v j = 0 on ∂�.

(3.6)



THE EQUATION −�u − λ
u

|x |2 = |∇u|p + c f (x): THE OPTIMAL POWER 173

Using an iteration argument as in [6], it follows that v j ≤ v j+1 and v j ≤ un for
every n. Define

wn = lim
j→∞ v j ≤ un.

Claim. The following statements hold:

a) {Tk(wn)} is bounded in W 1,2
loc (�).

b) wn ∈ W 1,p
loc (�).

c) wn is a supersolution to problem (3.1).
d) wn ≤ wn+1.

Assume the claim holds. As above there exists a positive structural constant C ′,
such that

C ≥ wn(x0) ≥ C ′(�)δ(x0)

∫
�

(λan(x)wn + |∇wn|p + f )δ(x) dx .

Since {wn} is a monotone sequence we conclude that

an(x)wn ↗ w

|x |2 in L1
loc(�) and

∫
�

|∇wn|pδ(x) ≤ C ′.

Thus {wn} is bounded in W 1,p
loc (�), hence using (1) in the claim and Lemma 3.2, we

conclude that
Tk(wn) → Tk(w) strongly in W 1,2

loc (�).

Since wn is a supersolution to (3.1), then by letting n → ∞ we obtain that w

satisfies to
−�w ≥ |∇w|p + λ

w

|x |2 + c f

a contradiction with Theorem 2.5.

Proof of the claim. a) and d) follows directly from equation (3.6) by application
of the corresponding inequality of type (3.5), and the fact that an is a nondecreasing
sequence. To prove b) we consider separately two cases: i) p ≤ 2 and ii) p > 2.
For p ≤ 2 we have that

Tk(v j ) → Tk(wn) as j → ∞, strongly in W 1,2
loc (�). (3.7)

To obtain the convergence, we use a nonlinear test function as in [8]. (See too [10]

and [9]). Consider φ(s) = s e
1
4 s2

, in such a way that φ′(s) − |φ(s)| ≥ 1
2 . For

ψ ∈ C∞
0 (�), ψ ≥ 0, take φ(Tk(v j ) − Tk(wn))ψ(x) as test function in equation

(3.6). We obtain from the left hand side,∫
�

∇v jφ
′(Tk(v j ) − Tk(wn))∇(Tk(v j ) − Tk(wn))ψ dx

=
∫

�

|∇(Tk(v j ) − Tk(wn))|2φ′(Tk(v j ) − Tk(wn))ψdx + o(1).
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We set H(∇v j ) = |∇v j |p

1+ 1
j |∇v j |p . Then the right hand side could be estimated by,

∫
�

H(∇v j )φ(Tk(v j ) − Tk(wn))ψ dx

≤ δ

∫
�

|∇Tk(v j ) − ∇Tk(wn)|2 |φ(Tk(v j ) − Tk(wn))|ψ dx + o(1)

where δ ≤ 1. Since∫
�

(
λan(x)v j + α f

)
φ(Tk(v j ) − Tk(wn))ψ(x)dx → 0 as m → ∞,

we conclude the required convergence and in particular the almost everywhere con-
vergence up to a subsequence.

In the case p ≥ 2 the result is directly obtained as follows,∫
�

|∇v j |2dx =
∫

�

(−�v j )v j dx ≤
∫

�

(−�v j )undx

≤
(∫

�

|∇v j |2dx

) 1
2
(∫

�

|∇un|2dx

) 1
2

,

then v j ⇀ wn weakly in W 1,2
0 (�) as j → ∞. By using the last inequality and the

weak lower semi-continuity of the norm there result that∫
�

|∇wn|2dx ≤ lim inf
j→∞

∫
�

|∇v j |2dx ≤ lim sup
j→∞

∫
�

|∇v j |2dx .

Moreover, taking into account that −�v j ≥ 0,∫
�

|∇v j |2dx =
∫

�

(−�v j )v j dx ≤
∫

�

(−�v j )wndx

≤
(∫

�

|∇v j |2dx

) 1
2
(∫

�

|∇wn|2dx

) 1
2

,

hence

lim sup
j→∞

∫
�

|∇v j |2dx ≤
∫

�

|∇wn|2dx .

Then we conclude the strong convergence in W 1,2
0 (�). In particular we have the

almost everywhere convergence of the gradients and therefore to conclude the proof
of b) it is sufficient to observe that

C ≥ un(x0) ≥ C ′(�)δ(x0)

∫
�

(
λan(x)v j + |∇v j |p

1 + 1
j |∇v j |p

+ f

)
δ(x) dx

≥ C ′(�)δ(x0)

∫
�

(λan(x)wn + |∇wn|p + f )δ(x) dx,

(3.8)
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by Fatou’s lemma. To prove c), we use a nonnegative test function in problem (3.6)
and we pass to the limit by Fatou’s lemma.

4. Existence result: 1 < p < p+(λ) and λ < �N

We consider α(+) and α(−) defined in (1.1). Joint to the critical exponent p+(λ) ≡
2+α(−)

1+α(−)
we define

p−(λ) ≡ 2 + α(+)

1 + α(+)

, that verifies p−(λ) ≤ p+(λ).

We have the following result.

Theorem 4.1. Assume that p−(λ) < p < p+(λ) where p−(λ), p+(λ) are given
above. Then problem (1.2) with f ≡ 0 has a very weak solution u > 0 in RN .

Proof. We search a solution in the form u(x) = A|x |−β . Hence by a direct compu-
tation we obtain that β = 2−p

p−1 and

β p Ap−1 = β(N − β − 2) − λ.

To have A > 0 we need β ∈ (α(−), α(+)) which is equivalent to p−(λ) < p <

p+(λ). Notice that u ∈ L1
loc(�), u

|x |2 ∈ L1
loc and since N

N−1 < p−(λ) < p,

|∇u|p ∈ L1
loc. (Compare with Remark 2.6 2.). Hence the result follows.

Remark 4.2. The solution w in Theorem 4.1 is in the space W 1,2
loc (RN ) if and only

if p > N+2
N . Notice that for all λ ∈ [0, �N ), N+2

N ∈ (p−(λ), p+(λ)) and if λ = �N

then N+2
N = p−(λ) = p+(λ).

We deal now with the existence of solutions to Dirichlet problem in bounded do-
main.

Theorem 4.3. Assume that 1 < p < p+(λ) where p+(λ) = 2+α(−)

1+α(−)
. There exists

c0 such that if c < c0 and f (x) ≤ 1
|x |2 , then problem


−�u = |∇u|p + λ

u

|x |2 + c f in �,

u = 0 on ∂�,
(4.1)

has a very weak positive solution u.
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Proof. Assume that for c > 0 and f (x) ≤ 1
|x |2 , we are able to find a positive

supersolution w ∈ W 1,p(�) to problem (4.1) such that

∃s > 0, for which
w1+s

|x |2 , w
(2−p)s+p

2−p ∈ L1(�). (4.2)

Consider an(x) = 1
|x |2+ 1

n
↑ |x |−2, fn = min{ f, n} ↑ f , then problem


−�un = λan(x)un + |∇un|p

1 + 1
n |∇un|p

+ c fn in �,

un = 0 on ∂�,

(4.3)

has a minimal positive solution un ∈ W 1,2
0 (�) ∩ L∞(�). By Lemma 3.4 and using

the comparison principle in [6], we get that un ≤ un+1 and un ≤ w for every n.
Hence u = limn→∞ un ≤ w. Define φn = (1 + un)

s − 1, where s is as in (4.2).
Then using φn as a test function in (4.3), there result∫

�

|∇un|2
(1 + un)1−s

dx ≤ C1,

∫
�

|∇un|p(1 + un)
sdx ≤ C2,

therefore, in particular

1

k

∫
�

|∇Tkun|2 ≤ C3,

∫
�

|∇un|p ≤ C4.

Let us consider φ(s) = s e
1
4 s2

and consider φ(Tkun −Tku) as a test function in (4.3)
then by the convergence arguments used in [9], we obtain

∇Tkun → ∇Tku as n → ∞ strongly in W 1,2
0 (�).

In particular ∇un → ∇u almost everywhere in �.
Let Gk(t) = t − Tk(t), then using ψn ≡ (1 + Gk(un))

s − 1, as test function in
(4.3), there result that

lim sup
k→∞

∫
un≥k

|∇un|pdx ≤ lim sup
k→∞

∫
�

|∇Gk(un)|p(1 + Gk(un))
sdx = 0,

uniformly in n. Vitali’s lemma allow us to conclude that

∇un → ∇u, n → ∞, strongly in L p(�).

Hence u is a very weak solution to problem (4.1).
It is worthy to point out that for the values of p for which a super-solution in

W 1,2
0 (�) exists ( in particular if 1 < p ≤ p−(λ)), the proof is easier and, moreover,

the solution u ∈ W 1,2
0 (�). In this last case it suffices to take un as test function and

to use Lemma 5.3 in [6].
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To find the required super-solution we will consider two cases:

i) p− < p < p+(λ)

ii) 1 < p ≤ p−.

Case i): p− < p < p+(λ)

Consider u the radial solution obtained in Theorem 4.1, then u1+s

|x |2 , u
(2−p)s+p

2−p ∈
L1(�) for all 0 < s <

p(N−1)−N
2−p < 1. Define v(x) to be the unique solution

to problem {
−�v = 0 in �,

v = u on ∂�,

Notice that v ∈ C∞(�) and 0 < c1 ≤ v ≤ c2 for some positive constant c1 and c2.
We set w = t (u − v), t > 0, it is clear that w ∈ W 1,p

0 (�), w ≥ 0 in � and

−�w − λ
w

|x |2 = t (−�u − λ
u

|x |2 ) + tλ
v

|x |2 = t |∇u|p + tλ
v

|x |2

≥ t


 1

(1 + ε)p−1
|∇w|pt−p −

(
1 + 1

ε

1 + ε

)p−1

|∇v|p


 + tλ

v

|x |2

where in the last estimate we have used the following elemental inequality,

|a + b|p ≤ (1 + ε)p−1|a|p +
(

1 + 1

ε

)p−1

|b|p.

Taking t = 1
1+ε

, we conclude that

−�w − λ
w

|x |2 ≥ |∇w|p + λ

1 + ε

v

|x |2 − 1

ε p−1(1 + ε)
|∇v|p.

Hence choosing ε large enough there exists a positive constant c0 such that

λ

1 + ε

v

|x |2 − 1

ε p−1(1 + ε)
|∇v|p ≥ c0

|x |2 .

Since |x |2 f (x) < 1, therefore w ∈ W 1,p
0 (�) is a super-solution to problem (4.1) if

c < c0. Hence we conclude.

Case ii): 1 < p ≤ p−
We start by getting a super-solution in a ball, i.e., � = BR(0). Without loss of
generality we will assume R = 1.



178 BOUMEDIENE ABDELLAOUI AND IRENEO PERAL

Since p ≤ p−, there exists β ∈ (α(−), α(+)), close to α(−), such that p(β +
1) < β + 2.

Define w(x) ≡ A(|x |−β − 1). Then w ∈ W 1,p
0 (BR(0)) and

−�w − λ
w

|x |2 = A(β(N − β − 2) − λ)|x |−β−2 + A

|x |2 .

Since β ∈ (α(−), α(+)), then β(N − β − 2) − λ > 0. Hence choosing Ap−1 =
β(N−β−2)−λ)

β p we obtain that

−�w − λ
w

|x |2 ≥ |∇w|p + A

|x |2 .

Namely if c0 = A, w is a super-solution to (4.1) in B1(0) for all c < c0.
In the case of a general domain � that contains the origin we consider a ball

BR(0) such that � ⊂ B R
2
(0). We have the corresponding super-solution in BR(0)

found above, for which we perform the same arguments as in the first case.

5. The case where λ ≡ �N and p < N+2
N

Assume that λ = �N and p < p+ ≡ N+2
N and consider the function

w(x) =
∣∣∣ x

R

∣∣∣− N−2
2

(
log

(
R

|x |
))1/2

− A,

where A = ( r
R )− N−2

2 (log( R
|r | ))

1/2, then w(x) = 0 if |x | = r . It is not difficult to

see that w ∈ W 1,q
0 (Br (0)) for all q < 2 and

−�w − �N
w

|x |2 = 1

4

w

|x |2
(

log

(
R

|x |
))−2

+ A�N

|x |2

Since |∇w(x)| = R
N−2

2 (log( R
|x | ))

1
2 |x |− N

2 ( N−2
2 + 1

2 (log( R
|x | ))

−1) and p < N+2
N ,

then for a suitable positive constant c,

|∇w|p ≤ c
w

|x |2
(

log

(
R

|x |
))−2

.

Hence, up to a positive constant c1, c1w is a super-solution to problem
−�w = |∇w|p + �N

w

|x |2 + c0 f in B1(r),

w = 0 on ∂ Br (0).
(5.1)

where |x |2 f is bounded and c0 is small.
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To prove the existence of a solution, we consider the approximated problems


−�un = �N an(x)un + |∇vn|p

1 + 1
n |∇vn|p

+ c fn in Br (0),

vk = 0 on ∂ Br (0),

(5.2)

where an(x) = min{n, 1
|x |2 } and fn(x) = Tn( f (x)). It is easy to check that �N <

λ1(an), the principal eigenvalue of the Laplacian with weight an . Then by similar
arguments to the used above we prove that there exists a minimal solution un of
(5.2). Since, in particular, w ∈ W 1,1

0 (Br (0)), by Theorem 4.3 in [6] we conclude
that {un} is increasing in n and that un ≤ w in Br (0). Hence un ↑ u pointwise and
u ≤ w. It is easy to see that u ∈ Lq(Br (0)) for all q < 2∗.

Consider H(Br (0)), the completion of C∞
0 (Br (0)) with respect to the norm

||φ||2H(Br (0)) =
∫

Br (0)

|∇φ|2dx − �N

∫
Br (0)

φ2

|x |2 dx .

It is well known that H(Br (0)) is a Hilbert space and W 1,2
0 (Br (0)) ⊂ H(Br (0)) ⊂

W 1,q
0 (Br (0)) for all q < 2.

We could check that w �∈ H(Br (0), however {un} is bounded in H(Br (0)).
Indeed, take un as a test function in (5.2), then

||un||2H(Br (0)) =
∫

Br (0)

|∇un|2dx − �N

∫
Br (0)

u2
n

|x |2 dx

≤
∫

Br (0)

|∇un|pundx + c0

∫
Br (0)

un

|x |2 dx

≤
∫

Br (0)

|∇un|pwdx + c0

∫
Br (0)

w

|x |2 dx .

Using Hölder, Young and the improved Hardy-Sobolev inequalities (see [5] and
[24]) we obtain that

∫
Br (0)

|∇un|pwdx =
∫

Br (0)

|∇un|p
(

log

(
R

|x |
))−p (

log

(
R

|x |
))p

wdx

≤ δ

∫
Br (0)

|∇un|2
(

log

(
R

|x |
))−2

dx

+C(δ)

∫
Br (0)

w
2

2−p

(
log

(
R

|x |
)) 2p

2−p

dx

≤ δ||un||2H(Br (0)) + C(δ)

∫
Br (0)

w
2

2−p

(
log

(
R

|x |
)) 2p

2−p

dx .
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Since p < N+2
N , then

∫
Br (0)

w
2

2−p (log( R
|x | ))

2p
2−p dx < ∞. Hence choosing δ small

we conclude that ||un||2H(Br (0)) ≤ C and then un ⇀ u weakly in H(Br (0)) thus

||u||2H(Br (0)) ≤ ||un||2H(Br (0)).
We will prove that un → u strongly in H(Br (0)). Hence we have just to prove

that
lim

n→∞ ||un||2H(Br (0)) = ||u||2H(Br (0)).

Consider the linear form Fn : H(Br (0) → R, Fn ≡ −�un − �N an(x)un . By the
regularity of un we find that Fn ∈ H∗(Br (0)), the dual space of H((Br (0))). Since
un ≤ u and by the fact that −�un − �N an(x)un ≥ 0, we get

||un||2H(Br (0)) ≤
∫

H(Br (0))

(−�un − �N an(x)un) undx = 〈Fn, un〉

≤
∫

H(Br (0))

(−�un − �N an(x)un) udx = 〈Fn, u〉.

If {Fn} is uniformly bounded in H∗(Br (0)) we are done because then Fn ⇀ F in
the weak-star topology of H∗(Br (0)) and in particular if φ ∈ C∞

0 (Br (0)), we obtain

〈Fn, φ〉 →
∫

Br (0)

(
∇u∇φ − �N

u φ

|x |2
)

dx,

then F = −�u − �N
u

|x |2 ∈ H∗(Br (0). Thus, by density,

〈Fn, u〉 → 〈F, u〉 = ||u||2H(Br (0)

and as a byproduct the strong convergence and that u is a solution to problem (5.1)
follows easily.
Hence to finish we have just to prove that {Fn} is uniformly bounded in H∗(Br (0)).

Consider φ ∈ C∞
0 (Br (0)), then

|〈Fn, φ〉| =
∣∣∣∣
∫

Br (0)

φ(−�un − �N an(x)un)dx

∣∣∣∣
≤

∫
Br (0)

|∇un|p|φ|dx + c0

∫
Br (0)

| f ||φ|dx .

Using the hypothesis on f we obtain that

∫
Br (0)

| f ||φ|dx ≤ C( f )||φ||H(Br (0)).
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For the other term, using the fact that {un} is bounded in H(Br (0)), there results
that ∫

Br (0)

|∇un|p|φ|dx =
∫

Br (0)

|∇un|p
(

log

(
R

|x |
))−p (

log

(
R

|x |
))p

|φ|dx

≤
(∫

Br (0)

|∇un|2
(

log

(
R

|x |
))−2

dx

)p
2


∫

Br (0)

|φ| 2
2−p

(
log

(
R

|x |
)) 2p

2−p

dx




2−p
2

≤ C


∫

Br (0)

|φ| 2
2−p

(
log

(
R

|x |
)) 2p

2−p

dx




2−p
2

.

Since p < N+2
2 , then 2

2−p < 2∗. Therefore using the properties H(Br (0)), there
exists a constant C1 > 0 such that

∫
Br (0)

|φ| 2
2−p

(
log

(
R

|x |
)) 2p

2−p

dx ≤ C1||φ||H(Br (0)).

As a conclusion we obtain that

|〈Fn, φ〉| ≤ C ||φ||H(Br (0)).

Remark 5.1.

1. As above we can consider the case of a general domain � that contains the
origin and proving that t (w − v) is a supersolution where w is defined above,
v is a harmonic function such that v = w on the boundary of � and t > 0.
Then the existence result follows using the same computation as in the proof of
Theorem 4.3. Hence we have that problem

−�u = �N
u

|x |2 + |∇u|p + c f in �

u = 0 on ∂�,

has a positive solution u ∈ H(�) if |x |2 f is bounded and c is small.
2. A proper definition of the gradient associated to the operator −� − λ

|x |2 I pro-
vides existence of solution, indeed in [2] is studied the example,

−�u − �N
u

|x |2 =
∣∣∣∣∇u +

(
N − 2

2

)
u

|x |2 x

∣∣∣∣
2

|x | N−2
2 + λ f (x)

in �, u = 0 on ∂�, �N = ( N−2
2 )2 and f under some hypotheses of summabil-

ity.
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5.1. Some open problems

The following questions seem to be open problems with some interest.

1. Fixed 1 < p < p+(λ) to obtain the optimal class of functions according their
summability, in order to have existence of a very weak solution of Dirichlet
problem with data in a such class.

2. Assume that for λ fixed and for f in a determined class we are able to find a very
weak solution, u. What is the regularity of u in terms of the regularity of f ?

3. Results on uniqueness or nonuniqueness. We recall that for λ = 0 there are some
results on multiplicity of unbounded solutions, for instance in [16] (for a ball)
and in [4], where all the solutions are characterized in any bounded domain.
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