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Equiconvergence theorems for Chébli-Trimeche hypergroups
LucA BRANDOLINI AND GIACOMO GIGANTE

Abstract. We consider a Sturm-Liouville operator of the kind 5—:2 + % %

on (0, +00) and the related eigenfunction expansion. We prove that, under suit-
able assumptions on A (), the partial sums of the Fourier integral associated to
such expansion behave like the partial sums of the classical Fourier-Bessel trans-
form. This implies an almost everywhere convergence result for L? (A (¢) dt)
functions. Our methods rely on asymptotic expansions for the eigenfunctions and
the Harish-Chandra function that we prove under very weak hypotheses.

Mathematics Subject Classification (2000): 43A62 (primary); 43A32, 34L10
(secondary).

Differential operators of the kind

d> A @) d
dt?  A@) dt

(0.1)

and the associated spectral decompositions arise naturally in harmonic analysis. For
example when A (f) = "', the operator £ is the radial part of the Laplacian in
R™ and in this case the associated spectral decomposition is the so called Fourier-
Bessel expansion that corresponds to the harmonic analysis of radial functions in
R”. This transform is defined for any o > —% by

400
Faf ) :/ fF@2XT(@+1) Ja (M ()Lot{)IZa—l-ldt
0 (A1)

but of course it can be interpreted as a Fourier transform of a radial function only
when o = (n — 2)/2. The inversion formula associated to this transform is given
by
400 Jo OM1) )\'Zl)t-i-ld)L
1) = Faof )2°T 1= :
fO= | Faf W2T @+ D8 o

In a non compact symmetric space of rank one there are values of o and f such
that, setting A (f) = (sinh 1)%*1 (cosh7)*#*1, one obtains the radial part of the
Laplace-Beltrami operator and in this case the associated spectral decomposition is

0.2)
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the harmonic analysis of spherical functions. More precisely in this setting one has
the Fourier-Jacobi transform

+00
Hopf (M) = £ (1) @x (1) (sinh )2 H! (cosh )2+ dr
0

and the inversion formula

£ = 0+°° Hapf W (05—
where
@ (1) = 2 F) (“ﬂg;l_ik,“+’3;1+i’\;a+1;—smh2(t)>
is the Jacobi function (see e.g. [6] or [8]) and
M@+ 1) @2/2)T <(1 J;’“)
c(A) = 2T (a+ﬂ;1+ik>r<a—ﬁ;1+ix)

is the Harish-Chandra function.

In this paper we will study the convergence properties of the inversion of the
expansion associated to the operator £, under suitable assumption on the function
A (1).

Our starting point is a theorem of Colzani, Crespi, Travaglini and Vignati (see
[6]) that can be stated in the following way.

Leta > —% and let

Jy 1) A2ty
(A)Y 4972 (a + 1)

R
TR f(®) =/O Faf M) 2°T (@ + 1)

be the R-th partial sum of the Fourier-Bessel integral. When o = —% we obtain the

classical cosine expansion and in this case we set Cg = Ty °.

1
to(+§
> 14t

Theorem 0.1. Let f € L' <R+ dt) and let 0 < t < 400, then

TEf (1) — 17 2CRIO™E £ (1] = 0.

lim
R—+00

Moreover the convergence is uniform in every interval )0 < ¢ <t < n < +o00.
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In [6] the authors also sketch a similar equiconvergence result for the Fourier-
Jacobi expansion H, g in the case o = % and 8 = %
One of the main results of this paper is an equiconvergence theorem for the par-
. . . . 2
tial sums associated to the spectral decomposition of operator of the kind £ =;7 +

% j—t. More precisely we will show that such partial sums behave like the par-

tial sums of the Fourier-Bessel transform for a suitable value of the dimensional
parameter «.

0.1. Assumptions

We now introduce the main hypotheses on the function A (¢).
Let A : [0, +00) — R and assume that

(H1) A € C* (0, +00) and it is continuous in 0.
(H2) A is positive in (0, +00) .
(H3) There exists a > —% and an odd function B € C* (R) such that

A 2a+1
A@) ¢t

+ B () forte (0,4+00).
(H4) AX/ is nonnegative, decreasing on (0, +00) and lim A (t) = +oo0.
t——+00
By (H3) we have A () ~ ct?*1 as t — 01, From now on we assume that A () is

normalized in such a way that ¢ = 1. We also set

A
20 = t£$oo A0 0.3)

The above assumptions allow to define in the half-line the so called Chébli-Trimeche
hypergroup (see [1, Section 3.5] for the details). The harmonic analysis associated
to the differential operator £ and the corresponding hypergroup have been studied
by several authors. We refer the reader to [1] and [16].

Let A € C, by Bocher [3] the Cauchy problem

Eu+(k2+p2)u=0
u(0) =1
u' (0) =0,

has a unique solution ¢, _defined in [0, +00). It is an easy task to see that |, (x)| <
1 for A2 + p? > 0. Indeed, multiplying by ¢, the above equation and integrating

one obtains . .
/ o, Lodt + <A2 + ,02) / orgidt =0,
0 0
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and a direct computation shows that the first term is positive and the second one

equals 5 (A2 + p?) [@x (x)? — @1 (0)?]. It follows that |g;, (x)| < 1.
Letnow f € L' (A (t) dt). The Fourier transform of f is defined by
+00

fo)= | roe oA

For this Fourier transform an inversion formula is given by

+o00o

—~ d
f@= A ) e (f)m

where ¢ (1) is associated the Harish-Chandra function (see Section 1.3 below).

By means of the classical Liouville transformation

v(t) =+vVA@u (1)

the equation Lu + ()\2 + p2) u = 0 can be written as

v+ 22 = q@®)v

1AM\ 1 A®Y
f) = - - —p°.
7 4<A(t)> +2(A(r)> g
Since % = 2“;“1 + B (t) by (H3) the above equation takes the form

where

21

o
V4 | A2 = [24 v=G (@)

where

1, NBO  B0?
G(t)_zB(t)+<a+2> P R

0.4)

(0.5)

(0.6)

Being G (¢) smooth, equation (0.5) can be seen as a perturbation of Bessel equation
and one can expect that its solutions can be approximated at the origin by Bessel
functions. This is indeed the case, at least for large A, as we will show in Theo-
rem 1.2. To deal with the case A small we need more precise information on the

behavior of ¢ (¢) at infinity. We make the following extra assumption.
(H5) There exists a > 0 such that

a’>—1/4
g0 =540

for some ¢ € L' ((1, 400), tdt) fora > 0or¢ € L' ((1, +00), t log
fora = 0.

tdt)
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We will show in Remark 1.15 that under the above assumption for t — +o00

VA Do (1) ~ 2t

where b > —% and |b| = a or

JA O)go (1) ~ ct? logt.

This last singular case may occur only for a = 0. In this case we set b = 0.
In some cases we need a stronger integrability condition on the function ¢ (¢).
Namely

(H6) When —% < b < 0and VA (t)po (1) ~ ct%J“b we assumelthat c(@) €
L' ((1, 4+00), 2P1*1dr). When b = 0 and /A (H)go (t) ~ ct? we assume
¢ (1) e L' ((1, +00), tlog®t dt).

We will show that this case can be given only when p = 0, so that ¢ (t) = 1.

0.2. Main results

In order to state our main results let us define the following partial sum operators

R o~
Srf (®) =/O f ) e (t)m,

and

tot-i-% o ﬂ
Frf @) = =T ((')H% f) .

Our main result is the following

Theorem 0.2. Assume (H1) to (H6) hold and let ¢’ (t) € L' (1, +00) , dt). Then
for every f e L! (R+, Vli(;)dt), Srf (t) and Fgrf (t) are well defined and for
everyt € [0, 400)

lim |Sgf (1) — Frf ()| =0.
R— 400

Corollary 0.3. Assume (H1) to (H6) hold and let ¢’ (t) € L' ((1, 400), dt). As-

- 4o+4 4b+4 4a+4
sume p = 0 and 573 < q < 577, or p > 0and 5= < q < 2. Then for every

feLi(RY, A)dt)

lim Sgf @)= f () ae
R—+o0
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In the case of noncompact symmetric spaces of rank one, the above Corollary was
obtained by Meaney and Prestini in [12] and [13], using the boundedness of the
related maximal operator.

The next Theorem shows that the above results are essentially sharp.

Theorem 0.4. Assume (H1) to (HS5) hold. If p > 0 the operator Sg cannot be
defined from LP (R+, A (1) dt) into the space of tempered distributions for any p >

2. If p = O the operator Sk cannot be defined from LP (R+, A(t) dt) into the space

of tempered distributions for any p > %.

Theorem 0.5. Assume (H1) to (HS) hold. There exists f € L% (R*, A (1) dt)
supported in (0, 1) such that Sg f (x) diverges as R — +00 for every x € (0, +00).

As we pointed out before, the equiconvergence Theorem 0.2 is based upon the
asymptotic expansions of the eigenfunctions ¢, (x) and the Harish-Chandra func-
tion ¢ (1) . Some of this kind of results are well known, some are not. In particular,
our techniques require to know the behaviour of the function ¢ (A) for Im A < 0 and
|A| small. In [2], Bloom and Xu solve this problem, apart from the case which, in
our notation, corresponds to p = 0, —1/2 < b < 0, A (¢) recessive (see Definition
1.11). This case has been studied by O. Bracco in his Ph. D. thesis [4], but only in
the case A € R. In this paper we completely solve the problem, with weaker hy-
potheses than those required in [2] (see Theorem 2.4 here). In an effort to make the
paper more accessible, even for the reader unfamiliar with this subject, we decided
to state all these approximation results, both old and new, with complete proofs.
Sections 1 and 2 are therefore devoted to these matters, and are essentially self-
contained. In Section 3 we prove the convergence and divergence results. In the
Appendix we state some general results on asymptotic approximation of eigenvalue
problems, that we use repeatedly in Sections 1 and 2.

As a final remark, we would like to emphasize that the proof of the equicon-
vergence result does not require the Fourier inversion formula (0.2). This, in fact,
is an immediate consequence of Corollary 0.3.

Corollary 0.6 (Inversion formula (see [2])). Assume (H1) to (H6) hold and let
¢ (t) € LY ((1, +00) ,dt). Let f € L' (R, A (t)dt) N C (R") and assume that

= 1 + di
feL (]R ’27r|0(k)|2)’ then

+00

f)= Foyen i —2
= Jo S el

0.3. Notation and preliminary estimates

In this section we introduce the notation that will be used throughout the paper. We
will also recall some definitions and well known estimates for Bessel functions.
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By f () ~ g (t) ast — tp we mean
lim f@®
im
=10 g (1)
By f(t) =0(g(t)) ast — typ we mean
lim S
im
=1 g (z)
By f (t) = O (g (t)) we mean that there is a positive constant ¢ such that

S
g (1)

By f (¢t) =~ g (t) we mean that there are positive constants c¢; and ¢, such that

<fO
e S

The symbol C* denotes the non zero complex numbers, R denotes the positive
real numbers and R~ denotes the negative real numbers.

The Wronskian determinant of the functions f and g is the function W(f, g) =
&' —f's.

The Bessel function of the first kind of order v will be as usual denoted by
Jy (x), the Bessel function of the second kind of order v by Y, (x) and the Bessel

functions of third kind (Hankel functions) of order v by Hvl) (x) and Hlfz) (%),

=1.

HY (x) = 1, (x) + Y, (x)
H? (x) = J, (x) —iY, (x).

We will use the notation

Ty (x) = V/xJ, (x)
Vo (x) = Vx¥, (x)
HD () = VxHD (1)

HP (x) = VxH? (x).

All these are multivalued holomorphic functions on C*, and we will consider their
principal branch on the complex plane cut along the ray (—oo, 0]. For a negative x
we will agree to define
(2 — T @)
H7 (x) = Zh_r)r)lc H (2).

Imz<0
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In other words we will take the principal branch of ’H,(,z) (z) for all z € C* with
—r Larg(z) <.

x|
1+|x|*

In the sequel we will use the notation (x) = Observe that for small value

of x, (x) ~ |x| while for large x, (x) ~ 1.

Proposition 0.7. Forallv > —% the following estimates hold uniformly in t > 0,

A e Cx
|Tw (A1) < C (hp)VTH1/2 glmAlr,
0
‘5 (Ty AD)| < C A (Ar)V~ 12 glmAl,
Forv #0,
1V, (A)| < C (hg)~WIF1/2 plimalr,
0
’a 02 (kt))’ < C | (hr)~IVI=1/2 pllmale
Also
Vo (A)| < C ()»l‘)l/2 log i eIIm)th’
(A1)
¥ Vo (0)| < C 1] (1)~ 1og 2 lTm Al
dt = ) .
Forv #0,
‘ng) (M)‘ < C (a)~VH/2 pImat
0
'5 (’Hﬂz) (/\t))‘ < C M| (M) V712 ImAL
Also

@) < 1/2 i Im At
‘”HO (At)‘\C(M) 10g(<M)>e ,

9 2 —-1/2 2 Im At
J— < J—
‘81‘ <’HO (kt))‘ < C M| (Ar) log o) e .

See [10, Chapter 5] for the details.
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1. Asymptotic expansion of the eigenfunctions

1.1. Estimates for ¢, for large A

In [7] Fitouhi and Hamza obtained an asymptotic expansion of the kind

M
atm (A
ADg (= an (1) 7‘;;& B+ Rur )
m=0

and suitable estimate for the remainder valid for . € R and r > 0. This expansion
essentially quantifies the effect of the perturbation B (¢) of assumption (H3) by
showing that the eigenfunction ¢, can be approximated using Bessel functions.
In the case of noncompact symmetric spaces this expansion has been previously
obtained by Stanton and Tomas (see [14]).

For the proof of Theorem 0.2 we need estimates for the remainder valid for
A € C. This estimates will be proved in Theorem 1.2 using a technique similar to
that of Fitouhi and Hamza.

Lemma 1.1. Let G be a smooth even function. Define recursively
bo=2T (@ + 1)
! " by, ( )
b, (s) + —— (1 —=20) — G (s) by, (s) ) ds
0

Then by, is smooth and even. Also, calling a, (t) = t"b,, (t) we have

y, 1 =20-2m , 2am—|—m

a, + p a,, + 2 -G ay, + 2am+1 0. (1.1)

Furthermore, assume that for all 0 < k < M one has
G® e L' ((1, +00),dt).
Then forevery 0 < m < M+ 1land 1 <k < M —m + 2 one has
a® e L' (1, +00), dr). (1.2)

Proof. Assume by induction that b,, is smooth and even, then

b,
<b” () + —— '"( i (I =2a) = G (s) b (S))
has the parity of m, it is smooth and is O (s™) near zero. Therefore its integral has
the parity of m + 1 and is O (tm+1) near zero. Multiplication by 1"~ gives an

even smooth function. Equation (1.1) follows directly from the recursive definition
of bm+1 .
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Assume now
G® e L' (A, +o0), dr)

for all 0 < k < M. To prove (1.2) assume by induction (on m) that a,(,f ) e L for
1<k<M-—-—m+2.
Observe that since

1 t
amy1 (1) = _ifo (smb,/,/1 + sm_lb,/n (1—-2a) — G (s) am> ds

1 (! 1 —2a—2 242
/a"—i— i + am (7’" +2 o —G(s)) ds,
A

2 Jo

m m
N

(k)
m+

1 or G(k_l_z)a,% ) for€ =0,...k—1,all integrable by the induction hypothesis if
I1<k<M-m+1. O

a,,’ ,is alinear combination of expressions of the form 15140 Ofore =0,. .. k+

Theorem 1.2. Assume that (H1) to (H4) hold. Let G as in (0.6), let M > 0 and
assume G® e L1 ((1, +00) , dt) for 0 < k < M. Then for » € C*andt > 0

oz wtm Ot
AD@. () =) an @) % + Ru (4, 1)
m=0

where the coefficients a,, are as in Lemma 1.1 and the remainder satisfies the fol-
lowing estimates. If o # 0

<M>a+M+% (M

+1
IRy (h, 1) < C Mm@t (1)

|)\|D{+3/2+M

and 1
FM+L M1
(A1)¥ 2 (1) MmOl (1)

0
‘gRM @, I)‘ <€ AT /2M

C

where © (t) = e fot‘G(v)ldU. Ifa =0

M+3 M+ 00 2
(A1) (1) lo )

and 5
) (M (1) M+ log ——
TRy, 0l <C (A1) im0l 7y
g7 MBS || 1/2M
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Proof. Observe that, ¢, = ¢_, and that, being ;Z;‘i;"f{fz) entire and even in A, the
above expansion only needs to be proved for A € C*\R™. Replacing the expression

M
Z Jatm (A1)
m=0

in equation (0.5) we obtain

/
)\a+1/2 Z { o Jactm (M) + 2 oz+m (A1) +

a+m (At)
1
2 o - 4 am
+ AT — l2 \.7<x+m ()&t) -G (t) \.7(x+m ()\t)
1
2 o?
F Ry O+ | 22— G| Ry 1) =0.
dt? 12
Using the well known identities
(-
5 — o
To (1) = fja () + Ta—1 ()
1
052 — Z
and the recurrence relation defining the coefficients a,, (¢) , we obtain
2 P !
d“Ry » 4 Ja+m (At)
12 + | A7 — 2 RM—G(I)RM—FZMHW (1.3)

The associated homogeneous equation

o
UN-}- )»2— - 4



222 LucA BRANDOLINI AND GIACOMO GIGANTE

has the linearly independent solutions 7, (At) and Y, (At), with Wronskian

21
W (Jo (A1), Yo (M1)) = —

v

(see [10, Section 5.9]). In view of Lemma A.1, a solution of the integral equation

Ry (A, 1) =

. /t Ta At) Vo (A8) = Vo (A1) To (X5)
0

2X

(1.4)
X {G )Ry (A, s) + 2a;w+1 (5) TJa+m (As) } ds

AM+a+1/2

also satisfies equation (1.3). We will clarify later that there is a solution of the
above integral equation which satisfies the required Cauchy conditions, and there-
fore there is no ambiguity in calling Rys (X, s) the solution of (1.4). We now apply
Theorem A.2 with kernel

. Tou (A1) Vo (hs) = Vo (A1) T (As5)

k(t,s)=— 7

(1.5)

In order to estimate the above kernel we point out that it can also be represented in
the following forms

k(. s):_j_[j—a (A1) T ()\S)._joc (A1) T— (AS) (1.6)
2A sin (mo)

HP ) HE s) — HE (s) HE ()
l .
4

k(t,s)=—-m (L.7)

Classical estimates on Bessel and Hankel functions applied to (1.5) when |Af]| < 1
and ¢ > 0, to (1.6) when |Af] < 1 and —% < a < 0andto (1.7) when |Af]| > 1
give (see in [4, Lemma 1.5]), for 0 < s < ¢,

CL Gylel1/2 Jmle=s) 3 el 12 g 4
k@, o<y A

2
A 1/2 MW E—s) 1/2] . ifa=0
(I—m( Yy <e (As) og —(As) ifa =

C ()Lt)lollfl/Z eIm M)t =5) ()Ls>*|t¥|+1/2 , ifa #0

ak(t ) <
ar IS

C (A1) ~1/2 mMIE=9) (3)1/2 [og % ifa =0
S
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and the hypotheses of Theorem A.2 are satisfied with

Py(t) = CL (M>|a\+1/2 oM @)1t
2]

Py (1) = C (a)leI=1/2 ltm @)l

<)‘.s>—|a|+1/2 e—|Im()L)|S’ if o # 0
s) = 2 '
0 (s) () 2 log (=) e Ml i =0
(As)
TJat+m (1)
¢ (5) =24y 1 ) S5 rar1n Q)
J()=0".
Observe that c
ko = sup Py (1) Q (1) = —
t>0 |)\|
and
k =sup Q (1) [J ()] =1
t>0
The integral

t
<I>(t)=/0 o ()] ds

converges, since

C |)\’|—a—1/2—M |a;\4+1 (S)| ()“S)Dl—|ot|+M+l , if 7& 0
lp ()] < 1 2 ,
C 72 M Jajy g 9] (25)M* log (W) if o =0,

Actually, noticing that
a1 ()] < Cs

for s < 1 and that a;v1+1 e L' ((1,400),dt) a simple computation shows that

C a7 27 (el M () MFL for o 220

D (1) < 2
® < C|x|—1/2—M<xz>1‘4+1<t>M+110gm for @ = 0.

Therefore there is a continuously differentiable solution Rjs (A, t) satisfying the
estimates given in the statement of Theorem A.2.

Since /A (1) = 1*t1/2 (1 + 0 (1)) as t — 0T (by (H3)) the initial conditions

@ (0) =1, ¢ (0)=0,
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become after the Liouville transformation
AN (1) =112 (1 +0@)) ast — 0.

The expression
N (1)
Y iz Jatm ) + Rug (0, 1)

amta+l/2
m=0

trivially satisfies this condition, as

Ay (1) a+1/2 a+3/2
D Tt decm () = 14512 o (14537)
m=0
while [Ry (., 1)] < Cr®+5/2 ’10g (%)’ =0 (t%"3?) ast — 0. 0

Remark 1.3. The quantity % that appears in ® (¢) blows up as . — 0. It is not
difficult to improve such estimate in order to solve this problem. Indeed, in the
above proof k¢ has been computed assuming that ¢t € [0, +00). Taking ¢t € [0, 1]

Cn t
gives kg = Sup;eqo,n) Po 0@ = %nnlk\ and therefore © () = e T+nlAl folc(v)‘dv.

Since, for every given ¢ € (0, +00), we can take n = t, we obtain

O (1) = e SIGWIdv.

1.2. Estimates for ¢, for small A

In this section we will show that the equation v” = guvthat is satisfied by /A ()0 (1),
has two independent solutions W; and W, that have different behavior at infinity.
Namely W (¢) ~ 179%3 and W (1) ~ 1972 Consequently /A (1)¢o () has one of
these two possible behaviors. In the following we will study under which conditions
these two behaviors occur. This will play a key role in the study of the Harish-
Chandra function as we will see in Chapter 2.

In the next Lemma we obtain a bound from below for ¢;; (t) when —p <7 <0.

Lemma 1.4. Assume (H1) to (H4) hold and let —p < n < 0. Then
Qin (1) = e~ 0HML

Also
go(t) = e " (14 pr).

Remark 1.5. The first estimate of the above Lemma follows readily from the La-
place representation of ¢;, (see e.g. [5]). The second estimate seems to be new. We
give a direct proof of both.
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Proof. When n = —p the estimate is trivial since ¢_;, = 1. Assume p > 0 and
—p <n < 0Oandletg(t) = e(p+’7)’(p[,7 (t). A simple computation shows that g
satisfies the problem

1 A/(t) , A/(l‘) _
g +(A(t) —2(p+n)>g —(p+n)<Am —2p>g—0

g =1
g 0)=p+n.

Consider first n = 0. We only need to show that g’ (r) > p for every t > 0. By
contradiction assume g’ () < p for some ¢ and let

to=inf{r >0:¢ (t) < p}.

Our assumptions imply that gog 0) = _#erz so that g” (0) = %gig p? > 0, since
g (0) = p we have 1y > 0. Also g’ (fo) = p and g” (o) < 0. Being g’ (r) > p on
[0, o] we have g (tp) = 1 + pty. By the definition of # there exists #; > fy such
that g” (11) <0, g’ (t1) < pand g (1;) > 1.

Substituting into the differential equations yields

A (11)
A ()

g (1) + < - 2p> (&' (1) — pg (1)) =0

which contradicts g” (1) < 0.
Let now —p < n < 0. In this case it is enough to show that g’ (z) > 0 for
every ¢t > 0. By contradiction assume g’ (¢) < O for some ¢ and let

to=inf{r >0:¢ (1) <0}.

Since g’ (0) = p+n > 0 we have 9 > 0so that g’ (fo) < 0. As in the previous case
there exists 11 > fo such that g” (f;) < 0, g’ (#1) < 0 and g (r;) > 1. Substituting
into the differential equation we obtain

¢ () + (A/ W 5+ n)) ¢ () = (o+m) (A/ w 2p) g (1)
A () A (1)
that contradicts g” (1) < 0. d

Remark 1.6. A close look at the proof shows that ¢;, (1) = e #'g (t) where g is
a increasing function for —p < n < 0 and g’ (r) > p for n = 0. In both cases

The following lemma shows that under our assumptions, p > 0 implies a > %
This fact will be useful in the sequel.

Lemma 1.7. Let assumptions (H1) to (H4) be satisfied and let p > 0. Then (HS)
cannot hold for any a < %
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Proof. Assume, by contradiction that (H5) holds for some 0 < a < % Let

A0 =2p+h (1)
by (0.4) and assumption (HS5) we have
21
(0) = ph () + ~h () + 21 (1) = T (1)
e =r 4 gt W= e
where ¢ € L' ((1, +00) , tdt). Then
21
h(t) + lh/(t) < ph () + lh(t)2+ lh/(t) _l s +¢ (1)
so that
-1
2pth (1) + 1h' (1) < 2— 4 1L 1),
Therefore

t —+00
/ (2psh (s) + sh' (s)) ds < 2 (a2 - %) 10g£ +2/ s|¢ (s)]ds.

Integrating by parts we obtain

t 400
th(t)—zh(z)+/ (2ps — 1) h (s)ds <2<a2—%>log£+2/ s ¢ (s)|ds.
z < z

; 1
Taking z > 2, We have

1 t +oo
—Zh(z)<2<a2——)log—+2/ s|¢(s)|ds
4 Z z
and letting t — 400 we get a contradiction. O
We now consider the behavior of ¢q (¢) as t — 400. We will show that under
assumption (H5) the differential equation Lu + ,0214 = 0, satisfied by ¢ (¢) has two

linearly independent solutions that behave like A (t)_% t£9+2 when a > 0 and like
AW ~3 1% and A (1)~ 13 log ¢ when a = 0.

The next result can be found in the proof of [2, Proposition 3.17]. See also [4].
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Theorem 1.8. Assume (H1) to (H5) hold and let

t—a-i—%sa-i-% _ ta-i—%s—a—k%

k(t,s) = 2 ¢ (s)

whena > 0 or
1 1 1 1
k(t,s) = (ﬁsf log (s) — 12 1og(z)sz) ¢ (s)

when a = 0. Then the equation
V' = qu

has a unique solution Wy that satisfies the integral equation
1 oo
Wi (t) =192 + / k(t,s) Wy (s)ds
t

and such that, setting
1
Wi(t) =t 2+ E(1r),

the error term E (t) satisfies

|E (t)| < t—a-‘r% <€C t+oos|§(s)|ds _ 1) ,

|E ()] <172 (ec sl ()lds _ 1)
fora > 0and

|E ()] < 12 (ec,/,+wslog<1+s)|¢<s)|ds _ 1) ,

D=

|E' (] <1 (eC.ffmslog(lﬂ)l;(s)\ds _ 1)

fora = 0.
Proof. We write the equation (1.9) in the form

1
612—1
4
2 v=¢ (@)

227

(1.8)

(1.9)

(1.10)

and we observe that the associated homogeneous equation has for a > 0 the so-

lutions #9+7 and r=9+2 while for @ = O the solutions are 72 and 72 logt. The
fact that a solution Wy (¢) of (1.10) is also a solution of (1.9) is a consequence
of Lemma A.1. The existence and uniqueness of Wy satisfying the estimates for

E@®) =W @) — =9+ follow from Theorem A.2.

O
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Corollary 1.9. Assume (H1) to (HS) hold. Then the equation

v =qu (1.11)
has a solution 'V satisfying V (t) =~ t“+% ast — 4oo fora > Qand V (t) =~
12 log (t) ast — 400 fora = 0.
Proof. Let 1y be large enough and let

Wt
V)= / RULCIN
o (W1(s))

It is not difficult to check that V satisfies (1.11) and the required estimates. O

Remark 1.10. Since \/Zgoo is a solution of equation (1.11) we have «/ngo =
c1W1 () + 2V (¢). If follows that \/Z(po has two possible behaviors at infinity.
If ¢ # 0 we have v/Agg ~ V (¢) otherwise v/Agy = ¢1 W (7).

In order to distinguish these two possible behaviors we introduce the following
terminology.

Definition 1.11. Assume (H1) to (H5) hold for some a > 0. If \/Zwo () =
c1 Wi (¢) for some c; # O we say that A (¢) is recessive. Otherwise we say that
A (t) is dominant.

Lemma 1.12. Assume (H1) to (HS) hold with p > 0 then A (t) is dominant.

Proof. By Lemma 1.7 we must have a > % By contradiction assume that A ()

is recessive. By (H3) and (0.3) we have /A (f) > ce”" for large t. Applying
Lemma 1.4 we have

Ce? (1+ pr) e ™" < VAo (1) = Wy (1) ~ 179F2
that letting ¢+ — 400 gives a contradiction. O

Lemma 1.13. Assume (H1) to (HS5) hold with p = 0 and a > % then A (t) is
dominant.

Proof. Assume by contradiction that A (¢) is recessive. When p = 0 we have

@o (1) = 1. Therefore
JA@) = Wi (1) ~ 1793

that contradicts the fact that A () — 400 ast — +o00. l

Lemma 1.14. Assume (H1) to (HS) hold with p = 0and 0 < a < % then A (t) is

dominant if and only is @ is unbounded as t — +o00.
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Proof. Assume A (t) is recessive, then /A (t) = cW; (1) = t_“+% so that @ ~
t~24_1f instead A (z) is dominant then /A (1) ~ t%” fora > 0or VA(t) ~
12 log?. O

Remark 1.15. We have shown that, if (H1) to (H5) hold, there isa b > —1/2,
|b| = a, such that /A (t)pg (1) =~ I%H’, except when A is dominant and a = 0,

in which case /A (t)gg (1) = t% log¢. In the former case the values —% <b<0
correspond to A () recessive while the values b > 0 correspond to A (¢) dominant.
In the latter case we will say that A is singular.

To deal with the recessive case we need a solution of equation (1.9) constructed
in a way similar to the one used to construct Wj. This requires the stronger integra-
bility condition on g described in assumption (H6).

Theorem 1.16. Assume (H1) to (H6) hold with A (t) recessive. Let k (t,s) as in
Theorem 1.8. For —% < b < 0 the equation
VA

v’ =qu

has a unique solution Wy (t) that satisfies the integral equation
1 +oo
Wy (1) = 19F2 +/ k(t,s) Wa (s)ds, (1.12)
t

such that, setting W (1) = 131 4+ E (t), we have
|E (1) < 1%z (e"/}+°°s2““\c(s)|ds _ 1) 7

|E' (1)) <72 (eCff""sz““\c(s)ws 3 1) '

When b = 0 the above equation has a unique solution W (t) satisfying the integral
equation

+o0
W, (¢) =t%10g(t)+/ k(t,s) Wy (s)ds (1.13)
t
such that, setting Wy (t) = t% log (t) + E (t) we have

|E ()| < 12 (ec/jwslog2(1+s)|;<s)\ds _ 1>’

E (1)) <t (ec(ff”slog2(1+s)|c(s)\ds 3 1) ‘

The proof is similar to the one of Theorem 1.8.
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1.3. Estimates for &,

The next Theorem is essentially due to Bloom and Xu (see [2, Lemma 3.4]). We
include a proof for reader’s convenience.

Theorem 1.17. Assume that (H1) to (H4) hold and let G € L' (1, +00). Then, for
every A € C*, the differential equation

Lu = (Az +p2)u

has a unique solution ®, (t) over (0, +00) which is twice continuously differen-
tiable and satisfies

A2 @5 (1) = ™ + MR (M, 1), (1.14)

with
R, t)— 0ast — oo, (1.15)
%(A, t) > 0ast — oo. (1.16)

Moreover, forIm (M) 2 0, A A0, andt > 0

1 00
IR, )] < emd laldv _y

9 L [®lgldv
- < W 4 —1).
'atmx, N <l (e 1)

Proof. Let A # 0. After the Liouville transformation /A (t)u (t) = v (t), the
above equation becomes equation (0.5)

21

v’ + )»Z—t—24 v—G()v=0.

Replacing v (1) with e/ + ¢/*R (X, t), we obtain

d? d
WR(A, 1) +ZIAER(A, N=qORM, t)+q@). (1.17)

The homogeneous equation

d2R(A t)+2'AdR(k t)=0
D) ) IA— ) =
dt? dt
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—2i\t

has the linearly independent solutions 1 and e with Wronskian

W (1 e_z““’) = —2ire 2M,

Assume now Im (A) = 0. In view of Lemma A.1, a solution of the integral equation

00 ,=2ik(I-v) _ |

R0 = [ g 0RO v +q @) do
P iA

alsQ satisfies equation (1.17). We now apply Theorem (A.2) with k (t,v) =

20l G () = Yo(v) = q(v) and J (v) = 1. Since Im (A) > 0 a stan-

dard computation shows that we can set Py (t) = |IT|, Pi(t) =1, 0w = 1.

Therefore there is a unique solution R (X, ) of the integral equation which is twice
continuously differentiable in (0, +00) and satisfies

R, t)— 0ast — oo,

0
ER(A’ t) > 0ast — oo.

Furthermore -
R, 1) < em i la@ldv _

and

0 R, 1)

ot ’

< A (ed—\l}mlq(vndv _ 1)‘

When Im (A) < 0, we consider the integral equation

t ,—2ir(t—v) __
R(M)z—/ %{q(vﬂm, v) +q (v)} dv
b iA

instead. Its solution also satisfies equation (1.17). Applying Theorem A.2 as before

we obtain a unique solution R (%, t) continuously differentiable in (b, +00) and
satisfying

RO, t) = 0ast — b,

9 ~
ER(X, t) > 0ast — b.

Furthermore N
‘R(A, t)’ < e hlaldv _ g

and

8375()», N < Il (edﬁ,/;\q<v>|dv B 1) |
t
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Observe that R (A, 00) = lim;_, R (A, t) exists and is finite. Indeed,

- 11— e—ZiA(z—v)

R .,00) = Jim | T[q(vm(/\, v)+q(v)] dv

1 ! ~
= — lim / [q WRM, v)+¢q (v)] dv
b

i\ t—>00

t/2 . ~
_ / o 2ik1—) [q WRM, v)+g (U)] dv

b

p ~
_/ o 2iM1—v) [q WRM, v)+g (v)] dv g,
t/2

and this limit exists because R (A, v) is bounded, g (v) is integrable near infinity,
and

t/2
< Cezlm“/Z/ lg ()| dv — 0

t/2 . ~
/ o~ 2iM(1—v) {q WRM, v)+g (U)} dv
i b

/ ~
/ o~ 2iM(1—) {q WRMA, v)+gqg (U)} dv
t/2

t
<C/ lg (v)] dv — 0
t/2

as t — oo. Thus 7%()», o00) = ﬁ fboo {q (v)ﬁ(k, v) +¢q (v)} dv. It is easy to
show that the function

_RG, 1) =R, 00)

1+ RO, )

(the denominator is different from 0 as long as b is big enough) is a solution of (1.17)
too. Furthermore,

R (A, 1)

R, t)— 0ast — o0

and
9 1 IR
—R(K,f)=~7—7€(k,t)=
ot 1+ R (%, o0) Ot
1 IZ')\(—t) ~ }
= et VRA, v)+g@}dvy — 0,
1+R(A,oo){./b [ @R G 0 +q0)
ast — 0o.

We have shown that the equation Lu = (kz + ,02) u has a solution @, that
satisfies (1.14), (1.15) and (1.16). Observe now that ®_; is an independent solu-
tion of the same equation (see the next corollary for an explicit computation of the
Wronskian). It follows that any solution can be written as ¢ ®; + c;®_,. This
immediately implies the uniqueness of @, . O
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Corollary 1.18. Assume (H1) to (H4) be satisfied and let G € L' (1, 4+00). If
A € C* then the functions @, (t) and ®_, (t) are linearly independent solutions of
the equation

Lu = (AZ + p2> u
and their Wronskian is given by

W (D;, ®_5) (1) = —2irA ()",

Proof. 1t is enough to show that W (A!/2®;, A/2®_;) = —2i). First observe
that W (Al/ 20,, Ao x) is constant in ¢, since the coefficient of u’ in equation
(0.5) vanishes. Thus,

W <A1/2®A, A1/2<I>,,\) = lim W (A‘/2 1) D, (1), A2 (1) D, (z))

= lim W (e“" A +R G 1), e ™ (1+R (=2, t)))

= t1_1)rgo 2iILA+RXA ))A+RA, ) +WA+RM 1), 1+R(=A,1))

= —2iA. =

Following, and partially modifying [2], we define

A2 (1) when a > 0,
SLm=1__ 2\
AV (log X) ®_; (t) whena =0,
27T (@) .o a
- e i2a=DT  whena > 0,
JT
Ci(a) =
2 iz
\/je’ 4 whena =0,
T
and
. 2a-3)1m
e+ I'l—a) |
i when 0 < a < 3
29T2a /7
Cr(a) = v

. 2
/zef’Z (1 — —yi) whena =0
2 b4

where y = 0.57721566. .. denotes the Euler constant. Also let Wy as in Theorem
1.8 and W, as in Theorem 1.16. -

The next three theorems describe the analyticity properties of A +— ®_; (1)
and its behavior as A — 0. The first one is contained in [2].
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Theorem 1.19. Assume (H1) to (HS) hold. Then for each t > 1 we can write
AP (1) = C1 (@) Wi (1) + 2, (1)

with A — 25 (t) and A +— %Z;L (t) analytic in {Im (1) < 0} and continuous in
{Im (1) < 0}. Moreover

lim 2, () =0 (1.18)
1720
and
lim iz (t)=0 (1.19)
r—0 dt * - ’
ImA<0

In the case A () recessive we will need more precise information on the behavior
of Z, (t) as A — 0. This situation happens only if —% < b < 0. We address this
case in the following two theorems. Recall that a = |b|.

Theorem 1.20. Assume (H1) to (H6) hold with —% < b <O0. Then
A()D_; (1) = Cy (a) Wi (1) + Ca (@) A2 Wa () + 22 Z;, (1)

and for every t > 1, the functions A — Z, (t) and . — %Z,\ (t) are analytic in
Im A < 0 and continuous in Im A < 0. Moreover
lim Z, (t) =0 (1.20)
r—0
ImA<<0
and
li d Z,(t)=0
im — =0.
r—0 dt -
ImA<0

Theorem 1.21. Assume (H1) to (H6) with b = 0 and A (t) recessive. Then

AD®_, (1) = C, (O) Wy (1) + CO)Wi @) -Ci ()W (1) n 2, (1)

12 12
og — og —
gA gk

and for every t > 1, the functions A — Z, (t) and A +— %Z,\ (t) are analytic in
Im A < 0 and continuous in Im A < 0. Moreover

lim Z; (1) =0 (1.21)
Ir)r;YgO

and
lim dZ =0
i — =0.
r—0 dt A
ImA<0
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Proof of Theorem 1.19. Observe that, by (0.5), /A (£)®_, (¢) is a solution of

1" 2 a2_‘1_1 _
V() + | AT — 2 vi)=¢@v (). (1.22)

The associated homogeneous equation
a* -1
V(0 + (2 -5 e =0

has the two linearly independent solutions Hf,z) (At) and J, (At) with Wronskian

2i A
W(HP Ga). Ju ) = =

By Lemma A.1, a solution of the integral equation

w .
v (1) =C (a) HP (m+/ ki (t,s,A) e*C~Dv (s) ds (1.23)

t

where

K (150 = 2 (HP () Ja G9) = Ja G0 HD (1)) € (5) €20

also solves (1.22).
We will show later that for a suitable choice of C (a), /A (t)D—, (¢) is a solu-
tion of (1.23).

~ 1 ; . . .
Assume now a > 0 and let T (1) = A% 2v (¢) ¢'*. With this notation the
above equation reads

o0
T, (1) =C(a)xa—%7{§f> (,u)ei“+/ ki (t,s,)) 7, (s)ds. (1.24)
t

When ¢ < s and Im A < O the expansions for Bessel and Hankel functions give

—a+1/2

a5 0l < P g 2 g )
" 1Al (1.25)
‘ L, s, A)‘ < C ()2 () 12 12 ().

Theorem A.3 applied to the integral equation

(1) = C (@) W THD (Ar) e +/Oo Ms{ ()T (s)ds  (1.26)
t s¢ ()
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with
@ (s) =5 ()
J(s) = C () W~ THD (ur) e
0 (s) = Cs~! (hs)a+1/2
Py (t) = 7" ()7t 12
Py (1) = ()12
Kk = C A"*2
ko=C

shows that there is one solution vj, () such that

T (1) — C (@ A 2HD (Ar) €™ — 0,

% (’JK (1) — C (@) A9 2HD (M)ei“) -0

_ z —i Qa+1)m
C(a) = 26 4 (1.27)

so that C (a) 7—[22) (A1) e* ~ 1 ast — +oo. Theorem (1.17) and the decay prop-
erties of 7, (¢) give

ast — 0o. Let now

@) =AYV () Dy (1) M.

Theorem A.3 also gives

‘m (1) — C (a) M7 2HD (ur) &

¢ —a+1/2 . (1.28)
<cC C [Fle@llslds _ 1
(1 Y z) (e )
and
I ([~ a—39/(2) irt
‘E (vk (1) — C (@A 2HD (i) e )
(1.29)

¢ —a—1/2 o
<cC (eCJ, c@)lislds _ 1) '
1+ ||t

More precisely

vy, = Z(vj-i-l (t, A) —vj (1, 1))
=0
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where

Vg1 (1 A) = C () 97 THP (,\z)ef“+/ Ms{ (s) vj (s, ) ds

t s¢ (s)
and vg (¢, ) = 0. Then for Im A < 0,

t )—““/2 (C [® 51z ()] ds)’™!

i t,A)—vi(t, M| <C
|Uj+1( ) vj( )|\ <1+|)~|t 7

and

dvj+1
ot

)“1/2 (el aails (s)lsds)j+l

(t, 1) 0v; t, M <cC
’ ar | T j!

1 + |Az]
This shows that v, (r) and v (r) are analytic in {ImA < O} and continuous in
{Imx < 0}.

In order to show (1.18) and (1.19) we observe that the estimates for v and v,
allow to apply the dominated convergence theorem in 1.26. Since

1
Z—a

’

i2°T (a
lim 2972 H® () = 2r@,
r—0 T

letting & — 0 gives
1 o0
%o () = C1 (@) 124 + / k(t,5) %0 (s) ds
t

where k (¢, s) is defined by (1.8) and C (a) = C (a) @
Also by (1.28) and (1.29) we have

% (1) — Cr (@137

< Cratl/? (ecff”ls“(msms _ 1) ’

- 1 N
W (1) — (5 - a) Cr (@) 1773 | < Crrom 12 (LI kIl )

By Theorem 1.8 we see that g?ﬁ% satisfies the same integral equation as Wy (¢).

The above estimates guarantee the uniqueness of the solution of the integral equa-
tion and we finally obtain vg (t) = C; (a) Wi (¢) and therefore (1.18). Differentiat-
ing (1.26) and letting A — 0O gives

. 1 a1 9k
lim v, ) =z —a]|Ci(a)t 2 + — (t,5)C (a) Wy (s)ds
A—0 2 ; ot
ImA<0
=Cj(a) W[ (1).
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Assume now a = 0, and let 7; (f) = )L_% <log %) v (1) ¢ . With this notation

equation (1.23) reads

—1 00
(1) = C(0) A2 (log %) H (M)e"“+f ki (1,5, 0) T, (s) ds.

t

When |A]s > 1 and ImA < 0, the standard expansions for Bessel and Hankel
functions give

ki (2,5, 1) < CIA71 (An) /2 1og (%) ()21 ()

1.30
ok (1.30)

o (60, x)‘ < C (a)"?log (i) (A2 1z (9)].

(A1)
For the remaining case, [A|f < |A|s < 1, observe that

HE (1) Jo Ous)=To A HS (hs) = —inv/ts (Yo (ut) Jo (hs) — Yo (As) Jo (A1)
and

Z 2

2
Yo (z) = ;Jo (z) log > T

F (2)

where

7\ 2k
oo (=D (—) kg
2
F@=)y ——2—(-y+) -
; (k)? ( J; J)
and y = 0,577...1is Euler’s constant (see [10, Chapter 5]). Thus
HY () To (us) — To M) HS (0s)
. 2 At 2
= —[A1S |:(—Jo (AM)log— — —F (At)) Jo (As)
b4 2 b4

2 As 2
— <—J0 (As)log — — —F (As)) Jo (M)]
b4 2 b4

2 t
- —;zk\/E (JO (1) Jo (s)log ~ = F (u1) Jo (ks) + F (As) Jo (,u)) .
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< CVarand |2 («/A—tF (xz))‘ <
C Al (VA ) . Therefore, for |1t < |A|s < 1, we trivially have

It is easy to see that, for |1t <

‘H((f) (A1) Jo (hs) — Jo (i) HE? (As)‘

1

<CI \/Elogzt—s ~ (M)Z (As)? logzt—s
‘% [Héz) (A1) Jo (hs) — Jo () HY (As)]'

s 2s 1 1 2s
< C A ;logT ~ L] (M) 2 (As)2 log -

In the overall we have, forr < s and ImA < 0,

ki (2, s, VI < C AT )2 (as) 2 1og % £ (5)]
and - 2 )
‘a—t‘u, s, x)‘g (M)~ (rs) 2 1og =L Gy 16O
Since
lo 2 {2s) < clo i log (25) (10 i)_]
Sony SR\ STA

we can write

ki (2, s, V] < c|al™! <M>”zlog% <xs>1/2<w> 1z (),

1 2
O —
® 1A
(1.31)
ok 2 log (2
D, 0| et log o) (22X g o).
(A1)
log| A
The proof now follows applying Theorem A.3 to
2 2\
T(@0) = CO)VHS () 2712 (log X) M
* kit s, ) ~
—}—/ —————— (slog (2s) ¢ (s) v (s)) ds.
 Slog 2L
as in the case a > 0. U

In order to prove Theorem 1.20 we need the following technical lemma.
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Lemma 1.22. Assume (H1) to (H6) hold wit —% <b <0, let
T . Qa+Dm
C = e ! 4
(a) =,/ ¢

O (1) = C () HP () A=972e™ — €y (@) A"294279 — C, (a) 12+

Tk (t, s, 0) —k(1,5)
+ )LZa
1

and let

(C1 (@) W (s) + Ca (a) A2 W (s)) ds

where ki is as in the proof of Theorem 1.19 and k is as in Theorem 1.8. Then
uniformly in Im A < 0,

105 ()] < er? e,
Also for every fixed t > 1 we have
Alig}) 0,()=0
ImA<0
and
Alig}) ®) (1) = 0.
ImA<0

Proof. Since Héz) () = & Ia@) =T a(@) (see [15, Chapter III, Section 3.61]), from

isinma
the asymptotic expansions of J, we have

)t (hr)~0+3

Hé2) (}\,[) — 2ar (a +lls)lnﬂi_ar (_Cl + 1) L0 <()\,t)%_a)

when |1t < 1. A few computations give

C (@) 2" 2HD ()™ — C) () A" 291270 — €y (a) 127
=0 (Alfzat%*”) =0 (t%“‘) .

. . 3.4\ - o
Observe that since a < % the estimate O (AI*Z“IZ “) implies that the above ex-

pression goes to zero as A — 0.
In the case |Af| > 1, the standard estimates on the Hankel function give

‘C @A IHD () e — C) (@) 22424 — Cy (a) 127

<|C@AT A HD Gy e

n ‘Cl (@) x~2413a

" ’cz (a) 13+

1
14
<L ct2™4,
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We now estimate the integral part in the definition of ®; (). When |Af| < 1 we
estimate separately the integral on (¢, 1/ |A]) and the integral on (1/ |A|, 4+00).

~ The standard expansions for J, and J_, along with the identity Ha(z) () =

ELDIa give for it < |hs| < 1

ki (t,s,2) —k(t,s)
)LZa

1 5
Lot 2T A2 g (s)|

so that

/UIM
t
|

1/IAl oo
< Ct—a-‘ri/ s2—2(l |)\|2—2as1+2a |§- (S)lds < Ct_a+§/ s1+2a |g- (S)|ds
t

t

ki (z,s,A) —k(z,s)
Ala

‘cl (@) Wi (s) + Ca (a) A29W, (s)) ds

Since a < % we have
ky(t,s, 1) —k(t,s)
N

22a 0

as A — 0in Im A < 0, and the dominated convergence theorem shows that

o [C1 @ Wi () + C2 @22 W ()] ds — 0.

/W ki(t,s, %) —k(t,s)
t
When |As| = 1 by (1.25) we have
ki (2,5, A) —k(t,5)| < |ky (2,5, V)] + |k (2, 5)]
< et~ (Ml_“_% +s%+") 1< ()]
< et g3t (o)
and therefore
/-0-00
1/IA
1 +00
< cﬂ—“/ 1€ ()] s1+2ds
1/IA

ki(t,s,2) —k(z,s)
)\ 2a

|c1 (@) Wi (s) + Ca (@) 29W; (s)| ds

that vanishes as A — 0 so that lim 5o ®; (t) = 0.
ImA<0
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In the case |Af| = 1 we have

/+oo
t

+00 1 1 1 1
< c/ (A" 4 1375350 g )] s3ds
t

ki(t,s,2) —k(z,s)
)\2a

|c1 (@) Wi (s) + Ca (@) 29W; (s)| ds

—+o0
1
< crf—af £ (s)] s1T29ds.
t

In the overall

ki (t,s,h) —k(2,5)
. )\2a

(C1@Wi )+ C2 @2 Wa ) ds

1 +oo 1
< cﬁ_”/ 12 ()| s'T2%ds < ct2te.
13
The fact that lim _,¢ @; (t) = 0 follows similarly. O
ImA<0

Proof of Theorem 1.20. Since 5_,\ (t) is analytic in ImA < O and continuous in
Im A < 0 it suffices to consider the case |A| < 1. Let

T () = VAN Dy (1) e
and

0, (1) — C1 (@) Wy (1) — C2 (@) A** W, (1)
22a '

Z(t) =

We will show that the functions A +— Z\ (t) and A — 2’;\ (t) are analytic in
{Im A < 0} and continuous in {Im A < 0}, and that
lim Z; (1) =0
r—0
ImA<0

and -
lim Z; =0.
fimy £ =0
ImA<0

The analogous results for the function Z; follow easily.
By (1.24), (1.10) and (1.12)

Z;, (1) =0, (1) +/ ki(t,s,X) Zy (s)ds, (1.32)
t

where ©), is as in Lemma 1.22.
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We now apply Theorem A.2 to the equation (1.32) that we rewrite in the fol-
lowing form

~ T Ky (t, 8, ) a1
Z, (1) =0, (1) +/; Wg ()52t Z, (s)ds.

For the kernel we have the estimates (see (1.25))

ki(t,s,A) ()\,Z)_a+% ()\s>a+% B

C (s) s2a+1 X ] 52t =Py Q(s)
and

% 5.0 o

o (h1)"977 (h5)aT

é“t(S) s2atl g2a+1 =P (1) Q(s)

a+l —a+l
where O (s) = ¢ 2 por) = 2072 and Py (1) = ()92, A simple

g2a+1 > |A]

computation shows that k = ¢ |A|a+% and xo = c¢. By Theorem A.3 equation (1.32)
has a unique solution u, (¢) such that

Jim up (1) — €2 (0] =0

and
: ’ ’ _
Jim [u), (1) — ©) ()] =0.
Such a solution is given by

+00
w (1) =Y [ujr (6, 0) —uj (2, 1)] (1.33)
j=0
where oo
ujyr (t, 1) =0, (t)+f ky(t,s,A)uj(s,A)ds
t

+00 Jj+l
—a+l (C/ | (s)|s2a+lds>
t 2 '

(1 + 1A H)=*> J!

400 Jj+1
ouj ou j (C/ £l S2a+lds)
aa (1) ==L (0 <e d .

at d (1+|)»l|)_a_% Jj!

and ug = 0. Moreover

|ujr (6, 2) —uj (1, 1] < ¢

and

=

—a—
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Therefore the above series and its derivative converge uniformly in A and we have
the estimates

Cagd N
s, (1) — 0 (] < —————— (ecff I ()l +2ds _ 1)
(14 |ae))~*+2
and 1
Cal R a
), (1) — O} (1)] < L (ecf,+ I (s)ls " Pads 1) .
(1 + [a=a-3

By (1.32) we have
Zy (1) — 0, (1) 2/ ki(t,5,2) Zy (s)ds
t

+00
/ ki(t,5, )@ (s) — Cr(@Wi(s) — Ca(@)A* Wa(s))dss
t

)LZa
Using the estimates on k1, ®_;, W; and W, we obtain that for large ¢

|Z;,. (1) — ©; ()]
1

+00
<o [ s @me-c@we - cwiwe)|da
t
1 oo 2a+1
X W/t s |C (s)|ds.

It follows that ~
lim [Z (1) — ©, ()] =0.
t——+00

A similar estimate shows that

lim [Z} (1) — @} )] =0

t—+00

and by the uniqueness of the solution of (1.32) we have u, (1) = 4 1 (t). To show

lim 5.0 Zj (t) = 0 observe that
Ima<0

1
luj (1, )] <cjr2te
and
lim u;(t,1) =0.
A—0
ImA<0

Indeed, since
up (t, 1) =0, (1)
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we have, by induction,

1

+00
jujn . 0] < 0 (tﬁa) +Cf/ ki (2,5, )| s2+ds
t

1

| +00
<0 (ﬂ‘”’) +cjt_“+2/ 12 (s)] s29 T ds
t
=0 (t%“’) :
By the dominated convergence theorem we have

lim uj (1,2) =0.
r—0
ImA<0

Since the series in (1.33) converges uniformly we have

lim Z; (1) = 0.
r—0
ImA<0

The fact that lim _, 2;\ (t) = 0 follows similarly. O

ImA<0

We now study the case b = 0 and A (¢) recessive. As before, we need a
technical lemma.

Lemma 1.23. Assume (H1) to (H6) with b = 0 and A (t) recessive, let

C (0) = \/Ee—i%
2 ’

©;, (1) = C OV HY () 2726 — 12 (cl (0) log% + C5 (0) — C; (0) logt>

T ki (2, s, A) —k (2,

+/ 1,8, M) 71( s)
! 10z
gk

o\ !
+ (log X) (C2(0) Wy (s) — C1 (0) W, (S))] ds.

and let

[C1 (0) Wi (s) +

Then for any t > 1, uniformly in Im A < 0,

ct? logt for A1 > 1

0, O <y
ct? for |Mt < 1.
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Also for any fixed t > 1, we have

lim ®, () =0
r—0
ImA<0

and
lim © (r) = 0.
)\1 A ()

ImA<0

Proof. Since for || < 1

HE (1) = %Jx—z <10g§ - logt) + (1 - %) Vi 40 ((u)%

N—

we have

. 2
CO)HP () a2 — 13 (cl (0)log > + €3 (0) = €1 (0) log t)
3 2 1

In particular the above quantity vanishes as A — O.
In the case |At| > 1, the standard estimates on the Hankel function give

1

'c O)VHP ()22 — 12 (cl (0) log % + C (0) — C; (0) log z)

1

<|COHS Gyate

2
4 (3 (|C1 (0)| log 5 +1C2 (0)] + |Cy (0)] logt>

1
< cr2logt.
We now estimate the integral part in the definition of ®; (#). When |Af] < 1 we

estimate separately the integral on (¢, 1/ |1|) and the integral on (1/ |A|, +00).
The standard expansions for 7—[(()2) and Jo give for || < [As] < 1

ki(t,s,A) —k(t,s)

2 _1
1 —
()

2 13 2s
§C|)»|10gmf25210g7|§(8)|
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so that
VI ey (2,5, 0) — Kk (2, C> (0) Wy (s) — Cy1 (0) W,
/ 1(1,5,) _1( s) C1(O) W, (s) + 2 (0) W1 (s) 21() 2 (s) ds
' log% log —
N A
1/ 2 13 2 2\
<c/ c|A|logmt%s%logTS|§(s)||:s%+<logm> s%logs ds
t

R
< ct2 / 1€ (s)] s log? sds.
t

ki(,s,A)—k(t,s) N

2 _1
1 —
(v2)

as A — 0inImA < 0 and ¢ (s) is integrable in s log? sds, the dominated conver-
gence theorem shows that the integral on the interval (¢, 1/ |A|) vanishes as A — 0
inImA <O0.

When |As| = 1 by (1.30) we have

0

ki (2,8, 4) —k(t,9)| < lki (2,8, M+ [k (1, 5)]

2
< CIA"2 12 log (W) 12 ()] + 1252 log s £ (s)]

2
<crh (lM—% log <m> +52 logs) 12 ()]
< Ctis? logs |¢ ()]

and therefore

+00 _ _
/ ki (t,s,)\)2 lil(t,s) 1O W, (s)+Cz(0) Wi (s) 2Cl (0) W2 (s) s
1/1] ( ) log =
log — g 5
A
1 +00
<Ct2/ 12 (5)] s log? sds
1/12]

that vanishes as A — 0. It follows that lim , .9 ®, (#) = 0. The fact that
ImA<0
lim 59 ®) (t) = 0 follows similarly.
ImA<0
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In the case |Af| = 1 the integral part in the definition of ®, (¢) is bounded by

1 +00
ct? / s (s)lslogzsds.
t

The estimates on ®;, (¢) follow. O

Proof of Theorem1.21. The proof follows the same lines as in the proof of Theorem
1.20. In this case we define

o\ !
Uy (1) — C1 (0) Wy (1) + (lOg X) (C2(0) Wy (1) — Cy1 (0) W2 (1))

2 _1
log 2
(23)

and we apply Theorem A.3 to the equation

Z (1) =

~ O ki (t, s, M)
Z, (1) =0, (1) + —2§ (s) s log? sZ; (s)ds.
t ¢ (s)slog-s

For the kernel we have the estimates (see (1.31)

SOSH | py o)
BN I s
e (s)slogzs 0

and

(1,5, 0)
—— | S PL(®) Q)

(s)slog s

(hs)! /2<10g(2x) (log &7)71>
where Q (s)=C o . Py (@)=121"" (A1) /*log 725 and Py (1) =

-1

(re)~1/2 log A simple computation shows that k < ¢ Ikli <10g ﬁ) and
ko = c. The proof follows as in the case —% <b <. O

2. The Harish-Chandra function

Since for A € C*
W (P,, _,) #0,

the eigenfunction ¢, is a linear combination of &, and ®_,. We define the Harish-
Chandra function ¢ (1) by

() =c(X) Py (1) +c(=2) Py (1). (2.1)
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By Corollary 1.18 we have
W(A 0@, A0 S 1))

=W (A0 &), A0 0 1))
— —2irc (M),

so that
W (A2 (1) @i (1), AV2 (1) Dy (1))

2
Since the Wronskian is independent of ¢ we also have

lim W (A2 (0) g5 (1), AV2 (1) D ()
21 '

c(A) =1

c(A) =i

249

2.2)

(2.3)

In the next theorem we obtain an asymptotic expansion for ¢ (1) based on the

asymptotic expansion for A'/2 (1) ¢y ().

Theorem 2.1. Assume (H1) to (H4) be satisfied and let G and ay, be defined re-

spectively by (0.6) and Lemma 1.1. Let M = 0 and assume G® e L,

fork =0,..., M. Then, for every & € C*, Im (1) < 0 we have

z( Z(atm)—%)
)= \/ Zam<oo> T T En ),

€
Al

where

|Em (M| < C|)»|M+—a+3/2

and
ay (00) = lim ay (1) .
f—+400

Proof. By Theorem 1.2 and Theorem 1.17 we have
lim W (A2 000, A2 1) 0. (0))
t——+00

+00), dt)

(2.4)

M
= lim W (Z a’"—(t)jam (A1) 4+ Ry (A, 1), ™M 4 e MR (=, t))

1—+00 r amtoat1/2
M
. am (1) —iAt
= tllinoo (mja—i-m (A1), e
m=0
M
. am (1) i
+ t—I}TOOW (WJG{-‘H’H ()\'t) , € I)JR (_)"a t))
m=0

. —iMt . —i\t
+zgr+nooW(RM<x,r>,e )+t3goow(RM(x,t),e R (=, 1).
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Let us begin with the principal part. By Lemma 1.1 a},, a, € L' ((1, +00), dt).
This easily implies a;n (t) > 0ast — 400, so that

1 B
W tl_l)m W <am (t) ja—i—m ()\.t) , € l)ht)

1 . —i ’ —i
Xm+a+1/2 1—1>m {am (0) Jatm (A1) (—id) e - ay, () Jortm (A1) € i

i (O) (Jartm )Y 7]

lim a, (1) e M (T ) (—in) = (Jagm (1)) .

km+a+l/2

The standard expansions for Jy+,, (At) and the well known identity

(oo
(jonrm ()"t))/ = fja+m ()‘t) + )MjoH»mfl ()\t) s

give

. am (1) _int 2 /(Clermty)
t_l)lgloow<m\7a+m (At), e’ = - ;Wt—{l?ooam ().

Observe that lim;_, o ap, (¢) exists since a,, € L! ((1, 400) , dt). The remainder
terms

w (“’"—(”Jm (M), e MR (=h, t))

amtat+1/2

and

W(RM (1), e MR (=1, z))

tend to 0 as t — 4-00, as the functions Mﬁ’;i@l/zjam (At) and their derivatives are

all bounded by ¢ e™* (and so do Ry (%,1) and its derivative) while e "*R (=2, 1)

and its derivative are bounded by ¢!™ ™ times a term that tends to 0 as t — +o00.
As for the other term, by Theorem 1.2

<
x

Ce
—iAt
111’1’1 ‘W(RM()\ t) e ) <W

By (2.3) the theorem follows. O

In the sequel we will need the following expansion for |c (X)IZ.
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Theorem 2.2. Assume (H1) to (H4) be satisfied. Let M > 0 and assume G® e
L' ((1, +00), dt) fork =0,...,2M + 1. Then for every A > O we have

1 Mod,  ~
leWI* = 2t T 2; X_;S + Expmy1 (A),
S=
where
2s
dy = (—=1)* Y (=1)" a (00) azy—m (00)
m=0

and

<
2]

| E2m1 W] < C s

Furthermore, if G, G’ € L! ((1, 400) , dt) then for every A € C*, Im (1) < 0, we
have

2
a ayj(c0)apg. 1 ~
V= o Im=—+E; V),
|C( )| 2t |)L|2Ol+1 T |)\,|2a+1 A +E ( )
and
c
~ el
|E1 )] < Copar

Finally, if G € L! ((1, 400) , dt) then for every . € C*, Im (1) < 0, we have

2
P p— ——-F)
2 |)\|2a+l ’

and

Proof. By Theorem 2.1

2M+1 ei(—%(a—t—m)—%)

-1
dmc@y=5;<23

m=0

mrat] am (00) + Eop41 ()»))

2M+1 ei(%(a+n>+%)

x ——————a, () + Expr41 (M)
=0 )\'VH‘O!"FQ

1 2M+1 s ei%(s—Zm)

A (00) Ag—m (00) + Eapr11 (1)

= T
2 s=0 m=0 AT
1 2M+1 i_y S -
D (=1)" ay (00) a5 (00) + Eapgy1 (A) .

=5 s+2a+1
2 s=0 A m=0
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Since for s odd, anzo (=™ a, (00) ag_m (00) = 0 we have

T o A2s+2a+1 — m 2s—m 2M+1

s=0
—1% L 4+ E (n)
T2 e ZMA1 A -

The estimate for gz M+1 (1) follows from the analogous estimate for the remainder
in Theorem 2.1. The rest of the theorem follows in a similar way. O

Corollary 2.3. Assume (H1) to (H4) and let G € L' (1, +00) , dt). Then if || —
+o00, ImA < 0 one has

Theorem 2.4. Assume (H1) to (H6) hold for some b > —1/2. If A is non singular
(see Remark 1.15) then if A — 0, ImA < 0

and )»_b_%c )" Lis analytic in ImA < 0 and continuous in Imi < 0. If A(¢) is
singular then if A — 0, ImA < 0

-1
# ~ |)\|1/2 <10g i)
lc (M)] A

and 27172 log % c)Lis analytic in Im A < 0 and continuous in Im A < 0.

Remark 2.5. When b > 0, or b = 0 and A (¢) is singular the above result is due to
Bloom and Xu (see [2, Proposition 3.16]). Using the expansions of ®_; proved in
the previous section we complete their arguments in order to obtain the estimates
for b > —%. For the sake of completeness we give the proof in all cases.

Proof. Using the method of successive approximations it is not difficult to prove
that ¢; and ¢, are entire functions in A. By Theorem 1.19 and equation (2.2) it
follows that ¢ (1) is continuous for ImA < 0, A # 0 and analytic in Im A < 0.

We now prove that ¢ (1) # 0 for A # 0 and ImA < 0. Observe that since
@ % 0, then ¢ (1) and ¢ (—A) cannot vanish simultaneously. Hence if A € R, since
c(A) =c(—=X)wehavec (1) #0.
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Assume now A = £ +in, n < 0, by Theorem 1.17 we have ®_,, CD’_A €
L?> (R*, A (t)dt). Thus

400
/ (2 +) 102 P A ) ar
0
+00 too_ /
= —/O O, (LD, (1) A(t) dt = —fo Dy (1) (P, (1) A(t)) dt
— +o00 oo / 2
=—[®_ (O, ) AW®)], +/0 | D, ()|" A @) dt.

If ¢ (A) = 0 then @), = ¢ (—X) ®_, and therefore lim,_, o+ ®_;, (t)CD’_A MA@ =
0. Also by Theorem 1.17 lim,_, ;o0 ®_5 (1)®", (1) A(r) = 0. It follows that

(AZ + p2) 2 0 and therefore ¢ (A) # 0 for& # Oorn < —p.
Assume now —p < 71 < 0 and observe that by Theorem 1.17 and (2.1) we

have
c(in) = lim e"\/At)gi, ().
t—+00
Since A (f) > Ce**! with C > 0, by Lemma 1.4 we have
c(in) =2C >0.
We now assume A (¢) dominant and we set

A3 (1) b>0
a@)=9 , 2\ !
A2 (10g X) c(A) b=0.

By (2.2) we have

el () = %W («/Xm, «/ZEH).

By Theorem 1.19 we know that ¢y (1) is continuous in ImA < 0 and analytic in
ImA < 0. It follows that
lim ¢; (A) =c; (0)
r—0
ImA<0

exists. Being A (f) dominant /Agg and W; behave differently at infinity and there-
fore they are linearly independent. Since

1 (0) = W (VAgo. C1 (a) W)

we have c1 (0) # 0 and in this case we obtain the required estimates for m
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Assume A (t) recessive, so that p = 0 and —% < b < 0and VA(?) =
VA (t)po (1) = ¢Wj (¢). Consider first —% < b < 0. Since A — ¢, is even we
have g, = 1 4+ O (1), also ¢} = O (A?). Applying Lemma 1.20 we have

W (\/Zm, \/ZEI“H) —W (ch +o (A2> L Cy (@) W1 +Ca (a) 12 W2+A2“zk)

=% Cy (@)W (W, Wh) 4o <|)\|2a> )

since
lim Z, () =0
A—0
ImA<0
and
li dZ =0
im — =0.
r—0 dt A
ImA<0
Therefore

¢ =207 (c C2 (@ 3V (W1, W) +0 (1))
and since Wj and W, are linearly independent we have
1
e W]~ 17772

It remains to consider the case A (¢) recessive and b = 0.
Applying Theorem 1.21 we have

)4% («/ZQDA, ﬂ&v)—k)

2\ ! 2\ !
=W<cW1+0(k2),C1(O)W1+(10gX) (CZ(O)Wl—Cl(O)Wz)-i-(logX) ZA)

o\ ! o\ !
=—-C1(0)c (log x) W (Wi, Wy) + o (log X)

since
Iim Z, () =0
r—0
ImA<<0
and
li dZ =0
im — =0.
r—0 dt A
ImA<0
Therefore

c(h) =11 (—%Cl 0) W (W1, W2) +0(1)>
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and since W; and W, are linearly independent we have

1

le (W]~ [A]72. .

3. Convergence and divergence results
Let us define the operators.
Skf=A>Sk (f A—%) 3.1)

and 1 1
Frf = AFpg (f A‘i). (3.2)
A simple computation shows that

+o0

Srf (x) =f0 Sr (x,1) f (1) dt

FRf (x) =/0 Fg(x,1) f (1) dt,

with

~ R dxr
S 1) = A A _
R(x. 1) /0 VA @O (1) VA ()@ (x) e R

and <
Frr, 1) = / T ) Toe Oux) d.
0

In the next lemma we estimate the difference of the kernels of the above two oper-
ators. This is the main step to prove Theorem 0.2.

Lemma 3.1. Assume that A(t) satisfies (H1)to (H6) and let ¢'(t) € L' (1,400),d1).
Let 1 > Q. Then there exists a positive constant ¢y such that

Cy

Sk (x. 1) — Fg (x,0)| < } 1+ Rlx —1]
cy forx <nandt < n.

forx >nort > n,

Proof. Assume first x > n or t > 7. Since both kernels are symmetric it is enough
to consider x > n and x > . Since

@n (x) = ¢ (A) Py (x) + ¢ (=2) Py (x)
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and for A real ¢ (—A) = ¢ (A) we have

Sk (x, t)—/ VA @)@ (1) YA (X)c (1) Py (x )W

/ A D)@ () VA X)) (=2) Py (X) ————>

]ﬂ JA(0¢AU>JAcn®_Au>

|mP

(k)

Since fR (x, t) is a particular case of SR (x, 1) when A (t) = ***+! we can write

Fg (x,1) —/ Viatle, () Va2etle, () 5

()»)

where @, (1) = 2°T (e + 1) %2 &, (x) = J B 5D e g (x) and

% —i L (2a+1)
c(r) = Eetle 2 . It follows that
V2t

Sr (x,1) — Fg (x,1)

:/ ( A (D) (1) VA (%) A() — ity (t)\/)m‘l’ A(x))

e (A) 27e (A)

Observe now that ¢, () and @, (t) are entire functions in A; that

() _ 21D, (1) s bt+1—a
c(d) Abtie ()

is analytic for Im A < 0 and continuous for Im A < 0 by Theorem 1.19 and 2.4 (the

case a = 0 being similar) and that E(A,\() Y g analytic and continuous in the same

domain. Therefore we can change the path of integration in the above integral. Let
y = {Re"? : = <6 <0}. Then

S (x,1) — Fg (x, 1)
f( A (g (1) VA (x)

By Theorem 1.2 we have

®_; (x)
2a+1 2a+1
u)‘t ¢V 2cm)

A (D)@ (1) =V 12 F g, (1) + Ro (A, 1)

where, uniformly in |A| > 1

C
IRy (A, 1)] < —— MM,
|a|oF2
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By Theorem 1.17, for x > n

AX)P_y (x) =e M1+ Ry (A, x))
Vx2eti@_, (x) = e (1 + Ra (M, x))
where
c
R: (x| <=L,
Finally, by Theorem 2.1,
cW T =ec)TTA+EMW)

where, uniformly in |A] > 1,

C
EMN)| < —.
[E (M) < W
Therefore
~ ~ -1
SR(x,l)—FR(x,l)=E(Il+12+13+14)
where

—i)LxR A
I :/\/ﬂaﬂq)k n 1ot RGN
4

c(n)
—IiAX
_ 200+1 e (1 + Rl ()"7 -x))
L= /y 120+l g, (1) ) E (W) dA
—IiAX
I3:/Ro O S AHTRIG XD gy an
) cO)
—iAxR ()\ x)
_ 20+1 ¢ 2 ’
L= /y 2oy, ()

By the classical estimates for Bessel functions we have

0
|11| < Cn/ eRsm@(x—t)d@
-7
Cy

S 14 RIx—1

Similar computations give the same bounds for 15 , I3 and /4.
We now consider the case x < npand ¢t < 7.

257
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Let
Sk (x, 1) — Fr (x, 1)

1
A A ——— = Ja M) Ty (X dxr
‘/ ( (Des. (1) VA (X))@ (x) eIl Ja (A1) T ( X)> '
R
< / ...dk—i—/ ...dk‘.
0 1
For the first integral we have
! 1
A A — —Ja (A o () | dA
/0 [ @9 () VA O (0 s J(X)J(t)}

1
< [ WAGIn VA 0|t a1 00 g0l @

()»)I2
<cC

since |@;, (x)] < 1 and |c ()L)I_2 is bounded for small A by Theorem 2.4.
Let us consider the second integral. When A > 1, by Theorem 1.2, we have

A9 (0 =~ T 00+ ) T 0+ 0 (7).

Also, by Theorem 2.2, we have
1 1

= _2)"2014-1 + 19) (}\20{_1) .
27 |c (V)] ag

A simple computation then shows that

A D)@ (1) VA (X))@ (x) = Jo (A1) To (Ax)

1
2m e (W2
1
= — (@1 () Ja ) Tart1 0) + @1 () Tt ) T G0)) + 0 (A7),
aph

We are reduced to showing that

R 1
‘/ (a1 (x) Tat1 Ax) T (A1) + ay (1) Tut1 (M) To (AX)) Xd’\‘ <C

Without loss of generality, assume x < ¢. Then

n/x 1
/1 lay (x) Ta+1 x) To (A1) + a1 (1) Ta+1 (M) Tor (Ax)] 5 dr

n/x 51 n/x 1ol
< Clag (x)] / () T3/ —dx+ Clar ()] / () —di<C.
1 1
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This proves the inequality when x < nR~!. When x > nR~!, all that is left to
show is the boundedness of

R

1
(a1 (x) Ta+1 (Ax) Jo (A1) + a1 (1) Jat1 (M) To (Ax)) X d)»‘ .

n/x

Using the classical asymptotic expansion for Jy (z)

Ja (2) = \/gcos (Z—Va)+ O (Z—l)

for z — oo (here yy, = (2o 4 1) w/4) it is not difficult to reduce the boundedness
of the above integral to the boundedness of

R dx
/ a1 () €05 (1 =Y 1) €08 (A =) +ar (1) €08 (A1 = Y1) €05 0o = 1) -
n/x

Since
ay (x) cos (Ax — Yu+1) €08 (At — Vo) + ay (¢) cos (A — Yu+1) €OS (AX — Vo)

- %al () [COS()\(X+0—(“+1)”)+COS(A(X_I)_%)]
+%a1 Q) [cos(k(x+t)—(Ot+1)ﬂ)+005()‘(t_x)_%)]

= % (ar(x)4+ar(@®)cos(A(x+1t)—(a+ 1) m)

1
+ 5 [a1 (t) —ay (x)]sin (A (t — x))

we have

R dxr
f 016) 008 (1t~ 41) €05 (1 = )41 (1) €05 (1 = 1) €08 (hx = 7)
n/x

R dx
=/ —[a; (x)+a; (t)]Jcos(A(x +¢t) — (¢ + 1)) —
n/x 2 A

R q , dx
+/ S lar () —ay (0]sin (0 =) -
n/x

Integrating by parts and using the fact that a; is C! and satisfies |a; (t)| < Ct gives
the desired result. O
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Proof of Theorem 0.2. By (3.1) and (3.2) the theorem is a simple consequence of

the fact that for f € L! (1_+zdt) F ® f and §R f are well defined and

Jim [Skf (x) = Frf ()] = 0. (3.3)

To see this observe that F, r f is well defined by Theorem 0.1, and that

ISef () — Frf ()| <f0 ISk (v, 1) — Fr (e 0| 1f (0 dt

+00 ~
2/0 (1410 [Sk (x, 1) = Fg (x, f)||f()|

For every fixed x > 0, by the previous lemma (1 + ¢) |§R (x,1) — FR (x, t)| is
bounded in ¢. For every fixed x > 0 and for every ¢ > 0

lim (141)|Sg (x, 1) — Fg (x, 1) =0,
R—+o00
and by the dominated convergence theorem (3.3) follows. U

Proof of Corollary 0.3. Let f € L1 (A (¢) dt). Itis easy to check that

feL1<VA(’)dt>.
T +1

By Theorem 0.2 and Theorem 0.1, Sg f (x) is equiconvergent with

e (VAr) .

Since for every 0 < ¢ < n we have VAf e L1 (e, n],d), by the localization

principle and the Carleson-Hunt theorem we have that \/—C R («/— f ) (x) con-
verges almost everywhere to f (x) in [, n] and so does Sg f (x).

Proof of Theorem 0.4. Assume p > O and let g € LY (A (t)dt) with g < 2. Us-
ing the asymptotic expansion for ®; and c (1) one can easily check that ¢, =
c(M) D) +c(=2)DP_y € L" (A (t)dt) for any r > 2. It follows that g is con-
tinuous. Assume now that for some p > 2, Sg maps L” (A (t) dt) into tempered
distributions. By duality Sg maps test functions in L? (A (t)dr). Since p’ < 2 it
follows that for every test function f, Sg f is continuous. However the L? " theory
for the Fourier transform (see e.g. [1, Chapter 2]) shows that Sg f = X[0,R] f

Let now p = 0 and assume that Sg maps L? (A (x) dx) into tempered distri-

bution for some p > %. By duality Sk maps test functions in L7 (A (x) dx) for
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some q < ‘2”;1‘3‘ Let f = 0 be smooth, even and compactly supported. Let R such

that f (R) # 0. We have

R R .
Srf (%) =/0 J(R) ¢y (x) +/O [F ) = F(R]er ()

dA dxr
27 |e WI? 27 Je (W)
=1+1I
A change in the path of integration in / (as in the proof of Lemma 3.1) and (2.1)

give R
Fw .
=12 /y ) (x)

where y = {Reie w6 < 0}. By Theorem 1.17 we have

D ()= A" (x) e (1 + R, x))

with .
IR, x)| < emls la@ldv _

By (HS5), for large values of A and x we obtain

Dy (1) = A7E (x) e M (1+o( ! ))
AX
By Corollary 2.3,
I = (R)/ ——( ) —iAx f( )/A_% (x)e_i)‘XO (i) dir
c(k) 2 J, ax ) c)
0
(R) A2 (x )/ T _— O(f(R)A‘%(x) eR”i“HRLxR“JF%RdG)

1 1
R di ~ AT2 R% 2
f( )4 <>f —ine A% 0<f<R>—(i§ )

Also, by Theorem 2.1

and therefore

/ e—i)uxd_)L — C/ e—ikxka+%dk + 0 (/ e_i}”x)\.a_%d)\.)
Y c) % %
R a—1
, R% 2
- c/ eI 4 O ( ) .
—R X
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Some standard computations show that

R ot a—1i
. 1 R%™2 R% ™2
/ ¢4+ gy = esin | Rx — T o+ = + 0
—R 2 2 X x2

and therefore

<l 3o ) -o(2)]

Let now x such that ‘sin (Rx -5 (a + %))‘ > % and R sufficiently large such
that O (%) < %. We have

[}

I=cFf(R)A™2 (x)

a+%

—~ 1 R
I>cf(R)A 2 (x) T

We now estimate //. A similar computation shows that

d
c(h)

1 -~ —~
|1] = ‘E/y [f )= fF(R)] P (x)

T
<C/
0

Since f(Re_iRe) — f(R) =0forf = 0and f = & itis easy to see that

f(Re—ike) _ f(R)‘ A-2 (x)e—RxsinF)Roz—}—%dQ‘

A7 (x)
x2

[11] < cp
Let now x such that ‘sin (Rx — % (a + %))) > % then

RO*I A”3 (x)

ISkf ()| = I+ 11| > cf (R)A™Z (x) - -

_ AT (cf(R) R+l _CR%).

X

Since A (x) ~ x?+! (A (x) ~ xlogzx in the singular case), integrating over
{x : ‘sin <Rx - % (a + %))‘ > %} shows that Sg f (x) ¢ L9 (A (x)dx) for any

< ‘2‘2—1‘3‘ (observe that since f is entire we can always find large values of R such
that 7 (R) # 0). O

Proof of Theorem 0.5. In the case of the Fourier-Bessel expansion the result is con-
tained in [6]. Using the asymptotic expansion for ¢, given Theorem 1.2 and the
estimate for |c (1)| given in Corollary 2.3 one can easily adapt their proof. O
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A. Appendix

In this appendix we collect some known facts used repeatedly in the paper.
Lemma A.1. Let uy and us be two linearly independent solutions of the equation
u” + piu’ + pou = 0.

If ¢ (t) is a C? solution of the integral equation

§ () = _/t uy (t)us (s) —uo (t) uy (s)
0]

uy (s) uy (s) — uz (s) uy (s)

Wo (s)u(s) +J ()¢ (s)) ds,

then ¢ (1) is a solution of the differential equation
u” + pru’ + pou = You + J .

The above integral equation can be solved by the method of successive approxima-
tion. For reader’s convenience, we restate of [11, Theorem 10.1, Chapter VI].

Let us consider a kernel k (¢, s) defined for ¢t € (fp,t1) and s € (¢, t] that
satisfies the following conditions

1. k (¢, s) and % (t, s) are continuous,
2. fort € (t9, t1) we have k (¢,1) = 0,
3. there exist continuous functions Py, P; and Q such that, for all s € (79, 7],

|k (t, )| < Po(2) Q(s)
and

ok <P
S 9 <PDQE).

k= sup Q@)|J(1)] <00

te(to,11)
and
ko= sup Q(t) Py(t) < +oo0.

t€(fo,11)

Theorem A.2. Given an integral equation of the form

t
u(t) = —f ki, s) (Yo (s)u(s)+J(s)p(s)) ds (A.1)
fo

assume that

1. the functions vy, J, and ¢ are continuous,
2. the following integrals converge

t t
/ ¢ (s)] ds, / 1Yo ()] ds,
o o
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then (A.1) has a unique twice continuously differentiable solution u (t) satisfying

u(t) u' (1)
— 0,
Py (1) Py (1)

— 0 ast — ty.

Furthermore
()| |u @] ‘ .
RO Ao S /,O 16 ()l ds eXp(ffo /IO |1/f0(S)|ds).

If ¢ (s) = Yo (s), then the above estimate can be sharpened
] | O _ «

t
Po(t) PL() " Ko (eXp (KO / 19 )| ds ) - 1)'

Theorem A.3. Let k as above and assume that J is differentiable on (ty, t1) and
¢ (s) continuous on (ty, t1), such that f[g |@ (s)|ds converges for every t € (t, t1).
Let uy = 0 and define inductively

t
ujpr () = J (1) —f k(. 5) (s)uj (s)ds.

fo

Then
t Jj+1
) (Ko / |¢<s>|ds>
I
lujs1 () —uj (1) < h® : 7
and
t j+1
(Ko/ I¢(S)|dS>
Wi (0 = ) (O] =Py (1) =2 .
Jt J Ko J!
Moreover
+00
w(t)y =y (ujr1(t)—u; @)
j=0

is the unique solution of the integral equation
t
u(t)=J() —/ k(t,s)ps)u(s)ds
Io
such that

u(t)—J@) 0 u' (1) —J' (1) N

, 0 ast — ty.
Py (1) Py (1)
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Furthermore

() —J ()] < Pot) Kﬁo (exp <Ko

t
/ ¢ (s)| ds
Io

t
/ ¢ (s)| ds
0]

)
)

W (6) = ' ()] < Pr(t) = <exp (Ko
Ko
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