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CARTAN CONNECTIONS AND CR STRUCTURES 

WITH NON-DEGENERATE LEVI-FORM 

BY 

Masatake KURANISHI 

A C R structure, a pseudo-conformal structure of É. CARTAN, on a mani­
fold M is a subbundle T" of the complex tangent vector bundle CTM of M 
satisfying the following conditions : 

1) If X and Y are sections of T", so is [X,Y\. 
2) T" D V = { 0 } where V is the complex conjugate of T". 
3) ST" — CTM/(T" + T') has fiber complex dimension one. 
If these are the case, we have Levi-form c^//(X, Y) = —i[X, Y) (mod T' + 

T") . It has value in ST" for sections X , Y of T". 
If M is a real hypersurface of codimension one in a complex manifold, the 

set of complex tangent vectors, which are of type ( 0 ,1 ) when written in terms 
of a complex chart of the ambient complex manifold, is a CR structure. When 
its Levi-form is definite, the induced C R structure determines the ambient 
complex manifold near M. Thus CR structures are intimately connected 
with complex manifolds with boundary. Viewed as a system of differential 
equations : Xf — 0 for all X in T", they also furnish interesting examples 
of partial differential equations. 

The fundamental work of É. CARTAN [2] on the geometry of CR structures 
with non-degenerate Levi-form (when M is of dimension 3) was generalized 
by TANAKA [7, 8] and CHERN-MOSER [4] for general dimensions. The work 
of TANAKA treats the cases more general than the case we consider here and 
includes some of non-integrable CR structures. The geometry was further 
enriched by the discovery of C. FEFFERMAN [6] which relates it with the 
conformal geometry. Another conformal structure was given by BURNS-
DIEDERICH-SHNIDER [1] in terms of the above work of CHERN-MOSER, and 
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they showed that it agrees with the Fefferman metric. In this talk we would 
like to look at these works from the viewpoint of the generalized space of E. 
CARTAN and also add a little more information on the CR structure. 

The generalized space may be considered as a synthesis of Riemann 
geometry and F. KLEIN'S notion of geometry. As in KLEIN we start with 
a homogeneous space, say G/H. To be precise, we consider the space of 
cosets gH and g± in G operates on G/H by sending gH to g\gH. To define a 
generalized space structure (patterned after G/H) on a manifold M we start 
as in C. EHRESMAN [5] by attaching G/H to each point p of M. Namely, we 
consider a set Ap of diffeomorphisms of open neighborhoods of 0, the coset 
H, into M sending 0 to p. For our geometry, however, we consider attaching 
maps up to an equivalence. And this equivalence should have the following 
property : 

(*) If fi and /2 are attaching maps at a point of the structure, there is a 
unique h in H such that fi and /2 o h are equivalent 

When such a set of equivalence classes of attaching maps are given, we say 
that we have a pre-generalized space. We may call an equivalence class of 
the attaching maps a frame of the structure. The above property (*) implies 
that the set of the frames forms a principal bundle over M, say with the 
structure group H. The fiber over p will be denoted by Ep. 

The sets Ap and Ap, p E M, are considered to define the same structure 
when ApUAp still defines a structure. We say that the structure is flat when, 
for any attaching map and for any g in G sufficiently near the identity, fog 
is also an attaching map at f(g(0)). 

Now our geometry is viewed as the study of properties of M expressible in 
terms of attaching maps which are independent of the choice of the employed 
attaching map. 

The model homogeneous space G/H is considered as a flat generalized 
space. Namely, the operations of elements in G are considered as attaching 
maps. 

In the case of Riemann manifold, G/H is Rm viewed as the quotient of 
the group of Euclidean motions by the orthogonal group. A diffeomorphism 
of an open neighborhood of 0 in Rm into M is an attaching map when its 
differential at 0 is an isometry. Attaching maps are considered equivalent 
when the value at 0 as well as the differentials at 0 agree. In this context the 
positivity of the metric does not play any role and we might as well start 
with any constant non-degenerate symmetric quadratic form 

(dx, dx) = gjjç dx3 dxk 

on Rm, and call it the standard metric. 
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In the case of the conformai geometry we still consider Rm and the 
conformai structure induced by the standard metric. However, we have 
to enlarge it to have a homogeneous space. Namely, as is well known, we 
consider Rm+2 with general element £ = . . . , £m+1) and consider 

ф(е,о = ( е ' , е ' ) - 2е °г+1 

where £' = (f1, . . . , fm) and (£', £') = gyfe^£fc. Denote by G the subgroup 
of 5 L ( R , m + 2) which leaves the quadratic form $ invariant. On 

Q R = {£ e Rm+2 : 0 = 0 and 0} 

we have a degenerate metric and G acts effectively, transitively, 
and as isometry on Q R . R*, the group of non-zero real numbers, acts on QR 
by the scalar multiplication. We set 

QR = QR/R. 

The action of G on Q R induces its action on Q R . When we denote by K the 
subgroup of elements on G which induce the identity map on QR, the group 
G — G/K acts effectively and transitively on QR making it a homogeneous 
space G/H. When m is odd, K consists of the identity element. When m is 
even, K consists of two elements containing the multiplication by —1. We 
denote the group by Z2. 

The metric 3>(cZf,c£f) on Q R induces a conformai structure on Q R and G 
is the group of conformai automorphism of QR - We have an embedding 

Rm9 (1, Y,S 1 
2 

[y, y)) (modR*) € Q R . 

The image is an open submanifold QR of QR and the induced conformai 
structure is the conformai structure of the standard metric of Rm. 

For simplicity we assume that m > 3. Let M be a conformai structure 
such that its constant conformai structure on the tangent vector space is 
isomorphic to the standard conformai structure on Rm. A diffeomorphism 
of an open neighborhood QR of 0 into M sending 0 to p is an attaching 
map of the conformai structure when the induced structure on QR and the 
standard structure on QR agree at 0 up to order one. Attaching maps are 
considered equivalent when they agree up to order 2 (i.e. as 2-jets) at 0. 
We can show that attaching maps exist and the equivalence satisfies the 
condition (*). 
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To see that we can view a C R structure with non-degenerate Levi-form 
as a pre-generalized space, we first describe (following TANAKA and CHERN-

MOSER) the homogeneous space G/H after which we pattern our geometry. 
We start with a constant non-degenerate hermitian quadratic form 

(z,z) = hjkzJzk 

where z = {z},...,zn x) denotes a general element in Cn 1. We consider 
Cn+1 with general element f = . . . , fn) and let 

(i) *(r,?1 = * ' ( ? V - ? 0 f n ) + <?,,?,> 

where f' = (f1,...,^72 We denote by G the subgroup of elements in 

SL(G,n + 1) which leave ^ invariant. G acts transitively on 

Q = Ue Cn+1 : * ( ? , ? ) = 0 and f^ 0} . 

The group C* of non-zero complex numbers also acts on Q by the scalar 
multiplication and we set 

Q = Q/C*. 

Since Q is a real hypersurface (defined by * = 0) in the complex projective 
space, Q has the induced CR structure. The kernel of the induced action of 
G on Q is Zn_j_i, the group of the multiplication operator by e*̂  with # in 
(27r/(n+ 1))Z. Thus Q is a homogeneous space G/H where G — G/Zn_j_i. 

Q = mod C* in Q : f° / 0} 

is an open submanifold with the global standard chart (z,z) G Cn+1 X R 
given by 

Ì : {z,x) -+ (l,z,x + 
i 
2 

[z,z)) mod C* G Q. 

Thus the CR structure on Q is induced by Cn when Q is regarded as real 
hypersurface 

Im w — 1 
2 

(z, z) 

in Cn with general element (z,u?). As such it is defined by a system of 
equations 

®Q = WQ = • • • = WQ_1 = 0, JQ = dV, 

9Q = dx — 
i 
2 

[dz, z) + (z, dz) = j*d(w — w — i(z, z)) . 
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We denote the CR structure on Q by T"Q. Note that 

(2) dOQ = i(ojQ,uQ) = ih^Q A WQ-

On the other hand for X, Y E T"Q 

d6Q(X,Y) = -ÔQ([X,Y}) 

and 6Q is a generator of the annihilator of T'Q + T"Q (i.e. a generator of 
the dual space of ST"Q)- Hence the above formulas show that the Levi-form 
of T"Q is given by the matrix (hy^) for a suitable choice of a base. 

Let M be a CR structure such that its Levi-form is given by the matrix 
( h ^ ) for a suitable choice of a base. We regard M as a pre-generalized space 
as follows : a map 

/ : ( Q ' , 0 ) - ( M , p ) , 

where QF is an open neighborhood of 0 in is an attaching map when 

1) (df)o sends TQQ onto TPM and preserves the Levi-form; 

2) the bull back by / of the dual space of ST" and the dual space of ST"Q, 
both considered as a subspace of one-forms, have contact of order 1 at 0. 

Attaching maps fi and /2 are considered equivalent when their differen­
tials agree at 0 and ( / f 1)*^Q = (/2_1)*^g (mod m£ ), where mp is the 
maximal ideal in the algebra of the germs at p of C°° functions on M. We 
find by writing down explicitly the transformations in H that our definition 
of equivalence satisfies the condition (*) making C R structures with non-
degenerate Levi-form pre-generalized spaces, provided such attaching maps 
exist. 

We construct an attaching map as follows : by the first step in the con­
struction of CHERN-MOSER'S normal defining equation, an open neighbor­
hood M' of any point p in M can be embedded in Cn (with general element 
(z,w)) sending p to 0 such that : 

1) the induced C R structure by the embedding and the given C R structure 
on M' have contact of order 2; 

2) the image of the embedding is given by 

(3) Im w = 
1 

2 
(z,z') + N, 

where N = 0 (mod (z,z, x)4). Thus (^,x), where x = Rw may be consid­
ered as a chart of M and define a map / : (Q', 0) —• (M,p). / is an attaching 
map of the structure. 

Going back to the general situation, the homogeneous spaces attached 
to points of M are so far unrelated. The central point of E. CARTAN'S 



278 M. KURANISHI 

idea in constructing the geometry of generalized space [3] is to connect 
these homogeneous spaces. The consideration leads to the notion of Cartan 
connection on the principal bundle of frames. Namely, denote by g (resp. 
by h) the Lie algebra of left invariant 1-forms on G (resp. on H). Then 
a Cartan connection on E is a 1-form UJ on E valued in g satisfying the 
following conditions : 

(1) for each frame f the restriction ujf of UJ to TfE is an isomorphism of 
vector spaces ; 

(2) if Rk : E —• E for h in H is the right operation of /i, 

R*huj = Ad(fc-1)c^, 

where Ad(h) is the automorphism of the Lie algebra g induced by the 
automorphism g —* hgh~x of G\ 

(3) for £ G h let £(t) be the one-parameter subgroup of H generated by £, 
and for arbitrary frame f let Xf be the tangent vector at t — 0 of the curve 
t -Uc(0 ( f ) . Then u{Xt) = 

Different choices of Cartan connections lead to different geometry. Thus 
we define a generalized space of E. CARTAN as a pre-generalized space 
together with a choice of a Cartan connection on E. However, in the cases we 
mentioned above there is a unique Cartan connection which is particularly 
simple. For the geometry of such pre-generalized space we use this particular 
Cartan connection. In the following we outline how this is done in the three 
cases mentioned above. A recent work of TANAKA [9] shows that the situation 
remains true for more general cases of homogeneous spaces. 

Looking at the definition of the Cartan connection we see that there are 
many Cartan connections on a principal bundle. In fact, if U X H —> E is a 
local trivialization of E where U is an open subset of M, a Cartan connection 
UJ on U has an expression 

(4) UJ = Ad(/i"1)(a-hu;jff), 

where UJH is the left invariant 1-form of H and a is an arbitrary g-valued 
1-form on U. Thus the set of Cartan connections is locally parameterized by 
an arbitrary g-valued 1-form. 

Note that there is a canonical isomorphism 

T0{G/H) - g/h. 

Assume that we have a pre-general space. Denote by pE ' E —» M the 
projection. We say that a Cartan connection UJ on E is admissible, when for 
any frame f at p represented by an attaching map / , ujf modulo h is equal 
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to (df *) • dpE (in terms of the above canonical isomorphism). Since in 
our examples a frame at p prescribes (df)p for any representative attaching 
map / , this definition makes sense. In terms of a chart expression of UJ 
the admissibility prescribes a modulo h. Thus the set of admissible Cartan 
connections on U is parametrized by an arbitrary smooth 1-form valued in h. 

The curvature of a Cartan connection, is defined as 

K w = duj + 1 
2 

where [OÜ^OJ] is defined in terms of the Lie bracket in g. In terms of the chart 
expression we find that 

(5) K„ = Adlh'1)lda + 
1 

2 
fa, a]). 

We now say that a Cartan connection UJ is quasi-normal when it is 
admissible and 

K„ = 0 (mod [h,h]). 

In the case of Riemann geometry, [h,h] = h and there is a unique quasi-
normal Cartan connection, i.e. the Levi-Civita connection. To see what 
happens in the conformai structures (Case I) and in the CR structures with 
non-degenerate Levi-form (Case II) we have to describe in a little more detail 
the structure of g. In both of these cases the group G is a group of matrices. 
There is a natural splitting 

(6) g = m + h 

where m consists of matrices of the form 

0 . . . 0 

£ 0 i 
v rj 0 

. 

In case I £ runs over all m dimensional real column vectors, v — 0, and rj is 
£*, i.e. rjj = gjk£k- In case II £ runs over all (n — l)-dimensional complex 
column vectors z, v is a real number x, and rj is z*, i.e. rjj = h.jkZk. Thus they 
are determine by (£, v). The corresponding element in m will be denoted by 
A(£,i/). In case I h has a system of generators 

7TR = 

1 0 . . . . 10.... 0 . . 
10.... 0 . . 
. 0 . . 
10.... 0 . . 

0 0 
0 . . . . 0 -1 
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0 . . . 0 

: t : 
0 . . . 0 

with t G so(ra), 

where the orthogonality is with respect to the matrix (gy/c), and 

Bh = 

0 /3* 0 

; o ¡3 

0 . . . 0 

with /3 e Rm. 

[h,h] is generated by fh and Ph-
In case II h is generated by 

7T = 

1 0 . . . . 0 
0 
. 0 

0 0 
1 0 ... . 0 
0 

.0 . . . . 0 - 1 

, µ = 

1 0 . . . 0 
.0 
: Jl.; ; 

n - 1 
0 

0 . . . 0 i 

5 

where / denotes the identity (n — 1) X (n — 1) matrix, 

uh = 

0 . . . 0 

: u : 
0 . . . 0 

with u G su(n — 1), 

where unitarity is with respect to the matrix (h , 

vh = 

0 -iv* 0 

: 0 v 
0 . . . 0 

with v G Cn, 

and 

w = 
o . . . 1 

: 0 : 
.0 . . . 0 

. 

[h,h] is generated by u^, and w. 

A local trivialization of the frame bundle E is given by assigning a frame 
fp at p in U induced by an attaching map fp depending smoothly on p. Then 
the chart is given by 

(p, h) = Rhfp. 
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In case I for the standard chart y — (y1 , . . . ,2/m) of QR we set 

UJ 
s 
0 

V 
= J 

-1 
P 

3 dy s 0* 

UJQ, ... form a base of 1-forms on U. Denote by UJ0 the column vector of 
1-forms whose s-th component is UJQ. Then UJ is admissible if and only if 

a — A(u>o,0j + ah, 

where ah is an arbitrary h-valued 1-form on U. Similarly, in Case II we have 
the standard chart (z, x) of Q and set 

UJ 3' 
0. p = f -L 

o 
* m zj 

0' 

Oo 
P = f -1 

0 
* dx 

o* 

(¿0 ? • • • ? 1 > ' • • • > 1' form a complex base of CTU and the admis­
sibility of UJ is given by 

a = \(<jJo,0o) + ah, 

where ah is an arbitrary h-valued 1-form on U. 

In view of (5) UJ is quasi-normal when it is admissible and 

da + 1 
2 

[a, a] = 0 (mod [h,h]). 

Hence the equation is a linear equation in the unknown a^. In fact, the 
choice of [h,h] in the definition of the quasi-normality is intended to have 
this effect. This is a differential equation in a^. However, in our cases the 
space A of the unkown ah has a decomposition A = A1 H h A1 satisfying 
the following condition : 

Let ah = OL1 + • • • + oc1 with ocv E Av. Then the equation is a sum of 
equations F1,..., Fl where F" is a linear algebraic equation in a1 , . . . , a^_1, 
their derivatives, and in av. Moreover, for any solution (a1,. . . , a17-1) of 
F1 U • • • U Fu~x the equation Fv has a solution in av. 

Thus starting from a1 we can write down all the solutions without solving 
a differential equation. To solve the equation is actually not quite trivial. 
There are obstructions for the existence of solutions. However these obstruc­
tions vanish. In case I we write 

ah = a'r7rR+(a-)h+(aRm)h, 

where aso (resp. aRm) is a so(ra)-valued (resp. Rm-valued) 1-form on U. 
Write further 

a Rm s = Y t w t. 
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Then for arbitrary choice of a71" and of symmetric matrix valued function 
(Sst) on U, there is a unique quasi-normal Cartan connection such that 

gus(Yts -g3rSrt) 

is anti-symmetric in (u,t). In case II we write ah similarly using the above 
mentioned generators of h. Then for arbitrary a71" and both modulo 
0JQ, . . . , C ^ Q - 1 , UQ, ...,(^Q~X, <̂ o_1> tnere is a unique quasi-normal Cartan 
connection. Thus in this case the set of quasi-normal Cartan connection 
depends locally on two real-valued arbitrary functions. 

When w is a quasi-normal Cartan connection, the Bianchi identity : 
dKu + [a;,iirw] = 0 imposes conditions on its curvature. When we consider 
the condition modulo [h,h], we obtain conditions which do not involve the 
derivatives of K^. The conditions appear as symmetric conditions on the 
coefficients in when expressed in terms of a base of CT*M. The total 
information thus obtained in the case II is the neatly expressed condition of 
CHERN-MOSER [4]. To write them down, note that Ku takes value in [h,h] 
and hence can be written as 

Kw = K su 
h + K CN-1 

h + Ku U, 

where Ksu (resp. K°n 1, K^) is a su(n — l)-valued (resp. Cn 1-valued, real 
valued) 2-form on U. Set 

A(fi,0) = the projection of uj to m, 

(cf. (6)).Then we can write 

K su A 
k = S j 

klm 
nl A fim + 0 A (V 3 

kl 
Ol + V j 

kl 
Ol 

3 
K CN-1 3 = V 3 

kl 
nk A ^ + e A (P 3 

k 
nk + Q 3 

k 
Ok), 

K* = -iP Ik VlJ A nk + 6 A (RM* + iîfcfifc), 

where the above coefficients satisfy the following conditions : 
For each frame f, there is homogeneous form of type (2.2), say 5(f), in a 

complex variable ç, ç (ç G Cn~1) such that 

S j 
klm 

= y* 
d4 

d?dçmdçkdçl 
5(f). 

Similarly, V*j- (resp. p3k, Q1^, R^) comes from a homogeneous form of type 
(1.2) (resp. of type (1.1), (0.2), (1.0)). 
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In case I we say that u is normal when 

K so 
rs 

r 

t 
— 0 for ail s, t, 

where Kso — K^Qr A fis with À(fi,0) the projection of u to m. In case II 
we say that OJ is normal when 

h ik P k = 0. 

Using Bianchi-identity we find that there is a unique normal Cartan connec­
tion for arbitrary choice of of (resp. a71" (mod CJQ, . . . , C^Q-1 , ^ , . . . , ^Q-1 ) ) 

in Case I (resp. in Case II). As noted by TANAKA all normal Cartan connec­
tions are isomorphic. Thus there is a unique normal Cartan connection up 
to isomorphisms. In the case of the conformal structure it is customary to 
assign a particular choice of a71- and call it the normal Cartan connection. 

For case II we also assign, following CHERN-MOSER, a particular choice of 
an (mod (a;t-,Uî)) and call it the normal Cartan connection. Note that so 
far we did not use to its full extent the information stored in the definition 
of frames. We only used the first order information of attaching maps. The 
assignment of a* is given by using the second order information stored in 
the definition of frames. Namely, in case II, le / be an attaching map at p. 
Then by condition 2) in the definition of attaching maps, we can write 

(7) (PE)*(r1) * OQ = kQ (mod (z,z,x)2). 

Now we define the real part of the upper left side corner component of (u>)f 
to be — (l/2)(d/c)f. Actually this assignment has the effect of determining an 
and is consistent with the above construction of normal Cartan connections. 
Note by (2) and (7) that 

dO = ¿(0, Q) + 0 A d/c (mod rrtf ), 

where rrtf is the maximal ideal in the algebra of germs of smooth functions 
at f. 

If we assign for f in E over p a triple 

( ( ( / 
-L )*OQ) 

p 5 ( ( / 
-1 )*wQ) 

V 5 ( d W f ) ) , 

where / is an attaching map representing f, we have a chart of E (valued 
in 1-forms). In the tautology form approach of CHERN-MOSER for the 
construction of the normal Cartan connection, we use this chart. We see 
easily that the normal Cartan connection is preserved under isomorphisms 
of structures in Cases I and II. 
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For a function N in variables (z,z, x), we write N in Taylor series in (z,z) 
centered at (0,x). We denote by N(a)b) the type (a,6)-part of the series. We 
also define 

TrN = h3k 
d2 

dzJ'dzk 
N. 

Let / be the attaching map obtained by using an embedding given in (3). 
We consider the case when the equation (3) is in Chern-Moser form. This 
means in particular that A^0,a) = ^(i,a) = 0 and 

Tr JV(2>2) = (Tr)27V(2,3) = (Tr)3iY(3i3) = 0 

for N given in (3). Let f be the frame given by / . Then by solving the 
equation for for the normal Cartan connection, we find an explicit 
expression of the curvature in terms of TV : 

5(f) =-8AT(2,2) , V(f) = 
4* 

n + 1 
TriV(2>3), 

P(F) = 
2 

n(n + 1) 
;(Tr)2iY(3;3)-Tr(iV,iV)(2,2)) 

+ 
2 

(n - 1 )n(n+ 1) 
[(Tr)2(iV,iV)(2i2))(f)?), 

Q(f) = 4 
n(n + 1) 

{(Tr)2N{2A)-Tr(N,N)(1,3]), 

R({) = 
2 

(n - l)n(n + 1) 
((Tr)sJV(4iS)-(Tr)a(JV,JV)(s,a)), 

where we replace z by C, set x = 0, and 

{N,N) = Wkh™{Z3ZqN){ZpZkN), 

Z3 = 
d 

dzJ 
+ 

i 
2 

d 

dx 
z*j = h3kzk-

We next describe BURNS-DIEDERICH-SHNIDER'S description of FEFFER-

MAN'S conformai structure associated with a CR structure with non-degen­
erate Levi-form. Following W. HUBER we rewrite * ( f , f ) in the definition of 
Q {cf. (1)) in a real chart £ = ( £ ° , . . . , £2n+l) where 

ç" = + i?^1 (a = 0 , . . . , n ) . 

Then we find that 
w(c, c) = e ' ) - 2 £ ° £ 2 n + \ 
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where £' = (£V- . ,£2n) and 

( e , , o = 2í1f2n + ( í ' , f> -

Now we see by the description of the flat conformal structure that Q/R* has 
the flat conformal structure induced by \I/(df, dç). 

We describe the conformal structure in terms of G. Let H be the inverse 
image of H under the quotient map G —> G = G/Zn+1. Actually, H is the 
group of all matrices in G such that their first column vectors are of the 
form (a,0, . . . ,0)tr, where a may be considered as a representation of H in 
C*. Set 

Hi = the kernel of a, Hr = {h G H : a {h) G R}. 

Then clearly Hi is the isotropy group in G of (1 ,0 , . . . , 0) in Q and hence 

Q = G/HU Q/R* = G/Hr. 

Observe now that G = G/Zn+i, Hi fl Zn+i = / , and the opération of Zn+i 
préserves Hence, when we dénote by Hi (resp. by Hr) the image of Hi 
and Hr under the canonical map G —> G, the conformai structure on Q/R* 
induces a conformai structure on 

G/Hr = (Q/R*)/(Zn+/1/(Hr n Zn+1)). 

Note that Hr D Zn_|_i = I (resp. Hr fl Zn_|_i = Z2) when n is even (resp. 
when n is odd). Hence Q/R* is a (n + l)-sheets (resp. ((n + l)/2)-sheets) 
covering of G/Hr when N is even (resp. when n is odd). Since the metric 
is obviously invariant under the operation of G, it is expressible in terms of 
Mauer-Cartan form of G. When we denote by (wg, fi1,..., fin+1, 0)tr the 
first column vector of the Mauer-Cartan form on G (viewed as a matrix 
valued form in terms of the embedding g C gl[n + 1, C)), the metric turns 
out to be 

(8) 2(Imu;g)e + hjk OjOk. 

When the structure is the model homogeneous space G/H the frame 
bundle E (resp. Mauer-Cartan form) is identified with G (resp. with the 
normal Cartan connection). Hence the above observation suggests that we 
may use (8) (where WQ, fi, 0 are defined in terms of the normal Cartan 
connection) to define a conformal structure on 

MF = E/Hr. 
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Actually we can justify the construction. This is the Burns-Diederich-Shnider 
conformal structure. We denote by G R / . H R the model homogeneous space 
for the conformal structure. G R is the quotient group of the group GR of the 
automorphism over R of Q by its center (which is Z2 since the dimension of 
QJI is even). Since an automorphism over C is also an automorphism over 
R we have the canonical injection 

(9) G - G R . 

We have the frame bundle Ep over Mp of the conformal structure as 
well as the frame bundle E over M of the CR structure. To relate the two 
principal bundles denote by TIR the inverse image of i?R under the canonical 
map GR —> GR. # R is the conformal case analogy of H and, in particular, 
as in H we have a representation a : HJI —• R*. H does not map into HJI 
under the injection (9). However, HR is mapped into J^R, and we find that 
(9) thus induces a canonical injection 

Hr —• Нл. 

The principal bundle E over M — E/H with the structure group H can be 
also viewed as a principal bundle over Mp = E/HR with the structure group 
HR, which we denote by (Mp,Hr,E). 

We claim that there is a canonical embedding 

(MF,Hr,E) ^ EF 

compatible with the injection HR —• i?R. Namely, we first note that any 
frame fo at po of the CR structure is represented by an attaching map /0 
obtained by embedding M locally as a real hypersurface (3), where 

(10) 

N = 0 (mod (z,z,x)4), 

AbN EE 0 (mod (2,£,x)3), 

A2bN = 0 (mod (2,*,x)2), 

where = hjkZ3Zk. We may assume also that the CR structure of M 
and the induced structure by the embedding agree at p0 up to order 5. 
We now construct fq : (Q',q) —• (M, fo{q)) which satisfies the conditions 
of the attaching maps at g, depending smoothly on q. Moreover we may 
construct such fq so that fq(qf) = /o(^') + Rq{<l ~ Qf) with Rq(r}) = 0 
(mod (z(q), z(q), x(q))3). Then we have a map 

( Q R ) ' 3 J (modtfr)-^ 

(the frame at g(0) represented by the 
attaching map /g(0) o g) (mod HR) G Mp 
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(where g in G). By writing down UJQ explicitly we find that the map is an 
attaching map of the conformal structure on Mp. This a consequence of the 
condition (10) on N. We check further that a different choice of f0 in the 
equivalence class of /0 but satisfying the conditions mentioned above gives 
rise to an equivalent attaching map for Mp. 

Now we are in a position to state a theorem of BURNS-DIEDERICH-

SHNIDER on the relation between the two Cartan connections. Note first 
that the canonical injection (9) induces a canonical injection 

( h ) g -- gR. 

Then the theorem asserts that the diagram 

T(E) T(EF) 

g gR 

is commutative, where the vertical arrows are the normal Cartan connections 
and the horizontal arrows are the canonical injections. The outline of the 
proof is as follows : by the local trivialization of E and Ep in terms of the 
above fq, the attaching map for the conformal structure induced by /g, and 
by the expression (4) of the normal Cartan connection UJ of our CR structure, 
we may reinterpret UJ as a Cartan connection tup of our conformal structure. 
Then we check that ujp is actually the normal Cartan connection for our 
conformal structure by explicitly writing down the injection (9). 
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