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Measures of algebraic independence of numbers and functions 

Yu. V. Nesterenko 

The purpose of the present paper is to describe new results in transcen
dental number theory, which have been proved in the last few years with the help 
of the methods using the comm utative algebra. These results concern the estima
tes for the multiplicities of zeros of polynomials in a solution of a system differen
tial equations and the estimates for the measure of algebraic independence of the 
values some functions. These estim ates were proved just the same way. 

In the case of numbers it may be describe in brief as follows. For any poly
nomial P with complex coefficients H(P) will denote the maximum of the absolute 
values of coefficients of P and deg P - degree P, t(P) = deg P + £nH (P). In general 
the probl em may be put as foil ows. For the given point ou = (UUQ> • • • > w^) £ <Cm+ ̂  we 
are searching for the lower estimate for | P(ui)| , P ^ 0, P£ Z [X q, . . . , ><m]> in 
terms of the H (P) and degP, or in term s of t(P). 

We shall use the notion of the rank for ideals. The rank of the prime ideal 
PCZ[XQ, . . . , X^ ] is the maximal length of any increasing chain of prime ideals 
terminating with P. The rank of any ideal 3 is tne minimal rank of prime ideals 
P, containing 3. The rank of an ideal 3 will be denoted by hl̂ ). 

Any homogeneous unmixed ideal 3c Z[XQ, . . . , Xml may be characterized by 
numbers N(3), FK3), which are analogous to deg P, H(P) for polynomials 
P€ Z[XQ, . . . , X ]. One may a| so define | 3(uu) | , analogous to | R(uu) | . These num
bers N(3), H(3)> |3(UU)| have the properties concerning their behaviour under de
composition of the ideal into prim ary ideals aim ost analogous to the properties of 
the corresponding characteristics of P concerning the decomposition of P into ir
reducible factors. It allows to reduce the problem of obtaining the lower bound 
for I 3^)) in term s of N(3), H(3) to the same problem for prime ideals 
PcZ[X , . . . , X ], h(P)=h(3). A n assertion hoi ds, reducing the estimate for 
|P(uu)| to the anal ogous estimate for ideals of higher rank, which allows to pro
ve the estimates by induction by rank from ̂  to 1. For the principal ideal 3 = (P) 
its rank equals 1 and the quantities |3^) | and | P((ju) | are closely related, which 
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gives us possibility to obtain final I y the lower estimate for | P(UJ) | in terms of the 
characteristics of P. 

For example, this method leads to the proof of the following theorem 1, con
cerning the values of functions, satisfying of functional equations of special kind. 
In 1929 K. Mahler studied transcendental functions satisfying such and more ge
neral equations and proved the al gebraic independence of their values. These 
results were extended later by Mahler himself, J. L oxton and A. van der 
Poorten, K. Kubota, D. M asser and others. The estimates of transcendence mea
sures were stated in the first by A. Galochkin [ 1]. Concerning this subject we 
mention the papers by W. Miller [9] and S. Molchanov [3], [4]. S. Molchanov 
and A. Yanchenko [2] obtain a good estimation of measure of algebraic indepen
dence of values of two functions in p-adic case. 

THEOREM 1. Let f ̂  (z), . . . , f ̂ ( z) be power series, convergent in a neigh
bourhood 1( of z=0, with coefficients from algebraic fields K, [K :Q] <oo, satis
fying the functional equations zd) = â (z) MzJ+b ẑ), â (z), b^z)̂  K(z), 1<i<m, 
where d is an integer, d>2, and al gebraical I y independent over C(z). Suppose 
that a is an a I gebraic num ber, a 6 lb 0<la | < 1 > numbers a , a > ad , . . . differ 
from the singular points of â (z), bAz). T hen for any numbers s> 1, H>HQ(s,a, 
fAz)) and any polynomial P € Z [X , . . . , Xm ], P ^ 0, deg P < s, H (P) <H the ine
quality m 

|P(f1(a),...,fm(a))| > H , 
holds, where y j = Y ĈC, O > 0. 

COROLLARY. L et a be algebraic number, 0<|a|<1, d be integer, d > 2, 
oo n 

cp(z) = Y, z . Then for any polynomial P^Z [X Xd-1^' p ̂  °> the inequality 
|P(q%), cp(a2),...,cp(ad"1))|>CH(P) Y2 

holds, where Y2=Y2^>d)>0, C = C(a, d, s ) > 0, s=degP. 
In order to establish the corollary it is sufficient to apply the theorem 1 to 

functions cp(zL), i= 1,...,d-1. 
Theorem 1 is deduced from the next statement, which gives the lower estima

te for | 3(5) | with J = (l,f (a ) , . . . , fm(a)). 
THEOREM 2. Suppose that the conditions of theorem 1 are satisfied, Jfr > 1 

and H> 1. Let ^ be a homogeneous unmixed ideal of J CXq, . . . , ><m]> such that 
30 Z=(0), r =m+1-h(3) > 1, 

N(3)< xm-p^m-p+1, enH(3)<r-rrrenH, 
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where X> \Q(a, K, f , . . . , fm) >0. If H exceeds a boundary, depending on \ and 
then 

«ni3(w)| > - \r (^enH(3) + N(3) enH)/"1. 
Let us deduce theorem ] from theorem 2. If P is a polynomial from theorem 

X X 
1, Q = x^egP p̂ —1, • • • > x~) ~ a homogenisation of P, 3=(Q)- a principal ideal 

o o 
inZ[X , . . . ,X ], then one may prove that 

2 
N(3) = degP , H(3) <H(P)em degP 

| P(f (a), . . . , fm (a)) | > | 3(5) 1. 151 deg P. (m+1)" 2m deg P (1) 
m2s 

From theorem 2 with r = m, s and He instead of H it fol lows, that 
| 3 Q | > -2Xm(enH +m2s)sm> -3Xmsm £n H. 

This inequalities and (l) prove theorem 1. Theorem 2 is proved by induction on 
r from 1 to m. 

Second group of results concern the values of exponential function at trans
cendental points. After a classical result by Gelfond and Schneider many of in
teresting assertions were proved here by A. Shmelev, R. Tijdeman, D. Browna-
well, G. Chudnovsky, M. Wal dschmidt, E. Reyssat, P. P hilippon and others. 
The last results by P. Philippon [11] on criteria of algebraic independence and 
algebraic independence of values of exponential function are worth to be mentio
ned. 

THEOREM 3. Let a, P be algebraic numbers, a^O, 1, degree of g equals to 
d, d>2 ; let T be a real number, 0<T<^^-. Then there exists a constant y3 = 
Y3(a, p) >0 with the fol lowing property : for al I P ^ . . . , PN in Z [X^ . . . , ><d_1 ] 
of t(P .)<T, which generate an ideal of rank d-r, 0< r< T, we have 

a p2 d-l (d-r)-I-
max |P.(ccP,aP ,...,aP )|>exp(-Y-T T r ). 

1<j<N J 
From this theorem is follows, for example, that among the numbers 

2 d-1 
a3,aP ,...,aP (2) 

there are at least [̂ ] algebraically independent over Q. Indeed, let the number 
of a| gebraical I y independent among them equal to £. T hen prime ideal p, consis
ting of al I pol ynomials in Z[X ,̂ . . . , Xd_ ^ ], which vanish at the point (2), has a 
rank d- 1-£. T herefore the number r = £+1 is not less than and £ > [g]. 
Theorem 3 follows from the next statement, which gives the lower estimate for 
13ti5)|. 

and 
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TH EO REM 4. Let â , b̂ , . . . , be complex numbers, satisfying 
for any c> 0 and for any vectors K =(K }, . . . , Kp̂ € ZP, £ = (£ ]t . . . , £ )e Zq the 
inequalities 

I K J V ' - ' V P 1 >exp(-|K|€), | £ 1 b } +. . . + £qbq | > exp(-|«I G) 

for |K|, | 1 | exceeding a boundary, depending from e, â  , b.. L et uu ,̂ . . . , uum 
be the set of numbers 

a b a b 
a 1, . . . , a , e , . . . , e P q, m = p+pq, 

ordered in any way, and uuQ = 1, u) = (UUq, . . . , wm). 
If r is an integer and T is a real number, 1 < r < T < ^ > then for any 

homogeneous unmixed ideal 3 c Z[X , X ], h(3> =m+l-r, the estimate 
T 

| 3(5) | >exp(-^rt(3)T-K 
holds, where p,r =p,(r, T, a., b )>0, t(3) = N(3) + £nH(3>. 

This theorem, like the theorem 2, is proved by induction on r. Induction is 
successed not to m=p+pq, as in the theorem 2, but only to , which is con
nected with analytic possibilities of constructing polynomials small enough at 
the point a). 

We give auxilliary assertion, which connects lower estimates for ideals 
and pol ynomial s at the point uJ=(1,ou^,..., uo^) 6 <Em and al lows us to deduce the 
theorem 3 from the theorem 4. 

PROPOSITION 1. Let the transcendence base of the fiel d Q(uo ̂ u ) m > be 
contained among the numbers uu 1 u u ^ , K <m ; let R ̂ , . . . , R N £ Z[ XQ, . . • , *M] 
be homogeneous pol ynomial s t(R.)< T, a = (R , . . . , R̂ ) is ideal in Z[XQ, . . . , XM], 
r = K + 1 - h(a). Then there exists a horn ogeneous unmixed ideal 3c: Z[XQ, . . . , X "], 
h(3) = m+1-r, t(3)<YATK"n+1 such that 

_K-r+1 -y T 
max |R.(uu)| > |3(uu)| £ S 

1< j<N J 
when Yi=yi{w)>0, i = 4, 5. 

Suppose in the theorem 4, that 
p=q=d, a. =§l~\ bi = $1~] £na, i=1,. . . ,d, 

P 3d"1 
0^=0. uud_1 =aK , K = d-1. 

Then the theorem 4 and the proposition 1 give us the statement of theorem 
3. We remark, that the estimate mentioned above for the quantity of algebraically 
independent numbers among (2) is a simple consequence from the theorem 4. 
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Let us describe in brief the proof of theorem 4. Suppose, that the assertion 
theorem 4 is valid for al I horn ogeneous unmixed ideals pa J [Xq, . . . , *m]> 
h(p) >m+1-r. The step of induction contains two stages. 

1. Reduction of the estimate of | 3(5) I to the analogous estimate for prime 
ideal s. 

If the assertion of the theorem 4 is valid for prime ideal s P, h(p)=m + 1-r, 
then there is constant ^>0 such that 

T 
£n | P(5)| > -p. t(p)T"P (3) 

We define for a homogeneous unmixed ideal 3 with h(3)=m + 1-r prime ideals 
P y • • • 1 Ps ar|d natural numbers K ,̂ . . . , Ks according to the proposition 2 [7]. 
Then this proposition and (3) give us 

mJt(3) +H3(id)| ^ -M- S K t(P )T P>-J E K t(P PT P 
2t T 

> -n(m+l)T~P t(3)T~r . 
2t 

This proves theorem 4 with p,̂  =p,(m+l)T P + m̂ . 

2. Increase of the rank of ideal. 
In order to establish the inequality (3) it is sufficient to prove, that a set 

of real numbers S, such that there exist prime homogeneous ideal Pc Z [Xq, . . . , 
X ], PnZ=(0), h(P) = m-r+1 with conditions 

T 
< exp(-ST~r), t(P)<S (4) 

is bounded. 
The proof is based on the next proposition. 
PROPOSITION 2. L et Q £ Z[ X , . . . , X m], 0, be a homogeneous pol y-

nomial ; PcZ [XQ, . . . , X m] be a prime homogeneous ideal, pf)Z=(0), 
r = m+1-h(p)> 1, 5= (ajQ, . . . ,uu )e Cm+1, 5^0, 

|P(5)| <e"x, x>o, |Q(5)|. !5!"de9Q<t(QR2M-2. 
Suppose that for 0 > 1 

min(x,J £nJ) =-CT In (j Qto) | . |a| "deg Q), 
where p is minim al of the distances between <ju and zeros of ideal p. Then for 
r>2 there exist homogeneous unmixed ideal J cZ[XQ, , ,Xm ], h )̂ = m-r+2 
such that 

1) t(p) <2m2t(p) t(Q), 
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2) £n | p(o)) J < - J- X + 8 m2 t(p) t(Q). 
If r = 1, then the right-hand side of the last inequality is not negative. 

Let p be prime homogeneous ideal, satisfying inequalities (4) for sufficient
ly large S, and 5 be a small positive number. Let us define number T by the 
equality T 

Tm+6-min(sT-r, j { n i ) . (5) 
It may be proved with the help of analytical construction from the G elfonds 

method, that there exist homogeneous polynomial Q £ Z [XQ, . . . , Xm ] satisfying 
inequalities 

-Tm+6<«n(|Q^)|.|J|-de9Q)<-Tm-5, t(Q)< TP+̂ +5. (6) 
This construction uses, following Philippon, function on many complex va

riables, "small value lemma" for exponential polynomials, due to Tijdeman, and 
interpolation formula in Cn. 

T 
It is easy to prove, that in proposition 2 with X = ST~"r inequalities 

2 6 
1<Q<T hold. From the inductive hypothesis and proposition 2 we find 

en| | > -,p_, t ^ - ^ ' > 1 (2m2 S T P+^)T-r+1 , 

en|^)|<-lT-25ST-r+8m2STp+q+5 

These estimates lead for sufficiently large S to the inequality 
ST-r < Tm + 5 ( 

which contradicts the equality (5). 
If w e could replace T ^ in the inequalities (6) by some power of £n T, we 

should probably obtain the bound £—̂ p] for the number of al gebraicall y indepen
dent numbers among (2). The proof of the algebraical independence of these num
bers demand the construction of the polynomials Q for which 

enla QI - -yt(Q)H , K > d-1. 
This method m ay be used for to prove some estimates for the orders of ze

ros of polynomials in a solution of a system of differential equations. 
TH EOREM 5. Suppose that 5 j> • • • > §q are different com plex numbers, the 

functions f j (z), fm (z) are algebraical ly independent over (D(z), and constitute 
solution of the system of differential equations 

m 
yj = qjo+ S q^i* J* = 1, — , m, qji<S<C(z), 
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and are anal ytic at § ,̂ . . . , § . Then for any pol ynomial P £ <C[z, X ,̂ . . . , *m], 
P^ 0, 

E ord P(z, f ̂ z), . . . , fm(z}) <y5(degzP + q) (deg P T 

holds, where y^[f )> 0. 

TH EOREM 6. Let § De different com plex num bers, the functions 
fQ(z), . . . , fm(z) constitute a solution of the system of differential equations 

Vj = Rj(yo, # " # ' ym ^ j =0, 1, . . . , m , 
where R. £ <C[ yQ, . , , , y^] are horn ogeneous pol ynom ial s. Suppose that these 
functions are anal ytic at §]>-»->§q> a| I vectors (f ) , . . . , fm( § )), 1 <£< q, 
are different, and maximal number of homogeneous a| gebraical I y independent ove 
C among f (z), . . . , f (z) equals to K + l. Then there exists a constant vc=Yc^)>( o m 1 o o I 
such that for any homogeneous polynomial C[yQ, . . . , y^], P(fQ, . . . , f ̂ ) ^ 0, 
inequal lty 

q _ K / K K" 1 i\ 
2 ord P(f)<YgU + S a- & J 

j=1 ?J j=1 J 
holds, where Jfr= degP and a. is a maximal number of points f ), 1 <£ <q, 
lying on an irreducible variety in IP of dimension K-j with degree at most 

dfdf dsf 
For K = 3 this statement was proved by D. Brownawel I [8] (see the biblio-

grapny or tnis paper too;. 
Any unmixed homogeneous for X , . . . , Xm ideal 3 in C[ z, X , . . . , X ] may 

be characterized by numbers N(3), B(3), ord̂  ^tf), which are analogous to 
degv P, deg P, ord P(f ) for P £ C[ z, X , . . . ,X ]. T he fol lowing assertion, X z ^ o m 
generalizing theorem 5 is true. 

TH EOREM 7. Let § ^ , . . . , 5 be different com plex num bers, the functions 
fQ(z), . . . , fm(z) De not connected by any horn ogeneous algebraic equation over 
<C(z), constitute a solution of the system of differential equations 

m 
y!=£q..y., j = 0, 1,...,m, q £ C(z) (7) 

L=0 J J 
and be anal ytic at 5 ,̂ . . , , § . L et 3 be an ideal of the ring C[ z, XQ, . . . , Xm], 
which is homogeneous in the variables XQ, . . . , Xm, r = m+1-h(3) > 1. Then 

7, ord 3(f)<(6m)2m2rB(3)N(3)M-R+' + Y^m(m+r)qN(3)m-r+' , 
;= 1 5 i ' 

where y = y [f )>0. 
This theorem is proved by induction on r from 1 to m. Theorem 5 follows 
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from theorem 7 for r =m. The common scheme of induction is analogous to the one 
in the case of numbers. But instead of the analytical construction of polynomial Q, 
as it is m ade in the proof of the theorem 4, the next lemma is used. 

LEMMA. Let p be a prime ideal of the ring C[ z, XQ, . . . , XM], which is ho
mogeneous in the variables X , . . . , X , PflC(z)= (0), r = m+1-h(p)> 1 and 

q ° 171 
£ ord P(f ) > B(P)+YQN(P), 

j=1 ?j 
where YQ = vo(f.)>0. Then there exist horn ogeneous in the variabl es X , . . . , X o 1 o i ^ o m 
polynomials R £ P, Q ^ P such that Q(f) = t(z)^R(f), when t(z) is the least com
mon denominator of the coefficients q.. in (7), and 

Jl1 
degxQ<3(6m)mN(P)m~P+1 , 

m '-r 
degzQ< 3(6m)mB(P)N(P) m"r+1 +Yq , 

where y Q = y Qtf ̂ )>0. 
The proof of lemma is connected with the theorem 2 from [6]. In order to 

establish theorem 5 and 6 we im prove the method of [5], w her e resul t not so 
strong as theorem 7 w as proved. In the case of numbers this m ethod was stated 
for the first time in[l0],[6],[7], where we proved that at I east [ I oĝ  (d+1)] 
numbers among (2) are algebraically independent over Q. 
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