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RECURRENCE OF BROWNIAN MOTIONS ON COMPACT MANIFOLDS

by J.R. Baxter and G.A. Brosamler

§1. INTRODUCTION AND SUMMARY

Let M be a compact ¢” manifold of dimension d. A C metric g and a
C” vector field V on M determine a "Brownian motion" on M, i.e. a strong Markov
process {Q,A; Px, X€EM; Xt: Q»M,Ft,et,t>0} with continuous sample paths and
generator
1
(1.1) L==-A+V R
2

where A is the Laplace-Beltrami operator associated with the metric g. If m
denotes the Riemann measure induced by g, then px{xtea} = pr(t,x,y)dm(y),
t >0, xe M, BBorel M, and the transition density p is the fundamental
solution of

L'p(t,x,y) = a_P(tlle) '

y ot
where L' is the dual of L with respect to m.

We shall discuss certain aspects of the recurrence pattern of such

Brownian motions, which - appropriate for the occasion - are connected with
Schwartz distributions. To be precise, we are interested in the asymptotic
behaviour of functionals
(1.2) L (£) = L_(£,0) = [ £(X_)ds.

t t 0" s
These functionals are well-defined for all w € Q if £ : M » R is bounded Borel,

1
and are well-defined P™-a.e. if f € L (M). The exceptional Q-set depends of
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course on f. The case d = 1 plays a special role. In this case there exists QO
X 1 + 1
such that P (Qo) =1, x € M, and foX. ¢ Lloc(R ) for w € QO, f ¢ L (M). Just

take as QO the Q-set where the local time L(t,x) is a well-defined continuous
. +

function on R x M, and observe

(1.3) L (£) = [ £(x)L(t,x)dm(x).

The connection between the functionals (1.2) and the recurrence pattern of the

Brownian motion X is rather obvious: We recall that X has a unique invariant

probability measure A, and that d\ = ¢dm, ¢ > O, ¢ € Cw(M), L'¢ = 0 (see e.qg.

[1]). The ergodic theorem gives for all f € L1(M)

(1.4) Px(lim t-1Lt(f) = S(f)} = 1,
tro

with S(f) = fodx. A trivial consequence is that for all x ¢ M

(1.5) P*(1in t_1Lt(f) = S(£), £ ecm)} =1,
tro

which of course implies that Px—a.e. the cluster set as t»>wo, of Xt(m) equals M.

More delicate investigations of the recurrence pattern of X involve
naturally the fluctuations of Lt(f)' In [1] a central limit theorem and a 1og2—
law were obtained for these fluctuations for £ bounded Borel. The normalized
asymptotic variance was obtained as the self-energy of f, i.e.

(1.6) ci = 2(£,66) = jM|grad Gf|2dx,
L7 (an)

where G : L1(M) > L1(M) is defined as the Green operator
(1.7) (GE)(x) = [g(x,y)f(y)dm(y)

with the Green kernel

(1.8) g(x,y) = [o{p(s,x,y) - 6(y)}ds.
Recall that G is positive, i.e. (Gf,f)2 > 0 and (Gf,£) 2 =0 iff £ = ¢
L7(an) L7(an)

m-a.e.
Our restriction to f bounded Borel was of course unnecessary. The
natural class of functions in this context is the class P(M) of "functions with

, s X
bounded potentials”, at least if one insists on P -a.e. results for all x € M.
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RECURRENCE OF BROWNIAN MOTIONS ON COMPACT MANIFOLDS

We define
(£ e ;s supflrix, )1 2 £(y) |an(y) < =) if d > 3
) = Y{f € (m); sﬁp | log r(x,y)|f(y)|dm(y) < =} if 4 = 2
L) * ifa=1,

where r is the geodesic distance of x, y for a ¢~ metric g. Obviously, the space
P(M) is an invariant of the differentiable manifold, i.e. does not depend on the

specific metric chosen. Moreover, if f € P(M) then ||anm < » and for all x € M,

p¥-a.e. fOX. € Lloc(R+). The following theorem strengthens results in [1].

(1.9) THEOREM: Let f € P(M).

-1/2
(a) For any probability measure v on M, the pY-law of t / {Lt(f)—ts(f)}

2
converges weakly to the normal distribution N(O,of).
Lt(f)-tS(f)

x
-a.e. = [-o., +o,].
(b) For all x € M, P -a.e cluititmset = Togt [ Ogr Uf]

In [1] we posed the problem to prove a "universal" logz-law for a
natural class of functions on M with one single exceptional null-set, similar to
the "universal" law of large numbers (1.5). The difficulty is obvious, as it is
a priori not clear how to obtain the "universal" law even for bounded functions,
by approximation from the law (1.9) (b) for countably many functions. Such an
approximation argument leads trivially from (1.4) to (1.5). If the class of
functions may contain unbounded functions, simultaneous local integrability of
f oX. has to be checked.

Our problem was solved in [2] for M = Td, the d-dimensional torus,

g the flat metric on M, V = 0, by choosing as function class the Sobolev space
Ha(Td), a > %-- 1. The treatment in [2] is based on the description of Ha(Td) in
terms of its Fourier transform and on very special properties of the

trigonometric functions. It is not clear how to adapt this technique even to the

case of the non-flat torus.
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In [3] the results of [2] were partially extended to general (M,g),

V = 0, by making use of the Riesz kernel. In the present paper we refine the
arguments of [3] and thereby obtain the results of [2] for general M, g, V
without the restriction on the index a that was necessary in [31].

Just as in [3] we shall use the notion of Sobolev spaces {Ha(M),a>O} as
defined (invariantly) in [8]. These function spaces are "Hilbertian" spaces.
They are associated intrinsically with the ¢~ manifold M (and do not depend on g
or V), just as are the function spaces {LP(M), p»1} and P(M). Via the regularity
theorem for elliptic differential equations with Cm coefficients, the
spaces Ha(M) can be made accessible to our Brownian motion by a Hilbertian space
X X s 2 a s . .
isomorphism Ka : L (M) » H (M), where the operator Ka is given by a kernel,
defined in terms of the invariants § and V of our Brownian motion. For details

0 2 @ o . k
see §3. Recall that H (M) = L°(M) and that C (M) = H (M) = lim H™(M). Moreover,
a . d d a . :
H (M) = C(M) if a > 5—(Sobolev's Theorem). If @ < -, £ € H (M) will in general

2

X d
not be bounded. But if 4 > 2, a > 2" 1ord=1, a » 0, then Gf, grad Gf are

continuous for £ € H*(M) (Lemma (8.1)). Also if d » 3, a> %-— 2 then
Ha(M) < P(M), whereas for d = 2, HO(M) < P(M).
We shall prove the following theorems.

(1.10) THEOREM: Let 4 » 2.

There exists a measurable set QO S Q such that:
0.
(a) 0. Ry S 9y all t>
(b) PM(Q) = 1, all x € M.

1 + Y a
(c) foX.(w) € LlOC(R ) for w € Q,, £ € \/ H (M),

d
a>2 -1

(d) For all a > %—— 1, w € Qo, t >0, fr Lt(f,w) is continuous on Ha(M).

By what was said above about the case d = 1, the statements of the
1
theorem remain true for d = 1, if every B (M) is replaced by L (M).

(1.11) THEOREM: For all x € M, P -a.e.

Lt(f)-tS(f)
(1.12) cluster set ————— = [-0_, +0_]

T f f
t > o 2t log logt

18



RECURRENCE OF BROWNIAN MOTIONS ON COMPACT MANIFOLDS

2
for all f \v/ H%(M) if d > 2, and for all fe L°(M) if 4 = 1.
4
a>s 1
Notice that this "universal" logz—law implies a "universal" law of
large numbers: For all x € M, Px—a.e.

(1.13) lim t-1Lt(f) = S(f)
tro

for all £ ¢ \_/ H®(M) if 4 > 2, and for all £ e LO(M) if d = 1.
2
)

Notice that the functions f in (1.13) need not be bounded as in (1.5).

It is possible to give a function space (or rather distribution space)
version of the 1ogz—law and of the central limit theorem. To this end we bring
in the spaces {H-a(M), a>0} which are the duals of the Hilbertian spaces

a —~ \ -k © :
{H (M),a»>0}. We let H (M)=l£m H (M) = dual of H (M). For more details see §3.
. + -o ®

We definel: R x Q@ » H (M) by Lt(m)(f) = Lt(f,m), f e C (M.

In view of (1.2), Lt(w) can also be thought of as the image measure on M of
+

Lebesgue measure on [0,t] under the random mapping X.(w): R + M. By (1.5) this
highly singular random measure on M converdges if normalized, weakly to A,
Px-a.e.,x € M,

The following theorem deals with the singularity of Lt.

(1.,14) THEOREM: Let 4 > 2.

-a

(a) On the set Qo of theorem (1.10), we have for all t > O, Lt(m) € //\\ H

(M)
w3 -1
and [ ()(£) =L (f,0) for £ \_J ® ).
a>% -1

(b) There exists a measurable set Qo such that in addition to (a)-(d) of Theorem

(1.10) we have:

e , :
For every a > 3" 1, the process {Lt' t30} on QO is a strongly continuous

H_a(M)-valued additive functional with respect to the Borel sets on H-a(M).
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Notice that for every w ¢ QO of theorem (1.14)(b), L.(f,w) is

continuous for all f ¢ \\// Ha(M). -Again, by what was said about the case

a3 -1
2

*
d = 1, we have that for d = 1, {Lt(w), t>0} is a strongly continuous (LZ(M)) -
valued process on the set Qo, where the local time is defined.
As for the asymptotic behaviour of Lt in each H_a(M) we have the
following two theorems. In these theorems B denotes the unit ball in Lz(dh) and
* 2 2 X L . . -0 0 2
G : L (d\) » L7 (d\) is the adjoint of G. We identify H ~(M) and H (M) = L“(d)).

(1.15) THEOREM (LOG,-LAW): Let d > 2. For all x c M, p*-a.e. for all

d
- =1:
a > >

Lt(w)—ts

(a) The random set { t> e2} in H_a(M) is relatively strongly

/2t log logt

compact in H—a(M).

L, (w)-ts .
(b) The strong H a(M)—cluster set as t » » of t equals (G+G )1/2B.

- /Et log logt

If @ = 1, statements (a) and (b) hold if "all a > %-— 1" is replaced by "a = 0".

Notice that the cluster set in (b) is a compact set in LZ(M). As it is also
compact in H_a(M), (b) implies a strong law of large numbers for Lt' This law
strengthens the weak convergence (1.5) of %—Lt.

(1.16) THEOREM (CENTRAL LIMIT THEOREM): Eg_d > 2, a> g'— 1, 2£_d =1, a =0,

. : : -a
then there exists exactly one Gaussian measure By on the Hilbertian space H (M)

with mean O such that

*
(a7 [ REDRE AR () = (GG, £)) , £, E € HY(M)

- 2
H (M)

L7(an)

and for every probability measure v on M, the pY-law of the H-a(M)—valued random

-1/2

variable t {Lt - tS} converges weakly to o

20
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The covariance operator Sa : Ha(M) > Ha(M), defined uniquely by

_ a
(1.18) jﬂ_a LEDRE A (R) = (S £,€,) ~ , £,£, ¢ H (M),

(M) H™ (M)

depends of course on the specific choice of the inner product in the Hilbertian
space ' (M) .
In a forthcoming paper we shall discuss limit laws for general additive

functionals.

§2. RIESZ KERNELS AND OPERATORS

We begin with a few remarks on the behaviour of the transition
density p for small t:

There exist a, C > 0 such that

_4a _Ot[r(x,y)]2
(2.1) p(t,x,y) < C {t 2e t + 1}, X,y € M; t <1,
and
_ga+ a[r(x,y)]2
(2.2) |gradxp(t,x,y)| < Cc{t 2 e t + 1}, X, ¥y € M\;j t < 1.

Here r and grad denote geodesic distance and gradient defined by g.

Estimate (2.1) is given in [5] for Py the fundamental solution of

1 0

E—A Py = Bt po; estimate (2.2) for pO is obtained in essentially the same way.

The two estimates for p itself follow from
t
(+) pl(t,x,y) = po(t,x,y) + fO ds fdm(z)po(t—s,z,y)¢(s,x,z)
@ *k
where ¢ = X ¢ ’
1
*1
¢, x,y) = ¢ (t,x,y) = V(y)-gradypo(t,x,y) ,
*k+1 t *k
¢ (t,x,y) = jods fam(z)¢ (s, x%,2)¢(t-s,2,y) .

For the integration in (+) use
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o, lr(x,y)1°

Clrx)® | lrzyn? - S
2t 2, 20yt
f € e am(z) < c, M
" — — — —, x,yeM; t_,t_> O.
t1/ t2/ 1 (t1+t2)d/2 1772

The fact that (+) gives the fundamental solution of L;p(t,x,y) = %ﬁ p(t,x,y), is

verified by (weak) differentiation.

Estimates (2.1) and (2.2) imply for a > O

C if a > g
(2.3) I; ta—1p(t,x,y)dt < YC{1 + log r(x,y)} if o = %
C[r(x,y)]-d+2a if a < %
and
(2.4) gradX f; p(t,x,y)dt| < C[r(x,y)]-d+1.

For large t we shall use the estimate (see [1])

-at
(2.5) |p(t,x,y)—¢(y)| < Re @ ' X,y € M, t> 1,

which, together with p(t+1,x,y) = fp(1,x,z)p(t,z,y)dm(z), implies also
(2.6) |qradx f? {p(t,x,¥)-d(y)}dt| < c, X,Y € M.

As was done in [3], we shall make use of the "Riesz kernels"

{o-] _1
fo % {plt,x,y)-¢(y)}dt, « > 0, X,y € M.

1
(2.7) ga(x,y) =T

The {ga, a>0} form a semigroup with respect to dm and we have 9, =9
This latter kernel was introduced in [1], where it was shown that

(2.8) Lxg(x,y) = -Gy(x) + ¢(y).

all g are bounded below. From (2.3) and (2.5) we obtain
a

C if a > %
- . e
(2.9) ga(xly) < c{1 + log r(x,y)} if @ =5
- . d
C[r(x;y)] d+2a if o < 3 .

22
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From (2.4) and (2.6) we have

(2.10) |gradxg(x,y) | < C[r(x,y)]"dyl .

Notice that sup f|ga(x,y)|dm(y) < =, sup f|gradxg(x,y)|dm(y) < ®». We shall also
use the following estimates which enable us to deal with convolutions of the

expressions on the right side in (2.3) and (2.9): For 0 < 0 <4, 0< 1t < ad

- - c _ if o+ 1<d
(2.11) fM[r(x,z)] [r(z,y)] “dm(z) < c{1 + log r(x,y)} if o+t =4d
d-o- .
C[r(x,y)] o if o+ 1>
(see also [3]).
For convenience we shall use the invariant measure d\ = ¢dm as

reference measure and relabel [¢(y)]_1p(t,x,y), [¢(y)]_1ga(x,y) by p(t,x,y),
ga(x,y). Estimates (2.9) and (2.10) obviously hold for the new ga. Equation
(2.7) becomes
(2.7") g, 000) =50y [o T (etexy)-yae
and (2.8) goes over into
(2.8") Lxg(x,y) = - — 5y(x) + 1 .
The new ga form a semigroup with respect to dA\.
The Riesz operators Ga : L2(M) > LZ(M), a > 0, are defined by
(2.12) (G, £)(x) = fga(x,y)fwmuy) .
Equation (2.12) by the way defines also a semigroup of operators on L1(M). As
G = G1, we conclude from (2.10), that for f ¢ L1(M)
(2.13) (grad Gf)(x) = fgradxg(x,y)f(y)dx(y)
(in distribution sense). Also for f ¢ L1(M), we have from (2.8) that
(2.14) L(Gf) = -f + sf
(in distribution sense). Recall that the identity

(2.15) [fGEan = % [|grad cf|%an, £ e L2 v P,

implies positivity of G on Lz(dk).
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If v is a smooth measure on M, such that G is self-adjoint on Lz(dv),
then v is proportional to A. We denote by A* the (formal) adjoint of an operator
A on Lz(dx). Obviously, (G*f)(x) = fg*(x,y)f(y)dk(y), f € L2(M), where
g*(x,y) = g(y,x). According to [7], L* = %—A - V + grad log ¢. Moreover, L or
equivalently G are self-adjoint on Lz(dx) iff V is a gradient field, in which
case V = %-grad log ¢. Let L® = %{L + L*) = % A+ % grad log ¢. Then (L)% = 18
and L° =L iff L = L*. The transition semigroup generated by L® has also A\ as

its invariant measure.

§3. THE SOBOLEV SPACES H'(M), « ¢ R

These spaces are defined invariantly in [8]. We shall use their real
version, rather than the complex version of [8]. For a » 0, the Hilbertian

X . [¢] 2
spaces H* (M) form a monotone chain of linear subspaces of H (M) = L (M). We have

%4 %2 a ®
H (M) S H “(M) if «, > a,, and N H'(M) =C (M).

1 2
az0

If £ € HZ(M), we have Lf € LZ(M). Since the only solutions ¢ of Ly = O
. . 2
are the constant functions, (2.14) implies for f € H (M)
(3.1) G(Lf) = -f + S£ .
. . . 2 2 .
Notice that (2.14) also implies that the operator G + S: L (M) » L (M) is
invertible. This by the way, implies invertibility of the operators

K G + S on L2(M), since the Ka form a semigroup. Notice that S(Kaf) = Sf

a def “a/2

for £ € L2(M). We put KO = I. The operators Ka corresponding to L° will be
denoted by Kz. They form a semigroup of positive, self-adjoint operators

on Lz(dk).

(3.2) THEOREM:

(a) For all positive integers k, K is a Hilbertian space isomorphism

2k

2 2k
sz: L7(M) » H (M),
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s . . . . . s 2 a
(b) For all a » O, Ka is a Hilbertian space isomorphism Ka: L (M) » H (M).

is a Hilbertian space isomorphism

H2k+2 > H2k is

Proof of (a): One proves that for every k, K2

K H2k > H2k+2

2 . Firstly, the linear operator T = L - S:

2k
continuous. To show then that T is onto, let £ € H . By (2.14) and the

reqularity theorem for elliptic differential equations with Cmcoefficients, we

conclude that Gf € H2k+2, hence -Kzf € H2k+2, and T(-Kzf) = f. Moreover, T is

invertible because (3.1) implies —Ksz = f. By the open mapping theorem

- + .
T ! = -K2 H H2k > H2k 2 is also continuous.

¢

Proof of (b): For a » 0, we define the Hilbert spaces B (M) by M) =

KS(LZ(M)), endowed with the inner product (Ksu B Ksu ) = fu u.d\. To show (b),
a a1 o 2 Eu 172

it suffices to show that the underlying Hilbertian spaces of H (M) are Ha(M).

By (a), this is true if a = 2k. According to (8], Ha, a € (2k,2k+2), is the

underlying Hilbertian space of the Hilbert space Qk+‘_a/2(§2k+2,§2k), where Qt

denotes quadratic interpolation of Hilbert spaces. (This space does not depend

on the particular choice of admissible inner products in the Hilbertian spaces

+ — o,
H2k 2, H2k.) It therefore suffices to show that H® = Q& (H2k+2,H2k).
+1-a/2
——+ — —
Letting t =k + 1 - a/2, H=Q (H2k 2, H2k), we have for f_,f_ ¢ H2k, (£ _,£.)
t 1772 1772 ﬁQk
s —2k+2
= (K4f1,f2)32k+2, and hence for f1,f2 € H
(£, ,£.), = (K5 £ ,£) = (£ ,£f))
17°2°H 4t1'2i2k+2_ 1'2§a'

2k

. . . . 2 © =
Now Ea(M) is the completion realized in L (M), of C (M), hence of H +2(M), with

respect to | n_u , and H is defined as the completion, realized in

H

"X (M) < L2m), of H

k+2 .
(M) with respect to Il "H' Part (b) follows.
It follows from the preceding theorem, that for « » 0, B > O,
s . . . . . +
Ka defines a Hilbertian space isomorphism K: : HB(M) > u* B(M).

Since ago Ha(M) = Cm(M), this implies in particular that K:(CQ(M)) < CQ(M). As
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Cm(M)fi K:k(cw(M)) for all k, it follows that Kz(Cw(M)) = CQ(M) for all o » O.
Following [8], we let H_a(M) = dual of Ha(M), a » 0. As CQ(M) is dense

in Ha(M), we may also consider each H_a(M) as a linear subspace of the dual of

- -
CQ(M). The H %(M) are Hilbertian spaces. Clearly, H 1(M) cH Z(M) for a. <a..

1772
We shall from now on fix an admissible inner product in HO(M) by setting
0 2 -
H (M) = L"(d\). By doing so we may identify HO(M) with its dual H 0(M), and

thereby "extend" the chain {Ha(M), a»0} to a chain {Ha(M), acR} of linear

0 . .
subspaces of the dual of Cm(M). The semigroup KZ on H (M) extends in a unique

way to a semigroup on BgR HB(M) if we require that for R ¢ H_a, a » 0 we have
sz e 1’(M) and
s s ©
(3.3) fxax-q)dx = 2K ¢) for e C (M).
. s g B s s . . s s, -1
Notice that K : Uu_ H (M) » U H (M) is invertible. Letting K = (K) , we
a BER BER -a a

have that for any «,f € R, Kz defines a Hilbertian space isomorphism
+
(3.4) Kz s o0 > 1P,

The latter is a Hilbert space isomorphism if we endow as we shall all Ha(M) with
X 2 . .
the inner products carried over from L°(d\) by the isomorphisms

Kz : 12 @) » 15 m).

§4. PROOF OF THEOREM (1.9)

We may assume ci > 0. It is well-known that for f ¢ P(M), all x ¢ M,
PX-a.e. (GEf)oX. € C(R+). It follows from (2.14) that for any probability

measure v on M, the process

(4.1) Mt(f) d:f (Gf)(Xt) - (Gf)(XO) + Lt(f) - ts(f), t>0

. X_2
is a continuous Pv—martingale. Now (2.3) implies igﬁ E Lt(f) < o for £ ¢ P(M),

2 .
and from (2.11) we conclude |grad Gf[ € P(M) for f ¢ P(M). (Notice e.g. that by
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(2.11) for @ > 3, [lr(z,, 01 2 1ee,, 01 ez, 01 M ancc( (g, £, 17

d d+2})

[r:(F,z,F,?’)]—d+2 + [r(§1,52ﬂ_ +2[r(§1,53n— . In any case, M(f) is a square

integrable Pv-martingale, for all v. The process
t 2
(4.2) T (£) = jolgrad GE| (x))ds , t>0,

is its increasing process for all P, By the ergodic theorem we have

T, (f)

Ph{%ig tt = ci} = 1. Since { } is shift-invariant, and since positive
% rt(f)
X-harmonic functions have to be constant, we obtain P {%ig T = of} =1, all
X € M, hence
T, (£)
Vg t 2

(4.3) P {%&g i of} =1, all v.

Now, depending on f and v, there exists a probability space (Q',A',P') with a
Wiener process (wt,t>0) and a continuous time change {Tt,t>0} on it, such that
the P'-law of M(f) and the P'-law of WoT are the same (see e.g. [6]). This
implies that WoT is a continuous Lz-martingale. Hence its increasing process is

{Tt’ t>0}. It follows that the P'-law of T and the PY-law of 7(f) are the same.

Proof of Theorem (1.9)(a):

1/

. . . . =-1/2
It is sufficient to prove that the pY-distribution of t Mt(f)

converges weakly to N(O,oi). For this it suffices to prove that with a = oi,

W
T
for all € > 0, lim P'{l——E - ———| > e} = 0. So let € >0, ne (0,a). Then

o/t /t

T
t
(4.4) P'{IwT - W > e/t} < P'{|wT —wat|>e/TZ |Tt-at|<nt} + P'{l;“'"a|>ﬂ}°

e

As the P'-law of T and the P’-law of t(f) coincide, we conclude from (4.3), that

for all n > 0

T
(4.5) m P (|5 - al > = o.

27



J. R. BAXTER, G. A. BROSAMLER

Moreover, the first term on the right side of (4.4) is majorized by

P'{ sup |W -w_ |
t+ t
o<s<nt 278 a 0<s<nt

> t} + P! W - W
et} { sup l at-s at|

> e/t}.
Now the P'-laws of {wv+u_wv' u > 0} and {Wu, u » O}coincide as do the P'-laws of
{wv_u-wv,uelo,v]} and {wu,ue[O,v]}. It follows that the first term on the right
side of (4.4) is majorized by
"ot 8 2
8p' (W > e/} = spr{1= > &} = = je/ et /248,
" S /n

This fact together with (4.5) implies that for all n ¢ (0,a)
— 8 =  _-E/2
im P'{|Ww, -W_| >e/E} < = [ e dE.
s T, at /2n E//ﬁ

Letting n > 0, we obtain lim P'{]WT - W
tro

at| > &/} = 0, all € > O.

Proof of Theorem (1.9)(b):

M _(f)
- t
It suffices to prove that for all x € M, Px—a.e. %ig — =1,

Y2tlog logt

If (',A'",P'), W, T are as described above, corresponding to v = éx' this is

wT
. T t
equivalent to showing that P'-a.e. lim ———— = 1. The latter follows from

> Y2tlog logt

the logz—law for W and (4.3).

§5. PROOF OF THEOREMS (1.10) AND (1.14)

We shall start with

d
(5.1) LEMMA: If d > 2, a > 3 - 1, then for all t > O

-d+a, 2

(5.2) sup Efan(£){ [dolr(g,x )17 E < @
XeM
and
X, rt -d+a, 2
(5.3) sup fdk(x)E {fo do[r(i,xo)] 1T <o .
EeM
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Proof: Clearly

(5.4) Ex(fgdc[r(g,xc)]-d+a}2 < 2ffanipranz) [ (e, v ] (g, 2z) ]
t t
fodc1p(c1,x,y)fodczp(cz,y,z) .
From (2.3), applied to a = 1, we have for § > O,
d-6+2

[gdoplo,x,¥) < c(8)[xlx,y)1

(for any dimension). We therefore have as a majorant for the right side
of (5.4)

-3d-8+2 ~-d-5+2

cfan(y) le(g, )1 % r(x,y)) fam(z) (£ (£,2)1 % (y,2))
If @ > d ~ 2, this expression is bounded in (E,x) for § € (0,min{2,a-d+2})
by (2.11). If a € (%-— 1, da-21, & € (0, min{2,2(a- %-+1)}), we conclude

from (2.11) that the expression is majorized by

¢, fam(y) (r(2, 1)1 2320702 1 (401702 (o fr(g, ) T2NRE20NE,

Estimates (5.2) and (5.3) follow.

(5.5) COROLLARY: If d » 2 and

(5.6) @ = {w;fdm(§){fgda[r(g,xo)]—d+a}2 <w all 50, a>3-1),

then P¥(Q) = 1 for x e M.
(5.7) Remark: If 4 = 1, we define QO as the Q-set where the local time L is
defined as a continuous functional in (&,t).
We denote by gz, a > 0, the Riesz kernels associated with L5 and its
s

invariant measure A. Let kz = ga/2 + 1. Then (Kzf)(x) = ka:(x,y)f(y)dA(y).

As the kz are bounded below, the processes
a t .s
(5.8) a_(E) = fo k (E/X )do, £>0, EcM

are well defined on Q (possibly +»). Let |Aa(§)!t = f;|kz(§,xc)|do.
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If we let for a > 0, £,y € M,

o
1

a (£,y) = ) o B (u,E,y) - 1}au + 1 - {T(a+)}

Cs - . s
with ps the transition densities with respect to A, of the operator L, and
define for « > 0, t > O

1 a=1_s

a -1t
B (£) = {T(a)} ' [ydof u" 'p”(u,g,X )du,

then A:(g) = B:/z(g) + fgdca (g,xc). Since for every a, a is bounded and for

a/2

every a, 5 > O, B:/z(i) < Cfgdo[r(g,xd)]-d-6+a

(for any dimension 4, application
of (2.3) to ps), we have as corollary of (5.2) and (5.3)

(5.9) COROLLARY: Let d » 2. Then:

(5.10) For o > % -1, t>»0: sup E"jdx(g)lAa(gH: <w .
XEM
2
(5.11) For a > %—— 1, t > 0: sup E)\lAa(g)lt <o

EeM

(5.12) Qy < {ws fdA(E)|Aa(§)|i <wall t » 0, all a > % - 1}.

(5.13) Remark: If 4 = 1, then for all t > 0, sup EX[L(t,};)]2 < ®, (The proof
X, g

t-o
follows from (2.3) and E"[L(t,g)]2 < 2@2(§)fgdc1 f01d02p(o1,x,g)oP(qz,};,g)).

Proof of theorem (1.10):

Let QO be as in (5.6). It remains to check (c) and (d). For any
— - 2
fe H*M), « > O, wehavef=l<:f, fe L°M). If £ e HY (M), a>%-1,wer
we conclude from (5.12) that

Uan@ @) | [a%@)| )2 < far@)[E@)] % fan@) [a%@)]2 < o

1 +
This and Fubini's theorem imply that foX.(w) € L c(R ) and that

lo
(5.14) fan(e)EEIAT(E) = L (F,w) .
The latter equation also implies that lim L (f ,w) = L (f,w) if N1f -f1 =
n»o t n t a
H™ (M)
"E -E1 , > 0.
L™ (M)

30



RECURRENCE OF BROWNIAN MOTIONS ON COMPACT MANIFOLDS

Proof of Theorem (1.14):

Part (a) follows immedately from Theorem (1.10),(d). For the proof of
part (b), we notice that for t » 0, a > %—— 1, w € QO of (5.6) we have
s a
5.15 = .
( ) KaLt At
In view of (3.3), this follows from (5.12) and

a _ s N
jAt-¢dx = Lt(xa¢), ¢ e C (M),

which in turn follows from K:¢ € Cm(M), Lt(Kz¢) = Lt(K2¢) and (5.14). By (3.4)

strong continuity of L.(w) in H—a(M) is equivalent to strong continuity of a% in
2

L°(M). But if w € QO strong continuity of a%. in LZ(M) follows from (5.12).

Obviously, Ls+t(w) = Lt(w) + Ls(etw), s,t » 0, and Ft—measurablllty of Lt follows

from Ft—measurability of wmr Lt(f,w) for all £ € C (M).

§6. PROOF OF THEOREM (1.11)

For the proof of this theorem we need a well-known lemma for one-
dimensional Brownian motion. This lemma follows e.g. from a result in [4], but
we shall give here an independent proof for the reader's convenience.

(6.1) LEMMA: EE_{wt, t»>0} is a one-dimensional Brownian motion on (Q',A',P'),

then for all p > 1

lw, |
E'[SUPZ —__—t_—‘—_ P w.
tre /étlog logt
lw| 2 .
Proof: Letting Y = sup, ——————— , b = e”, we obtain for a > 0 such that

t>e2 /2tlog logt

2 aylog 2

a® > 2, > 1, that
/o
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o, | . |
P'{yY>a} = P'{ sup ——— > a} <« E P'{ sup > a}
bt V2 = - - -
¥Y2tlog logt n=2 B 1<s<bn /ébn Ilog(log . l)
® v n n-1
., b a/@log(log b ), , a/2 /1og(2(n-1))
<y ap'{ = > : } = § ap (w, > }
n=2 /o Ve n=2 /o
© 2 ®
4 -a“logl[2(n-1)1/b 4 1
< J —e = ¥ — )
n=2 Y2n n=2 /21 [2(n_l)]a /b
o f e e
22 n=2 /2n  (n-1) 2 /b
But P'{Y>a} < ; for large a, implies that Y ¢ LP(Q',P') for all p > 1.
a /b
2

In the following we shall consider the kernel kz and the process
{At(g), t » 0} of §5. Even though in general for fixed E e M, kZ(g,-) £ P(M), we
were able to define A(f) (possibly +») on all of Q, because kz is bounded below.
Recall that the set Qo of (5.6) has Px-measure 1, all x € M. We shall prove the
following
d A
(6.2) LEMMA: Let d » 2. For all a > 3" 1, P -a.e.

[an(e) (a2 (g)-t12

(6.3) SupP, 2t log logt <.
tre

Proof: 1If we define the process Ma(g) = M(ki(g,-)) as in (4.1), i.e.

(6.4) Mi(E) = GkO(E,0)(X,) - GO(E,+) (X)) +AL(E) -t

then M“(g) is a square integrable Pk-martingale with continuous sample paths and
increasing process

(6.5) rt(g) = f;|grad GkZ(i,')|2(Xo)dc .

d .
Recall that for all t > 0, sup EK[A:(g)lz < » for a > 2" 1 (5.11), and notice
g

that for o > max(0, g—- 2)
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(6.6) sup fan(y) (k3 (2,)1%(y) < =, sup Ja(E)[GK3(E, )1 y) < = .
g Y

For later use we remark, that if a > %—— 1, there exists § > O such that

(6.7) sup EK[T?(5)11+6 < »
g

1 2+2
This follows from sup Ex folgradckz(g,o)| 6 < o for § > 0 satisfying

o

(2428)(d-a-1) < d, which in turn follows from (2.10) and (2.9) and (2.11). 1In
view of (6.6), (6.3) is proved if we prove

NI

sup, ST < @ P -a.e.
t>e2 2t log log t

(6.8)

But (6.8) is proved if we prove

o 2
[Mt(E)]

I
(6.9) sup E s:gz 3t Tog Togt <

g t
For the proof of (6.9) we let (as in §4) W,T on (Q',A',P') be Brownian motion and
time change (depending on «,%) such that the Px—law of Ma(g) equals the P'-law

of WoT. Then

2
2 W
(M (£)) T,
(6.10) EK sup ————— =E' sup, ———————
t>e2 tlog logt t>e2 tlog logt
Now
2
W 2 + +
sup ———Tt < sup W2 + sup ——wt sup T——-—————tlog s Tt
3 .
t>e2 tlog logt t<e t t>e2 tlog logt t>e2 t log log t
2
Moreover, for any § > 0, t > e
+ +
?tlog l?E_EE < EE + EE 1o *(EE) <c.{1+ (EE)’*é}
t log log t ¢ t 99 (& 5 t .

We conclude from (6.10): For all & > 0, there exists C_ (independent of §, a)

8
such that
2 2
\ (M (£)) 5 W T es
(6.11) E° sup, ————— < E' sup, W_ + C_E'sup, —————— +{1+sup (——) }.
2
e tlog logt 2 't 8 t>e2 tlog logt t>e2 t

t<e

1/148

Applying (6.1) and Hoelder's inequality, as well as {E|X|} <1+ E|X| and
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the fact that the P'-law of T equals the Px—law of 1“(5), we conclude that for

all £ ¢ M, & > 0

2 a
¥ (g)) T(E)
A t A t 148
(6.12) E sup, —————— < C, +C}E sup, (——) ~.
t>e2 tlog logt & & t>e2 t

Now, by the maximal ergodic inequality

r:(g>
t

e sup,, (

te

)" <oy B alEn .

Choosing & > 0 such that (6.7) holds, we conclude (6.9).
For the proof of theorem (1.11), let {E;} be a countable dense family
S

in LZ(M), fn = Ka?g. For d » 2, a > g—— 1, we consider the set

L _(f )-ts(f )
n n

Q = QO n {w; cluster set t n 5 [—cf , +cf ] all n}
o t > /2tlog log t n n
a 2
fan(e) A (8)-t]
t
n {wisu < o}.

P
t>e2 2t log log t

From (1.9b), (5.5), (5.11), (6.2) we have Px{Qa} =1, X ¢ M. From (5.14), we
obtain for f = KEE) f ¢ L2(M) and w € QO that

L (£) - ts(£)] < 1En o)t @)-a® .

L2(d7\)

Approximating f € L2(dk) by functions {E;} we obtain that for w ¢ Qa '

Lt(f)—tffdk a
—_— = - . i =-1.
cluster set 2t Tog logt [ gf, +cf] Now consider Qa for a, ¥ 2

t > @ n
If 4 = 1, consider the square integrable Ph-martingale
-1
M (E) = g(E,X) - g(g,X) + [6(E)] L(t,E) - ¢, £3>0,
and prove with the preceding arguments that Px-a.e.

[am(£) [L(t,8) -0 (£)£)°
2 2t log log t

sup
tse

which together with (1.3) implies the assertion of the theorem for 4 = 1.
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§7 Proof of Theorem (1.15)

We shall use in Ha(M) the inner product induced by K:: Lz(dx) > Ha(M),

except in the proof of lemma (7.13). If we let for d » 2, o > g-- 1, w e QO

o _ s.a _ ts
(7.1) L, = KA = Iokza( ,Xo)dc ,
then L: € Ha(M) and for f ¢ Ha(M)
(7.2) L (£,0) - tffar = (Lf - ¢, £)

1 (M)

by (5.14). Ifd =1, a =0, w € QO, we let

0 -1
(7.3) Lt(° ) = [6(s )] L(t,e) .

Then (7.2) holds with a = 0. In any case we have from (5.15)

a s
(7.4) L, = KZaLt .
Notice that
atp _ s .«
(7.5) Lt = KZBLt
for d > 2, a > a._ 1, B> 0, and if 4 = 1, a = 0, it may be taken as the

2

definition of Li, B > 0.

(7.6) LEMMA: 1If k : MXM > R U {-», 4+»} is measurable and if for some § > O,

T+ 1+
supfdm(x)lk(x,y)l 6 < @ and supfdm(y)lk(x,y)l 6 < », then the operator K,
Yy X
2 2
defined by (Kf)(x) = ka(x,y)f(y)dm(y), is a compact operator K : L (M) > L™ (M).

Proof: Obviously Kf € L1(M) for £ ¢ L1(M). We show that K is a bounded operator

2 . " =
on L (M): Since k' ase supfdm(y)lk(x,y)| <o, k ast s;pfdm(x)|k(x,y)| < ©», we
X

have for the symmetric function ul(y,z) asf fdm(x)|k(x,y)|-|k(x,z)| that
supfdm(y)u(y,z) < k'ek" < », By Fubini's theorem and the Cauchy-Schwarz

z€eM

inequality we obtain for f ¢ Lz(dm)
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fam(x) (x6)2(x) < ([fan(y)an(z)E2(y)uly,2)) /2 «(ffan(y)an(z)£2(z)uly,2)) /2
<xEmal .
L" (dm)

which implies that K is a bounded operator on Lz(dm) with
(*) iK1 < (kkn) /2,
But under the assumptions made, K is also a compact operator on LZ(M). This is
obvious for bounded k, since in this case K is even a Hilbert-Schmidt operator on
Lz(dm). In the general case we define the bounded kernels kn by kn =k if
x| < n, kn =n if k > n, kn = -n if k < -n, and denote by Kn the corresponding
compact operators Kn : L2(M) > LZ(M). We conclude from (*) and the uniform
integrability of {k(x,¢), xeM}, {k(e,y), yeM} that ﬂKn-Kn > 0. As the class of
compact operators is closed with respect to convergence in the operator norm,
K is compact.
As a consequence of the preceding lemma, the operators
G,G*: L2(M) > LZ(M)
are compact, as are
xz : P > BB
for all « > 0, B8 » O.
We shall consider for a » 0, the operator
(7.7) s, = Kza(G+G*) : 1M » 5%(m).
For all a » O, the operator Sa is positive, self-adjoint and compact. Let Ba be
the closed unit ball in Ha(M) and let
1/2

(7.8) K =s'’"B
a

, a4 20 .
a

a

: . . . a
Notice that Ka is a norm-compact convex symmetric set in H (M).

(7.9) LEMMA: K_ = Ksa(G+G*)1/2B

2 0

Proof: We introduce a CON system {¢ﬁ, n»0} of eigenfunctions of

Sa : Ha(M) > Ha(M), and denote by Kﬁ the corresponding eigenvalues, letting
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a

1/2 a
0 ¢

- 2
A. =0, ¢g = 1. The system {Qg; (Xz) 1/2(G+G*) N n31} is. ON in L7 (d\). It

2 1/2
is also complete in L(d\): If for £ ¢ L°(M), [fe(c+a*)'/ 74N = 0 all n > 1,

then [h(G+*) /2£an = 0 all h e L2(M), hence [f(G+G*)fdr = [|gradce|%ar = o,

B . v a,-1/
hence £ = c. We get B0 = {CO + X Cn(kn)

2(G+G*)1/2¢a; X Cz < 1}, from which
n=1 nooom

the proof is easily concluded.
(7.10) Remark: The preceding lemma implies immediately that for «,f > O,

S
Ka+B = KZB Ka'

(7.11) LEMMA: Let d > 2, « > %- 1 or @=1, « = 0. Then for all x ¢ M, P -a.e.,

L -t
2, . : .
t -, t » e”} is relatively norm-compact in Ha(M).

the random set { ————
/Ztloq logt

(7.12) Remark: In view of (7.5), relative norm-compactness in Ha(M) of

L -t ,
{ S , t>e2} implies for a' > a, relative norm-compactness in u* (M) of
2tlog logt
a'
Ly - ¢ 2
{(———————, t»e"}.
/2t log log t

Proof of Lemma (7.11):

d
Case 1: 4 2> 2, a > 3" 1.

It is sufficient to prove that Px—a.e. the random set

a
Be - 2 2
t>e”} is relatively norm-compact in L°(d\). For this purpose

{_.._____;__"
/2t log logt

let a, € (g--1, a). Obviously,

a %

A - t A, - t
(——— t3e?) = Kz_a (—E——, ed)
/2t log logt 1 /2t log logt

2
and relative L (d\)-compactness of the left side follows from lemma (6.2) and

compactness of the operator K:-a : L2(dx) > Lz(dk).
1
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Case 2: d =1, a =0 .

The assertion follows in the same way from the following lemma, dealing

with one-dimensional local time.

(7.13) LEMMA: If d = 1, then for all x ¢ M, P -a.e.:
M\
0<ak1/2

(a) L(t,s) ¢ H* (M) for all t > O, and for every a e [0,1/2),t wL(t,)

. . . +
is a norm-continuous function from R to Ha(M).

IL(t, * )=ty (e )12
1% (m)

(b) SUSZ 2t log log t

t>

< » for all a € [0,1/2).

Remark: Notice that (b) is equivalent to

1k (L(t,')-t¢)ﬂ22
e L7(dan)
2t log log t

(b') sup,, < o for all ae [0,1/2).

t>e

1
Proof: «) If d =1, then M = S1. We may assume w.,l.o.g. that m(S') = 1. We

introduce on S1 the distance x from a fixed point 0 as coordinate. Then

2 2
d d 1 4d d o 1
grad—a,A-—z,L-z 2+de,V5C(S).

dx dx

Let ¢o(x) =1, ¢2n(x) = 2 sin 27nnx, ¢2n+1(x) = 2cos 2mnx. Recall that
. 2 .
AG = ~N b, N~ nznz, and that {¢ _, n>0} is a CON system in L"(dm). Since
n n'n’ n n
2
= — - + G ! for n » 1, we have for n > 1
G, = (o, f¢ndx (vo!)} fo .
n
c ' c_

(7.14) Gy 1 < g O LU IR P Sl

As is well-known, for a > O

1" = gertishy ] amhH%Ee )%, <),
0 L7 (dm)

® 1 ‘

and £l = {? (1+n2)a(f,¢ )22 }1/2 is an admissible norm in H*(S'), which we

4 n
0 L"(dm)

shall denote by I | 1 in this proof.

B%(s )
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B) Also for the purpose of this proof only, we denote by g(e,e) the continuous

m-density of the operator G . Since (g(x,¢),¢ ) 2 = (G¢n)(x), we conclude
L7 (dm)

1
from (7.14), that g(x,*) € /~\ Ha(s ) for all x ¢ S1. Moreover, for
a<3/2

. . . 1 1
a < 3/2, x+» g(x,*) is a norm=-continuous function from S to Ha(s ), as
s 2 2
T (14n)%Gp 17 < w.
0 ne

Y) For t » 0, we QO, E €8, let

0
(7.15) MO(E) = g(X,E) - g(X(,E) + L(t,E) - to(£).

. 0 .
Obviously (Mt( ),Qn) = Mt(¢n), t >0, we QO, with
L”(dm)

M (0 ) = (Gd )(X) - (Gp )(X)) + L (¢) - tfp dr
1
of §4. Recall that for all x € S , Mt(¢n) is a square integrable Px—martingale
. . . _rt 012 .
with increasing process tt(¢n) = fol(G¢n) | (Xc)dc. By the way, M.(¢n) is

continuous for all w € Q « ~If we let

91 = {w; z (1+n2)a sup (M2,¢ )2 <ewall T3> 0, all ¢« € [0,1/2)},
) n_2

t<T L"(dm)
x 1 . 1
then P (91) =1, x €S, since for all T > 0, x € S, n > 1
b'4 2 x (T 2 CT
E" supM, (¢ )17 < c E° [ |(Gp )'|“(X )do < = ,
< t 'n 0 n o n2

and therefore for all T » 0, a € [0,1/2), x € S1

EXL J (14n%)® sup(M2,¢n)22 1 < w.
0 t<T L"(dm)

. 0 1
Moreover, if w € Q1, then Mt(-) € /f\ Ha(s ) for t > 0, and for every a < 1/2
a<1/2

. 0 X X X +
the function t » Mt(-) is a norm-continuous function from R to Ha(S1). In view
of (7.15) we have proved (a) for L(t,e) - t¢, rather than L(t,e). But as

¢ € Cm(S1) = /\ Ha(S1), (a) follows.
a>0
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(8) For the proof of (b), it suffices in view of (a), to show that for all
A
a €(0,1/2), P -a.e.

IL(t, »)-to(e)1> :
1%(s’)

sup < @ '
t>e2 2t log log t
or rather
0
HMt(')Hza 1
(7.16) su H(S ) o

Py 57 Tog laar
2
tre 2t log logt

1
For « > 0, t > 0, w ¢Q, £E e S, N> 1 let
N v 242
= 1+ M .
Mo (E) g( n™)™ M (o )16 (E)
The process MaN(g) is a continuous square integrable Px-martingale with

increasing process

2)a/2

N
aN _rt ' 2
T, (E) = fods|g(1+n (Go,) (xs)¢n<g>| .

. . 1
As in §6, we obtain for all @ > 0, £ ¢S , N> 1, § >0

2
1M (E) |
A t A, _aN 1+6/2
(7.17) E" sup, Ftiog Togt < Cé{l + E [11 (£)] }
tre
1.8 2.a/2 2+8
<1+ Exfods|%(1+n ¥ See 1 (x e ()70}

By a version of the Hausdorff-Young Theorem in Harmonic Analysis and by (7.14),

1-2q

we conclude that for all a € (0,1/2), & € (O, ), there exists C such that

a,d
for all x € S1, N > 1

a/2 2+8

(G¢n)'(x)¢n(g)| <cC .

v 2
fdglg (14n°) w5

From this estimate and (7.17) we conclude that for all a ¢ (0,1/2), there exists

Ca such that for all N > 1
2

2
L” (dm)
E" sup, -—5—— — < C '
t>ez 2t log log t a

aN
"Mt (o)t
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or equivalently

N 2

0
M, (o)1
t H“(s1)

A
E sup, ——————— £ C .
t>e2 2tlog log t a

Letting N » « , we obtain (7.16).

Just as in [3] we shall now prove the function space version of the
logz—law from a logz-law for vector-valued functions and the compactness lemma
(7.11). The following logz—law for vector-valued functions follows from the
logz—law for real-valued functions (1.9b) by exactly the same argument which led
to Theorem (4.1) in [3].

(7.18) THEOREM: For all n » 1, all linearly independent functions

X
f1,---,fn € P(M) we have for all x € M, P -a.e. that the Rn-cluster set as t >

(Lt(f1),---,Lt(fn)) n D
of /5t Teg Tog € equals {(C1""Cn} € R; iZj=1aijCiCj < 1} where
a = ((£,(GH6ME) , , i,3,00e,m) 7.
L7(dn)

Recall that aij = fgrad Gfi-grad ij d\, and that G + G*: Lz(dk) +L2(dk) is a
positive self-adjoint compact operator. -We shall return to the eigenfunctions

{¢i, n30} of Sa, introduced in the proof of lemma (7.9). Notice that

(¢g,f) o = S(f) for f € Ha(M), in particular S(¢:) =0 for n » 1. We denote
H (M)
by ng : Ha(M) > Ha(M) the projection on the subspace spanned by Qg,¢?, ---,¢g.
Obviously ng(Li—t) = 0 and for N 3> 1
a, v a a a
(7.19) g (Lo-t) = ) (Lo 0) .
n=1 H (M)

a
(7.20) LEMMA: Letd > 2, >3 -1ord=1, a=0. Then for all x ¢ M, P"-
a.e. for all N > O

n;(L:-t) «
(7.21) ] ] . - cluster set Tiler oot - K .
H™ (M) t > o 9 9 a

4
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Proof: It is sufficient to prove (7.21) for N > 1. From (7.2) and (7.19) we
have

N
-t) =Y L (f,w)¢X .
n=1 t n

As \\// Ha(M) c P(M) for 4 » 2 and HO(M) c P(M) for 4 = 1, we conclude from
! = =
a>5 -1

Theorem (7.18) that for all x ¢ M, P -a.e. for all N > 1

a a
nN(Lt—t) N « N
oo - cluster set wm——o———={) C 0 ) a,.(.[.<1}
/2tTog logt !
Ha(M) t > og logt 1 n'n i,3=1 1j°1i73
-1 a a a a
= = +G* = = .
where a = b, by f¢i(G G )¢jdx (sa¢i,¢j) " xiéij Obviously,
H (M)
i = (x:)-1éij. On the other hand we have from the definition (7.8) of Ka , that

A
R
~
i

N © N N
a,1/2 a 2 _ a,1/2 a 2
= {% SO R g g, <1} = {g g ) e ; g <1

i
n

2
n

v o B a,=1
{2 Cobyi §<xn) g, <1

which proves (7.21).

The preceding lemma and lemma (7.11) imply
(7.22) LEMMA: Let d > 2, a > %~— 1ord=1, g =0. Then for all x ¢ M, P=
a.e.

La -t
t

(7.23) i I - cluster set i Tos Tog © - K,y .

1% (M) t s> e

(7.24) Remark: In view of (7.5) and remark (7.10), the validity of (7.23) for
an w € Qo, implies the validity of (7.23) for this w and any a' > «.
Theorem (1.15) now follows from Lemma (7.11), Remark (7.12),

Lemma (7.22), Remark (7.24), Lemma (7.9) and (7.4).
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§8. PROOF OF THEOREM (1.16)

We shall start with three lemmas. In lemma (8.1) we shall take as
version of the (weak) gradient of Gf the vector field

(grad Gf)(x) = fgradxg(x,y)f(y)dx(y).

d
(8.1) LEMMA: Letd> 2, @ >3 -1ord=1, a=0. Then for all f ¢ u*(m),

Gf and grad Gf are continuous.

Proof: Under the .ssumptions made on a, we have for the kernels

h_ (x,y) = jg(x,z)kz(z,y)ax(z)

and
* s

ha(x,y) = fgradxg(x,z)ka(z,y)dx(z) = gradxha(x,y)
that
(8.2) sup [|h (x,y)lzdx(y) < ®, su j|h*(x y)|2d)\(y) < »,

% a v SRR X
Let now f = Kf f and choose ?; € CT(M) such that If -fI 5 > 0. If we let

@ L% (dn)

£ =KFf , then £ ¢ CQ(M), hence Gf and grad Gf ¢ Cm(M). From (8.2) and
n an n n n

Cauchy-Schwarz we obtain NGf-anHm = IIGKz(Tf--E-n)IlOD + 0, lgrad Gf-grad anﬂm+0,

which concludes the proof.

(8.3) LEMMA: Letd>2,a>%-1£d=1,a=0. Let {¢, n>0} be a CON

|2 converge uniformly

o @
system in H*(M). Then the series X |G¢:|2 and J|grad G¢§
0 0

on M.

Proof: We shall use (8.2) of the preceding proof. Clearly

s .« a s .« a
(K~ ¢ _,h (x,°)) = (G _)(x) and (X_ ¢ ,grad h (x,+)) = (grad G¢ )(x).
-a'n Lz(dx) a'n X a Lz(dx) n
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This together with (8.2) implies that for all x € M

a 2 2
I px)| = flha(x,y)l an(y)

o~ 8

and

a2 _ 2
| graa G¢n| (x) = f[gradxha(x,y)l ar(y).

o 8

Now the argument that led to (8.2) for our choice of a can be strengthened to
give continuity of the functions f]ha(x,y)|2dk(y), f|gradxha(x,y)|2dk(y). The
assertion then follows from lemma (8.1) and Dini's Theorem.
(8.4) LEMMA: Let d > 2, a > %-- tord=1, a=0. Then

s .
Sa = Kza(G+G*): Ha(M) > Ha(M) is of trace class.

Proof: Consider the kernel of Sa i.e.

fsza(x,z>[g<z,y) + gly,z)1an(z) if a > O

s (x,y) =
a 1 g(x,y) + gly,x) if a =0 .

Under the assumptions made on a it follows from (2.9) and (2.11) that s, is
continuous on M x M. Approximating S by finite-dimensional operators, we obtain
a

@
for the eigenvalues A% of s that z AX < fs (x,x)AN(x) .
n a o ™ a

For the proof of theorem (1.16), notice that for f1,f2 € Ha(M)

(8.5) ((e+e*)E, ,£.)
22 an

= (s £_,£.) .
12 4 )

Since Sa : H (M) > H* (M) is of trace class, there is a Gaussian measure B, o0
H %(M) with mean O such that (1.18) holds (See e.g. [2]). This measure is

unique. Its characteristic functional

vig) = eil(f)dua(l), £ e ¥,
H % (M)
-(s £,£f) « /2
is given by V(f) = e (M) , f e 2 (M)
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. . . - -1
We denote by ui the P'~distribution on H a(M) of t /Z{Lt-ts} and by

{¢§, n>0} a CON system in 1% (M) such that og = 1. 1In order to show that u: > by

weakly, it is sufficient to show that

-(S £,f) /2
@,y iR(£) S )]
() im [ dui(de =e R ()
1% (m)
and ® 2
(2) lin sup [ apf) § [206D)]% =0
=N

N L
> t3 H a(M)

(see e.g. [9]).

Now (1) is equivalent to the weak convergence for all f ¢ Ha(M) of the

-1/2

P’ ~distribution of t (Lt(f) - tffdh) to the normal distribution with mean O

and variance ((G+G*)f,f) , and the latter follows from Theorem (1.9a).

L2(dx)

Furthermore, as f@idx =0 for n 3 1, (2) is equivalent to
a
L
o t(¢n)

(2') lim sup E’ z ( e
N t31 n=N

IR
and the latter is verified as follows: We consider again the processes
a a a a
Mt(¢n) = (G¢n)(xt) - (G¢n)(X0) + Lt(¢n), t >0, n>1

of §4. We recall that for all n >1, Mt(¢:) is a square integrable Pv—martingale

with increasing process
a, _ (t a2
T (6) = folgrad G¢n| (x)ds.

It follows that for n > 1

2 2 2 t 2
E'[n (00)] < 38"[(GoT)(x )] + 38¥[(Go}) (x )] + 3B”[ |qgrad Go’| “(x )as,

therefore,
o L_(¢%) © ®
\Y t "'n"\2 a2 a2
E ) (—=) <61 ] |co |“n_+ 3] |grad o |1,
n=n 't n=N O n=N n

from which (2') follows by lemma (8.3).

45



J. R. BAXTER, G. A. BROSAMLER

REFERENCES

[1] J.R. Baxter and G.A. Brosamler, Energy and the Law of the Iterated
Logarithm, Math. Scand. 38(1976), 115-136.

[2] E. Bolthausen, On the Asymptotic Behaviour of the Empirical Random Field of
Brownian Motion, to appear.

[3] G.A. Brosamler, Laws of the Iterated Logarithm for Brownian Motions on
Compact Manifolds, to appear in Z. Wahrscheinlichkeitstheorie verw.

Gebiete.

[4] J. Hoffmann-J¢rgensen, Sums of Independent Banach Space Valued Random
Variables, Stud. Math. 52(1974/75), 159-186.

[5] S. Minakshisundaram, Eigenfunctions on Riemannian Manifolds, J. Indian Math.
Soc. 17(1953), 159-165.

[6] 1I. Monroe, On Embedding Right Continuous Martingales in Brownian Motion,
Ann. Math. Stat. 43(1973), 1293-1311.

[7] E. Nelson, The Adjoint Markov Process, Duke Math. J. 25(1958), 671-690.

[8] R.S. Palais, Seminar on the Atiyah-Singer Index Theorem, Princeton
University Press (1965).

[9] Y. Prokhorov, Convergence of Random Processes and Limit Theorems in
Probability Theory, Theory Prob. Appl. 1(1956), 157-214.

J.R. Baxter G.A. Brosamler
Department of Mathematics Fachbereich Mathematik
University of Minnesota Universitaet des Saarlandes
Minneapolis, Minnesota 55455 Saarbruecken,
U.S.A. West Germany

and

Department of Mathematics

The University of British Columbia
Vancouver, B.C.

Canada

46



