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ON A THEOREM OF L., WASHINGTON
BY

W, SINNOTT

Introduction.

Let F be a finite abelian extension of the rational numbers @, p
a prime number, and @ the 7 -extension of , let F =F 0 , and

) p o oo
for each integer n > 0 , Tet h denote the class number of the unique
- n
n
extension F of F in F of degree p over F . Then a theorem of
n o

L. Washington [3] states that, for any prime number g # p, the power of

g that divides h is constant for n sufficiently large.
n

To prove his theorem, Washington reduces it to an assertion (recalled
in &4, below) about the g-adic valuations of the values of Dirichlet's
L-functions at s = 0 . We give here a proof of this assertion, somewhat
different from Washington's, based on the fact that these L-function values
are "generated by rational functions" ; more precisely, we prove in 83 a
general result applicable to any rational function measure, and apply to it

the proof of Washington's theorem in &4,

§1. Preliminaries on Measure.

1.1. Notations: We fix two distinct prime numbers ¢ and p . Z denotes
p

the ring of p-adic integers, F the prime field with 4 elements, F  its
2 2

algebraic closure, and 1y the group of all p-power roots of unity in F .
2

o

p
X
We recall that the group Zb of units in Z is the internal direct product

of its torsion subgroup V and the subgroup U = 1+2p7 .
p
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w. SINNOTT

1.2. Measures on Z with values in f- : By a measure on 7 with values
p 2 p
in F we mean a finitely additive F -valued set function on the collection
2 2

of compact open subsets of 7 . If a 1is a measure, and ¢ : Z I is
p p 2
n
a locally constant function, say constant on the cosets of p Z in 7 ,
p

then we define the integral

(1.3) (o p0dalx) = T e(adalap” 7).
p a mod p

1.4, Restriction and change of variahle: If o 1is a measure and X& 7
p
is compact and open, we denote by alx the measure obtained by restrict-

ing a to X and extending by 0 . We also define

(1.5) fX o (x)da(x) = II ¢(x)dalx (x) ,
p
for any locally constant function ¢: 7 — F .
p [3
X
If ¢ € Zp , we let qoc denote the measure defined by aoc (X) = a(cX)

for all compact open subsets X & Z . In place of daoc(x) we write
p

da(cx) , so that we have the "change of variable" formula

(1.6) fZ ¢ (cx)dalcx) = IZ o (x)da(x) .
p p

We note that

(1.7) aoC

oC .
cX

X

1.8, The Fourier Transform: We identify the continuous characters

i .
7 —»IFQ with the group y o & IFQ , an element r ep o corresponding
p ) b A
to the character x » ¢~ (x 515) . Let « be a measure ; the Fourier

transform ;: u m—+1f£ of a« is defined by
p
- X
(1.9) a (g) = IZ ¢ da(x) .
p
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ON A THEOREM OF WASHINGTON

By "Fourier inversion" we see that the Fourier transform gives an isomorphism
between the ring (under convolution) of measures on Z with values in fF
p 2
and the ring of functions on with values in[F .
° 2
p
It follows from (1.6) that, for any measure o ,
(1.10) aocC () = a (z ),
X
for c € Zp sy TEN o o

p
1.11. The r- Transform: Let ¢ denote the group of continuous characters

—X X o
U--»IF2 , viewed always as characters of Zp trivial on V. Let o be a

measure ; the r - transform t : ¢-IF of a 1is defined by
o 2

(1.12) ) = w(x)dalx).
One relation between the two transforms is the following. Llet y e @
n
and let 1 +p Zb be the kernel of y in U, View y as above as a character

X
of Zb trivial on V , and extend y by 0 to all of Ip . Then we may

write y as a linear combination of additive characters

1 X
(1,13) l]}(x) = T 5 T(UUC)C >
p (-t n
with coefficients P
-X
(1.14) w(p,z) = y N v(x)g s
x mod p

x # 0 mod p

therefore
§ t(¥,z) a (z)
reyu n

p
When n > 0, 1 (p,z) 1is a primitive Gauss sum, and so vanishes unless z

(1.15) r (v)

a

n
has order p . So for n > 0 the sum in (1.15) may be restricted to

n
primitive p -the roots of unity ¢ .
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1.16. Rational Function Measures: We call a measure o a rational function

measure if there is a rational function R(Z) €IF (Z) such that
—_ 2

for almost all (i.e. all but finitely many) ze€u o -

p
If « 1is a rational function measure, then so is alx for any compact

open subset X & Zb . In particular, if X = Z; and we put
a* = o , then we have
X
V4
p
~ ~ 1 A
a* () = o (g) - ; Y oa (ez) .
Py
e’ =

X
It follows that o« 1is supported in Zb if and only if

£

(1.17) p; alez) = 0, zeuw 5
e =1 p

this implies the identity

(1.18) }OR(eZ) =0,

where R(Z) is the rational function associated to o« . (For details in

a similar case, see [1], Lemma 1.1).

Finally, if k is the finite field generated over IF by the coefficients
2

~ ~

of R(Z) and the values afz) for which of(z) # R(z) , then o takes

values in k .
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ON A THEOREM OF WASHINGTON

§2. Power Functions on y .
oo

p
2.1. Independence of Power Functions: Let 2z denote a "variable element" of

u , so that we may define functions on by means of expressions
o0 -]

p p
a
involving z. For any a € Ip, we have the "a-th power map" z ; it is

the Fourier transform of the Dirac measure of mass 1 at a . We have:

Theorem 2.2: Let bl,...,bn be elements of IF , not all 0, and let
~neorem c.c. L€t gements ot g 0

CIRRRRRL be distinct elements of Zp. Define f :p  — fﬁ by
p
n
f(z) = § b 2%
. i
i=1
Then f has only finitely many zeros in yu .
p
Proof: Let k be the field generated over the prime field JF by
2
N

bl""’bn and the p-th roots of unity, and let p ° he the number of
p-power roots of unity in k . Let N1 be an integer large enough that
N
1
apseeea are distinct mod p ~. Suppose that f(g) = 0, where ¢ has

order p and N 3_N0 + Nl . Let Tr denote the trace map from

k(z) to k . Then, for each j = 1,...n,
_a'
0=Tr (r f(z)) = Tk(z):k

a,-a
1

J
since if i# j, ¢ & k and hence has trace 0 . Since [k(z):k] =

N-N
p o, it follows that b =...=bn=0 , contrary to hypothesis . Thus all of

1

the zeros of f 1lie in which completes the proof.

N N -1~
01
p
Let F denote the T -algebra of maps from to TF ; and let
L L 2
p
F = F/N, where N is the ideal of functions which vanish almost

0
everywhere, The conclusion of the theorem states that f(Z) is a unit in 3%.
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Corollary 2.4: If al,...,a are elements of # linearly independent
n p

. a . .
over 7 , then the functions zal,...,z " are algebraically independent

over EQ in :;0 . Llet Xl,...,Xn be independent indeterminates over

— . aq . . . .
IF : then sending X » z T, 9 =1,...,n, induces an inclusion
2 1

Proof: In any case there is a map from the polynomial ring

i3 [X ,eee,X 1 to = , sending X to 231
[ 1 n 0 i

for each i .

kjap+es+kpap

k .
A monomial Xlkl.. X" is sent to the power map z so,
n

since al,..,a are linearly independent over 7 , distinct monomials
n

are sent to distinct power maps. Hence if F(Xl,..,X ) is a non-zero
n 2on-28T9

polynomial in IF FXl,...,X 1, F (z%1,..,2°™) s a unit in ?% , hy
3 n —

Theorem 2.2 ; this proves the corollary.

§3. The Main Theorem.

3.1: We prove here a general result about r-transforms of rational functions;

in the next section we apply this result to prove Washington theorem.

Theorem 3.2: Llet o be a rational function measure on Zh with

values in F , and let R(Z) € F (Z) be the associated rational function.
2 2

X
Assume that a 1is supported on Zb . If
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Proof: Since Zi = VxU (see (1.1)) , we may write
r (y) = 7F f U Y (x)da(x) ;
a n
n€V

then, making the change of variable x-— nx in the integral, we have

(3.3) r (v) = 3 IU ¥ (x)da(nx)
@ n€eVv

fU p(x)dg(x) ,

with
(3.4) B = ] oaon .
neVv

By (1.16), a , and therefore also B , takes values in a finite

subfield kEli-'_l. We may suppose that up € k(resp. uagk if p=2). Let
n

p ° be the number of p-power roots of unity in k and let kn = k(y n +n)
)
for n > 0. Note that if ¢ 1is a p-power root of unity in k , then
n
(3.5) e () = ¢ if
. p k/kc 4 Céun,
n 0
p
=0 i .
if ¢ ¢ .
0
p
Let K = U k” . The action of Gal(K/k) on y _ gives a natural
p
n n
isomorphism Gal(K/k) = 1 +p ° Zb . For t € 1+p ° Ip , we let oy
t
denote the corresponding automorphism of K/k , so that ot(;) = ¢ for
rew ., -
P m m
Lemma 3.6. let ye& ¢ and let p be the conductor of ¢ (i.e. 1 +p Zp
is the kernel of ¢ in U) . Assume that r (y) = 0 and that m > 2n0 .
e and that kd
n
Let n=m-ny and let 5, € 1 o Ssatisfy ;5 =y (1 + pn ) (then
p
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¢ has order pn+n0 = pm). Finally, for each y € U let g =g "
v o -y y(1l4p Zb)
n
( sy depends only on y mod p ° 25) . Then for each yéeU , we have

—
y 5y

) = 0.

-1
Proof: Let yeU. Multiply (3.3) by p(y) and take the trace from kn to

n
k: sincer (p) = 0, and since wy(x/y) & u 0 only if x/y €1 +p Zb , we
a 0

obtain P

(3.7) 0 = (x/y)ds(x) ,

n
using (3.5). Let xey(l +p Zb) and write x = y(1 + pnz) .

Then

n n.z pNz x/y-1
pix/y) =9 (1 +pz) =y(l +p) = L, T 5 ;

The second equality requires the hypothesis m > ZnO, i.eo n 3_n0:

n.z n 2n
(1 +p) 1 +pz modp .

m
hence the congruence holds mod p , the conductor of y . Using (3.8)
in (3.7), we find

cx/y dg(x) =0 .

(3.9) fy(1+p"1p) ¥

let t € 1 + pnOI . Replacing y by yt in (3.9) and then applying
p

ives
ot g
x/y

z dg(x) = 0,
fyt<1+p”zp) v

(3.10)

and summing (3.10) over a complete set of representatives
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no no n . .
tel +p Zh for (1 +p Zb) / (1 +p Zb) , we obtain the final formula

of the Temma.

We may now complete the proof of Theorem 3.2 as follows. Assume that
r () = 0 for infinitely many y. Fix y€&U for the moment. Ry Lemma 3.6,

Qa

~

By has infinitely many zeros in . Now, by (3.4) and (1.7),

o

p

n n
(3.11) B =8] 0 = 7  oon | o
1+ 7 1+ 7)),
y y( p p) hev y( A

=§:(0!| n ) on .
n ny(1 +p OZ;)

Since o s a rational function measure , so is af by (1.16);

n
ny(1 +p °7)
p

n
let R (Z) be the rational function associated to «f 0. e
ny ny(l+p ?p)

Then, by (3.11) and (1.10),

(3.12) B (g) =7 R (¢
n

for infinitely many ¢ &€ yu o -
p
Let A be the additive subgroup of 7 generated by the elements of V,
p

and let al,...,a be a Z - basis for A. Let
n

h: H:JL (Xl,...,Xn)—+ 91"0.
be the inclusion induced, as in Corollary 2.4, hy sending Xi to 27 . Llet
LPERTREUN be a complete set of representatives in V for V/{+1} ; if we
write

n
Im =73 c a ,c €7, j=1,..,m,
;1 1 1 ij
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and let

and view éy as an element of EFO. By (3.12), h(F) = éy has infinitely
many zeros; so h(F) is not a unit in 350 ; so h(F) =0and F =0,
Since the Yj's are pairwise multiplicatively independent over 7, it
follows from Proposition 3.1 of [1] (see appendix) that

(3.13) R, y(Z) + R_ 2 Hek,
j J

-1
for j =1,...,m, and also, replacing 7Z by Z in (3.13),

-1
(3.14) Rog y(Z) + Ry y (2 ) € Kk,
J J

for j =1,eee,m . Adding (3.13) to (3.14) and summing over j and over a
n
complete set of representatives y € U for U/(1+p 015) we obtain

R(Z) + R (z'l) € k .

However, the identity (1.18) implies that we must in fact have

R(Z) + R(Z ) =0 . This completes the proof of Theorem 3.2.
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ON A THEOREM OF WASHINGTON

§4. MWashington's Theorem.

4,1, Notations: Let @ denote the field of g-adic numbers, 5 a fixed
2 2

algebraic closure of 0 , Z the g-adic integers, and 7 the integral
2 2 3

closure of 7 in 0O ; we identify the residue field of 7 with Fk and
2 2 2

denote the natural reduction map 7'—»ﬁ; by ~ . We let ord denote the
2 2 2

usual valuation on 02 , normalized by ordQ (2) = 1.

If F s an abelian extension of @ , not necessarily finite, then by

a character of F/@® we mean a character of finite order of Gal(F/Q) with

s s .
values in 02 . If x is such a character, the primitive Dirichlet character
associated to x by class field theory will also be denoted by y . Let f

be any multiple of the conductor of y and define
f

7 ox(a)7®

(4.2) Fa) = e 7o,
X 1.7 ¢

F does not depend on the particular choice of f. According to Hurwitz,
X

we have, for nontrivial y ,
(4.3) L(0,x) = F (1) .

Here L(0,y) is defined to be L(O,XO)0 , where g¢: 02 5 C is an

a
arbitrary field isomorphism and L(s,y ) denotes the Dirichet L-function

a
attached to y . L(0,x) is independent of the choice of ¢ .

4.4, Washington's Theorem: In [2], Washington reduced his then conjectural

theorem on class numbers (described in the introduction above) to the following

assertion about the numbers  L(0,yx) , subsequently proved by him in [3]:
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ah
Fix an odd character o of © /@ of finite order and values in

02 , and let ¢ vary through the characters of @ /@ with values in @
2

©

(here @ /Q 1is the Zp—extension of @) . Then

N =

ord2 L(0,op) = O

for almost all such characters ¢ .

4,5, Values of L-Functions and r-Transforms: We now show how to derive the

assertion of (4.4) from Theorem 3.2 above. We fix from now on an odd

ab
character 0 of 0 /@ . The following proposition is essentially well-known:

Proposition 4.6 Let fo be the conductor of o , and let f = 2pf
— — 0

Let
f/2

) 0(a)7°

a=1,pla
R(Z) = . .
1—7

m
Then for any character ¢ of @ /0 whose conductor p does not divide f ,

we have

L(0,09) = ¥' <l(w,z) R(z) ,

4

N =

m . .
the summation taken over primitive p -th roots of unity ¢ in 01 . Here

1 -
(4.7) tlysg) =— F o(a) ¢
m m
p a mod p
pla

m
Proof. Let X' denote summation over the primitive p -th roots of
4

unity in 0 .
2
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ON A THEOREM OF WASHINGTON

To begin with, we note the following identities:

m
f a fp a
¥ o(a)z ¥ o(a)z
-1 a=1, pla a=1,pla
(4.8)  R(Z) + R(Z ) = . - 2 :
1 - Zf fpm
m 1 -7
so that, if ¢ is a primitive p -th root of 1,
m
fp
§ o(a)’z®
-1 a=1l,pla
(4.9) R(z) + Rz ) = £ 7 .
1 - pr 7 =1
Also, for any integer a prime to p,
, a
(4.10) T'otlesg)e = ow(a) ;

4
for this it is helpful to notice that <(y,z) , defined by (4.7), is 0 if

m
¢z is an imprimitive p -th root of unity, so the sum may be extended over all
m .
p -th roots of unity ¢ .

Now, since y is even, we have +t(p,z) = <(p,z ) ; hence

25 1(p,z)R(z) v (e (w,g) +T(w¢-lHR(;)
12 4

- T el (RG) + R
4

m
fp

) ola)y(a)z®
a=1,pfa

m
1 -7 P

m
by (4.9) and (4.10). Since p Y f , the conductor of gy is divisible by p,

and this reduces to
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= L(0,0y) ,

1 - pr Z =1

by (4.2). This completes the proof of the proposition.

Now let TR(Z) denote the rational function in Fk(Z) obtained from

R(Z) by applying ~ to its coefficients. By (1.8) we can determine a

measure o on Z with values in ﬁr by stipulating that
p [}

a (C) = R(C) ’
. f . - .
for ¢ € o for which ¢ # 1 and setting af(z) = 0 otherwise. Then
p
a 1is supported on 1: , by (1.17). If y e & (1.11) , et y' be the

character of @ /@ which satisfies

for integers a prime to p ; on the right we are viewing ¢ as a character

X ~
of Zp trivial on V , as in (1.11). Then =<(yp'sz) = =t(ysz) , as
defined by (4.7) and (1.14), respectively; hence, by (1.15) and Proposition

(4.6), we have

1 ~
r () = (E L(0,e9"))
[¢1

~ ~ =1
if the conductor of y' does not divide f . Now R(Z) +R(Z ')+ 0 , by
(4.8); hence T (p) =0 for only finitely many ¢ , by Theorem 3.2. Thus
[¢]

the assertion of (4.4) follows.
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Appendix
We recall here Proposition 3.1 of [1] and sketch a different proof:

Let k be a field, Xl,...,Xn,Z (n > 1) independent indeterminates over

k , and Yl,...,Y (m > 1) nontrivial elements of the multiplicative group
and m 2

n
M= 7 Xiz generated by Xl,...,Xn in k(X ,...,Xn)x . Suppose that the

— 1
i=1
a b
Yj's are pairwise multiplicatively independent, i.e. Yi = Yj with
i+ J only if a=b =0 . Then a relation of the form
(*) r(Y.) +eeet+ r (Y) = 0,
11 mm
with r (Z) € k(Z), can occur only if
J
r(2)ek , j=1,000,m.
J
-1 -1

Sketch of proof: Let R = k[Xl,...,Xm, X1 ,...,Xm J; then R s a
unique factorization domain and Rx = kx.M . If f(Z), g(Z) are non-zero
polynomials in k[Z] and i # j , one can check that f(Yi) and g(Yj) are
relatively prime in R .

Let ri(Z) = fj(Z)/gj(Z), where fi’gj are polynomials over k. Since
the elements gj(Yj)’ j=1,00e,m , are relatively prime in R , (*) implies
that gi(Z) has the form aZb, ael<x, beZ . Hence each rj(Z) is a "Laurent
polynomial”, f.e. r (7)€ (2,277, and ek, Yj-IJGR . Since

each element of R can be written uniquely as a k-linear combination of

elements of M , (*) implies that each r _(Z) 1is a constant, since for each
J

. a
jand a# 0, the element Yjé-M occurs at most once on the left-hand side of

(*) , and hence not at all.
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