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Representation Theorems for Holomorphic and Harmonic functions in P
by

x
R.R. Coifman and R. Rochberg7

§1. Introduction. The main result of this paper is that functions in certain

Bergman spaces and in certain generalizations of Bergman spaces can be written as
sums of building blocks of an especially simple type. This can be regarded as an
extension to the Bergman spaces of the atomic theory of generalized Hardy spaces
presented in [3] and of the molecular theory of Hardy spaces which is presented in
this volume by Taibleson and Weiss [26]. (See also [31].)

Let D be a bounded symmetric domain in c” . (That is, D has a transitive
group of biholomorphic automorphisms and each point of D 1is the fixed point of a
biholomorphic automorphism of period two.) For example D could be the unit disk
in € or the unit polydisk or the unit ball in " . lLet dv(z) be Lebesgue
measure on D and let B(z , () be the Bergman kernel for D . For instance, if
D 1is the unit ball in Cn , then

B(z, §) =c (1 - 2.7y (0D
where z.z = Zzizi . For 0< p< o the Bergman space AP = AP(D) is defined to
be the supapace of LP(D , dV(z)) consisting of holomorphic functions.

We will prove the following result.

Theorem I. Suppose O < p < 2 . There are points gi ,1i=1,2, ... in D

and constants C, , C., which depend on p and on the points gi so that

1 2

(@) if F 1is in Ap then there are numbers ki such that
1
2
b B (Z,Qi) P
(1. 1) F(z) = T A\, \z57o——
=1 b \B(EC)

with TP <c, [ [F@][° av(z) , and
D

(b) if ki are numbers such that Z,Ai,p < o then the function F(z)

Both authors supported in part by grants from the National Science Foundation.
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REPRESENTATION THEOREMS

p

defined by (l.1) is in A" and satisfies

[ IF@|® ave) <,z [P
D 1

Our main result is actually for Bergman spaces defined on unbounded realiza-
tions of such domains. 1In that context we obtain results for the full range
0 < p<® and also for weighted Bergman spaces. A similar, but slightly more
complicated result is obtained corresponding to the end point p = o . The end
point result involves spaces of functions similar to Bloch functions. Decomposi-
tion theorems are also obtained for certain spaces of harmonic functions defined
on the unit ball in R"

Part (a) of the theorem is derived from, and can be regarded as a discrete
analog of, an integral reproducing formula for functions in AP . Part (b) of
the theorem is elementary for p< 1. For p>1, part (b) is derived from and
can be regarded as the discrete analog of, the fact that the integral reproducing
formula gives a bounded projection of Lp onto AP .

The proofs of the decomposition theorems for holomorphic functions is given
in Section 2. The proof of the analogous result for harmonic functions is in
Section 3.

In Section 4, we give various consequences of these decomposition theorems.
One of the main themes of these applications is that various computations or
estimates which are relatively simple for the individual summands in a decomposi-
tion such as (1l.1) can then be extended by linearity to the entire space. Using
this point of view we obtain inclusion relations between various Bergman and Hardy
spaces and description of the behaviour of the Bergman spaces under various inte-
gral and differential operators. Other applications include results about zero
sets for holomorphic and harmonic functions, results about automorphic forms on the
disk, and a nuclearity criteria for Hankel operators.

In proving the decomposition theorems for holomorphic functions we use certain
facts about the Bergman kernel function on Siegel domains. Since the proof of

these facts has a different character than the rest of the arguments we use, and
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since the facts themselves may be of independent interest; we present those results
in an Appendix.

We acknowledge with thanks the many helpful discussions we had with our
colleague, G. Weiss, during this research.

We follow the custom of using the letter '"c¢" to denote many different con-

stants.

§2. Spaces of holomorphic functions.

Our main results for holomorphic functions, Theorems 2 and 2', are proved for
Bergman spaces of holomorphic functions on symmetric Siegel domains of type two.
The primary reason for working in that setting is that the proofs are based on
certain estimates for the Bergman kernel and those estimates, Lemmas 2.1, 2.2, and
2.3 are obtained using, among other things, Gindikin's theory of special functions
for such domains [11]. Due to work of Stoll [25] and Forelli and Rudin [9],
similar estimates are available for products of complex balls and hence we also
obtain Theorem 2 in that context. Certain cases of Theorem 2 are invariant under
biholomorphic automorphisms of the domain and hence will be valid for all bounded
symmetric domains. This observation produces Theorem 1 from Theorem 2.

The proof we offer makes frequent use of the fact that the domain being con-
sidered has a transitive group of automorphisms. 1In most cases it is clear that
this is just a convenience, and it seems reasonable to conjecture that results
similar to Theorems 1 and 2 are true for a much more general class of domains. In
this direction we note that Theorem 3 (the analog of Theorem 1 for the ball in Rn)
does not use (in any obvious way) the homogeneous structure of the real ball.

For any open set D in tn , we denote by B(z , () = BD(z , ) the Bergman
kernel function for D . We will denote the Euclidean volume element of D by
dv(z) and will denote the volume of a subset B of D by ,BI . Thus IBI =

= I dv : The spaces of holomorphic functions which we will consider are the
B

weighted Bergman spaces Ap’r(D) which are defined as follows. For p and r ,

0<p<owo and r real, Ap’r(D) is the space of all holomorphic functions F on

14



REPRESENTATION THEOREMS

D for which
1

el
F
il ”p,

p
r (ID [F2)|P B(z,2)" av(z)) <.

We will call H the "norm" of F even in the case when p < 1 . For the case

Fllo e
B
of D the unit disk of € , many properties of these spaces are presented in [23].

For z and w in D , we denote by d(z , w) the Bergman distance between
z and w . This distance is invariant under biholomorphic automorphisms of D
and on compact subsets of D 1is equivalent to the Euclidean distance. A fuller
discussion of the Bergman kernel and the associated geometry can be found in the
books by Baily [1] and Kobayashi [29] and in the references listed there.

Suppose T 1is a given positive number. We will call a sequence of points
{Qi* in D an 7 -lattice if d(gi , gj) > 7 whenever i # j and if given any
z in D there is a & with d(z , gi) < 7. Hence the balls centered at g
with radius 1) (in the Bergman metric) cover D and there is control on the amount
of overlap in the covering. (We will also use this terminology when the actual
inequalities satisfied are d(gi s gj) > 71/a and d(z , gi) < am for a large
constant a which does not depend on z , i, j , or 7. This slightly imprecise
usage avoids the need for an additional parameter in the definition.)

We now recall the terminology and notation for Siegel domains. A homogeneous
Siegel domain of type two (an "affine-homogeneous Siegel domain of the second kind"
in the terminology of [11]) 1is obtained as follows. We start with V a regular
open affine-homogeneous cone in R® and a homogeneous V-Hermitian bilinear form

F defined on €™ x €™ . The domain D is then defined to be the (z) 5 2,) in

Cn+m =¢" x ¢™ with z in cn > 2, in ¢ for which

Im - .
(z)) - Flz, , 22) S
A detailed discussion of analysis on such domains is presented by Gindikin in [11].
Other good sources of background information on such domains are the article by

Vagi [32] and the references there and the book by Kobayashi [29].

A discussion of the Fourier analysis for the simpler special case of domains

15
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of tube-type is in [24].

One reason for the significance of this class of domains is the result of
Vinberg, Gindikin, and Pyatetzki-Shapiro which states that every bounded homogen-
eous domain is biholomorphically equivalent to such a domain.

Our results are proved for a subclass of these domains--the symmetric domains.
This corresponds to the case where the cone V 1is self-dual. We suspect the
results are valid for the full class of homogeneous domains but we have not been
able to provide proofs for the results of the Appendix in that more general case.

The simplest example of such a domain is the upper half plamne in C (n=1,

m = 0) . This example should be kept in mind when reading the proof of Theorem 2.

Also, Theorem 2 is presented for spaces Ap’r(D) . The choice r = 0 simplifies
the reading of the proof and involves no real conceptual loss.

We now state the main result of this section.

Theorem 2. Let D be the unit ball in ¢® ora symmetric Siegel domain of type

two. There is a positive constant € which depends on D so that the Bergman

space Ap’r(D) with 0<p< o, €p < r <o sgatisfies the following. Given

8> (1l +r) max (-1 , p - 2) there is an ﬂo = ﬂO(D , P, r , B) so that if the

points {gi} are an 1 -lattice in D , N < Mo then

(a) I1f F 1is in Ap,r then there are numbers ki so that

1+r 5}

B2(Z,C,i) P B(Z’Qi) P
(2.1) F(z) = % Ki B(Gi’gi) B(gi’gi)

P Nl P
and T | < clEl]

®) 1f £]n|° <= then F defined by (2.1) is in ™" and HFngS
J

<ec Zlkilp.

The constant c¢ can be chosen to depend on only D, p, r , 8 and 1M (not on

F, the A 's, or the particular 7 -lattice).

16
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Before starting the proof, several comments should be made:
1. For these domains the Bergman kernel is never zero, (see the proof of Lemma
2.3 in the Appendix) hence the fractional powers in (2.1) cause no difficulty.
2. The sum in (2.1) converges absolutely uniformly on compact subsets of D and
p,r

converges in A norm.

3. The numbers Ki in (2.1) (which are called xij in the proof) are obtained in

a constructive way as continuous linear functionals on Ap,r‘

4. The representation (2.1) (i.e., the choice of xi) is not unique.

5. The Bergman kernel of a product of two domains is the product of the Bergman
kernels for the domains. Hence, if Theorem 2 is true for two domains, it is

true for their product. In particular the theorem is true for the polydisk.

6. eD is less then 1. Hence 1+ r > 0 and thus the simplifying choice 8 = 0
is always allowed if 0 < p < 2
. n 1 . psT .
7. For D the ball in C , eD = For this D , the spaces A with

r < -e contain only the zero function.

The basic idea of the proof of part (a) is the following. We use an integral

Py by an integral. This

reproducing formula (Lemma 2.1) to represent F in A
integral is then approximated by a Riemann sum using the values of F at the
points of an 1 -lattice. If T is sufficiently small then this produces a good
approximation and iteration of the process yields the representation (2.1).

Part (b) of the Theorem is elementary if 0 < p < 1. For p> 1 we must

show that a certain linear operator from P o APPT

is bounded. We do this by
using a boundedness criterion of Schur [21], which was used by Forelli and Rudin
[9] in a similar context (Lemma 2.7). The estimates which are needed to apply this
criterion are estimates on integrals of powers of the Bergman kernel. (Lemma 2.2).
The_ history of the reproducing formulas which we use, and of the closely
related results on the boundedness of certain projection operators, is complicated.

We refer to [9] and the discussion there and also to [14] and [22].

The following three Lemmas are estimates we will need for the Bergman kernel.

17
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We suppose D satisfies the hypothesis of Theorem 2.

Lemma 2.1. There is a constant € > 0 which depends on the domain D such that

1
if r > -eD then for appropriate constant c¢_ , ch(z > C) +r is the reproducing

r
2
kernel for A~’T ; that is, for all F in A2,r.

Fz) = c [ FQBG:, O BC, O av©
D

1
In particular, setting F(z) = B(z , w) +r and then taking w = z and

B({ , z) we obtain

recalling that B(z , ()

r

B(C , £) © av(p) .

I

B(z , z)l+r Cr I ’B(z , g),2(l+r)
D

This is related to the next result.
Lemma 2.2. If a>r> —eD then

H+a

[ I8, OFsc, O @ <c B, 2"
‘D L, T

with <., not depending on z

Lemma 2.3. if =z , (C . QO are in D and d(C , go) < 10 then

B(z,C) _
'B(Z’QO) 1, < ) (¢ Co)'

with p not depending on z , [ , or CO'

These results are proved for symmetric Siegel domains of type two in the
Appendix. In that case we have equality in Lemma 2.2. For bounded symmetric
domains, Lemma 2.1 is due to Stoll [25]. Lemmas 2.1 and 2.2 for the ball in Cn

are due to Forelli and Rudin [9]. In that case ¢_ = —l—-
D n+l

If D is the ball in
Cn then Lemma 2.3 is straightforward.

We now describe a decomposition of D which we will associate with any given
M -lattice (with 7 small). Informally, and slightly imprecisely, the construction
is as follows. We cover D with sets Bi , balls of radius one which are almost
disjoint. Each Bi is covered by sets Bij which are balls of radius T, are

almost disjoint and each Bij contains exactly one point of the T -lattice.

be some fixed base point of D . Pick z in D

More precisely, let =z 1

0

with d(z zo) > 1 and d(zl s 2zg) as small as possible subject to that

1 B

18
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condition. (The fact that the choice is not unique does not matter.) Proceed

inductively picking zj so that d(ij ) zi) >1 for i=0, ... , j -1 and

d(zj y zo) is as small as possible subject to this constraint. It is clear that

the balls Ei ={z ; d(z, zi) < 1/2} are disjoint and it is clear after a moment's
thought that the balls Bi = {z 5 d(z , zi) < 1} form a cover of D . (If =z
were in no Bi then the sequence of numbers d(z0 5 zi) would be bounded.
However, the balls Bi are disjoint and all have the same invariant volume, hence
they can not all fit in a set of the form {Z; d(z , zO) < M} .) The set {zi} is
a 1 -lattice. (A similar construction could be used to obtain an T -lattice for
any T and hence there are 1T -lattices on any such D .)

Let {gi} be the points of the given 1) -lattice. We rename the ¢4 's as
follows. Let 4g0’j , J=1, 2, o0y NO be those gi which are in BO but not

in Bi for i=1, 2, .... Let gl’j for 3 =1, 2, ..., N1 be those gi

which have not been previously selected and which are in B1 but not in ﬁi for
i=2, 3, .... Proceeding in this way we end up with gi being renumbered as
gi, in such a way that all the Qij are in Bi and every point of the M -lattice
which is in Ei is among the gij'

We now construct a covering of D associated with this 1 - lattice. Let

Bij and ﬁi. be the balls of radius T and 1/2 respectively, centered at
... Let D,. be the B,, made disjoint. That is, let
ij 1] 1]
D, = B, \I[ U B, .1
01 01 .
(i, D#0,1)
Dy, = By, \[D,, U ( u B. )]
02 02 01 .o
(i, D#0,2)
Dyq = 303\[D01 Uy, U ( U B,.)]

(i,1)#(0,3) I

Continue this way through the finite number of BOk and then set

D,; = B,.\[UDgy U ( U B, )]
R T O VISR D

etc. Let D, =UD,, .
i 3 i

These quantities will be fixed for the rest of this proof. The following is a

19
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summary of the properties of this construction.

emma 2.4. (a) the gij are an T -lattice. The Dij are a disjoint cover of

D, i.e., U Dij =D.
i,] .
.. €B,.CD,, CB,,
ij ij ij ij

(b) The points z; are a 1 -lattice and, denoting by gi the ball centered

at z; and of radius 2 , and §i the ball of radius 4

z, €B,cD 3B CB, .
i i i i i

z.
1

(c) There is a constant M (which depends on D and 7 but not on the

or gij) such that no point of D belongs to more than M of the Bij nor to

more than M of the Ei nor of the Ei

We will make frequent use of the following fundamental invariance property of
the Bergman kernel. Let g be any biholomorphic map of D to itself. For =z ,
¢ in D
B(gz , 8() det g'(z) det g' () = B(z , ()

(Here g'(z) denotes the complex differential of g at z .) Now suppose z is

0
a fixed base point of D . When we set z = = g(zo) in the previous equation we
obtain
(2.2) B(z , 2) = ——— B(
. z , z) = 2 zg s zo)
[det g |

Lemma 2.5. If f is holomorphic on D _then

[ lf@|ave < ez [£@[° 377 (2, 2)av(z))P B (z; 5 2) -
B B.
i i
Proof. EI = g§; for some transformation g . Hence, by a change of variables

J_le@] avie) = [ £Gs0) |det g'] aveg)
Bi BO

|f(g(C))lp is subharmonic for any positive p , hence, for any small Euclidean

ball A centered at ( ,
1

P
@) < J, 1£6OI°P v

20
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Since we can require that A be inside %E and that lAl-l be bounded, this

yields
1

IN

P
[ le@]av(@) < e faet g'[* ([ 260 [ av)
B. B
i 0
1
(= £ av)P

i

1
2(1 -p)

n

¢ |det g

B,

By Lemma 2.3, B(zi 5 zi)/B(z , z) 1is bounded below for z in i Hence
£ 2(1-4) . L
J_ lE@]avz)<eB(z, 5 2" [det g'] P [E@IP Bz, )T av(e)P
B. B,
i i
An application of equality (2.2) yields the desired result.
Lemma 2.6. If f is holomorphic on D then
2 (n+m)+1
Ty €@ - £ ol ave) < e @™ P 5] avio)
ij i
(recall that n + m is the complex dimension of D .)
Proof. Dij c gBOl for some g transforming D to itself with 82q = gij.
Hence,
2
—_ - 1
=0y le f(‘;ij)| av(g) < ldet g'|” ([ [fees) - £(829) aV(C)) -
ij 01
Now If(gs) - f(gzo)l < ( sup lV(f(gs))l) lc - ZOI . We dominate IC - zol by

Bo1
cl and dominate sup by c¢ times the volume integral over the much bigger ball
B
01

BO and obtain

l£@s) - fecy| < e [ [fG2)]| ava) .
B
0

Hence,

1<l Jaet g2 ([, |eGn)] av@) [ aveo)
0 01

CT]2(n+m)-1 (IBO [£(gz)| |det g'lz av(z)) .

IA

Reversing the original change of variables yields the desired estimate.
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The next lemma is the extension used by Rudin and Forelli [9] of the bounded-

ness criterion of Schur [21].

Lemma 2.7. Let (X , v) be a measure space. Suppose 1< p < o and % + % =1

and that Q(x , y) is a non-negative measurable function on X x X . If there is

a g(x) which is non-negative and measurable and a constant c such that

(2.3) Iy Qx5 g avy) < eg)? a.e.
and
2.4) Je e, g ) ) e ave

then the operator which sends £ into Tf given by

(T (x) = [ Qx , yIE() dV(y)
is a bounded map of LP(X , V) to itself.

Lemma 2.8. Suppose p>1, r > e A>(p=-2)(r+1) and o =2r +2 + 8.

let T be the linear map which sends the function f defined on D to the new

function Tf defined on D by

QO
P
D) - [ DOl s @ oave -

—-r-

B(C, ()P

T is a bounded map of LP(D, B™® (£,£)dv({)) into itself.

Proof. We apply Lemma 2.7 on the measure space D, B(g,(;)-lf dv(C)) . The

required function g(z) 1is B(z , z)6 . The estimates (2.3) and (2.4) follow from

Lemma 2.2 for sufficiently small positive 6 . More specifically, to obtain (2.3)

replace « in Lemma 2.2 by o/p-1 and replace r by a/p - 1 - 8q . To obtain

(2.4), replace o« in Lemma 2.2 by o/p-1 and r by =-bp+r . If & is

sufficiently small and positive, then all the required inequalities are satisfied.
We now prove the theorem.

Proof of Theorem II. We begin with part b of the theorem. We wish to show that

given a sequence Kij with Z'xij'P < o then
J Iy @I 8@, 7 ave) <o gyl

where
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9 ir ]
B (z,Ci5) P B(z, () )p

K, (2) =
SR TN AL [N

and gij are the points of an 1) -lattice.
By Lemma 2.2, Hkij(z)!‘lg fS¢s for some constant ¢ which does not depend
2

on i, j. If p< 1 then

1P np P
”Z)\]_J kij‘lp,r S Z“}\l_] kij\lp,r S ¢ Z,)‘]_J'
and we are done. We now suppose p > 1.
Let
_ -r
'Dijlr B IDij B, DAV -

We estimate ID by first using Lemma 2.3 to replace B T (C > ¢) 1in the

ijlr

integral by BTr (gij s gij) and then evaluating the resulting integral by making

the change of variables which sends ( to

i3 €01 . This yields

2 (n+m) B (r+1)

(2.5) o]~ G55 Cis) -

ij'r ij ij
Let Xp be the characteristic function of D . Set
ij

H(z) = zlxijl Ip

Clearly ”HHg,r = Z'?\ijlp .

We now claim that

2(n+m)(1--1—)
(2. 6) [Th, .k, . (2)] <en P (o) ()
ij ij

(where T is defined in Lemma 2.8). As in Lemma 2.8, let a = 2r + 2 + 6§, then

o |8

Ep1

1
) =) = T o 1P 1) ol o, o7
1]
B(C, 0P

Hence, by Lemma 2.3, (TH)(z) is of size comparable to
o
[B(z,¢49)]P
a
L -

P
B(C; 0G4 y)

zlxij B(C , ¢)F dv(g) .

23
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Now, using (2.5), we obtain

1 . Jlile ol
2(n+m)(1-p) (xr+1) (1 p) p+r+1

(TH) (z) ~ zlxijln B(C,. » C..) [B(z , gij)fp

ij ij

2(n+m)(1-%)
= gl kg ;@]
which establishes (2.6). An appeal to Lemma 2.8 completes the proof of part b of

the theorem for p > 1.

We now prove part (a) of the theorem. If suffices to give the proof for
functions in a dense class with the appropriate norm estimates. Hence we can
assume that the integrals in the proof are absolutely convergent. We start with a
A2,a/p-1.

function F(z) which we may (by the comment just made) assume to be in

By Lemma 2.1, we may write

Q

»
P2y = ¢ [ BB r)ave)
<1

B(C,0)°
We will approximate F(z) by a Riemann sum for the integral based on the decompo-
sition D =U Dij . That is, letting ¢ denote the same constant as in the
previous equation, set
a

B(z, (55"
G(z) =c T ——( " F(

p
B(Qij,gij)

y |p..] .

ij ij

Thus, for any =z in D

a
N a
P B(z,0;)F
@7 5@ el <en ) r@ BEE—-r ) ~——| av(o)
ij =-1 =-1
P p
B(C,C) B(Cy ;5Cy )
@
LICHITIN
setl [IF@ -Fepl —— (- v@©
ij ==
B(gij,gij)P
2 >
P B(ZJQ")
vex ) IF@l ,B(z’cil - { av(Q) .
ij =- =-1
B(C )P B(C13,Ci7)"
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By Lemma 2.6, the first sum can be estimated by
a
|3

[B(z i)l

ij %—1

LI

s <ec§ n2(r1+m)+1

< I3 [F@lave
1

By Lemma 2.3, this yields
a
[F@©)] av(g) .

< 2 e

P
2 (n+m)+1 ,B(z’gi)l -
z — oI5,
ij =-1 i

I
B(C, ;)P

The terms summed do not depend on j . Using elementary volume estimates, we see

-2 (n
( +m)) terms in the sum. Hence

that for fixed i there are O0(7
&
LI

<1

L Een: qgi [F@] aven
B(g,,¢)°

We obtain the same majorant for the second sum on the right hand side of (2.7) as

follows. Use Lemma 2.3 to obtain the estimate

=3
Bz, DI
el : (fDij P @] av©) ————
B(Cy 00y 00
Then, using Lemma 2.3 again to replace gij by gi , note that (by Lemma 2.4)

L;DijCBi'

Combining the estimates for 5_ and ZII , and then using Lemma 2.5, yields

1 [ (d4r-a)
[Fe) -e@| cent g [F@OIP 3™ @€, 0 av@)? 3G, ¢pIP s P
i i

I

Define k]-_(z) by

a (+r-a)

ki(z) = 'B(z ’ z],_),P B(Zi B zi) P .

The previous estimate can be rewritten
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1
€ > DAVEHPK, (2) .

-r

|F(z) - a(z)] <cn §(I'§ [F)]® B

Since the ki(z) are the functions of the type used in the proof of part b of the

we conclude

theorem (only now for the 1 -lattice {zi}),

-r

Pl e fEFolP BT @, o)
’ i i

Since the E; are almost disjoint (Lemma 2.4(c)), this implies

8 e _oallp o P pllP
(2.8) JF an’ricﬂ |IFAP,,_,

Since the size of ¢ 1is independent of T , we may choose 1T so small that
c ﬂp < (%-)p . Thus, denoting by A the linear operator which sends F to the
approximating sum G , we have the operator norm estimate

l-alzg-

Hence the operator A =1 - (I - A) 1is invertible. Thus F can be written as

F = AH for some H with norm comparable to that of F . That is the required
@©

conclusion. (Note that H can be obtained constructively as H= ¥ (I- A)k F.)
k=0

The proof of the theorem is complete.

Since every bounded symmetric domain D is biholomorphically equivalent to a
domain U to which Theorem 2 applies and since the 8 = 0 version of Theorem 2 is
invariant under biholomorphic changes of variables, Theorem 1 follows from Theorem
2. 1In more detail, the relation between the Bergman kernels for the two domains is

that for any z , { in U and g a biholomorphic map of U to D

(2.9 B (g (z) » 8(0)) det g'(z) det g' (C) = By(z, C) .
Suppose f is in Ap(D) . Using g to change variables one verifies directly

that F(C) = f(g(0)) (det g'(g))z/p is in Ap(U) and has the same norm as f .

Theorem 2 can be used to give a decomposition of F . Using (2.9) this is seen to

be equivalent to having a decomposition of f of the type described in Theorem 1.
The same considerations also yield the analog of Theorem 1 for the spaces

Ap’r,r > ey - We know of no reason to doubt that the full analog of Theorem 2
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(that is, including the case ® # 0) is true for this class of domains.

The limiting case of these results as p becomes large is a description of

* 1
the space (Al’r (D)) , the dual space of A 2k We will denote the norm of a

1
linear functional L on A ’" by HLH_,c = HLH( . Our description of the dual
%, 4

space will be with respect to the weighted pairing. Set

<f, g, = [) FOEQBEC , O av©) .

Theorem 2', Let D be a symmetric Siegel domain of type two and eD the posi-

tive constant associated with D by Theorem 2. Suppose r > ep - There is an

T]O = ’I]O(D , r) such that if the points {gl} are an T -lattice , N < 'ﬂO , then

%*
the space (Al’r(D)) has the following description:

l,r *

(a) Every L in (A ) can be realized as a weak * convergent series
® B(z,{;i) 1+r
(2.9) L= % A,(

i=1 1 B(gi;Cj_))
n B(z,gi) 14r

That is, L(f) = lim <f , T A, (z0—=———=) >_ .

- n =1 FBGCoEy) t

The constants A; may be chosen so that sup l)\il < i}, .
%,

(b) If sup I)‘i’ < o then (2.9) is a weak * convergent series and L
. !

defined by (2.9) has ‘]LA*’r <csuw A .

(¢) If L 1is represented by (2.9) and « is positive then KaL defined
by

I+r+a
B(z,C,)

(2.10) KOLL= Z A,

=1 T B, ,z;i)l’LrB(z,wOL
1

ey

which represents L in the follow-

is a bounded function with HK LH < cHL
a o —

ing sense. There is a constant d = d(a , r) such that

(2.11) L(f) = d&<f, KL >
oA} r

(d) If the numbers )\i are a given bounded sequence and KQL and L are

defined by (2.10) and (2.11) then

Il < elitl, < ¢ sup ol

The constant c can be chosen to depend only on D, r , T and a .
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Informally, (a) and (b) of the theorem are the limiting case, a = 0 , of
(c) and (d). However, the actual situation is a bit more complicated. The sum

(2.9) need not converge pointwise to a function L(z) and need not converge in the

1,r

norm of (A ) . These issues and others are discussed after the proof.

The proof is very similar to that of Theorem 2, hence we only give an outline,

1,r

Proof outline. We start with an L in (A ) . By the Hahn=-Banach theorem

there is a bounded function b such that

(2.12) L(F) = <F , b>r

1,r

for all F in A For any fixed positive a , F can be represented by the

reproducing formula
I+r+a

rC)=c [BEE — reBe, o7 v .
a
B(z,z)
Hence L(F) =<F , La? with Lq defined by

l+r+a

Bz, 0
L) = [l pav() .
B(Z,Z) B(Q,C,)
B z)1+r+cL 1.r
Now note that Bz(g) = —jgl————?;—— is uniformly (with respect to z) in A’
B(z,z)
(as a function of () . Hence L(Bz) is uniformly bounded. However L(Bz) =

=1L (z) . Thus L (z)| < ¢t . conversely, using Theorem 2, |L(F)| <
a (o8 = MMl =

Nl ~ 7!
c“ld“m”Fdl,r . Hence HL@Hm ALJ* . We now go back to (2.12) and replace b by
L for some fixed positive %y This gives a choice of b which is not holo~

e
0
morphic but which is a function whose modulus of continuity can be estimated.

We would now like to replace the integral representation for La(z) with a
sum of the type

a+tr

B(Z;Qi)
(2.13) L (z) = A\, = =
* " B(z,2) B(C;5C,)

with Qi points of a given 1 -lattice and ki a bounded sequence of scalars. To
do this, we start with the integral formula defining L. let p=U D, be the
covering of D associated with the T -lattice (analogous to the Dij in the

proof of Theorem 2).
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4ot

Bz, 21 () = [ B&D—— [© @
B(C, 0"
e ;) Io,|
=y ————1L C.) |D,
i B(gi’;i)r ag 71 i
l+otr
+2 [y el — -1 ) av©
i B(g,g) 0 0
1+otr
l+atr B(z,C.)
+z ID [B(Z’C) r - - r ]Hx (gi)dv(g)
i B(C,C) B(Qi,Ci) 0
= 21 + Zé + 25 .
To estimate the terms in Zé , note that
4 +r 1+a +r
B(z,C) 0 Bz Cy) | -r
ILOL «© - L@ (Qi)l <ec f ’ 2 < - o IB(z , z) - dv(z)
0 0 0
B(C,C) B(Qi,Qi)
By Lemma 2.3, this is dominated.
l+a0+r
IB(Z’Qi)' -r
el [—————B(, 2) &)
0
B(C;»Cy)

which, by Lemma 2.2, is dominated by ¢ T . Hence B(z , z)-a 2& is dominated by

el o 3G, Ol B, 0T B, ™ v .

By Lemma 2.2, this quantity is dominated by c¢ 7 ”Ln* . Application of Lemmas 2.2

and 2.3 yield a similar estimate for B(z , z)-a 23 .  Hence

{IL%(z) -8z, 27 gl <enltl,

Now note that the bounded function h(z) = gl(z) - B(z , z)_a 21 has the following
property. If we start with the linear functional given by Ll(F) =<F, h> and

form the associated bounded function L then we recapture the function h .

1,a
This fact is a direct consequence of the various definitions and of Lemma 2.2'
Since h 1is its own representing function we can iterate the previous construction.

If < and is sufficiently small, then iteration of this process will
0 0

converge and will give a representation of Hl(z) as a sum. Since
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-1
lDil ~ B (Qi B gi) the sum is of the form (2.13). Also, by construction, if F

: . . 1,r
is any function in A’ then

L(F)

<F , L>
a

at+r

B(Z)Qi)\
z }‘i <F , = g
B(z,z) B(Qi,gi)

To complete the proof we note that representations of functionals given by
the function in (2.10) are equivalent to those given by (2.9). The reason for this

is the observation that there is a constant d = d(az , r , D) such that

B(Z,Qi)q+r B(Z,Qi)r
d<F, &, r e = <F, __———-——;>’r
B(z,2) B(C,i;gi) r B(Qi)C,i)

for all F and g - This equality is an immediate consequence of Lemma 2.2' and

1
or given in Theorem 2.

of the representation of F in A
The proof outline is complete.
Using Riemann-Liouville fractional integrals, the previous result can be
reformulated in a way which emphasizes the analogy between these dual spaces and

Rl W(Zd-q)a where R 1is

the space of Bloch functions on the unit disk. Let §
the Riemann-Liouville fractional integral operator for the domain D . This opera-

tor is described in a bit more detail in the Appendix and in full in [11]. The

fact of interest to us is

N O T A CI Ol

Hence the operator @e for various positive e is the operator which establishes
the equivalence of the various decompositions in Theorem 2'. Also, formally, L is
1,r

in A if and only if L has the representation (2.9) and

(2. 14) Bz, 2™ g™ < e L, -

However, L is not really a function. Consider the case of D the upper half

plane and r = 0 . The sum (2.9) is the Riemann sum for the integral

L(z) = [ b(O) (—%—)5 av ()
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for some bounded b . However, if we choose b({) = (i - g)z [i - QI'Z then the
integral defining L(i) diverges. However, for any =z , the integral for L(z) -
-L(i) converges absolutely. Hence the integral for L(z) diverges for all =z .

L0 all have mean zero, the "function" L(z) need

Since the functions in A
only be specified up to an addative constant. Hence the absolutely convergent
integral for L(z) - L(i) can be used to realize the functional L as a function.
The situation for general domains is not clear.

If the domain being considered is the unit ball in " then the very simple
formula in Lemma 2.2' 1is not valid. However, in that case, series such as (2.9)
are the discrete analogs of absolutely convergent integrals and results analogues
to Theorem 2' can be obtained directly.

If the domain being considered is the disk, then the spaces described by the
representations (2.9) for different r are the same; that is, a function has a
representation in the form (2.9) for some r if and only if it has a representa-
tion for all r . One way to see this is to use the known result that (modulo
polynomials) the space of holomorphic functions on the disk for which

(o

(09}
%) ¢

sup ’(1 - Iz ) (z)l < o
doesn't depend on o (even for non-integer a .)
It is an interesting open problem to find the appropriate generalization of

these observations.

§3. Spaces of harmonic functions.

The main result of this section is that the natural analog of Theorem 1 is
valid for spaces of harmonic functions defined on the unit ball in R, Many of
the technical details of the pr-o? are quite different from those of the previous
section. Instead of working with reproducing kernels obtained from the Bergman
kernel, we work with kernels obtained from the Poisson kernel. The automorphism
group of the ball is not used; instead local estimates are made directly. However,
the basic structure of the proof is the same as the proof of Theorem 2 and at

certain points we will only sketch the proof. We also obtain results corresponding
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to the end point p = @ ywhich is analogous to Theorem 2'.
Some further remarks on the relation of these results to those of the previous

section are presented at the end of this section.

We begin with some notation. Fix n > 2 . Let B" denote the unit ball in
R . For x in R, let ,x' be the length of x , x' the vector of unit
length parallel to x ; that is, x' = x/|x| , and let % denote the inversion of
x 1in the unit sphere, X = x/lxl2 . We will use the notation e(x) =1 - Ix’

Denote Euclidean volume measure by dx and surface measure on the unit sphere

n
b =
DI 9B by do .

let Y?(x) ,j=1,2, ... , d(k, n) be a real orthonormal (on Zn-l)
basis for the spherical harmonics of degree k . Hence any harmonic function h(x)

on B can be represented as
k
h(x) = T a |

Y?(x) =z ay J,[x
k, j ’

k 1
. Y, .
k, j J(X )

(See, e.g., Chapter 4 of (24] for this and related points.) If =0 for

a s
K,

k < r then we say that h(x) vanished to order r (at the origin).

We will frequently use polar coordinates and will often write x = Rx' and

y = ry' . With this notation, the Poisson kernel for harmonic functions is given
by
1-(rR)2 k k, .k, ,
P(x, y) = ¢ - = X R Y (xDY (")
o1 2:2y2 T
(1-2rRx'y'+r"R7)
We will need reproducing formulas for harmonic functions in the various spaces
2, .n m . .
L (B , (1L - lxl) dx) . For non-negative integers m let
B (2k+n+m) . k .k, vk,
b (x, y)= % Okn-1)1 ®Re)™ Y (xDY (v
k,r
(3.1)
B m+1
i-n,d n-+m | 24
= Y P
[p (Bp) P Rx' , py )]P=/?

Proposition 3.1. If g(x) 1is harmonic and bounded in 3" then

g(x) = c o jBn g() b (x, (A - [yhTay .

k A . .
Proof. It suffices to verify the formula for each Yr . That verification is
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immediate when the integration is done in polar coordinates and the orthonormality
k .
of the Yr on the sphere is used.
For N with 0<y <1, we define an T lattice in B" to be a set of
points. {yi} c B such that the balls B, with center at y, and radius

1 - Iyil)T]/IO are disjoint and the balls E: with the same center and radius

(1 - Iyil)ﬂ cover B"

P,a(Bn) - AP;{CL

! the intersection of

For 0<p<eo® and a > -1, denote by A
Lp(Bn , (1= lxl)(JL dx) with the space of harmonic functions. Our main result in

this section is the following.

Theorem 3. Suppose n, m, o , and p are given with

n an integer n>2,
0<p<w
a> -1 and ao<p -1 if p>1, and

m an integer, m > max (0 , n(% - 1))

then there is an 1 -lattice {yi} in B" so that

(a) If f(x) is in AP;{G then there are numbers )\i so that

(3.2) f(x) = % )\i bm(x , yi)(l_ ,yii)ml-n-(m-i-cn)/p

(]
=}
[s 9

P
zla, 1P < eliely , and

P,a
H

(b) If zlxilp < o then the function f(x) defined by (3.2) is in A

and satisfies

nen?

P
hip o <c ZI)\i'

The constants ¢ depend on p, o, n, m and 7 but not on f or the

particular choice of {yi} .

Note. As before, the sum in (3.2) converges uniformly and absolutely on compact
n . P,a . .
subsets of B and converges in AH norm. The }\i can be chosen in a contin-
uous and linear way and it is not claimed that the representation in (3.2) is
unique. Also, it is not clear if all the restrictions om a« , m , and p are

actually necessary. In particular, it is not clear that p - 1 > a is needed.
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Before starting, we need several lemmas. The first collects information about
the reproducing kernels.
Lemma 3.2. If x, y € B"  then
-n-m

(a) lbm x, 9| <elx -]

(b) |vy b (x, )| <elx - g -1

(© For m>nG-1),

-
[ R R R I

(d) For m > n(% -1) -1

J oo, ma-lyh P e <.
%

n-1
Proof. The results are trivial if Iyl <.9. We now suppose 1> lyl > .9 .

When the differentiation in (3.1) is done explicitly, the dominant term obtained is

bGs v = E™ Pt ey

We will outline the proof of (a) and (b) for bm , the other terms are treated by

similar or simpler arguments. The Poisson kernel can be written as

1

P(X)Y)=n —n
e lx -

hence

- 2 ~ - (n+m+1

b=k x, A - GR)]x - §] (a+mi1)

~ - (nH
+ k2(x 5 y)lx - y' (n+m)

for some bounded functions ki(x , y) . Part (a) of the lemma follows from this

equation and the estimate
Ix - ?l > I?[ - |x| = % - R = %(1 - Rr) .

Part (b) of the lemma follows from the same considerations and the fact that the
functions ki(x , y) have bounded derivatives.

Parts (c) and (d) of the lemma are standard consequences of the estimates in
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part (a). We only outline the proofs. Let ¢ = e(y) =1 - lyl . By elementary
geometry
(3.3) |x-§|~|x-y'|+e(y)

Hence, by (a) of the lemma the integral in part (c) is dominated by

[

B (Ix-y'|+e

mp+np-n
€
dx
)(m+n)p

This integral can be estimated as follows. First expand the region of integration
to all of R" . Then make an affine change of variable to eliminate y' . One
then uses a dilation of the integration variable to see that the integral does not
depend on € . Finally, by going to polar coordinates, one checks that the result-
ing integral is finite for the indicated range of m , n, and p .

Part (d) of the lemma is proved by similar argument after first noting that

the integral over Zn_l can be estimated by an analogous integral in @n_l.

The next lemma is the replacement we need for Lemmas 2.7 and 2.8.

Lemma 3.3. Suppose 1 <p<ew, m>0, -1<a<p-=-1. The operator mapping the

function f(x) defined on Bn to the function (Kf)(x) defined by

® &) = [ b, »]a - [yh™ £¢) dy
B

is a bounded linear map of LP(Bn , (1 - lxl)q'dx) to itself.

Proof. By the previous lemma and (3.3)

¢ )m
ey
n o £G) dy .

(KE) (x) < c(SE)(x) = ¢
IB (|x=y|+e 3™

*

The operator Sf 1is the adjoint of the operator which sends g to Sg given

by
S'g(y) = c — o i_ i 4%
e(y) B (IJG—(YL)L) ’

P
1
(Here we are realizing the dual space of LP(Bn B e(x)a dx) as P (Bn, e(x) P dx)

with the pairing <f , g> = I fg dx.) To see that the operator norm of Sw on the
dual space is finite, we dominate S&g pointwise by Mg , the Hardy-littlewood

maximal function of g . Then note that by the theory of weights [2], the Hardy-
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1

ap_
1 1
Littlewood maximal operator is bounded on Lp (Bn , e(x) P dx) if —%?— > -1 .

We now prove the theorem.

Proof of Theorem 3. First we prove (b). The case p <1 follows from Lemma 3.2.

Now suppose p > 1 . Start with an 7T -lattice {yi! . As in section 2, construct
7; so that y, € B, C Ef , the B, are disjoint, and UB, = B" . let
i i i="1i i i

-1
8o = Thy g 157 xg e
1

B,
i
Clearly ”g”P = Z'X Ip Hence, by the previous lemma
fi Akp,q i . > DYy p
_ 1 -1 _ m
(Kg) (x) = lei'“XBin,q fBi Ib &, wla - |yD" ay

L. p,n a . .
is in L (B , (1 - lxl) dx) . ¢€(y) varies by a bounded factor as y varies
over EI and bm(x B yi) equals its mean value over Bi . Hence the function

f(x) of (3.2) is easily seen to satisfy
£ < c®e) (x) .

Thus f(x) is in Aﬁ’@

and satisfies the required norm estimate.

In order to prove part (a) we proceed as we did for Theorem 2. Start with a
A -lattice for fixed small A . <Call it ?yi} . Now choose an 1 -lattice {wj}
for some TN, N<<\. The size of T and )\ are to be selected at the end of
the proof using the same considerations as those used in selecting 1 at the end
of the proof of Theorem 2. As in the previous section, rename the {wj} as {yij}
where yij E-Eg . (ﬁ; is the disjoint covering associated with the yi) . Let
Bij be the disjoint cover of B" associated with the T -lattice and constructed

in a way similar to the construction of the Dij in Section 2. To prove part (a)

of the theorem, we start with F(x) , and then use Proposition 3.1 to write

F(x) = c jBn Fir) b, y)( = [yDH™ ay .

We approximate this by
m
= 1 - .
GG = c fg jBij Flyy b0 75 ly; D" ay

In addition to the estimates in Lemma 3.3, we also need the following
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Lemma 3.4. If f 1is harmonic on B" then

sup ,Vh' < (Diameter Bi)_n-1 IB lh(x)| dx .
i

X€B, .
1]

Proof. For the unit ball, this type of result follows from, for example, Lemma
3.2(b). The general result then follows by translation and dilation.

Finally we need a substitute for the subharmonicity of ‘f(z)lp.
Lemma 3.5. If f 1is harmonic on 3" and 0< p <w then

1

1 1 P .\P
T_rBi jBi Ih(x)ldeCn’p(]—l-Bi J‘Bi In) [P ax)

Proof. For p > 1, this follows from Holder's inequality. For p <1l , it is a
direct consequence of a result of Kuran [16] or of Fefferman and Stein (Section 9,
Lemma 2 of [8]).

Once all these estimates are available, the proof is completed exactly as the

proof of Theorem 2.

We now consider the limiting, p = ® , case of these results. We obtain a
. . Lag* . .
characterization of the dual space (AH ) for the case when a 1isanon-negative

integer. We will describe the dual of A;’q with respect to the pairing
(3.4) <E L g =y £0BGOA =[x ax .

That is, we wish to describe the dual space of Aé’m as a space of harmonic
functions g such that

B
We then define ”gn* to be the smallest such cg .and wish to find an intrinsic
characterization of HgH* . (To avoid consideration of integrals which do not
converge absolutely, we will obtain an a priori estimate for a dense class

of functions f) .

Theorem 3'. Suppose n is an integer, n > 2 and that o is a non-negative

integer. There is an T =-lattice {yiE (M only depends on « , n) such that the
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following conditions are equivalent for a harmonic function defined on B .

o

1
(a) b(x) is in (AH’q) with respect to the pairing (3.4).

(b) For some bounded 4(y) ,

(3.5) bG) = [ b G, v - [y 2 dy .
o e

In this case 4(y) can be chosen with [4! ~ ol .
_— @ w

() sup (1 - [x|obG)| =c <.
X€B

In this case ¢ ~ an* .

(d) For some bounded sequence ;Kii

b = Th; b (e, oy - |y, DT

1

Mg [P

In this case f%iE can be chosen with sup I%i' ~ il

(e) b(x) is in B.M.0. (B™) .

In this case HbHBMO ~ an* .

(f) The harmonic function B(x) such that b(x) = x * VB(x) has boundary

values in the class AW(Zn-l) of Zygmund. In this case anA* ~ ”bn* .

Furthermore, a harmonic function b which satisfies any of the conditions b, c ,

*
d, e, £ is in (A;’a) and has “b” dominated by the appropriate quantity.
Note. Three of the conditions do not involve the index o . Hence the space
defined by these conditions does not depend on « . Also, the requirement that «
be an integer is forced by the fact that we have only defined ba for integer o .
However, the proof of the theorem actually shows that the space described is also

the dual of A;’a even if « is not an integer.

. n
First, we recall some definitions. For x in B and r > 0 let B(r , x)

n .
be the intersection of B with the ball centered at x with radius r . For f

n . . n
a function defined on B , x a point in B , and r > 0, set

1
Yex® T TBE Ly, Y

n
A function f defined on B" is said to be in B.M.0. (B ) (to have bounded mean
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oscillation on BR) if

iup Mr’x(lf - Mr,x(f)') =c<wo.
x€B , r>0

The B.M.O. norm of such a function is given by
Iy .0, = e+ 1€l -

We will also be considering the related space of functions of local bounded mean
oscillation, B.M.O.LOC (Bn) which is defined and normed in the same way but with
the additional restruction r < (1 - le) . A general reference for this type of
space is [3]. This type of local B.M.O. space in this context is discussed in [5].

A function B(x') defined on ¥ is said to be in the Zygmund class.

n-1

by angle of size at most h

k] . .
A (Zn_l) if for all rotations p of zn-l

|Box') - 2B(x') + B 'x')| < ch .
The infimum of all such constants ¢ (plus the modulus of B at some fixed point)
gives the norm IBHA* . These spaces are discussed in detail in [6]. (Although
the presentation there is n = 2 , the ideas generalize in a direct way to higher
dimensions. )

Proof of Theorem 3'. Suppose b(x) satisfies (a) . By the Hahn-Banach

1,a

Theorem, we can find a bounded 4(x) so that for all f in AH

<E, b>= [ £GLE)A - [xDT ax .

By Proposition 3.1, we can write
o)
£G) = ¢ [ £(b (V5 0 - [yD™ ay .
Substituting this into the previous equation and interchanging order of integration
yields

<E, b>=ec [ £ ([ 2@ x, v - [x[Ta0a - [yhT ay .

Hence, b(y) is given in the form (3.5). Thus (a) implies (b).
Suppose b is given by (3.5). We wish to show that b satisfies (c). It

suffices to show

sup (L= |x]) [ b x, »|a-|yHTay<e.
x€B"

39



R. R. COIFMAN - R. ROCHBERG

Let e(x) =1 - |x] and e(y) =1 - |y] . Note |x -F| ~|x' - y'| + ex) + @) -

Hence by Lemma 3.2 (b) it suffices to show

cup [ e (e )

dy < »
(Jx"=y " [+e )+e (7))

nto+1
. . . Lo . 1
changing to polar coordinates and making trivial estimates for the case 'XI < 7

X . 1 . . .
and the part of the integral involving |y| < 7 it suffices to estimate

l
e e(y)” .
sup do(x')de(y)
O<e<; g fZ -1 (|x'-y'|+e+e(y))n+OL+1

Denoting €(x) by t , estimating the integral over g by the corresponding

n-1

n-1
b

-1
integral over R? , and changing variables to put x' at the origin of R

we obtain the following expression to be estimated

l
a
e t '
sup1 [gf el _——([ T R dy' dt .
0<e<y yoiTe
Now introduce polar coordinates on Rn-l . Thus it suffices to estimate

n-2

sup dr dt

>0 g g (r+e+1:)“+OL+1

Making the change of variables which sends t to et and r to er shows that
the double integral is finite and independent of ¢ .
We now show (c) implies (a). If b satisfies (c¢c) and f 1is in A;’a then

the mapping of f into

LE) = [ £ - R)B—BR b@Rx') (1 - |x[)* dx
B

1
is a bounded functional on AH’OL . Write
k _k
b(x) = T b . R Y,&x") .
(%) ki j

Direct computation and then integration by parts yields

1
k 2k+n-2 a+l
L(Yj(x)) =c_ bkj k g r (1 - 1) dr
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1
k 2k+n-1
= Cn,a Pk, j 2kinel Jr
0

1 - ) dr .

Since is essentially constant for large k , it follows easily that the

—k
2k+n-1

linear functional L defined by
k - 2k+n-1 a
L(Y.,) =c_b . r 1 -r dr
(¥ nkdg ( )

1,a

is also bounded on AH But

L(E) = [ b - [xD% dax
B

thus (a) holds.

Now that we know ”bH* < c sup (1 - ,xl)(vb(x)) we can go back to the compu-
tation used in showing that (b) implies (c¢) and read it as a proof that the map of
1° into (A;’a)* given by (3.5) is bounded. One that is known, the proof of the
equivalence of (d) to the other conditions goes exactly as the proof in Theorem 3.

The equivalence of conditions (c¢) and (f) in two dimensions is a well known

result of Zygmund. The proof given in [6] extends in a straightforward way to

.
To obtain (c) from (f), one writes Vb(x) as the integral of b(y) - b(x)

against the appropriate kernel defined on the shell {y 5 %(1 - !xl) < 'y - xI

<1~ Ix[} . The integral is then dominated by the L” norm of the kernel times

the Ll norm of 'b(Y) -b(x)] on the shell. This last quantity is dominated by

|
LUMEVESY

To show that (c) implies (f) one first notes that a function which satisfies
(c) is in local B.M.0. Thus the proof of the theorem is complete as soon as we
have the following.
Lemma 3.6. B.M.O 3™ = B.M. 0. 8™

. 6. MO0y o6 = B.M. O. .
This lemma is implicit in recent work by P. Jones [28]. (The proof of Lemma

2.11 of [28] also yields Lemma 3.6.)

The proof that (b) implies (c¢) in Theorem 3' rests on the fact that a certain
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linear operator is a bounded map from 17 to B.M.O.(Bn) . We could use this fact
as the basis of an alternative proof of Lemma 3.3. Namely, the same operator is
also a bounded map from a certain weighted L1 to itself, hence, by the extension
to spaces of homogeneous type of the interpolation theorem of Fefferman and Stein

p for

(see [18]), we conclude that the operator maps certain weighted i’ to 1L
1 <p<w. It is not clear if this approach extends to, for example, the complex
ball. One difficulty would be proving (or avoiding) the analog of Lemma 3. 6.

However, it would be interesting to obtain a proof of Lemma 2.8 by such an approach.

§4. Applications.

In this section, we present some applications of the previous results. We
emphasize results in  familiar contexts. Throughout this section, we denote by

8" the unit ball in Cn B D" the unit polydisk in " , and R"  the unit ball in

n
R

First we note that many well-known results can be read off quite easily from
Theorem 2 by observing that the results are elementary for each summand. For

1
As T (Dl) . By using Theorem 2 with p =1, 8 =1

example, suppose f is in
one can write f as a sum. The sum can be differentiated term by term, and

l) to find that f' 1is in

Theorem 2 can be used again (now p =1, 8= 7

1’“’% 1
A ™) .

As another example, in [4] it was shown that, for certain r , every function
in Al’r(Bn) could be written as a sum of products of functions in Az’r(Bn).
This was obtained as a corollary of the corresponding result for the Hardy space
Hl(aBn) . Theorem 2 together with the observation that the Bergman kernel never
vanishes provides an alternative proof and generalization of the result. The dif-
ference between the two proofs, one based on Theorem 2 and the other given in [4],
provides an instance of the general fact that the Bergman spaces are often easier to
work with then the corresponding Hardy spaces. In this case the relative ease of
analysis in the Bergman spaces is directly related to the existence of a bounded

1
projection operator mapping the ambient L onto the Bergman space.
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4.1. Zero Sets.

In the proof of Theorem 2, and in the proof of Theorem 3, the only thing that
was required of the points Qi (called v in the harmonic case) is that they be
an T -lattice for some sufficiently small 7 . Now note that if the function F
being analyzed in the proof of Theorem 2 vanishes at each gi , then the approxima=~
tion G 1in the proof of Theorem 2 must vanish identically. Similar observations
hold for Theorem 3. Thus we have

Proposition 4.1. Let p, p, r be such that Theorem 2 applies. There is an

Mg = nO(D , P, r) such that if f is in Ap’r(D) and f vanishes at each point

of an T -lattice for some T < nO then f must vanish identically. The same

result holds for harmonic functions f in Ag,a(@n) .

. . 1 . .
For the classical Bergman space (i.e., D = D) , this result on zero sets is

less precise than the results of Horowitz [13]. Examination of Horowitz's examples
shows that our result is sharp in the following crude sense. Given an T , there
is a p sufficiently small so that one can find an f in AP’O(DI) which

vanishes at each point of an 1 -lattice without vanishing identically. From this

we also conclude that the choice of 1T 1in Theorem 2 must depend on p . (The
discussion in part 5 of this section actually shows that ﬂo = ﬂO(Dl , P, 0) must
-1/2

satisfy nO = 0(p ) as p~—-0).

We know of no other results similar to Proposition 4,1 for harmonic functions.
It would be interesting to have a more direct proof of the Proposition for harmonic
functions. Also, it would be interesting to have a local version of Proposition
4. 1.

4.2, Inclusion of Hardy and Bergman Spaces in Bergman Spaces.

Consideration of the 8 = 0 case of Theorem 2 suggests that the spaces

1 1
Ap’r(D) and AP T (D) should be very closely related if (1 + r)/p = (L + r')/p"
Suppose
' , 14r' 1+4r
(4. 1) 0<p<p'<l, r>r">-(), and 5T T T

In this case the only difference between the two spaces is that forced by the
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different homogenieties of their norm functions. To make this precise we recall
that for 0 < p <1, the p -convex hull of a subset X of a vector space is the
set of all finite sums TA; x, with A, >0, zxi =1 and x, in X ([23]).
since 1P o LP' if p <p', a consequence of Theorem 2 is

Proposition 4.2. Suppose (4.1) holds, then

1 1]
APToyc AP T ),

[
p.,r

the inclusion is continuous, and the closure in A of the p' -convex hull of

P, T

1 1
the unit ball of A contains a ball of AP T

p',r'

The informal statement of trhe result is that A is the '"smallest

U s Alj (1+r'p)/p

o r
p' -convex space'' containing AP T

In particular, when p
is the smallest Banach space containing AP T (i.e., the Mackey completion of
AP’T [23]).  Thus

AP’T and Al,(l+r-p)/p have

Corollary 4.3. The spaces the same dual.

From certain points of view, the Hardy spaces on the boundary of the domain
D can be regarded as the limiting case (as r approaches -eD ) of the Bergman
spaces. In particular, let Hp(Tn) denote the Hardy space of the n -torus (see

[10] for definitions) and let Hp(aBn) denote the Hardy space associated with the

boundary of Bn . (See [12] for definitions.)
1 1 1+’
. . 1 1 S o= —_— o e
Proposition 4. 4. If p, p' <1, r'?> > and 7p o then
1 1
(4.2) ™ ca? T o .
If ‘<1 r' > -—l— and —L - liﬁl then
= PP =t n+tl — (n+l)p p' —
1 |
(4.3) WP @™ AP T BT
1 1
In both cases, the inclusion is continuous and the closure in AP o T of the
p p'yr!

p' -convex hull of the unit ball of H contains a ball of A

Proof. We first consider the case n = 1 (and hence (4.2) is the same as (4.3)).
In this case, the inclusion and its continuity is a result of Hardy and Littlewood

(page 87 of [6]). The second part of the conclusion follows from Theorem 2 as soon
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as we show that the family of functions of =z given by

14r'
2, P’
_ (B_(2,0)
Hg(z) (B(g,g))
is uniformly (with respect to () in Lp(de) . However, if 'Z' =1, then
2
1-
In, 2)]" ——1%'—2
[1-zc]

which is the Poisson kernel. Thus j 1 lHS(ele)Ip de =1 .
T

For n > 1 the proof follows the same pattern. The result of Hardy and
Littlewood has been extended to the polydisk by Frazier [10], and to the ball by
Hahn and Mitchell [12]. 1In both of these cases ng(z)|p is the Poisson kernel.

One immediate consequence of the proposition is that linear operators which

1 ]
map ¥ o # continuously automatically extend to continuous maps of APt
1 1
to AP ERS
Taking p' = 1 in the proposition and then passing to dual spaces yields the

identification of the duals of certain Hardy spaces with the duals of certain
Bergman spaces. For n = 1 this identification (and some of the other results in
this section) are due to Duren, Romberg, and Shields [7]. For the polydisk it is a
result of Frazier, for the ball, a result of Hahn and Mitchell.

For n=1, p' <1, this result had been conjectured by J. Shapiro [23].
Modulo the result he gave a proof of the following proposition (extending earlier

work by Horowitz, Oberlin, Rudin, Duren and Shields).

Proposition 4.5. Suppose O <p <o and n > 2 . The map of holomorphic

1
functions on the polydisk Dn to _holomorphic functions on the disk D which

sends f(z1 2 2y s eee s zn) to f(z, z, ... , z) is a continuous map of

p,-1+n/2(D1) . (Another proof of this result and some cases of the

Hp(Tn) onto A
previous proposition has been given by J. Detraz [27].)
There is an obvious and immediate real variable analog of Proposition 4.2.

There is also a natural analog of Proposition 4.4; however, before presenting that

result we must introduce the appropriate Hardy space on Zh-1 » the unit sphere in
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In the discussion which follows, we will identify distributions on Zn 1
with their Poisson integrals defined on Al
Suppose 0 < q < 1. We now define Hq(Zh_l) . Pick an integer r

B

r> (n - 1)(& - 1) . A function a(x') on ¥

-1 is called a q-atom if either

a 1is a spherical harmonic of degree at most r with Ha”m <1
or

a 1s supported on a set of diameter e .
e-(n-l)/q

Ia(x')l < and

“s a is orthogonal to spherical harmonics of degree less that or equal
to r .

We define Hq(Xh_l) to be the space of distributions which can be written in the
form Z kiai with q-atoms a; and scalars Xi satisfying Zlkilq <w®. The HY
norm o; this distribution is defined to be inf {(Zliiiq)l/qE ., where the infimum
is over all sums of the same type which produce the same distribution. We will
also denote by Hq(Zn_l) the space of harmonic functions on A" which are
obtained as Poisson integrals of the distributions just described

This definition of ‘Hq<zn_1) is completely analogous to the description of
Hp(Rn) given by Latter [17]. The fact that the space described does not depend on

the integer r 1is proved by Taibleson and Weiss in [26]. A general discussion of

this approach to Hardy spaces is given in [3] (see also [20] and [26]).

Proposition 4.6. If p, p' <1, o> -1, and %;1 = Eél then
p p'ya n
(4.5) H (zn-l) < Ay ®)

1
The inclusion is continuous and the closure in Ag *% of the p' convex hull of

the unit ball of HP contains a ball of Ag &,

P and Al,-n+(n-l)/p have the same dual.

Corollary 4.7. H

Proof of the Proposition. Since 1> p' > p , to prove (4 5) and to show that the

inclusion is continuous, it suffices to show that if a 1is a p-atom then A(x) ,

the Poisson integral of a(x') given by
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AG) = [ayDP&x , y)do(y') ,
is in Aﬁ"OL and has Agl’a norm bounded by a bound which does not depend on a.
The case when a is a spherical harmonic is immediate. We now claim that if a
satisfies (4.4) and yé is any point in the support of a(x') then for all x
in g
ntr-(nta)/p'

(4. 6) [Ax)] < ¢ ————
(x-ygl+e)™"

(Here € and r are given by (4.4)). If ,x - yé|< e then

laco] < Jall, B, < & @7D/p o g (m)/pt

If X - yé > ¢ we must use the moment condition on a and the information on

the support of a .

A(x) = P = (P - R) = (P - R)
0= lperslye Iy-ng<e :

where R 1is any sum of spherical harmonics of degree r or less. We need the

following

lemma. Given x , R = RX can be chosen to that

€r+1
sup P, vy =R )] < e

ly'-ygl<e i

IX‘YO
with a constant ¢ independent of e , yé , and x (as long as Ix - ybl > e).
Proof. This is just Taylor's theorem on the sphere. We need to know that any

(r + 1)St order partial derivative of P(x , y') (as a function of y') evalua-

n+r
l This follows from the same argument

ted near yé is dominated by |x - yé
that was used to prove Lemma 3.2.
Using this choice of R we then obtain (4.6) for x far from yb by using
the estimating
|aGo] < Gwea of |y - ol < )lal, 7 - & -

a o,
’ is the same

1
Once (4.6) is verified, the calculation to show A(x) is in AP
type of calculation as the calculation done in showing that condition (b) implies

condition (c¢) in the proof of Theorem 3'. The restriction on the exponent is
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r>-n+ (n-1)/p. Since r can be chosen as large as is needed, the inclusion

is established.

By Theorem 3, we may finish the proof by showing that the functions of x'

given by

MG = b G ) = [y e e

are in Hp(Zn_l) and have their Hp norm bounded by a constant which does not

depend on y . Write bm(x' , y) = Em + P where P 1is a linear combination of

spherical harmonics of degree at most r and bm is orthogonal to spherical

harmonics of degree less than or equal to r . Let ﬁy = Bm(l - Iyl)m+n—(n+a)/p

We will show that ﬁy are uniformly in uP, for |y| near 1 . (The cases of

!yl small and the term P(1 - |yl)m+n_(n+q)/p'

are proved by elementary arguments
which we omit.)

We will show that ﬁy satisfies

- p - - 2-p
(4.7) (j‘z ’My(x')lz s (x')) dz ,My(x'),2 Ix' - y.IZ(n D/P 45 'y <c

for some c¢ independent of y . A function which satisfies (4.7) and is ortho-
gonal to the harmonics of degree less than or equal to r 1is called a

p -molecule. Such a function is in HP ([26]).  To estimate the left hand side
of (4.7) we use part a of Lemma 3.2, which clearly extends to Bm , estimate

lx - y'| by |x' - y" + e(y) , and use the fact that (n + a)/p' = (n - 1)/p .

Thus we must estimate

p 2-p
-(n-1 2 -(n-1
‘ ¢ (y)2 (mn-(n )/p) ' ¢ (y)2 (mn-(n )/p) L 2@-1)/p '
e(fp = Ty P ([ =2 Ty x| do(x'))
(x"-y' |+ 5N (x'-y" |+ ()
These integrals are dominated by the corresponding integrals over Rn-l . These
integrals are computed in polar coordinates centered at y' . Thus we need to show
® 2 (mtn-(n-1)/p) P o 2(mtn-(n-1)/p) 2-p
c n-2 € n-242(n-1)/p
O 2@ ¢ Ty C dr)
(r+e) (r+e)
is bounded by a bound independent of e . The substitution of er for r shows
that the product is independent of € . To insure that the product is finite for
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any e , one must select an m that is large enough to insure that both integrals
converge at infinity. However, Theorem 3 allows m to be selected as large as is
needed. The proof is complete.

As with the case of holomorphic functions, it follows that bounded linear maps

P

of HY to WP

extend to certain Bergman spaces. For instance we have an extra-
ordinarily roundabout proof of the following.

Corollary 4.8. Suppose O0<p <1, a>-1. The map which takes a harmonic

function U on the disk to its harmonic conjugate [ij , 1s a bounded map of

AE’Q(BZ) to itself.
Proof. Let r =p/(2 +a) . The map of U to U is a bounded map of Hr(de)

to itself.

4.3. Inclusion of Bergman Spaces in Hardy Spaces.

In this section we will regard functions f 1in the various Ag’o(ﬁn) as

defined on all of R by setting f(x) = 0 if x 1is in Rn\ﬁn . We wish to show

p,0

that AH is contained in the Hardy space (in the sense of Stein and Weiss) of

the ambient Euclidean space. However, we must first discard some functions in

Ag’o. We define AP by

Ap(ﬂn) =aPf = {f; f€ Ag’o(ﬂn) and the expansion of
f in spherical harmonics contains no
terms of degree < nC% - DY .
We denote by HP(Pn) the Hardy space (in the sense of Stein and Weiss) of

Rl‘l

(A discussion of these spaces from the point of view we will use in in [3]
or [26].)

Proposition 4.9. Given n> 2, 0<p <1, there is a continuous inclusion

@™ c P ®Y .
Proof. The proof is essentially the same as the proof of the last part of Propo-
sition 4.6. By Theorem 3, we may write f in Kp(ﬂn) as a sum of terms

MG = b G sy (= [y p™RTYE
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Splitting bm as a sum of spherical harmonics of degree at most r and a
remainder gm , £ can actually be written as a sum of terms

WG =BG, - [y

plus a sum of spherical harmonics of degree at most r . This latter sum contains
no harmonics of degree < n(% - 1) (since f does not) and hence is easily seen
to be in Hp .

We now show that the ﬁy are p-molecules and hence, by the results in [26]
are in HP(Pn) with uniform estimates on their B’ norm. That is, we show that
the M (now regarded as functions on R"  which vanish identically off ﬂn) are

orthogonal to the spherical harmonics of degree r (the appropriate r is deter-

mined by n and p ) and satisfy
p 2
2 2 2n/p
(IR“ M G)dx) (fﬁn M eOlx -y T a0 2

for some universal constant C .

This condition is verified in the same way that (4.7) was verified.

4.4, The atomic theory of Bergman Spaces.

In this section we let D denote the unit disk in the complex plane.

We will show that the Bergman spaces AP’Q(D) are exactly the holomorphic
functions in certain "atomic Hardy spaces' associated with certain ''spaces of
homogeneous type.' We must refer to [3] and [26] for motivation, details of the
atomic theory of Hardy spaces and definitions of some terms. The spaces we
consider are related to those of example 10 in [3]. This is also the point of
view taken in Section 5 of [5].

let p and o« be fixed , 0<p<1l, o> -%- and consider the measure on
D given by dv = (1 - Iz!)ZOL dx dy . For z , w in D we introduce the
"measure distance' between z and w =

m(z , w) = inf {V(B N D) ; B 1is a Euclidean ball

which contains 2z and w}
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The triple (D , v, m) 1is the space of homogeneous type which we will consider.

The atomic Hardy space associated with this triple consists of distributions
which can be written as 4P sums of simple functions called "atoms'. However, it
is proved in [3] and [26] that one obtains the same space if one takes 2P sums
of p-molecules. A p-molecule for the triple (D, v, m) 1is a function M
which is supported on D , has vanishing moments up to order r for some large r
and, for some ( 1in D, satisfies

p 2-p
4. 9) @ @) § M@l oG, 0P we) <

with a constant c¢ which does not depend on the function M . It is proved in

[26] that the space obtained in this way does not depend on r if r 1is at least
as large as some critical o determined by p and « . For example, if o = 0,
then r

0
tion (4.9) and the obviously closely related (4.7) and (4.8) are special cases of

= 2[% - 1] . We regard r as fixed for the rest of this section. Condi-

(2.7) of [3]. An exposition of the properties of such functions in this context,
for example the fact that a molecule can be written as a sum of atoms, is in [26].
We emphasize that we are considering the atomic Hardy spaces built from
molecules (ar atoms) with vanishing moments. This is slightly different from the

point of view in [3].
We will prove
P

Proposition 4.10. If £ is in A “ then f = fO + in Mi where fO is a

polynomial of degree r , the Mi are p-molecules, and Ki scalars, with

e IP p I} gl
"'foip,q + zl)\il < cyfy

P .
p, @

O, . . . . .
AP is contained in the atomic HP space associated with the

Corollary 4.11.

space of homogeneous type (D, v , m) .

Proof of the proposition. Write f = f_ + ng where fO is the sum of the first

0
r terms in the Taylor series of f . fo satisfies the required estimate. g is
in AP% and Vgl < ¢'g 1
.8l < c fl . We now apply Theorem 2 to g .
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2 (4+a)/p

2

a-1e, 1"
g = (—:——4)
(-¢.2)
It now suffices to show that the functions
5 2 (4)/p , (Ha)/p
- ((l-lgil ) B(z,C,)
M (2) = (————p - G
' (HZiZ)4 B¢y

satisfies (4.9). Before doing that we need the following estimate on m(z , () .

(4. 10) Gz, O <emax (- [, |2~ ¢

This estimate is obtained making direct estimates for each of the several possible
geometric situations. The estimate for the first integral in (4.9), i.e.,

|4(1+oa)/P B ( -2 (1+a)/p

L = ID IB(Z > O T, 0 B(z , z) O dxdy .

follows from the disk case of Lemma 2.2. This yields

1P < e n, )

To estimate
I, = J‘D IM(Z)|2 m(z , g)Z/P dv(z)

we write I, = Ié + IE where Ié is an integral over B = {|z - ¢] <1 - ||}

and IE is the remainder. Using (4.10) gives

|4(1+a)/p B(C . -4 (14+a)/p B(z ,

z)-OL dxdy

<[, [B(z , ©) 0

which, by Lemma 2.2, can be estimated by

'Iéiz-p <c B, g)-(1+oc)(2-p) .

A similar argument yields a similar estimate for Ig . These estimates together

show that M satisfies (4.9) and the proof is complete.
The corollary follows directly from the proposition and the results of
Taibleson and Weiss in [26]. As a consequence of the corollary, if f is is

APJQ

then f can be written as a sum of atoms with the atoms supported on B
This is an interesting companion to Theorem 2.28 of [3] which establishes a similar
local decomposition for distributions supported on the unit interval.

Many of the general results in [3] can now be used on the AP ¢ spaces. For
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example.

Proposition 4.12. Suppose a > -% , 0< Py <1< P, < o . Suppose T 1is a

linear map of holomorphic functions, and T is a bounded map of Ap’GL to itself
Pyr
and A to itself. Then T is a bounded map of AP’? to itself for
< .
P <pP<p,

Proof outline. By Lemmas 2.1 and 2.8 we may pick B so large that

kh(z) = [, B, 0P B¢, O

h(g)dc

: . : P - p,x

is a bounded projection of L"(B(C , () dv(¢)) onto A for 1<p< Py - K
will not be a bounded for p < 1 but is a bounded projection of the Hardy space
associated with the space of homogeneous type (D , Vv , m) onto AP T We now

apply the Marcninkiewicz type interpolation theorem (Theorem D) of [3] to the

composite operator TK and conclude that TK is bounded on the atomic uP space

P, p,x

if py<p<1l andon P if 1<p<p,. Since TK=T on A and A

is contained in the appropriate HP or 1P , the conclusion follows

There are two details of this argument which are straightforward but lengthy
and have been omitted. First, it must be proved that K 1is bounded on the atomic
Hardy spaces. This follows from arguments similar to those used in [3] on pages

598-600. Second, the interpolation theorem, Theorem D of [3], must be extended to

the case of HP spaces defined in terms of atoms with vanishing moments.

4.5. Automorphic forms.

In this section we again suppose D 1is the unit disk in the complex plane.

One method of obtaining automorphic forms on D is to form the Poincaré
series of functions in appropriate Bergman spaces. In some cases, when this is
combined with the representation of the Bergman spaces given in Theorem 2 a parti-
cularly simple expression results. One can then show, for example, that certain
spaces of automorphic forms are finite dimensional. We now present this in a
simple case. The applicability of Theorem 2 to the general theory of automorphic
forms has not been investigated. As general references for the theory of automor-

phic forms we refer to the books of Kra [15] and Baily [1].
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Let T = fAi} be a discrete group of conformal automorphisms of D with

i=1

A the identity transformation. Let g be an integer, q -~ 2 . A holomorphic

1
function f defined on D 1is said to be an automorphic form of weight ¢q (with
respect to T') if

f(Ai(z))(Ai(z))q =f(z) i=1,2...;2z€D.
We denote the space of all such f for which

g

1-
2
Hfur = IIR lf(z)' B (z , z)dv(z)
1,4-1
is finite by A (D, ') . Here R is any fundamental domain for T . 1In
1,%-1 1,521-1
particular, if T is the trivial group then A (D, ) =A (D) .

For f holomorphic on D we define the Poincaré series of f by

(4. 11) (B0 (2) = (A - D)(2) = T £(a;(2))a] ()"

1

Our starting point is the following result (see, for example, Chapter 3 of [15]).

1,4-1
Theorem. If f is in A 2 (D) then (4.11) converges uniformly and absolutely
1,%-1
on compact subsets. In fact, 8 1is a continuous map of A (D) onto
1,52’&-1
A mm, ).

Now suppose that T' has a compact fundamental domain B . For a given ¢ ,
choose points gl 5 eae QN in B so that each point in B 1is within invariant
distance ¢ of some Qi . Let gij = A,(gj) . It is straightforward to check

i

that the points gi could be chosen so that the gij form a ce-lattice for some
constant c¢ which does not depend on ¢ . We will suppose that the points have
been chosen so that that is true. La.

We now apply Theorem 2 to the space A 2 (D) using the points gij as the

required T -lattice. Let

_ q -q/2
B =BG, gY@, 4
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By Theorem 2, if f is in A (D) then

with Zlhijl < g
A direct computation using the invariance properties of the Bergman kernel,
(2.9), shows

eHij = aij eHlj

with aij a constant of modulus one. Thus, setting “j =3 a,, A’j , we have

jo1 1j
Hence,
1,-21-1
Proposition 4.13. A (D, ') is spanned by the functions A(H J,) j=1,
eee , D,
1,11

5

Since it is known that dim (A 2 (D, T)) grows linearly with q , and
-2
since the number n obtained in the previous argument is roughly 7 , the

-1
(q /2) for large q and p =1.

quantity nO in Theorem 2 must satisfy ﬂo =0
One can carry the analysis further and also show that the space of automorphic

forms is finite dimensional even if it is only assumed that B has finite invariant

1,11
area. We outline the argument. If f is in A 2 (D, T) then

£ = 8(P(xE))
where X is the characteristic function of B and P is the projection from

1,521-1 1,-2»-1
L (D) onto A (D) wused in the proof of Theorem 2. (See Chapter 3 of

[15]). Thus, as in the proof of Theorem 2, it suffices to show that P(XBf) can

n
be well approximated by sums of the type A, Hij(z) with the gij

appropriately chosen points in B . This is done exactly as in the proof of

Theorem 2, but there is an error term that cannot be estimated by a "Riemann sum'
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argument. That term is estimated using the fact that such an f must have the

limiting value zero at each cusp in an appropriately chosen fundamental domain.

4. 6. Hankel Operators.

Before proving the theorem which was stated in the introduction about trace
class Hankel operators, we introduce some notation. For a function g defined on
the positive real axis, let § be the inverse Fourier transform of the function on
the real axis which is zero for negative argument and which agrees with g for

positive argument. Thus
r 2rit
EGo) = g g(t) e ac

Such a function E has a natural extension to a holomorphic function in the upper
half plane. (For discussion of all these issues, see [24].) We shall denote this
extension by g(z) . Furthermore,
S v 2 m 2
lim [ g + iy)|” ax =£ lg(t)]|” dt ,
y=0 -=»
that is, if g isin L2 of the half line, then E is in H2 of the half space.

Proposition 4.14. There is an T ~lattice izi} in the upper half plane such that

the following conditions are equivalent:

(a) The linear map of Li to itself given by

©

HE) (x) = [ k(x + y)E(y)dy
0

is of trace class.

(b) There are numbers xi with ZIxil < o such that

-iEit
k(t) = T Ki(lmzi)e

(¢) The function (ﬁ(z))” is in the Bergman space A1 of the upper half

plane.
Proof. As was noted in the introduction to this volume, it is elementary that (b)

implies (a). The fact that (c) implies (b) is a direct application of Theorem 2
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followed by a Fourier transform calculation. We write ﬁ(z)” using formula (2.1)
with the indicies p=1, r =0, 8= -1/2 . Note that if the domain being con-
sidered is the upper half plane then the Bergman kernel is B(z , w) = C(z - ;)-2.
Let y; = Im(zi) . The decomposition we obtain is for the function k. After

integrating twice we obtain

v,
k(z) = g, —=
P (z-z))
i
for a summable sequence Xi . Taking Fourier transforms on both sides of this

equation yields the required representation.
We now wish to show that (a) implies (c). The theory of trace class operators

2
on L spaces insures that k(x + y) can be written in the following form

@
(4.12) k(x+y)= Z uxv,(y) x,y=0
i=1
. . 2 . . .
with u, and v, in L+ and Z”uiHZ “ViHZ < o . (Whether this representation is

a theorem or a definition depends on the point of view taken.) Multiply both sides

1/2 1/2
x y

of this equality by and apply the inverse Fourier transform (i.e., the

mapping from g to g) twice, first in the x wvariable and then in the vy
variable. We then evaluate the resulting expression on the diagonal x =y . We
denote the new variable by s . The right hand side of (4.12) becomes

2(x1/2 u)v(s)(yl/Z

(Xl/Z

v . .
v) (s) . However, up to a constant factor which we ignore

v X . . .
is the inverse Fourier transform of the half-order derivative of the

u)
function u' . Thus the transformed version of the right hand side of (4.12) is
1/2 1/2 . s .

(D ui)(s)(D vi)(s) . The half order differentiation operator is a constant
multiple of a unitary map from the Hardy space HZ(R) to the Bergman space A2 of
the upper half plane. (This is easy to check using Fourier transforms.) Hence the
right hand side of (4.12) is transformed to a sum of the products of elements of

A2 with the sum of the products of the norms finite. By the Cauchy-Schwartz

: . : ; co s 1
inequality, this transformed function is in A

To finish the proof we now analyze the behaviour of the left hand side of

(4.12) under this transformation. Let EX denote the operation which sends g to
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g with x as the variable in g . Sy is defined similarly. The proof will be

finished as soon as we prove the following lemma.

1/2 1
X

Lemma. & & y /2 k(x + y)lx=y = ckv .

Yy x
Proof. The left hand side is

@ ™ .

g g r1/2 t1/2 K(r + t)821(1(tx + ry) dtdr

X=y

@© o

ggrl/z t1/2 K(r + t)eZHiX(t+X.‘) dtdr

If we let r and s

r + t be new integration variables we obtain
© s
1 1 i
g g r /2 (s = r) /2 k(s) e2]TlXS drds .

Computing the r integral yields

T 2 2ni
c g s k(s)e XS 4

2nix

= c(g k(s)e dx)"

which is the required formula.

It should be emphasized that we obtained this proof only after we learned that
V.V. Peller had proved the equivalence of (a) and (c) in the discrete case (i.e.,
for Hankel matrices acting on Z+ ). Peller also announces a characterization of
those Hankel matrices which give operators in the Schatten p class, with p> 1.
His condition is that ﬁ(z)' , which is a function on the disk, be in the space

AP; (p-1)/2 .

This result is compatible with the speculation that condition (b) of
Proposition 4.14 characterizes the Hankel operators in the Schatten p class for
0< p<w if the condition Elkil < @ 1is changed to Zlki'p <o,

The choice of the power 1/2 in the Lemma was not really necessary for the
proof. Other positive powers would have led to results which are equivalent (via

fractional integration) to the proposition. The choice of the power zero does not

give the full result. A direct calculation of the Fourier transform of (4.12)
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shows that ﬁ'(z) must be in H1 . This result, due to Howland and Rosenblum, is

not a sufficient condition.

2
A similar calculation can be carried out for Hankel type operators on the L

space of any homogeneous self-dual cone. A combination of Fourier transform theory
for such cones ([11l], [24]) and Theorem 2 yields results similar to the previous
proposition. If the L2 space of the cone is replaced by the L2 space of the
cone with an appropriate weight, the result that is obtained is a nuclearity

2,r

criterion for Hankel type operators defined on the spaces A . This extends the

results of [5].

Appendix. We now outline the proofs of Lemma 2.1, 2.2 and 2.3. We prove the first
two lemmas by carrying further some of the ideas presented by Gindikin in [11]. We
will make free ‘use of the results and arguments of [l1], especially of Section 5.
The proofs are quite computational and use the machinery of special functions on
Siegel domains of the second kind. However the basic ideas are quite straightfor-
ward. The following three ideas are the basis for these computations. First, the
theory of the Bergman kernel can be developed using Fourier transform techniques.
Second, the domains being considered have a large group of automorphisms. Using
this group, many computations can be replaced by homogeneity considerations.
Finally the Riemann-Liouville fractional integrals are unitary maps between the
various Hilbert spaces A2,r . This allows the results for A2’O to be used as a
basis for other results.

We restrict our presentation to the case when the base cone V is self-dual

(i.e., D 1is symmetric). We start by recalling that

zl-gi 2d-q
@.1) Bz, 0) = c(—5= = F(zy 5 (,))
_ n m P . "
where 2z = (z1 N z2) > 2 ceC , z, €C and ( ) is the '"compound power
function" with multi-index p . d = (d1 y eee s dL) is a vector of non-negative
integers q = (q1 3 see 3 qL) is a vector of positive integers and 4 1is the rank

of V. We also need the result that if i; = (iy , 0) for y in V then
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2d-q

B(iy , iy) = cy is the density of the measure on D which is invariant under

the automorphism group.

Gindikin presents the basic Fourier transform description of the space A2’0

and the Plancherel-Parseval formula (Proposition 5.5). His proof extends directly

to the weighted spaces A2,r and gives the following

Proposition A.1l. There is a positive constant eD which depends oply on D so

that if r > -ep then G(z) 1is in Az’r(D) if and only if G has a representa-

tion
-~ iz )
6(z) = G(zy 5 z,) = [ BO, z))e ax

with g\ , 22) defined on V x C" , entire in z, and satisfying

2

22)|2 e-Z(A,F(zz,zl)) xd—(Zd-q)r

o [ o 1500 ooy, <

In this case the previous integral equals crﬂcﬂg e
)

Proof. The basic idea is to reduce to the classical case. The details are exactly
those of the proofs of Propositions 5.4 and 5.5 of [11].
Once the proposition is verified, Lemma 2.1 follows in the same way in which
Gindikin's Theorem 5.1 follows from his proposition 5. 5.

Another consequence of Proposition A.1l should be mentioned. The expression

-(2d-q)r

for the norm of G 1involves a factor of |\ Hence, the operation of

multiplication of g by various compound powers of )\ will produce isometries

. 2,r . . . . .
between the various spaces A°’" . More precisely, the Riemann-Liouville fraction-

al integral operator Rs defined in Section 5 of [11] (RS

-p)

involves multiplica-

'
A2’r with ' =r +a,

tion of § by A\ is an isometry from A2’r to
p = --%a(2d - q) . From this point of view, our Lemma 2.1 is very close to Theorem
5.5 of [11].

We now prove Lemma 2.2. We must evaluate
(A 2) I I3, o™ e, 0F e
Let z = (x + iy , 22) and (= (E + 1M, gz) . So, by (A.1),

2d-qg
Bz, ) = &R+ Bl o ReF(z, , ) - ilF(z, 5 () -
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Note that the factor B({ , g)'B doesn't depend on the variable € . Hence, when
we evaluate (A.2) by doing the integration in £ first, we are led to evaluate

integrals of the form

ra-q) T4

(a.3) J o ldas+ s de .
R

Here we have made a linear change of variable and have set s =y + T - 2ReF(z, £).
(Notice that y - F(z2 B 22) and T = F(g2 N gz) are both in the cone V and
hence so is s .) To evaluate this integral, we use the integral representation

for the generalized power function. By (2.6) and (2.29) of [11]

lia, Lo
(2d-q)22 oy -amq)
(A. &) (i€ + ) 2 =cf, e LETh mshy 2 7Y .

Hence we may evaluate (A.3) using Plancherel's theorem for the cone V . This
gives

c S(2d-q)(l+ou)-d .
Let Py = (2d - @)(1 + a) - d and P, = -B(2d - q) . With this notation (A.2)
equals

y+1) RS Py -
¢ ( - ReF(z, , C,)) (N - F(, 5 §,)) ~ dndg,dg
Icm TR (€0 C,)eV 2 2 2 2 2 2°%2

set N'' =17 - F(C, » gz) and use the polarization identity for ReF(z2 B gz).
The integral becomes

|3

p —
Cjcm Ju O - Flzy s 2) +FC, O +1) Lagry 2 an'ag,dg, -

We now perform the 7' integration using the homogeniety of the cone V . This

produces a New constant factor (involving the cone beta function) and gives

Pytpy=d
cjcm 7 - Flzy 5 zy) + F(G 5 0)) dedc -

By an argument similar to that which proves Proposition 2.8 in [l1], this integral
equals

P tp,-d-q
ey - F(z, , 2,)) .

Since p1 + Py - d -q=1(2d-q)( - B), this is the required result. The
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restriction o > B > € comes from the requirement that the various factors
absorbed into the constant c¢ be absolutely convergent integrals.

It follows from (A.1l) and the Fourier transform representation of the genera-

2d-q

lized power function (A.4), that the operator § = RV

maps the various powers
of the Bergman kernel to each other. That is

8 Bz, )P = c,p B(z )P

(8 1is being regarded as an operator in the variable =z .) We use this fact to
produce a more general form of Lemma 2.2. By Lemma 2.1 applied to the function

F(") = B(- , zo)m we obtain
r r

Bz, 29" = e[ Bz s O BE, 2" B, O av(Q)

If we apply the operator Qa in the variable =z this produces the equation

ma l4+r+a

B(z , zg)" = c[ Bz, O B(C 5 ()" B(C 5 O av(Q) -

when 2z = z4 and m=1+r+a=(l+ a)/2 this becomes Lemma 2.2. However, in
order to justify this formal computation, we need Lemma 2.2 to insure that the

right hand side of the equation is an absolutely convergent interval. Using Lemma

2.2 and Holder's inequality with the measure B(( , g)'r dv({) we obtain

Lemma 2.2'. Suppose

1° % are positive and % + o, >r + 1> -eD + 1 then

q1+a2-r-1

a a,
B(z 5 zg) 0yt JBGE, 0 "BEC, zp) 2B, O av@) .

It should be noted that this formula is not conformally invariant and is false
in the bounded realization of a domain. Also, the derivation of this formula
suggests that it is the derivatives of the kernel functions which should play a
role in the generalizations of this result, not the powers. This is also suggested
by the results in Section 3.

We now prove Lemma 2.3. We thank A. Kor4nyi for showing us this proof.

First note that D has a transitive group of linear automorphisms. If g
is a linear automorphism of D , then (2.9), the invariance property of the Bergman

kernel becomes
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B (&) 5 (@) ldec g'|” =5 2, 0,

and the factor ldet g'|2 does not depend on z or ([ . Hence, it suffices to
prove Lemma 2.3 for a single fixed QO with a constant CD which does not depend
on z or (. Pick and fix Co

We now reduce to the case of a bounded domain. Let T be a biholomorphic
map of D to a bounded domain R which has the property that if <zl’ cee s zn)
is in R and o, are numbers with Imi| <1l,i=1, ..., n then
(oclzl > WpZy s eee s unzn) is also in R . We further suppose that T(QO) =C.
(The existence of such a T and R 1is insured by results in [30].) We denote by

B the Bergman kernel function for R . We wish to show

B(z, QO)

—_— =1 < cCcd
ieo " Sl &)
if d(z , QO) is small. By (2.9) this is equivalent to showing that

BR(Tz,O) det T'(QO)
( T )
B (T2, TQ) “det T'(Q)

-1 < Cyd @ s go) -

Now note that d 1is the invariant distance on D . Hence, denoting by dR the
invariant distance on R , dR(Tz , 0) = d(z , go) .  However we are only interested
in z with d(¢C, go) < 10 . Hence Tz will be in a compact subset of B . On
such a subset the invariant distance is comparable to the ordinary Euclidean
distance. Also, the ratio det (T'(go))/det (T'(g) 1is of the form 1 + O(ITgl)
for ( near go . Hence we must show that

B_ (w,0)

W - 1] < clvl

for all w in R and all v in a fixed compact subset K contained in R .
The simple shape of R makes it possible to write down the form of the

Bergman kernel. Let 2" be the homogeneous monomial with exponent given by the

multi-index o« . We claim that there are positive constants ¢, S° that

By(z 5 C) = ;caz“?

1

. . . a -
To show this, it suffices to show that the =z  are pairwise orghogonal and that
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their span is dense in AZ(R) . The orthogonality follows from the rotational
symmetry of R . The density of the polynomials is a consequence of the fact that
R is starshaped. More specifically, if f£f(z) 1is in AZ(R) and 0 < r <1 then
fr(z) = f(ra) 1is in A2 and f is the norm limit of the fr . However fr has
a Taylor series representation using the 2z* and the coefficients of the series

-la
tend to zero at least as fast as r | l

Hence the fr and thus f are in the
norm closure of the polynomials.

One consequence of this is that B(0 , () = Co is not zero. Hence, since R
has a transitive group of automorphisms, by (2.9) B(z , {) doesn't vanish. Thus

it suffices to show

[B 5 0) = By, ] <elvlBw, v

for all w in R and all Vv in K . However this is immediate as soon as we
note that BR(w , v) 1is actually real analytic in an open neighborhood of RXK .
The reason that BR(- , v) extends analytically past R (when v 1is in K) is

the identity

1
BR(;W ; TV) = BR(W 5 V)

which is a direct consequence of the formula for BR .

It would be interesting to know if Lemma 2.3 remains valid for other classes

of domains - for instance, homogeneous domains.

64



(1]

(2]

[3]

(4]

(5]

[e]
(71

(8]

(91

[10]

[11]

(12]

[13]

[14]

[15]

(16]

[17]

(18]

[19]

References

Baily, W.L., Introductory Lectures on Automorphic Forms, Princeton
University Press, 1973.

Coifman, R.R. and Fefferman, C., Weighted norm inequalities for maximal
functions and singular integrals, Studia. Math. LI (1974) 241-250.

Coifman, R.R. and Weiss, Guido, Extensions of Hardy spaces and their use
in analysis, Bull. Amer. Math. Soc., 83 (1977), 569-645.

Coifman, R.R. and Rochberg, R., Representation theorems for holomorphic
and harmonic functions, Proceedings of Symposia in Pure Mathematics,
Vol. XXXV, Part I, Amer. Math. Soc., Providence R.I. (1979), 457-458.

Coifman, R.R., Rochberg, R and Weiss, Guido, Factorization theorems for
Hardy spaces in several variables, Ann. Math., 103 (1976), 611-635.

Duren, P.L., Theory of uP spaces, Academic Press, New York, 1970.

Duren, P.L., Romberg, B.W. and Shields, A.L., Linear functionals on uP

spaces with 0 < p < 1, J, Reine. Angew. Math. 238 (1969), 32-60.

Fefferman, C. and Stein, E.M., Hp spaces of several variables, Acta. Math.
129 (1972) 137-193.

Forelli, F. and Rudin, W., Projections on spaces of holomorphic functions
in balls, Indiana U. Math. J. 24 (1974), 593-602.

P

Fraizer, A., The dual space of H"  of the polydisk for 0 < p < 1 , Duke

Math. J., 39 (1972) 369-379.

Gindikin, S.G., Analysis in homogeneous domaing, Russian Mathematical
Surveys, 19 (4) (1964), 1-89.

Hahn, K.R. and Mitchell, J., Representation of linear functionals in HP
spaces over bounded symmetric domains in C" , J. Math. Anal. Appl. 56
(1976) 379-396.

Horowitz, C., Zeros of functions in the Bergman spaces, Duke Math. J.,
41 (1974), 693-710.

Innis Jr., G.S., Some reproducing kernels for the unit disk, Pac. J.
Math. 14 (1964) 177-186.

Kra, I., Automorphic forms and Kleinian groups, W.A. Benjamin, Reading, MA.

Kuran, U., Subharmonic behavior of lhlp (p >0, h harmonic), J. London
Math. Soc. (2), 529-538.

Latter, R., A characterization of HP(Rn) in terms of atoms, Studia
Math., 62 (1978) 93-101.

Macias, R., uP -spaces interpolation theorems, Ph.D. Thesis, Washington
University, St. Louis, Misscuri, 1975.

Reimann, H. and Rychener, T., Funktionen beschrankter mittlerer oszillation,
Springer-Verlag Lecture Notes No. 487 (1975).

65



[20]

[23]

[24]

[25]

(26]

[27]

(28]

[29]

[30]

[31]

[32]

R.R.

. . . 1 .
Ricci, F. and Weiss, Guido, A characterization of H (Zn_l) , Proceedings

of Symposia in Pure Mathematics, Vol. XXXV, Amer. Math. Soc., Providence,
R.I. (1979) 289-294.

Schur, I., Bemerkungen zur theorie der beschrankte Bilinearformen unendlich
vieler veranderlicher, J. Reine. Angew. Math., 140 (1911) 1-28.

Selberg, A., Automorphic functions and integral operators, Seminars on
Analytic Functions, Institute for Advanced Study (1957), vol II, 152-161.

Shapiro, J.H., Mackey topologies, reproducing kernels and diagonal maps
on the Hardy and Bergman spaces, Duke Math. J., 43 (1976) 187-202.

Stein, E.M. and Weiss, G., Introduction to Fourier analysis on Euclidean
spaces, Princeton, 1971.

Stoll, M., Mean value theorems for harmonic and holomorphic functions on
bounded symmetric domains, J. reine angew. Math. 283 (1977), 191-198.

Taibleson, M and Weiss, G., The molecular characterization of certain Hardy
spaces, this volume.

Détraz, J., Caracterisation des espaces de Bergman, Indiana U. Math. J.
27 (1978) 293-298.

Jones, P.W., Extension theorems for BMO, Indiana U. Math. J., 1980.

Kobayashi, S., Hyperbolic manifolds and holomorphic mappings, M. Dekker,
New York (1970).

Kor4nyi, A. and Wolf, J.A., The realization of Hermetian symmetric spaces
as generalized half-planes, Ann. of Math 81 (1965) 265-288

Stromberg, J.-0. and Torchinsky, A., Weighted Hardy spaces, preprint
(1979).

Vagi, S., Harmonic analysis on Cartan and Siegel domains, MAA studies in
Mathematics, Vol. 13, Studies in Harmonic Analysis, J.M. Ash Ed., 1976
257-310.

Coifman

Department of Mathematics
Yale University
New Haven, CT 06520

R. Rochberg
Department of Mathematics
Washington University

St.

Louis, MO 63130

66



