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THE PARAMETRIC PROBLEM OF CAPILLARITY: THE CASE OF TWO AND THREE FLUIDS 

by U. MASSARI (Università Ferrara) 

I shall speak about the existence of equilibrium configurations in a container 

fil led by two or three non-miscible, homogeneous fluids subjected to surface 

tension and gravitational energy. 

If we denote by ftc]Rn a bounded open set with Lipschitz-continuous boundary 

and by Ê  , E^ subsets of ft occupied by two non-miscible fluids with given 

densities and , we can write the global energy of the configuration in 

the following way: 

E(E.,E0) = Y10MEAS < OE, PI 3E0 Dft) + ft meas 1 (3E fl 3ft) + $_meas (3Eo fl 3ft) + i z iz n-i I Z i n-i 1 z n-1 z 

+ g I p f x <j> (x)dx . 
i=l JJfl n Ei 

We use the (n - 1)-dimensional measure introduced by E. De Giorgi in 1954 

(see C3D). More precisely, if E is a measurable subset of ft , we define the 

perimeter of E in ft as: 

meas (tenfl) = |DcJ> | = sup { divg(x)dx; g € c* (ft, lRn) , |g| <. 1 ) . 
n~l Jft E Pft 0 

We observe that the perimeter of E is the total variation on ft of the 

vector valued measure D<f> = (D <f) ,D <f) , . . . ,D <j) ) where D.(|)_ i = 1,2, ,n are 
£ I E Z £ nE I E 

the derivatives of the characteristic function of E in the distributional sense. 

I t is well-known that, if /^l^gl K +0° ' then there exists the trace of <j>E 

on the Lipschitz-continuous surface 3ft. 
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Using the perimeter and the trace of E , recalling that E^ = Q - E^ , the 

global energy can be written in the form: 

E(Bi'B2) = W j ' V + ( B l ' ^ í a s ^ A - 1 + 9 ( P l " p2>|axn*B1dx + Hn-i(3n) + <*WÜ) 

Then, the problem is reduced to minimize the functional: 

(1) F(E) = Y[ | D < | > _ | + e [ *pdH «+gP X <J> (x)dx 

h E E n h n E 

in the class H of a l l subsets of fi having prescribed volume v€ (0,Hn(£i)). 

We observe the following: 

a) if Y>.0 , F has a finite lower bound; 

b) if y > 0 , from the inequality 

| D * B I < y F(B) + I e|Hn_1 OÍÍ) + g | p | | Jx jdx 

if "t^J is a minimizing sequence, we have: 

|D<j> I £ cost . 

From a well-known compactness theorem, there exists a subsequence of {Ej^ 

converging in (ft) to a set E. 

c) if Y2LI^| I the functional f is lower semicontinuous with respect to L^(ft)-

convergence. 

Then we can state the following 

Theorem 1. If YÜ l$| (Y > 0) , the functional f has a minimum E in the 

class H. 

The regularity results of De Giorgi and M. Miranda can be applied to study 

the smoothness of 8E and we obtain that there exists an open subset of 

9E H Q : 3*E fl that is an analytic manifold of dimension n - 1 and moreover 

H (OE- 8*E) flfl) = 0 V s > n - 8 . (See [33). s 
Let us consider now a container ft fi l led by three fluids: (E^E^/E^) = E. 
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If we denote by 

|Z I = measn__1 (3E± D 3Ej fl ft) i , j = 1,2,3; i + j 

the surface energy of the six interfaces, can be written as: 

E(B) = £(E1,E2,E3) = y12|Z12| + Y13|Ï13| +Y23|223I + j ^ i j g ^ V ^ - 1 ' 

Now, if we suppose 9E^ (i = 1,2,3) Lipschitz continuous and 

HN_1(9E1 H 9E2n 9E3) = 0 , we have: 

f |D*e I = * I Z .J i = U2,3 
Jft i j=l 31 

and then we can write: 

E(E) = I y \ |D* I + I 6 f * dH 
1=1 Ei 1=1 ^30 Ei n 1 

where : 

2) 

Yl -
Y12+Y13 Y23 

2 

Y2 * 
r23 + Y12 " Y13 

2 

Y3 -
Y13+Y23 Y12 

2 

Therefore the global energy of the configuration is given by: 

3) F(E) = 
3 

i=l 
Yi |DCDe> 

1 
+3i 

8ft Ei 
dH 4 + gp. n-1 ^ 1 x d> (x)dx 

•) n Ei 

We have now to minimize the functional 3) in the class 

K = E = (E.,E0,E_); E. H E. = 0 i Î j ; H (E.) = v. , 
1 2 i 1 3 n i 1 

3 

i=l 
v. = H (ft) 1 n 

I t is easy to see that f has a finite lower bound if and only if 

4) Yi + Yj - 0 = 1,2,3 1 * J 
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In fact, if y > 0 V i = 1,2,3 , we have 

F(E) > 
3 

i=l ij0lD*E.|-C Jti l 

where 

c = 
3 

i=l 
ISjVjOf l ) +g|p±| 

ti 
|x Idx 

.1 n1 

On the other hand, if y <0 , one has: 

F(E) >yx 
ti 

|D*E I 
2 

+ K J 
J3 

+ 3 

j=2 
f 

fi 
r ds dsd - c = 

x 

j=2 
(Y. + Yx) y1 < l&j 

and then 

inf F (E) 21 - c 
K 

From the las t two inequalities, if Yi+Yj>0 i , j = 1,2,3 i f j , we obtain: 

|D*E I < . c^iE) +c2 V i = 1,2,3 
i 

and then one gets the compactness property we use to prove the existence of a 

minimum. 

We note that 2) implies 

Yi+Yj = 2Yij i j = 1,2,3 * 

Physically, condition 4) means that the surface energies of the i - j interfaces 

are non negative and the fluids do not mix up. 

I t is easy to see that the conditions 

5) 
Y. > 0 

Y± + Yj> | 3 . - 3 . | i , j = 1,2,3 i + j 

i = 1,2,3 

are necessary for the lower semicontinuity of the functional ?. If they are 

sufficient i t i s n ' t clear yet. 

We can prove the following: 
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Proposition A. If ft has the interior sphere condition, Yi>.0 , + y^ > 0 

Yi + Yj _> I 3i - 3̂  I , then F is lower semi continuous. 

Proposition B. If we denote the Lipschitz constant of 9ft by L and y^>_0 , 

x < y < 0 v 

and 

6) Y . + Y - > l + L 2 | 3 i - 3 j | i , j = 1,2,3 ; 

then F is lower semicontinuous. 

Proposition C. Let us suppose ^ J S ^ —^3" If 

7) Y j>3.-61 j = 2,3 

then 7 is lower semicontinuous. 

Outline of the proof. 

A. We recall that interior sphere condition means that 3 p>0 and V x€ft a ball 

of radius p with xEB^cift. If ft has the interior sphere condition, then 

V e>0 and VECJ] , the following inequality holds: 

8) 
8ft .TE n-1 — y1 < l&j (j> dx 

where ft£ = {x€ft, dist(x,3ft) < e} and c is a constant depending on n,p,£ and 

ft. (See [4]). Now, if we suppose ^1 — ^2 — ^3 ' from ®̂  we have: 

F(E) - F(Eh) = 
3 

i=l 
YIL ft K . I ft 2 Ei 

3 

i=l 
.gPi x 

ft n' * i E.> 
dx + 

3 
+ 

i=l 
1 9ftv 

y1 < l&j dH < < n-1 ~ 
3 

i=l ft-ft^ dq d1 ft-ft£ 
ID* H| 

Ei 
+ 

+ 
3 

i = i 
Yi v 

N E I 
id s 

+ 
3 

i=l 
gp. 

ft 
x I _ n . Ei En> 

dx + 
j=l,3 

y1 < l&j 
v 

|D*E 
j 

I + 

+ 
3=1,3 

| 6 j - e 2 | - y j 
r 

lD*hl 
j 

-Y2 
v 

|D<J> h| +c 
x j=l,3 

y1 < l& l*E."*Eh 
D j 

dx . 
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Now i t i s sufficient to prove 

9) lim sup 
h 

I 
rrx 

| 3 . - 3 2 | - Y 
vw 

N h l " Y 2 
j xv ID* h i 

3 
= lim sup G(Eh) £0 

h 

when E*? E . in L* (fi) . 3 3 
In fact, if 9) is true, we have: 

lim sup 
h 

!F(E) -F(Eh) 
3 

i=l 
Yi fi 

e 

N E I 
l 

+ 
j=l,3 

(x + o) 
K I -

"j e + o 
• o . 

Inequality 9) is t r iv ia l if Yj 2. I 3j - 82 I j = l f3. On the other hand, if 

y1 < l&j - B2| , we obtain 

G(Eh)£ y1 < l&j 
v 

N h i + 
"2 v 

N _ h l 
3 

+ y1 < l&j 
r 

N h l 
63 

Y2. l D * h i = 

v e2-e1-Y1-Y2 
v 

N h i + 
E2 

y1 < l&j x  
r E3 

£ 0 . 

Proposition B can be proved arguing in the same way. We now use the inequality 

3fi , E n-1 — 1+L2 
x 

|D<J>E| +C 
v 

<(.Edx 

in the place of 8). 

Finally, if 7) holds, using the identity 

m |D*EI P(E) = 
fi 

K l + 
3fi" 

6 dH , 
7 E n-1 

we can write the functional F in the form 

F(E) = Yx 
fi 

q + = 
1 

r 

1=2 
y1 < l&j x 

3 

j=2 
Y.MB.-B,) 

fi 
|D*P I H 

n 

3 

i=l 
l x <b dx 

n n E i 

and a l l the functionals on the right side are lower semicontinuous. 

The conditions Yi>.° i = 1,2,3 imply that 

Y12+Y13-^23 ^ ° 

Y21+Y23-Yl3i° 
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^13 + Y 23- Y 12 i ° • 

Physically these conditions are necessary to have an equilibrium configuration. 

In fact if + 1̂3 " ^23 < ^ t h e l i q u i d E i w i H spread on E^ and equilibrium 

becomes impossible. 

The same regularity results can be applied and we obtain that d*E^,d*E^fd*E^ 

are analytic (n - 1)-dimensional manifolds in every ball B intersecting only two 

of the three sets E,,E 0 ,E 0 . Moreover H ((9E. - 3*E. ) fl B) = 0 V i = 1,2,3 , 1 2 3 s l l 
s > n - 8. 
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