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The role of Onofri type inequalities in the symmetry properties
of extremals for Caffarelli-Kohn-Nirenberg inequalities,
in two space dimensions

JEAN DOLBEAULT, MARIA J. ESTEBAN AND GABRIELLA TARANTELLO

Abstract. We first discuss a class of inequalities of Onofri type depending on
a parameter, in the two-dimensional Euclidean space. The inequality holds for
radial functions if the parameter is larger than —1. Without symmetry assumption,
it holds if and only if the parameter is in the interval (—1, 0].

The inequality gives us some insight on the symmetry breaking phenomenon
for the extremal functions of the Caffarelli-Kohn-Nirenberg inequality, in two
space dimensions. In fact, for suitable sets of parameters (asymptotically sharp)
we prove symmetry or symmetry breaking by means of a blow-up method and
a careful analysis of the convergence to a solution of a Liouville equation. In
this way, the Onofti inequality appears as a limit case of the Caffarelli-Kohn-
Nirenberg inequality.

Mathematics Subject Classification (2000): 26D10 (primary); 46E35, 58E35
(secondary).

1. Introduction

The Onofri inequality on the sphere S 2, see for instance [1,14,15], states that

Va2
/ ezu—zfszudo do < e” u”Lz(Sz.da)’ (1.1)
52

forallu € £ = {u € L'(S?,do) : |Vu| € L*(§%, do)}, where do denotes the mea-
sure induced by Lebesgue’s measure in R? > $2, normalized so that f godo = 1.

Using the stereographic projection from 2 onto R?, we see that (1.1) is equivalent
to the following Onofri type inequality in R?:

Vo2
I ||L2(R2,dx)’

1
/ ev—fszdu d/’L < e o7
R2
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forallv e D = {v € L'R2,dp) : |Vv| € L2(R?, dx)} where du denotes the

probability measure
dx

T ad+ P2

In this paper, we first note how the above inequality can be generalized to the family
of probability measures

du

J o+l x| dx
Mo = T 1+ |x|2(a+1))2’

for « > —1, and investigate when the inequality
/ eV vdia g < 61671(1—01+1)HVU”§2(R2,dx), (12)
R2
holds in the space
&y = {v e L'R2, duy) : |Vv| € Lz(]RZ,dx)}.

In Section 2, we prove that (1.2) always holds for functions in &, which are radially
symmetric about the origin. Meanwhile, without symmetry assumption, inequal-
ity (1.2) holds in &, if and only if ¢ € (—1, 0].

The Moser-Trudinger inequality was initially proved by N. Trudinger in [18],
and then established in a sharp form by J. Moser in [14] using symmetrization
techniques. In dimension two it involves a term exp(4w |u|?). However, in [14],
J. Moser also establishes (1.1), up to a non sharp constant, and this is why (1.1) is
sometimes called a Moser or Moser-Trudinger inequality in the literature. Onofri’s
proof relies on conformal invariance and provides the sharp constant on S2. In-
equalities of the type (1.1) are known to hold over any compact surface (see [10]),
but on §2, the advantage of Onofri’s inequality is that it holds with the best possible
constant.

We use the above information to investigate possible symmetry breaking phe-
nomena for extremal functions of the Caffarelli-Kohn-Nirenberg inequality (see
[3]), in two space dimensions. Namely,

p 2/p Vul?
/ |u|b dx < Ca,b/ % dx YueDyp,
r? |x|°P R2 |x[|*

2 (1.3)
b—a’
Dap = {Ix|""u € LP(R?, dx) : x|~ |Vu| € L*(R?, dx)},

witha <b<a+1, p=

and an optimal constant C, ;. Typically (1.3) is stated with a < 0 (see [3])
so that the space D, is obtained as the completion of CZ° (R?), the space of
smooth functions in R? with compact support, with respect to the norm ||u|?> =
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X1 =2wll3 + 1| 1x[ ¢ Ve ||3. Actually (1.3) holds also for a > 0 (see Section 2),
but in this case D, ;, is obtained as the completion with respect to || - || of the space
{ue Cfo(]Rz) : supp(u) C R?\ {0}}. We know that for b = a + 1, the best constant
in (1.3) is given by Cy, p=g+1 = a? and it is never achieved (see [4, Theorem 1.1,
(i1)]). On the contrary, for a < b < a + 1, the best constant in (1.3) is always
achieved, say at some function u, , € D, that we will call an extremal function.
However u,j, is not explicitly known unless we have the additional information
that u, j is radially symmetric about the origin. In the class of radially symmetric
functions, the extremals of (1.3) are given (see [4,6]) up to scalar multiplication and
dilation, by

b—a
a( a—b) Tra—b
rad(x) <1+|x|— + ) T+ b.

1.4)
See [4] for more details and for a “modified inversion symmetry” property of ex-
tremal functions, based on a generalized Kelvin transformation. Also we refer
to [12,13,16] for further partial symmetry results. On the other hand, extremals
are known to be non-radially symmetric for a certain range of parameters (a, b)
identified first in [4] and subsequently improved in [9]. Those results provide a
rather satisfactory information about the symmetry breaking phenomenon for u, 5
when |a| is sufficiently large. Also they apply to any dimension N > 3, where
inequality (1.3) reads as follows:

V4 2/p \v4 2
) <o [ M veeny, as)
RN [x]7P RV X

wnhp_m, 5b={|x|—bu e LP(RN  dx) : |x|7%|Vu| e L>(RV, dx)},
an optimal constant C, b,anda b € Rsuchthata < (N —2)/2,a <b <a+1.

Again we observe that inequality (1.5) makes sense also if a > (N — 2)/2 and
a < b < a+ 1, where now the space Dﬁ{ » 18 given by the completion with respect
to || - || of the set {u € C?"(Rz) s supp(u) C R?\ {0}}.

Inequality (1.5) is sometimes called the Sobolev-Hardy inequality see [6], as
for N > 2 itinterpolates between the usual Sobolev inequality (¢ = 0, » = 0) and
the Hardy inequality (a = 0, b = 1); or the weighted Hardy inequalities (see [4]),
since for b = a + 1 it furnishes a family of Hardy-type inequalities involving
weights.

For N >3 and 0 < a < (N — 2)/2, the extremal u, 5 of (1.5) (which again
exists for every a < b < a + 1) is always radially symmetric (see [6], and for a
survey on previous results, see [4]). On the other hand, when a < 0, this is ensured
only in some special cases described in [12,13]. Also see [16, Theorem 4.8] for an
earlier but slightly less general result.

In this paper, we focus on the less investigated bidimensional case N = 2,
and besides symmetry breaking phenomena, we explore the possibility of ensuring
radial symmetry for the extremal u, 5, a property which cannot be handled as in
[12,13,16], (see in particular [16, Remark 4.9]).
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To this purpose, first we check in Section2.2 that (1.3) (or more generally (1.5))
holds for alla # 0 (ora # (N — 2)/2 if N > 3) and not only for a < 0 (or
a < (N — 2)/2) as it is usually found in literature. In this way we can analyze
radial symmetry of u, 5 in the range a # 0 and for all b € (a,a + 1).

Theorem 1.1. Leta A20and N = 2. Ifa < b < h(a) = a + JTl_z’ then (1.3)
+a

admits only non radially symmetric extremals.

As in [4,9], Theorem 1.1 follows by analyzing the linearized operator around
the radial extremal ufﬁ% and show that it yields to a saddle (and not a minimum)
type solution.

Since as |a| - +00,0 < a + 1 — h(a) — 0, it is reasonable to look for
radially symmetric extremals when |a| is small. But so far, for N = 2, there was no
result identifying a set of parameters (a, b) for which u, j is shown to be radially
symmetric. Here we provide a contribution in this direction which asserts that the
above curve h(a) is asymptotically optimal as a — 0. More precisely, we show that
ifa — 04, then 4/, (0) =2 (orif a — 0_,then 4’_(0) = 0) gives the optimal value
of the ratio b/a that signs the transition between radial symmetry and symmetry
breaking.

Theorem 1.2. Leta # 0 and N = 2. For every ¢ > 0, there exists § > 0 such that
for |a] € (0,8),b € (a,a + 1), if one of the following conditions holds:

(i) a >0andb/a > 2+ ¢,
(ii)) a <0andbj/a < —s¢,

then the extremals of (1.3) are radially symmetric, and given, up to scalar multipli-
cation and dilation, by ugf% defined in (14).

Note that, as a consequence of Theorem 1.1, we can also state , for small |a],
the following counterpart of Theorem 1.2 in case of symmetry breaking.

Corollary 1.3. Let N = 2. For every ¢ > 0, there exists § > 0 such that if
lal € (0,8), b € (a,a + 1), if one of the following conditions holds:

(i) a>0andbj/a <2 — ¢,
(ii)) a <0andb/a > ¢,

then (1.3) cannot admit a radially symmetric extremal.

We will directly prove the weaker statement in Corollary 1.3 as a consequence
of the Onofri type inequality (1.2). We emphasize that such an approach makes no
use of the linearized problem around the radial solution (1.4) and could be helpful in
other contexts. To prove the more complete result stated in Theorem 1.1, we use the
Emden-Fowler transformation in order to formulate (1.3) (or more generally (1.5))
as the Gagliardo-Nirenberg inequality on the cylinder R x S! (or more generally
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R x SN=1). In this way we can analyze the linearized elliptic problem around
the solution corresponding to (1.4) and see in which case it does not yield to a
local minimizer. We shall obtain a precise description of the linearized problem in
Section 3. This information will lead us directly to the proof of Theorem 1.1. It
will be useful also to handle the more interesting part of our contribution given by
Theorem 1.2, that will be derived from an argument by contradiction using a blow-
up method and a careful analysis of the convergence to a solution of a Liouville
equation

To emphasize the relevance of Theorem 1.2 and the advantage of our approach,
we notice that it provides an alternative and direct proof of Onofri’ s inequality (see
Section 5) without any use of the conformal invariance, but rather by identifying it
as a limiting case of the Caffarelli-Kohn-Nirenberg inequalities.

In concluding we wish to bring the reader’s attention to an Onofri type inequal-
ity in the cylinder R x S (see Proposition 5.1 in Section 5). We believe it helps to
illustrate the nature of the symmetry breaking phenomenon.
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2. The Onofri inequality in connection to the Caffarelli-Kohn-Nirenberg
inequality

Consider the measure u, and the Banach space £y, @ > —1, defined in Section 1.
Here and from now on, we let ||v]|2 denote ||v||L2(R2,dx)'

2.1. Onofri inequalities in R?

Proposition 2.1. Ler o« > —1. For all v € &,, there holds
/Rz e”_fuzez vdg dug < em (I\Vvll%-&—a @+2) || L dpv ||%)‘ 2.1)

Proof. We use polar coordinates in R? ~ C. Forx € R? we let x = re'?,

r > 0,60 € [0,27). We also consider cylindrical coordinates in R3, so that for
(y,z) € RZ x R, we let y = pel? p>0,0 €[0,27) and z € R. In this way, we
can write R® 5 82 = {(pe'?, 2) : p>+z> =1 and 6 € [0, 27)}. We recall that the
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inverse X of the usual stereographic projection from S? onto R? is defined by

; ; 2re? r?—1
D 0y _ 10, — , )
0(7’6 ) (,0€ Z) <1+r2 1+r2>

If u is defined on Sz, then v = u o X is defined in R? and for any continuous real
function f in R, we have

) 2 / 2
T = L 4 \V/ — v
/S2 f) do /2 T+ PP dx and 4m S2| ul* do Rz' v|“dx

whenever f(u) and |Vu|2 belong to L'(5?).
In order to prove the proposition, we are going to use the inverse of a dilated
stereographic projection given for all @ > —1 by the function £, : R> — S such

that
9 patl b 20+
Yo (r e’e) = ¢ , .
1 + r2@+D’ 1 4 p2(e+D)

Note that forany r > 0,6 € [0, 27), Xy (r e'?y = To(r'+* ¢'?) and, for any p > 0,
0 el0,2r)and z € [—1, 1],

_ 0 1/(@+1)
Ea—l((lo ele’z)) — < ) 619.

1—z

Now, if f is a continuous real function in R, f(u), |Vu|*> € L'(§%) and v =
u o %y, then an elementary computation (see the Appendix) shows that

/f(u)d6=/ £ dita,
S2 R2

1 1. P
471/ |Vu|? do = —— (|Vv|2+a(a+2)‘—39v )dx.
s2 o+ 1 Jr2 r
The result follows from Onofri’s inequality (1.1). O

Corollary 2.2. Ifa € (—1, 0], then (1.2) holds true for any v € &,.

Proof. It is an immediate consequence of Proposition 2.1 since for o € (—1, 0], we
have o (o +2) < 0. O

This result is optimal. While (1.2) remains valid for all « > —1 among radially
symmetric functions (about the origin), in general it fails to hold in &, for ¢ > 0. In
view of the proof of Corollary 2.2, this is a consequence of the conformal invariance
and of the positivity of o (o + 2) for « > 0, but this can also be seen from a more
analytical point of view as follows.
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Proposition 2.3. If a > 0, then inequality (1.2) fails to hold in &,.

Proof. Let us exhibit a counter-example to (1.2), which is valid for all « > 0. For
any ¢ € (0, 1), let us consider the function v, : R? — R defined by

£
1 if —x| <1
°g<<e+n|x—x|2)2) b=

€
1 S E——— if —X 1
0g<(s+n)2) if |x —x| >

where x denotes the point (1,0). For this function we can calculate the various
terms of (1.2).
First we compute the left hand side, and see that

2v 2v, £
£) = cdig = 1 A
Mo (€77) /]Rze Mo a,e T Ag (8+JT)2
where
1 1
=~ _ 2 d/’LOl
& Jix—x|<1 X —x 2
I+n
JeE
and A, = f\x—f|>1 d iy is finite for all @ > —1. Now, by the change of variables
x = X + +/¢ y and dominated convergence, we find

lim . S dy = -
>0 y1<t (1413 + Ve y2@D)” (1 47 |y]?) 4

X + &y 1/ dy
r2 (147 |y[2)?

So, for the function v,, the left hand side of (1.2) satisfies

o+ 1

lim jg (e*%) = lim I, , =
e—0 Ha ) e—0 OF 47

Next we compute the r.h.s. of (1.2), that is m Vv, ||% + 2 g (ve) and see that

e+n> 472

V|2 =47 lo —
Vvells g( et

&

and
£

2 pa(vg) = Joe + Ay log m,

&
Joe = lo - dity.
o /Ix—i|<] s ((8 +7lx — x|2)2) e

where
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Using Ay = 1 — flx—f\<1 d g, we get

2 1y (0) = 1 S 4 B,., B / I etm 2d
Vg) =108 ——= s = 0] —_———> s
Ma Vg g (e +7)2 a,e o,€ F<1 g e+ |x _x|2 Mo

1
lim BO{,E = / IOg <—_4) d/,L(x.
e—0 x—il<1 lx — x|

Hence

o

IVUell3 +2 pe (ve) = loge + O(1) as & — 0,

4 (a + 1) 1+«

and comparing with the estimate above, we violate (1.2) for ¢ >0 small enough. [J

2.2. The extended Caffarelli-Kohn-Nirenberg inequality

The range in which inequalities (1.3) and (1.5) are usually considered can be ex-
tended as follows.

Lemma 24. If N = 2, then inequality (1.3) holds for any a # 0 and b such that

a<b<a+1.If N > 3, then inequality (1.5) holds for any a # (N —2)/2 and b
such thata <b <a + 1.

Proof. We use Kelvin’s transformation and deal with the case N = 2. Ifu € D, ,
then v(x) = u (x/|x|?) is such that |x|*|Vv| € L*(R?, dx). Hence, fora > 0,

b e (a,a+1],definea’ = —a,b’ =b —2a € (—a, —a + 1] and apply (1.3) to the
pair (a’, ") with p = 2/(b’ — a’) to obtain

2/p 2

v|P Vv .

/ (|| ||b’p dx) < Cuyup / |||—2|a/ dx in Da/,b"
R2 \ |x R2 |x

Now, we make the change of variables y = x/|x|? and get

|ue| ? 2/p |Vul|? .
fo (i) = cow [ as P

Thus we arrive at the desired conclusion with C, , = C p, Since

4—bp=bp, —2d'=2a and p=2/(b'—ad)=2/b—a).

Similarly in dimension N > 3, argue as above witha = N—2—a’,bp =2N—-0b'p
and p = 2N/(N —2 —2(b/ —a')) = 2N/(N — 2 — 2(b — a)). 0
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Surprisingly, the case a > O if N = 2,ora > (N —2)/2if N > 3, has
apparently never been considered. According to our argument, it requires to de-
fine with care the space D, ;. Indeed if a function u € CCOO(RN ) N D, p for
a > (N —2)/2, N > 2, then u must satisfy u(0) = 0. Although optimal func-
tions for inequality (1.5),a > (N — 2)/2, N > 2, have not been studied, it has
been noted in [4, Theorem 1.4] that whenever u > O satisfies the corresponding
Euler-Lagrange equations, then, up to a scaling, it satisfies the “modified inversion
symmetry” property, that is, there exists T > 0 such that

x |—(N—2-2a) X
u(x):‘—‘ ul? = Vx e RV,
T |x]?

The transformation u +—> |x|~ V72720 y(x / |x|?) is sometimes called the general-
ized Kelvin transformation, see e.g. [6]. The modified inversion symmetry formula
can be shown for an optimal function u using the fact that v given in terms of u
as in the proof of Lemma 2.4 is also an optimal function for inequality (1.5), with
parameters a’, b’.

2.3. The Onofri inequality as a limit case of the Caffarelli-Kohn-Nirenberg
inequality in R?

We now relate inequalities (1.2) and (1.3). In this section, we will only consider the
case a < 0. The case a > 0 follows by Lemma 2 4.

For N =2, > —1,¢ € (0, 1), let us make the following special choice of
parameters:

2
a=__° (a+1), b=a+e and p=-. (2.2)
1—¢ €

Let u, = u™) be given in (1.4), that is

ue(x) = (14 [x2e+D) T

We consider the functions

PRRLE 2/ o= V|1
S Ll T L xge |

and the integrals

K8=/ fedx and k8=/ ge dx.
R2 R2
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Straightforward computations show that

20 2 00 T
Tr —&
‘. :/ x| i uez dr — /‘ s s,
R2 (1 + |x|2(1+a)) |x =@ a+1Jy (1+s)T=

|x|2(2a+1—a)
he = 4a’ / — dx.
R2 (1 + |x|2(1+a))m

Notice that we can use Euler’s Gamma function I'(x) = fooo s*Le=5ds, and on

the basis of the well known identity:

o0 2a—1 2\—b _ F(a)F(b—a)
2/0 s +57) ds_—F(b) ,

deduce for A, the following expression:
2—¢ 1
r r
(1 — 8) <1 — 8)
=)
r
l1—¢

Lemma 2.5, Let ag > —1, v € C(?O(Rz), we = (1 + ev)u,. With the above
notations, we have

1 p d
— |w£b|p dx =/ 1 +€v| fe dx
R2 |X| / fg dx
2/8

|V, |? o 80 +a)? [ ue ) u2
n dx = Ag+e — o) dx+ |Vv|
Rr2 || (1 —¢)* Jralx|

Proof. By definition of g., we can write

re = 4m|al

and, as ¢ — 0, uniformly with respect to o > «p,

IV, |? 5 , dx
dx =\ 2 Vu, -V A\ —_
fRz apa Ax =het2e | Vi <u8v>| |2a +e R2| (e v)| ez

D (I

A simple algebraic computation shows that

v 4q% 2_
—v-( u8>=i”§ xPea), 2.3)
£

|x|2a
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Using (2.3) and an integration by parts, we obtain
2
M =2 [ e 2y gy
& R2 € '

As for (II), we expand |V (i, v)|? and write

d
an = / [v2 \Vite? + e V0?) - Vit + u? |Vv|2] al
R2 |x |2

where the first two terms can be evaluated as above using (2.3) and an integration
by parts. Hence,

2 9 9 dx 4a?
(v Ve |? + ue V(v )-Vu8> -4
RZ

= x| 2@y 2/¢ 2 dx,
X & R2

To complete the proof we just remark that the function |x|2(°‘_“)u§/ ¢ is uniformly

bounded for a > g > —1. O

For a given « > —1, we now investigate the limit as ¢ — 0. We prove
that inequality (1.2) is a limiting case of inequality (1.3), whenever (1.3) admits a
radially symmetric extremal for any € small enough. In such a case, we can write

(1.3) as follows:
1
1 [ |w? 1 [ [Vw? /e
— ——dx < | — dx . 24
Ke JR2 |x|bp Ae JR2 |x|2a

Thus, if we take w = w, = (1 4+ € v) u,, then we have:

1
Ul (2 [s0e? e e wea T\
— | gy dx =S |\ | s o | o dx
< ookl | T=o? Jerhxl e Txl

+ 0(a2s2).

In particular, observe that

|x|7% f,dx  a+1
_/R2 fe dx T

Proposition 2.6. Let us fix « > —1 and suppose that there exists a sequence
(&n)neN converging to O such that the radial extremal function u., is also extremal
for (1.3) with (a, b, p) = (an, by, pn) specified a follows,

2 &n
Pn=—, an = —
&n 1—g¢g,

|x |2 ug/g dx ~dug(x) as &— 0g4.

(@+1), b,=a,+e,.

Then, inequality (1.2) holds true in &, .
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Proof. Asn — oo, we have
T
Ae, =47 |ay| + 0(gy), Ke, = —— +o(1).
o+

Using Lebesgue’s theorem of dominated convergence repeatedly and Lemma 2.5,
forany v € ch(RZ) and we, = (1 + &, v) u,,, we have

1 we, |Pr 2 dx
el ar= [ et L o [ 2,
K 2|X|(Ynbn 2 2
en JR R Az fe,, dx R

: Ve, 1+ / Wty + —— [ V0I2) + 0(2)
— X = & v e EEE— v &
he, Jr2  |x|2n "\ Jr2 Ha 41 +a)m 2 "

as n — +o00. The proposition follows by applying inequality (1.3) with (a, b, p) =
(an, bn, pn). By density we can finally choose v in the larger space & . O

Remark 2.7. Incidentally let us note that if we temporarily admit the result in The-
orem 1.2, then we find a sequence of optimal functions as required by Proposi-
tion 2.6. In particular, for « = 0, this gives an alternative proof of the Onofri
inequality in R? as a consequence of Caffarelli-Kohn-Nirenberg inequality (1.3).
Using the inverse X of the stereographic projection, this also proves Onofri’s in-
equality (1.1) on S2.

Let us now consider another asymptotic regime in which « — c0. Proposi-
tions 2.6 and 2.8 will be useful for the proof of Corollary 1.3 (symmetry breaking).

Proposition 2.8. If (¢,)neN and (a,)neN are two sequences of positive real num-
bers such that as n — +00,

. . )
lim ¢, =0, Iim o, =+o00 and a, =—
n——+00 n——+o00 1—¢

(I+a,) — 0,
n n—+00

then for n large enough, the radially symmetric extremal u., cannot be a global
extremal for inequality (1.3).

Proof. We argue by contradiction and assume that (2.4) holds with respect to the
given choice of parameters. By definition of A, k¢, , and Lebesgue’s theorem of
dominated convergence, we know that

&n

n—+00 |a,|

=4m and lim (a, + ke, = 7.
n—-+4o0o
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If v € C°(IR?), then by a direct computation, we find:

1 Pn
B RN

T xfbeen
L e 146, v(rcosf, rsing))>/*"
:(an+1)/ f S 41 ( n v ) dr do
o Jo

(1 + rZ(an-i-l))ﬁ

2 oo tl o 1 1 26
/ / (14 &, v(tTFon cos 6, tTan sin6))~"" dt d6.
(14T

We pass to the limit as n — 400 and obtain:

n 2
- L/ e, (1+ n )17 dx:g/”ezv@ose,sme)de /*“’ tdt
n—+00 K¢, JR2 |x B Pn 7 Jo o (I+%)?

1 2 .
— _/ e2v(cos€, sin0) do.
0

2
Analogously,
2/an
5;1
(an+1)/ |x|2(an—an) vdx
— (1) [ P i
R? (1 + |x|20+an)) T=e
2 —+00 t|+in 1 1
/ / ———— v(ta+ cos @, tantl sin6) dt db.
(14 12)T=en en

By Lemma 2.5, we see that

VI, Ot e S(an+1>2f ue,

Ag, || 2an re, (1 —gp)? Jgr2 |x|>an—en)

2
En ena
+ 0 +0|—).
(1 +a ) ( )\’En )
and so
1/e,

. <L/ |V[u€n(l—2|—8n 012 dx) _ R vteose. sinoy a0 [ 1

n— 400 A% u|%

—en fo v(cosd, sin6) do
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Hence the validity of (2.4) would imply that for all v € C2°(IR?), there holds:

1 2w | o
_/ Q2v(eost sind) gp — L& [ v(coso, sind)do

2

But this is clearly impossible, since such an inequality is violated for instance by
the function v(x) = v(xy, x2) = x12 n(x), with n a standard cut-off function such
that n(x) = 1if |x] < 1,n(x) =0if |x| > 2. O

3. Symmetry breaking

This section is devoted to the proof of Theorem 1.1. We start by establishing Corol-
lary 1.3, which is weaker but follows as an easy consequence of the results of Sec-
tion 2.

3.1. Proof of Corollary 1.3

By Lemma 2.4 and Kelvin’s transformation, we can reduce the proof to the case
a < 0. Let us argue by contradiction and assume that there exists g9 € (0, 1),
a, — 0_ and b, such that gy < z—” < 1 and ug, p, is radially symmetric. Set
&n = b, — a, > 0 and define o, such that ap +1=—a, (1 —¢,)/e,. Notice that
en — 04 whilea,+1 = a,—a,/(by—ay) = an—(bp/an—1)"" > a,+(1—gp) L.
Hence, liminf,,_, 1 o 0y > g = &0/(1 — g0) > 0. But this is impossible since it
contradicts Proposition 2.8 in case lim inf,,_, 4 o, &, = +00, or Propositions 2.3 and
2.6if limsup, , , @y < +00. U

3.2. Proof of Theorem 1.1

It is well known (see [4]) that by means of the following Emden-Fowler transfor-
mations:

X —
_ESNI

Cow(0) = 1x|T 3 v, (3.1)
|x|

t =loglx|, 0=

inequality (1.5) for u is equivalent to the Sobolev inequality for w on R x S¥~1.

Namely,

lw? < Nl Ivw|? + LoV —2 20w
LP(RxSN-1) = ~ab LZRxSN-1) T 4 L2ZRxSN-1y |»

forw € H'(R x S¥~1), with p = 2N/[(N — 2) + 2(b — a)] and the same
optimal constant C¥ ap 38 in (1.5). This inequality is consistent with the statement of
Lemma 2.4, as it makes sense for any a # (N — 2)/2, independently of the sign of
N —2—2a.
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For N = 2, the inequality holds for functions w = w(t, 6) defined over the
two-dimensional cylinder C = R x §' ~ R x (R/277Z), i.e., such that w(z, -) is
27 -periodic for a.e. r € R. The inequality then takes the form

1wy = Caararp (IV0Ie + @ Iwlkse) YweH'© (2

forall a # 0 and p > 2. Here C,  is the optimal constant in (1.3) which enters
in(32)withb=a+2/p.

For any a # 0 and p > 2, inequality (3.2) is attained at an extremal function
wa,p € H'(C) which satisfies

—(wy +wep) +a>w=wP! in Rx[-nn],
(3.3)
w >0, w(,-) is2m-periodic Vit eR,
and such that

—1 p—2 .
(Caatarp) = lwapllipe) = wertinor”

where the functional

IVwliZs o +a® wli7s e,

2
lw ”LP(C)

is well defined in H'(C) \ {0}. Moreover, according to [4], we can further assume
that

Wa,p(t,6) = wa p(~1,6) VieR, 6el-m, n),

dwy

T"’(z,@)<0 Vi>0, V0¢el[-mnmr), (3.4)
= 0,0).
RXIP_a})[(’ﬂ) Wa,p = Wa,p(0,0)

This symmetry result is easy to establish for a minimizer, but the monotonicity re-
quires more elaborate tools like the sliding method and we refer to [4] for more de-
tails. For a solution of (3.3) which does not depend on 6, the conditions in (3.4) al-
low to determine its value at O simply by multiplying the ODE by w; and integrating
from O to co. In fact, in this way, one deduces the relation: a w?(0)/2 = w”(0)/p,
which uniquely determines w(0) > 0. In turn this yields to the following unique
6-independent solution for (3.3) and (3.4):

1/(p—2) _ _

2 2/(p=2)
-2

w;"’p(r) = (a_2p> |:cosh (p 54 t>i| ,
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as a consequence of the classification result in [4]. Such a solution is an extremal
for (3.2) in the set of functions which are independent of the 6-variable, and

1F 12 +a® 1 F1I2,
” w, PHLP(R) inf f*(f) with f*(f) L~ (R) L (]R)
feHI(R)\{0} ”f”LP(]R)

For simplicity, we will also write F(f) = ()'=%? F*(f) for all functions f
which are independent of . As a useful consequence of the above considerations,
we have the following result.

Lemma 3.1. Let p > 2. For any a # 0,
-2 2
(Ca,a+2/p) P2 = ||wg, P”LP(C) = ”wa p”LP(C) =4n (Za)p Z(ap)yrzc
where c,, is an increasing function of p such that

cp,—>0 as p— 24,

) (3.5)
cp >3 as p— +oo.
As a consequence, if a = a(p) is such that lim,_, o a(p) p =2 (a + 1), then
; * Py —
plgréo p/;|wa(p)’p| dx =8 (ax+1). 3.6)
Proof. Observe that

p i e Pk P

||wa,p||Lp(c):(Ca,a+2/p) (}—(U)a p)) = (-F(w )) = ||wa,p||Lp(c)-

On the other hand,

2 p—2 o] o5
asp alp=2) "
Il )17 ey =2 (—2 ) / N [COS“ < 2 t)} a
a?p\"? (™ 275 eap!
=\ f ="
O (14 e ap=21)p=2

TS /1 ds
ap Jo (14 sw-20p)%

Hence by setting:

/1 ds
Cp = 2p
O (14 sP=2/pr)r=2

we easily check (3.5) and the fact that ¢, is monotonically increasing in p. The lim-
iting behavior of ¢, stated in (3.5) is a direct consequence of Lebesgue’s dominated
convergence theorem. O

We can now reformulate Theorems 1.1 and 1.2 in the cylinder C, as follows.
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Theorem 3.2. Leta #0and p > 2.

() Iflal p > 21 + a?, then F(wq,p) < Fwg ).
(ii) For every e > 0, there exists § > 0 such that, lfO <|al <déand|a|p <2—¢,
then F(wa,p) = F(wg ),

Part (ii) of Theorem 3.2 will be proved in the next section. Concerning part (i), we
define the quadratic form

QW) = IIV¥ 20, + @ W72, — (P — 1)/C w172 191 dx

on H'(C). In fact, property (i) is a consequence of the following result, inspired
by [4,9] (at least for the case a < 0):

Proposition 3.3. Leta #0and p > 2. Then

oW _ az+1_<ap)2

ver'oy VI3, 2
ST w(t.0)do=0, teR a.e. L7©

is achieved by
¥(t,0) = (cosh((a + 1)) 7" cosh, with a=(p—2)a/2—1.

In particular, if la| p > 2+/1 + a2, then w}

a,p IS acritical point for F of saddle-type.

Proof. Since w  is a local minimum for F when restricted to the set of functions
independent of 9 to search for negative directions of the Hessian of ./ around wy ,,,
we have to analyze the quadratic form Q(v/) in the space of functions ¢ € H'(C)
such that ffﬂ ¥(t,0)d0 = 0 for ae. t € R. To this purpose, we use the Fourier

expansion of yr,

v, 0) = e [k (@) = fi(®),

k;éO

o) = 22 (nfk’uiz(m+(a2+k2>||fk||iz(R)—(p—l) /R |w;i,,|l’2|fk|2dr) :
k=1

Hence we obtain a negative direction for Q if and only if

Mgt @+ DI I = D fg lwh P72 1 f P dr
Mg, p = inf <0
feH ®)\(0) 1117 2w
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Setting l +a = (p—2)a/2and B=a’p(p—-1/2=2(1+a)>p(p—1)/(p—
2)2 > 0, the question is reduced to the eigenvalue problem
_f// _ ﬂ f
(cosh((a + 1) 1))

in H'(R). The eigenfunction fi(f) = (cosh((a + l)t))fp/(pfz) corresponds

to the first eigenvalue Ay = —(a p/2)2. See [9, 11] for a discussion of the above
eigenvalue problem. Hence M;, , = 1+ a’> — (a p/2)*, and the proof is
completed. O

4. A symmetry result

The section is devoted to the proof of part (ii) of Theorem 3.2. Without loss of
generality, by Lemma 2.4, we can restrict our analysis to the case a > 0.

4.1. Pohozaev’s identity

Lemma 4.1. Ifw € H'(C) satisfies (3.3), then for all t € R, w = w(t, 0) satisfies
the identity

T /9 2 T/ 2 T 9 [
/ (—w) d@:/ (—w) d@—azf w2d0+—/ w? de.
_7z \ 00 _z \ 0t _r pJ_xn

Proof. Multiply the equation in (3.3) by + and integrate over [—, 7] to obtain:

2 2
/” wiw dwiw  p0w dng”wpla_wdg,
o a2 at  00% ot ot o ot

m 3 [owd 1d 2 raw)\?
[ e I I ) e o
.| 96\ 90 ot 2dt |\ a6 ot

1 (7 dwP
:_/ (w)dg

pJn di

Since |7 @ (—Z’a—w) df =0, we get

d (™| /ow\*> [ow\? 2
i <_w) _(_w> —dwr+Zwl|do=0
dr ] | ot 36 )

for all € R. Hence as a function of ¢, the above integral must be a constant. Since
it is also integrable over R, then it must vanish identically. O

that is
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4.2. Proof of Theorem 3.2

The method is based on the strong convergence properties of a suitable rescaling of
the extremal function w,, , for (3.2) towards a solution of a Liouville equation. We
argue by contradiction and suppose that there exists g9 € (0, 1) and, for all n € N,
a, > 0, p, > 2, such that:
lim a, =0, aypn<2—e and F(wg, p,) < F(w, ,)- 4.1)
n—+o00 n> pn
For simplicity, set

Wy = Wq,, p, and wy =w, .

and recall that we can assume

wn(ta 0) = wl’l(_ta 0)7

= max wy.
C

dw,,

Notice in particular that (0,8) =0forany 6 € [—m, ]. If we apply Lemma 4.1
tow = w, and r =0, we obtaln

p2a2 T ) T 2
%fj'%&mwfmf "mmw<mwwm@/ 2(0,6) ds,
T

—JT —JT
and deduce that 1

Lemma 4.2. With the above notations,
hm 1nf Pn lwa 5o > 1.
n ” n || [ ((')

Proof. We can write w, (t, 0) = ¢, (t) + ¥, (¢, 0) with
1 T T
on(t) = —/ wy (1, 0) do, Yu(t,0)dd =0 ae.r e R and ¢, #0.
21 J_n -7
Multiplying (3.3) by v, and using the fact that ffn Yu(t,0)d0 =0 foranyt € R,
we find

oy |

2 2
+ a; 1¥nll}2
L2(C)

|
at

L2(C) H

=/ o=l dt do

C

=/ Pl dtdf — f Pty dt do
C

1
=(pn—1)/ {/ Is @n + (1 = ) wa| 2 [yl dzde}ds
0

smrnww%Q/mﬁmw
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By Poincaré’s inequality, we know that ||, ”iz(c) < | % iz (c)» and this proves

the claim. U

Next we introduce the new parameters:

2 a, 1
ep=— and o, =—-14+U—-¢,) —=—-1+=-(1—¢y)ay, pxu.
Pn &n 2

Lemma 4.3. Up to a subsequence we have:

lim o, =a €[—1,0),
n—+00

and lim,,_, {5 pp = +00, or equivalently,

lim ¢, =0.
n——400

Proof. From the condition: a, p, < 2 — &g, we deduce thato, +1 < (1 —¢g,) (1 —
€0/2). Thus, along a subsequence, we can assume that «,, converges to some o €
[—1,0) and lim,,—, 4 oo P € [2, C].

To rule out the possibility that lim,—, yoo pn = p € [2, 00), notice that if this
would be the case, then by Lemma 3.1,

li nicy = 0.
lim | lwy ll Len )

By applying local elliptic estimates in a neighborhood of the origin (0, 0) then we
would deduce that lim,,— oo [[Wnllzxc) = lim,— 400 w,(0,0) = 0, in contradic-
tion with Lemma 4.2. U

Corollary 4.4. With the above notations,

liminf w, (0, 0) > 1.

n——+0o

Proof. If by contradiction we assume that liminf,_ . w,(0,0) < 1, then

liminf,— 4 oo pn lwn ||i’éo_é) = 0, and again this is impossible by Lemma 4.2. [

Lemma 4.5. With the above notations,

. -2
limsup pj, ||w,,||£’§,o(c) < +o00.
n——+0o00
Proof. Argue by contradiction, and assume that, along a subsequence, §, =
—2\—1/2 . .
( P llwy, ||€’;c (é)) / converges to 0 as n — +00. We consider the function

(u)n(Sn t, 6, 6) )
Wn(@,0) =pn | ——~— — 1

w, (0, 0)
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defined in C,, = R x [—7/8,, 7 /8,], which satisfies

W pn_l W
—AW, = (1 + —") — a2 p, 8} (1 + —”) in Cy,

n n

42)
Wn = 0= Wn(o’ O)

Furthermore, by Lemma 3.1, we find

Wn Pn Pn Pn 1 1D
I+ —) dr=—"5 [ wdx < ———= py | |w,|""dx.
Cn Pn w,(0,0)= J¢ wy (0, 0) C

Recalling that lim inf,,— + oo w, (0, 0) > 1 and lim,,—, y o0 a, pn = 2 (1 + ) by (3.6),
we can pass to the limit above and by virtue of (3.5)-(3.6), conclude:

. pn <
n_llr_’r_loo 1+ Wn/pn“Lpn(cn) <87 (1 +a).
Since the right hand side in (4.2) is uniformly bounded in Lﬁfc(Rz), we can use
Harnack’s inequality (see for instance [2,17] in similar cases) to deduce that W, is
uniformly bounded in LY . Hence, by elliptic regularity theory, W, is uniformly

bounded in Clzog So we can find a subsequence along which W,, converges point-
wise (uniformly in every compact set in R?) to a function W which satisfies

—AW =¢" in RZ (43)

Furthermore, by Fatou’s Lemma,

n—-+o00 Pn

W . Wn Pn
e’ dx < lim 1+ — dx <87 (1 +a) < 8x,
R2 Cn

as a € [—1,0). But this is impossible, since according to [5], every solution W of
(4.3) with eV € L'(R?), must satisfy [ e" dx = 87 (also see [7,8]). O

Corollary 4.6. For a subsequence of |wyllLc)y = wy(0,0) (denoted the same
way) we have:

lim w,(0,0) =1,

n—-+4o00

lim [w,(0,0)]™ =0,

n

lim  p, [wa(0,0)]” % = € [1, +00).
n—-+o0o
Proof. The existence of a limit u© > 1 is just a consequence of Lemmata 4.2
and 4.5. Furthermore by Lemma 4.3, p, = 2/¢, — 400 as n — 400, which
proves that [w,(0,0)]P" converges to 0. Finally, according to Corollary 4.4,
liminf,, y oo w,(0,0) > 1 and if this limit were not 1, we would get a contra-
diction to the existence of . O
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Define the function

wa(t,0)

Va(t,0) = py (m

1) v (,0) €C.

It satisfies:

- Vv, \ ! v,
— AV, = pu (wa(0,0))" 2 (1 + —") — a2 pn (1 + —") n C
Pn Pn

V, <0=1V,(0,0), V,(t,-) is2m-periodic.

‘We also observe that

\% Pn
Pn (wn<o,0))”"/ (1+—”) dxzpnf|wn|f’"dxspnf|w:|ﬂndx
C Pn C C

and by (3.6), lim;,_,  px fC |lwiPndx = 8m (e + 1). In particular, by Corol-
lary 4.6, we obtain

_ V Pn
lim_ pn (wn(0,0))™ 2/ (1+—”> dx < 87 (1 +a).
n—>+00 C Pn

Lemma 4.7. Up to a subsequence, V,, converges to a function V pointwise and
C2-uniformly in any compact set in R x [—m, 7). Furthermore V satisfies:

—AV=pe¥ in C,
mgx V<0=V(0,0), V(,-) is 2m-periodic Vt e R,

4.4)
M/ eVdx < 87 (1 +a),
C
v
V(t,0) = V(-t,0), E(”GRO Yt>0, VOel-mr],
and
T V2 T V)2 ”
/ — d9=/ — d0—8n(1+a)2+2,u/ eVdo VieR. (45)
. \ 36 .\ or _ﬂ

Proof. Since —AYV,, is uniformly bounded in Lfo’;(Rz), by Harnack’s inequality,
we see that V), is uniformly bounded in Ly;,.. Hence, by elliptic regularity theory,

V, is uniformly bounded in Clzog . Therefore, up to a subsequence, V, converges

pointwise, and uniformly on every compact set in C, to a function V which satisfies
(44) with0 < 1 + a < 1, and also inherits the symmetric properties of V,,. To
obtain (4.5) observe first that the result of Lemma 4.1 can be rewritten as follows,

TV 2 Ty 2 2 .2 b3 2 b4
/ " d@:/ L 7 TR T L it L NI
a0 Lo w2(0,0) J_y w2(0,0) J_y
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for any ¢+ € R, and that w, converges uniformly to 1 in any compact set in R x
[—m, m]. Hence by means of Lemma 4.3 and Corollary 4.6, we can pass to the limit
in the above identity and deduce (4.5). ]

Lemma 4.8. The following estimates hold:
. Pn * 1 Pn _
im p (lwall oy = 10515 ey ) = 0.

V, \ " 4
/evdx= lim <1+—n) dx = il .
C n—+oo Jo DPn a+1

Moreover,
w=2(+ 1?2

and V takes the form

V(t) = —2log [ cosh(( + 1) 1)]. (4.6)

Proof. In order to identify the given solution of (4.4), we consider the function ¢
expressed in polar coordinates as follows:

or,0) =V (—logr, ) —2logr +logn Yr >0, VO¢€l[—m,mr]

By straightforward calculations we see that ¢ satisfies:

1
—Ag = —— (Vi + Voy) (~logr, 0) = ¢ in R2\{0},

/ e?dx < 8n (1+ ),
R2

and
¢ (r*l, 9) =¢r0)+4logr Vr>0, VOel[-mxl.  (47)

A classification result of Chou and Wan (see [7, Theorem 3, 1] and [8]) concerning
solutions of Liouville equations in the punctured disk allows us to conclude that (in
complex notations):

ga(z) = ]()g [M}
(1+17@P)°

with f locally univalent in C \{0}, possibly multivalued and,

(i) either f(z) = z¥ g(2),
(i) or f(2) = ¢(/z) and $(2) p(—2) =1,
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where g and ¢ are holomorphic in C\{0}. Since the case (ii) implies that ¢ must
admit an essential singularity either at the origin or at infinity, this can be excluded
in account of the integrability condition of e?.

On the other hand, in case (i), if we take into account the fact that f/ # O for
any z # 0, and the integrability of e, we can allow only the choice:

f@=a( -b),

with B8 € R,a,b € Cand b # O only if 8 + 1 € N (as otherwise ¢ would be
multivalued). For the corresponding solution ¢ we find:

8. (B + 1))z
(1 +a[zht! —b|?)?

¢(2) = log[ } . with A =lal*

The symmetry property (4.7) implies that

Z
(7 (W) = ¢(z) +4log|z|,

and so, necessarily » = 0 and A = 1. Hence,

8 1 2..28
9(z) = ¢(r) = log [M} .

(14 r2+D)?
By direct calculation, we get
/ edx=8n(1+8) <81 (l+a).
R2

In other words, —1 < 8 < o < 0. As a consequence, we find that V = V(¢) is
given by

2
V<r>=¢<e—’>—2r—logu=1og[ 2P+ D )2]

w (cosh((B + 1) 1)

with —1 < B < a < 0. The condition V (0) = 0 implies 1 = 2 (8 + 1)°.
On the other hand, from (4.5) we also have:

(2) <ot a0

or (cosh((B + 1)1)*
that gives:
4(ﬂ+1)2(Sln (P )t))2=4(1+a)2— 2+ D 5
(cosh((B + 1) 1)) (cosh((B + 1) 1))
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and we get B = «. Therefore (4.6) is established and necessarily

\% Pn
(1+_”) dx=2(oz+1)2/evdX=87T(Ol+1)-
C

lim p, (wa(0,0))" /
n—oo pn

C

Thus, by recalling (3.6), we complete the proof. O

Wy Pn—2
rnzsup‘( ) —ev‘.
¢ |1 \wa(0,0)

Lemma 4.9. With the above notation, lim,_, 4 o 1, = 0.

Define

Proof. Fix ¢ > 0 and choose R, > O sufficiently large so that

1
oV (R _ <

I
(cosh((@ + 1) R))> 4

Furthermore, (wy (¢, 8)/w,(0,0)?"~%2 = (1 + V,/pn)P»~2 converges to ¢ uni-
formly in any compact set in R x [—, 7], and so we can find n, € N such that for

alln > ng,
w6, O\ y
wy (0, 0)

Thus, recalling that (w, (¢, 8)/w, (0, 0))"’”‘2 and eV are even in ¢ and monotone
decreasing in ¢t > 0 by Lemma 4.7, for n > n, we find the estimate

wn<r,9)>”"‘2 v (wn(r,9)>”"‘2 v
—e |+ sup | ———— + sup e’,
(wn(O, 0) [t|>Rs

sup <

[t|<Re, |0|<m

)

I'n = sup
It|<Re. 6] <7 wn(0,0) 11> R,
<e/4 eV (Re) g /4<g/2 e/4
which proves the result. O

Lemma 4.10. For n large enough, we have w, = wj}.

Proof. Let x,, = dw,/d60. Clearly ffﬂ xn(t,0)d6 = 0, and since w, € H'(C),
then x, € L?(C). Moreover, x,, satisfies

n—2
—Axn a2 xn = (pn— 1) (a2, 0)" ™ X

(in the sense of distributions), where

n ,9 pnfz
< (pn — 1) (wp (0, 0P 2 (%) 1]

< (pn — 1) (wn(0,00)P2 | x,| € L*(C).

‘(pn -1 (wn (tn, 9))17"—2)(”
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In other words, —A x, + a,zl ¥n € L*(C), and hence x, € H'(C) satisfies:

)

2 2 2 wa(t, )\,
IVXnlly2 +ay I xnll2 = (pn — 1 /C(w:(O,O) 2d
By Proposition 3.3, we know that if ¥ € H'(C) and ffﬂ Y(t,0)dd =0ae.t € R,
then

V(1,02 @y pu\?
vy |2 — ”f dtd@z[l— ] 2
IVUI5 =6 | oo 1 D) (%572) | lia,

with 8, = a,zl Pn (pn — 1)/2. Passing to the limit as n — 400, we get

¥, 0))?
cosh((@ + 1)1)*

VY15 =2 (e + 1)2/C ( drdo = [1= @+ 2] 112 -

Consequently, for Y = ¥, , we obtain

n—2
0= IVxull2 + a2 Il — (pu — 1) /C (wn(t. )" > x2 dx

XZ
(cosh((a + 1) 1))?

_ 1 wy(t,0)\P" 2
. — 1) (w, (0,0 ”"2/ —( ) 24
+ (p ) (w ( )) c |:(Cosh((a + 1)1‘))2 wn(o’ 0) Xn GX

2
+[2@+ D = (pu = 1) (,, 0,0)) ]c(cosh((a+1)t))2x

11_2
= [1+ay = @+ D> = (pa = 1) (wa0,0)" " ] lxull72 e

— 190 2+ 17 [ dx + a2 1l

2
TR+ 7= = D@00 o

with r,, = supe | (wa (2, 6) /w, (0, 0))"" = ¢" |. Recall that by Lemma 4.8,

lim (py — D)(wn(0,0)7 2 = =2 (o + 1)%,
n—+00

and by Lemma 4.9, lim,_, { o 7, = 0. Since a,, - 0 asn — +oo and (1 +a)? <1,
we readily get a contradiction for large n, unless x, = 0. This means that w, is
independent of the variable 6, and so w,, = w;. O
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5. Concluding remarks

It is interesting to note that, via the Emden-Fowler transformation (3.1), for any
o > —1, inequality (1.2) can be stated in the space

¢, = {w —w(,0) € LYC,dvy) : |Vw| e LZ(C,dx)}
where C = R x S! and

P dt do
T2 eosh(@@+ D1)]*

Proposition 5.1. Ifa > —1, then
d rortary (190125 o +ar @+2) w2, )
ew—fcw Vo dva S 6167'[(0(+|) LZ(C) LZ(C) Vw c e(x'
C

As in Section 2.1, when o < 0, there holds
d ot IVwl?
eV =lewdve gy, < oTOT@D 20 Vwe €.
C

However, when o > 0, while the latter inequality is always valid for functions
depending only on the variable ¢ € R, in general it fails to hold in &,.

The above inequality is a version of Onofri’s inequality in the cylinder C which
is equivalent (under the Emden-Fowler transformation (3.1)) to (2.1). The sym-
metry breaking phenomenon is easily understood in this case, as clearly, the opti-
mal situation is attained among functions which do not depend on 6 if and only if
o e (—1,0].

The proof of Theorem 3.2 does not rely on Onofri’s inequality. Hence, as
observed in Remark 2.7, it can be used to deduce the family of Onofri type in-
equalities (1.2), which contains (via sterographic projection) the standard form of
Onofri’s inequality (1.1) as a special case. Those Onofri inequalities appear as
limits of Caffarelli-Kohn-Nirenberg inequalities in an appropriate regime of the pa-
rameters given by (2.2), as a — 0. In these asymptotics, the case b < h(a) yields
to a > 0, while the case b > h(a) leads to @ € (—1, 0).

Appendix. The dilated stereographic projection

We use spherical coordinates (¢, 6) € [—%, %] x [0, 27r) on §2 ¢ R3 and radial co-
ordinates (r, 8) € [0, c0) x [0, 277) in R2. By definition of the dilated stereographic
projection, we have

5 patl P2+ _

cos¢p = ——— and sing =

1 + r2(a+D 1 4 r2@+D’
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from which we deduce

dp _ 4(a+Dr2t!
dr — (14 2@y

The normalized measure of the sphere S is given by
1 do
do = = —d
o > cos ¢ o ¢

and a simple change of variables shows that, if u(¢, 6) = v(r, 6), then

cos ¢ d¢
f f(u)da—/ f) / f)dpg
2 dr
where duy, = ﬂ m rdr df. Using spherical and radial coordinates

respectively on $2 and R?, the expressions of the gradients are given respectively
as follows

1
|Vul? = |dgul® + and |Vou|* = |3rv|2—|—r—2|39v|2.

1
cos? ¢

-1
Knowing that dgu = 0, v (%) , we get

_do 1
/|3¢u| do _/ 19y v]2 <59 ¢ —/ 6, v r dr dé.
2 27r 4dr (¢ + 1) Jr2

While using that dpu = dpv, we get

1 d 1 dpv|?
/ —— |dgul do—/ 19pv[2 a9 440 _ o+ / | 9;' rdr do.
§2 COS= @ 2cos ¢ dr 2w 47 Jr2 1

Thus, observing that (o + D? -1 =« (a+2),we conclude
rdr d9i| .

1 dpv|?
f Vuldo = —— / |W|2dx+a(a+2)/ [0l
52 4o (a+1) | Jr2 Rz 12
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