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INDEX OF p-ADIC DIFFERENTIAL OPERATORS

III. APPLICATION TO TWISTED EXPONENTIAL SUMS

by

Philippe ROBBA'*)

§ 1. INTRODUCTION.

1.1. Motivated by the recent work of Dwork, Sperber and Adolphson on
p-adic cohomology associated with certain twisted exponential sums
and their relations with the p-adic theory of special functions, we
give in this article a systematic treatment of one-variable coho-
mology of p-adic analytic type and we apply this to the explicit
calculation of one-variable twisted exponential sums and of the
associated L-functions.

We shall in particular consider H/%H where H is a space of
analytic functions in one variable and %2 is an ordinary linear dif-
ferential operator of order n with rational coefficients. This
analytic cohomology will be compared with the algebraic cohomology
L/2L where L is the ring of rational function whose poles lie in a
fixed set chosen such that L is stable under &. Finiteness of L/L
is a well known consequence of partial fraction decomposition and
of the theory of indicial polynomials of ordinary linear differential
operators (cf. [Ad]). We are concerned with the 3 questions :

1.1.1. Is H/%H finite ?
1.1.2. What is the dimension of H/%H ?

1.1.3. Under what conditions does the imbedding of L into H lead to
an isomorphism of L/&L with H/fH ?

This work was done while the author was visiting Princeton
University.
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P. ROBBA

We answer these questions when & is of first order.

We apply our present results to determine the L-functions asso-
ciated with twisted exponential sums by means of the Reich-Monsky
trace formula. Of course A. Weil determined the degree and verified
the Riemann hypothesis for all L-functions on curves but our treat-
ment is useful for investigations of the p-adic value of the roots
and for studying the variation of roots with parameters.

1.2. We give now a brief historical survey.

For analytic theory the first results seem to have been those
of Dwork [Dw 5] who in his work on zeta functions formulated an ad
hoc p-adic cohomology naturally associated with the theory of
exponential sums in several variables. He considered the space Hn
of power series in n variables which converged and were bounded in
a fixed open polydisk and studied the Kozul complex of commuting dif-

ferential operators Dl""’Dn on Hn where Di==exp fuxi 5

o exp(-£f)

and where f is a fixed polynomial in several variables. The central

fact was the hypothesis that exp £ ¢ Hn , but in much of his work

additional hypotheses were imposed upon f and upon the polydisks

(defining Hn) so that an effective reduction theory could be deduced.

By an effective reduction theory we mean that each polynomial £ (in
n

n-variables) can be represented as a sum £ = n+ ) D,&; where n
i=1

is a polynomial of degree bounded independently of £ and such that,

in the sup norm on the polydisk, ‘n|,|£il,...,|£n| may all be
bounded in terms of |&]| .

For the one variable theory the situation in which H is the
space of functions analytic on a disk B= D(0O,r) of radius r goes
back to E. Lutz [Lu]l] who observed that if O is an ordinary point
of 2 then the solution of & at the origin all have non-trivial p-adic
radii of convergence. Although Lutz did not consider this question,
it is obvious (since non-homogeneous linear equations can be solved
by gquadratures) that in this situation H/%H is finite provided r
is small enough. This was generalized by Clark [Cl] who showed that
the same result holds if the origin is a singular point provided
the exponents (i.e. the roots of the indicial polynomial at the
origin) are p-adic non-Liouville numbers. The result of Clark was

based upon a lower asymptotic bound for |a(a+l)...(a+s-l)|1/s as
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INDEX OF P-ADIC DIFFERENTIAL OPERATORS

s > » for each zero o of the indicial polynomial. In effect Clark
analyzed the recursion formulae involved in solving a non-homogeneous

equation of the form &&= n .

In the work of Adolphson [Ad] the key point is that H/%H may
be determined if & is analytically equivalent on D(O,r ) to a 4if-
ferential operator whose solution matrix is xB where B is a cons-
tant matrix satisfying the following condition : (N) Each eigenvalue
of B is p-adically non-Liouville. Adolphson globalized this result
by means of the Mittag-Leffler theorem. Let A be the complement of
a finite union of disks, on each of which & is analytically equi-

valent to an operator whose solution matrix is xii where Xy is
a suitable local variable and By is a constant matrix satisfying
condition N. Adolphson determines HA/JLHA where HA is the ring
of functions analytic on A (this is not valid for the ring of

analytic element on A) .

We show here (§ 9) that Adolphson's theory needs not be res-
tricted to the case in which the excluded disks contain only regular
singular points. We may exclude disks on which & is analytically
equivalent to a normalized differential operator whose solution

matrix is xBepr(x_l/k!)

where x denotes the local variable and B
is a constant matrix which commutes with the polynomial matrix A . It
is known by the theorem of Turrittin as explained in Baldassarri's
article [Ba] that subject to the hypothesis that the exponents
diffferences of % at the origin are non-Liouville, &% is surely
analytically equivalent to such a normalized operator on a disk
D(O,r) provided r is small enough. Unfortunately, effective esti-
mates for r are not available. Even in the ordinary case (i.e.

A =0, B diagonal with 0,1,...,k-1 as eigenvalues) for differential
equations defined overs @Q(x) we may have r=1 for almost all

primes while there are examples of the Lame equation with exponents

p—l/(P-l)

in 2-1Z and four singular points such that r= for an

infinite set of p.

It is implicit in our reduction procedures that a good knowledge
of the first order case is essential. While in this case the explicit
representation of the kernel near the singular point is most evident
we do not use this explicit representation but rather start with a
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knowledge of the radius of convergence of the kernel at a generic
point on the boundary of each excluded disk. We believe that this
is the best formulation for avoiding the problem of domain of
analytic equivalence in the higher order case.

Even for the case n=1 these questions are of interest. Ad
hoc treatments of special cases may be found in [Boyl, [Dw1], [Dw 2],
[A=-S], [Lal] for Gauss sums, twisted Kloosterman sums, L-series of
certain cyclic coverings of the sphere with four ramified points,
together with the relation to the p-adic theory of gamma functions,
Bessel functions and hypergeometric functions. The present work
provides a common basis for these and many other special differential
equations e.g. the confluent hypergeometric function and the Jordan-
Pochhammer differential equations.

1.3. We now outline our article.

In sections 2 and 3 we give basic definitions and recall pro-
perties of analytic functions and of the index of liner operators.

In section 4 we determine the index in a disk of a first order
scalar differential operator in terms of the radius of convergence
of the solution near the generic point on the boundary. We then give

some variations on this basic formula and compute an explicit example.

In section 5 we consider Dwork's p-adic cohomology and solve
problem 1.1.1-1.1.3.

In section 6 we sketch Dwork's theory of L-functions in the one
variable case. We show how we can recapture some of Weil's results
for L-functions in the case of twisted exponential sums.

In section 7 we investigate the p-adic values of the zeros of
L-functions associated with exponential sums in one variable. This

section is closest in spirit to the work of Dwork in the 1960's.

In section 8 we explain the dual theory and the functional
equation of these L-functions.

In section 9 we explain how Adolphson's theory can be genera-
lized.
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I thank Princeton University for its hospitality and in parti-
cular N. Katz and B. Dwork for their helpful suggestions.

For the convenience of the reader we include a list of the more
frequently used symbols and indicate the paragraph where they are

defined.

A(A) 5.4.2 tr generic point 2.6 ,4.2
B(c,r") 2.2 T, 8.2
clc,r) 2.2 T 8.1
Dy 8.1 W, 8.1
A

DF 8.4 ap 8.1
H(A) 2.5 a; 8.3

+
H (r") 4.1 Yorvo 8.2
xt(a) 5.1 Tp 8.5
EF 8.2 ] 7.1
K, 6.1 Vg (6.3.3)
L 5.1 e,eps 6.3
L(g;£f,h;t) 6.1 pc(L,r) 4.2
*

ord; 2.2 X 3.1
&, R 8.2 xg (L, 1) 4.1
R 4.1 I 1ete) 2.8
S_(g:f,h) 6.1 <,> 8.2
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§ 2. NOTATIONS. ANALYTIC ELEMENTS. GENERIC DISKS.

2.1. Let K be an algebraically closed field of characteristic zero,
complete under a non-archimedean valuation. Let @ be an algebrai-
cally closed field, complete under a valuation extending that of K,
and linearly disjoint form K(x) over K . Assume further that the
residue classe field Q@ of @ is a transcendental extension of the
residue class field K of K.

2.2, For each ¢ € @ and each positive number r let

B(c,r ):={xe€er, |x-c| <r}
B(c,r+) :={xe€r, |x-c| <<}
C(cyr) :={xer, |x-c|=1r} .

In this article we shall only consider disks with radius r e |Q*| ’
and thus the circumference C(c,r) is not empty.

400
11, £ = 2 bv(x-c)v, analytic in the

V==

2.3. For feallx-c, i

annulus A = B(c,R+) - B(c,r ) (so lim |bv|R\’=o and 1lim Ib\’lr"=o) ,

V>0 V=00
let for r < p < R
£l )  := sup |b[o"
+
ord (f,p) := {sup v, lbvlpv=|f|c(p)}
ord_(f,p) := {inf v, |b |e"=|£| (e} .

It is well known [Am] that

a 1og|f|c(p) +

+
ordc(f.p) 3 1o o
_ d log|£]| (p) -
Ordc(flp) = —F 15—
where (g—: + (resp. (-g—:-)_) denotes the right hand (resp. the left

hand) derivative of u with respect to r.

It is also known that the function ord: and ord; are increa-
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sing functions of p. From this one can deduce easily the following

result.

SCHWARZ'S LEMMA : Let f be analytic in the annulus A then

ordz(f,r)
[£]

ey

(R) > ( €], (x)

c
ord;(f,R)

) [£] (R) .

£l (r) > ( c

bella]

2.4. These definitions are extended to functions f, meromorphic in 4,

by writing, if f=g/h where g and h are both analytic in &,

1£]c(e) = lglo(p)/|h| (o), ordl(f,p) = ord;(g,o) - ordi(h,p) .

If f € Qllx-cl] is analytic in the disk B(c,R+), it is known
that ord;(f,p) (resp. ord;(f,p)) is the number of zeros of £ in

the disk B(C,p+) (resp. B(c,p ) ) .

For f€ Q[x], we denote ordcf the order of the zero of f at c,
and write ord_f = -deg f. These definitions are extended as usual

to rational functions.

2.5. Let P =P(Q) = QU {=x} . For A CTP let AC= P-A. Let A CT
with da(a,A%) = inf{|x-y|, x € A, y € A%} > 0. We denote by R(A) the
set of all rational functions with coefficients in K without poles
in A. An analytic element on A with coefficients in K is the uni-
form limit on A of elements of R(A) . We shall denote by H(A) the
set of analytic elements on A with coefficients in K. For f € H(A)

let |[|f]l, = sup [f(x)| . This defines a norm on H(A) and with this
XE€A

norm H(A) is a Banach space over K.

If A = B(c,r+) and f € H(A) , then f is analytic on B(c,r+)
and ”f|% = |f]c(r).

2.6. Let r € |2%| and let t e C(c,r) . We shall say that t is
generic on the circumference C(c,r) if the disk B(t,r ) (which is

contained in C(c,r) ) contains no point in K.
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By our hypothesis on @ there is always a generic point on

C(c,r) . The disk B(t,r ) will then be said to be generic in the
circumference C(c,r) . If f € K(x), then f has neither poles nor
zeros in B(t,r ) and |£f(t)]| = “flg(t,r-) = Iflc(r).

§ 3. INDEX OF A LINEAR OPERATOR.

We recall some well-known properties of the index of a linear
operator. The proofs can be found in [Ro 2, § 4] .

3.1. Let U and V be two vector spaces over K. Let L(U,V) denote
the space of linear mappings from U into V. If U and V are topo-
logical vector spaces let L(U,V) denote the subspace of continuous
linear mappings.

We say that L € L(U,V) has an index if it has a finite-dimen-
sional kernel and a finite-dimensional cokernel. The index of L is
then (L ; U,V) = dim Ker L - dim coker L.

We shall also write x(L) when there is no ambiguity, or x(L;U)
if U=V . Thus x(L) is the Euler-Poincaré& characteristic of the

complex
L

(o] > U >V > 0 .

If U and V are complete metric spaces and L is continuous
and has an index, then L is a homomorphism onto its image and Im L
is closed.

3.2. LEMMA. Let L € L(U,v) and Q € L(V,W) . If two of the three
operators Q, L and QL have indexes, then the third one also has
an index and

x (QL) = x(Q) + x(L) .

3.3. LEMMA. Assume that the following diagram is commutative with

exact rows
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o > U, > U, —> Uy > 0
b b s
o > v, >V, > vy > 0

and that two of the three operators Lv1 L2 L3 have an index, then

the third one also has an index and

X(L)) = x(Ly) + x(Ly) =0 .

3.4. COROLLARY. Let Ql € L(Ul,Vl) and Qz € L(UZ’VZ) have indexes.

Then QleQ2 € L(UloV1 , U 0V2) has index and

2

x(QleQZ) = x(Ql) + x(Qy) .

Proof. Apply lemma 3.3 to the situation

) > U, > U eU, > U, > 0
J{Ql j/91°92 le
) > v, >V, eV, > v, > 0

3.5. COROLLARY. Let U = UIOH and V = VlOG with dim H< + «,

dim G<+» . Let L € L(U,V) . Assume that the restriction Ll of L

has an index, L also has

to U, maps U; into V, . Then, if L

an index and

1

x (L) = x(Ll) + dim H-dim G .

Proof. Apply lemma 3.3 to the situation

(o) > U1 > U > H > 0
o > Vv > Vv > G > 0

where L is defined in order to make the diagram commutative. As H
and G have finite dimension L has an index, x(I) = dim H-dim G.
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3.6. LEMMA. L is injective and has an index if and only if L has

a left inverse L' which has an index. If furthermore U and V are

Banach spaces and L is continuous L' can be chosen continuous.

3.7. LEMMA. Let U and V be Banach spaces, L € L(U,V) . Suppose that

L is injective and has an index and Let L' be a continuous left in-
verse of L. If Qe L(U,v) and | o-L|| < 1/||L'|], Q is injective and
has an index x(Q) = x(L) .

3.8. LEMMA. Let U and V be complete metric spaces, and let U

1
(resp. Vl) be a subspace dense in U (resp. V) . Let L € L(U,V) .

Assume that its restriction L1 to U1 belongs to L(Ul’vl)'

Assume further that L and L1 have indexes, then

x (L) > x(Ll).

If we have equality : x(L) = X(Ll) , then Ker L =Ker Ll'
V/Im L ~ V,/I L,,
complementary of Im L in V.

and a complementary of Im L1 in v, is also a

§ 4. INDEX OF A DIFFERENTIAL OPERATOR OF ORDER 1.

We establish a relation between the index of a differential
operator of order 1, viewed as a linear operator on the space of
analytic elements on a disk, and the radius of convergence of its
solutions near the generic point on the boundary of the disk.

We make a conjecture for a similar relation in the case of dif-
ferential operators of order > 1 and we give an example which sup-
ports this conjecture.

We show how we can also compute the index in H(A) where A is
a disk minus a finite union of disks. Another example will be given

in the next paragraph with Dwork's cohomology.

4.1. Let R = K[x][é%] be the ring of linear differential operators
with polynomial coefficients, the multiplication being given by

d, .- ,4 . da
ax’® =~ 2ax tax -
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Let A be a bounded subset of Q (with d(A,Ac) >0) . Then R is
identified naturally with a subring of continuous endomorphism of
H(A) . Let ce€ a, r € |2*| . For simplicity we shall use the nota-
tions

B (r') : = H(B(c,r")) and H_(r") := H(B(c,z ) .

Then if L € R, viewed as element of L(Hc(r+),HC(r+)) (resp.

L(Hc(r-),Hc(r-)), has an index, we shall denote this index by XZ(L,r)

(resp. x;(L,r)) .

4.2. We now consider a differential operator of first order,

— . d ; - _1,._4.,b
L =ag-+b with a, be KIx] , together with & = Z L = >3-
Let tr be a generic point on the circumference C(c,r) and let u

be a solution of Lu=0 in a neighborhood of tr . Denote by pC(L,r)

the radius of convergence of u.

The main result of this paragraph is the following theorem.

THEOREM. Assume that, for r=rgy, pc(L,rO) <ry - Then for r close

s s . . . +
enough to o » L is injective and has an index in Hc(r ) (resp.

Hc(r_)), dc(L,r) is a continuous function of r and we have the
relations

d log o (L,r) + + +
(4.2 +) ( d 105 T ) = xo(L,r) + ord_(a,r)

d log DC(L,r) - _ _
) = xc(L,r) + ordc(a,r) .

(4.2 -) d 1og r

Remark : The fact that L is injective and has an index in Hc(rt) is
a special case of Theorem 6.16 of [Ro 2] which asserts a similar
property for differential operators of any order, but we shall give

a simple proof valid for operators of order one. The new feature in
this theorem is formula (4.2) which permits us to compute the index.
Some lemmas are needed for the proof.

a m
4.3. LEMMA. Let Q = z ﬁ$ Jlﬁ € R. Viewed as a continuous endomor-
Todx
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phism of Hc(r+) (resp. Hc(r-)), Q has operator norm

lloll, = max laglg(x) /2™ .

See [Ro 2] § 1.11.

4.4. LEMMA. Let a C K[x] . Viewed as an endomorphism of Hc(r+)
(resg. Hc(r-)), multiplication by a is _injective, has index
XZ(a,r) = - ordZ(a,r) (resp. x;(a,r) =-ord;(a,r)) and has a left

inverse of norm 1/|a|c(r).

See [Ro 2] Theorem 4.15.

4.4. Proof of Theorem 4.2.

As ¢ and L remain fixed in this paragraph, for simplicity we
shall write o instead of pc(L,r).

4.4.1. Let u be analytic near tr such that Lu = O. Then

- 4a -1 .
L = Uog—ou . Define

(4.4.1) b = 2 u™) (m)

One has the recursion formula

- =1 (pr+R
(4.4.2) bo=1, b ==7(b'+2 b)

and therefore ambm € Klx] .

On the other hand

m
1 m _ 1, dym -1 _ 1 4,1
mr Y= uemr(E)ew = Lo 1T @
(4.4.3)
m
a ,m _ _m
ml—abm'f'Rm
m
= m 14,
where R = i£1 a'b_; 17 (Fx) € R-
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By Taylor's formula
-1 _ _ m
u t(x) = ¥ bm(tr)(x tr) .

m>0

As a connot be zero in the generic disk, u never vanishes in
the generic disk and therefore if o_<r, the radius of convergence

r
of ul is also . - Therefore for all p>op_
— mo_ s mo_
(4.4.4) Iim ]bm]c(r)p = Iim |bm(tr)[p = + o,
m->o m-o

We apply this to the case r=r and p =r So there exists

o o°
m > 1 such that
(4.4.5) b | (r)r™ > max |b,| (r.)r:
m'c"0O0°"0 Ogigm-1 i'e’”0"70
(observe that |b.| _(r )rO = 1)
O'c’ 70" 70 °
We deduce from lemma 4.3
i-m
|a®™ | (r.) > max [|a"b,|.(r.)r
m'c "0 Ogism~1 i'ec’70°70
= m -i_
= max |a b_ilelrg)ry™ = HRer .

As these functions are continuous functions of r , for r close to

r . we have again

(]
m
(4.4.6) |a bmlc(r) > ||Rer .
Then we deduce from (4.4.3), (4.4.6) and from lemmas 3.7 and 4.4
m
that %T 2™ is injective in Hc(ri) and has index
(4.4.7) t(am m _ a (a™p
.4. Xe (gT £, r) =-or c(a m,r) .

Now ¢ 1is not and endomorphism of Hc(ri), but for all i>o0,

(S L(é% Hc(ri) ’ _T%T Hc(ri)) . Considering the decomposition of the
a a

+
singular part around the zeros of a in B(c,r ) one sees easily that

1 o _ 1
Ter Helr) =1 H
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with dim G, = ordz(a,r) and thus dim Gy does not depend on i .
Therefore one deduces from corollary 3.5 that if 2 as an index as

1 + 1 + .
element of L(;I Hc(r ), ;TTT Hc(r )) for one i, then the same is

true for all i and this index does not depend on i .

We have seen that 2™ has an index as element of (H (rt),Q%Hc(rt))

and the formula (4.4.7) can be rewritten

m + 1 + - - ., _m
(4.4.8) x (2 ,Hc(r ) ';ﬁ Hc(r )) = ordc(a bm,r).
Theref g e LA H (r%) , 2= H (r')) h ind d usi
erefore e ;T e (r ,;I;T c(r )) as an index and using
lemma 3.2 we obtain
.01 S + 1 +
my (23H (x7),5 Ho(r)) = x(&H(r) =5 H (x7))
(4.4.9) a
__ +, . m
= ordc(a bm,r)
and therefore L=af is injective and has an index in Hc(rt) with
+ _ . 1 £y _ -1 +.  m
Xg(Lyr) = x(2:H (r7),7 H (r7) = = ord_(a"b_,r)
(4.4.10)

_ at 1 +
= - or c(a,r)-—r—n- ordc(bm,r)

One can find € > O small enough such that

(4.4.11.1) for ry-esrsry : ord;(a,r) = ord; and
ordc(bm,r) = ordc(bm,ro)
(4.4.11.2) for r. . srsr+e : ord+(a r) = ord+(a r.) and
°Te ° o~ = * (e} 4 (e} "0
+ +
ordc(bm,r) = ordc(bm,ro)
m
(4.4.11.3) for rgy-esrsryte : Ibmlc(r)r >1.
and then one has
- + -
(4.4.12.1) for Iy ~eSE <Xy @ xc(L,r) = xc(L,r) = xc(L,rO)
- + +
(4.4.12.2) for Ig<r$ryte: xc(L,r) = xc(L,r) = xc(L,ro)
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(4.4.12.3) for r.-esrgr

4.4.2. Now choose r e (ro-e ,ro) and let

r. x.(L,r) +ord_(a,r)
(4.4.13) pr= 0 (2)° ¢ X

We shall prove that p = p . One can then deduce easily (4.2).

*o
First we prove that one cannot have p > Py - In fact assume that
(0]
PP . If o > Iy choose m satisfying (4.4.5), then one has also
o
(4.4.14) Ib_| (r.) o™ > sup |b,|_ ot .
m'c' 0 O<i<m—1 +'T
If o STy choose m satisfying (4.4.14). Such an m exists

because of (4.4.4) applied to r=r,. Then one has also (4.4.5).
Inequality (4.4.14) implies

(4.4.15) 1bm|C

(rgy) o™ > 1.
As (4.4.5) is satisfied we deduce from equation 4.4.7 that
-, m _ -
ord (a'b ) = -mx_(L,ry)

and therefore, by Schwartz's lemma,

-mx_(L,r.)
(4.4.16) la™b, |, (r) > |a™_ | (ry) (fé) c o

From (4.4.11.1) one can deduce

m ord;(a,r)

r
O) (;—) .

(4.4.17) |am|C(r) = |amlc(r
(o]

From (4.4.13), (4.4.15), (4.4.16), and (4.4.17) we get

-m(x_(L,r)+ord (a,r))
lbmlc(r)02}>Ibmlc(ro)(fé) ° ¢ p? = Ibmlc(ro)pm> 1

which is not true.
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We prove now that we cannot have p<p . In fact assume
p<p . Define o
O - —
x .(L,r) +ord_(a,r)
(4.4.18) pti=op_ (=) °¢ ¢ .
o

o

Then one has p' >pr . Therefore one can find m>1 such that

(4.4.19) b | (r) '™ > max |b,| (r)e't
m!c Ogigm-1' 1'C

(4.4.20) lb_| (r) £™ > max |b, | (r)rt .
m'c Ogigm-1 1€

In particular one has

'm
(4.4.21) |bm|c(r)p > 1.

From (4.4.10) and paragraph 4.4.1 we deduce
+ +
ordc(ambm,r) =-m xc(L,r)
therefore using (4.4.12.1) we get
+ -
(4.4.22) ordc(ambm,r) =-me(L,ro)

and therefore by Schwarz's lemma

r, -mx_(L,x.)
(4.4.23) la™ | (ry) > [a™ [ (x) (&) ¢ .

As (4.4.17) is again valid, we get from (4.4.18), (4.4.21) and

(4.4.23)
s —m(xc(L,ro+ordc(a,r0))_

m m !
Ibmlc(ro)pro >lbm|c(r)°ro(7?) - Ibmlc(r)p

m>1

which is not true.
4.4.3. Formula (4.2+) 1is proven in the same way.
4.5. The formulas of theorem 4.2 are very similar to the formulas of

§ 2.3. The purpose of the next proposition is to show that xz(L,r)
+
enjoys properties similar to that of ord;(f,r).
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PROPOSITION. Let c € r. Let L, Q € R and assume that for

r € (rg,r;) r € le*|, © and Q have no solution in the generic difk
of the circumference C(c,r) . Then L and Q have indexes in Hc(r‘)
and further

i) For Iy < ¢ < r' < r.

- + - +
o > Xc(Llr) > Xc(Llr) > XC(er') P Xc(Llr')

i1)  xGo,r) = XL, + xi(e,r)

xg(LQ,r) = xJ(L,r) + x3(Q,1)

iii) Let «r € ]Q*], with r € (ro,rl) . Consider the partition
of the closed disk B(c,rfL into its residue classes, i.e.

B(c,r’) = U B(c,,r) with |c,—c.| =r for i # j. Then
gep T mE lery Then
x; (L,r) = 0 for almost all i and
i R
+ -
Xg(L,xr) = ) x, (L,r) .
ierx i

Proof. The fact that L and Q have indexes and are injectives results
from theorem 4.16 of [Ro 2] .

’

i) o > x;(L,r) comes from the fact that L is injective ;
+

x;(L,r) > xc(L,r) is a consequence of iii) together with the pro-

perty that all .

c.(L,r) are < 0.

i
xZ(L,r) < xc(L,r') is a consequence of lemma 3.8 and of the fact

that Hc(r'—) is a dense subspace of Hc(r+).

ii) Is a special case of lemma 3.2.
iii) Let J be a finite subset of I and let
A :==B(c,r+) - U B(c.,r ).
ieyg J
Then by lemma 4.10 one has

(L; H(A)) = xG(L,r) = U xJ (L,r) .
i€ed i

As L is injective in H(A) its index is < O and thus for all
finite subsets J of I

- +
I xg (Lyx) > x(L,x) .
ieg i

207



P. ROBBA

As all these numbers are negative or zero integers, we get that for

T (L,r) =0.

almost all i, Xe
i

Now in theorem 4.16 of [Ro 2] it is proven that there exist
P € R and a € K(x) such that

llpL - all, < 1/]al (x) .

Therefore using lemma 3.7 and lemma 4.3 one obtains

+ + + + +
Xg(PL,r) = x (P,r) + x (L,r) = x (a,r) = - ord_ (a,r)
x;.(PL,r) = x;'(P,r) + x;.(L,r) = x;.(a,r) =-ord;_(a,r) for all i.
i i i i i
Therefore
+ - +
[xo(P,x) - Y Xg, (Byr)] +  Ix (L,r) - Y xL (L,n)]
ier i ie1I1 i
= - [ord+(a,r) - Z ord_ (a,r)] =0
c . c.
i€1I i
As
+ - + - cas
Xc(P,r) - 1 X (P,r) and x (L,r) - ) Xg (L,r) are non-positive
i€e1 i ie1r i

integers they must be zero, which ends the proof.

d

4.6. PRORQSITION. Let L = a ax + b € R. Assume that pc(L,rO) < To

and that ord;(a,ro) = 0. Let p be the radius of convergence of the
solution of L near ¢c. Then op > pc(L,ro) and p = pc(L,ro) if and
only i x;(L,ro) =0.

Proof. If for some r < Ty pc(L,r) = r then, as L has no singula-

rity in the disk B(c,r ), by the transfer principle [DW 3] the solu-

tion of L near c converges in B(c,r_) . If the radius of convergence
p were greater than r, we would have also pc(L,r) = p >r which

would contradict the hypothesis. Thus p = r.

Assume that x;(L,rO) =0. For r < ry as long as op_(L,r) >r

(0]
we have Xc(er) = O by proposition 3.5. By theorem 4.2 we obtain
d log pc(L,r)
d Tog © =0 so pc(L,r) = pc(L,ro) . Therefore we shall have
po(Lsp) =p for o = oc(L,ro).
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Assume that x;(L,rO)#(L then in some interval (rl,ro),xg(L,r)<o
and otherwise x;(L,r)-sO . From theorem 4.2 we deduce that pc(L,r)
is a decreasing function of r , strictly decreasing in (rl,ro) , so
pc(L,r) >pc(L,ro) . And therefore if DC(L,p)= p we have p >pc(L,r0).

-1 d
4.7. Example. Let K=¢P. Let L=‘§i—x-xp =exp(xp/p) oaoexp(-xp/p) .
P
t
EX

.

A solution u(x) of L near t is given by u(x) = exp(%;-
Set x = t+y,u(t+y) = exp(tp—1y4»2%l tp_zy2 +o.ot typ_l+—%§) =
exp(tp_ly)exp(B%l tp_zyz) ... exp(yP/p) .

If the functions exp %(?)t-iyi, l1sigsp, have different radii

of convergence, the radius of convergence of u near t will be the
infinum of these radii. So for t generic with |t| = r, we get

po(L,r) = inf(  inf (p~ 1/ (p=1) ppmiy1/1 m1/(p-1)y

l<igp-1
p-l/(p—l) r¢l
p—l/(p—l)/rp—l r» 1
(The value for r=1 is obtained by continuity).
By formula (4.2) we obtain
xé(L,r) =0 p—l/(p—l)< r<i
+
Xg(L,r) = =(p-1) 1l <«
~(L,1) =0 (L,1) = -(p-1)
XO ’ = ’ XO v = P .
Then by proposition 4.5 iii) we see that for some c with |c| =1,

we must have x;(L,l) #0.

The method of proof of theorem 4.2 permits us to find the
residue classes where the index of L is not O. We use the notations
of § 4.4. We see easily that

Ibilo(l) =1 for O < i < p-1
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and a well known formula gives

p! b = - (xp(p-l) + (p=1)!) mod p Z_ [x]
P P
b, = %(xp(p_l)—l) = -Ils(x—l)p(x—Z)p...(x-(p-l))p mod % [x] .
Thus |b_|.(1) > sup |b,|~(1) , and thus for |c| =1
p'O Ogigp-1 i'o

- _ _]; -

xc(L,l) = 5 ordc(bp,l)
and x;(L,l) = -1 for c = 1,2...(p-1) .

Consider the situation in the disk B(1,1 ), let Pr denote the
radius of convergence of the solution near the generic point of the

circumference C(1l,r) . For p-l/p <r <1 one has
Ibyly(x) > 1 > 0, byl (x)
and ordi(bp,r) = p. So for p‘l/P< r<l if p < r one has
x3(L,x) = -1
and therefore
pp = py/x = “1/(p=1) /1y

p—l/Z(p-l) S p-l/p.

One has Pp=r for r = We can conclude that the

pP_
solution near 1, u(x) = exp(xE)l) has radius of convergence
p—l/z(p-l)_ But
P - -
u(l+y) = exp(y-b%;) exp Ejl v2...expyP ! .
As exp % (E) yi has radius of convergence 2 p-l/Z(p—l) for

P
2g<1igp-1, one deduce that exp(y-r%;) has radius of convergence

> p_l/Z(p_l). This in ideed a well known fact which is usually proven

using the Artin-Hasse exponential function.

Conversely one could have used the fact that the solution

xp-l)

exp (
near the generic point t (with |t| =1) to conclude that x;(L,l) ¥ 0

near 1 has radius of convergence greater than the solution

and likewise for the residue classe 2...p-1. From the fact that

x;(L,l) oo+ x;_l(L,l) 2 x;(L.l) = =(p-1)
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one would have concluded that

oep(Ls1) = -1.

Xy (L,1) =...= Xp

4.8. Case of a disk of center « .

Let r € |9*| denote Bc(r+) =P(Q) - B(c,r )
B,(r") =P(a) - Blc,r") .
Let L = a é% + b with a, b € K(x) without poles in Bc(r+),

(in particular without pole at «) .

Let pC(L,r) be the radius of convergence of a solution of L
near the generic point tr on the circumference C(c,r) . Assume that
pc(L,r) <r. Let R = 1/r . The change of variable y = E%E
defines an isomorphism between H(Bc(r+)) and HO(R+) (resp. between
H(Bc(r )) and HO(R )). The differential operator L becomes
4a

n
ay + b

N n
L = a
with g(y) = - a(c-!-%)y2 and g(y) = b(c-r%).

Y

n
Near the generic point tR = l/(tr—c) a solution of L has

Y
radius of convergence pO(L,R) = pc(L,r)/rz.
Y
Now L need hot have polynomial coefficients, but there exists
A € K [x] without zeros in B(O,R+) such that Aﬁ € R, and multi-
plication by A is an invertible linear endomorphism of HO(R+) as
well as HO(R_) . So by formula (4.2 +)

d log p~(L,R) +
o _ o+, +, . _ ot +
—W) = XO(AL,R) +0rdO(Aa,R) = XO(L,R) +ordo(a,R)

d log pc(L,r) - + -
= - (—d]-.gg__r_) +2 = X(L;H(Bc(r ))) - ordc(a,r) + 2
Thus
d log pc(L,r) -

d Tog ) = x(L ;H(Bc(r+))) - ord;(a,r)

and one can prove in the same way

d log pc(L,r) +

-« d log r ) = x(L :H(Bc(r—))) - 0rd+(a,r),
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These formulae will help us to understand the formula that we
shall obtain in proposition 4.11. They can be interpreted in the
following way : - ord;(a,r) is the number of zeros of a in the disk

d log pc(L,r) -
) can be viewed as the derivative

+ :
Bc(r ) , while - ( 3 Tog T

of log pc(L,r) with respect to the logarithm of the radius in the
direction of the "exterior normal".

For an alternate proof of these formulae see the proof of
lemme 4.10.

4.9. A set A of the form

n
A := B(c,r) - U Blc,,r,),
i= 17
where the disk considered can be circumferenced or not, but have
their radii in |Q*| , Will be called a Laurent domain.
We can assume that the B(ci,ri) are all disjoint. The disks

B(ci,ri) will be called the holes of A . The circumference C(ci,ri)
will be called the boundary of B(ci,ri) and will be denoted

aB(ci,ri).

We shall say that A is a closed Laurent domain if one has

A = B(c,r+) -

. B(ci,ri).

1

ncs

4.10. LEMMA. Let A be a Laurent domain and let T be a hole of A.
Let L € R and assume that L has an index as endomorphism of

H(AVUT) and that L has no solution converging in the generic disk

of the boundary 23T of T . Then L has an index as endomorphism of
H(A) and

(L;H(A)) = x(L;H(AUT)) - x(L; H(T)) .

Proof. Denote by HO(TC) the set of analytic elements on 7€ which
are O at ». Let A be the generic disk of T. By theorem 4.16 of
[Ro 2] one knows that, under our hypothesis, L has index as endomor-

phism of H(T) as well as endomorphism of H(A) and that further

x(L ; H(A)) = 0.
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By the Mittag-Leffler theorem

H(A) = H(AUT) e BHO(T)

H(A) = H(T) e HO(T°) .

Consider then the commutative diagrams

0 ——> H(AUT) H(A) (%) — o0
(4.10.1) lL 11. j{i

0O —>H(AUT) H(A) % (1°) —— o0

0 ——> H(T) H(A) 1%(r®) —o
(4.10.2) lL 1L lﬁ

0 — H(T) H(A) 1% (r°) — o

— Y -
where L and ﬁ are defined by reduction. It turns out that L and L

are the same operator : for u € HO(TC)
p— "
Lu = Lu = (Lu)T

is the singular part of ©Lu associated to the hole T.

From (4.10.2) and lemma 3.3 one deduces that ﬁ has an index
Y
x(L) = x(L ; H(A)) = x(L ; H(T)) = - x(L ; H(T)) .
Then from (4.10.1) and lemma 3.3 we deduce that L has an index
as endomorphism of H(A) and

x (L ; H(A)) x(L ; H(AUT)) + x(TL)

x(L ; H(AUT)) - x(L; H(T)) .

n

4.11. PROPOSITION. Let A = B(c,r’) - U B(c;,r;) be a closed
i=1

Laurent domain. Let L = a é% + b € R. Assume that pc(L,r) < r

(resp. Pe (L,ri) <r for all i) then L has an index as endomorphism
i

of H(A) and

d log oc.(L,ri) -

( = ) - § ord a .
dlogri - o

d log pc(L,r) +

n
x(L;H(A)) = (__E—TBE—E——_ ) - )
i=

1
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Proof. Using theorem 4.2 and lemma 4.9 we prove by induction on n

that
d log pc(L,r) +

n d log pci(L,ri) -

x (L ; H(A)) = ( ) - 7 ) -

d log r iZ1 d log ry

+ o -
[ordc(a,r) -7 ord_(a,r;)]
i=1
and then observe that
n
Z ord a = # zeros of a in A = ordZ(a,r) - Z ord (a,r,) .

a €A e iz1 c i

4.12. Generalization : operator with coefficients analytic elements.

It is easily seen that theorem 4.2 and proposition 4.3 are still
true if we assume that L = a é%-+ b has its coefficients a, b in

+ .
Hc(r+e) for some € >0. (This case can be even reduced to the case
where a € K([x]) .

Lemme 4.10 is also true if we assume that the coefficients of L
belong to H(AUT) .

Now in proposition 4.11 we could assume that the coefficients a

n
and b of L belong to H(Ae), with AE = B(c,(r+e)+)-— U B(ci,(ri—e)_),
i=1
for some € >0 . But then the proof that we have given is no longer

available.

Conjecture : Proposition 4.11 is still true under the hypothesis
a, be H(AE).

4.13. Generalization : operators of higher order.

Let tr be the generic point of the circumference C(c,r). Let
L € R. We shall say that L has a zero-kernel at tr if L has no
solution converging in the generic disk B(tr,r-) . It is known

(theorem 4.16 of [Ro 2]) that if L has zero-kernel at tr then L has
(0]
index as endomorphism of Hc(r+) and Hc(r ) for r close enough to

Ty but no formula for that index is known. We conjecture that the
following formula gives the index.
dn dn-l
Let L be of order n, L = a =+ b, —— -..+b . We denote

+
ax 1 axn-1
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pc(L,r) = max p(ul)...p(un) , the maximum being taken upon all the
families of n linearly independent solutions u,...uy, of L in a
neighborhood of tr ’ p(ui) being the radius of convergence of u; .

Conjecture : If L has a zero-kernel at t_, then

d log o _(L,r) =
_c ) = xé(L,r) + ordé(a) .

d log r
Then to compute the index one has to be able to determine pc(L,r).
In the case of operators of order one this can be easily done using
the formal solution as we have seen in example 4.7 and as we will
see more generally in § 5. In the case of order greater than one,
we expect that it will be possible to compute pc(L,r) at least if c
is an irregular singular point and r is small enough using the

formal solution of Turritin (see [Ka 1]) .

This conjecture is supported by the following example where

L = L,eL, with L, and L, in R of first order.

4.13.1. LEMMA. Let L = L10L2 with Ll'

Then L has a zero kernel at tr if and only if L

L, € R of first order.

1 and L2 have both a

zero kernel at tr and then

pc(Llr) = DC(Lllr) + pc(LZ'r) .
Proof. Let us write t :='tr, py = pc(L,r) r P, 3= pc(Lz,r) and
let Kert L (resp. Kert Li) be the kernel of L (resp. Li) in a

neighborhood of t.

P
t
disk B(t,p ) for p<xr. It is known (theorem 4.16 [Ro 2]) that L is
P

£
known (theorem 3.5 [Ro 2]) that L has a zero-kernel at t if and only

Denote by W, the space of bounded analytic funcitons in the

an isomorphism of wi if and only if L is injective in W It is also

if L is injective in Wt.
If L has a zero-kernel at t, as Kert L2 C Kert L, L2 has also a

zero-kernel at t. So L and L, are isomorphisms of WY and therefore

t
L1 also, which implies that L, has a zero-kernel at t .

1

If L1 and L2 have zero kernel at t, L, and L2 are isomorphisms

1
of wi, therefore L also, which implies that L has a zero-kernel

at t.
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p

If p > max(pz,pl), L1 and L2 are isomorphisms of Wt , therefore
L also, which implies that no u € Kert L has radius of convergence
> max(pz,pl) . Let u, e Kert L, u, € Kert Lz, u, # 0 u, # O . Then
u, € Kert L. If pPp<Pys @ second element of KertI. is
u
v = u, j Gl dx
2
and so p(v) > p(ul) =0 -
If Py = Pos then for all u € KertIa, p(u) = Py = Py and thus
pc(L,r) = PPy - If Py <Py wronskian (uz,v) = u,u, and so
o (wronskian) = oy >p(v) so p(v) = p, and pr(L) = 0,05 -

)
If °y <pl ’ L2 is an isomorphism of W 1 , but not L, , and so

t 1
neither is L, which implies that there exists u € Kert L with
p(u) = oy - Therefore again pc(L,r) = PPy -

4.13.2 COROLLARY. If L = L;°L,, with L,, L, € R of first order,
the conjecture is true.
Proof. Let L. = a _§_+ b L, = a £L+ b then a = a,a so
= 1 1 dx 1’ 2 2 dx 2 1727
+ * _ at +

ordca = ordcala2 = ord_a, + ordcaz.

Further by lemma 3.2

+ + +
X (Lrr) = x (Ly,r) + x (Ly,x)
and by lemma 4.12.1
+ + +
(d log pr(L))_ _ (d log pr(Ll) + . (d log or(Lz))_
d log r d log r d log r

and so the conjecture is a consequence of theorem 4.2.

4.14. Reduction to normal form.

Let L L2 be two n-dimensional linear differential operators

ll
defined over Ho(r+), i.e. two nxn matrices whose entries are poly-
nomials in d/dx with coefficients in Ho(r+) . These then are endo-

morphisms of Ho(r+) def G. Let V be an nxn matrix with coeffi-

cients in Ho(r+) and non-trivial determinent. Clearly V acts on G
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and provides an endomorphism of G into itself which is injective
and has an index.

Now assume that

LloV = VoL2 .

(We shall say that Ll

that Ll and L2 have the same index if either exists. Indeed we have

and L2 are equivalent). It is then obvious

X(LIIG) + X(V’G) = X(L1°V1G) = X(V°L21G) = X(Ler) + X(VIG) .
The application of this remark is that it permits the repla-

cement of a differential operator by a Turrittin normal form (see

[Bal] ) in the calculation of index.

§ 5. RATIONAL COHOMOLOGY AND ANALYTIC COHOMOLOGY (DWORK'S

COHOMOLOGIES) .

5.1. Let K =C_. Let S be a finite subset of iP(Cp) with «~ € Ss.
Let f € Cp(x) with |f|gauss : = |f|0(1)< 1, and assume that the
poles of f belong to S. Let oy e zZ , a; € S, 1<i<s. Write

s ay

F= 1 (x-a,) expnr f(x)
. i
i=1
1/(P‘1)_

where = = (-p)

Let L be the space of elements in Cp(x) with poles only in S.
Then the differentiation d sends FL into FLdx because F'/F € L.
We shall be interested in the rational cohomology F L dx/d(FL) .

In order to define a Frobenius mapping, one cannot work with
the rational cohomology but one must work with the analytic coho-
mology.

m
Let A = B(0,1%) - U B(c.,17), with |c,-c
j=1 *

jl=1,1#3,
and where the disks B(cj,l-) are precisely the residue classes
containing points of s, (P((fp) -A=8). Let

A = B(0,(1+4e)") - .S B(ci,(l—e)_) for e>0. The Washnitzer-

€
i=1
Monsky's dagger space K*(A) is
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') := v HA .
€ >0 €
We shall say that the element of x+(A) are overconvergent analytic
elements on A .

We shall consider the analytic cohomology FM+(A)dx/d(Fx+(A)).

These cohomologies are considered by B. Dwork in his study
of Zeta function and of L-functions [DW 1] and [DW 2] . We shall give
an example of Dwork's techniques in the next paragraph.

An important question is to prove that these cohomologies are
finite and to determine if the rational cohomology and the analytic
cohomology are isomorphic. We shall answer that question in § 5.6.

oFl =L _p/F. Clearly

5.2. Let & := Fod 3
X

d
FLdx/d(FL) ~ L/:L and FX (A)dx/d(Fx' (a)) ~ x (a) /25T (a) .

As Ker £ has dimension at most 1, the finiteness of cohomology is
equivalent to the existance of index of &, and the dimension of the
cohomology is determined by the index of 2.

We shall first compute the index of & in K+(A) (§ 5.4) then in
L (§ 5.5), we will then get easily a criterium asserting that the
rational and the analytic cohomology are equal.

The method developped in § 4 allows us to compute the index of
¢ in H(AE) (and therefore in x+(A)) provided that & has a zero-
kernel at the generic point of the circumference C(ci,(l—e)) for
all i (and likewise for C(O,l+e) ) . This means more or less that 2
has an irregular singularity in the corresponding hole B(ci,(l-e)-)
(or that f has poles in this disk). If this is not the case then the
method fails to work and in fact we do not expect 2 to have an index
in H(A) in that case (see lemma 4.10 [Ro 2]). Fortunately
A. Adolphson [Ad] shows how to compute the index of a differential
operator £ when you remove disks containing regular singularities.
But then you have an index only if you consider the space of

unbounded analytic functions A(AE) on A_ . Since M+(A) = U A(AE)
>0
this causes no difficulty and supports our use of M+(A).
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5.3. The following lemma allows us to compute the index in the case
of a regular singularity.

DEFINITION. We say that o € Cp is a non-Liouville number [C%] if

lim inf |a-n|1/n =1 and lim inf lcz+n|1/n =1
no>-+o n->+o

Remark. All algebraic numbers are non-Liouville numbers.

LEMMA. Let & = (x~-c) Ji——a-r(x-c)b(x) where c € C_, a € C is

non Liouville and b(x) € Cp(x) without poles in the disk B(c,r

o) -

Assume that % has a formal solution (x-c)ay(x) with y(c) # O and

y analytic in B(c,ra) . For r«< T, write B = B(c,r~) and
A = B(c,ra)-B(c,r+) . Then for r<ry, %2, as _endomorphism of the space

functions analytic on A (resp. on B), has index O .

This is a special case of a more general result of Adolphson
[Ad] . We can give a simpler proof due to the fact that we deal with
an operator of order 1.

Proof. We may assume that ¢c=0. Let n be analytic on A (resp. on B),
we want to solve the equation %z = n. It is known that ¢ is given
formally by the formula

c(x) = x% y(x) J x %71y lx)n(x)ax

where by definition

a
J y anxn *~lagx = § E{% x"™® if o is not an integer.
n n
a -
= 7 2 x™% +a log x otherwise .
n# n-a a

Note that y never vanishes in its domain of convergence, thus y_1
is analytic on B(O,ra) and y_ln is analytic on A (resp. on B). The
hypothesis o non-Liouville implies then that the formal solution is
also analytic on A (resp. on B) provided there is no logarithmic
term. So if o ¢ Z (resp. o £ W), & is injective and surjective thus
x(2) =o0.

219



P. ROBBA

If o« € Z (resp. o € N) our equation has a solution if and only
if a, = O, and so dim coker %2 = 1, but then dim Ker 2 = 1 and so
x(£) = O again.

5.4. Computation of the analytic index.

We do not want to assume that the singularities of the differen-

tial operator all lie in a%. so let us state again our hypothesis.

Let ¢ ...c € c, with $Cj|< 1 for all i and |ci-cj| = 1 for
i #3j, and let A = B(0,17)- U B(c.,17).
=1 J
Letfe«:p(x) with |f]gauss<1’ let a; €€y, a4y €2, 1<ic<s.
s %3 a -1
Define F:= 1 (x-a.) expw £(x) and ¢ :==Foa—oF . Let P € C_ [x]
i=1 1 X P

be such that L =P2 has coefficients without poles in A. Without

loss of generality one may assume that all the zeroes of P lie in A.

We define the exponent of L in the residue class B(c,1 ) (resp.

the residue class «, P(Cp)-—B(O,1+)) to be o, (resp.

ZIc-ai|<1 i

zla [<1 ai). We shall assume that the exponents of L in the residue
i

classes B(cj,l ), 1<j<m, and in the residue class « are all non-

Liouville numbers.

The object of this section is to show that, as endomorphism of
xf(A), L has an index, and to compute x(L ;K+(A)).

We shall first reduce the computation to the case where our dif-
ferential operator L satisfies the supplementary condition :

Condition (%)

i) In the residue class B(cj,l_), 1l j<m, L has at most a
singularity at cj and, in the residue class «», L Eas at most a
singularity at r . This means that if a; € B(cj,l ) then ai==cj,
that in B(cj,l ) £ has at most a pole at cj , and that no a; and no

pole of f have absolute value > 1.
ii) pefine dj : = -min(0,ordg ), 1<j<m, and d : = -min(0,0rd_%).

Where f E:F;Ig(x) is the reduction of f. Then for 1< jsm

d.
J

d

-min(o,ordcf) and p,kdj if dj #0

-min(0,ord f) and pyd if d # 0.
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We shall then compute the index x (L ;KT(A)) for an operator L
satisfying condition (¥).

5.4.1. Reduction to the case of an operator satisfying condition (%).

Let B = B(c,1 ) be a residue class not contained in A .

x-a; o, c-a; a;
) = (1+—=) defines
x-C x-C

a) If a, € B(c,1 ), as a; € zp,(

a function analytic for |x-c| > |c—ai| which never vanishes. As

X=a, o, X=a, =a.
1

1 as well as ( 2)

+
%= e belongs to X (A) and so

|c-a <1, (

il
multiplication by these functions is an invertible endomorphism of
X=a, =a. X=a, o

i i i
x=c ) oLo (5=5)

i
has

%7 (A). Thus L has index if and only if (

index and their indexes are equal. Therefore we do not change the

a .
index of L if we replace n (x—ai) 1 by (x—c)u with
a,-c|<1
i -
|la,=c|<1
i

o .
Now if |ai|> 1, (giﬂ-l) 1 again is an invertible element of
i o
by (X-1) *, we
[o )

see as previously that if we suppress the term (x—ai) Y inf F we do

a .
x". as we do not change L if we replace (x—ai) .

not change the index of L.

b) Let fB be the singular part of f corresponding to the residue
class B, i.e. fB is the sum of the singular parts of f corresponding
to the poles of f in B . Consider the Laurent expansion of f5 -

P
f, = —_—
B n=1 (x-c)?

Let dp =0 if |un| <1 for all n

= sup{n, |u | =1} otherwise.
dB u,
Define hy = 2;1 7;:;;3 . One has ]fB-—hB[gauss 1 ; and there-
fore gg = expn(fB-hB) belong to x+(A) and is invertible, so again
. -1 _ d -1
L has the same index as dp oLogB = P°(F/gB)°3§°(F/gB) and F/gB
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has in B only a pole at ¢, with ord f = or@af if ordsf <0 and no
pole in B if orda——f' >0.

The case of the residue class ~ can be treated in the same way.

c) Suppose now that dy # O and pldB + dg = pé . Choose v € <,
such that vFP = up5 (with u, as defined in § b). Then it is well
U5 v +
known that ¢ = expm( P 5~ 5) belongs to X and is inver-
(x-c)P (x~c)

tible. So considering ¢-1°Lo¢ we will have an operator with same

index as L but we will have reduced —ordE-f . Repeating this procedure

we can obtain eventually either ordE? >0 or p }'or@s?.

5.4.2. Computation of the index when L satisfies condition (x).

For simplicity write Bt : = B(O,1+), Bj: = B(cj,l-) lsjsm.
m d.+1
Let Q(x) = I (x-c.) 3 .
j=1 J
Then QL has coefficients without poles in B+. For Oss<sm
s
define AS HE B+- U Bj . Thus Ao==B+ and Am==A . We shall prove by

j=1
induction on s that QL has an index in M+(As) and we shall compute
that index.

a) Computation of x(QL ,M+(B+)).

If 4 # O, let t be a generic point on the circumference C(O,r)
with r>1. Let x=t+y . Near t QL has a solution

m Q.

T (1+ Egg_) I expr(£(t+y) - £(£)) .

j=1 3

*3
As o € zp ' (1-+Ee%;) has radius of convergence |t—cj| =r.
expr (£(t+y)-£(t)) = expn Z ((f(v)(t)/v!)yv) . As t is generic, for
v=1

all v

£ ey /or] = 1) o) ¢ 97V
and as p ¥ d

e | = lg o =970,

therefore the radius of convergence of exp(f(t+y)-£f(t)) is 1/r
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We deduce from theorem 4.2 that for all r > 1

x(QL,H(B(O,r+))) -(d-1) - ord;(QP,r)

m
-(da-1) - ) (A, +1) -deg P
j=1

(ordO(P,r) = deg P because all the zeros of P lie in A).

This index does not depend on r. Choose R > 1, and let E be a
complementary subspace of QL(H(B(O,R+)) in H(B(O,R+)). For 1<r <R,
H(B(O,R+)) is dense in H(B(O,r+)). Applying lemma 3.8, we see that
for all r € (1,R),

Ker (QL,H(B(0,r')) = Ker(QL,H(B(O,R")) (= {0})

and that E is complementary to Im(QL,H(B(O,r+)) in H(B(O,r+)).
Therefore
tont +
Ker (QL,¥ (B )) = Ker(QL,H(B(O,R ))

and E is complementary to Im(QL,M*(B+)) in K+(B+), which shows
that QL has an index in xT(B+) with

tont g
x(QL,¥x" (B)) = -(d-1) - | (d.+1) - deg P.
j=1 )

If d=0, then x& = x % L has near infinity the formal solu-

tion x% where a = oy is a non-Liouvielle number and
j=1
m C. o

y(x) =1 (1-73) J exprm(f(x) - £(»)) is analytic for |x|>1 with

y(w)==i.lThe version of lemma 5.3 for the residue class ~ tells us
that for 1 < r < R, if A denotes the annuls A = B(O,R_) -B(0,r") ,
and A(A) (resp. AO(BC(O,r+))) denotes the space of functions analy-
tic on A (resp. analytic on BC(O,r+) and zero at « ) ,

x(x2,A(8)) = 0, x(x2,A3(8(0,r")) =0 .
As i QP is an invertible element of A(4),

(QL,A(8)) = x(ZLxe,4(8)) = x(x2,A(8)) = 0.

m
Let N = deg % QP = -1 + ) (a,+1) + deg P, then
j=1
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N

x (oL ; A (8% (0,r%)), =N A (B%(0,r")) = 0.

Let vy : <N AO(BC(O,r+) — Ao(Bc(o,r+)) be the cut-off operator
N-1 -1
a x"+— § a_x".
n n
n:—eo nz—m
It is clear that x(y) = N and then

x(voQL ; A (BS(0,r")) = N.
By the Mittag-Leffler theorem
A(a) = A(B(O,RT)) @A (B%(0,x")) .

Consider the commutative diagram
0 — A(B(0,R7)) —> A(8) — A (8°(0,r")) —0

R P

0 —> A(B(O,R7)) —— A(p) —> AO(BC(O,r+)) —0

where OL is defined by reduction. One sees that QL = yoQL .
Therefore, by lemma 3.3

x(QL,A(B(0,r7)) = x(QL,A(8)) = x(y°QL,A,(B°(0,x")) = -N.

This index does not depend on r. The same proof used previously shows
that QL has index in %' (B¥) with

t oot = kY
x(QL, ¥ (B*)) = -=N= 1= J (d.+1) -deg P = =(d-1) = } (d.+1) —deg P.
b) Computation of x(QL,M+(AS)), lesssm.
Denote by Yj the cut-off operator
+o n -1 n
vy o ng_m an(x-cj) — nz_w an(x-cj) .

By the Mittag-Leffler theorem
+ _ 4ot t (€
*o(ay) =3 (A _ ) e¥y(B) .

Consider the commutative diagram
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+ + t,xC
0O — X (A _;) —> X (A)) —> K (B]) —> O

loL lQL lﬁf

+ t t nC
0 — %' (A _;) —> % (A)) —> Ky(BZ) —> 0O

where QL is defined by reduction. One sees that QL = Yg°QL . By
lemma 3.3, if YSOQL has an index then

x(aL,x" (2 )) = x(eL,x"(a _1)) + x(vgooL,x} () .

We shall compute x(ysoQL,Rg(Bg)).

If dS # O the same proof as in the case of the residue class <«
shows that near the generic point r of the circumference C(cs,r)
with r < 1, the solution of QL has radius of convergence

d_+1
1/|f'(t)|c(r) =r ° , and by theorem 4.2 we have

x (QL ;H(B(cs,r ) = ds-+1 -ordcs(QP,r) =0.

As in proof of lemma 4.10, we prove that

x(vgoQL ; H(B (cg,r7))) = -x(QL ; H(B(cg,xr ))) = 0.

This index does not depend on r, so as previously we deduce that
t,.C _
x(ygeQL ; 3 (BJ)) = O.
If ds==0, observe taht QP = (x-cs) x polynomial with no zero
o
s

in Bs' Further QL has near Cg the formal solution (x—cs) y with ag

X=C o
non-Liouville number, and y = 1 (1+c e ) J expn(f(x)-f(cs))
j#s s 7J
converges in Bs because aj € zp and f has no poles in Bs'

By lemma 5.3 we have for all O<r<R<1, with
_ - _ +
A B(cs,R ) B(cs,r ),
x(QL ; A(a)) =0 and x(QL;A(B,(c ,R7))) =0,
from which we deduce as previously that

- c + -—
x (YgeQL ; AO(B (cgsr’))) =o0.
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This index being independent of r we conclude again that
x (ygoQL ;Kf(Bg)) =0
and therefore for all s € [1,m] x(QL ;KT(AS)) = x (QL ;x*(A ))

and so, using the fact that Q is an invertible element of M*(A),

s-1

m
x(Lixt ) =xu;xt @) =x@u;xf @) =-@-n- 37 (a
j=1

j+1) -degP.
This formula was obtained under the hypothesis that P has all its
zeros in A . If we drop this hypothesis then deg P must be replaced
by

ord, P= (number of zeros of P in A) = | ord P.
A a€eA a

5.4.3. Expression of the analytic index (the general case).

We use the notation of the beginning of § 5.4.

Consider ¥ € F;lg(x) . For c ¢ A (this includes the case c = =)
define

ez = g - 4P . alg
n,:=1 1nf(0,sup(ordc(f ¢ +¢) ; ¢ € Fp (x))) .

PROPOSITION. The differential operator L defined in § 5.4 has index
+
in 1 (a)

x(Lix' @) =2- §J_n_ - ] ordp.
c§A a€a

5.5. Computation of the algebraic index.

Let S be a finite subset of P(Cp) with « € S. Assume that the
poles of the coefficients of L=Pg¢ lie in S (with ¢ and L as defined
in § 5.4). Again let L denote the space of elements in ¢p(x) with
poles only in S .

Define for c € S

n,:= 1-inf(0,ordcf).

PROPOSITION. The differential operator L defined in § 5.4 has index
in L

x(L;L) =2- ] =n - ) ordpP.
cES ag¢s
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Proof : We may assume that P has no zeros on S . Then
degP = ) ord_P.
a
ag¢s
1 1 ]

Feees
- X-C
xcl s

Let S={°°,c1,...,cs}, then L =C¢C [x, . For

m = (m,m,...,mg) € xSt let L(m) deonote the subspace of L

. m . m.

i s _oymiy g =, s+1
spanned by {x }i=0 V) (Uj=1 {(x cj) }i=1) . If m' eN we say
that m' >m if m'>m and m{>m;, , lsiss. Definie 7 enst! as
(5.5.1) n=mn_=- 2+ deg P, n; = ng l<igs.

i
It is clear that for mgm', L(m) C L(m'), that L maps L(m) into
L(m+n) and that L =Y L(m) .
m
Choose m so large that Ker(L,L) € Ker(L,L(m)) (hence they are

equal) and such that for m' >m
' -m!

(5.5.2) ordmLxm =-m' -n, ordc L(x-ci) 1=-m]!_—n., 1gi

S .
: 1
1

/N

(This is possible because (5.5.2) is true except for a finite number

of m' ,mi) .

A consequence of (5.5.2) is that

(5.5.3) L(L(m)) = L(L(m')) Nn L(m+n) .

Let G be a complementary subspace of L(L(m)) in L(m+n) . We
claim that G is a complementary subspace of L(L(m')) in L(m'+n) .
In fact from (5.5.3) we deduce that G N L(L,m')) = O . Further as

we are dealing with finite dimensional spaces, it is well known that
_ - _ _ _ s

x (L ; L(m'),L(m*+n)) = dim L(m') -=dim L(m'+n) = - |n| = =n- J ny .

j=1

So this index does not depend on m', and we have the same index for

m' =m.As Ker(L,L(m)) = Ker(L,L(m')), we see that

codim of L(L(m')) in L(m'+n) = codim of L(L(m)) in L(m+n) =dimG,

and this proves the claim.

Then it is clear that G is complementary to L(L) in L(L) and
thus again

227



P. ROBBA

x(L;L) = -n- §] n,
j=1

which, taking into account definition 5.5.1, is the formula to be
proved.

Note : This proposition could also be deduced from proposition 1 of
[ad] .

5.6. Comparison of the analytic and the algebraic cohomology.

Consider the situation decribed in § 5.1. We use the notations
of § 5.1. If F € I+(A) , then the analytic cohomology is trivial as
it is M+(A)dx,/dx+(A) . So we assume that F ¢ x+(A) (and therefore

if 2 = FO%OF-l, Ker(L,JC+(A)) = 0) . We assume also that the
exponents oy are non-Liouville numbers (for example algebraic num-

bers) .
For each ¢ € S define

dc : =-=inf (O,ordc f)

and likewise for c ¢ A define

a & :=-inf(0,ord
c c

*f).

THEOREM. Under these hypotheses, the analytic cohomology is finite.

The analytic cohomology and the algebraic cohomology are isomorphic

if and only if S has exactly one point in each residue class not
contained on A (i.e. card S = card S), for each ce s dc=aE and
p}'dc. Then a complementary submodule of d(FM+(A)) in Fx+(A)dx can
be chosen in FLdx .

Proof : The finiteness of the analytic cohomology results from the
fact that 2 has index in x*(A) (Proposition 5.4.3).

Now we want to know under which conditions K+(A)/£M+(A) ~ L/L .

By our hypothesis Ker(k,x+(A)) = Ker(&,L) = {0}. So we want to know
if
x (% ;M*(A)) = x(2 ;L) .
For c¥ € 3° 1let n « be as defined in § 5.4.3. Then n L=1td
c c c

if p4d _and n _<1+d ., if p|d
c* * c* c

, - *
x° Now if ¢ € S and c=c , one has
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Ec* < dg,, thus
n, = I . (1+4a ) > 1+4d

— * r
cE S,c=c c

ces,o=c*

and we have equality if and only if there is only one ¢ € S such
that c=c* and further a, =d , and p J) g -

c
+ _ = — =
As x(2;¥'(A)) =2- _]_7n ., and x(&L) =2- ] n =
c €A c cES
2 - Z ( Z n_) one can have equality if and only if
* &= —_ % "c
c ¢A ce€S,c=c

*

- for each c¥ ¢ A, card(c € s,c=c") =1

- for each c € s ’dc = dE and p [/ dc'
The last statement of the theorem is a consequence of lemme 3.8.
(Strictly we cannot apply lemma 3.8 as x+(A) is not a complete
metric space, it is only an inductive limit of complete metric

spaces. But all we need in the proof of lemma 3.8 is Banach's open

mapping theorem which is true in H+(A)) .

§ 6. APPLICATION TO L-FUNCTIONS.

6.1. Notations.

We follow Serre's report [Se] (In order to comply with the
tradition, in this § 6.1 only, x will denote a multiplicative charac-
ter and not an index, and y an additive character, later we will
introduce the y-mapping of Dwork which is absolutely unrelated). Let
p be a prime. Let ¢ be a primitive pth root of unity in Cp . For

X ein, let e(x) = cx. Denote by k the field of q==pm elements an
by kr the extension of k of degree r. Let Trr : kr —> Fp be the
absolute trace. If we put wr(x) = e(Trr(x)) for x e Kr , then
*
wr : kr > cp

is an additive character.

alg

For x € TF let Teich(x) € 0319 ¢ €, be the Teichmuller

representative of x. If we put x(x) : = Teich(x) for x € k, then
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x|k* is a multiplicative character of k and
* *
Xy ¢ ki > Cp

is a multiplicative character of k: where for x € kr we define

r— -
Xy (x) = X(Nkr/k(x)) = Teich x( ~1)/(a=1)

Let g € k[x]l, g # O. Let £, h € k(x) such that the pole of £
and the zeros and poles of h are zeros of g. We define the twisted
exponential sum, (TES), Sr(g;f,h) by

S_(g;f,h) : = ) Vv (£(x))x (h(x)) .
o xek ,glx)#0 * r

To these TES is associated an L-function

L(g;f,h;t) = exp( ) Sr(g;f,h)tr/r).
r=1

It is a formal series in t with coefficients in Q(u(q—l)p) (where

for n € W, u, represents the group of nth roots of unity).
Let Z:= {«=} U {x eiwzlg ;g(x) =01}. For x € Z define
n,: = 1-inf(0,sup(ord (f - oT+4) ;¢ € Fglg(x)) .

6.2. THEOREM. The function L(g;f,h;t) is a polynomial in t of

degree xé . nx—2 , except if nx==1 for all x € 2 and

h(x) = chl(x)q_1 with h1 € k[x] where it is the trivial situation
where for all r € N and all x € kr with g(x) #0, \br(f(x))xr(h(x))=mr
with o independant of r and x and then (l-quwt)L(g;f,h;t) is a poly-

nomial of degree card.Z-1.

This result is due to A. Weil [We]. (See also [Sel) .

We want to explain how this result is related to Dwork's
cohomology considered in the previous paragraph. We give a rapid
sketch of Dwork's theory.

6.3. Dwork's theory.

We consider first the case where g(0) =0 . We shall explain
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later how the general situation can be reduced to that case.

Let m denote a solution of
Pl - —p.,

It is a well-known result of Dwork (cf. [La] for example) that

there is a bijective correspondence between the primitive pth roots

of 1 and the solutions m of wp_1==—p under which ¢ corresponds to

n if and only if ¢ =1+ wmod w2 (in ¢p). Further the fonction

0(x) = expn(x—xp), defined near O, has radius of convergence > 1

and 6(l1) = ¢ . Therefore for a suitable choice of m we shall have

for x € Fp : e(x) = 08(Teich(x)) .

s=1 s
Denote 8 s(x):=e(x)e(xp)...6(xp ) i near O 8 s(x)==exp1r(x—xp ).
P p
Then one can express the TES
r
(6.3.1) S_(g;f,h)= J (Teich h(x)) (T 71/ (@ Dg (reich £(x)).
xekr,g(x)#o q

We want now to express this sum as the trace of a linear opera-

tor.

Let T be the maximal unramified extension of @ . Let g*ezlx],
f*, h*e T(x) be liftings of g,f,h respectively. Let A = {x € ¢_ ;
Ig*(x)| =1}, thus A = {x € ]F;lg ; g(x) #0)} . We may assume that the

poles of £¥ and h* do not belong to A . Consider the function

h* (XQ) ) 1/(g-1)

(6.3.2) G(x):=h*(x) ( expr (£% (x)9 - f*(xq))eq(f*(x)) )

h*(x)q
* 9, 1/(g-1)
(Formally G(x) := ({3, expr (£%(x) - £%(x%))) . we claim
h™(x)
that G belongs to the Washnitzer-Monsky's dagger space KT(A) . As
hek(x), h(x)9 = h(x% so |l—h*(xq)/h"(x)q|gauss < 1 and further

the poles of h*(xq)/h*(x)q do not belong to A . This proves that

(h*(xq)/h*(x)q)l/(q_l) belongs to i (A), because (1+u)1/(371) phag

radius of convergence 1.

*
As f € k(x), |f¥x)9-¢ (xq)lgauss < 1 and further the poles
of f*(x)q-f*(xq) do not belong to A, this proves that expw(f*(x)q-

*
£ (xq)) € M+(A) because exp u has radius of convergence 1. As eq
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has radius of convergence > 1 and as If*l 1 with the poles

gauss
of £* outside a, eq(f* x)) ext@a) .

The v, mapping. As ge k[x], if ¢ € %7 (A), the mapping

(6.3.3) x> W E) () = ] ()

z9=x 9

is defined on a neighborhood A€ of A and defines an element wqg of
Mf(A). (cf. [Dw 1]1), and if E(x)==y(xq) then ¢q£ = v. So wq is a

left inverse of the g-th power map ¢q s E(X) +—> g(xq).

The Monsky-Reich trace formula. Consider the endomorphism of
.l..
i (Aa)

Y _°G : £ t—> wq(GE).

This is a nuclear operator (cf. [Mol) and by the Monsky-Reich trace
formula ([Mo] and [Re]) we have

r-1
(6.3.4) (qr-l)Tr(wqu)r= ) ex)G(xY ...c(xT )
x9 =x,xea
(Here we use the fact that O ¢ A). (Remark : Reich proves the trace

formula in the case of many variables under the assumption that the
term of highest degree of g is square-free, which means that in the
case of one variable one can consider only a polynomial g of degree
1. But it is easily seen that, in the case of one variable, the
proof of Reich is still valid under the assumption that the zeroes
of g are simple and this is obviously not a restriction).

Dwork's expression of an L-function as a determinant.

(6.3.5) s, (gif,hit) = (qr-—l)Tr(wqu)r.
r-~1
For r € N let Gr(x) = g(x)G(xY) ...c(x4 ), clearly an element
r
of x+(A). We assert that if x€a, x? = x then
r-1
(6.3.6) G_(x) = (Teich h(x) (T /(@D o (reich £(x)) .
q

Since we are dealing with a product we way consider two basic cases
separately.
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Case 1. h*=1 (so h=1).

Formally,
r
(6.3.7) G, (x) = expr (£%(x) - £%x%)) ,

a formula which may not be used for the calculation of Gr(x) by
composition of the function u +—> expmru with the function

r r
x —> £%(x) - £%(x¥ ). on the other hand 6 (x)P=exp pr (£ (x)-£* (xT ))
r
and there we may use composition . Thus if x€AaA, x = x4 then

Gr(x)P==1, i.e. Gr(x) is a pth root of unity. On the other hand we
may rewrite our formal expression in the form

r r
(6.3.7.1) G (x) =6 _(£¥(x)expr(£¥(x)T - £*¥(xT)) .
q
Indeed observe that for x and y near O, one has

9)

eq(x)/eq(y) = expm (x-y) expn(yq-x

Let R be the radius of convergence of eq (R>1). The functions on
both sides of this equation are analytic functions in x and y in the
set {(x,y) € C; ; |x] <R |y| <R |x-y] <1} . Therefore by analytic
continuation the previous relation is true everywhere in this set.

We use this property of the function eq to rewrite Gr(x).

r-1 ig i+l r-1 i
G ) = 1 epr(f*xT) - T ) 1 e (£*xT))
i=o i=0 9
r-1 ig i+l r-1 i i
=ewmr( J (T - eT e (e 1 e (#*xT)) e (*0T)
i=0 q i=0 9 q
r-1 iag i+l r-1 i i
=0 (£0 epr( ] e - )+ ] ad)-FwT)
q i=o0 i=o0

r-1 i+l ig
+ 7 T -
i=0

r
6 (£ (0))expr(£¥ )T - Fad)) .
q

From (6.3.7.1) we may compute for all x€A
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2

m=
(6.3.8) G (x) = 1+ T (ENx) +. .+ £7(x)P ) mod n°.

r

In particular then for x4 = X, XE€A, Gr(x) is a pth

root of unity
whose congruence class mod “2 is known. This suffices to verify

(6.3.6) in this case.

Case 2. f’=0 (so £=0).

In this case we have formally

(6.3.9) G (x) = (h*(xqr)/h*(x))l/(q_l)
which means that for x€aA,
(6.3.9.1) G, (x)I7 = n* (x3 ) /h® (x)
(6.3.9.2) G (x) = h*(x)(qr'l)/(q’l) mod p .
qr th

These two equations show that if x€A, x =x then Gr(x) is a g-1

root of unity whose congruence class is precisely that given by
(6.3.6).

From (6.3.1), (6.3.4), (6.3.6) we deduce (6.3.5).

For the nuclear operator wqu one can define the determinant
det(l—twqu) and one has the relation

(6.3.10) det (1-ty °G) = exp(- ) Tr(wqu)rtr/r).

r>l

Relations (6.7.5) and (6.3.10) together with the definition of
the L-function give

(6.3.11) L(g;f,h;t) = det(l-tlpqu)/det(l—thqu) .

Cohomological interpretation.

Let F :=h%x)"1/(@ 1) exprf¥(x) and define

(6.3.12) D:=Flox £ oF.

Formally o : = wqu = F-lowqu . As operators on K*(A), D and o com-
mute up to a factor q :
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(6.3.13) aoD = gdoa .

We have te commutative diagram with exact rows

0 —> Rer D —> %' (a) 2> xt@) — '@ prfa) — o

(6.3.14) q“l, q“l al EJ/

0 —> Ker D —> ¥ (a) 2> 3" @@) — #T@) prc'a) — o

But Ker D# {0} only if nx=1 for all x€ 2 and h(x) =h1 (x)q_1 with
alg

hle ]E‘p (x) .
When Ker D = {0} then by 5.4.3

ok + t
dim¥ (A) /DX (A) ==-x(D;¥'(A)) = ] =n -2
xXxe

and then from (6.3.11) and (6.3.12) we deduce

L(g;f,h;t) = det(l-ta)/det(l-tqo) = det(l-ta) .

As a is a surjective map on x+(A), because it has a right in-
verse G—lo¢q, the quotient map a is surjective and hence invertible,

so det(1l-ta) is a polynomial of degree Z nx—2 and this proves the

theorem 6.2. X€2Z

If Ker D# {0}, let u be a basis of Ker D. Then one has
G(x) = wu(xq)/u(x) with w as defined in theorem 6.2, and thus

eu = wau. So if a, is the restriction of a to Ker D, one has

1
L(g;f,h,t) = det(1-ta)/det(l-tga) = det(l-ta)/det(l-tal) =

= det(l-ta)/(l-gwt) .

Further, as previously, o is an invertible map and

aimx"(a) /ot (a) = -xm;xt@a)) + 1= (¥ 1) -2+ 1 =card z-1.
Xe€E Z

This ends the verification of theorem 6.2 when g(0) =0.

We now explain how the general case reduces to the case where
g(0) =0. Let cegk . It follows directly from the definition of § 6.1

that
L(gc;fc,hc;t) = L(g;f,h;t)

where gc(x) = g(x+c), f£(x) = f(x+c) and hc(x) = h(x+c). So, if
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g(c) = O then gc(o) = 0 and the theorem 6.2 is verified. Now let
c € k such that g(c) # O. One deduces easily form the definition
that

L((x-c)g;f,h;t) = (l-w(c)t)L(g;£,h;t)
where

w(c) : = Teich(h(c))eq(Teich f(c))

(with notations of § 6.1, w(c) = x(c)wo(c))-

Further notice that nc==1 because f is regular at c . We know
that L((x-c)g;f,h;t) satisfies theorem 6.2. To prove that L(g;f,h;t)
also satisfies theorem 6.2 it is enough to show that Lu(c)-‘l is a
root if L(g;£f,h;t).

Suppose that there exists c' € k such that w(c) # w(c'). Then
one has
L(g;f,h;t) = L((x-c)g;f,h;t)/(1-w(c)t)

L((x-c')g:;f,h;t)/(1-w(c')t)
and therefore w(c) cannot be a pole of L(g;f,h;t).

If may happen that g is never O in k (even if g is not a cons-
tant) and w(c) is constant for all c€ k (even if nx#l for some x€ 2
g-1
)= )

or h(x) is not of the form chl(x . So consider kr the extension

of k of degree r and let for ceskr define

r
w_(c) : = Teich(n(c)) (T /(@ Dg (rejch £(e)) .
q
Consider the L-function associated to kr

L_(g;f,h;t) := exp( ] S__(g;f,h;t)tF%/rs) .
r s=1 rs

It follows from the definition that

L _(g;f,h;t) = T L(g;£,h; el/1y,
v =1

th

the product being over all r roots of unity, .

If we have not : n =1 for all x€2 and h(x) = ¢ hl(x)q-1 with
hle k(x), then for r big enough, r >rae w, is not constant on kr‘
therefore it follows from the previous discussion that Lr(g;f,h;t)
is a polynomial of predicted degree. If L(g;f,h;t) is not a poly-
nomial, it is a rational function with one pole
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L(g;f,h;t) =

I =2 o0
—

T (w=bt)/(1=w(0)t)
1

and bi# w(0) for all i. If Lr is a polynomial, then there must be

an rth root of unity, v, such that w(O)v = bi for some i, 1sigé .
Let r run through 6+1 distinct primes each greater than ry - By the
pigeon-hole principle there exists an integer i such that
w(O)v' = bi w(0)v", where v'(resp. v") is a r'-th (resp. r"-th) root
of unity r' and r" being distinct prime numbers. It is clear that
v' = v" =1 and w(0) = bi , contrary to hypothesis.

Consider now the case nx1=1 for all x€ Z and h(x) = ¢ hl(x)q_1
for some h1€5k(x) . Let 9o ¢ = X9 . We are in the situation where

Ker D # {0}, and we have seen that G(x) = wu(x9) /u(x) where u is a
basis of Ker D. Therefore a(l) =¢(G) =w which shows that w is an
eigenvalue of a and therefore of a . As

L(ggif,h,t) = det(l-ta)/det (1-qut)
we see that (l-wt) divides L(go;f,h;t) and therefore
(1-quwt)L(g;f,h;t) = (l-qwt)L(go;f,h;t)/(l—qmt)
= det (1-ta) /(1-wt)

is a polynomial.

§ 7. ESTIMATE OF THE p-ADIC MAGNITUDE OF THE ROOTS OF THE L-FUNCTIONS.

We have seen in the previous paragraph that, thanks to Dwork's
theory,
L(g;f,h;t) = det(1l-ta)

where o was a linear mapping in some finite dimensional space. If we
write L(g;f,h;t) = H(l-wit), then the wy are the eigenvalues of our
mapping a . The purpose of this paragraph is to obtain an estimate
of the magnitude of the coefficient of the matrix of o in a suitable
basis. From this estimate we shall deduce, by a well-known procedure,
an estimate of the p-adic magnitude of the Wy . With the notation of
§ 6 we shall consider only the case :

a' :
g(x)=x, h(x) =1, f(x)=i2d uixl with 4, 4'>1, pfda, pfa',
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u_d#O, ud#O.

7.1. Notations. (We change slightly the notations of § 6).

4a’ .
We consider f£(x)= 7} Hixle F m[x,;lzl with &4, a'2>1, p/fa,
i=-d P

a’' .

p/fd' and G_d?‘O, Ed' #0 . We consider a lifting £%(x) = ) uixl
=g
a' . y
with ui==Teich(Ei) . We shall write £%%(x) = Y uipxl.
i=-d

Let A be the unit circumference C(0,1). Then K+(A) can be iden-

tified with the space of Laurent series € ¢p[[x,%]] which converge

in an unspecified annulus ¢ < |x]| < 1/¢ with € <1 . Then for
+- 00
g= 7 anxn € M+(A)
n=-—oo
1 n
== z) = a x .
ey ) =5 ] £(z) =] a,
P_ n
z¥=x
_ L : _ -1 d _ d +
Let F : = exprf (x) and define D:=F oXgz °F =x gx + mxf (x).

It is clear that D is injective in K+(A) and therefore by proposition
5.4.3 DﬂT(A) has codimension d+d' in K+(A) . By theorem 5.6 a
complementary subspace of DCp[x,%] in cp[x,%] will be a comple-

~

mentary subspace of DK+(A) . One sees easily that B=={xi}_d<i<d._1
N S

form a basis of such a complementary subspace.

Let G(X) : = expn(f*(x)-f*(xp)), G € Mf(A) . Consider the map-
ping o : =yoG of K+(A) into itself. We define the matrix T = (yij),

-dsisd'-1, -d< j<d' -1, of the quotient mapping o in wt (A)/DJC+ (a)
related to the basis B by
i 4a'-1 . +
(7.1.1) a(x’) = ] y;;%x) mod DX (A) , -d<i<d'-1.
j=—a I
The main purpose of this section is to give estimates for the
p-adic magnitude of the coefficients Yi

3
We shall use the usual additive valuation on Qp ord, normalized

by the condition ord p=1. [ ] will denote the "integral part".
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7.2. THEOREM. Assume that p>5 . Then

o

ord y__ =0 ord vy, >0 if i#o0 —-dgigd'-1
(7.2.1) 0 r
1 ord v, > 1 -d+1gigd'-1.
i,-d

ord Y_q,-a"=

For 1 <k <d'-1, define pk = sid'd—qi, [OJRS si, 1&g qﬁ

=K - Py_1_
ord Yq]'(,k p-1 {k d']p—l
Sk
- 1 Al
(7.2.2) ord Yi,k 7 =1 d\<1<qk
Sk e
ord Yi,k>§—‘T qk<1sd-1 .

For 1skgd-1 define pk=skd+qk, Ossk, 1<qk\<d—1. Then

Sk py_1
ord Y.q ,-k = p1 - [* dlp1
Sk
(7.2.3) ord Yi -k > 5—_—1 —qk< igd'-1
r’
Sk
ord Yi,-k }-p—_—l' -dsi<—qk .

7.3. Before proving this theorem we give some consequences.

As (p,d') = 1, we see that qi{#qé for k# j. (and likewise

qkyéqj for k# j). Therefore in the expansion of det(l), the dominant
d'-1 d-1

I y_, o y_ _» + the other terms having
k=1 kX x=1 "Ik

term is Y0,0 Y-4,-d

greater valuation. Therefore using lemma 7.11 one gets

d'-1 d-1

- ) 1 Pl -
ord(det T) = k£1 [kaE.-]P_l + k£1 (kB oy + 1
_ (d'-1) (p-1) , (d-1) (p-1) _ a+a’
B == X == R S

7.3.1. It is well known that there is a functional equation relating
the inverse roots of L(g;f,h;t) with those of L(g;-f,h-l,t). Speci-
fically these inverse roots may be paired so that the products of
each pair is g. (In § 8 we give a demonstration of this functional
equation based upon Dwork's dual theory). Letting e (resp. e') denote
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the coefficient of the term of highest degree of the first (resp.
an) L-function, we conclude that the product ee' is a certain power

of g. Now e lies in Q(u(q_ ) and e' is its image under complex

conjugation, i.e. e and e' ;;g conjugate over Q@ but not necessarily
over QP . If however m divides g~1 and h is the (g-1)/m power of an
element of Fq(x) then e lies in Q(upm) and so in particular if h=1
then m=1 and e and e' are elements of Q(up) conjugate over @ . This
field has precisely one p-adic valuation and so regardless of our
imbedding into CP, |e|] and |e'| coincide if h=1, and so |e| is
known. In the case of gauss sums the L-functions are polynomials of
degree 1. In this case h# 1 and |e| needs not coincide with |e']| .

7.3.2. For the application to L-series we are interested in fact in
m-1 m-1
the mapping o o...o o whose quotient mapping has matrix r° eeo T

in the basis B . Then the estimates of theorem 7.2 together with the
results of [Ma] and [Ka 2] on semi-linear mappings yield the follo-
wing result :

m-1
7.4. THEOREM. The Newton polygon of the eigenvalue of r° ... is
above the Newtion polygon with slopes
0, [kFrlgly for lsksd'-1, [k§lgiy for lsk<d-l, m

and their endpoints meet.

(The fact that the endpoints meet is just the result on the
estimates of det I' mentioned previously).

7.5. If p=1 mod 4d' (or d'=1) and p=1 mod d (or d=1), then

v v _ -1 _ _ Py _— -1
aj = k, sp = [kaPT] —k[%1—], q = k, s = k3 -k%

so in that case we can show using the result of Sp , that the two
polygons coincide. Precisely :

THEOREM. If p=1 mod d' (or d'=1) and p=1 mod 4 (or d=1) (and

m-1
o

p > 5) then the eigenvalues (mi), -dsigd'-1, of T ... ' can be

arranged so that
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ord(mi) =m i/4a* Ogigd'-1

ord(w_i)=m i/d lsiscd .

7.6. We note that in the case f£* (x) =x+x_d, Sperber has obtained
more precise results (unpublished). He shows that for p=1 mod,
p > 2(d+1) the Newton polygon of the eigenvalues lies above the Newton

polygon with slopes {0, %,...,d—;l , 1} which is precisely the Newton

polygon for the eigenvalues when p=1 mod 4.

The fact that for pZ1 mod d the Newton polygon of the eigen-

values lies above the other Newton polygon is illustrated by the

example f(x) =x+x_3 . Then for p= 2 mod 3, p>>0, Sperber shows

(unpublished) that the eigenvalues have valuations

-2 1 2p-1 _ 1
o, BFezy, EBE-ngg,.

7.7. We turn now to the proof of theorem 7.2.

Define the coefficients a, 3 by the relations
’

ar-1 .
(7.7.1) x*= 7 a_ .x) mod px' (a) nez .
tg nid
3
LEMMA. For n>d'
ord a > -(I3rl-1)/(p-1) -d<3j<O
(7.7.2) n.J a’.
> - [ETJ‘I/(P_]-) Osjgd'-1 .
For n>d
ord a_ 4 » - B /(p-1) -d<j<o
(7.7.3) ! -
> ~(EF-1)/(p-1)  o<jed'-1 .
Proof : For n3xd'
L]
—A -3 o -
p(x""%") = (n-an)x™4 + 4 7 oju.xdth a’
j=—a = )
and thus
d+d" )
(7.7.4) xP = 2 mmd Y wex™ noa bt (a)
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where * is used to indicate that we have a coefficient which is a
p-adic integer. Therefore

* d+4’
®n,5 = 7 ®n-a',j * i£1 * @n-i,j
and
(7.7.5) ord an,j ;mln(ord(an_d,,j) —1/(p—1)’lsTig+d' ord(an_i’j)).

So the inequalities (7.7.2) are easily proved by induction once they
have been proven for d'g n <2d'. But then they are easily deduced
from (7.7.5) noting that for -dsi,j<d’ ai'j==1 if i=3j and ai,j==o
if i#3.

For n>d
dl

D(x ™) = (cn+@)x ™94 q § ju,xITRH
j=-a
and thus
d+d'-1 :
(7.7.6) = 2Ty U] eyt
i=1

therefore " a+d'-1

a.n,j =7 %-n+da,5 ¥ L *a_p+i, g

i=1

(7.7.7) orxd a_n, 5 >min(ord(a_n+d'j)—l/(p—l), min ord(a-n+i,j))

lgigd+d'-1

and then inequalities (7.7.3) are proven in the same way as inequa-
lities (7.7.2).

7.8. We shall write
x * ar i 1o

G(x) = expr(f (x) -f 9xP))y = 1 expw(u.x.-—u?xlp)
—a i%i i n

|
Il o~

=3
o]

H]

LEMMA. For n >0

Proof : We recall ([DW 11 § 21) that the function 6(x) : = expw(x-xp)
converges for ord x >-(p—l)/p2 and satisfies ord 6(x) = O. There-
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fore for i>0, expw(uixl-ugxlp) = e(uixl) converges for

ord x >—(p—1)/ip2, while e(u_ix-i) converges for ord x <(p—1)/ip2.
Therefore G(x) converges for —(p—l)/d'p2 < ord x < (p-l)/dp2 and
besides ord G(x) = O. This implies, by Cauchy's inequalities,

. : 2
1nfnao(ord hn—n(p—l)/d'pz) > 0, 1nfn<o(ord hn+n(p—1)/dp ) >0

which proves the lemma.

7.9. We shall need more precise estimates.

For the rational number a, let ]al denote the smallest integer

>a. Thus Jal =[al] if a is an integer, otherwise Jal =1[al+ 1.

LEMMA. Assume p>5 .

For Os<n<3pd' ord hn > ]di.[ —ii .
n 1
For Osns 3pd ord h__ > ]3[ -1 -
I_f n=sd', Oss<gp-l, Ordhn=p—f-I=arlrf)—i—l~.
S n 1

If n=sd, 0sssp-l, ord h__ = — =35 — .

Proof : Recall that the Artin-Hasse series
3 ps s
E(x) = exp( Z xv /p7)
s=0
belongs to Zp[[x]] . Therefore
o s o 2
0(x) = E(mx) I exp(- (nx)p /P”) = E(wx) mod xP
s=2
If we write 6(x) = ) c.x3, we obtain
jzo
”~
. . 2

ord ¢y = j/(p-1) , Jsp-1

ord cj = j/(p-1) , jsp-1
and we have seen in the previous lemma ord cj ;j(p-l)/p2 for all j .
We have

+ a' .
) hnxn = I ) c.(ukxk)J e(uo)
n=-« k=-d jzo
k#0
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and so
j_d jdl
h = 6(uy) Y cj-d...cjd' U_g ---Ugs

the sum being taken over all families (jk)-d<ksd' such that
~

4’ k#0O
kjk==n. Let us write when Og< ng 3pd’
k=-d -1 dz,
kj, = -s, kj, = n+s .
dl
Therefore Z jk;n/d' and we have = only if d'jd, =n, s=0 and ik=0
k=1

for k<d'. The hypothesis p> 5 implies p-1> 3p/(p-1) and so if jkz,p2

one has ord c. ;jk(p-l)/pzz.(p—l)> 3p(p-1) > ]J¥[ —%—.
Jk d 1
If for all k<1 3, >p° -1 then
ar 3 a° ar
k . n 1
ord( T c., u, ) > J} ordc. 2 )} 3./(p-1) 2]l=v[ =+
k=1 Ik ¥ T k21 Ik T k21 K o 1
n 1
sSO ord hn > a*.- -I—)_—l' .
If n=sd',
s _ _ - n _1
ord(csud.) = s/(p-1) = a p-1°'
while if (j_d,...,jd.) # (0,...0,s8)
J Jq a'
-d d . n 1
ord(cj_d...cjd' U_g ---Ugqe ) o> (kzl J)/p-1) > gv o=
which implies
ord h = L _L_
n 4a' p-1 °

'
The case of h_n with Os ng 3pd is treated in the same way.

7.10. Proof of theorem 7.2.

+o 4+ d'-1

i i n k +
a(x¥) =y(x'G(x)) = J h_ __.x =73 h_ . ) a_ ,x mod DX (A)
ne-e DP-1 ne—eo DBP1 .0 4 n,k
and so
+oo +oo +oo
.10.1 R : = .+ h . + h . .
7 ) Yi,k nz_m hnp—-:.an,k hkprl ngd' np-i an,k nzd+1 -np~i a—n,k
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We consider first the case Ogskgd'-1. We first estimate

ord hkp-i . Let

pk==sid' + aqy [ IR si , O & qi < d' -1 .
if i=q]'(, kp-i=s]'<d' and ord hkp-i=sl'§/(p_1) (lemma 7.9)
(7.10.2) { if q'k<i<d'-1, 15 =5 and omd b, >si/(p-1)
if -dgi<qgl., ]%[}s)'c+1 and ordhkp_i>s]'</(p-1) .
We shall now show that for nzd' or n<-d ord(hnp_ian,k) > s /(p-1)

if i»> qi and ord(h sk/(p-l) if ig qi and this will end the
proof of (7.2.2)

np—ian,k)>

i) consider the case d'«<ns 3d' and np-i<3d'p. By lemma 7.7
and 7.9, recalling that k>0,

(7.10.3) ord(h,_;a; 1) > (12B7dp - [ndél.‘l)ﬁ }

Observe that for two rational number u and v
(7.10.4) Jul = [v] 2 Ju-v ]
(7.10.5) Jutv[ 2 Jul + [v] .

Thus we deduce from (7.10.3)

n(p-1)+k-i; 1 (n-k) (p-1) -1 k 1
ord(h,,_ja, ) > 1RSSR S0 o ESGR20+ 1@R g -

Now observe that ](n-k)é “1)-i > O is equivalent to

(n-k) (p-1) - i>-d' and this is satisfied because i<d' and n-k>0.
So for all i

> (KR L

ord(hnp—ian,k) Z ' d'""p-1 °

_ 4 kp-q,
Now observe that ]n( é)+k =i [g?] = __ETE is equivalent to

n(p-1) +k - i='kp—qk and this is satisfied if i< qk because then
(n=-k) (p~1) >0 >i—q]'( . Thus for i< q]'<

k 1
ord(hnp-ian,k) > 1521——— .
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ii) Consider the case d'¢ng3d' and np-1i>3pd'. By lemmas 7.7
and 7.8

np-i p-1 _ n-k, 1
ord(hnp-iank) > =g pz [T]——p-l
2
p-1 _ 3d'-k, 1 p-1 _ _3 _ 3(p”-3p+1)
>3 5 (=gl 235 o1 >
P -pP
2
and for p >5 one has 3( ;3 t1) o, > [%‘?1%. So for all i
P -p

kpy_1_
ord(hnp_iank) > [d']p-l .

iii) Consider the case n> 3d'. By lemmas 7.7 and 7.8

np-i p-1 _ n-k _1
ord(h ,_jan,x) > ~g 02 0 d BT
' 2 2 ' 2
,hp-d' p-1 _ n _1 _ n(p(p-1)“-p7)-d'(p-1)
z7a 2 a p-1 - 2
P d'p©(p-1)

3 (p3-3pz+p) -(p-1) 2 - 393—10p2+5p-1
p? (p-1) p? (p-1)

>

]

3 2
and for p>5 one has 3p~-10p +5p-1 , , > [—1?1—1— .
pZ (p-1) p-1

[oF

iv) Consider the case n<-d. We write -n instead of n. For
-n < =24

np+i p-1 n-1 1
ord (h >, npti p=1 _ ([—d—-]-l)ﬁ

a )
-np-i“-n,k’ 2 7 4 2
np n p

5 np-d p-1 _ (n-1_,, 1 _ n(n(g--l)2-pz+d(pz-(p—1)2)+p2
d p2 p-1 p-1 dp2 (p-1)
> 2Lp(p-1)2—pz)+pz-(p—l)2 _ 293—622+4p-1
pZ(P‘l) pz(p—l)

3_¢.2 _
and for p:5 one has _Z_P_Z_EP_*’AP_l > 1.
p-(p-1)

For -2d <-n<-d and np+i< 3 dp, by lemmas 7.7 and 7.9 and
(7.10.4)

ord(h ]I—‘%lj—' L

iy - (2 -Lgh

-np—ia-n,h) > p-1

L yaepaLL
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For -2d < -n< -d and np+ i > 3dp, by lemmas 7.7 and 7.8

np+i p-1 _ n-1, 1
ord(h-np—ia—n,k) > =3 d (=371 1)———-p_1
s3dppzl | 2 _ 45 _3_ 3
d p2 p-1 P p-1

and 3~ (3/p) - 2/(p-1) >1 for p>5.

This ends the verification of (7.2.2). In the same way we prove
(7.2.3) for O<k<d-1. Observe that (7.2.2) for k=0 together with
(7.2.3) for k=0 gives the first half of (7.2.1).

It remains to estimate ord(y; _q) . One has by lemma 7.9
4
dp+i, _1 1 . .
Ord(h_dp_i) > [—Ed—-]i;_—l- > -1 > 1 if -d+1gsigd'-1

and

_dpmn) 1,

ord(h_dp_d) 3 -1 .

And then the same computations as previously shown will show that

ord(hnp_ian -d) 21 for n>d' or n<-d and all i€ [-4,d'~-1], ending
r

the verification of the second half of (7.2.1).

7.11. LEMMA. Let p, d € l\l"‘ be such that (p,d) =1 . Then
d-1

_ _ (a-1) (p-1)
(7.11.1) Sp,4 k£1 k gl >

Proof : We prove the formula by induction on d . Observe that tri-

vially for d=1, Sp'1=0.
Write p=sd+q with s>20, 0<g<d. We have (q,d) =1 and
d-1 d-1 d-1
s = k Bl = ks + kg =481 + .
p.d kzl k gl k£1 s k£1 k F! 37— ds + Sg 4

So we consider the case 1sg<d and (q,d) =1. For 1k d-1, one has
[k %l = 3j for

. d . d
(7.11.2 = < k < +1)= .
) 3gs (3 )q
But as (q,d) =1 and j<qgq, J gd is not an integer and (j+l)—i_iI is not

an integer either except for j=g-1. Therefore (7.11.2) can be
written
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(7.11.3) [ %l <k < [(j+1)%]

except for j=g-1 where we have k <d-1 . We obtain

d-1 g-=2
- d, = S (541081 - (54 - -1) - (g-118 ) =
sq,d-kzl g 1 jzl JOIE+DF - gl + (@-1) (@-1) = (a-1)g )
= a qil 4 = a
= (g-1) (d-1) 5 ig = (g-1) ( -1)-—sd,q .

As g<d we can use our induction hypothesis for Sd q and thus we
’
obtain

= - - _ (d-1) (g-1) _ (d-1) (p-1)
Sq,d = (g-1) (d-1) 5 = >

and therefore

_ d-1 _ _ (d-1) (p-1)
Sq,d = —5—(ds+q 1) = 3

§ 8. DUAL THEORY.

We shall give the proof of the functional equation of L(g;f,h;t)
(cf. 7.3.1). We follow the exposition of the functional equation?’of
a special case given by Dwork in [Dw 1] . For details we refer to
that article.

8.1. The Frobenius map.

Let T be the maximal unramified extension of Qp . Let o be the
unique automorphism of T which lifts the Frobenius automorphism of
F;lg, x —> xP . If feT(x), then £f° is the rational function ob-

tained by applying o to the coefficients of f .

Let S be a finite subset of T with O, » € S and such that for
all c, c'es-{=}, c#c' implies |c-c'|=1. Let f& T(x) with its
poles in S and _|flgauss= 1 such that for all ces if dc : = -ordc £
then d =-ord £, d_ > 1 and p,l/dc . Let he T(x) with, its poles and

zeros in S. We shall write F(x) := h(x) (T oxprf(x). Let A be

the union of residue classes not containing points in S .

We introduce the differential operator

el 4 . 4 v _ _x h'(x)
Dp =F "exgroF =x g2+ mxf g-1 h(x)

. By 5.4 we know that
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wF = K+(A)/DFK+(A) is a vector space of dimension 6= Z (dc+1) -2.
- ces
By 5.6 we know that we can choose representants of W, in L(c). We

shall choose as basis of HF H
(8.1.1) B={x,0¢ica_-1;x1

,lsigd  ; (x-c)'i,1<i<dc+1, ces-{0,»}} .

O

Recall that g= pm. For 1< j<m define

b _ J(qe J
FO(x) : = h? (%) a/p- (a-1) exp £97 (x) ,

oo oj 0j+1 P .
and F° =F . Let Gj(x) :=F (x)/F (x*), O jsm-1. By writing
m-1 m 1/(qg-1)
Go(x) = h(x) (W xP)P /n()P) 6(£) expr(£(x)P-£%(xP)), and
3j m-7j . . .
g PP 1/(g-1) j-1 j-1 b
G, (x) = (BLx7) - 0 (£°7 ) expr(£°7  (x)P-£9 (xP)))
J oJ 1 m-Jj+1
h (x)P
3
for j>1, one sees that GjEQK+(A° ) and thus one can define woGj
PE +, gi*l gi*l -1 oI
acting from ¥ (A~ ) into ¥ (A ). (Formally woGj==(F ) opoF .
]
If D j is the differential operator associated to F°
FU
je 3
D 3 = x é% + (FG )/FU one sees that
(o}
F

(w°Gj)°D cj = pD Oj°(‘ll°Gj) .
F F
Therefore one can define a mapping on the quotient space (the
Frobenius map)
a s 2 W s — W
F F F

cj+l

j
where a .(E) = (YoGi)E mod D . JC+(AO ) .
o3 J oJ

F F

In §§ 8.2-8.5, for simplicity of notation, we restrict our-
selve to the case j=0 (and write G instead of GO), but it is clear
that everything remains true in the general case.

8.2. Analytic dual theory.

We introduce the notation for ce€ S - {«}
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T, = x-c¢
and for c=«
T = 1/x.
For c€ S we define
ﬁé = ring of Laurent series in Tc with coefficients in €_ which

represent functions analytic on an annulus O < €q <|Tc| <1 with
unspecified €g -

ﬁc = subring of Taylor series in T_ converging for |Tc| <1,
with the further condition, when c =«, that these series have non

constant term (they are O at «) .

We set

R
c

R(s) = @
CES [o]

We note that for each c€ s, J(‘+ (A) Cﬁc': , and we imbed JC+(A)
diagonally in R
M+(A) 3 nt+— (n,n,...) € R .

We define Pc (principal part at c) on ﬁé by

+
- ]
P, : R > 3" (A)
Y ay Tg c # o
.jlwaj Te i (o) R
3 y a, 1] c=o

Jj=—c J *

We have a natural projection of f' into M+(A)

v, + & — @)
£ = () —> }J P, E_ .
c'‘c€S ces c °c
We set
Y_ = I"Y+

a mapping of ﬁ' into R . The mapping y_ annihilates K*(A) and so
A A +
R' = R e X (A)

with yv_ (resp. Y+) as the projection on the first (resp. the second)
summand.
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We define the residue map for ﬁé (ces)

A
. . v
Resc : Rc > (LP
+o 3 -a; if c=e
Z an T
=—w a if c#Feo .
-1
We pair R' with itself by
<g,n> = ) Res_ E_ n, -

CES

This pairing restricts to a perfect pairing of R with :Kf (a) . If L
is an endomorphism of R' stable on JC* (A) and if ¥ is an endomorphism
of R' dual to L under <,> , then ('Y__oL*) Iﬁ is the unique endomor-
phism of R' adjoint to Ll:l(* (A) under the induced pairing of R with
1t @) .

In particular consider the endomorphism DF = F_lo X a%{- oF as

componentwise mapping of R®' into itself, its dual endomorphism in

Ay d -1 _ d -1
R' is =“F o —ox F = - oX s—ox F = =D and therefore the
dx dx -
*

x|

1
XF
adjoint to DF|JC+ (A) in R is DF = =y_D -1 We shall denote by _ISF
xF

the kernel of D; in R. We claim that dim EF

Ky can be identified with the dual space of W,

= dim W, and therefore

under the pairing <,>.

Let V be the space spanned by the basis B (8.1.1), imbedded
diagonally in R' . As observed already dim V = dim W

P -
Further for ¢ € ﬁ, D;F, = O is equivalent to D -1 EEV. So all

we have to prove is that D ol defines a bijectio}r{zFof Ky onto V,

i.e. that for each n € V, tfxere exists Eceﬁc , such that D -1 €c= n

xF
for all ce€ S. Indeed we are exactly in the situation discussed in

§ 5.4.2 b) : in the generic disk of the circumference ITCI =r, r<l
d_ +1

the solution F(x)/x has radius of convergence r if ¢ # » (and

d_-1 a_+1

r if ¢==). Therefore the differential operator T c D , if

-1
d, a-1 xF
c#0, (T D -1 if ¢c=0, T D
xF XF

endomorphism of the space of analytic elements on the ball |Tc| <r,

-1 if ¢=») has index O as
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and therefore defines a surjective map from ﬁc onto itself, and thus

-(d _+1)
b _, defines a surjective map from ﬁc onto T, ¢ ic if c#o0,
xf
-4, -(a_-1),
=(onto T, "Ry if ¢=0, onto T, R, , if c==) which is all we

wanted to prove.

8.3. The dual of the Frobenius map.

The mapping ¢ of M+(A) into x*(A“) may be extended to a mapping
of R'(S) into R' (s%). The mapping ¢ of x*(A°) into K+(A) extends to
a mapping of R' (s°) into R'(s) by

z = (¢ ) — (z _(xP)) = ¢z.
c c€S [e] cCES
Under the pairing <,> of R' with itself, ¢ is the dual of y o

([DW 1] , theorem 4.3). X

1
p-1

Under the pairing <,>, the dual to the map oG : K+(A)-—>KT(A°)
is the map w:=1vy_ «P7! Go¢ of R(sY) into R(S). Further o maps K
F

into Kp and putting a; 1= wl|K g We conclude that u; is the dual of
op - ([DW 1] lemma 4.4.3).

8.4. The symplectic structure.

We have seen in 8.2 that D _, defines a bijection from K onto

xF 1 F
V, and in 8.1 that the natural map of xf(A) onto W -1 defines a
XF
bijection of V onto W -1 - Taking the composition of these two maps
XF

we obtain a bijection D_ from K_ onto W

F =F L §

XF
D -1
D, : K XF__, \ Proj., y .
F ° =F - L |
XF

We claim that the following diagram commutes with a factor p
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D oy=-1
F° x(F)
Explicitly
A -
(8.4.1) Bpoak = p a™l_ oD _
xF F
as map of XK into W _, .
F xF
But a -1 = Woxl-pG_l, a-l_l = xp_IGo¢ (the indicating
xF xF

that we reduce to the quotient space). So we have to verify

(F/x) ox iloxF_loy xp-lGo¢ = pxp—lGodw(Fc/x)ox—d-—ox(FU)-1 moedD _ x+(AL
dx b dx XF 1
As for all cesﬁ' Yy CGXT(A), D -1 Y4 T €D -1 x+(A) and so we are
xF xF
reduced to the verification
D _1°xp—1Go¢ = pxP " 1Go¢oD -1
xF x(F")

and this reduces to the well-known property

d _ d
p¢°xE—Xao¢ .

8.5. Estimate of the magnitude of the determinant of the Frobenius

matrix.
In this paragraph we assume h=1.

We now choose bases in our different spaces. In W,, W

F' = _-1"'
xF
(resp. W , W ) we choose the basis image of the basis B
-0’ = og,=1
F x(F")
(8.1.1) (resp. BY) . We shall denote I'_ the matrix of a_ related to

F F
these bases, and likewise we define T -1
xF
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In Kg (resp. K c,) viewed as the dual space of (EF) (resp. W )
F

o
F
we choose the dual basis. Then the matrix of a; will be the transpose
rt of T, .
F F
Denote AF and A the matrices of D_ and B associated to these
Fc F FU
bases. We deduce from (8.4.1) the relation
t S -1
(8.5.1) det AF det re=rp det T -y det A o
xF F
where 6§ = (dc+1)-2 is the dimension of all these vector spaces.
CES
Now observe that the coefficients of AF depend rationally over Qp(ﬂ)
upon the coefficients of £, and thus if we replace f by £9 we see
that det A s = (detl¥)°, so the quotient of these two determinants
F
is a unit. Also it is known that det FF = det FF.

Observe that x is an invertible element of M*(A) and we have the
commutative diagram

+ mult by x_1 +
¥ (A) > ¥ (A)
D b _
Fll lel
+ mult by x ! +
¥ (a) > ¥ (A7)

so we have, going to the quotient space, a natural isomorphism

-1
W —% - w .
gL “xr 1

Likewise we have the commutative diagram

-1
% (a) X > 37 (a)
- 1-p _
YoG 1 Yox G 1
+ x ! t
Ay —F S x"@a)

from which we deduce the commutative diagram
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-1
By ¥
F xF
a o
F'I[ J xF~!
_l0
W > W
(FU) 1 x(FU) 1
—_10 Tl [
Taking bases, we see again that Matrix(x ) = Matrix(x 7) and
therefore |[det T _,| = det|r _,| .
F xF
Now F(x) = exprnf(x) and F_l(x) = exp-nmf(x) . So we go from F
to ]:"_1 changing 7 into -n . The equation xp-1+-p is irreducible over
T and hence n —> - defines an isomorphism of T(w) over T . Since

T is complete this isomorphism is an isometry

|det T = det|T

rl -

1|
F 1
Eventually (8.5.1) gives
laet r, |2 = |p°|
or
|det 1| = p-G/2 .

8.6. Functional equation for the L-function.

We consider again the general case.

Let m ejN* and let g = pm. Consider the L-function introduced
in § 6 L(g;f,h;t). We shall denote by f (resp. h) a lifting of £
m m
(resp. h) in characteristic O such that £ = f (resp. h® = h). Let
m
A be the union of residue classes where g # O. Then a° =na.

As the additive (resp. the multiplicative) character takes its
values in “p (resp. in “q—l)' the complex conjugate of Sr(g;f,h) is

Sr(g;—f,h_l) and thus the complex conjugate of L(g;f,h;t) is
L(g:-£,h71;¢) .

In § 6.3 it has been proven that

(8.6.1) L(g;f,h;t) = det(l1-ta)
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with o =a _ . e...oa o ap (where F and ap are defined in
Fo F
§ 8.1).
o™
We observe that F = F . It is clear that to replace (f,h) by
(-£,h"!) is equivalent to replacing F by F 1. Therefore
(8.6.2) L(g;-£f,h"};t) = det(1-tf)
with B = a Gm—l -1 °+--° uF_l.
(F )
Write (8.4.1) in the from
* A=l -1
(8.6.3) B oaroD t =pat_. .
F F Fo P 1
Then one deduces
A * * A-1 -1 -1

(8.6.4) DFano...oa cm_1oDF =q XF_]O...oa om-l -1

F x(F )

=q ;oa-ilo...oa- o.m_l -1 ox-l
(F )
with x and x_1 as defined in 8.5. This can also be written
(8.6.5) Bpe (@ o D' =aXe (M 'ox?
and therefore by (8.6.1) and (8.6.2)
L(g;£,h;t) = L(g;-£,h " ;1/qt) .M

where M is an monomial in t chosen so as to make the right side a
polynomial in t with constant term 1. Precisely M = tha/deta'
(6 as in § 8.5).

In particular

deto detB = q6
and therefore
- _ 8/2
|detaly = a .
In the case h = 1 one sees as in § 8.5 that |deta| = |detB]
§/2

(p-adic valuation) and so

|deta]| = q

We thus recover the result

of § 8.5. We gave the proof of § 8.5 because it is valid even if

fd

m

is different of £ for all m.
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§ 9. THE GENERALIZED ADOLPHSON INDEX THEOREM.

In this section we abstract the technique of Aldolphson [Ad] so
as to make it applicable to systems with irregular singular points.
We use the notation of Adolphson but avoid characterization of sin-
gular points until the very end.

Let A be a kxk matrix with coefficients in Q(X). Let

Qn[x] = vector space of polynomials of degree < n

Qn[(x—a)_l 1

] = vector space of polynomials of degree < n in %=a -

For a€ Q, reR, r > 0, let F(a,r) be the set of all functions
holomorphic on D(a,r+)c and vanishing at infinity i.e.

1

F(a,r) = {£ e€(x~-a)" Q[[(x—a)—l]]|£ converges for |x-a| > r}.

F (a,r) = {g, +£,]e; € F(a,r), &, € P x1y.

We define
F(o,r) = {te€q[lx]1]|]g converges for |x| <r}.

We choose P € Q[x] such that the matrix P.A has polynomial entries.
A polynomial having this property will be said to be suitable for A.
Choose N > O, such that (D-A) maps F(a,r)k into FN(a,r)k.% . This N
may be chosen independent of a € Q. For example it is enough if

N

A\

deg(P.aij)- 1
N > deg P-2
N >0 .

Such an N will be said to be suitable for A . We define (for a € Q)

1 1 k
G, = (;:3 9[;:;]) '
n _ 1 1 1 n k
Gy = P (x) (x73 ezl + @ [xD
also
G, = (alxn¥
G: (57&7 ﬂ[x])k (so n as element of W

plays no role here).
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9.1. Global Theory.

Let {al,...,an} be a set of points in @ and {rl,rz,...,rn,rw}
a set of positive real numbers. Let F = F(rm,rl,...,rn) be the

space of functions holomorphic in the region

ncys

S = p(o,r]) -
[o]

+
L D(ai,ri) .

We assume that each D(ai,rI) lies in D(O,r_) and that the disks
D(ai,rI) are pairwise disjoint. By the p-adic Mittag-Leffler theorem

n
F =F(~r,) © @ Fla;,r;) .
i=1
Let
= 1 1
E=Qqlx, %=a '"'"’'%-a |
1 n

Finally we assume that each disk D(ai,r;) contains at most one zero
of P. If it does contain a zero of P then we assume the zero to be
ay itself. We assume that no zero of P lies in the disk |x| > r at
infinity.

THEOREM. We assume

Hl Ker(D-A,F(ai,ri)) C Gai i=1,...,r

Ker (D-A,F(~ , r_)) C G,

1 k.
= FN(ai,ri)k/(D—A)F(ai,ri) i=1,...,r

|e

N
Gai/(D-A)Gai
AN/ (-ne, v L Fle=,r )%/ (0-a)F (=, £ )" .

We conclude that

(9.1.1) Ker (D-a,F%) c X

(9.1.2) 1L X/ 0-a)R* » § F*/ (0-a)F" .
Proof :
Let £ € Ker (D-A),FY),

E = E tEy e +E,

where £y € F(ai,r.)k (resp. : E£_ € F(m,rm)k). Hence

1
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-P(D-A)El = P(D-A)E2 +...+P(D-A)E_ .

The right side is analytic on S u D(al,r1+) while the left side is,
aside from a pole at infinity, analyvtic on D(ai,r;)c. Hence P(D—A)g1
is a polynomial and so by hypothesis H2' there exists n, € Ga such

that ) 1
(D—A)El = (D-A)n, .

But El-nl € F(al,rl)k and so by H, lies in Ga . Thus 51 € Ga and

1
1 1
likewise for the other components 52""'5n'5w' This completes the

proof of (9.1.1).

For the proof of (9.1.2) we observe that there is a natural
mapping of the algebraic factor space on the left into the analytic
factor space of the right. We assert that the mapping is injective.

Let the n € P_lEk, £ € Fk and suppose

n = (D-A)E .

Thus
Pn = Pnl +...+ Pnn + Pn_,
where
Pn, € G
i ay
Pn € G_ .
Also
g = El +...+ En + £
and

P(D-A) (g, +...+E +E_) = Pnj +...+Pn_ .

Thus by a previous argument P(D—A)El--Pn1 is, aside from a pole at

infinity, analytic on S u D(al,rI) and on D(al,rI)c. Thus

P(D-—A)g1 = Pnl mod Q[x]k.
Hence by Hy

_ N Y
(D-a)g, = (D-RA)E, , £, € G, ,

1
and so by Hl, El —21 € Gal, i.e. 51 € Gal. Likewise for g2""'£n’5w’
Thus £ € Ek. This complete the proof of injectivity.
We now demonstrate surjectivity. Let n € % Fk, then
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Pn = Pnl +...+ Pnn + Pn

o

where Pn, (resp. Pn ) € F(ai,ri)k (resp. : F(w,rw)k). By H, , for

i=1,...,n
Pny; = Pg; + Pq; + P(D-A)ui
where
PEi € Gai, Pqi € Q[xk], uy € F(ai,ri)
and likewise
Pn, = Pg_ + P(D-A)wu_

where u_ € F(w,rm)k, Pg_ € Q[x]k . Thus

Pn = P(g +...+E) + P(q;+...+q)) + P(D-A) (uy+...4u +u_ ) .

However
K

P(E +...+E) + P(q;+...+q,) € E
and so

ne i X+ (D-a)F* .

i
P

This completes the proof of the theorem.

9.2. Local Theory.

The object of this section is to give criteria which permit us

to conclude that the local hypotheses H H, are satisfied.

1’ 2
These local hypotheses may be verified point by point. For this

=0, r, =r.

reason we may restrict our attention to one point, say a 1

1

Local Comparison Theorem.

Let A and B be kxk matrices with coefficients in Q(x). Let P, N
be polynomial and integer suitable for both A and B. We assume D-A
and D-B are locally equivalent on D(O,R) with R>r, i.e. 3V, a kxk

matrix with coefficients holomorphic on D(O,R) such that det V has
no zero in this disk except possibly at x=0, and such that

D-A = Vo (D-B)ov !

Hl(B) Ker (D-B,F(0,r) C GO
N 1 k k
HZ(B) GO/ (D—B)GO > 5 FN(O,r) / (D-B)F(O,r) " .

We conclude that Hl(A) and HZ(A) are valid.
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Note : Hl and H2 as used here refer to just one point.
Proof : For z analytic in D(O,R_)-D(O,r+) we have the Mittag-Leffler

decomposition which we write

z = y_r + y+z

where Y, 2z is analytic in D(O,R_) and y_z € F(O,r). To verify Hl(A)
let £ € F(O,r), (D-A)t = O. Then

p(D-B)V le = o

y_ P(D-B)V '¢ = o

-1

v_ P(D-B) (y_v le+vy,v ie) =0.

Now P(D-B) is stable on k-tuples whose components are analytic on

D(O,R") and so
Y_P(D—B)Y+V_l£ =o0.
Thus

y_P(D-B)y_V it = 0.

Since P(D-B) maps F(O,r)k into FN(O,r), it now follows that
p(D-B)y_v lge e (a¥(x) ¥

and so by H,(B),

(D-B)y_v ‘¢

(D_B)gol EO € GO

and then by Hl(B),

y_.V "¢ = g€, € GO.
We apply y_V and obtain
_1 _
Y_Vy_V "¢ = y_V&l € GO.
The left side is
_l _1 -
YV(V TE -y, V TE) = vy g -y Vv,V 15

=y =¢.

We conclude £ € G, as asserted.

(6]
To verify Hz(A) we first show that the natural mapping

Go/ (D-B)Gy, —> £ F(0,r)* / (D-a)F(0,r)*

1
P
is injective.

Let then n € Gy, £ € F(0,r)"
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n = (D-A)E
l.€e.
vl, = (o-B)v i
and so
-1 -1
V "Pn = P(D-B)V "¢ .

Applying y_ we obtain by a previous argument
y_vlen = y_p(D-B)y_v 'l .

But Pn € G, and so Y_V_an € G The key point is that

o
Y_V_IE € F(O,r)k and so

P(D-B)y_V 't € F(o,0)%+ (aNx ¥ .

P(D-B)y_V 't e 6, + (2Nxn¥

o

(D-B)y_V 1t e Gg.

We now use HZ(B) to conclude that 350 € G, such that

(0]
(D-B)gy = (D-B) (y_(V 1)) .
Using Hl(B) we conclude that
-1 _
y_(Vv 7g) = €, € Gy -

We now apply y_V and compute

—1 _
Y_Vy_V “g = Y_V§1 € Go.

The left side is

yv_vvle = y_£=¢ .

This shows that £ € G, which completes the proof of injectivity.

o

To complete the proof of HZ(A) we must prove surjectivity. Let
then n € FN(O,r)k, so by H2(B) there exists z € P. N £ € F(O,r)k

OI
such that -1
z + P(D-B)g = y_V "n

i.e. applying V on the left,

vz + P(D-A)VE = Vy_V In

and so
y_Vz+y_P(D-A)y_VE = y_Vy_V 'n=n.

Since y_Vz € Gq
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v,P(D-A)y_ve € a¥[x ¥
y_VE € F(o,n¥
it is clear that

N
o

This completes the proof of HZ(A)'

n € G, + (D-A)F(O,r) .

A similar local comparison theorem holds at infinity. We need

not pause to give the proof.

9.3. Local reduction theorem.

We consider a system of linear differential equations, 1L,

deduced from a first order scalar equation

2 =D -6
(6 € Q(x)) by writting
£, (28, (e, )
. 82 &3
L . - : -1 : .
Ex ; Ex-1
28y
) . O J

We choose P, N suitable for 2 and L.

THEOREM. We assume that Hl(l) and Hz(l) are satisfied (with k = 1).
We assert that Hl(L) and H2(L) are satisfied.

Proof : If
LE =0, & € F(O,r)k;

then €y the last component of £ lies in Ker(:,F(O,r)) and hence by

Hl(E) lies in G € G, and so

We now use induction and assume €i+1 o

o

—pl Lok 4 oM
PRE; = Py 834 € x BT+ 0 Ix].

Xl

By Hz(z), there exists n € Q[&] such that
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and hence again by H (2), &, -n € i Q[%]' This shows that &, € L n[}l—{]

X X
and so £ € G, as asserted. This completes the proof of Hl(L). To

(o]
examine HZ(L) we first verify that the natural map

Gp/LG, —> Fy(0,0)%/LF(0,0)"
is injective. Thus let £ € F(O,r)k, n € Gg
n = L§ .
Hence
g, = ny € & alz] + V[x))

which shows by HZ(R) that there exists Ek € % Q[%] such that

2(, =€) =0
and hence by Hl(l) that 5k € % Q[%] . Again we use induction, assume
Ei41 € % n[%] and use
and again conclude that Ei S i Q[i] . This completes the proof of

injectivity.
For surjectivity let n € i F (O,r)k. We will find u € GN

k P N o’
£ € F(O,r) such that

u+ LE = n .
For the last component the condition is
Ug + 2B = ny
which by Hz(l) may be satisfied with Ek € F(O;r),

1 1 N
Puk € P 9[;] + Q

. N .t
We now use induction, for i h component we need

1
[;] .

= 1
Uy * Ry = ony v x fi e

1

Since ny; € P FN(O,r) , & € F(O,r) , we may by Hz(m) choose

i+l
1l 1 1 N : .
uy € 5(; Q[;] + @ [x]) and Ei € F(O,r) such that the indicated equa-

lity holds. This completes the proof of the theorem.
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9.4. The Turrittin decomposition theorem asserts that a given linear
system D-A is formally equivalent at x=0 (i.e. the matrix V in
§ 9.2 may have zero radius of convergence) to a direct sum of systems
L (as in § 9.3) deduced from a scalar equation whose solution is

x% exp a(x"L/K!

) where A is a polynomial. If the differences of the
exponents o are all p-adically non-Liouville then the equivalence is
not jus formal (Baldassarri [Bal). The radii of convergence of the
transformation matrices, V, are not well understood. When the sin-
gularity is regular and A = O a recent result of Christol [Ch] gives
informations on the radius of convergence of the transformation

matrix V.
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