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INTRODUCTION 

1 . Th e t h ¯me s t reate d i n thi s pape r hav e thei r origi n i n th e classica l theor y 
of sp®cia l functions , namel y th e function s tha t aris e a s solution s o f linea r differ -
ential ®quat ion s wit h rationa l o r algebrai c coefficients . Th e stud y o f sp®cia l 
functions certainl y g o e s bac k t o th e wor k o f Gau s s an d Kumme r o n th e hyper -
geometric differentia l ®quation . Riemann , wh o followe d them , ha d a  mor e con -
ceptual poin t o f vie w tha t focusse d attentio n o n th e singularise s o f th e ®quatio n 
and a t tempte d t o d®termin e thei r influenc e o n th e solutions . I n particula r th e 
programme o f studyin g th e solution s o f linea r differentia l ®quat ion s wit h mero -
morphic coefficient s o n a  compac t Rieman n surfac e undoubtedl y originate s wit h 
Riemann. 

If the singula r point s o f th e differentia l ®quatio n ar e ai l regular , th e mon -
odromy grou p contain s ai l th e essentia l information . Indeed , thi s wa s th e poin t 
of vie w o f Rieman n wh o proceede d t o calculat e th e monodrom y grou p o f th e 
hypergeometr ic ®quation . Moreove r i t i s characterist i c o f a  regula r singula r 
point that , locall y a t tha t point , th e forma i an d analyti c th®orie s coµncide . Th e 
picture c h ange s significantl y a t a n irregula r singula r point . Le t P  b e a n irregu -
lar singula r point , an d le t u s writ e th e differentia l ®quatio n a s a  firs t orde r linea r 
System 

(*) du/d z =  A(z)u , 

where z  i s a  loca l coordinat e a t P , u  i s a n N  X 1 colum n vector , an d A  i s a n 
N X  N  matri x o f function s meromorphi c a t z  =  0 . On e the n find s that , typically , 
formai solution s ar e divergen t an d tha t th e forma i theor y o f (* ) i s n o longe r ad -
®qua te t o obtai n a  ful l understandin g o f th e loca l structur e o f (* ) an d it s solu -
tions. Nevertheles s th e forma i structur e o f (Å* ) i s th e foundatio n o n whic h on e 
can erec t it s compl¯te study . Thi s i s due t o th e fact , firs t discovere d b y Poincar® , 
that an y forma i solutio n o f (* ) i s asymptotic t o a n analyti c solutio n o n a  secto r 
with verte x a t P , provide d onl y tha t th e angl e o f th e secto r i s smal l enough . 
This analyti c solutio n i s howeve r not unique ,  an d wil l i n g°nera i chang e whe n 
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we rotat e th e secto r keepin g P  a s wel l as  th e forma i solutio n fixed ; thi s i s th e 
Stokes phenomenon fo r th e Syste m (*) . Th e constan t matr ice s b y whic h a 
fundamental matri x o f (* ) wit h a  prescribe d asymptoti c behaviou r c h ange s a s 
we var y th e secto r a r e calle d th e Stokes multipliers .  I t i s a  fundamenta l theo -
rem o f th e subject , du e t o Sibuy a an d Malgrange , tha t th e forma i da t a an d th e 
S tokes multiplier s assoc ia te d t o (* ) wil l d®termin e i t upt o meromorphi c ®quiv -
a l ence . 

If on e i s intereste d i n a  loca l theor y o f linea r meromorphi c differentia l 
®quat ions i t i s natura l t o procee d as  follows . Le t u s sa y tha t tw o System s (* ) 
with matrice s A  an d B  ar e meromorphlcally équivalent i f there i s a n invertibl e 
N X N  matri x g  offunction s meromorphi c a t z  =  0  suc h tha t 

B =  g[A ] :  = g  A  g-1 +  (dg/dz ) g- 1 

This d®finitio n reflect s th e tac t tha t th e substitutio n v  =  g  u  t ake s th e Syste m 
(*) int o th e Syste m (* ) wit h B  i n plac e o f A . I t i s importan t t o not e tha t i f w e 
replace th e fiel d o f g e rm s o f function s meromorphi c a t z  =  0  b y it s forma i 
counterpart , th e quotien t fiel d o f th e rin g C [[z]] o f forma i powe r s®r ie s ove r C , 
we obtai n a  correspondin g framewor k o f formall y meromorphi c Sys tem s (* ) 
and thei r forma i meromorphi c ®quiva lenc e c l a s s e s . Similarl y t h e notio n o f 
meromorphic ®quivalenc e o f tw o analytic families i s define d i n th e s am e fash -
ion excep t tha t th e matri x g  i s allowe d t o d®pen d analyticall y o n th e pa rame -
ters o f the family . 

Our concer n i n thi s pape r i s entirel y wit h th e loca l s tructur e o f linea r 
meromorphic Systems . I n th e classica l languag e w e ca n descr ib e ou r a im s a s 
follows :  (i ) t o classif y th e System s (* ) upt o meromorphi c ®quivalenc e (ii ) t o 
give th e s p a c e o f ®quivalenc e c l a s s e s a  natura i structur e as  a n analyti c s p a c e 
so tha t analyti c familie s o f System s (* ) ar e classifie d upt o meromorphi c ®quiv -
a lence b y analyti c map s int o thi s s p a c e . I t turn s ou t tha t th¯se  ques t ion s a r e 
r ea sonab le whe n w e cons ide r familie s tha t a r e isoformal, i . e. , whe n ail the 

formai Invariants of the System (*) are fixed .  W e shal l fin d tha t i f we fi x a  for -
mal mode l an d conside r th e pair s consistin g o f a  Syste m (* ) an d a  forma i iso -
morphism o f i t wit h th e model , th e Stoke s multiplier s ma y b e viewe d as  th e ®l® -
ment s o f th e firs t cohomolog y o f a  certai n shea f (th e S toke s sheaf ) o f g roup s 
and tha t thi s s p a c e classifie s suc h pair s upt o meromorphi c ®quivalence ; an d 
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further tha t thi s space , whic h i s a  comple x affin e s pac e C d i n a  natura l manner , 
is th e moduli space fo r th e pair s considere d above . Fo r th e correspondin g 
problems involvin g th e System s themse lve s th e a n swe r s a r e essentiall y th e 
s ame ; on e h a s t o replac e th e affin e s p a c e b y a  quotien t o f i t b y a n algebrai c 
group. 

Our treatmen t o f ai l th¯se  quest ion s i s i n the framewor k o f vecto r bundle s 
and connect ions . This , o r alternatively , th e framewor k o f differentia l module s 
which w e als o mak e u s e o f rathe r frequently , i s th e natura l languag e t o us e fo r 
studying problem s o f differentia l ®quat ion s o n compac t Rieman n surfaces , as 
well as  problem s i n highe r dimensions . I t i s ou r vie w tha t i t i s a  reasonabl e lan -
guage als o i n th e loca l contex t studie d i n thi s paper . I n an y case  i t i s entirel y 
ad®qua te fo r treatin g ai l th e problem s tha t arise , includin g ques t ion s o f moduli . 

2 . W e no w giv e a  brie f descriptio n o f th e organizatio n o f th e paper . Ther e 
are thre e part s an d a n appendix . Th e part s a r e divide d int o chapter s whic h ar e 
in tu m subdivide d int o sect ion s (Ä) . R®f®rence s t o i tem s withi n th e s am e par t 
omit th e par t number . 

Part I  i s a n expositio n o f th e basi c theor y o f meromorphi c connect ion s 
and thei r S toke s phenomena . A s mentione d a  littl e earlier , th e fundamenta l 
objects o f stud y a r e ge rm s o f pair s (V , V) , wher e V  i s a  holomorphi c vecto r 
bundle define d o n a  dis k A  i n th e comple x plan e C  containin g th e origi n an d 
V i s a  holomorphi c connectio n o n A  \  (0 ) whic h i s meromorphi c a t z  =  0 . I f 
Vd/dz i s th e covarian t derivativ e define d b y th e connection , the n choosin g a 
trivialization a t z  =  0  allow s u s t o represen t i t as  d/d z -  A(z ) wher e A  i s a 
matrix o f siz e N X N wit h entrie s tha t a r e meromorphi c a t z  =  0 ; the horizonta l 
sect ions ar e the n th e vecto r function s u  suc h tha t du/d z =  A(z)u . I n Chapte r 1 
we introduc e th e d®finition s an d concept s an d d iscus s th e forma i a spec t s o f th e 
theory. T o an y pai r (V , V ) i s a s soc ia t e d a  differentia l modul e ove r S X = 
C[[z]][z-1], it s formalization ,  thus givin g u s a  functo r fro m th e categor y o f germ s 
of pair s t o th e categor y o f forma i differentia l modules , namely , differentia l mod -
ules ove r ST . Th e structur e theor y o f forma i differentia l module s i s wel l know n 
and goe s bac k t o Hukuhara , Turrittin , an d Level t ;  we formulat e i t i n categorica l 
terms, essentiall y i n the for m give n b y Deligne . I n the las t sectio n o f thi s chapte r 
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we trea t isoforma l familie s o f forma i differentia l module s an d prov e a  funda -
mental structur e theore m fo r them . I n Chapte r 2  th e asymptoti c a spec t s o f pair s 
(V, V) ar e treate d i n d®tail . Th e basi c resui t i s Theorem 2.2. 1 whic h a s se r t s tha t 
for an y horizonta l sectio n c r o f th e formalizatio n o f (V , V ) w e ca n fin d hori -
zontal sec t ion s s  o f (V , V ) o n sector s T wit h sufficientl y smal l ang le s suc h 
that s  i s asymptoti c t o a  o n r . Ou r proo f follow s rathe r closel y th e discussio n 
of Waso w [W ] (Ä Ä 12-19) , bu t i s adap te d t o th e settin g o f familie s i n whic h th e 
theorem i s proved . I n Chapte r 3  th e S toke s shea f an d th e Stoke s line s o f a  pai r 
(V, V ) a r e introduced , an d a  formul a fo r th e s o calle d irregularity o f th e pai r i s 
proved; thi s i s du e t o Deligne . Th e Stoke s shea f o f (V , V) i s a  shea f o f group s 
defined o n th e uni t circl e S1 , and it s stal k a t u  ç  S 1 i s the grou p o f ai l ge rms o f 
automorphisms g  o f (V , V ) define d o n sector s containin g u  tha t a r e flat , i . e. , 
that satisf y th e asymptoti c conditio n g  ~  1  o n t h¯ s e sectors . Th e developmen t 
contained i n th e firs t thre e chapter s i s the n use d i n Chapte r 4  t o prov e th e fun -
damenta l t h eo r em s o f th e subject , namel y th e t heo rem s o f Malgrange-Sibuy a 
and Deligne . Le t u s fi x a  pai r (Vo , Vo) an d conside r th e se t TTl(Vo , Vo) o f ai l 
isomorphism c l a s s e s o f ((V , V) , Ã ) wher e Ã  i s a n isomorphis m o f th e formal -
ization o f (V , V ) wit h tha t o f (Vo,Vo ) (w e shal l refe r t o ((V , V) , Ã ) as a  marked 

pair). Th e theore m o f Malgrange-Sibuy a (Theore m 4.5.1 ) g ive s a  canonica l 
isomorphism o f 7µl(Vo , Vo ) wit h th e cohomolog y H1(S1,Sto ) wher e St o i s th e 
S tokes shea f o f (Vo , Vo) . Thi s i s thu s th e pr®cis e formulatio n o f th e resui t tha t 
the S toke s multiplier s an d forma i da t a d®termin e th e differentia l ®quat ion s upt o 
meromorphic ®quivalence . Thi s i s the n use d t o prov e th e theore m o f Delign e 
(Theorem 4.7.3 ) whic h give s a  compl¯t e descriptio n o f th e categor y o f ge rm s o f 
pairs. T o an y pai r (V , V ) w e ca n assoc ia t e th e shea f o f sectoria l horizonta l 
sec t ions %(V , V ) o n S 1 o n whos e stalk s a  filtratio n ca n b e define d vi a th e 
asymptotic growth s a t z  =  0  o f th e ® l®ment s o f th e stalks . Thi s give s a  functo r 
from th e categor y o f ge rm s o f pair s t o th e categor y o f certai n type s o f filtere d lo -
cal System s o n S1 , and Deligne' s theore m i s the assertio n tha t thi s functo r i s a n 
®quivalence o f cat®gor ies . Th e fina l chapte r o f thi s par t t rea t s a  fe w example s 
that illustrat e th e variou s a spec t s o f th e theory . I n particula r w e giv e a  detaile d 
discussion o f th e differentia l ®quat ion s o f Besse l an d Whittake r fro m ou r poin t o f 
view, describin g thei r forma i r®duction , th e associa te d Malgrange-Sibuy a map , 
and th e cohomolog y o f th e Stoke s sheaf . 
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INTRODUCTION 

Part I I i s devote d t o a  detaile d stud y o f th e S toke s shea f an d it s coho -
mology. Chapte r 1  o f thi s par t i s a  t reatmen t o f cohomolog y o f group s tha t i s 
more o r ies s self-contained ; i n particula r w e focu s attentio n o n th e concep t o f 
twisîing whic h play s a n importan t r¹l e later . I n Chapter s 2  an d 3  w e tak e u p th e 
study o f th e cohomolog y o f th e S toke s shea f S t o f a  meromorphi c pair . Th e 
starting poin t i s th e fundamenta l fac t tha t S t i s a  shea f o f unipotent affine alge-

braic groups .  Followin g a  beautifu l suggestio n o f Delign e w e shal l vie w thi s a s 
a shea f o f unipotent group schemes over C  define d o n S 1 an d s o obtai n a 
functor 

R ð> St(R ) 

from th e categor y o f C-algebra s t o th e categor y o f s h e av e s o f group s ove r S1 . 
It follows fro m thi s tha t th e ass ignmen t 

Rð> H *<(S1, St(R) ) 

is a  functo r fro m th e categor y o f C-algebra s t o th e categor y o f pointe d se t s . Th e 
fundamental theore m i s the n Theore m 3.4. 1 whic h a s s e r t s tha t thi s functo r i s 
representabie by an affine space of dimension equai to the irregularity of the 

endomorphism bundle .  W e follo w Delign e i n provin g thi s theorem a s a  cons® -
quence o f a  rathe r g°nera i resui t o n s h e a v e s o f unipoten t grou p s c h eme s 
(Theorem 2.4.1) . Thi s theore m dea l s wit h s h e a v e s U  o f unipoten t grou p 
s c h eme s tha t admi t a  filtratio n o f norma l s ub she ave s suc h tha t th e success iv e 
quotients a r e agai n s h e ave s o f unipoten t grou p s c h eme s whic h ar e i n additio n 
eiementary i n a  certai n s e n s ® ; w e remar k tha t th e notio n o f a n elementar y 
sheaf o f grou p s c h eme s i s t o b e understoo d i n th e contex t o f th e resui t tha t th e 
S tokes shea f o f a  pai r whos e formalizatio n ha s onl y on e canonica l leve l i s ele -
mentary. Theore m 2.4. 1 asse r t s tha t th e cohomolog y H 1 (S1, çII ) o f s h eave s o f 
group s c h eme s * U o f th e typ e considere d i s representabi e b y affin e space . 
Theorem 3.4. 1 i s the n prove d b y simpl y verifyin g tha t th e Stoke s shea f satisfie s 
the condition s o f Theore m 2.4.1 . 

Part II I dea ls wit h th e proble m o f moduli . I n Chapte r 1  w e establis h th e 
basic resui t tha t th e spac e H 1 (S1, St(Vo , Vo) ) :  = H 1 i s the modul i s pac e fo r th e 
category o f marke d pair s ((V , V) , Ã) . I n Chapte r 2  w e conside r unmarke d pair s 
which ar e intuitivel y mor e natura l an d examin e i n wha t sens®  th e quotien t o f th e 
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space H 1 b y th e automorphis m grou p GA(Vo , Vo) :  = GAo o f th e formalizatio n o f 
(Vo, VQ) , i s a  modul i s p a c e fo r th e ca tegor y o f g e rm s o f pair s t h emse lve s . 
Since GA o i s a n affin e algebrai c grou p an d H 1 i s a n affin e s p a c e w e a r e i n th e 
context o f algebrai c grou p action s studie d b y Mumfor d [MF] . I n particular , i f GA o 
is reductive (thi s i s the case  generically) , w e ca n construc t a  géométrie quotient 

in th e ne ighbourhood s o f point s i n H 1 tha t li e i n orbit s o f maxima l dimensio n 
that a r e c lose d (stable ) . W e giv e example s o f s tabl e orbit s an d not e tha t i f th e 
formalization o f (Vo , Vo) ha s onl y on e canonica l level , the n a  pai r (V , V ) de -
fines a  s tabl e poin t i n H 1 a s soo n as  it s Galois differential group is irreducible . 

For man y classica l familie s i t i s th e case  tha t fo r generi c va lue s o f th e pa rame -
ters th e Galoi s differentia l grou p i s irreducibl e ( se e [DM]) . 

The theor y o f meromorphi c differentia l ®quat ion s ha s a  lon g histor y an d a 
very larg e numbe r o f mathematician s hav e contribute d t o it s t h ¯mes an d results . 
Even i n the limite d circl e o f idea s tha t a r e th e focu s o f attentio n o f thi s paper , th e 
foregoing summar y ha s don e hardl y an y justic e t o th e historica l a s p e c t s o f th e 
subject. W e hav e at tempte d t o remed y thi s i n a n appendi x tha t contain s a  brie f 
historical surve y o f th e mai n t h ¯me s o f thi s paper ; fo r furthe r informatio n an d 
grea te r perspect iv e th e reade r shoul d consul t [Be ] [J ] [Maj ] [Mal ] an d th e r®f®r -
e n c e s give n there . 

3 . W e woul d lik e t o exp re s s ou r gratitud e t o a  larg e numbe r o f ou r friend s 
and co l league s i n variou s institution s wh o willingl y gav e thei r tim e an d advic e 
and helpe d u s unders tan d man y a spec t s o f thi s theory . Abov e ai l w e woul d lik e 
to than k Professo r Delign e wh o generousl y gav e u s hi s idea s t o wor k wit h an d 
who helpe d u s whe n w e ha d difficultie s i n understandin g them . I n particular , 
his letter s t o Malgrang e [D e 2 ] an d t o on e o f u s [D e 3] , in which h e sketche d th e 
essent ia l outline s o f hi s wa y o f viewin g an d provin g th e fundamenta l t heo rem s 
of th e subject , wer e indispensabl e fo r u s durin g th e pr®paratio n o f thi s paper . 
We hav e followe d hi s approac h i n ou r proo f o f th e representabilit y theore m fo r 
the cohomolog y o f th e S toke s sheaf , no t onl y b e c au s e i t i s mor e beautifu l an d 
more ®l®gan t tha n ou r origina l metho d worke d ou t i n [BV 4] , bu t als o b e cau s e o f 
the fac t tha t i t i s the onl y wa y w e kno w t o prov e thi s theorem i n the ramifie d c a s e 
([BV 4 ] t reats onl y th e unramifie d ca se ) . W e ar e ver y gratefu l t o hi m fo r givin g u s 
permission t o u s e hi s idea s an d writ e u p hi s results . W e woul d lik e t o than k 
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Professer Sibuy a fo r th e extensiv e discussion s w e ha d wit h hi m durin g hi s visit s 
to UCL A i n 198 3 an d 1988-89 ; Professor s Malgrang e an d Rami s fo r th e 
d iscuss ions a t Strasbour g an d Kyoto ; Professor s Level t an d va n de n Esse n fo r 
the d i scuss ion s a t Nijmegen ; an d t o Professor s Baiser , Duval , Lutz , Jurkat , 
Ramis, an d Sibuy a fo r thei r participatio n i n a n informa i semina r a t UCL A durin g 
October-April o f 1986 . Finall y w e woul d lik e t o than k th e authoritie s o f th e Nat o 
Institute o n d®formatio n theor y hel d i n I I Ciocco , Italy , i n th e Summe r o f 1986 , 
and th e authoritie s o f th e Taniguch i Symposiu m hel d i n Katata , J apan , i n th e 
Summer o f 1987 , fo r invitin g u s t o participat e i n thei r conf®rence s an d pr®sen t 
the result s tha t for m th e essentia l conten t o f thi s paper . 
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PART I  :  MEROMORPHIC CONNECTION S 

AND THEI R STOKE S PHENOMEN A 

1 MEROMORPHI C CONNECTIONS , DIFFERENTIA L EQUATIONS , 

AND DIFFERENTIA L MODULE S 

1 . 1 - A s w e hav e mentione d i n th e introduction , th e t h ¯me s t rea te d i n thi s 
p ape r originat e fro m ver y classica l ques t ion s concernin g Sys tem s o f linea r 
meromorphic differentia l ®quat ions . Howeve r t o ge t a  deepe r understandin g o f 
th¯se problem s i t i s essent ia l t o stud y the m o n Rieman n surfaces , an d mor e 
generally, o n comple x manifold s o f arbitrar y dimension . Indeed , th e ide a tha t 
Riemann sur face s for m a  natura l settin g fo r problem s o f ordinar y differentia l 
®quat ions a ppea r s alread y i n th e work s o f Rieman n (perhap s onl y implicitly ; cf . 
the var iou s articles , no tes , an d fragment s i n hi s Collecte d pape r s ) , Fuchs , 
Poincar®, Thom® , an d man y others . Unfortunatel y th e classica l languag e i s no t 
ad®qua t e fo r workin g i n thi s mor e g°nera i context , an d i t b e comes necessa r y t o 
u s e th e mor e mode m poin t o f vie w o f vecto r bundle s wit h connec t ions , o r 
equivalently, o f differentia l modules . Thi s sectio n contain s a  brie f discussio n o f 
t h ¯ s e l anguage s leadin g t o a  pr®sentatio n o f th e forma i theor y o f linea r mero -
morphic differentia l ®quat ion s fro m th e categorica l poin t o f view . Th e categori -
cal approac h tha t w e hav e decide d t o tak e ha s th e advantag e tha t i t allows on e 
to formulat e ai l th e relevan t result s i n a  for m tha t i s no t onl y th e mos t ®l®gan t 
and far-reachin g bu t als o th e mos t suitabl e fo r u s e i n globa l situations . A s on e 
of th e bes t illustration s o f thi s poin t o f vie w w e r ecommen d t o th e r eade r 
Deligne's solutio n o f th e Riemann-Hilber t proble m [D e 1] . 

We star t wit h th e framewor k o f vecto r bundle s an d connect ion s whic h 
provides a  coordinat e fre e an d g®om®tri e languag e fo r treatin g problem s o f lin -
ea r differentia l ®quat ion s i n the comple x domain . W e a s s um e tha t th e reade r i s 
familiar wit h thi s language , bu t fo r th e s ak e o f comple tenes s w e shal l begi n wit h 
a brie f revie w o f it s mai n feature s tha t w e shal l nee d ( se e [D e 1]) . We shall al-
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ways be in the hoiomorphic category uniess we indicate otherwise. T o an y 
complex manifol d X  on e ca n associa t e th e categor y o f pair s (V , V ) wher e V 
is a  vecto r bundl e o n X  an d V  i s a  connectio n o n V . Thi s ca tegor y i s 
equipped wit h 0 , * , an d Hom , accordin g t o th e followin g d®finition s (se e 
[De1] , p . 8 ) : 

V e ( s i 0 s 2 ) =  V1ie(si ) 0  V2,e(s2) , V  =  V i É V 2 

V e ( S 1 0 S 2 ) =  Vi .^Sl ) 0 S 2 +  S 10 V2,e (S2), V  =  V - | 0 V 2 

Ve(h)(si) =  V ^W s iW - h CVL ^ s i ) , V  =  Hom(V1fV2 ) 

(V*)e(s*)(s) =  -  s ^V ^ s ) ) +  4((s*(s) ) 

Here Ã  i s a n arbitrar y vecto r fiel d an d i s th e covarian t derivativ e i n th e di -
rection o f 4 . A  loca l sectio n u  o f (V , V) i s said t o b e horizontal i f V^ u -  0  fo r 
ail Ã . I t i s clea r tha t a  ma p h  (V 1 ð> V2 ) i s a  morphis m fro m (V1 , V1) t o 
(V2, V2 ) i f an d onl y i f h  i s a  horizonta l sectio n fo r V  =  Ho m (V-i , V2) . Thi s 
simple fac t i s howeve r absolutel y fundamenta l b ecau s e i t allow s on e t o reduc e 
ques t ions abou t morphism s t o ques t ion s abou t horizonta l sec t ions ; w e shal l 
make fr®quen t u s e o f thi s principl e i n thi s contex t as  well  as  i n o thers . I f w e 
choose loca l coordinate s x ^ o n X  an d a  loca l trivializatio n fo r V , the covarian t 
derivatives correspondin g t o 9/9x,j. = 9p . ma y b e writte n a s 9 ^ - A U wher e 
the AJJ, , the so-calle d connection matrices ,  are N  *  N  matrice s o f hoiomorphi c 
functions o f th e xy . The connectio n V  i s sai d t o b e flat o r integrable i f it s cur -
vature i s z®ro , th e conditio n fo r whic h i n loca l coordinate s i s 

3vAM-aMAV +  [AM,AV ] = 0 ( 1 <  M ,V <  N ) . 

Th¯se ar e th e classica l Frobenius condition s o f integrability tha t a r e necessar y 
and sufficien t fo r th e Syste m o f partia l differentia l ®quat ion s 

VMu =  3M u - AM u =  0  ( 1 <  M  < N ) 

that descr ib e th e horizonta l sect ion s t o hav e uniqu e loca l solution s fo r arbitrar y 
initial da ta . Thus , fo r fla t connect ions , th e shea f o f ge rm s o f loca l horizonta l 
sect ions i s a  local System o f ran k N , th e ran k o f th e bundle . Her e w e us e th e 
term loca l Syste m o f ran k N  o n X  i n it s usua l s en s ® , namely , a  shea f o f vecto r 
s p a c e s define d o n X  whic h i s locall y isomorphi c t o th e constan t shea f wit h co -
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efficients i n CN , 1  <  N  <  o o (cf . [D e 1] , p 3) . W e not e tha t the integrability con

dition is automatic in dimension 1 , i . e. , whe n X  i s a  Rieman n surface . W e 
shall b e exclusivel y concern®e ! wit h thi s case.  Th e fla t pair s (V , V ) for m a  ful l 
subcategory close d unde r È , * , an d Hom . 

Let X  b e a  Rieman n surface . Fo r x  e  X , le t É x b e th e a lgebr a o f 
g e rms o f analyti c function s a t x , 7îlx ,  it s quotien t fiel d o f g e rm s o f function s 
meromorphic a t x , an d Éx . "µµtx . th e correspondin g s h e ave s o n X . Fo r a  vec -
tor bundl e V  of ran k N  define d o n X  le t ÉX(V ) b e th e É ^mod u l e o f ge rm s o f 
holomorphic sect ion s o f V  a t x , Tµlx(V) , th e N-dimensiona l vecto r s p a c e ove r 
the fiel d Tµl x o f ge rm s o f meromorphi c sect ion s o f V  a t x , an d Éx(V) . TTlx(V) , 
the correspondin g sheave s . I f W  i s a  sufficientl y smal l ope n neighborhoo d o f 
x, an y bas i s o f 7n >x(V) defines a  trivializatio n o f th e restrictio n o f V  t o W  \  {x } . 
We shal l refe r t o suc h trivialization s a s {meromorphic ) triviaiizations at x . I f V 
is a  connectio n define d o n th e restrictio n o f V  t o W\{x} , w e sa y tha t V  o r th e 
pair (V , V ) i s meromorphic at x  i f leave s TTlxO/ ) invarian t fo r an y loca l 
vector fiel d holomorphi c a t x  ;  this i s ®quivalen t t o th e requiremen t tha t fo r s om e 
(any) loca l uniformisan t z  a t x , an d wit h respec t t o s om e (any ) loca l trivi -
alization o f V  a t x , the covarian t derivativ e Vd/d z ha s th e for m 

Vd/dz =  d/d z -  A(z) , A  e  q ^(N, <J1LX); 

here q^(N , Tµlx ) i s the Li e algebr a o f N * N matrice s ove r <nix. B y usin g trivi -
alizations i t i s e a s y to see  th e ®quivalenc e be twee n th e abstrac t l anguag e an d 
the classica l on e o f System s o f differentia l ®quat ions . Thus , onc e w e choos e a 
trivializtion, th e horizonta l loca l sect ion s ma y b e identifie d wit h N  x  1  vector s u 
satisfying th e Syste m o f ordinar y differentia l ®quat ion s 

d u / d z =  Au . 

If w e conside r anothe r connectio n V  wit h V'd/d z =  d / d z -  A \ the n th e pair s 
(V, V ) an d (V , V ) ar e locall y isomorphi c a t z  =  0  i f an d onl y i f the matrice s 
A an d A * ar e relate d b y 

B =  g  [A ] : = g  A g-1 +  (dg/dz) g -1 ( g e  GL(N , mx)) . 

If we thin k o f A  an d A 1 a s connection matrices ,  then g  ma y b e viewe d as  th e 
gauge transformation tha t define s th e bundl e automorphism . I f V i an d V 2 

10 


