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1. INTRODUCTIO N 

Let K  be a  commutativ e rin g an d fi x a n intege r n  >  1 . 

The polynomia l rin g K[{Ti^}] 5 1  < i  <  j  < n, i n n(n+1)/ 2 

variables T. . ca n b e -treate d a s a  coordinat e rin g 0V o f 
1 3 A 

the affin e spac e X  =  Sym^CK ) o f al l n  b y n  symmetri c 

matrices. Fo r a  give n r  <  n le t b e th e subvariet y o f X 

of al l matrice s o f ran k a t mos t r . Th e determinanta l var -

ieties Y  hav e bee n th e classica l objec t o f intensiv e 

r J 

study. Le t u s recal l her e thei r relationshi p wit h classi -

cal invarian t theor y i n cas e K  i s a  fiel d o f character -

istic 0  . 
Let Z  =  (Z-^j ) be a n r  x  n matrix o f indeterminate s . 

The orthogona l grou p 0(r ) acts o n th e polynomia l rin g 

S =  K[{Z±j}] by th e formul a 

Zij ^  <BZ>i j 5 B e  O(r) , 

and th e rin g o f invariant s S ^ 1 ^ o f thi s actio n i s equa l 

to K[ { (^ZZ )̂  } ]. Conside r a  map K[{T±,.} ] -* S°(r) sendin g 

T^j int o (^"ZZ)^j . The secon d fundamenta l theore m o f in -

variant theory , [Weyl] , tell s u s tha t th e kerne l o f thi s 

map i s equa l t o th e idea l (T ) generated b y al l th e 

(r+1)-order minor s o f T  =  (T..) 5 wher e T. . =  T.. fo r 
ID ij ij 

i >  j . Therefore S  ca n b e identifie d wit h th e coor -

dinate rin g o f Y  . 
This pape r ca n b e considere d a s a  continuatio n o f 

those classica l result s becaus e i t i s devote d t o explici t 

descriptions o f a  minimal fre e resolutio n (i.e . all th e 

higher syzygies ) o f S ^ r ^ = 0V = 0x/Ir+1(T) ove r 0x whe n 
ï A r+ I A 
r 

0 ^ contains th e fiel d o f rationa l integers . 
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Simultaneously w e treat : the correspondin g proble m 

for antisymmetri c ( = alternating ) matrices . T o b e precise , 

let K[{Tij}] , 1  <  i  <  j  <  n, b e th e polynomia l rin g i n 

(n - 1 )n/2 variable s Tij . It ca n b e considere d a s th e co -

ordinate rin g 0 V o f th e affin e spac e X  =  Altn(K) o f al l A . n 

n b y n  antisymmetri c matrices . I f Y2p is the  subvariety 

of X  o f al l matrice s o f ran k a t mos t 2p , then th e idea l 

Pf2p+2(T) o f function s o n X  vanishin g o n Y2 p i s generate d 

by al l th e (2p + 2)-order pfaffian s o f T  =  (Tij ), wher e 

Tij =  Tij  fo r i  >  j , Tii =  0  (se e [D e Concini-Procesi]). 

Pfaffians appea r als o i n invarian t theory . Le t 

Z =  (Zij ) be 2 p x n matri x o f indeterminates , 2 p + 2 <  n . 

The symplecti c grou p Sp(2p ) act s o n th e polynomia l rin g 

S =  K[{Zij} ] b y th e sam e formul a a s i n th e cas e o f th e 

orthogonal group . Howeve r i n thi s cas e th e rin g o f in -

variants s S p ( 2 p ) i s equa l t o K[{ ( t ZJZ)ij}] wher e J i s th e 

standard antisymmetri c matrix : J = 5  I =  ^ .̂ *Q ^ • 

Mapping K[{Tij} ] ont o s S p C 2 p ) b y sendin g T± ^ t o (^ZJZ)± ^ 

one ca n identif y s S p ( 2 p ) wit h K[{T±^}]/Pf2p+2(T ) [D e Con -

cini-Procesi]. Thi s i s th e secon d fundamenta l theore m o f 

invariant theor y fo r th e give n actio n o f Sp(2p) . 

We als o presen t i n thi s pape r ou r descriptio n o f a 

minimal fre e resolutio n o f SSp(2p ) =  0y2p  =  0x/Pf2p+2 (T) 

over Oy when Ox  contain s th e fiel d o f rationa l integers . 

An analogou s proble m fo r minor s o f a  genera l generi c 

matrix i s treate d i n [Lascoux ] an d [Roberts ] (se e als o 

[Nielsen]). 

We recal l tha t i n bot h th e symmetri c an d antisym -

metric case s Y  i s a  Cohen-Macaula y variety ; se e [Kutz] , 
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[Kleppe-Laksov] and comment s i n [Laksov] . Therefore th e 

length of a minimal fre e resolution o f 0 V ove r 0 V i s 
Yr * 

equal t o the depth of the idea l of function s vanishin g 

on Y^. This number i s (n-r)(n-r+ 1 )/2 i n the symmetri c 

case, [Kutz] , and (n-2p- 1 )(n-2p)/2 I n the antisymmetri c 

case, [Jozefiak-Pragacz] , r =  2p. 
To describe ou r results we need a  basis fre e poin t 

of view. Instea d o f speakin g o f T we consider a  map 

(symmetric o r antisymmetric) tp : E * -» E , where E is a 

free 0^-module of rank n and T i s the matrix of ip in a 

basis o f E and it s dual basis of E * . We also writ e 

Ir+1(cp), Pf2p+2(tp) instead o f Ir+1 (T), Pf2p+2(T)' ^e"~ 

spectively. 

In section 3 we compute component s o f minimal fre e 

resolutions o f Ir+-j (<P) and p^2p+2^Cf> ^ term s °^ "tne 

Schur modules o f E . We apply a  method whic h comes essen -

tially fro m [Kempf ] and was develope d an d used i n [Lascoux ] 

for solvin g a n analogous proble m fo r minors o f a genera l 

matrix. We will illustrat e th e method fo r antisymmetri c 

matrices. 

Treating E as a trivial vector bundle over X, let u s 

consider a  grassmannian G = Gn_p ( E * ) parameterizin g sub -

bundles o f E * of rank n-p. Let T T : G -* X be the canonica l 

projection an d 0 - > F - * E * - » Q - > 0 th e tautological exac t 

sequence o n G (where we write E * instead o f TT *E* fo r short) . 

Since the composition * 
5 :  F 2 E * $ E U F . 

2 
is again antisymmetric i t induces a  cosection A  F -> OQ and 

2 
we define a  subvariety W  c G by putting 0^ =  Coker ( A F -» Og)', 
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We have TT(W) <Z Y0 (Lemm a 3.1) and hence a commutativ e 2p 

diagram 

W CL+ G 

Y2p ^ X 

We stud y syzygie s o f 0V ove r 0V by analyzing a  spectra l 
Y2p X 

sequence of hypercohomology associate d wit h TT and th e 

Koszul comple x o f 0^ ove r 0^, W  being locall y a  complet e 

intersection i n G. 
Although TT does not induc e a birational isomorphis m 

of W and Y (a s in [Kempf ] and [Lascoux] ) we obtain complet e 

knowledge o f the higher syzygie s i n the antisymmetric cas e 

(Theorem 3.14 ) by using an explicit ir^-acycli c resolutio n 

of the Koszul comple x o f 0^ ove r OQ. 

In the symmetri c cas e we also apply varian t o f this 

method t o get the fina l result (Theore m 3.19) . 

The main results o f sectio n 3  were announced withou t 

proofs i n [Lascoux ] and [Jozefiak-Pragacz]. 

It seems t o be rather difficult t o define differential s 

explicitly an d t o prove the exactness o f the complex wit h 

the above mentioned descriptio n i n terms o f the Schu r mod-

ules. However som e examples o f another approac h are alread y 

known fo r determinantal varietie s o f lo w codimensio n 

(see [Jozefiak] , [ Jozefiak-Pragacz]). One uses both E and 

E* to describe component s an d thi s makes i t easier to defin e 

differentials b y means o f op. 

These example s lea d t o a discovery o f a very fruitfu l 

characterization o f symmetri c an d antisymmetric map s whic h 

we exploi t i n the remaining section s o f the paper. 
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With a n arbitrar y ma p cp :  E* -* E treated a s a  comple x 

and give n a  partitio n I , one ca n associat e a  complex S-j-cp 

(the so-calle d Schu r comple x o f cp) i n a simila r manne r a s 

for modules (se e [Nielsen] , [Akin-Buchsbaum-Weyman]) . In 

2 2 particular ^t p = A (p is a complex S2E * -* E* «> E -* A E 
2 

and S 2cp is a comple x A  E* -> E* ® E -* S2E, where morphism s 

are induce d b y cp. A  map cp : E * -+ E i s antisymmetri c i f an d 

only i f th e ma p 
A2E 0 

E* • E -> öx 

S2E* - 0 

is a map o f complexe s wher e th e onl y non-zer o horizonta l 

map i s th e evaluatio n map . Therefore a n antisymmetri c cp 
2 

(i.e. a  map A  E* -> 0 )̂ induces a  map o f complexe s 
2 

A cp -> Oyr [ 1 ] . Taking thi s a s a  startin g point , in sectio n 4 

we stud y a n analogu e o f th e Brauer-Wey l algebr a o f th e 

symplectic grou p fo r complexes , and thos e complexe s whic h 

correspond t o th e irreducibl e representation s o f th e 

symplectic group . 

In sectio n 5  we us e idea s an d result s fro m sectio n 4 

to construc t explici t minima l fre e resolution s o f 0 y ove r 
r 

0^ (includin g differentials ) fo r r+1 =  n- 1 , n-2 i n the sym -

metric cas e an d fo r r+ 2 =  n-1, n-2, n-3 i n the antisymmetri c 

case. 
Some o f th e abov e result s ar e containe d I n the doctora l 

Similar result s als o hol d fo r a  symmetri c ma p cp (whic h 

induces a  map o f complexe s S 2cp -» 0^ [ 1 ] ) ; these fin d thei r 

source i n th e analog y wit h th e orthogona l group . 
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dissert:ation, [Pragacz] , o f th e secon d name d author . 

We woul d lik e t o than k A . Lascou x an d M . Mille r fo r 

a ver y carefu l readin g o f th e manuscrip t an d fo r thei r 

valuable comments . Thanks ar e als o du e t o J.-E . Roo s fo r 

arranging fo r th e typin g o f thi s manuscript . 

2. PRELIMINARIE S 

Partitions 

By a  partitio n I  we mea n a  weakly decreasin g sequenc e 

of non-negativ e integer s (i ^ ji ,̂ .  . . , i ) . The non-zer o 

numbers i ^ are calle d th e part s o f I . We thin k o f I  as a 

sequence o f square s o f length s i ^ , 1 ^ 5 • . . an d expres s i t 

pictorially i n th e plan e b y ±±s diagram . Fo r example . 

(2.1 ) 

is th e diagra m o f th e partitio n (4,3,1) . 

If i  #  0  then m  i s calle d th e lengt h o f I , m =  lg I , 
m 

and |l | = X i , it s weight . Th e lengt h o f th e diagona l 
k=1 K 

of I  is calle d th e ran k o f I . Fo r example , the diagona l o f 

the partitio n (4,3,1 ) i s shade d i n (2.1 ) and i s o f lengt h 2 . 

Sometimes w e us e a  notation fo r I  which indicate s th e 

number o f time s eac h intege r occur s a s a  part : 

I .  2°* . ... k\ ... ) 

means tha t exactl y n ^ o f th e part s o f I  are equa l t o k . 

To eac h squar e o f a  partition on e ca n associat e it s 
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arm which i s a se t o f al l square s i n the sam e row lyin g 

to th e righ t o f the give n square , and it s neck which i s 

formed b y al l square s lyin g i n the sam e colum n abov e th e 

given square . 

Still anothe r notatio n fo r a  partition I  is occasion -

ally useful . I f a^ i s the lengt h o f th e ar m o f th e k-t h 

diagonal squar e o f I  and b ^ is the lengt h o f it s nec k the n 

we write (afte r Frobenius ) I  = (a^,... , a |b^,... , b^ ) 

where r  =  rank I . Fo r example , (4,3,1 ) =  (3,1|2,0) . 

For tw o partition s I , J we writ e I  z> J i f i ^ > 

for al l k . I f the column s o f th e diagra m o f I  are o f length s 

j ^ , . . . , j  (i n a weakly decreasin g order ) then th e partitio n 

J i s called th e conjugat e o f I  and denote d b y I~ . 

For tw o partition s I, J suc h tha t 1 J w e writ e I/ J 

for a  corresponding ske w partition . It s diagra m i s obtaine d 

as a set-theoreti c differenc e o f th e diagrams o f I  and J . 

For exampl e 

is the diagra m o f the ske w partitio n (4,3,1)/(2,1) . Th e dia -

gram o f I/ J ha s row s o f length s i^-j^, 1^-j2,... .  The weigh t 

|I/J| of I/ J i s defined a s th e differenc e |l | - | j | . W e de -

note (I/J) ~ =  I~/J~ an d cal l i t the conjugat e o f I/J . 

We identif y a  partition I  with a  ske w partitio n 

1/(0,0, ...) . 
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Schur modules 

Let R  be a  commutative Q-algebra , E  a n R-modul e an d 

I/J a  ske w partition . 

We writ e S - J - ^ J E fo r th e Schu r modul e o f E  associate d 

with I/ J (se e [Lascoux] , [Nielsen] , [Towber]) . W e als o us e 

the notatio n A - J - ^ J E =  S^-^j^E. Th e modul e S-^j E depend s 

functorially o n E  an d th e correspondin g covarian t functo r 

is denote d b y S - J - ^ J . 

We wil l nee d th e followin g formula s involvin g Schu r 

modules i n the sequel . Le t E, F denot e fre e R-module s o f 

finite rank . 

The linearit y formul a 

(2.2) Si( E ^  F ) =  e SX/JE ®  Sj F 
J 

where th e su m range s ove r al l partition s J  containe d i n I . 

Plethysm formula s 

(2.3) S (S0E) = e STE m z 1 

summed ove r al l partition s I  of weight 2 m with eve n part s 

and l g I  < rank E ; 

(2.4) S (A2E) = © ATE m I 

summed ove r th e sam e se t o f partition s a s i n (2.3) ; 

(2.5) Am(A2E) = e S-j-E 

summed ove r al l partition s I  of weight 2 m o f th e for m 

(a1s...,ar | a^+1,...,ap+1) an d l g I  < rank E ; 

117 



T. JÓSEFIAK, P. PRAGACZ, J. WEYMAN 

(2.6) Am(S2E) =  e A E 

summed ove r "th e same se t o f partition s a s i n (2.5) . 

The Cauch y formul a 

(2.7) S (E ® F) =  & STE <s> S-..F m I I 

summed ove r al l partition s I  of m . 

The Littlewoo d - Richardson rul e 

(2.8) S-j-E ® Sj E = 6> (I,J;L) SL E 

where th e multiplicities (I,J;L ) have a  combinatioria l 

interpretation i n terms o f lattic e permutations , e.g . 

(I,J;L) =  O i f I < t L o r J c tL an d i f |l | + |J | * |L| . 

A specia l cas e o f (2.8 ) is known a s th e Pier i formul a 

(2.9) S E ® S TE = e ST E r J  L 

summed ove r al l partition s L  containing J  suc h tha t 

|L| =  | j | + r and L/ J ha s a t most on e squar e i n eac h column . 

(2.10) S -r / E — & S  —E I/r J 

summed ove r al l partition s J  contained i n I  such tha t 

|l| =  | j | + r and I/ J ha s a t most on e squar e i n eac h column . 

(2.11) S -r- / E — & S  -j- E 
J 

summed ove r al l partition s J  containe d I n I  such tha t 

|l| =  |J | + r an d I/ J ha s a t most on e squar e I n eac h row . 

We refe r t o [Macdonald ] fo r al l thes e formula s i n term s 

of Schu r functions . Moreover th e Littlewoo d - Richardson rul e 
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is treated i n detail i n [  Schiit zenberger ] and [Thomas] , an d 

a mor e genera l approac h I n term s o f shuffle s o f words ca n 

be foun d i n [Lascou x - Schiit zenberger ] 

(2.12) If E i s a fre e R-modul e o f finit e ran k the n S^ E 

is agai n fre e an d it s rank i s equa l t o th e numbe r 

of standar d Youn g tableau x o f shap e I  filled ou t 

by element s o f a  fixe d basi s o f E  (se e [Towber]) . 

Schur complexe s 

k 
If C =  { C }  is a module grade d b y th e rin g o f integers , 

then we adop t standar d conventio n an d writ e C[n ] fo r th e 

k n+ k 

module C  shifte d b y n , i.e . C[n ] =  C . I n particula r 

this applie s t o complexes . We ofte n writ e Instea d o f 

Ck i f k <  0 . Fo r a  comple x C * le t C"® m b e it s m-th tenso r 

product. Th e symmetri c grou p Z ^ acts o n C*®m by permutin g 

factors (u p to a  sign) . Fo r a  partition I  of m le t e(I ) b e 

a primitiv e idempoten t i n the grou p algebr a o f Z ^ corre-

sponding t o I . We defin e S-j-C " to b e e  (I) C * ®m an d cal l i t 

the Schu r comple x o f C * associate d wit h I . Fo r othe r de -

finitions o f Schu r complexes , see [Nielsen ] an d [Akin -

Buchsbaum-Weyman]. A s fo r modules w e als o writ e A^C * instea d 

of S j ~ C m . I f C' : .. . - * 0  C ° C 1 0  -+ .  . . ,  then th e 

components o f S-j-C * can b e describe d i n terms o f th e Schu r 

modules o f C ° and i n the followin g way , [Nielsen] . 

(2.13) AIC ° Ф h j / ^ C 0 ®  С1 Ф AT/TC° ®  STC 1 
|J|=k I/ J J 

. . . -> S-j-C 1 

In particular 1 
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(2.14) AmC': S  C° - .. . - S.C° » Am_iC1 - .. . 
m i 
.m-1~1 .m^1 -> C ®  A C  -> A C 

(2.15) S C*: AmC ° - .  . . -» A1C° ®  S  . C1 . . . m m- i 

C° * S .C 1 -» S C1 m-1 m 

Moreover, i t follow s fro m [Nielsen ] tha t 

(2.16) Am(C° -+ C1 - C2)11 = e Aa(C° ) ® S , (C1 ) <» AC(C2) 
D 

and "th e sum ranges ove r al l triple s o f integer s a,b, c suc h 

that a+b+ c =  m, b+2c =  t. 

In sectio n 3  we will nee d th e followin g 

Lemma (2.17 ) I f C" : 0  C ° -> C1 - * ... C n -* 0 is an exac t 

sequence o f vecto r spaces , then th e comple x 

0 -> AmC° - Am(C1 Cn ) -* 0 

is exact . 

m _  -
Proof Usin g th e formul a A m(C* e  D") ^ *  A m 1c * ®  AXD * 

i = o 
(see. [Nielsen]) one easil y check s tha t an y comple x o f th e 

m i d . 
type A  (.. . - » 0 - » M - * M - * 0 - + ... ) is exact . Now write C 

as a  direct su m 

(C° - .. . -> Cn) = (C° -> ... -> 1  -> 0) * ( 0 - .. . - c2 1 3 cn) 

Once agai n applyin g th e abov e mentione d formul a w e ge t ou r 

claim b y inductio n o n n . 

120 



RESOLUTIONS OF DETERMINANTAL VARIETIES 

The Bot t theore m 

Definition (2.18 ) W e define a  map P  : 3N U  <J> -+ {partitions} U <J> 

where H i s the se t of natural numbers , k > 2, and (J ) denotes 

the empt y set . We put P(4> ) = <f> and fo r k = 2 

P(a,b) = 

(a,b) if a  > b , 

(b-1 ,a+1 ) if a  < b-1 , 

if a  = b-1 . 

We call P(a,b ) the elementar y rectificatio n o f (a,b) . 

Let k > 2 and (a^,...,a^ ) € U . We define a  sequenc e 

(s^,...,sk) € U a s follows: P(a,j,a2) = (s^,b2), P(b2,a3 ) 

= (s2,b3), P(b3,a4 ) = (s3,bH), P(bk_2,ak_1 ) = ( s ^ b ^ ) , 

P(bk-1 ,ak) = (sk-1,sk). I f for som e i  P(b^,ai + 1) = <(> (where 

we put b^ = a^ ) we define P(a ^ 9 . . . ,ak> = <f>. When this i s not 

the case we pu t 

P(a1,...,ak) = 
(c>j,...,Ck_yj,Sk) i f P(s>|,...,Sk_>|)- (Cj,... 5C]<-_i ) 

4> if P(s1 , . . . 5sk-1 ) = 4> . 

It follows fro m [Lascoux ] that P(a^,...,ak ) (i f non-empty ) 

is a partition. We call P(a^,...,ak ) the rectification o f 

(a1,...,ak). 

We write m(a^,...,a^) for the minimal numbe r o f elemen-

tary rectifications neede d t o pass fro m (a ^ , . . . "t o 

P(a^ , . . . 5a.k) and differen t fro m the identity . Fo r example , 

P(1,3,6) =  (4,3,3) , m(1,3,6) =  3. 

Let X be a variety define d ove r a field o f characteris -

tic 0 . For a vector bundl e E  of rank n  over X and a  fixe d 

number r < n consider a  grassmannian G^(E ) parameterizin g 

subbundles o f E of rank r. Le t TT : G^(E) -» X be the canonica l 
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P 

projection an d 0 - > R - * E - » Q - * Q the tautologica l exact 

sequence on G ^ ( E ) (we write E instead o f TT*E) so tha t 

rank R =  r, ran k Q  = q, r + q = n. Fo r a  partitio n I  o f 

length < r we writ e 
If = P(0, ... »0»i1 > » - - ,  n(I) = 111(0, ... >0,i1 »... ,ir) . 

q q 

Now w e ar e read y t o recal l th e Bot t theore m a s state d i n 

[Lascoux]. 

Theorem (2.19) If R TT* are highe r direc t image s o f T T , then 

1 ) R°7rs|t(SIQ) = SjE fo r l g I  < q , 

RK7T*(S Q ) = 0  for k  > 1  . 

Moreover 

o I d R 7r Jlc(SI(p) : S-j-E -* SIQ) = Ŝ -E -> SjE 

if l g I  < q. 

2) 
SItE if к = n(I) 

о if к Ф n(I) 5 

SItE i f к = n(I) , 

and n(I ) = q • rank I . 
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3. COMPONENTS O F MINIMAL FRE E RESOLUTION S 

A. Antisymmetri c matrice s 

We assume throughou t thi s sectio n tha t th e coefficien t 

field K  has characteristi c zero . From the poin t o f view o f 

the fina l descriptio n o f minimal fre e resolutions I t i s not 

restrictive t o assume als o tha t K  is algebraically closed . 

We identif y th e affine spac e X  = Altn(K) of all n * n 
2 

antisymmetric matrice s ove r K  with A  V, where V  is a vecto r 

space of dimension n  over K . Fo r U =  V* the symmetri c al -
o 

gebra S#( A U ) can be treate d a s the coordinate rin g 0^ of X . 

Let E  be a trivial vecto r bundl e ove r X . The canonica l 

2 . 
section o f A E induce s a  generic antisymmetri c morphis m 
cp : E* -» E. I f {v^ } i s a basis o f V; {v? } the dua l basis o f 

U and T . . = v* A  v* * then T  = (T . . ) is the matrix o f cp with 
1 3 i  3 1 3 

respect t o (v* > an d {v^} . It follows fro m th e plethys m for -
2 

mula fo r S  ( A U) (se e (2.4) ) that ther e exist s onl y on e m 
(up to a scalar ) natural map A2m U -+ S (A^U ) . For instanc e 

r m 
a : U1 A ... A ut* Z sig n a C u , A u ) . . . ( u ^ ^ j A  uo( } ) 

aŒ2m 

is such a map where th e su m ranges ove r th e symmetri c grou p 

Z0 o n 2 m letters. We defin e zm 

Pf = (2m mi) 1  a 

and cal l i t the pfaffian map. Explicitly : 

m 
Pf(u. A ... A uQ ) = T sig n a I I ( u A  u.01*) , 

1 2m a €Z0 / r k=1 a(2k~1 ) a(2k ) zm m 

where T i s the subgrou p o f Z0 (o f order 2mm! ) consistin g m z m 

of those permutation s whic h leav e th e se t of set s 
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{{1,2}, {3,4} , { 2m-1,2m}} invariant. For example, 

for m = 2 

Pf(u^ A  U 2 A  U 3 A  U4 ) 

= (Û  A U2)(U3 A U )̂ - (Û  A U3)(U2 A U )̂ + (û  A Û Xl^ A U )̂ . 

The idea l i n 0^ generated b y the imag e of Pf i s calle d 

the idea l of 2m-orde r pfaffian s o f cp and will be denote d 

by P f 0 (cp) . A  more familia r descriptio n o f P f 0 i s in term s zm ^  2 m 

of the matrix T  mentioned above . For a subset {i^, ...s^m^" 

of {1,...,n} , Pf(vf A  .. . A v* )  is usually calle d th e 
11 12 m 

2m-order pfaffia n o f T determined b y rows an d column s 

i. , . . . ,i0 o f T. Therefore Pf 0 (cp) i s generated b y al l th e 1 *  zm z m ° 

2m-order pfaffian s o f T . 

We write Y0 fo r the subvariet y o f X of all matrice s 2m J 

of rank at most 2m ; by [De Concini-Procesi] Oy = ^x/'^2m+2 * 
2m 

Main geometri c constructio n 

For a fixed natura l number p  such that 2p+ 2 <  n let us 

consider a  relative grassmannia n G  = G (E* ) which para -
° n- p 

meterizes subbundle s o f E* of rank n-p an d le t TT : G X  be 

the canonical projection . There i s a tautological exac t 

sequence 

(1 ) 0 - > F - > E * - ^ Q - > 0 

of vector bundles ove r G. Conside r th e followin g antisym -

metric morphism : 

~ n ^ cp n * 
cp : F -» E* -* E ^  F * 

We define a  subvariety W  of G as the subvariet y o f zero s o f 

2 2 the associated cosectio n A  F -» 0^, i.e. = Coker(A F  -» 0^) . 
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A poin t g  of G is a pair (x,Fx > wher e x € X and F ^ i s 

a subspac e o f E* of dimension n-p . Observe that tp induces 

an alternating for m on each fibr e E* . Therefore g  = (x,Fx > 

is in W iff F^ i s an isotropi c subspac e of E* with respec t 

to that form . Basi c propertie s o f W are contained i n 

Lemma 3. 1 (a ) TT(W) cz Y0  2p 

(b) W  i s locally a  complete intersectio n i n G of codimension 

(n"P). 

Proof (a ) I n view of the remark precedin g th e lemm a i t is 

enough to prove tha t th e existence o f an isotropi c subspac e 

F^ of E* of dimension n- p implie s tha t rk x < 2p+2. B y 

assumption a  matrix of cp^ has the for m 

n-p 

in some basis o f E*. By the Laplace expansio n i t follow s 

easily tha t ever y (2p+1)-orde r minor of suc h a matrix i s 

equal to zero . 

(b) W e restrict ourselve s t o a standard affin e ope n 

subset T  of G, say , determined b y the sequenc e ( 1 ,2,...,n-p). 

A point g  =  (x,Fx> belong s t o r  if F^ is generated b y rows 

of a matrix of the for m 
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n-p 

1 0 

0 1 

Hence g  i s i n W i f an d onl y i f BT^" B evaluated a t g  i s zero , 

where 

B = 

1 0 y1,p 
1 

1 yn-p,1 ... y 0 

and {y^j } ar e affin e coordinate s i n T. A straightforwar d 

calculation show s tha t BT^ B =  (c^.. ) is an antisymmetri c 

matrix suc h tha t 

c . . = T . . + f . . 1  < i  < j <  n- p 
±3 ±3 13 _ 

where f ^ i s a polynomia l (o f degre e 3 ) depending onl y o n 

{ T ^ } fo r 1  >  n-p an d { y ^ } • This mean s tha t c ^ ar e al -

gebraically independent . 

Corollary 3. 2 Th e Koszu l comple x associate d wit h th e co -
2 

section A  F  -» OQ 

L* :  0 -* AN(A2F) A2(A2F ) A2 F 0Q 

is locall y a  fre e resolutio n o f 0^ ove r 0 ^ , wher e N  =  (n2^) • 

Remark W e conside r th e comple x L * t o b e grade d b y non -

positive integers , i.e . L m =  A~~m(A2F) for m  <  0 , Lm =  0 

for m  >  0 . 
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A spectra l sequenc e o f hypercohomolog y associate d 

with TT and L 

Since L"  i s a  (locall y free ) resolutio n o f 0 ^ ove r 

0g on e o f th e spectra l sequence s o f hypercohomolog y o f TT 

and L * collapse s s o tha t th e othe r spectra l sequenc e con -

verges t o R nTr5|c0w : 

(2) Em,k =  я\^ш ^ Rm+k^öw . 

We ar e goin g t o comput e th e ter m o f thi s spectra l se -

quence i n term s o f th e Schu r module s S^E* . 

Theorem 3. 3 I f E™, k =  R KTTa|t(Lm) then 

Fm, k 
L1 

0 , i f k  *  p t ,  t  € TL , 

e S  E* ,  i f k  =  pt ,  t  >  0  , 
•I 1 

where th e summatio n run s ove r al l partition s I  satisfyin g 

1 ) m  =  -  |I | /2 

2) ther e exist s a  partitio n J  =  (j^,...,j^ ) s.t . 

I =  (t+j1, t + j?,... t̂ + j^t,...,t?k1,...,k )̂ wher e 

2p+1 ' 

K =  J~ =  (k ^ , . . . ,k )  is th e conjugat e partitio n o f J . 

Remark Th e diagram s o f th e partition s I  described abov e 

look like : 

2p + 1 

t 

t 

J 
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Non-zero module s E^' ^ lie I n "the second quadrant: , and th e 

first non-zer o ter m (lookin g fro m th e right ) i n the ro w p t 

corresponds t o a  rectangular partitio n (t,...,t) . 

2p+t+1 

A proo f o f th e theore m wil l us e th e Bot t theore m an d 

depends heavil y o n th e followin g combinatoria l lemma . 

Lemma 3  . M- Le t I  be a  partitio n 

(t + j1 , . . . st + j ^ t, . . . ,t ,k1 , . . . ,kg) 

i 

for som e partitio n J  =  ( j ^ , . . . a n d K  =  J~ =  (k^,...,kg) ; 

i.e. th e diagra m o f I  looks lik e 

i 

t 

t 

J 

If P(0,I ) i s th e rectificatio n o f th e sequenc e (0,i^,i^,... ) 

(see 2.18 ) the n P(0,I ) =  cf> for j t =  0. I f j  *  0  then th e 

diagram o f P(0,I ) has th e form : 

H~ 

i+2 

t 

t 

H 

where H  =  (j1- 1 ,. . . , j±-1). 
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Proof. Observ e "tha t for j  =  0 the proces s o f rectifica -

tion o f th e sequenc e • ( 0 , , ± 2) lead s afte r t- 1 step s 

to a  sequenc e 

t+j1-1,...,t+jt_1-1 ,-t-1 ,t,... , 

which canno t b e furthe r rectifie d becaus e o f th e interva l 

(t-1,t). Therefor e b y definitio n P  ( 0 ,1) = cj>. 

Suppose j  *  0 ; i n this cas e th e rectification i s poss -

ible an d a  simpl e calculatio n show s tha t th e resultin g 

partition i s equa l t o th e on e describe d i n the lemma . 

Proof o f Theore m 3. 3 I t follow s fro m (2.5 ) that L m =  A m(A2F ) 

= e  S-j-F where th e su m ranges ove r al l partition s o f weigh t 

-2m having diagram s o f th e form : 

J~ 

t 

t 

J 

for al l possibl e choice s o f a  natural numbe r t  and a  parti-

tion J . To calculat e R TT^ S-J-F) for suc h I  we us e th e Bot t 

theorem (2.19 ) applied t o th e grassmannia n G  (E*) . This 
n-p 

means tha t w e hav e t o comput e P( 0,. ..3 0 , 1 ). B y iterate d us e 
p 

of Lemm a 3. H w e ge t th e require d result . 

Examples 3. 5 W e illustrat e th e geograph y o f E ^ fo r lo w 

values o f th e differenc e n-2p . Thes e example s wil l b e treate d 

dn more detai l i n sectio n 5 . 
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Instead o f S^~E * w e writ e I  for short . 

n-2p = 3 ( n ,n ) 
x 

(n,1) (n-1 ) 
X X 

2p 

P 

-2p-3 -p-2 -p-1 

n-2p = 4 

(n,n,n) 
X 

(n,n,2) (n,n-1,1) (n-1,n-1) 
X X X 

(n,1,1) (n-1,1) (n-2) 
X X X 

3p 

2p 

P 

-3p-6 -  2p- 5 -2p-4 -2p- 3 -p- 3 -p- 2 -p- 1 

Remark 3. 6 Th e sam e argumen t lead s t o th e obviou s general -

ization o f Theore m 3. 3 fo r a n arbitrar y variet y X  (ove r a 

field o f characteristi c 0 ) , a vecto r bundl e E  ove r X , an d 

an antisymmetri c ma p cp :  E* -* E, th e onl y hypothesi s bein g 

that th e counterpar t o f th e Koszu l comple x i n Corollar y 3. 2 

be acyclic . 

Corollary 3  . 7 RZLTrJ|t0w = 0  fo r i  >  0 . 

Proof. I n vie w o f (2 ) i t suffice s t o sho w tha t E1̂ 5" ^ = 0  fo r 

m+k >  0 . As w e notice d i n th e remar k followin g Theore m 3. 3 

the firs t non-zer o ter m (fro m th e right ) i n th e ro w p t cor -

responds t o th e partitio n (t,...,t ) an d it s coordinate s ar e 
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k =  pt, m =  -t ( 2p+-t + 1 )/2 . Hence m+ k =  -(t2+t)/2 <  0  fo r 

-t > 0 . 

A TT^-acyclic resolutio n o f L 

We construc t her e a n explici t -rr^-acycli c resolutio n 

of L * whic h lead s directl y t o th e mai n resul t o f thi s sec -

tion . 

Consider th e ma p E * -* Q appearing i n (1 ) as a  comple x 

with E * i n degre e 0  and Q  i n degre e 1 . The n b y Lemm a (2.17 ) 

we hav e a n exac t sequenc e 

0 -  A2 F - > A2(E* -* Q) - 0 

which look s lik e 

(3) 0  - A2 F -  A2E * - * E* ®  Q  - S2 Q -  0  . 

Applying Lemm a (2.17 ) onc e agai n t o (3 ) we ge t a n exac t 

sequence 

(4) 0  -* A1(A2F) -> A1[A2(E* - Q) ] -* 0 . 

We ar e goin g t o defin e a  Tr^-acyclic resolutio n D* * o f L* ; 

to thi s en d w e tak e th e complexe s (4 ) as columns , i.e . 

Dm>* =  A~m[A2(E* - Q ) ] , m <  0 . Pictorially : 

D" .  . . - A"m[A2(E * -» Q)] -> . . . 

L* .  . . A  m(A2F) - > . . . 

To defin e map s betwee n column s o f D* * we conside r th e 

more genera l situatio n o f a  comple x A * :  A° - * Â  A 2 o f 

£}g-modules an d a  cosectio n s  :  A° -* 0^. W e defin e a  ma p 

of complexe s 
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i • i — 1 • 
d. :  A A -  A A 
i 

as the composition of diagonalisation A3" A* - * A1 ''A* ® A# 

(see [Aki n - Buchsbaum - Weyman]) and the map id ._A ®  t, 
A1 'A* 

where t is following map of complexes : 

A* A ° -» A1 -> A2 

it is i l 

°G °G - 0 "* 0 

Lemma 3 . 8 d^ o + ̂  = 0 

Proof. The map d̂  o ca n be treated a s the composition 

of the natural injectio n 

Ai + V -> A i - V ®  A* ® A* 

. t®t 

and the map A ®  A -> 0^ ® 0^ = 0^ tensored by the identity 

on A1 ''A* . Using the Littlewood - Richardson rul e (o r by a 

straightforward computation ) we obtain tha t the image of 

A1 ^A * under the above mentioned injectio n i s contained in 

A1""''A* ®  A2A * . Since th e compositio n A2A * - > A* ® A* 0Q 

is zero , we are done. 

Applying thi s constructio n to the complex 

A" : A 2 E * -» E* «  Q -> S 2 Q 

and the cosection cp : A^E* -» 0 ^ , we get a double comple x D** . 

Corollary 3 .9 The complex D" is a -rr^-acyclic resolution of L*. 
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Proof. Each column Dm'* o f D#* is a resolution o f Lm i n 

view o f the exactness o f (3) . Moreover eac h component o f 

Dm'" i s a direct su m of modules o f the form S^E * ® SjQ fo r 

some partitions I,J . Sinc e Sj Q are TT^-acyclic by the Bot t 

theorem (2.19 ) we infe r that Dm' * i s a  TT^-acyclic resolu-

tion . 

Corollary 3.1 0 Th e only non-zero homology o f the comple x 

D* =  tot D*" is i n degree zer o and equal s 0 ^ . 

Proof Thi s follow s fro m 3. 9 an d th e fac t that L * i s a re-

solution o f 0r, over 0^. 
W G 

A resolution o f 0X7 overÖY 
Y2p X 

We define C  *# = TT^CD**) ; C ** is a double comple x o f 

free Ö^-modules. 

Corollary 3.1 1 Th e only non-zero homology o f C* =  tot C*-

is i n degree zer o and i s equal to R°iTJk()̂ . 

Proof W e ge t the required resul t by standar d argument s wit h 

spectral sequence s usin g 3.1 0 an d 7T + -acyclicity o f D** . 

From the definition o f D** and th e Bot t theorem i t follow s 

that eac h component o f C** is a direct su m of tensor product s 

of Schu r modules o n E*. 

Lemma 3.1 2 Fo r each m the differentials o f the complex Cm' # 

are natural with respect t o E*. In particular the y are mor-

phisms o f GL(U)-modules . 
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Proof A  commutativ e diagra m o f O^-module s 

_* id E - * E 

id I Ip 

E * 3. Q 

(see (1 ) for th e definitio n o f p ) induce s a  surjectiv e 

morphism o f complexe s 

(5) 

A m[A2(E* -» E*)] 

A m[A2(E* - Q) ] 

Using (2.16 ) and (2.7) , th e plethys m formula s (2.3-2.6 ) 

and th e Littlewoo d - Richardson rule , one ca n write (5 ) i n 

the for m 

(6) 

. . . e SXE* ® S TE* -» . . . 

id ®  Sj(p ) 

. . . -* e S_j-E * ® Sj Q - * ... 

Recall (2.19 ) tha t 

7TJle(SJ(p)) = 
Sj(E*) ^  Sj(E* ) i f lg(J ) <  p 

0 if lg(J ) >  p 

Hence b y applyin g TT^ to (6 ) we ge t a  surjectiv e ma p o f 

complexes 

A m(A2(E* ^  E*) ) . . . e S -j-E* ® SjE * - > . . . 

cm,. . . . ©  STE * ®  STE * -+ ... 
lgJ<p 1  J 

Therefore Cm' * ha s a  natural differentia l a s a  quotien t 

of A"m[A2(E * ^  E*)] . 
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Now we ar e goin g t o comput e R°T T + 0̂  by using a  spec -

tral sequenc e associate d wit h th e doubl e comple x C 

Since Dm ' * is a TT ^-acyclic resolution o f L m we hav e 

Rk7f^(Lm) _ Hk(Cm5-)# Therefor e th e firs t ter m o f suc h a 

spectral sequenc e i s equa l t o tha t o f th e spectra l se -

quence (2 ) of hypercohomology . Fro m Theore m 3. 3 i t follow s 

that ther e i s exactl y on e non-zer o ter m o n eac h o f th e 

lines m+ k =  0,-1,-2 as indicate d o n th e pictur e belo w 

A2p+3,1E* *2P+2e* 
P 

Ox 
-p-2 -p -1 

Therefore 

E-CP + 1),p =  A2p + 2EVlm(A2p + 3 Ê«, _ A2P+2E ^ 

and E-<P+1>> P =  .. . =  E-CP + D > P. sinc e E-< P + D ,P =  0, in 
2 P+ 1 0 0 

view o f Corollar y 3.7 , we infe r that : 

E-(P + D ,P g+ 1 Eo, o =  0 
p+1 p+ 1 X 

is an injection . Observ e tha t S-r E =  STU ®„ 0 V an d 0 V = e(0v). 
1 X  J \ A  A  A  1 

2 
is a grade d rin g wher e (0V ) . = S.(A U ) . Therefore ST E i s a 

A l l 1 

graded modul e ove r 0^ an d th e differential s o f C* - (both ver -

tical an d horizontal ) ar e maps o f grade d 0 ^-modules an d ar e 
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natural with respect to U. Moreover the horizontal differ -

entials are homogeneous O^-homomorphism s of degree 1 . All 

this implie s tha t E^^"1" ^  ̂i s generated by A2p+2U ove r 0^ 

and therefor e the zero component of d .  : E ^P + ^ 'P -» Q 
p+1 p+ 1 X 

is, u p to a scalar, defined by the map Pf. This scala r mus t 

be non-zero sinc e d ,  „ is injective. Hence Im d ,  „. = Pf0 l0(cp ) 
p+1 J  p+ 1 2p+ 2 

and R°TT3K()T7 = E°5° = (}„ .  This together with Corollar y 3.7 
2P 

gives us 

Proposition 3.1 3 R^-n + Oy =  0 fo r i  > 0, R°TT + 0w =  0y 
2p 

Therefore by [Kempf] Y is a normal, Cohen - Macaulay variety . 

Now we are ready to prove the main theorem of this 

section. 

Theorem 3  . 1 M- Th e i-th component of a minimal fre e resolu-
tion of 0V ove r 0 i s equal to 

Y2p X 

e SIE * 

where the sum ranges ove r all partitions I satisfying 1 ) , 2) 

of Theorem 3.3 with m+k = i, m = -|l|/2, and k = p«rank (I). 

Proof Recal l tha t the i-th component F1 of a minimal fre e 

°x 
resolution is isomorphic to Tor__^(0Y ' ^ X ^ ^ X ^ + ^ K ^X 5 

1 2 p 
where ( 0 ^ ) + is the ideal in 0^ generate d by the elements of 
positive degree . Since C i s an acyclic comple x of free 

() -modules with H°(C*) = 0V b y 3 .13 and 3. 1 1 we have 
X Y2 p 

pi = Н±(С' % Ö X / ( C W e K °x • 

However C* = tot C a nd horizonta l differential s in C" are 

0^-homomorphisms o f degree 1. Therefore H1(C * ® ^X^^X^ + ^ 
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a su m of the corresponding homolog y o f columns d11' * ® 0 v / ( £ ) v ) , 
A A  + 

which were computed i n Theorem 3. 3 (se e Remark 3.6). 

Corollary 3.15 Y2 i s a Gorenstein variety . 

Proof Th e last non-zer o componen t i n 3.1 4 i s A E* ,  n, . . .,n ' 

which i s of rank 1 . n-2p+ 1 

Corollary 3.1 6 Sinc e Y2 i s a cone over a grassmannia n 

G2(n), Theore m 3.1 4 give s all components o f a minimal fre e 

resolution o f G2(n) in this case (vi a the Pliicker embedding) . 

Now we are going to discuss differential s i n a minimal 

resolution of 0 over 0V. 
Y2p X 

Lemma 3.1 7 Le t S-j-E 'SS^* be direct summand s o f F1 and F l + 1 , 

respectively, and I  ^ L. I f the diagrams o f I  and L  are as 

in the picture belo w 

2p+1 

I t 

t 

J 

H~ 

2p + 1 

L s 

s 

H 

then eithe r 

1 ° t = s , |J|=|H|+ 1 

or 

2° t = s+1 ,|H | = |j|+t-1 an d h k = jk+1 

for 1 < k < s, j = 0. 
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Proof I t follows fro m I  => L that s < t and h^ < Jk+x 

where x = t-s . Therefore |H | < |j|+sx. Since |j|+t(t+1)/ 2 

= |H|+s(s+1)/2+1 w e fin d tha t x2+x-2 < 0. We have there-

fore two possibilities x  = 0, x = 1 which correspond t o 1° 

and 2° of the lemma . 

Remark 3.1 8 I n the case 2 ° I and L  differ i n one colum n 

only b y 2p+ 2 squares . 

Let d. :  F1 F 1 +  ̂be the differentials i n our minimal re-l 

solution. These ar e 0 ^ morphisms whic h are natural wit h 

respect t o U. This together with th e Littlewood -Richardson 

rule implie s tha t the restriction STE * -> ST E* of d . is zer o 

if I H. I f I 3 L then S.[E * S^E * (i f non-zero) is an 

0-^-map of degree 1  in the case 1 ° of Lemm a 3.1 7 an d o f de-

gree p+1 i n the case 2° . Moreover i n the latte r cas e i t i s 

described b y 2p+2-pfaffian s o f cp (in view of Remark 3.18) . 

B. Symmetric matrice s 

From now on let X = SymnK be the affine spac e of al l 

symmetric n  x n matrices ove r a  field K . We can identif y X 

with S^ V wher e V  is a vector spac e of dimension n  over K . 

For U =  V th e symmetri c algebr a S^S^U ) can be treated a s 

the coordinate rin g Oy. of X . 

Let E be a trivial vecto r bundl e o n X. The canonica l 

section of S 2 E induces a  generic symmetri c morphis m 

cp : E* -> E. I f {v^ } i s a basis of V, {v* } it s dual basi s 

of U and T. . =  v*v* €  SnU, the n T = (T.. ) is the matrix o f 

cp with respect t o {v* } and {v^ } . The idea l Ir+ ^ (tp) generate d 

by all the (r+1)-orde r minors o f T I s equal to the idea l 
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generated i n S#(S2U) by A^ + 1 r+-,U. Observe tha t Ar+1>r+1 u 

is contained i n Sri + ^(S2U) in view of (2.3) . W e write 

for the subvariet y o f X corresponding t o I r + >| (<p) • 

The main result of this sectio n I s 

Theorem 3.19 The i-t h componen t o f a minimal fre e resolu-

tion Oy over 0is equa l t o 

r 

6 S-j-E* 
m+k = i 

where th e su m ranges ove r all partitions I  of the followin g 

shape: 

J~ 

r-1 

(7) 

2t 

2-t 
J 

and m = -|l|/2, k  =(r/2)rk(I) . 

This means tha t ther e exist s a  partition J  = ( j  ̂» • • • 3 j  ̂)  , 

K = J~ =  (k.,..., k )  such tha t 1 s 

I = (2t + j1 , . . . ,2t + j21_,2t, . . . ,2t ak1 , . . .kR) . 

' r^l 

In particular th e first component o f the resolution i s equa l 

to Ar+1,r+1E*-

At firs t we will stud y the ideal s o f odd orde r minors, 

say, r = 2p. 

139 



T. JÓSEFIAK, P. PRAGACZ, J. WEYMAN 

Consider a  relative grassmannia n G  =  G (E* ) 5 X 
n-p 

with a  tautologica l sequenc e 0  F  3. E* Q  0  on G . 

We hav e th e followin g symmetri c morphis m 

cp : F -*• E* -> E - > F * 

which induce s a  cosectio n S2 F 0^. Le t W  be th e subvariet y 

of zero s o f thi s cosection , i.e . 

0W =  Coker (S2 F 0 Q ) 

Similarly a s i n Lemm a 3. 1 w e prov e tha t TT(W) CZ an d W 

is locall y a  complet e intersectio n i n G  of codimensio n 

(n )  . Therefore th e Koszu l comple x 

L* :  .. . -+ A2(S2F) -* S2F 0Q - 0 

is locall y a  fre e (^-resolutio n of 0^ . Le t D* " denote a 

TT ^-acyclic resolutio n o f th e Koszu l comple x L# : 

D#* .  . . - A  m[S2(E*-> Q) ] 

L" .  . . -* A m(S2F) - .  . . 

defined b y exactl y th e sam e metho d a s i n par t A . A s i n A . 

the tota l comple x D # o f D- * has onl y on e non-zer o homolog y 

H ° ( D # ) = Oy. Le t C * ' = T T ^ ( D" )  and le u C * b e a  tota l comple x 

of C- ' . 

Using th e Bot t theore m w e ar e abl e t o comput e th e 

cohomology o f column s i n C# " . 

Theorem 3. 2 0 Th e firs t ter m E™? k =  RkTrs|e(Lm) of a  spectra l 

sequence o f hypercohomolog y associate d wit h L  ** and TT+ can 

be describe d a s follows : 
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„111, k 
^1 

0 if k  *  p t , 

e SjE* i f k  =  pt ,  t  >  0  , 

where th e su m run s ove r al l partition s I  satisfyin g 

1 ) m  =  - | I | /2 

2) Ther e exist s a  partitio n J  =  (j^5...9j^_) 3 suc h tha t 

I =  ( t + j1 , . . . ,t + ji_,t, . . . ,t ,k1 , . . . ,kg) wher e 

~ r -1 
K =  J =  (k ^ , . . . i s th e conjugat e partitio n o f J . 

Remark Th e diagram s o f th e partition s I  described abov e 

look like : 

J ~ 

r-1 

t 

t 

J 

To prov e thi s theore m w e us e th e plethys m formul a 

(see (2.6) ) A"m(S2F ) =  eS^-F, where I  runs ove r th e se t o f 

all partition s o f weigh t -2m , ran k t , an d th e followin g 

shape 

t 

t 

J 
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and we proceed exactl y as in Lemma 3.4. 

By analyzing the geography of E ™ 5 ^ similarl y as in 

Corollary 3  . 7 we get: 

Corollary 3,2 1 R ^ * ^ = 0 fo ^ i  > 0 . 

To comput e R 0 " 1 1 " * ^ observ e tha t (b y Theorem 3.20 ) 

the onl y non-zer o term s o n the lines m+ k = 0, m+k = - 1, 

m + k =  Ar+1,  1 E*, Ar+1  ,1 E*'Ar+1 , r+ 1 E * ' Ar+2 ,1,1E*> 

^"r+2 r+1 1  1E* ' resPec"tively (se e the picture below ) 

0 0 
x 

Ar+2,r+1 ,1 
x 

Ar+1 ,r+1 
x V 1 V 

Ar+2,1 ,1 
x 

Ar+1 ,1 
X ' X 

3p 

2p 

P 

Ox 

Therefore 

E =  E°'° * E_P'P 
oo oo oo 

Using the naturality of the differentials (wit h respec t 

to U) and the fact tha t A_ ^ +  ̂doesn' t appea r as a summand 

in ArU ® S ,.(S0U ) (by the Littlewood - Richardson rule ) we p + 1 2 

conclude tha t the differential d .A marked on the picture 
p + 1 d 1 

vanishes. Therefore E"~P'P = E7p'p =  Coker(A _ ^ . E * J A R E * ) 
oo 1 r + 1 , 1 

where d^ is the first differential of the spectral sequence . 

The above remark show s that: 

E:(r+1),r =  Ker(E-<r+1),r dr +1 ^ 
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where E ^ + 1 ) >r =  Coker (  Ap+? >r + 1 ̂  1 E* t1 Ap+1 ̂  E* ) . But 

E~(r+1),r =  o s o that d  ,  „ is an injection . Note tha t oo r+\ 
E-(r + 1 ) ,r ^s genera-teci as a graded O v-module b y the 0 -th 
r + L A 

component A^+ 1 r+-|U * Sinc e ever y natura l ma p A^+1 r+iu ~* Sr+1^S2U^ 

is up to a scalar determined b y (r +1)-order minor s o f cp, we 

obtain E°5 ° =  0 y and hence : 

Lemma 3. 2 2 ^ ° ^ ^ 0 = 0y 9 M ,  wher e M  =  E~P,P 
r 

Corollary 3.2 3 Th e only non-zer o homology o f C* appear s 

in degree zer o and i s equal to 0^ e M . 
r 

Recall that our main aim i s to comput e 

°Y 
F =  Tor__^(0y >°x/(°x ) + > ®K °x wher e (<?x) + is the idea l of 0X 

r 
generated b y homogenous element s o f positive degree . By 

Theorem 3. 2 0 and Corollar y 3. 2 3 we infe r tha t 

i °X 
(8) F  ®  Tor_£(M,0x/(flx) + ) = * SjV 

where I  runs over all partitions satisfyin g 1 ) , 2) of Theore m 

3.20 suc h that m+k= i, m=-|l|/2, k = p rk(I) . Observ e tha t 

the partitions (7 ) are among those specifie d above . Hence t o 

prove Theorem 3.1 9 i t suffices t o sho w that all the parti-

tions (7 ) really d o appear i n the decomposition o f F 1 and 

none of the remaining summand s o f (8 ) can appear i n F *. To 

achieve thi s goal we construct anothe r fre e (^-resolution 

of 0y (i t appears already i n [Lascoux] ) by a method simila r 
r 

to that used i n the construction o f C* . 

Recall tha t X  = S2V where V  is a vector spac e over K 

of dimension n . Let V 1 be a subspace o f V of dimension r 
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and denot e by P  the parabolic subgrou p o f GL(V) stabilizin g 

Vf i n V. We have a  diagram (se e [Kempf] ) 

Z =  GL(V) xP S2V f i  S2 V 

GL(V)/P 

where Z  is a homogenous bundl e o n G (V ) = GL(V)/P an d x  is 

defined b y x(g,v^v2 > =  (gv^)(gv2) . I t is easy t o sho w tha t 

x(Z) = Y (i n fact x  is a birational morphism) . I f we con-

sider a  relative grassmannia n G  (E ) and a  tautological sub -

bundle R , then Z  is isomorphi c t o the subvariet y o f G (E ) 

which i s locally a  complete intersectio n define d b y th e 

section OQ - * N = Coker(S2R - * S2E) or equivalently b y a 
r 

cosection N * -> OQ (£)• Hence th e Koszu l comple x o f N* -* OQ 

is locally a  free resolution o f 0^ ove r OQ (g) • We defin e 

its ir^-acyclic resolution B# # by puttin g 

BM'" =  A"*m(S2E* - » S2R*) FO R M  <  0  AN D D E F I N I N G H O R I Z O N T A L 

differentials B m 5 * -» Bm+'''* I n an obvious way. B y simila r 

arguments a s before with respect t o C w e infe r that th e 

total complex o f A** = x+(B** ) Is a free O^-resolution o f O y • 
r 

Since by th e Bot t theore m R0xs|tSI.R* = S j E * i f l g I  < r 

and zer o otherwise, we can write explicitly : 
Am,k =  9 STE * * SJE * m  <  0 ,  k  > 0 

1_J x l " ~ 

where th e su m ranges ove r L  € L _ , , H € .  Here L . de-° -m- k k  i 

notes th e se t of partitions L  appearing i n the plethys m 

formula A1(S0 ) = e S T (se e (2.6) ) and H. is a set of parti-
L 1 

tions H  with th e following propertie s 

(a) |H | = 2i 

(b) Th e lengt h of each part of H is even. 

(c) Th e lengt h o f H is at most r . 
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Remark Th e fac t tha t th e Schu r functor s occurin g i n th e 

resolution o f 0 V ove r 0 Y are th e one s occurin g i n th e 
r m  • 

cohomology o f th e colum n A 5  ca n b e show n i n another way . 

Recall tha t th e i-t h modul e i n the minimal fre e resolutio n 

of Oy ove r Oy i s jus t 
r 

Tox\X(öY ' V ^ x V - K ÖX 
V 

Observe tha t th e To r written abov e i s jus t a  K-vecto r space . 

° X 
But To r (0 y 5^X^^X ^ +  ̂can b e compute d a s th e cohomolog y 

r .  * 
of th e Koszu l comple x A  (S2 E )  tensored wit h 0 y ove r 0^ . 

r 

This cohomolog y i s annihilated b y ^x^+ 5 s o we ca n comput e 

it i n eac h homogeneous componen t separately . W e se e tha t 

each homogeneou s componen t i s jus t a  colum n o f A** . I t 

follows Immediatel y fro m th e decompositio n 

[Se(S U)/ I (ф)] = e AtU 

I ha s eve n row s 

In view o f th e previou s remark s th e followin g proposi -

tion allow s u s t o complet e th e proo f o f Theore m 3.19. 

Proposition 3.2 4 Le t I  be a partitio n o f weight -2m , ran k 

s an d wit h a  diagra m o f th e for m 

r-1 

s 

s 

J 
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for som e partitio n J . The n S-j-E * appears i n the cohomolog y 

of Am5 i f and onl y i f s  is even . 

Remark Th e propositio n i s valid fo r arbitrar y r  (no t necess -

arily even) . 

Before startin g wit h a  proo f o f 3.2 4 w e stat e th e 

following eas y consequenc e o f th e Littlewoo d - Richardson rule . 

Lemma 3.2 5 Le t H, L b e arbitrar y partition s an d le t 

P =  (h^+1^,h2+l2,...) . The n A p appears wit h multiplicity 1 

in A„ ® A T . 
ri Li 

In the seque l w e writ e P  for shor t instea d o f SpE . 

Proof o f Propositio n 3.24 

1 ) s  =  2t 

First w e trea t th e cas e when th e lengt h o f th e firs t 

column i n J i s equa l t o 2t . Consider thre e component s o f 

the comple x A371 ' * involved i n the proo f 

Am,2tr-1 Am,2t r Am,2tr+ 1 

and writ e 

LQ = (2t + 1+j1 ,2t + 1+j2, . . . 52t + 1+jt, j ~, . . . , j~) € 

L 
o 

2t 

2t 

J 

and H =  r ) € H . . 
o : '  , tr 
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We are going to prove that I  occurs i n Am,^tr wit h 

multiplicity 1  as a summand i n the product LQ ® Hq and I 
. _  .̂ .  _,_ Am,2tr- 1 ,  Am,2tr+1 occurs with multiplicity 0  both i n A an d A 

Since Am'- i s a complex of Schu r modules with natura l 

differentials thi s would impl y that i t occurs i n H2tr(Am'") . 

It follows fro m Lemma 3. 2 5 that I  really appears i n L ®  H 
J r r o  o 

with multiplicity 1 . Suppose I  occurs as a summand o f L « H 

where (L,H ) £ ''-m-tr-1 X  Htr + 1 or (L'H ) 6 L-m-tr + 1 X Htr-1 ' 

Observe firs t that the lengt h of the arm of any diagona l 

square of L can not be greater tha n the lengt h of the ar m 

of the corresponding diagona l squar e i n I, if I really 

occurs i n L » H; therefore L  c L  ,  and L C L .  lA. Let us 
o -m-tr+ 1 

assume L € L .  „ . Observe tha t to obtain I  from L and H -m-tr-1 

(using the Littlewood - Richardson rule ) 

we must add a  column of symbols t o eac h 

of the firs t 2 t columns i n L . Sinc e 

|H| =  2tr+2 and th e length of each par t 

of H is even we conclude tha t H = (21 + 2 , 2t , . . . ,21) . But L 
' ? Z l 

differs fro m Lq by two square s of which at most one lie s 

on the right o f the 2t-t h column of L. To obtain I  from L 

and H we must write th e symbol )1 [ twice on the right o f 

the 2t-t h column of L. Hence we cannot obtain I , and we ar e 

done. 

If the lengt h of the first column i n J is less than 2 t the 

argument i s similar. I n this case: 

LQ =  (j1+2t,...,j2t_1+2t ,j7,...,j~) 

r 

1 
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J~ 

L 
o 

2t-1 

2t-1 

J 

and H  =  (r,...,r) . 
o v  , 

2t 

2) Suppos e no w "thai : "the rank o f I  is odd , and I  appear s 

as a  summan d i n "the product: L ® H where L  € L . , 
r -m-t r 

H €  H^.^ fo r som e t . Observ e that : for eac h diagona l squar e 

of I  the differenc e betwee n th e lengt h o f it s nec k an d ar m 

Is r-1 whil e fo r eac h diagona l squar e o f L  this differenc e 

equals - 1 . Let a  diagra m o f L  be o f th e for m 

m 

m+1 

J 

A momen t o f reflectio n show s tha t th e onl y wa y t o ge t I 

from L  by addin g numbere d square s fro m som e partitio n 

H €  i n suc h a  way tha t th e resultin g wor d i s a  lat -

tice permutation , i s fo r H  =  (m+1,...,m+1) . Th e resultin g 
r 

partition i s therefor e o f th e for m 
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r 

1 
r 

1 J ~ 

m 

m+1 

J 

Since H  €  th e ran k o f th e abov e partitio n i s even . Thi s 

gives u s a  contradictio n becaus e w e assume d tha t th e ran k 

of I  is odd . 

Now le t u s trea t (r+1)-orde r minor s whe n r+ 1 i s even . 

By Propositio n 3.2 4 w e kno w tha t als o i n thi s cas e al l 

Schur module s S-j-E * corresponding t o partition s (7 ) do 

appear a s summand s wit h multiplicit y 1  in th e minima l re -

solution o f ove r Oy W e ar e goin g t o sho w tha t thes e 

r 
are th e onl y summands . 

Consider th e affin e spac e X f o f al l symmetri c n +1 b y 

n+1 matrice s ove r K  and it s coordinat e rin g 0v f =  K[T!. ] 
A 1  j 

1 <  i  < j  < n+1. Write E f fo r a  trivia l vecto r bundl e o f 

rank n +1 ove r X 1 an d cp f : E1 * E ' fo r th e generi c sym -

metric morphis m whic h i n som e basi s o f E * an d it s dua l 

basis o f Ef * i s determine d b y th e symmetri c matri x (T£^) . 

By th e previou s consideration s al l component s o f th e 

minimal resolutio n F * (cp1 ) of 0 vf/I ,0(cpf ) over 0V , ar e 
A r  + Z A 

known. Let G - b e th e comple x F #(cpf) localise d a t th e power s 

of Tf, „ ,A . It i s obviou s tha t G * i s a resolutio n o f n+1,n+1 

0 / I 2 ? + 2 C P̂") over 0 where cp" is th e matrix : 
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cp 0 

0 1 

and 0 - (0V , ) R I . Consider1 the ring homomorphism : 
X 1ln+1,n+1 > 

f :  0 -> 0X, 

f(T!.> = 

T. . 
ID 

for 1  < i < j < n 

0 for j=n+ 1 ,  i=1,...,n 

1 for i=j=n+ 1 

Observe tha t f( I 2(<p") ) = I 1  (cp) an d lengt h G * = length F *(cp') 

= 1/2[ n+1 - ( r+2 ) + l ] [ n+1 - ( r+2)+2] = 1/2[n-(r+1)+1][n-(r+1)+2 ] 

= depth (Î  + ^ (cp) , 0 )̂ b y [Kutz ] . In view o f Corollar y 8  in 

[Kempf - Laksov] we se e that H =  G* 9Q^x a  -̂ ree res°lu" 

tion (non-minimal ) of 0-^/I ^ + ̂  (cp) ove r 0^ . We are goin g t o 

use this resolution t o investigat e 

(9) T o r ^ ( 0 x / I r + 1«p),0x/(0x) + ) . K 0X 

Observe tha t th e complex H* = H* <&Q ^ X ^ ^ X ^ + "*" s a comPle x 
X 

of GL(U)-modules an d i s equal t o F#(i/; ) 9>Q^x^^X^ + ̂  wnere ^ 

is the followin g ma p of 0^-modules : 

* :  E* e 0X 0e-i d E e 0 X 

Observe tha t SpE * appears a s a summand i n (9 ) if and 

only i f SpU i s a summand i n the i-t h cohomolog y o f H , and 

recall tha t SpE * appears i n (9 ) if and onl y i f SpE * i s a 

summand i n the cohomology o f Hk(Am'") for m=-|P|/2 , 

k = -m+i . 

Therefore i t suffice s t o sho w that i f Sp U appears i n 

H 1 , an d i s not of the for m (7) , then SpE * cannot appea r i n 

Am'k. 
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Let I  be a partition suc h that S^E1 * occurs i n F ^Ccp1). 

Since r+2 i s odd we know alread y tha t I  has a diagram o f 

the for m 

J~ 

r 

(10) 

2t 

2t 

J 

By the formula (2.10 ) and th e linearit y formul a (2.2 ) 

we have 

(11 ) SI(E* ® 0X) = © SNE * 

where th e su m ranges ove r all partitions N  contained i n I 

such that I/ N ha s at most on e squar e I n each column. 

Removing on e squar e fro m each of the firs t 2t-column s 

of I  we ge t a partition I Q of the form (7) . Therefore th e 

following lemm a completes ou r proof o f Theorem 3.1 9 i f r+1 

is even. 

Lemma 3.2 6 Le t I b e a partition with a diagram (10) . Then 

among th e partitions N  occuring i n the su m (11 ) Iq i s the 

only one occuring a s a summand o f a component o f the doubl e 

complex A*" . 

Proof W e are goin g to prove that i f N appears i n (11 ) and 

N occurs i n L ® H for L € L . , H € H . then N =  I . 
-m-i I o 

First observe that the larges t difference betwee n th e 

length of the neck and th e arm of any diagonal squar e of a 
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partition obtaine d a s a  result o f tensorin g tw o element s 

from L .  and H. i s equa l r -1. This follow s fro m th e de --m-1 x  r L 

scription o f th e Littlewoo d - Richardson rul e i n terms o f 

lattice permutations . 

On th e othe r han d eac h N  *  Iq occurin g I n (11 ) has 

the propert y tha t ther e exist s a  diagonal squar e i n N 

having th e differenc e betwee n length s o f it s nec k an d ar m 

larger tha n r . Henc e ou r clai m follows . 

Corollary 3.27 The determinanta l variet y Y p i s Gorenstei n 

if and onl y i f n-r i s odd . 

Proof I t follow s fro m Theore m 3.19 that th e las t modul e 

in a minimal resolutio n o f 0^. over 0^ is equa l to : 
r 

S (  E* ) 
(n-r+1)n 

, if n-r i s od d 

S ( E* ) 
(n-r+1)n r(n-r) r 

, If n-r i s eve n 

Since thi s modul e i s of rank 1 if and onl y i f n-r i s odd , 

we ar e done . 

4. SYMPLECTIC AN D ORTHOGONA L SCHU R COMPLEXE S 

Let E  be a  fre e module ove r a  (Q-algebra R  and cp : E* -» E 

an antisymmetri c map . We will trea t cp as a  complex wit h th e 

component E * i n degree - 1 an d E  i n degree 0 . Let u s conside r 

the comple x cp®m which i s the m-th tenso r powe r o f cp. Th e 

symmetric grou p 1 ^ acts o n cp®m by permutin g factor s : 

a(x. ®  ... «> x ) = (-I)1" x .  ® ... ® x A 
1 m a"1(1 ) a"1(m ) 
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where a G Z ,  x- belong s t o E or E*, and r =  Z de g x̂  deg x. . 

a(i)>a(j) 

It is easy t o sho w that a defined i n this way i s a map o f 

complexes an d tha t these operator s giv e a left action o f 

_ ®m Z o n cp m 

We now define anothe r famil y o f operators t12 on cp®m. Le t 

us consider th e map of complexe s 

tr : R [ 1 ] -* cp ® cp , 

defined b y t r O ) =  Z e. ® e* +  Z e* ® e. where {e. } is a 
i 1  1  I  1  1  1 

basis o f E and {e? } is the dual basis. We also have th e 

dual ma p 
ev : cp ® cp -* R[ 1 ] 

defined b y ev(x ® y*) = y*(x), ev(y* » x) = -y*(x) for 

y* €  E*, x € E. We write i n general ev( x ® y) = (x, y) . 

We define now the basic operato r 

T : cp ® cp -* cp ® cp 

as the composition T  = tr • ev. 

For m  bigge r tha n 2  we defin e th e operato r 

®m ® m 
T1 2 : cp -> cp 

as x  ®  cp®m ^. For arbitrary i , j , 1 < I < m, 1 < j < m, 

-1 

l * 3, we defxne x^ j a s OT^^O fo r a € 1^ such tha t 

a(1) = i, a(2) = j. One checks immediatel y tha t suc h a 

definition doe s not depend o n the choice o f a. In this situation we have: 

Proposition 4.1 The operators a , satisf y th e follow -

ing relations : 

a) T2. = 0 , 

153 



T. JÓSEFIAK, P. PRAGACZ, J. WEYMAN 

b) x. . =  - T . . , 

c) OTi j =  Ta(i)a(j)° ' 

d) (i , J)T.. = T•• where (i , j) "stands for the trans-1 3 1 3 ' J 

position of i  and j  , 

e ) T i j T i k = k ) x i k = T i j ( ^ 5 k) f o r d i f f e r i e n t i , j> k , 

f) T..T-,- , =  T , , T . . for differen t i  , 3 , k, 1  , 1 3 k l k l 1 3 

/i1 isj 1 •• • js \ g) T  т. - =  signa T  т. . 

ai asJa 1 Ja s 

for differen t i1 ,. . . ,ig , j1 ,. . .jg. 

Proof W e prove here onl y par t a ) of the proposition becaus e 

this I s the relation which doe s not hold I n the case of th e 

usual Braue r - Weyl algebras, and al l the other identitie s 
2 

can be proved b y direct calculation . I n order t o prove =  0 

it suffice s t o sho w i t for T - | 2 ' so we can assume tha t w e 
® 2 -

deal wxth cp an d we want t o prove tha t th e compositio n 
®2 T  ® 2 x ® 2 cp -> cp -> cp 

is zero. Since T  is zero i n all degrees differen t tha n - 1 , 

it suffices t o consider thi s compositio n o n E ® E* . For 

x €  E, y* €  E* we have: 

2 
x ( x ® y*) =  y*(x)x[z e . ® ef +  X e* ® e. ] 

i 1  1  i  1  1 
= y*(x) [L e * ( e ± ) - X ef(e±)]tr(1) =  0 

i i 

Definition 4. 2 W e define th e algebra A t o be the algebr a  0 m 

generated ove r R by the operators a , Tj_j • 
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Now w e comput e a s a n R-module . 

Proposition M- . 3 A^ i s a  finit e dimensiona l fre e R-module . 

All th e element s 

(1 ) ax • - x x  . 

where ±1,...is , J15...J S ar e different , i R < jR an d 

a(ik) < cr(Jk) for arbitrar y k , i ^ < ±2 < .. . <  ig, 

a(i1) < a(i2) < .. . <  a(ig), an d s =  0,1,...[m/2] , form 

a basi s o f A  ove r R. A i s a  quotien t o f a  fre e R-algebr a m m  ^ 

generated b y th e symbol s correspondin g t o a, T - , by th e 

ideal determine d b y th e relation s a ) - g ) . 

Proof Firs t w e prov e tha t th e element s (1 ) generate A _  ^ °  m 

as a n R-module . Usin g th e relation s a ) -  f) we se e im -
mediately tha t th e element s o f for m (1 ) generate A  a s a n 

J °  m 

R-module, where i^,... i ,  ,... j ar e different , 

i^ <  .. . <  ig , ± k <  j k fo r al l k  and s  =  0,1,...[m/2] . No w 

the relation s c ) , d) and g ) impl y tha t fo r a! , at ! € Z m 

a'x x . .  =  ±a"x x . .  wheneve r a " =  a'»a , 

where a  belongs t o th e subgrou p o f 1 ^ generate d b y th e 

• î  ..... i j  1 .  . . j x 
elements I . .  )  and th e transposition s (i , j, ). 

This give s u s th e additiona l conditio n o n a i n the for -

mulation o f th e proposition . 

Next w e sho w tha t th e element s (1 ) are linearl y in -

dependent ove r R . W e assum e tha t di m E  >  m an d w e ar e 

going t o sho w tha t th e element s (1 ) treated a s endomor -

phisms o f cp®m are R-independent . 

We notic e tha t a n elemen t a x x . .  send s al l 
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the components o f cp®m of degree < s to 0 . Hence i t suffice s 

to sho w that th e element s (1 ) with fixe d s  act indepen -

® • . ® 
dently o n cpg. Le t us consider th e following elemen t m  cpg : 

x = f„ ® ... ® f. . ® e * ® . . . ® e . ® . . . ® e * ® . . . ®e ® . . . ® f 
1 i.-1 . 1 . 1 . s . s m 

1 H h ^  3 s 
where f.,...f. ,  ...f. ,  ...,f ,  e.,...e ar e different basi s I i i m  I s 1 s 
elements i n E. We se e that an elemen t O T ,  .  . . T o f 

a1b1 asb s 

form ( 1 ) send s x to 0  unless (a^b^ ) =  (i^,j^.) for all k . 

The action o f OT x . .  o n x give s 

O T . .  •  . . T • . (x) = ± 5 1 f  _1 ®  . . 
131 sJ s 3 1 9 . . . , 3 S o '(1 ) 

1 2 .. ® trQ ®  .. . ® trQ ®  .. . ® f . 
3k 3 k a"1(m ) 

a(ik) a(3k ) 

1 2 where Z  tr, ®  tr, stand s fo r the imag e of 1  under th e map t r h h  h 

mentioned above . Therefore we se e that the group s o f element s 

corresponding t o different i^,...j g act i n suc h a way tha t 

to prove thei r independenc e i t is enough to sho w the inde-

pendence o f the elements a x T . . (x) of form (1 ) with 
x1^i V J s 

fixed i1, ...jg. 

In order t o do this we can, without los s of generality , 

forget abou t factor s involvin g ffs ; i.e. we ca n assume tha t 

m =  2s, and we want t o prove th e independenc e o f the element s 

ax x . .  (x) of form (1 ) for x= .. . ® e* ® .. . ® e, ® 
1 1 s  s 1 k 3 k with s , ik, jk, being fixed . 

Let a b e OT x - •  (x) for a satisfying conditio n 

(1). Le t us consider a  vector .. . ® e* ® .. . ® e^ ® .. . in 
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® 2 s 

cp for a fixed se t a^,...b of distinct numbers fro m 

[1, 2s] such that a^ < .. . < ag , <  b^ for ail k. 

Look at the coefficient of a with respect to this basi s 
a 

element. We know that i n each summan d of a_ we have the 
a 

same number of the basis vectors i n the places i ^ and 

and tha t over exactl y one of them there is a star. So it 

is clear, recalling conditio n (1) for a, that our coeffi-

cient equal s 0 unless i ^ = â . and = b^ for all k, and 

that in this case our coefficient equal s ±1. Hence the 

independence of the elements (1) is proved. Remark 4 . 4 W e can push the permutations to the right of 

the xfs to obtain a basis consisting of the elements 

(2) T . . . . . T . . a 

for distinct il9...js , i^ < ... < i , a (i-j ) < ••• < ° 

— 1 - 1 
and i ^ < j^, o (iĵ ) < o (3]^) f o r a 1 1 k* 

Remark 4. 5 Th e algebra A^ is very simila r to the Brauer -

Weyl algebra define d i n [De Concini - Procesi]. The only 

difference i s that the relation a) here is replaced by 

2 

= nT-j_j 5 n being the dimension of the module i n question. 

This difference turn s out to be significant becaus e our al-

gebra is not semisimple. 

Definition 4. 6 W e define an ideal J i n A ,  s > 0, to be  s m 

the two-side d idea l generate d b y all elements T . • ..x. . 
1s3s 

for distinct indice s i.,... j .  Moreover we put J =  A . 
1 s  e  o  m 

Definition 4.7 Let 

Wdcp = Jdcp®m/Jd + 1cp®m fo r d > 0 . 
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An RT z 1-modul e structur e o n W c p comes fro m th e embeddin g L mJ o  ° 

Rfl^] «=-* A .̂ We defin e th e symplecti c Schu r comple x A^c p to 

be 
Hom^ ( S I 9 WQcp) 

m 

where S -J. denotes her e th e Spech t modul e correspondin g t o I 

(see e.g . [Nielsen ] fo r a  definition o f th e Spech t module) . 

It follow s directl y fro m th e definitio n tha t WQc p de-

composes a s a n Rfl ^J-module: 

W c p = Z S T ® ATcp 
° I I I = m 1 1 

Remark M - . 8 A-̂ c p can be treate d i n a convenien t wa y a s a  co-

kernel. W e hav e a n exac t sequenc e o f Z -module s 
m 

_ ®(m-2) ® m T 7 n 

Ci.j) 

where th e module o n th e lef t i s the module induce d fro m 

Z2 x  Zm_2~module S 2 ® cp®^m 2^ over Zm - Applyin g Hom^ . (S-j-,-) 
m 

to thi s sequenc e w e ge t th e exac t sequenc e 

nI 
SI/2cp[1] S tp -* A-j-cp -* 0 . 

The formul a (2.10) is also vali d fo r Schu r complexes , 

[Nielsen], hence S T/0cp = Z S Tcp where w e su m ove r al l J 
1/2 j J 

contained i n I  such tha t I/ J ha s tw o square s an d I/ J ha s 

at most on e squar e i n eac h column . Th e ma p H J J S J 1 S "the 

composition Sjcp [1] ^  ̂ J110 SjCp ® S 2cp -* S-j-cp, where th e secon d 

map Come s fro m th e Pier i formul a (2.9) which i s also vali d 

for Schu r complexes . 
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Examples M-.9 

a) I f I = (1m) then the corresponding J! s d o not exis t 

and we get A c p = Amcp . 
(1m) 

b) I f I = (m) then there i s just one correspondin g 

J =  m-2 an d we have the exact sequenc e 

S2cp[1] -> 22^2Ф -> А2^2Ф О 

Its i-t h component , i >  0, look s lik e 

A 1 1 E * ® S . . E A 1 E * 9 S . E (A cp) . -> 0 m-i-1 m-i m I 

The map n^-j i s given by the trace. By duality A^ E =  An -^E* 

so we conclude using the Pieri formul a tha t 

(Acp). = S M . A E 
m 1 (m+l-i,!111"1"1) 

c) I f I =(2,2) then we get the exact sequenc e 

S2cp[1] 2 2 ^ 2 Ф -> А 2 ^ 2 Ф О 

The components o f this sequenc e loo k lik e 

S2,2E* 

A E* S 2 nE * • E 

S2E* <» A2E 

E*® E 

A E* <s» S2E 

S2E E* <» S2^E 

S2,2E 

and th e horizontal maps com e from the trace map. If dim E = n, 
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then i n term s o f E  th e component s o f A 9 9cp are: 

S0 0 E , S 0E + S  0E , S 0 E +  S  0 0 E + 
2'2 2,2,1n"2 3,2,1n" 3 3,2n"2, 1 3252n" 3 

+ S  QE , S . E +  S  0 E ,  S 0E . 
3 ^ - 3 2n-1 3,2n"3, 1 2n" 2 

One coul d mak e th e degree s o f th e representation s th e sam e 

in eac h componen t b y multiplyin g eac h representatio n b y a 

suitable powe r o f th e determinant . The n th e ma p i n th e 

complex A 2 2< P woul<3 hav e degre e 2  with respec t t o E . Observ e 

that th e kerne l o f th e ma p S9tp[1 ] S 2 2< P ^s 3us1 : a coP y o f 

R s o w e ge t a n exac t sequence : 

0 R[2] - S2cp[1] -* S2 ^ 2 ( p -* A2^2<p -* 0 

Definition 4.10 We defin e th e dua l complexe s B-j-cp = S-j-cp fl fl Ke r T... 

It i s obviou s tha t (BTcp) * = A ^jp because w e hav e 
1 I 

(S I c p ) * = S ^ c p . 

Now w e inten d t o sho w ho w th e Schu r complexe s ca n b e 

filtered i n suc h a  wa y tha t th e associate d grade d objec t 

consists o f th e Aj1 s (B-j-'s). Unfortunately thi s ca n b e don e 

only unde r th e additiona l assumptio n tha t n  = dim E >  m  =  |l|. 

We defin e a  comple x o f complexes : 

K ( m ) : ... i z ®(m-2s ) 

( I ^ , ) ( I I V - - ( I S V 

ô «(m-2 ) _  ®m 

( I S V 

where w e labe l c p ® ^ m 2s ^ b y th e indice s (i ^ j  ̂) . . . (ig j )  wit h 

all number s different , satisfyin g i ^ <  i 2 <  .. . <  i g an d 

i^ <  fo r al l k . A  ma p 6  o n th e correspondin g summan d i s 
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equal to 

t r . .  : 
® ( m - 2 s ) 

4,(i151)...(is5s) 

^ ® ( m - 2 s + 2 ) ^ 
- <p(i1j 1)...(i;jt)...(isjs) 

which is defined to be the trace on the indicated copie s 

of cp. On the other summand s the map 6 is defined to be 

zero. It is easy to check tha t tr . . • tr. . =-tr. . • tr. . 
V t V u V u ¥ t 

so that we have reall y a complex. 

Lemma 4.11 Th e complex K#(m ) is acyclic wit h HQ(K#(m) ) = WQcp 

provided dim E = n > m. 

Proof W e will sho w that the complex K#(m ) is acyclic eve n 

over the ringZS )̂ "the localisation of 2Z with respec t to 

the idea l (2) . We proceed by induction on m. We have an 

exact sequenc e of complexes 

n ft m  1 
(3) 0  - cp a K (m-1) Ï M m ) 5 Z K~ ' (m-2) -* 0 

j=2 * 

where a is an injection ont o all cp?^m.2?̂  . . . . such tha t 

1 C {i^,...jg}. The j-th copy of K~'(m-2) corresponds to all 

cp?5M. ? ? . 2? X  . . . . and $ is jus t th e projection. Fro m th e 
^ ' J 3-, > • • • k:ls3s> 

long homology sequenc e we obtain 

m Y 
0 H.(K (m)) -> Z W (m-2) -4 cp <& W (m-1) W (m) -> 0 

1 j =2 0 

where WQ(j) stands for WQcp determined by cp®^ . It suffices 

to sho w that the map y is injective. However we can dualize 

the complexes , and taking the cohomology group s we obtain 

the sequenc e 

m 
0 V (m) -* cp *> V (m-1) -> Z V (m-2) 

o o  j= 2 o 
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where 

V (m ) = f l Ke r x . . . 
i , j 13 

We must sho w that the las t map i s surjective. The map fro m 
m m 

cp ® V (m- 1 ) to Z V  (m-2 ) is i n fact give n by Z i . . T o 
° j= 2 0  j= 2 n 

prove th e surjectivit y o f this map i t i s enough to do i t 

over Z,0,/2ZM. -71/271. V (m-1) , V (m-2 ) commute with thi s (2) (2 ) o  '  o 

change o f rings becaus e the y ar e f  ree 7L ̂   ̂  ̂-modules b y in -

duction hypothesis. However i n characteristic 2  a permu-

tation a  acts on cp lus t by a(x . ® . . . ® x ) =x A  ® . . 
1 m  a"1(1 ) 

.. x .  ;  hence i t acts a s a usual permutatio n o n th e 
a"'(m) 

module F  = E ® E* with th e antisymmetric for m < , > describe d 

above. Therefor e we ca n use the characteristi c -  free re-

sults fro m [D e Concini - Strickland]. Ste p 1  of their proo f 

of Theorem 2. 1 (p . 122), which i s independent o f the theor y 

of symplecti c standar d tableaux , shows th e surjectivit y o f 

our map. At thi s poin t we use that n >  m. 

Corollary M- . 1 2 Fo r m <  n =  dim E we hav e 

WHcp = Z x  x . .  cp*(m-2d)/Jicp®(m-2d ) 
(i1j1),...,(idjd) X1^ 1 xd3 d 

Proof Th e only thin g t o prove i s that the su m i s direct. 

Using th e sequenc e (3 ) we compar e th e dimensions o f cp®m 

and th e su m of the dimensions o f Wd obtaine d fro m the righ t 

side of the formula . The desired equalit y i s 

(2n)m = Z 
i = o 

ml 
(m-2i)!21i! 

dim W (m-2i ) = 
o 

oo oo 
= z  z 

i=o j= o 

m! 

(m-2i) !21i.f 
(-1)j(2n)m"2i~2j (m-2i)! 

(m-2i-2j)!23j! 
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We treat both side s a s the polynomials i n 2n . To comput e 

the coefficient o f (2n) m 2 s on the right we note that fo r 

s =  0 it is 1  and fo r s  > 0 it is 

Z (-1) j 
i +j =s 

m! 

(m-2i) . ^ i. 

(m-2i)Ï 

(m-2i-2j)!23j! 

ml 

(m-2s)!2Ss! 
Z (-1) j 

i +j =s 

s I 
Î T 3 T 

Since 

Z 
i+j =s 

(-1)js! Z (-1) j (?) = 0 

our coefficient i s zero and th e corollary i s proved . 

Now we want t o analyse the structur e o f W^ as an 

Z^-module. For this purpos e we introduc e th e followin g 

definition. 

Definition M- . 1 3 Let I  be a partition o f m-2s. We defin e 

the A -module A.,, to be equal t o m I ^ 

A T ... T e(I)/J _^e(I ) n A T N ... T e (I) 
m Plq1 PSq s 3 + 1 m p1q1 Psq s 

where e(I ) is the Young idempoten t i n RTz -  1 associated 
& r L  m-2sJ 

to I  and 5-m_2s acT:s on "the numbers complementar y t o p^,...,qs. 

From Corollary M- . 1 2 it follows immediatel y 
Proposition M- . 1M- I f R is (Q-algebra and m < n = dim E then 

W,ip = Z Ax ® ATcp 
d |J|=m-2 d J  J 

as a complex of A -modules. 
m 

We want to compute the decomposition (u p to filtration ) 

of the complexes S-j .<P into Aj<P. T o do this we nee d 
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Proposition 4.1 5 Le t J be a partition o f m-2s. Treatin g 

AT a s an Z -module vi a the canonica l embeddin g RT z 1  A J m  m J m 

we have th e followin g decompositio n o f I^-modules : 

Aj = Z (I,J;L) S L 

where (I,J;L ) is the coefficien t occurin g i n the Little -

wood - Richardson rul e (2.8 ) and th e su m ranges ove r al l 

partitions I  of weight 2 s of the for m (â + 1 ,... ,a +1 , . . . ,a ) 

(compare (2.6)) . 

Proof Le t us loo k at the Z -module Ax. I t i s induced fro m  m J 

the representation P  ® ST of the subgrou p Z 0 x  Z 0 c J  °  r  2 s m- 1s 

(2s places correspon d t o the T ' S , the others t o the parti-

tion J ). Here P  is a representation wit h generator s 

{T- •  . . . T - •  | -C ,-..j > =  {1,...2s}} satisfyin g th e re-
1 J1 s J s 1  s 

lations (i,j)T± j =  Tij, (i,k)( j ,l)TijTkl =  - T ^ T ^ an d 
T-.T,, =  TVNx.. . On e could construc t P  by takin g a  2s-dimen -13 Ki K.A- 13 

sional fre e R-modul e F , and considerin g th e element s i n 

AS(S2F) of weight (1,1,.. . 1) wit h respect t o the maxima l 

torus i n GL(F) with th e obviou s actio n o f Z0 o n it . The 
z s 

plethysm formula s (2.6 ) show that P  = Z  ST where I  ranges 
I 1 

over al l partitions o f weight 2 s of the for m (a^+1,. . 

. .â  + 1 |â  , . . . a ^ ). No w the proposition follow s fro m th e 

Littlewood - Richardsen rule . We know (compar e [Nielsen] ) tha t 

CP = Z S- r ® S -PCP as a  Z -module . 1x1 I I  m I = m 

Let us define th e complexes Ŝ c p by the formul a 

Wdcp = Z S x . Sfq, 
11 I =m 
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It i s clear tha t ther e i s a filtratio n o n S -j-cp with th e 

associated grade d objec t equa l t o Z  S d<p. I n this situ -
d>o 

ation we ge t 

Theorem 4.16 For m <  n = dim E 

sfcp Z Z (I,J;L)ATc p 
u |J|=m-2 d I  u 

where th e inne r summatio n runs ove r all I  = (a^+1 , .. 

..a + 1, . . . a ^ ) o f weight 2d . 

Proof Th e conclusio n o f the theore m follow s directl y fro m 

Propositions 4.14 and 4.15. 

The main applicatio n o f the theorem jus t prove d i s 

the followin g 

Theorem 4.1 7 Le t cp : E* E  , if , : F* -* F be tw o anti -

symmetric maps , I  a partition o f m and m  <  n =  dim E. The n 

AT(<p + ijO = Z  A  Tcp ® S  ,  Tif> 
1 Jcr l J  1/ J 

up t o filtration . 

Proof B y Remark 4. 8 an d th e linearit y formul a fo r ske w 

partitions w e have th e followin g diagra m 

SI/2 (cp + \p) [1 ] -> SI (cp + ̂  ) AI(cp + î) -> 0 

II 

ZT SJ/2 • SI/J*[1] "* ZT SJ* * SI/J* 

Moreover, the map t r cp acts fro m Sjy2t p • ^I/J1 ^ to ®  ^I/J ^ 

and th e map tr i| / increases th e number o f square s i n the par -

titions belongin g t o \p by two . 
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Let us order th e partitions J  c I  by sayin g tha t 

< J"2 if and onl y if . | J>j | > |J"2I o r IJ 1 I =  lJ2 ^ and J1 

is earlier tha n lexicographically . Le t us define th e 

filtration {Fj } on A-j . (cp + )  by lettin g F j be the imag e o f 

Z S , cp ® ST/Tip . We clai m that F T / Z  F T i s a factor o f 
L<J L  I/ L J  L< J L 
AjCp ® S-j-̂ji[». Indeed, let us consider th e relation comin g 

from Sj^2c P ® ^I/J^ " g°e s by "tr cp to SjCp ® ^i/j^ * and b y 

tr \p to the earlie r piec e o f filtration. Therefor e 

Remark 4. 8 show s ou r claim . 

To prove th e equality i t suffices no w to compare th e 

dimensions o n both side s o f the formula . Observe tha t th e 

following equalitie s hol d u p to filtratio n 

Z SjC p ® Sj/ji p = S-j-Ccp + ip) = Z  (L,J;I ) A-^cp + ip) 
J J , L 

where th e secon d su m ranges ove r all L  = (â +1 ,. . | â  ,.. .a )̂ 

of weight 2d . By inductio n we know the decompositions o f 

AjCcp + ip) for J <p I. Using the m we obtain th e desire d 

equality o f dimensions. 

A seriou s restriction o f the theorems jus t prove d i s 

the assumption m <  n. Without thi s assumption th e theorem s 

are not tru e (se e the example below ) but ther e shoul d exis t 

a decomposition which differ s fro m the give n one only by a 

few exceptiona l terms . The key ste p i n the proof i s th e 

understanding o f the homology o f K#(m ) in the general case . 

Example 4.1 8 Th e decompositions mentione d abov e sho w tha t 

S cp = A cp + A 0cp up to filtration . I f they were tru e i n m m  m -2 ^  J 

general th e followin g sequenc e would hav e to be exac t 

0 t r 0 t r • • • - Sr-2<p - * Srcp - * Sr + 2cp  ̂.  . . 
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rf n = dim Ethe n-th component of this complex 

looks like 

Since An + 1 E* = 0 we get the homology AnE*. rt is easy to 

show that in this case it is the only homology of the 

whole complex, so there is only one deviation from the 

decomposition established above. 

We continue now with sorne remarks on the category 

of Am-modules. Recall, (4.13), that we defined the family 

of Am-modules Ar for Irl = m-2s. 

The modules Ar are not irreducible. We will show 

however that the irreducibles are in 1-1 correspondence 

with the partitions r of m-2s, s = O,1, ... [m/2]. 

Proposition 4.19 Let us assume that R is a field and 

m-2s, 

s = O,1, ... [m/2J, form a complete set of irreducible Am­

modules. 

Proof First we show that Ar/Cr are irreducible. Let 

o * x E Ar/Cr; we will prove that x generates Ar/Cr. We 
2 have Jsx * 0 because otherwise we get Jsx = 0 in Ar and 

since J~ J s we would have x E Cr' which is a contradic­

tion. We infer that there exist T .. , ••. ,T .. such that 
1 1 J 1 l S J S 

y = T ..••• T .. x determines a non~zero element in Ar/Cr. 
1 1 J 1 l S J s 

By Proposition 4.1 d) and e) we see that y is an element 

of the form T. • ••• T. . z wi th z E R[L ]. It is easy to 
1 1 J 1 l S J S m 

see that the vectors of this form in AI form in fact the 

Specht module Sr over R[Lm_ 2s ] the other permutations 

acting on the left change the indices i 1 , ... js. Nowacting 
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on the lef t b y £m_2s w e can generat e al l of S-J-. This prove s 

that th e elemen t T . • . . . • T . •  e(I) belongs t o the submodul e 
x1 1s3 s 

generated b y y (an d hence x ) showing tha t x  generates al l 

of A J / C J . 
To prove tha t A ^ / C - J - for m a complete se t of the ir-

reducible A  -modules we have to sho w that A ha s a compo-
m m  ^ 

sition serie s with factor s A-JVC-J-. W e sho w by inductio n 

that ^g/-^ s + -| nas suc h a series . For s  = 0 we ge t simpl y 

the known result fo r the symmetri c group . Let us assum e 

that we have th e result fo r the numbers smalle r tha n s . 

We know tha t J  /J ,  A -  Z  tTA T where t T I s the multi-
I I I=m-1s 

plicity o f S-J. in the composition serie s o f Rfz^^^g] * No w 

it suffices t o decompose C-J- in terms of A J / C J . Bu t we kno w 

that C-j-f s are i n fact k^J .^-modules, so we get our clai m 

by the inductio n hypothesis. 
The las t thing t o prove i s that al l the A j / C j ar e 

different. We note that i f |  11 =  m-2s, l ^ A ^ / Q , ^ ) - A-JVC-J. 

and -J s + i (A J / C - J . ) = 0 so we can distinguish al l the level s s . 

For a fixed s  we se e that the modules A J / C J ar e not iso -

morphic whe n restricted t o ^m_2s* Thi s completes th e proo f 

of the proposition . 

Now we procee d t o outline th e analogous theor y fo r 

the symmetri c ma p cp : E* E . The symmetr y o f cp allows 

us to define tw o maps : 

2 
t r 1 :  R[1] -* A cp -* cp ® cp 

defined b y 

tr'(1) = Z e. ® e* -  Z e* ®  e± 
I 1  1  L 

and th e dual ma p 
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ev' :  S2<p -* R[ 1 ] . 

ev * ^ tr1 

Now w e ca n conside r -th e opera-tor т : ф ® ф -*- R  -*• ф ® ф 
and w e defin e th e algebr a t o b e generate d b y th e per -

mutations о € X an d th e trace s т.. acting o n ф ® ш . The 

m 13 
analogue o f 4.1 and 4.3 is 

Proposition M - .20 Th e algebr a A 1 i s a  quotien t o f a  fre e 

R-algebra generate d b y th e symbol s correspondin g t o a , T i j 5  

by th e idea l determine d b y th e followin g relation s : 

a') t 2ij = 0 , 

b-> T ± . = - T J I , 

c,) 0Ti j =  Ta(i)a(j) ° ' 

d') (i,j)T. j = -T±j , 

e,) TijTi k =  = (j,k)Tik for differen t i,j, k , 

fT) X  • • X, -, = x, -, T . • 
13 k l kl 13 

for differen t i,j,k, l , 

g' > 
i1 ,- - -is,j1 ,. - .js 

) Ti i  •••T i i  =signax i . .  ..xi . 
^-Vl s^ s 1sJ s 

Af i s a  fre e R-modul e o f finit e rank . Al l th e element s m 

ax x  . . 

where i ^ , . . . , i ,  j  ̂, . . . , j ar e different , î . < and 

a(ik> < a(Jk) fo r al l k,i 1 < .. . <  ig, o(l^) < .. . <  a(is>, 

and s =  0,1 ,...,[m/2], form a  basi s o f A ^ ove r R . 

The onl y differenc e wit h M- . 1 is th e relatio n d f ). 
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One can define th e ideal s J 1 in Af as the two-side d 
s m 

ideals generate d b y all element s T  x . •  (i.,... j 
1131 1s:3 s '  S 

different). No w we define th e complexe s 

A-J-cp = Hom^ (S -j. , W^cp) 
m 

where 

Ŵ cp = cp /JJ j cp 

We also defin e th e dual complexe s (Bj.cp) * = Af_^cp. Here 

are the main results o n these complexes. 

A-J-cp can be treated as a  cokerne l 

S 9  cp[1 ] -> STcp - A'tp - 0 
I/(1Z) 1  1 

One get s the analogues o f Theorems 4.1 6 an d 4.17 . Le t 

Wj.cp = J J,cp®m/ J? , , A cp®m. Let us decompose Wj,cp as a Z -module: d d  d+ 1 a  m 

W lep = Z S z • S-j.d cp 
I I I =m 

Theorem 4.2 1 Fo r dim E =  n >  m we hav e 

S*d cp = Z Z (I , J ; K ) A I. cp 
* |J|=m-2 d I  U 

where th e su m ranges ove r all I  = (a^,...a^|a^+1,...a^+1 ) 

of weight 2d . 

Theorem 4.2 2 Le t cp : E* -+ E , \p : F* -* F be two symmetri c 

maps, I  a partition o f m and m < n =  dim E. Then 

A£(cp + ip) = Z Aj-c p 9 Sj/jty 
Jcl 

up to filtration . 

The only differenc e betwee n 4.2 1 an d 4.1 6 i s that i n 

4.21 w e su m over all (a^,..., a |a^+1,..., a +1 ) while i n 
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4.16 w e summe d ove r al l (a ^ +1,... 9a2? + 1 I a-| > • • • »a-p^ • 

This i s a  consequenc e o f "th e different: relation df ) 

which change s th e modul e P  mentioned i n th e proo f o f 4.15 . 

5. EXPLICIT DESCRIPTIO N O F MINIMA L FRE E RESOLUTION S 

IN LO W CODIMENSIO N 

In thi s sectio n w e giv e a n explici t constructio n o f 

minimal fre e resolution s o f determinanta l ideal s o f lo w 

codimension associate d wit h antisymmetri c an d symmetri c 

matrices. W e presen t a  unifor m approac h t o thi s problem , 

reproving i n a  simpl e wa y alread y know n cases . Thi s 

method suggest s a  genera l constructio n (fo r al l deter -

minantal ideals) . Howeve r technica l difficultie s hav e 

been unti l no w th e mai n obstacl e t o givin g precis e proofs . 

In thi s approac h on e use s bot h E  an d E * t o describ e 

components an d thi s make s i t easie r t o defin e differen -

tials. O f course , these component s ar e isomorphi c t o th e 

ones describe d i n sectio n 3 . 

Our mai n tool s i n provin g th e exactnes s o f th e com -

plexes i n questio n ar e tw o lemmas . We kee p notatio n in -

troduced i n th e previou s section s wit h on e exception . W e 

write R  instea d o f 0 V t o denot e S (A2U) or S (S0U) wher e 

U i s a  vecto r spac e ove r K  of dimensio n n . I n particula r 

E =  U ®K R  and (p : E* -» E i s a  generi c antisymmetri c 

(symmetric) map. Th e fiel d K  i s alway s assume d t o b e o f 

characteristic zero . 
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Lemma 5. 1 Conside r X  = A U* as a  representation o f 

G =  GL(U*). Le t R  = S#(A2U) be th e coordinat e rin g o f X 

and F ̂  : . . . -> F ^ -> F^ -> Fq a free G-comple x ove r R  with 

HQ ( F#) =  R/Pf 2p+2(cp) . If the lengt h o f F# i s (n-2p-1) (n-2p)/2 

then F i s acyclic i f and onl y i f F = F ®  R is.acycli c J •  w •  w  J 

for w =  w. A w0 +  .. . + w0 , A A w0 ~  € X (wher e w. , . . .w 
1 I zp+ 1 2p+ I 1  n 

* 
Is a basis o f U ). 

Proof On e ca n assume tha t K  is algebraically closed , i.e . 

the se t of maximal ideal s Max(X) of R is in 1- 1 correspon -

dence with th e closed point s o f X. I t suffices t o prov e 

that Z  = Max(X) fl Supp Fm i s empty. Observe tha t Sup p F# 

is G-invariant an d closed , and X  Is a finite union o f orbit s 

so that Z  (i f non-empty) must b e a closure o f an orbit. 

Indeed, i f closed point s o f X are considere d a s antisym -

metric n  x n matrices al l orbits ar e determined b y a rank 

condition an d th e closur e o f an orbit o f matrices o f rank r 

consists o f all matrices o f rank <  r . Suppos e tha t Z  is 

non-empty. I t follows fro m th e acyclicity lemm a [Peskine -

Szpiro] that ther e exist s a  prime P  € Supp F# such tha t 

depth P  < length F # . Since lengt h F# =  (n-2p-1)(n-2p)/ 2 = 

= depth Pf2p+2^(P ) by hypothesis an d by [  Jozef iak-Pragacz ] , 

we infe r tha t ther e exist s z  € Z corresponding t o a matri x 

of rank >  2p+2. However i n the closure o f the orbit o f 

that matrix ther e lie s a  matrix correspondin g t o w = ŵ  A W2 + 

+ .. . + w2p + -j A w2p+2 an< ^ w ^ ^ by hypothesis, so that w e 

get th e required contradiction . 

Using simila r argument s w e also obtai n 
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Lemma 5. 2 Conside r X  =  S2U * a s a  representatio n o f 

G =  GL(U*) . Le t R  =  S#(S2U) be th e coordinat e rin g o f X 

and F # :  .  . . -* F2 F ^ -> Fq a fre e G-comple x ove r R  wit h 

H Q ( F # ) =  R/I2?+1(cp) . I f th e lengt h o f F # i s (n-r ) (n-r+1 )/2 

then F  i s acycli c I f an d onl y i f F  i s acycli c fo r ~> j  .  w 
2 2 

w =  w^ +  .. . +  €  X  (w^,...,w n bein g a  basi s o f U * ). 

First w e trea t th e cas e o f a n antisymmetri c ma p 

tp :  E* - * E determine d b y a  generi c antisymmetri c matri x 

T =  (T^j) . I t wil l b e convenien t t o writ e P f ( i , j , k , . . . ) 

for th e pfaffia n o f th e matri x obtaine d fro m T  b y omittin g 

rows an d column s wit h indice s i,j,k,.. . .  If e^,...,e ^ i s 

a basi s o f E  an d w e denot e b y e(i,j,k,... ) th e elemen t 

ei A  e j A  e k A  *  " * "*"n ̂ :*ie ex"terior algebr a o f E  the n th e 

equality 

e(i,j,k5...) A e(1,2,...,i,...,],...,k,...,n) = 

= v(i,j,k,...) e ^ A . . . A eR 

defines v(i,j,k,... ) whic h take s value s ± 1 . Observe tha t 

v i s a n alternatin g functio n o f it s argument s s o tha t 

Pf1(i,j,k,...) =  v(i,j,k,...) Pf(i,j,k,... ) define s a  ma p 

from a  suitabl e exterio r powe r o f E  int o R . Thes e func -

tions appea r frequentl y i n consideration s wit h pfaffians . 

We quot e fo r exampl e th e followin g Laplac e typ e expansio n 

for futur e referenc e 

(1) £ P f T  .  = 

0 fo r s  *  i 

Pf(T) fo r s  =  i  . 

where T  =  (T.. ) i s a n alternatin g matri x o f eve n order . 
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Theorem 5. 3 [Buchsbaum-Eisenbud ] If 2p+2 =  n-1 then 

(2) _ a* + cp a R -> E* -* E -* R 

i s a m i n i m a l f r e e r e s o l u t i o n o f R/Pf2^+2(cp) w h e r e 

a ( e ± ) = Pf 1 ( i ) . 

Proof Fro m (1 ) it follows tha t Z  Pf1(j) Tg^ =  0 so tha t 

(2) is a complex. To check the exactnes s we use Lemm a 5.1 . 

For cp •= ( 0 ) ® 
0 1 

-1 0 

0 1 

-1 0 

Ker a = e2 , . . . ,eR = Im cp ;  b y duality I m a* =  Ker cp . 

Now suppos e that 2p+ 2 =  n-2 . W e are going to construc t 

a doubl e comple x with 4  rows W(o), W(1), W(2), W(3) 

W(3) 
W3 

„ ( 2 ) „ ( 2 ) T7(2) 
w3 - w2 - w1 

d2i d 1 i (3) 

I 1 o 

w(o) 
O 

by putting W(0) = R, W(1) = B(1 1}cp , W(2) = A2cp[1], W(3) = 

9 f̂ v 

= R[3]. Recall (se e sectio n 4 ) that B( 1 1  ̂ cp = Ker (A cp -Z R [ 1 ] ) 

and A2cp = Coker(R[1]tS S 2cp) . Observe tha t W(1)* = W(2). The 

map W^ ^ -» W^°̂  is determined b y A2E -» R which send s e . A E . 

to Pff(i,j) . Fro m (1 ) it follows tha t the above map define s 

the map of complexes W ^ ^ W^°^ . By dualizing w e ge t a map 

(3) (2 ) (2 ) (1 ) 

of complexes W - * W . T o describ e a  map W - » W re -

call that S 2cp is a sub-complex o f a differential grade d 

algebra A(E* ) ® S(E ) which i s endowed wit h th e structur e o f 

174 



RESOLUTIONS OF DETERMINANTAL VARIETIES 

a differentia l Hop f algebra . Comultiplicatio n i n ACE*) ® S(E) 

determines a  map o f complexe s S2c p -* cp ® cp. Similarly th e 

algebra structur e i n S(E* ) ® AE determine s a  map o f com -
2 

plexes c p ® cp A  cp. Using the m we defin e a  map o f complexe s 
' ^ 2 2 

S9cp[1 ] -» cp ® cp ® SQc p - > c p ® c p ® c p ® c p - > A c p ® A c p 
1 ¿ v. ^ 

where R[1 ] -* Ŝ cp is the trac e ma p describe d a t th e beginnin g 

of sectio n 4. One ca n easil y chec k tha t i t induce s a  ma p 

A2cp[1] -» ^cp ® B ^ 1 )tp" Taking composition s wit h 

( B ^ ^  ̂ cp R ) = (W^1  ̂-* W^°^) we ge t th e require d ma p o f 

( 2 ) (  1 ) .  . 
complexes d  : W -* W . Explicitly 

(4) d (ij ) = Z Pf'(jp) i • p* + Z Pf'(ip) j  ® p * 
P P 

where k  stand s fo r e ^ (fo r short) ; 

(5) d2(i ®  j* ) = Z Pf'(ip) j*p * . 
P 

Observe tha t th e tota l comple x W(cp ) associated wit h th e 

double comple x (3 ) is self-dual . 

Theorem 5.4 [  Jozef iak-Pragacz ] W(cp) is a minimal fre e 

resolution o f R/Pf2p+2(cp ) where 2p+ 2 = n-2. 

Proof B y Lemm a 5. 1 i t suffice s t o chec k th e exactnes s o f 

(3) for th e matri x 

cp = 
0 0 

0 0 
9 

0 1 

-1 0 

0 0 

-1 0 

p+1 

Suppose tha t i p is an isomorphis m an d 6  is arbitrary. I t 

is eas y t o se e tha t B ^ i)^ 0 +  *p) is an extensio n o f 

8 • ip + 1^(6 ) b y A2ip . Since 6  ® ip and A2i p are exac t 

(because i p is exact ) H(B(1 ^ ( 6 +  ip) ) = H(B(1 ^ ( 6 ) ) an d 
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the isomorphis m i s induced b y the natural injection . 

Applying thi s remark t o 

6 = 
-0 0 

0 0 -

0 1 

'-1 0 ' 
e .  . . 9 

0 1 

-1 0 
, cp = 6 e \p , 

(1 ) 
we infe r that H  ( W (cp ) ) is of rank 1  and i s generate d 

o 

by 1  A 2, H ^ W ^ ^ c p )) i s of rank 3  with a basis 1  ® 2*, 

2 ® 1* , 1 ® 1 * - 2 ® 2* , and H2(W(1)(cp) ) is of rank 3 

with a  basis 1*1* , 1*2*, 2*2*. Similarly H(W(2)(cp) ) = 

= H(W(2)(6)) s o that H ^ W ^ ^ c p ) ) i s of rank 3  with a 

basis 11 , 12, 22, H2(W(2)(cp)) is of rank 3  with a  basis 

1 ® 2* , 2 ® 1* , 1 ® 1*, and H3(W(2)(cp) ) is of rank 1 

with a  basis elemen t 1 * A 2*. By the formul a (4 ) d^ send s 

11 t o 2( 1 ®  2*) , 

12 t o 2  ® 2 * - 1 ® 1 * , 

22 t o -2( 2 ®  1*) , 

( 2 ) 

and therefor e establishe s a n isomorphis m ( W (cp ) ) 

(1 ) 
(W (cp ) ) . Similarly, by th e formul a (5 ) d2 send s 
1 ®  2* t o 2*2 * , 

2 ® 1 * t o -1*1 * , 

1 ® 1* t o 1*2 * , 

and hence H2(W(2)(cp) ) <* H2 (W( 1 } (cp) ) . 

Since moreover H  (W^^(cp) ) is killed becaus e 1  A 2 o 

is sen t t o 1  we infe r that W(cp) is exact. 

Remark Th e double complexe s (2 ) and (3 ) should b e compare d 

with example s give n i n 3.5 . A characteristic fre e versio n 

of Theorem 5. 4 i s discussed i n [Pragacz] . 
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Now w e ar e goin g t o trea t th e cas e 2p+ 2 =  n- 3 an d 

construct a  comple x W (cp) o f lengt h 1 0 whic h i s th e tota l 

complex o f a  doubl e complex : 

W(4) 

W(3) 
W6 

„(3) 
W5 

w(3) W(3) W3 

(6) <2) w(2) W ( 2 ) 
w3 

W<2> w<2) 

d2 d1 
W < 1 ) w3 w<1) „(1) 

w(0) 
O 

We defin e W(0 ) = R, W(4 ) = R [ 6 ] . To describ e W(1 - an d W(3 ) 
3 

recall tha t th e comple x A cp is a  subcomple x o f a  differ -

ential Hop f algebr a S(E* ) ®  A(E). The comultiplicatio n o f 

3 2 

this algebr a induce s a  ma p o f complexe s A cp -* A cp « cp. W e 

3 2 
define a  ma p A c p - * A c p ® c p - » c p [ 1 ] b y takin g th e compositio n 

2 ( 1 ) 3 
with th e evaluatio n ma p A cp R[1 ] an d pu t W  = Ker(A cp-*cp[1]). 

( 1 ) 

Observe tha t W  equal s B  o  cp as define d i n 4.10. 
(13) 

In a  simila r wa y w e defin e W  t o b e Coker (cp[1] -* S^cp) 
( 3 ) * (  1 ) 

= A3cp . Observe tha t W =  W sinc e cp is antisymmetric . 

To defin e W^2 ^ conside r a  ma p o f complexe s S ^cp ® cp ^ ^2 *P ® S 2tP 

which i s th e compositio n S ^cp ® cp S^ty ® cp ® cp -* S2<P ® S 2cp 

induced b y th e comultiplicatio n an d th e multiplicatio n i n 

A(E*) ®  S ( E ) , respectively. I t i s straightforwar d t o chec k 

that Coke r a i s isomorphi c t o th e Schu r comple x S 22cp (se e 

section 2 ) . Recall, (2.13), that S ^ c p ha s th e followin g com -

ponents 
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A2E ® S2E* 

(7) S22E * -> E ®  S21E * a - » S21E ®  E* -» S22E 

S2E ® A2E* 

and "th e maps i n (7) are induce d b y cp. 

We us e a  unifor m notatio n fo r generator s o f variou s 

z t components i n (7) by writin g fo r th e imag e o f x y 

xy ®  z t G 2̂cp 9 S2cp in S 22cp (s o tha t x,y,z, t ma y belon g 

to E  o r E * ) . For example , a*b * GS0E ®  A2E* , y b* G A2E ®  S0E * 
^ ' x y 2  5  x a * 2 

for x, y G E, a* , b * G E . We appl y th e sam e conventio n t o 

other Schu r complexes . For Instance , a typical generato r o f 
3 z  z  g 

a componen t o f A  cp has th e for m y meaning tha t y G  A E i f 
Z X X 

x,y,z G E, y  G  S~E* i f x,y,zGE* , etc . 
x 6 

Using ou r standar d trac e ma p R[1 ] -> S2cp we ge t a  ma p 

S2cp[1] S2c p ® S2c p -» S22cp. On th e othe r han d w e hav e a  ma p 

2 2 
S2cp ® S 2cp - » c p ® c p ® c p ® c p - » A c p < » A c p 

2 2 
which induce s S ^cp -» A cp ® A  cp. The compositio n wit h th e 

2 2 evaluation ma p A  cp -> R[1 ] gives u s a  map S 22cp -* A cp[1 ] . It 

2 
turns ou t tha t th e compositio n S 2cp[1] -» S22cp -» A cp[1] is 

( 2 ) 
zero an d w e defin e W  a s th e homolog y comple x o f thi s 

( 2 ) . 

sequence shifte d b y 1. Observe tha t W  i s self-dua l be -

cause S22c p is s o (sinc e c p is antisymmetric). We shoul d stil l defin e map s betwee n row s o f (6). 

W ^ ^ -> W^°^ is determine d b y a  map A 3E -* R sendin g i A j A k 

to PfT(i,j,k) . I t follow s fro m (1) that thi s reall y de -

fines a  map o f complexe s W^ 1  ̂ W ^ ° \ B y dualit y w e ge t a 

map W  -* W 

( 2 ) (  1 ) 

To describ e W  -* W le t u s conside r th e ma p o f  complexs
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2 2  2  î"**"̂4 ^ 3  3 
(8) 822ф[1 ] ->Л ф в Л Ф ®  8 2 Ф - > Л ф ® Л ф ® Ф ® Ф - » А ф ® Л ф 

z "t 
The map (8 ) sends x  y t o 

P P * P  P * P  P * P  P * 
Z z ® t +  Z  t ® z +  Z  z ® t +  Z  t ® z + 
p x y p y x p y x p x y 

P* P  P * P  P * P  P * P 
Z z ® t +  Z  t ® z +  Z  z ® t +  Z  t ® z 
p x y p y x p y x p x y 

Denote by <x,y> th e imag e of x ® y € E ® E* under th e 

evaluation map and exten d th e inne r product b y puttin g 

<x,y> =  0 if x,y €  E or x,y €  E*. Look at the ma p 

3 3  3 
Acp® Acp-*Acp®cp[1 ] induce d b y the evaluation ma p 
2 P  P * 

A (p -» R[1]. It sends Z  z  ® t t o 
P x y 

P P  P 
(9) Z  z  ® <p*,t>y -  Z  z  9 <p*,y>t +  Z  z  9 <y,t>p* 

p x  p  x  p  X 

which i s equal t o 

t y 
z z 

(10) x ® y - x ® t i f y, t €  E . 

In this case (i.e . in the zer o component) the compositio n 

(11) S22cp[1 ] - A3cp ® A3cp - A3cp ® cp[1] 

is zero since various summand s o f type (10 ) cancel. In the 

other components thi s i s not so ; however the element s fro m 
2 

Ker (S22cp[1 ] -* A cp[2]) are sen t by (11 ) to zer o sinc e th e 
P 

sum of various summand s o f type Z  z  ® <y,t)p* in (9 ) is 
p x 

zero by assumption. This show s that we have a well-define d 

map of complexe s 
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Ker (S 22<p[1] -> A2tp[2]) -» W(1) ® W(1 ) 

and henc e 

(12) Ker (S 22<p[1] A2cp[2] ) W(1 ) 

by usin g W(1 ) ^ W^0^. This ma p i s zer o o n Im ( S2<p[ 2"] -* S22<p[ 1 ] ) . 

Indeed, a typical elemen t o f thi s imag e i s o f the for m 

X P  P* .  It i s sen t b y (12 ) int o 
P X  Y 

/ q * q* \ 
X f x Pff(x,p,q ) p* +  X Pff(y,p,q ) p * J . 
p V q y  q  x  J 

q* P * 
This i s zer o becaus e Pf'Cx^pjq ) p * +  Pff(x,q,p) q * =  0 

y y 
for fixe d p,q . I n fac t Pf 1 i s an alternating functio n o f 

q* P * 
its argument s an d p * =  q* . 

y y 
The abov e discussio n show s tha t (12 ) induces a  map o f 

( 2 ) ( 1 ) 
complexes d  :  W W  .  We specif y thi s map o n som e 

( 2 ) 

components fo r futur e application . Observ e tha t W ^ =  S22 E 

and k 1  k  1 (13) dn( £ ^ ) =  X Pff(i,j,p) i  ® p* +  x Pff(i,k,p ) j  ® p* + 
P P 

k 1 
+ X Pff(i,l,p ) j  ® p* +  X Pf'(j,k,p) i  ® p* . 

P P 

( 2 ) 2 W2 i s the homology modul e o f the sequenc e S2E -* S Ê ®  E*-»A E 

and 

(14) d2( k ^* ) =X Pff(i,k,p ) j  ® p*l * +  X Pff(j,k,p) i  ® p*l * 
1 3  p  p 

We defin e W ^ J  -> Wvz' as th e dua l map t o W^ } -> VJK .  More 

explicitly i t i s induce d b y th e map o f complexe s 
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Sgcp® SgCp -+ Ŝ cp® cp ® S2cp ® cp -• S22cp[1] 

and W(4) - W(3). 

Theorem 5. 5 Th e total complex W (cp) o f the double comple x 

(6) is a minimal fre e resolution of R/Pf 2p+2 (cp) wher e 

2p+2 =  n-3. 

Proof B y Lemma 5. 1 i t suffices t o check th e exactness o f 

(6) for the matrix cp = 9  e \\> where ip = / 0 1 * , 0 1 . ^ Q; e . . . e Q) , 

9 = 
,0 0 Ox 
( 0 0 0 ) . We will do i t by checking tha t fo r suc h a matrix 

cp the maps between rows of (6 ) induce exac t sequence s o f the 

homology o f rows. B y standar d spectra l sequenc e argument s 

this implie s the exactnes s o f W(cp) . 

The ide a of our proof i s the sam e as that of Theore m 

5.4, i.e. we need t o know tha t 

Lemma 5.6 H(W ( l ) ( c p ) ) ~H(W(l)(9) ) fo r i  = 0,...,4. 

Proof of the lemma Fo r i = 0,4 thi s i s trivial, and fo r 

i =  1,3 i t is a simple calculatio n usin g argument s simila r 

to those give n i n the course of the proof of Theorem 5.4 . 

We will concentrate ou r efforts o n the case i  = 2. 

Look at the sequenc e o f complexe s 

(15) R[2] - S2(6 +i(i)[1] - S22(6 +*) -  A2(9+i^)[1] - R[2] . 

( 2 ) 

We compare it s middle homology comple x W ( 9 + wit h 

(2 ) 

W (9) . By the linearit y formul a (2.2) , which i s valid 

also fo r Schur complexes , we hav e S22(9 + T|>) = S229 + S219 ® + S29 ® S2^ + A29 ® A2i|; + 9 ® Ŝ iji + S ^ . 

181 



Г. JÓSEFIAK, P. PRAGACZ, J. WEYMAN 

There i s a  direc t summan d o f (15) of th e for m 

(16) 

s 2 1 9 • <p 

e ® ipd ] e « lpt 1 ] + 

0 * S21ip 

whose homolog y i n th e middl e i s a n exac t comple x becaus e 

all th e complexe s involve d i n (16) are exact . Indeed , 

and S ̂  -|  ̂ â^e exact sinc e \p is a n isomorphism , se e [Akin -

Buchsbaum-Weyman]. Therefore w e ca n restric t ourselve s t o 

the remainin g par t o f (15). 

Using th e decompositio n S2( 8 +  )  = S2 6 +  6  ® +  S  2 
2 

and a n analoguou s on e fo r A  ( 0 +  )  we ca n writ e (15 ) a s 

follows (excep t th e par t throw n out): 

S22* 

+ 

S24;[1]—> S20 o S2ip A2ip[1 ] 

(17) R[2] + + + R [ 2 ] 

S 2 0 [ 1 ] A20®A2i|;— > A20[1] 

+ 

s22e 

Write B  fo r th e comple x o f complexe s (17 ) which i s exac t 

except possibl y i n th e middle . Ther e exist s a  subcomple x 

A o f B 

A : s 2 e [1 ] 

S20 ®  S2ip 

+ 

s220 

A 2 0 [ 1 ] — > R [ 2 ] 
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with a factor comple x 

C : R [ 2 ] — * S2i|>[1] 

s22* 

+ 

2 2 A 6 « A \p 

A2ip[1] 
m 

The exact sequenc e o f the double complexe s 0-»A-*B-»C-» 0 

induces the exact sequenc e of complexes 0 -»H(A) -»H(B) -*H(C) -» 0 

where H ( D ) means the homology comple x i n the middle of D . 

Moreover by a simple inspectio n we infe r that ther e exis t 

exact sequence s o f complexe s 

( 9 ) 
o -+ s2e • s 2 ^ /r [ 2 ] -+ h(a) v r '(e ) -> o 

and 

0 -> W(2)(ip) -+ H(C) -» Ker (A2 8 ® A2ip R[2] ) -» 0 . 

By direct computatio n on e show s that the only non-vanishin g 

homology o f H(C) is of rank 1  and appears i n degree 4 . More-

( 2 ) 

over the homology o f H(A) is that of W (9) excep t fo r one 

place i n degree 3  where they diffe r by a module o f rank 1 . 

These two homology module s o f rank 1  are sen t isomorphicall y 

by the connecting homomorphis m o f the lon g exac t homolog y 

sequence associated wit h the sequenc e of complexe s 

0 -* H(A) -* H(B) -* H(C) -* 0, thus establishin g a n isomorphis m 
( 2 ) 

between homology o f W (9 ) and that o f H(B). However 

( 2 ) 

W ( 9 + ip) differs fro m H(B) by an exact comple x (accordin g 

to our previous discussion ) so we are done. Proof of Theorem 5.5 (Continuation) Comin g back to (6) we 

are going to sho w that the maps between rows induc e iso -

morphisms o n the homology o f rows fo r cp = 9 ^ ip. Note tha t 
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Pf ( 1 , 2 , 3 ) =  1 and all other pfaffian s vanis h fo r such a 

cp. Moreove r b y Lemma 5. 6 H1 (W (cp) ) C* S 22 R i s of rank 6 

(see ( 2 . 1 2 ) ) an d H 1(W(1)(tp)) ~ H 1(W(1)(6)) c A 2 ( R 3 ) •  ( R 3 )* 

is als o o f rank 6 . By ( 1 3 ) one can check tha t th e follow-

ing element s (whic h for m base s o f the corresponding homo -

( 2 ) 

logy modules ) are sent to each othe r unde r ( W (cp) ) -* 

- H 1 (W(1 } (cp) ) : 
2 2 f2 1 
11 i  •  4  M3*> > 

33 f 3 1 
11 i  •  - 4 M 2 * J 

33 f 3 1 
2 2 i  •  4  l21* J 

23 r1 1 1 
11 i  •  2  ^22 * -  33* j 

23 2  2 
1 2 ,  >  1  1 * -  3 3 * 

33 r  3 3  1 
1 2 1 *  2  M  1 * -  22*> > , 

thus establishin g th e required isomorphism . 

H 2 ( W ( 2 ) (cp) ) H 2 ( W ( 2 ) ( 6 ) ) i s o f ran k 1 5 a s i s 

H 2 ( W ( 1 } (cp) ) H 2 ( W ( 1 }  ( 0) ) . The following lis t specifie s 

bases o f both module s showin g pair s o f the correspondin g 

( 2 ) (  1 ) elements unde r H 2 ( W (cp) ) H 2 ( W (cp)) (see the formul a 

( 1 4 ) )  . 

3 2 * 
11 i  •  - 2 ( 1 •  2 * 2 * ) 

2 2 * 

11 i  •  2 ( 1 •  2 * 3 * ) 

2 3 * 
11 i  •  2  ( 1 •  3 * 3 * ) 
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3 1 * 

22 i  > 2  ( 2 ®  1*1* ) 

3 3 * 

22 i  •  2  ( 2 ®  1*3* ) 

23* 

12 ,  > 2 9 3*3 * 

31* 

23 i  *  3  9 1*1 * 

3 2 * 

23 i  •  3  9 1*2 * 

32 * 

13 i  •  -  3  •  2 * 2 * 

2 2 * 

13 i  •  3  •  3*2 * -  1  •  1*2 * 

33* 

12 ,  •  1  •  1*3 * -  2  9 2*3 * 

1 1 * 

23 ,  + 2 9 2*1 * -  3  9 3*1 * 

3 1 * 

21 i  •  1  9 1*1 * -  2  9 2*1 * 

23* 

13 "  •  3  •  3*3 * -  1  9 1*3 * 

1 2 * 

32 i  •  2  ®  2 * 2 * -  3  9 3*2 * 

( 2 ) 

Using Lemm a 5. 6 once more, one compute s tha t ran k H ^ CW (cp ) ) = 

20 an d ran k H3(W(1)(cp) ) = rank H3(W(3)(cp) ) = 1 0. An analysi s 

similar t o the previous on e prove s th e exactnes s o f the 

sequence 0  - H3(W(3)(cp) ) - H3(W(2)(tp) ) -> H3(W(1)(cp)) » 0. 
Finally H  (W(1)(cp) ) c* A 3 ( R 3) an d becaus e 1  A 2 A 3 k 

o 
(1 ) 

Pf ( 1 , 2 , 3) =  1 the map H Q (W (cp) ) -* R is an isomorphism , too . 

Since (6 ) is self-dual w e are done . 
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From no w o n th e ma p c p : E* -» E i s suppose d t o b e 

symmetric an d determine d b y th e n x n matri x o f inde -

terminates T . Th e symmetr y o f c p is equivalen t t o th e 

statement tha t th e evaluatio n ma p S2c p -> R[1] i s a  ma p 
2 

of complexes ; we hav e als o th e dua l trac e ma p R[1 ] -* A cp 

(see sectio n 4 ) . 
Let u s writ e W(o ) =  R, W(1 ) =  Ker (S2c p R[1] ) = 

= - ] )^ an< d define a  map - » W^ °̂  which I s determine d 

by th e ma p S2 E - * R sendin g i j t o (-1)1*- 1 M(i;j) . Her e 

M(i;j) i s th e mino r o f T  obtaine d fro m T  by leavin g ou t th e 

i-th ro w an d th e j-t h column . Fro m th e Laplac e expansio n i t 

follows tha t thi s i s reall y a  map o f complexes . 

Theorem 5.7 [ Goto-Tachibana3, [Jozefiak] I f r  + 1 = n-1, 

then th e comple x ^  -* W^°^ is a  minimal fre e resolutio n 

of R/Ir+ 1 (cp) . 

Proof B y Lemm a 5. 2 i t suffice s t o chec k th e exactnes s fo r 

the matri x c p = 9  ^ i p where 9 =  (0) , ip - (1 ) ® . . . e ( 1 ) . 
r+1 

Since agai n H(W(1)(cp) ) =  H(W(1)(6)) thi s implie s tha t 

H1(W(1)(cp)) =  H2(W(1)(cp)) =  0 . I n a  simila r wa y a s befor e 

(1 ) 

we als o infe r tha t HQ( W (cp ) ) (whic h i s o f ran k 1 ) i s 

killed b y th e ma p W(1 ) W(o) . Finally w e trea t th e cas e r+ 1 =  n-2, which lead s t o 

a resolutio n o f lengt h 6 . 

Consider th e ma p o f complexe s A c p ® c p - > A c p ® A c p 

3 2  2  2 which i s th e compositio n A c p ® c p - > A c p ® c p < » c p - » A c p ® A c p 

and observ e tha t A22c p = Coker a . Th e situatio n i s simila r 

to tha t discusse d i n th e cours e o f th e constructio n o f th e 

length 1 0 comple x i n the antisymmetri c case . Onc e agai n w e 
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have a  comple x o f complexe s 

A2<p[1] -» A22^ s2cp[1 ] 

2 
coming fro m map s R[1 ] -» A tp and S ^W -* R M] and w e defin e 
( 1 ) • 

W a s "th e homology o f "thi s complex. Observ e tha t i t i s 

self-dual. Moreove r w e pu t W(o ) = R, W(2) = R[5]. A ma p 

of complexe s ^  -* W ^ ° ^ is determine d b y th e ma p o f 

modules A^2 E ~ * R which send s a  typica l basi s elemen t 

5 ^ t o a  minor ±M(i,j;k,l ) obtaine d fro m T  b y leavin g 

out th e i,j-t h row s an d th e k,l-t h columns . On e check s 

that thi s reall y lead s t o a  map o f complexe s ^  -* W ^ ° ^ . 
( 2 ) (  1 ) By dualit y w e als o ge t a  map W  -* W 

Theorem 5 . 8 If r  + 1 = n-2, then th e comple x W(cp ) is a 

minimal fre e resolutio n o f R/l^+ ^ (cp) . 

Proof Agai n b y Lemm a 5.2 we chec k th e exactnes s o f W(cp ) 

for c p = 6  e \\ t where 9 =  qv), = (1 ) 

r+1 

(1 ) . 

Since, a s i n Lemm a 5.6 , H(W(1)(cp) ) ~ H(W(1)(9) ) w e infe r 

that =  H2 =  H3 =  0 . Moreove r th e one-dimensiona l 

HQ(W(1)(cp)) i s kille d b y W(1 ) W(o) . Duality implie s 

the exactnes s o f W(cp ) . 
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