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INTRODUCTION 

1 . Th e t h è m e s t reate d i n thi s pape r hav e thei r origi n i n th e classica l theor y 
of spécia l functions , namel y th e function s tha t aris e a s solution s o f linea r differ -
ential équat ion s wit h rationa l o r algebrai c coefficients . Th e stud y o f spécia l 
functions certainl y g o e s bac k t o th e wor k o f G a u s s an d Kumme r o n th e hyper -
geometric differentia l équation . Riemann , wh o followe d them , ha d a  mor e con -
ceptual poin t o f vie w tha t focusse d attentio n o n th e singularise s o f th e équatio n 
and a t tempte d t o détermin e thei r influenc e o n th e solutions . I n particula r th e 
programme o f studyin g th e solution s o f linea r differentia l équat ion s wit h mero -
morphic coefficient s o n a  compac t Rieman n surfac e undoubtedl y originate s wit h 
Riemann. 

If the singula r point s o f th e differentia l équatio n ar e ai l regular , th e mon -
odromy grou p contain s ai l th e essentia l information . Indeed , thi s w a s th e poin t 
of vie w o f Rieman n wh o proceede d t o calculat e th e monodrom y grou p o f th e 
hypergeometr ic équation . Moreove r i t i s characterist i c o f a  regula r singula r 
point that , locall y a t tha t point , th e forma i an d analyti c théorie s coïncide . Th e 
picture c h a n g e s significantl y a t a n irregula r singula r point . Le t P  b e a n irregu -
lar singula r point , an d le t u s writ e th e differentia l équatio n a s a  firs t orde r linea r 
System 

(*) du/d z =  A(z)u , 

where z  i s a  loca l coordinat e a t P , u  i s a n N  X 1 colum n vector , an d A  i s a n 
N X  N  matri x o f function s meromorphi c a t z  =  0 . On e the n find s that , typically , 
formai solution s ar e divergen t an d tha t th e forma i theor y o f (* ) i s n o longe r ad -
équa te t o obtai n a  ful l understandin g o f th e loca l structur e o f (* ) an d it s solu -
tions. Nevertheles s th e forma i structur e o f (•* ) i s th e foundatio n o n whic h on e 
can erec t it s complète study . Thi s i s due t o th e fact , firs t discovere d b y Poincaré , 
that an y forma i solutio n o f (* ) i s asymptotic t o a n analyti c solutio n o n a  secto r 
with verte x a t P , provide d onl y tha t th e angl e o f th e secto r i s smal l enough . 
This analyti c solutio n i s howeve r not unique ,  an d wil l i n gênera i chang e whe n 
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we rotat e th e secto r keepin g P  a s wel l as  th e forma i solutio n fixed ; thi s i s th e 
Stokes phenomenon fo r th e Syste m (*) . Th e constan t matr ice s b y whic h a 
fundamental matri x o f (* ) wit h a  prescribe d asymptoti c behaviou r c h a n g e s a s 
we var y th e secto r a r e calle d th e Stokes multipliers .  I t i s a  fundamenta l theo -
rem o f th e subject , d u e t o Sibuy a an d Malgrange , tha t th e forma i da t a an d th e 
S tokes multiplier s assoc ia te d t o (* ) wil l détermin e i t upt o meromorphi c équiv -
a l ence . 

If o n e i s intereste d i n a  loca l theor y o f linea r meromorphi c differentia l 
équat ions i t i s natura l t o procee d as  follows . Le t u s sa y tha t tw o System s (* ) 
with matrice s A  an d B  ar e meromorphlcally équivalent i f there i s a n invertibl e 
N X N  matri x g  offunction s meromorphi c a t z  =  0  suc h tha t 

B =  g[A ] :  = g  A  g-1 +  (dg/dz ) g- 1 

This définitio n reflect s th e tac t tha t th e substitutio n v  =  g  u  t a k e s th e Syste m 
(*) int o th e Syste m (* ) wit h B  i n plac e o f A . I t i s importan t t o not e tha t i f w e 
replace th e fiel d o f g e r m s o f function s meromorphi c a t z  =  0  b y it s forma i 
counterpart , th e quotien t fiel d o f th e rin g C [[z]] o f forma i powe r sér ie s ove r C , 
we obtai n a  correspondin g framewor k o f formall y meromorphi c Sys tem s (* ) 
and thei r forma i meromorphi c équiva lenc e c l a s s e s . Similarl y t h e notio n o f 
meromorphic équivalenc e o f tw o analytic families i s define d i n th e s a m e fash -
ion excep t tha t th e matri x g  i s allowe d t o dépen d analyticall y o n th e pa rame -
ters o f the family . 

Our concer n i n thi s pape r i s entirel y wit h th e loca l s tructur e o f linea r 
meromorphic Systems . I n th e classica l languag e w e ca n descr ib e ou r a im s a s 
follows :  (i ) t o classif y th e System s (* ) upt o meromorphi c équivalenc e (ii ) t o 
give th e s p a c e o f équivalenc e c l a s s e s a  natura i structur e as  a n analyti c s p a c e 
so tha t analyti c familie s o f System s (* ) ar e classifie d upt o meromorphi c équiv -
a lence b y analyti c m a p s int o thi s s p a c e . I t turn s ou t tha t thèse  ques t ion s a r e 
r ea sonab le whe n w e cons ide r familie s tha t a r e isoformal, i . e. , whe n ail the 

formai Invariants of the System (*) are fixed .  W e shal l fin d tha t i f we fi x a  for -
mal mode l an d conside r th e pair s consistin g o f a  Syste m (* ) an d a  forma i iso -
morphism o f i t wit h th e model , th e Stoke s multiplier s ma y b e viewe d as  th e élé -
ment s o f th e firs t cohomolog y o f a  certai n shea f (th e S toke s sheaf ) o f g roup s 
and tha t thi s s p a c e classifie s suc h pair s upt o meromorphi c équivalence ; an d 
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further tha t thi s space , whic h i s a  comple x affin e s p a c e C d i n a  natura l manner , 
is th e moduli space fo r th e pair s considere d above . Fo r th e correspondin g 
problems involvin g th e System s themse lve s th e a n s w e r s a r e essentiall y th e 
s a m e ; on e h a s t o replac e th e affin e s p a c e b y a  quotien t o f i t b y a n algebrai c 
group. 

Our treatmen t o f ai l thèse  quest ion s i s i n th e framewor k o f vecto r bundle s 
and connect ions . This , o r alternatively , th e framewor k o f differentia l module s 
which w e als o mak e u s e o f rathe r frequently , i s th e natura l languag e t o us e fo r 
studying problem s o f differentia l équat ion s o n compac t Rieman n surfaces , as 
well as  problem s i n highe r dimensions . I t i s ou r vie w tha t i t i s a  reasonabl e lan -
g u a g e als o i n th e loca l contex t studie d i n thi s paper . I n an y case  i t i s entirel y 
adéqua te fo r treatin g ai l th e problem s tha t arise , includin g ques t ion s o f moduli . 

2 . W e no w giv e a  brie f descriptio n o f th e organizatio n o f th e paper . Ther e 
are thre e part s an d a n appendix . Th e part s a r e divide d int o chapter s whic h ar e 
in tu m subdivide d int o sect ion s (§) . Référence s t o i tem s withi n th e s a m e par t 
omit th e par t number . 

Part I  i s a n expositio n o f th e basi c theor y o f meromorphi c connect ion s 
and thei r S toke s p h e n o m e n a . A s mentione d a  littl e earlier , th e fundamenta l 
objects o f stud y a r e ge rm s o f pair s (V , V) , wher e V  i s a  holomorphi c vecto r 
bundle define d o n a  dis k A  i n th e comple x plan e C  containin g th e origi n an d 
V i s a  holomorphi c connectio n o n A  \  (0 ) whic h i s meromorphi c a t z  =  0 . I f 
Vd/dz i s th e covarian t derivativ e define d b y th e connection , the n choosin g a 
trivialization a t z  =  0  allow s u s t o represen t i t as  d/d z -  A(z ) wher e A  i s a 
matrix o f siz e N X N wit h entrie s tha t a r e meromorphi c a t z  =  0 ; the horizonta l 
sect ions ar e the n th e vecto r function s u  suc h tha t du/d z =  A(z)u . I n Chapte r 1 
we introduc e th e définition s an d concept s an d d iscus s th e forma i a spec t s o f th e 
theory. T o an y pai r (V , V ) i s a s soc ia t e d a  differentia l modul e ove r S X = 
C[[z]][z-1], it s formalization ,  thus givin g u s a  functo r fro m th e categor y o f germ s 
of pair s t o th e categor y o f forma i differentia l modules , namely , differentia l mod -
ules ove r ST . Th e structur e theor y o f forma i differentia l module s i s wel l know n 
and g o e s bac k t o Hukuhara , Turrittin , an d Level t ;  we formulat e i t i n categorica l 
terms, essentiall y i n the for m give n b y Deligne . I n the las t sectio n o f thi s chapte r 
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we trea t isoforma l familie s o f forma i differentia l module s an d prov e a  funda -
mental structur e theore m fo r them . I n Chapte r 2  th e asymptoti c a s p e c t s o f pair s 
(V, V) ar e treate d i n détail . Th e basi c resui t i s Theorem 2.2. 1 whic h a s se r t s tha t 
for an y horizonta l sectio n c r o f th e formalizatio n o f (V , V ) w e ca n fin d hori -
zontal sec t ion s s  o f (V , V ) o n sector s T wit h sufficientl y smal l ang le s suc h 
that s  i s asymptoti c t o a  o n r . Ou r proo f follow s rathe r closel y th e discussio n 
of Waso w [W ] (§ § 12-19) , bu t i s adap te d t o th e settin g o f familie s i n whic h th e 
theorem i s proved . I n Chapte r 3  th e S toke s shea f an d th e Stoke s line s o f a  pai r 
(V, V ) a r e introduced , an d a  formul a fo r th e s o calle d irregularity o f th e pai r i s 
proved; thi s i s du e t o Deligne . Th e Stoke s shea f o f (V , V) i s a  shea f o f group s 
defined o n th e uni t circl e S1 , and it s stal k a t u  «  S 1 i s the grou p o f ai l ge rm s o f 
automorphisms g  o f (V , V ) define d o n sector s containin g u  tha t a r e flat , i . e. , 
that satisf y th e asymptoti c conditio n g  ~  1  o n t hè s e sectors . Th e developmen t 
contained i n th e firs t thre e chapter s i s the n use d i n Chapte r 4  t o prov e th e fun -
damenta l t h e o r e m s o f th e subject , namel y th e t heo rem s o f Malgrange-Sibuy a 
and Deligne . Le t u s fi x a  pai r (Vo , Vo) an d conside r th e se t TTl(Vo , Vo) o f ai l 
isomorphism c l a s s e s o f ((V , V) , £ ) wher e £  i s a n isomorphis m o f th e formal -
ization o f (V , V ) wit h tha t o f (Vo,Vo ) (w e shal l refe r t o ((V , V) , £ ) as a  marked 

pair). Th e theore m o f Malgrange-Sibuy a (Theore m 4.5.1 ) g ive s a  canonica l 
isomorphism o f 7ïl(Vo , Vo ) wit h th e cohomolog y H1(S1,Sto ) wher e St o i s th e 
S tokes shea f o f (Vo , Vo) . Thi s i s thu s th e précis e formulatio n o f th e resui t tha t 
the S toke s multiplier s an d forma i da t a détermin e th e differentia l équat ion s upt o 
meromorphic équivalence . Thi s i s the n use d t o prov e th e theore m o f Delign e 
(Theorem 4.7.3 ) whic h give s a  complèt e descriptio n o f th e categor y o f ge rm s o f 
pairs. T o an y pai r (V , V ) w e ca n assoc ia t e th e shea f o f sectoria l horizonta l 
sec t ions %(V , V ) o n S 1 o n w h o s e stalk s a  filtratio n ca n b e define d vi a th e 
asymptotic growth s a t z  =  0  o f th e é lément s o f th e stalks . Thi s give s a  functo r 
from th e categor y o f ge rm s o f pair s t o th e categor y o f certai n type s o f filtere d lo -
cal System s o n S1 , and Deligne' s theore m i s the assertio n tha t thi s functo r i s a n 
équivalence o f catégor ies . Th e fina l chapte r o f thi s par t t rea t s a  fe w example s 
that illustrat e th e variou s a s p e c t s o f th e theory . I n particula r w e giv e a  detaile d 
discussion o f th e differentia l équat ion s o f Besse l an d Whittake r fro m ou r poin t o f 
view, describin g thei r forma i réduction , th e associa te d Malgrange-Sibuy a map , 
and th e cohomolog y o f th e Stoke s sheaf . 
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INTRODUCTION 

Part I I i s devote d t o a  detaile d stud y o f th e S toke s shea f an d it s coho -
mology. Chapte r 1  o f thi s par t i s a  t reatmen t o f cohomolog y o f group s tha t i s 
more o r ies s self-contained ; i n particula r w e focu s attentio n o n th e concep t o f 
twisîing whic h play s a n importan t rôl e later . I n Chapter s 2  an d 3  w e tak e u p th e 
study o f th e cohomolog y o f th e S toke s shea f S t o f a  meromorphi c pair . Th e 
starting poin t i s th e fundamenta l fac t tha t S t i s a  shea f o f unipotent affine alge-

braic groups .  Followin g a  beautifu l suggestio n o f Delign e w e shal l vie w thi s a s 
a shea f o f unipotent group schemes over C  define d o n S 1 an d s o obtai n a 
functor 

R —> St(R ) 

from th e categor y o f C-algebra s t o th e categor y o f s h e a v e s o f group s ove r S1 . 
It follows fro m thi s tha t th e ass ignmen t 

R — > H *<(S1, St(R) ) 

is a  functo r fro m th e categor y o f C-algebra s t o th e categor y o f pointe d se t s . Th e 
fundamental theore m i s the n Theore m 3.4. 1 whic h a s s e r t s tha t thi s functo r i s 
representabie by an affine space of dimension equai to the irregularity of the 

endomorphism bundle .  W e follo w Delign e i n provin g thi s theore m a s a  consé -
q u e n c e o f a  rathe r gênera i resui t o n s h e a v e s o f unipoten t grou p s c h e m e s 
(Theorem 2.4.1) . Thi s theore m dea l s wit h s h e a v e s U  o f unipoten t grou p 
s c h e m e s tha t admi t a  filtratio n o f norma l s u b s h e a v e s suc h tha t th e success iv e 
quotients a r e agai n s h e a v e s o f unipoten t grou p s c h e m e s whic h ar e i n additio n 
eiementary i n a  certai n s e n s é ; w e remar k tha t th e notio n o f a n elementar y 
sheaf o f grou p s c h e m e s i s t o b e understoo d i n th e contex t o f th e resui t tha t th e 
S tokes shea f o f a  pai r whos e formalizatio n ha s onl y on e canonica l leve l i s ele -
mentary. Theore m 2.4. 1 asse r t s tha t th e cohomolog y H 1 (S1, «II ) o f s h e a v e s o f 
group s c h e m e s * U o f th e typ e considere d i s representabi e b y affin e s p a c e . 
Theorem 3.4. 1 i s the n prove d b y simpl y verifyin g tha t th e Stoke s shea f satisfie s 
the condition s o f Theore m 2.4.1 . 

Part II I dea ls wit h th e proble m o f moduli . I n Chapte r 1  w e establis h th e 
basic resui t tha t th e s p a c e H 1 (S1, St(Vo , Vo) ) :  = H 1 i s the modul i s p a c e fo r th e 
category o f marke d pair s ((V , V) , £) . I n Chapte r 2  w e conside r unmarke d pair s 
which ar e intuitivel y mor e natura l an d examin e i n wha t sensé  th e quotien t o f th e 
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s p a c e H 1 b y th e automorphis m grou p GA(Vo , Vo) :  = GAo o f th e formalizatio n o f 
(Vo, VQ) , i s a  modul i s p a c e fo r th e ca tegor y o f g e r m s o f pair s t h e m s e l v e s . 
Since GA o i s a n affin e algebrai c grou p an d H 1 i s a n affin e s p a c e w e a r e i n th e 
context o f algebrai c grou p action s studie d b y Mumfor d [MF] . I n particular , i f GA o 
is reductive (thi s i s the case  generically) , w e ca n construc t a  géométrie quotient 

in th e ne ighbourhood s o f point s i n H 1 tha t li e i n orbit s o f maxima l dimensio n 
that a r e c lose d (stable ) . W e giv e example s o f s tabl e orbit s an d not e tha t i f th e 
formalization o f (Vo , Vo) h a s onl y on e canonica l level , the n a  pai r (V , V ) de -
fines a  s tabl e poin t i n H 1 a s soo n as  it s Galois differential group is irreducible . 

For man y classica l familie s i t i s th e case  tha t fo r generi c va lue s o f th e pa rame -
ters th e Galoi s differentia l grou p i s irreducibl e ( se e [DM]) . 

The theor y o f meromorphi c differentia l équat ion s h a s a  lon g histor y an d a 
very larg e numbe r o f mathematician s hav e contribute d t o it s t h è m es an d results . 
Even i n the limite d circl e o f idea s tha t a r e th e focu s o f attentio n o f thi s paper , th e 
foregoing summar y h a s don e hardl y an y justic e t o th e historica l a s p e c t s o f th e 
subject. W e hav e at tempte d t o remed y thi s i n a n appendi x tha t contain s a  brie f 
historical surve y o f th e mai n t h è m e s o f thi s paper ; fo r furthe r informatio n an d 
grea te r perspect iv e th e reade r shoul d consul t [Be ] [J ] [Maj ] [Mal ] an d th e référ -
e n c e s give n there . 

3 . W e woul d lik e t o e x p r e s s ou r gratitud e t o a  larg e numbe r o f ou r friend s 
and co l league s i n variou s institution s wh o willingl y gav e thei r tim e an d advic e 
and helpe d u s unders tan d man y a s p e c t s o f thi s theory . Abov e ai l w e woul d lik e 
to than k Professo r Delign e wh o generousl y gav e u s hi s idea s t o wor k wit h an d 
who helpe d u s whe n w e ha d difficultie s i n understandin g them . I n particular , 
his letter s t o Malgrang e [D e 2 ] an d t o on e o f u s [D e 3] , in whic h h e sketche d th e 
essent ia l outline s o f hi s wa y o f viewin g an d provin g th e fundamenta l t heo rem s 
of th e subject , wer e indispensabl e fo r u s durin g th e préparatio n o f thi s paper . 
W e hav e followe d hi s approac h i n ou r proo f o f th e representabilit y theore m fo r 
the cohomolog y o f th e S toke s sheaf , no t onl y b e c a u s e i t i s mor e beautifu l an d 
more élégan t tha n ou r origina l metho d worke d ou t i n [B V 4] , bu t als o b e c a u s e o f 
the fac t tha t i t i s the onl y wa y w e kno w t o prov e thi s theore m i n the ramifie d c a s e 
([BV 4 ] t reats onl y th e unramifie d ca se ) . W e ar e ver y gratefu l t o hi m fo r givin g u s 
permission t o u s e hi s idea s an d writ e u p hi s results . W e woul d lik e t o than k 
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Professer Sibuy a fo r th e extensiv e discussion s w e ha d wit h hi m durin g hi s visit s 
to UCL A i n 198 3 an d 1988-89 ; Professor s Malgrang e an d Rami s fo r th e 
d iscuss ions a t Strasbour g an d Kyoto ; Professor s Level t an d va n de n Esse n fo r 
the d i scuss ion s a t Nijmegen ; an d t o Professor s Baiser , Duval , Lutz , Jurkat , 
Ramis, an d Sibuy a fo r thei r participatio n i n a n informa i semina r a t UCL A durin g 
October-April o f 1986 . Finall y w e woul d lik e t o than k th e authoritie s o f th e Nat o 
Institute o n déformatio n theor y hel d i n I I Ciocco , Italy , i n th e S u m m e r o f 1986 , 
and th e authoritie s o f th e Taniguch i Symposiu m hel d i n Katata , J a p a n , i n th e 
Summer o f 1987 , fo r invitin g u s t o participat e i n thei r conférence s an d présen t 
the result s tha t for m th e essentia l conten t o f thi s paper . 
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PART I  :  MEROMORPHIC CONNECTION S 

AND THEI R STOKE S PHENOMEN A 

1 MEROMORPHI C CONNECTIONS , DIFFERENTIA L EQUATIONS , 

AND DIFFERENTIA L MODULE S 

1 . 1 - A s w e hav e mentione d i n th e introduction , th e t h è m e s t rea te d i n thi s 
p a p e r originat e fro m ver y classica l ques t ion s concernin g Sys tem s o f linea r 
meromorphic differentia l équat ions . Howeve r t o ge t a  deepe r understandin g o f 
thèse problem s i t i s essent ia l t o stud y the m o n Rieman n surfaces , an d mor e 
generally, o n comple x manifold s o f arbitrar y dimension . Indeed , th e ide a tha t 
Riemann sur face s for m a  natura l settin g fo r problem s o f ordinar y differentia l 
équat ions a p p e a r s alread y i n th e work s o f Rieman n (perhap s onl y implicitly ; cf . 
the var iou s articles , no tes , an d fragment s i n hi s Collecte d pape r s ) , Fuchs , 
Poincaré, Thomé , an d man y others . Unfortunatel y th e classica l languag e i s no t 
adéqua t e fo r workin g i n thi s mor e gênera i context , an d i t b e c o m e s necessa r y t o 
u s e th e mor e m o d e m poin t o f vie w o f vecto r bundle s wit h connec t ions , o r 
equivalently, o f differentia l modules . Thi s sectio n contain s a  brie f discussio n o f 
t h è s e l anguage s leadin g t o a  présentatio n o f th e forma i theor y o f linea r mero -
morphic differentia l équat ion s fro m th e categorica l poin t o f view . Th e categori -
cal approac h tha t w e hav e decide d t o tak e ha s th e advantag e tha t i t allow s on e 
to formulat e ai l th e relevan t result s i n a  for m tha t i s no t onl y th e mos t élégan t 
and far-reachin g bu t als o th e mos t suitabl e fo r u s e i n globa l situations . A s on e 
of th e bes t illustration s o f thi s poin t o f vie w w e r ecommen d t o th e r eade r 
Deligne's solutio n o f th e Riemann-Hilber t proble m [D e 1] . 

W e star t wit h th e framewor k o f vecto r bundle s an d connect ion s whic h 
provides a  coordinat e fre e an d géométri e languag e fo r treatin g problem s o f lin -
ea r differentia l équat ion s i n the comple x domain . W e a s s u m e tha t th e reade r i s 
familiar wit h thi s language , bu t fo r th e s ak e o f comple tenes s w e shal l begi n wit h 
a brie f revie w o f it s mai n feature s tha t w e shal l nee d ( se e [D e 1]) . We shall al-
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ways be in the hoiomorphic category uniess we indicate otherwise. T o an y 
complex manifol d X  on e ca n associa t e th e categor y o f pair s (V , V ) wher e V 
is a  vecto r bundl e o n X  an d V  i s a  connectio n o n V . Thi s ca tegor y i s 
equipped wit h 0 , * , an d Hom , accordin g t o th e followin g définition s (se e 
[De1] , p . 8 ) : 

V e ( s i 0 s 2 ) =  V1ie(si ) 0  V2,e(s2) , V  =  V i © V 2 

V e ( S 1 0 S 2 ) =  Vi .^Sl ) 0 S 2 +  S 10 V2,e (S2), V  =  V - | 0 V 2 

Ve(h)(si) =  V ^ W s i W - h C V L ^ s i ) , V  =  Hom(V1fV2 ) 

(V*)e(s*)(s) =  -  s ^ V ^ s ) ) +  4((s*(s) ) 

Here £  i s a n arbitrar y vecto r fiel d an d i s th e covarian t derivativ e i n th e di -
rection o f 4 . A  loca l sectio n u  o f (V , V) i s said t o b e horizontal i f V^ u -  0  fo r 
ail £ . I t i s clea r tha t a  ma p h  (V 1 — > V2 ) i s a  morphis m fro m (V1 , V1) t o 
(V2, V2 ) i f an d onl y i f h  i s a  horizonta l sectio n fo r V  =  Ho m (V-i , V2) . Thi s 
simple fac t i s howeve r absolutel y fundamenta l b e c a u s e i t allow s on e t o reduc e 
ques t ions abou t morphism s t o ques t ion s abou t horizonta l sec t ions ; w e shal l 
make fréquen t u s e o f thi s principl e i n thi s contex t as  well  as  i n o thers . I f w e 
choose loca l coordinate s x ^ o n X  an d a  loca l trivializatio n fo r V , the covarian t 
derivatives correspondin g t o 9/9x,j. = 9p . ma y b e writte n a s 9 ^ - A U wher e 
the AJJ, , the so-calle d connection matrices ,  are N  *  N  matrice s o f hoiomorphi c 
functions o f th e xy . The connectio n V  i s sai d t o b e flat o r integrable i f it s cur -
vature i s zéro , th e conditio n fo r whic h i n loca l coordinate s i s 

3 v A M - a M A V +  [AM,AV ] = 0 ( 1 <  M ,V <  N ) . 

T h è s e ar e th e classica l Frobenius condition s o f integrability tha t a r e necessar y 
and sufficien t fo r th e Syste m o f partia l differentia l équat ion s 

VMu =  3M u - AM u =  0  ( 1 <  M  < N ) 

that descr ib e th e horizonta l sect ion s t o hav e uniqu e loca l solution s fo r arbitrar y 
initial da ta . Thus , fo r fla t connect ions , th e shea f o f g e r m s o f loca l horizonta l 
sect ions i s a  local System o f ran k N , th e ran k o f th e bundle . Her e w e us e th e 
term loca l Syste m o f ran k N  o n X  i n it s usua l s e n s é , namely , a  shea f o f vecto r 
s p a c e s define d o n X  whic h i s locall y isomorphi c t o th e constan t shea f wit h co -
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efficients i n CN , 1  <  N  <  o o (cf . [D e 1] , p 3) . W e not e tha t the integrability con

dition is automatic in dimension 1 , i . e. , whe n X  i s a  Rieman n surface . W e 
shall b e exclusivel y concernée ! wit h thi s case.  Th e fla t pair s (V , V ) for m a  ful l 
subcategory close d unde r ® , * , an d Hom . 

Let X  b e a  Rieman n surface . Fo r x  e  X , le t © x b e th e a lgebr a o f 
g e r m s o f analyti c function s a t x , 7îlx ,  it s quotien t fiel d o f g e r m s o f function s 
meromorphic a t x , an d ©x . "ïïtx . th e correspondin g s h e a v e s o n X . Fo r a  vec -
tor bundl e V  of ran k N  define d o n X  le t ©X(V ) b e th e © ^ m o d u l e o f ge rm s o f 
holomorphic sect ion s o f V  a t x , Tïlx(V) , th e N-dimensiona l vecto r s p a c e ove r 
the fiel d Tïl x o f ge rm s o f meromorphi c sect ion s o f V  a t x , an d ©x(V) . TTlx(V) , 
the correspondin g s h e a v e s . I f W  i s a  sufficientl y smal l ope n neighborhoo d o f 
x, an y bas i s o f 7n >x(V) defines a  trivializatio n o f th e restrictio n o f V  t o W  \  {x } . 
We shal l refe r t o suc h trivialization s a s {meromorphic ) triviaiizations at x . I f V 
is a  connectio n define d o n th e restrictio n o f V  t o W \ { x } , w e sa y tha t V  o r th e 
pair (V , V ) i s meromorphic at x  i f leave s TTlxO/ ) invarian t fo r an y loca l 
vector fiel d holomorphi c a t x  ;  this i s équivalen t t o th e requiremen t tha t fo r s o m e 
(any) loca l uniformisan t z  a t x , an d wit h respec t t o s o m e (any ) loca l trivi -
alization o f V  a t x , the covarian t derivativ e Vd/d z ha s th e for m 

Vd/dz =  d/d z -  A(z) , A  e  q ^(N, <J1LX); 

here q^(N , Tïlx ) i s the Li e algebr a o f N * N matrice s ove r <nix. B y usin g trivi -
alizations i t i s e a s y to see  th e équivalenc e be twee n th e abstrac t l anguag e an d 
the classica l on e o f System s o f differentia l équat ions . Thus , onc e w e c h o o s e a 
trivializtion, th e horizonta l loca l sect ion s ma y b e identifie d wit h N  x  1  vector s u 
satisfying th e Syste m o f ordinar y differentia l équat ion s 

d u / d z =  Au . 

If w e conside r anothe r connectio n V  wit h V'd/d z =  d / d z -  A \ the n th e pair s 
(V, V ) an d (V , V ) ar e locall y isomorphi c a t z  =  0  i f an d onl y i f the matrice s 
A an d A * ar e relate d b y 

B =  g  [A ] : = g  A g-1 +  (dg/dz) g -1 ( g e  GL(N , mx)) . 

If we thin k o f A  an d A 1 a s connection matrices ,  then g  ma y b e viewe d as  th e 
gauge transformation tha t define s th e bundl e automorphism . I f V i a n d V 2 
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are tw o bundle s define d o n a  neighborhoo d o f x , a  bundl e ma p fro m V i t o V 2 
is meromorphic at x  i f i t i s give n b y a  matri x o f meromorphi c function s o f z 
with respec t t o trivialization s o f th e tw o bundle s a t x . A s usual , tw o pair s (V , V ) 
and (V , V ) define d an d meromorphi c a t x , a r e équivalent i f they coincid e o n 
a neighborhoo d o f x ; an d th e équivalenc e c l a s s e s ar e know n as  th e germs . 

The loca l theor y dea l s wit h th e ge rm s rathe r tha n th e pair s themse lves , bu t w e 
shall generall y no t insis t o n thi s distinction . I f w e replac e th e bundles , con -
nections, an d th e m a p s b y thei r ge rm s w e obtai n th e categor y tS x o f ge rm s o f 
meromorphic pair s a t x . I f z  i s a  loca l uniformisan t a t x  w e ca n identif y TS X 
with th e categor y TS o o f ge rm s o f pair s a t th e origi n o f th e comple x plan e C z 
of th e comple x variabl e z . Le t b  b e a n intege r >  1 , le t C ç b e th e plan e o f a 
complex variabl e ç , an d le t f b b e th e ma p s  — > z  =  ç b . Associate d t o CK 

we hav e th e categor y TSo,s » and fb * define s a  "  pull-bac k functo r w  fb* fro m 
TSo t o T3o ,ç î  ' f (v t V ) r epresent s a  ger m a t 0  e  C z an d w e c h o o s e a  loca l 
trivialization fo r i t a t 0  s o tha t Vd/d z =  d / d z -  A(z) , then , wit h respec t t o th e 
pull-back trivializatio n fo r (V~ , V~) =  fb* (V,  V) , w e hav e 

V~d/dç -  d / d ç -  A- , A~(« ) =  b«b- l A(çb) . 

Let S  b e a  discrèt e subse t o f X . I f V  i s a  vecto r bundl e o n X  an d V  i s 
a connectio n define d o n X  \  S , V  (o r th e pai r (V , V) ) i s sai d t o b e meromor
phic at S  i f i t i s meromorphi c a t eac h poin t o f S ; th e notio n o f a  bundl e ma p t o 
be meromorphi c a t S  i s define d i n a n analogou s manner . The n i t i s clea r tha t 
we ca n associa t e t o th e pai r X , S  th e categor y whos e object s a r e pair s (V , V ) 
meromorphic a t S , an d whos e m a p s a r e th e bundl e m a p s tha t a r e meromor -
phic a t S . Th e bas i c proble m o f th e theor y o f linea r meromorphi c differentia l 
équat ions i s tha t o f understandin g th e structur e o f thi s category , an d on e o f th e 
essent ia l s t e p s i n suc h a  programm e i s th e stud y o f th e loca l versio n o f thi s 
problem, namely , th e elucidatio n o f th e categor y TSo - Thi s i s on e o f th e mai n 
concerns o f thi s paper . 

1 . 2 . Fro m th e algebrai c poin t o f vie w th e basi c notio n i s tha t o f a  D-modul e 
that g o e s bac k t o Mani n [Ma] . Le t R  b e a  commutativ e ring  wit h uni t an d le t D 
be a n R-modul e o f dérivation s o f R ; a  spécia l case  i s whe n R  i s a  differentia l 
ring, i . e. , a  commutativ e rin g wit h uni t equippe d wit h a  dérivatio n 3 , wit h D  = 
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R 3 . B y a  D-module over (R , D ) or a differential module over R  w e mea n a n 
R-modu le M  togethe r wit h a n R-l inea r ma p V  ( & —> V^ ) o f D  int o th e R -
module o f additiv e m a p s o f M  int o itsel f suc h tha t 

V^(a m ) =  a  V ^ m ) +  (ça ) m  ( a e  R , m  e  M , £  e  D) . 

For give n R  an d D  th e categor y o f D-module s corne s equippe d wit h ® , (^ ) , 
* , an d Hom . I f (M , V ) i s a  differentia l modul e ove r R  w e refe r t o i t as  free , 
projective, etc. , i f M , as a  modul e ove r R , i s free , projectiv e etc . Th e solution s 
m t o th e "Syste m o f differentia l équations " 

V% m =  0  ( m e  M , £  e  D ) 

are know n as  th e horizontal é lément s o f M . A s i n th e géométri e situation , mor -
phisms h  ((M-| , Vi) — > (M2 , V2)) a r e precisel y th e horizonta l é lément s o f Ho m 
(M1, M2,) . Unless it is otherwise stated explicitly, we shall suppose that ail dif

ferential modules are finitely generated over their base rings. 

If X  i s a  Rieman n surfac e an d S  c  X  i s a  discrèt e set , w e ma y tak e R 
to b e th e rin g o f meromorphi c function s o n X  whic h ar e holomorphi c o n X  \  S 
and D  t o b e th e R—modul e o f derivaion s o f R  define d b y meromorphi c vecto r 
fields o n X  tha t a r e holomorphi c o n X  \  S . Le t V  b e a  vecto r bundl e o n X 
and V  a  connectio n o n X  \  S  tha t i s meromorphi c a t th e point s o f S ; i f w e 
take M  t o b e th e R-modul e o f sect ion s o f V  o n X  \  S  tha t a r e meromorphi c 
at S , w e obtai n a  D-module , an d th e ass ignaien t tha t t ake s (V , V ) t o thi s D -
module i s a  functor . A t the loca l level , i f (V , V) i s a  pai r meromorphi c a t x , w e 
can tak e R  t o b e th e fiel d Tïl x an d D  t o b e JS>X =  TTl x d / dz wher e z  i s a 
local uniformisan t a t x ; then M  = 7ïlx(V ) i s a  <©x-modul e whic h d é p e n d s onl y 
on th e ger m define d b y (V , V) a t x . Th e ass ignmen t tha t t ake s thi s ger m t o th e 
JS)x-module M  i s a  functo r fro m TS X to th e categor y o f finit e dimensiona l JS)*-

modules ove r TTl x whic h i s a n équivalenc e o f ca tégor ies . I n vie w o f thi s w e 
shall ofte n permi t ourselve s t o interchang e t h è s e ca tégor ies . Le t ©A x b e th e 
formai completio n o f © x a t x  ,  TïlA x it s quotien t field , an d JS>\ =  T T l / d / d z ; 
then w e hav e th e formalization functo r whic h ass ign s t o an y J9X - modul e M 

over m x th e JDAx-modul e M A define d b y M A = mA x ^ r i x M * , f M  =  ^ x ( V ) , 

we shal l vie w M A as  th e formalizatio n o f th e ger m o f th e pai r (V , V ) a t x . W e 
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dénote th e categor y o f JS>Ax-module s ove r TTU ^ b y T3Ax,o r T5oA , whe n X  = 
Cz, an d x  i s the origin . I n order t o b e consisten t wit h th e notatio n o f ou r earlie r 
papers w e shal l ofte n write , whe n X  = C z an d x  = 0 , 3 ^ fo r 7ïlA x an d D^cg t fo r 
<ïïlx ;  moreover , whe n workin g i n th e comple x plan e CK w e shal l déno t e th e 
corresponding object s b y 5* ^ an d ÏFç.cg t respectively . 3 ^ an d y  K  differen -
tial field s wit h d / d z an d d / d ç a s thei r basi c dérivations . 

Let b e th e algebrai c closur e o f 2P \ On e know s fro m th e classica l 
theorem o f Puiseu x (cf . [Se] , Proposition 8 , p . 76 ) tha t 

y c i = Ub> o Fb,  ar b =  F(z1/b ) ; 

here CF b ' s th e Galoi s extensio n o f obtaine d b y adjoinin g a  bt h roo t o f z . 
For an y b  >  1 , the "  pull-back "  imbedding y  <  >  K  define d b y th e substitu -
tion z  =  ç b ex tend s t o a n isomorphis m o f D^ b wit h & K ;  the extension s ar e 
not unique , an d correspon d t o th e choic e o f a  branc h z1/ b tha t i s mappe d ont o 
ç . Th e Galoi s grou p GaK^b/O O i s jib , the grou p o f bth  root s o f unity , actin g b y 
CT, z 1 / b — • » <jz1/ b ( a e  jj.b) . Th e ful l Galoi s grou p G a \ ( & i s th e 
topological grou p \i =  li m |ib » th e invers e limi t o f th e M ^DÎ w e shal l identif y jo , 
with ZA , the completio n o f Z , th e imbeddin g o f Z  i n Z A corresponding t o th e 
identification o f m  e  Z  wit h th e élémen t o f j x whic h project s t o exp(2ircm/b ) 
in jĵ b - Th e convergen t subfiel d O^b.cg t c  SF b i s define d i n th e obviou s wa y a s 
^cgttz1713] an d i s s e e n t o b e identica l wit h th e preimag e o f O^.cg t unde r som e 
(any) isomorphis m O^ b =  & z tha t extend s th e pull-bac k imbedding . W e pu t 

^cgt01 =  Ub> 0 SFb.cgt -

It is know n tha t &CQtcl i s algebraicall y closed . Indeed , on e know s tha t O^g t i s 
algebraically close d i n I F (se e [A] , p. 48 , Theorem 14) , s o tha t O^b.cg t i s alge -
braically close d i n £F b fo r ai l b  >  1 , an d henc e O^gt0 ' i s algebraicall y close d 
in SFci , thu s algebraicall y closed . 

For an y feD ^ci , ord(f) , th e order o f f , i s defined as  usual  as  follows : 

f =  cr/bzr/ b +  c(r+i) /bz(r+i) /b + c r / b * 0 , = > ord(f ) =  r/b . 

The topolog y define d b y th e absolut e valu e 

I f I =  c-orci(f ) ( C >  1 ) 
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is th e adt'c topology .  Th e cont inuou s dérivation s o f OTc i (resp . 1Kb ) a r e pre -
cisely th e o n e s o f th e for m f  d/dz, f  s  3^° ' (resp . SFb) - The y for m a  vecto r s p a c e 
over D 0̂ 1 (resp. S^b ) whos e dua l i s th e s p a c e o f differentia l form s u > ove r y c l 
(resp. tFb) , 

CJ =o)# . dz , CJ # e  y c l (resp . î^b) , 

where d z i s the for m tha t t ake s th e valu e 1  a t d/dz . Unde r a n isomorphis m t 
(îXb =  & z) tha t i s defined b y the choic e o f a  branc h z1/ b i t i s easy  to see  tha t 
cj =  GJ# . dz goesoverto  co^ = u)ç#. dç  wher e 

cjç# =  b ç b - 1 t(co#) . 

T h è s e définition s an d formula e a r e consis ten t wit h th e correspondin g o n e s i n 
the géométr i e contex t involvin g holomorphi c differentia l form s an d thei r image s 
under th e pull-bac k m a p s fb* , f b (C ç — > C ) bein g th e usua l coverin g map . 

To an y differentia l modul e (M , V ) ove r 0 ^ w e ca n assoc ia t e th e w  pull -
back "  modul e (M ç ,  Vç) a s follows : M ç =  K  M  ,  Vç.d/d ç =  bçb- 1 V <j/dz , 
a n d 

Vç,d/dç ( u & m ) =  ( d u / d ç ) 0 m +  bçb- 1 u (g)Vd/dzm. 

In particular , i f A(z ) i s th e connectio n matri x o f Vd/d z wit h respec t t o th e bas i s 
(rrij) o f M , the n th e connectio n matri x A~(ç ) o f VK wit h respec t t o th e bas i s 
(1 (££)mj) o f M ç i s given b y the formul a 

A~(ç) =  bçb -1 A(çb) . 

More generally , le t u s fi x a  branc h z1/ b an d henc e a n isomorphis m S^ b s  &  K 

extending th e pull-bac k imbedding . I f M ç =  Vf M , the n t h è s e formula e 
b 

define a n isomorphis m fro m th e categor y o f differentia l module s ove r D^ b t o th e 
category o f differentia l module s ove r & K . 

1-3 O n a  comple x manifold , th e bas i c objec t assoc ia te d t o a  pai r (V , V ) i s 
the loca l Syste m o f horizonta l sect ions . I n th e loca l situatio n wit h whic h w e ar e 
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concernée! her e i t i s bette r t o wor k wit h sect ion s define d o n sectoria l domains . 
A sector (i n Cz ) i s a  subse t o f Cz x o f the for m 

{z =  r e i 0 : o c < 8 < 0 } < P < O C < 0 < 2 T C +  <P 

Note tha t seç tor s ar e alway s proper s ubse t s o f Czx . Th e angle o f th e secto r 
is then p  —  oc. I f W  c  S 1 i s a n ope n arc , T ( W ) i s the secto r o f ai l point s z  = 
r w , wit h r > 0 , an d w  e  W . A  sectorial domain i s a  régio n o f th e for m T& = 

T n A ô wher e T i s a  sector , ô  >  0 , an d A Ô i s th e dis e i n th e z-plan e o f radiu s 
ô an d cente r 0 . Give n th e ger m o f a  pai r (V , V) a t z  =  0 , we associa t e t o i t th e 
sheaf %(V , V ) =  %(V ) o f ge rm s o f sectorial horizonta l sect ions . Thi s i s a 
sheaf define d o n th e uni t circl e S 1 i n th e z-plane ; fo r an y u  «  S 1 , it s stal k 
%(V, V)(u ) a t u  i s th e s p a c e o f ge rm s o f horizonta l sect ion s o f (V , V ) define d 
on sectoria l domain s T Ô = T n A ô wher e r  i s a  secto r containin g u . I f W  c z 
S1 i s a n ope n arc , % ( V ) ( W ) i s th e s p a c e o f ge rm s o f horizonta l sect ion s o f V 
defined o n T ( W ) Ô fo r som e ô  >  0 . Thi s i s a  loca l Syste m o f ran k N  = the ran k o f 
V, an d th e ass ignmen t 

(V, V) >  %(V, V ) 

defines a  covarian t functo r fro m TS o int o th e categor y o f loca l System s o n S 1 
which i s compatibl e wit h * , an d Hom . I n gênera i thi s wil l no t b e a n équiv -
a lence o f ca tégor ie s b e c a u s e th e natur e o f th e singularit y a t z  =  0  i s no t en -
coded i n thi s functor . Howeve r fo r regular singularises thi s functo r d o e s con -
tain ai l th e pertinen t information . I n thi s paragrap h w e shal l giv e a  brie f revie w 
of th e loca l theor y o f regula r singula r connections . 

A pai r (V , V ) i s sai d t o b e Fuchsian o r Regular Singular i f o n an y 
sector r  wit h verte x a t z  =  0 , an y horizonta l sectio n s  o f (V , V) i s o f moderate 
growth ,  i. e. , fo r som e N  >  0 , 

s(z) =  O(lzl-N ) ( z — > 0  i n T ) . 

Here th e O  refer s t o th e component s o f th e sectio n i n som e (henc e every ) trivi -
alization a t z  =  0 . Fo r th e pai r (V , V ) th e poin t z  =  0  i s then sai d t o b e a  regu

lar singularity. 
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THEOREM 1.3. 1 The functor (V , V ) >  W(V , V ) is an équivalence 

of catégories when restricted to the subcategory of Fuchsian pairs . 

PROOF Le t u s begi n th e proo f b y recallin g ([Mi] , pp . 51-52 ) tha t fo r ver -
ifying tha t a  functo r F  fro m a  categor y C- i t o a  categor y C 2 i s a n équivalenc e 
of catégorie s on e mus t prov e tw o thing s :  (i) i t i s fully faithful ;  this m e a n s tha t fo r 
any tw o object s A  an d B  o f C - | , t h e m a p Morph (A, B ) — > Morph(F (A), F(B) ) 
is bijective , an d (ii ) F  i s essentially surjective ,  tha t is , ever y objec t i n C 2 i s 
isomorphic t o on e o f th e for m F (A) fo r s o m e A  e  Ci . T o verif y tha t th e functo r 
under considératio n i s full y faithfu l w e u s e th e compatibilit y o f th e functo r wit h 
Hom t o reduc e i t to th e proo f tha t th e ass ignmen t takin g a  ger m o f a  meromor -
phic horizonta l sectio n o f (V , V ) t o th e correspondin g globa l sectio n o f %(V , V ) 
is bijective. I t is clearly injective ; i f s  i s a  globa l sectio n o f H(V , V ) i t defines a 
horizontal sectio n s x o f (V , V ) o n th e punctureddise AÔ X = A Ô \ ( 0 ) . Bu t s * 
is no w o f modera t e growt h a t z  =  0  an d s o meromorphi c b y th e theore m o f 
Riemann o n removabl e singularities . T o complèt e th e proo f i t remain s t o sho w 
that an y loca l Syste m o n S 1 ar i se s as a  t >C(V, V ) upt o isomorphism . Le t V 
be a  loca l Syste m o n S 1 an d U  =  V(1) . W e the n hav e a  (monodromy ) actio n 
of th e fundamenta l grou p o f S 1 wit h b a s e poin t z  =  1  o n U  ( se e [D e 1] , p3) . 
Identifying th e fundmenta l grou p wit h Z  i n th e usua l wa y w e obtai n a n élémen t 
Z e  GL(U ) fo r th e actio n o f 1  e  Z . I t i s no w a  questio n o f constructin g a  pai r 
(V, V) suc h tha t th e monodrom y actio n o f 1  o n th e stal k o f %(V , V ) a t z  =  1 
is equa l t o Z. Selec t a n endomorphis m C  o f U  suc h tha t Z =  exp (27ciC). Le t 
Vu b e th e trivia l bundl e C X U , Vc .d/dz =  d/d z -  z-1C . The n th e horizonta l s e c -
tions o f (Vu , Vc ) a r e th e multi-value d function s 

z —> ex p (lo g z  .  C) u , u  e  U , 

and s o th e monodrom y actio n o f 1  i s exp(27ciC ) =  Z. S o %(Vu ) i s isomorphi c 
to V . • 

REMARK T o ensur e tha t th e ass ignmen t 

(») (U , Z) > (VUfVc) 

constructed abov e i s functoria l i t i s necessar y t o choos e C  t o dépen d functori -
ally o n Z. Thi s ca n b e don e i n man y ways . W e may , fo r instance , requir e tha t 
ail e igenvalue s \  o f C  satisf y 0  <  Re()v ) <  1  ;  C i s the n sai d t o b e reduced 
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([BV 1] ) an d w e cal l i t a  reduced logarithm o f Z. Wit h thi s choic e (•* ) i s f  tinc-
torial an d invert s the functo r (V , V) >  %(V, V) . 

We shal l no w conside r th e correspondin g forma i category . Le t K  dénot e 
one o f IF , &cg\ ,  or SFcl , the algebrai c closur e o f IF , an d le t O  b e th e corre -
sponding intege r ring , s o tha t O  =  ©  =  C[[  z  ] ] i f K  = IF , O  =  ©Cg t = C{z } whe n 
K = IFcgt , an d O  =  ©c l «  c[ [ z  ] ] [ z^/2, zi /3, ]  whe n K  = IFci . | f M  i s a  finit e 
dimensional vecto r s p a c e ove r K  an d E  c z M , E  i s called a n O-lattice i f i t is a 
free O-modul e o f ran k equa l t o th e dimensio n o f M . I t i s wel l know n tha t a  sub -
set E  c  M  i s a n O-lattic e i f an d onl y i f i t i s a  finitel y gene ra te d O-modul e 
whose K-spa n i s M . W e no w follo w Mani n [Ma ] an d defin e a  differentia l mod -
ule (M , V ) ove r K  t o b e Fuchsian i f 3  a n O-lattic e L  cz M  wit h zVd /dz L  c 
L. Thu s M  i s Fuchsia n i f and onl y i f there i s a  basi s o f M  wit h respec t t o whic h 
the connectio n matri x o f V  ha s a t mos t a  simpl e pôle ; i n th e classica l language , 
such a  connectio n matri x i s sai d t o b e o f th e first kind. I t is no t difficul t t o chec k 
that thi s i s équivalen t t o requirin g tha t fo r eac h m  e  M , the smalles t O-modul e 
in M  containin g m  an d stabl e unde r zVd /dz i s finitel y genera te d ove r O  (se e 
[Ma]). 

The basi c result s i n th e forma i theor y o f Fuchsia n module s ar e th e fol -
lowing . 

1. Every such module is isomorphic to the pair (U(IF) , VC A )  ;  here C  is 
an endomorphism of a vector space U  over C , U (IF) =  I F <§)cU, Vc ,Ad/dz = 
d/dz -  z-"iC , so that (U (IF), VQ A )  is the formalization of (Vu , Vc) . 

2. If (V , V) is a meromorphic pair and M  is the associated module over 
SFcgt of germs of meromorphic sections , then (V , V ) is Fuchsian if and only if 
(M, V ) is Fuchsian in the sensé of the définition above . 

3. Formai meromorphic solutions are always convergent : if (V , V ) is 
Fuchsian and (M A ,  VA ) is the differential module over I F which is its formai-
ization , then the natural inclusion map from the space of horizontal sections of 
V to H(MA) , the space of horizontal éléments of MA , is a bijection . In conjuno
tion with 1 . this implies that formalization is an équivalence of catégories . 

Let Co .Fuchs (resp . "CAo ,Fuchs )  b e th e categor y o f g e r m s o f Fuchsia n 
(resp. forma i Fuchsian ) pair s (resp . modules) , an d Loc(S1 ) th e categor y o f fo -
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cal System s o n S 1 . Le t u s writ e 6 fo r th e ful l subcategor y o f t5o ,Fuchs o f ai l 
pairs (Vy , V Q ) . W e shal l introduc e th e diagra m 

^O.Fuchs =  ^o .Fuchs 

i formalizatio n 1  sectoria l horizontal sections 

t5Ao,Fuchs *  LO C (S1 ) 

Since th e vertica l arrow s ar e équivalence s o f ca tégor ies , i t follow s fro m purel y 
categorical a rgument s tha t ther e ar e functor s representin g th e botto m arro w fo r 
which th e abov e diagra m i s commutativ e i n th e sensé  o f équivalenc e o f ca té -
gories, an d tha t ai l suc h functor s a r e mutuall y naturall y équivalent . Furthermore , 
a s th e natura l inclusio n o f 6  int o Co .Fuchs i s a n équivalenc e o f ca tégor ies , 
thèse a r e precisel y th e functor s F A fro m T5Ao ,Fuchs t o Loc(S1 ) wit h th e fol -
lowing propert y :  if F  i s the compositio n F A o formalization an d L  i s the functo r 
on 6  tha t t ake s (Vu , Vc ) t o th e correspondin g loca l Syste m o f sectoria l hori -
zontal sect ions , the n th e functor s F  an d L  ar e naturall y équivalen t o n 6  : 

(*) F  «  L 

THEOREM 1.3. 2 The above diagram is commutative in the sensé of 
équivalences of catégories for ail choices of functors (*) and only for those ; 
ail the arrows are équivalences ; and they are ail compatible with *» and 
Hom. 

We shal l no w complèt e thi s discussio n b y givin g a n explicit constructio n 
of a  functo r representin g th e botto m arro w i n the abov e diagram . Le t C * b e th e 
differential C-a lgebr a o f g e r m s o f analyti c function s define d o n sectoria l do -
mains T a =  r f l A ô ( T a  secto r containin g z = 1 ) , an d le t $  b e th e differen -
tial suba lgebr a o f C i genera te d b y D ^cgt .  (> * e  Q) - W e shal l identif y O ĉgt01 
with $  an d writ e # 1 fo r th e subalgebr a genera te d b y z * (" X e  C) , lo g z  } . 
Put ¥  =  ST0 1 $ 1 .  Clearl y # 1 , an d ¥  ar e differentia l a lgebra s ove r C 
which a r e intégra l domains . Z  ac t s throug h analyti c continuatio n aroun d S 1 
on $ 1 , o n D^0 ' by Galois , an d s o ac t s o n Y . Sinc e IF Cgtcl i s algebraicall y 
closed (cf . §1.2 ) an d ha s characteristi c 0 , on e know s tha t Y  i s a  domai n ( se e 
[Z S] ,  p. 198 ) .  I f M  i s an y differentia l modul e ove r 5FC | w e defin e 
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M W =  ^ ( g ^ c l M . 

Observe tha t i f M  i s define d ove r an d M d =  SFc,<2)tFM , the n th e actio n o f 
Z o n ¥  describe d above , an d o n Mc l throug h th e imbeddin g o f Z  i n 
G a l ^ c i / D ^ , lead s t o a n actio n o n Md(¥ ) b y CT-linea r mapping s tha t préserv e 
the connection . Finally , fo r an y differentia l modul e U  w e writ e H(U ) fo r it s 
space o f horizonta l éléments . 

LEMMA 1.3. 3 Let (M , V ) be a Fuchsian module of dimension N 
over rrc l and let M(¥ ) be defined as above. Then H(M(¥) ) has dimension 

N over C  and 

(M, V) >  H(M(Y); 

Is a functor with values in the category of finite dimensional vector spaces and 
compatible with *, and Hom . 

PROOF Onl y th e dimensio n statemen t i s no t immédiate . T o prov e thi s 
we ma y assum e tha t M  =  (2TC,) N an d VÔ/6Z =  d/d z -  z~1C , C  bein g a  bloc k 
diagonal matri x 

C =  bl . diag. (  JA I 1  +  N i Mk 1 +  Nk ) (M J e C  an d N j nilpoten t ) 

The column s f j (1 <  i  < N ) o f th e matri x z c =  exp(lo g z . C ) ar e i n 4>i N < z ¥ N = 
M ( ¥ ) . A s C  i s th e rin g o f constant s o f an d det(zc ) i s a  uni t o f Y , th e f i 
are easil y s ee n t o for m a  C-basi s o f H(M(¥) . • 

PROPOSITION 1.3. 4 Let (M , V ) be a Fuchsian module over £ F 
and let (Mcl , Vcl ) be the correspond!ng module over O^01 . Then there is an ac

tion of Z  o n H(MC,(¥) ) ,  and the assignment 

(M, V) >  H(Md(¥) ) 

is an équivalence of catégories satisfying (*) above . 

PROOF Her e w e ar e identifyin g (throug h th e monodrom y action ) 
L o c ( S 1 ) wit h th e categor y o f vecto r space s ove r C  wit h Z-actions . No w Z 
acts o n Md(Y) , th e actio n leavin g th e connectio n invariant . Thi s lead s t o th e 
action o f Z  o n H(Md(¥)) . W e dai m tha t (M , V ) • > H(Md(¥) ) i s a  full y 
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faithful ass ignment . Sinc e thi s functo r i s compatibl e wit h Hom , i t corne s dow n 
to provin g tha t H(M ) =  H(Md(Y)) z .  Tak e M  an d V  a s i n th e proo f o f th e 
lemma bu t wit h C  reduced . Th e horizonta l sectio n zc u ( u s  CN ) i s invarian t 
under Z  i f and onl y i f exp(2iriC ) u  =  u , o r i f and onl y i f C u =  0 . Bu t the n zc u = 
u e  H(M) . Sinc e th e functo r a s s ign s (U , exp(2i7iC ) t o (U(0r) , Vc A ) , w e ar e 
through. • 

The abov e argumen t involve d th e considératio n o f m a p s be twee n differ -
ential module s tha t a r e no t linea r bu t onl y sem i linear . Thi s ca n b e d o n e sys -
tematically b y introducin g th e extended categor y o f differentia l module s ove r 
y01 o r ^cgt0 1 i n whic h th e morphism s ar e extended, i.e. , a r e allowe d t o b e <r -
llinear, a e  Ga l (yc i /ar ) o r GaKD^cgt01/^ ) whil e preservin g th e connect ion s ; 
we recal l tha t a  ma p L  betwee n vecto r s p a c e s ove r a  fiel d E  i s <j-linear , < r 
being a n automorphis m o f E , i f i t i s additiv e an d satisfie s L(cu ) =  cr(c ) L(u ) fo r 
ail vectors u  an d ai l c  e  E . I f M , M ' ar e tw o differentia l module s ove r D^gt01 » 
a ( M —> M1 ) i s a  a - l inea r morphism , an d i f we writ e 

MO =  y d Ç à r ^ M .  M'c l -  O ^ ' & F ^ C I M ' , 

then ther e i s a  wel l define d a - l inea r morphis m ac l (Mc ' —» M,c, > suc h tha t 

ad ( f 0 m ) =  ( a . f ) 0 a ( m ) . 

It follows fro m thi s tha t formalizatio n M  —» Mc l i s a  wel l define d functo r i n th e 
context o f th e extende d catégories . W e no w hav e 

PROPOSITION 1.3. 5 Formalization is an équivalence on the 
Fuchsian extended subcategories. 

PROOF I t i s onl y a  questio n o f verifyin g tha t i t i s full y faithful . C h o o s e 
b a s e s fo r M  an d M ' s o t h a t M  =  (3^Cgtc,)N , M ' =  (3rCgtc,)N \ Vd/d z =  d / d z -
z -1C an d V'd /cJz =  d / d z - z ^ C 1 wher e C  an d C  ar e comple x matrices . I f 
now p  (Mc l —» M'c' ) i s a  c - l inea r morphism , the n ther e i s a  Z (Mc l —» M'cl ) 
which i s a  morphis m i n the usual sensé suc h tha t p  =  T o  a . Bu t b y th e resui t 
for th e usua l ca tégor ie s Z i s represente d b y a  convergen t matri x an d s o th e 
s a m e i s tru e o f p . I n othe r words , p  =  bc l fo r a  uniquel y determine d a—linea r 
morphism b  ( M —> M*) . • 
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1 . 4 . Th e theor y o f th e categor y o f no t necessaril y Fuchsia n pair s i s dominate d 
by th e fac t tha t formalizatio n i s no t a n équivalenc e o f catégories . Furthermor e 
the forma i theor y itsel f i s muc h richer . W e shal l no w giv e a  brie f revie w o f it , re -
ferring th e reade r t o [B V 1 ] [Be ] an d [J ] fo r mor e detaile d expositions . Th e fun -
damenta l result s ar e du e t o Hukuhar a [Hu] , Turritti n [Tu] , an d Level t [Le ] wit h 
important addition s fro m th e categorica l poin t o f vie w du e t o Delign e [D e 2] . 

Let 23c l =  ^(tF01 ) b e th e vecto r spac e o f differentia l form s C J =  OJ #. d z 
where co # « = &c\ \s a  Hnea r combinatio n o f th e power s za , a  e  Q , a  <  — 1, an d 
let 2S b =  23(£Fb ) b e th e s u b s p a c e o f t hè s e c o tha t a r e define d ove r t> , 
namely, fo r whic h CJ # s £Fb . W e selec t a  finit e nonempt y subse t 2  c : 2Sc l an d 
a finit e dimensiona l vecto r s p a c e U  ove r C  equippe d wit h a  gradin g b y 2Sc l 
such tha t th e nonzer o component s o f th e gradin g correspon d t o th e é lément s o f 
2 : 

U = +w Uw, Uw = 0<< w E E. 

Let ( U —> Uoo ) b e th e associate d projections . Fo r eac h G J w e choos e a n 
endomorphism o f U w an d déf i ne B  a s th e endomorphis m o f U ^ 0 ' ) = 
S ^ ' & c U give n b y 

B =  Z w « z "># - 1 0 P oo +  Z - 1 0 C ( C =  QcoCco) . 

We refe r t o U , 2 , (UCJ JCJSZ ,  (CCJ JCJSZ as  forma/data ,  and t o the m w e associat e 
the differentia l modul e (MAB , VAB) ove r D^ci , where MA B =  U (trcl), VAB,d/d z = 
d/dz -  B . Not e tha t (MAB , VAB) i s th e formalizatio n o f (MB f VB ) wher e M B = 
LK^cgt01) =  S T c g ^ ^ c U , an d VB>d/d z =  d/d z -  B . Th e modul e (MAB , VAB) i s 
called a  canonical form .  Th e rationa l number s a  <  — 1 suc h tha t z a occur s 
with a  nonzer o coefficien t i n som e co # ( CJ e 2 ) ar e th e canonical levels ,  an d 
the smalles t o f t h è s e i s know n as  th e principal level o r th e Katz invariant ;  2 
itself i s called th e spectrum .  I f 2  consist s onl y o f 0 , i t i s clear tha t U  =  Uo , C 
e End(U) , an d B  =  z " 1 0 C . I f b  >  1  i s an intege r suc h tha t ai l the co # s  D^ b 
(CL> e  2 ) , an d th e endomorphis m C  o f U  ha s th e propert y tha t th e rea l part s o f 
ail it s e igenvalue s a r e i n [0 , 1/b) , i . e. , b C i s reduced , w e shal l sa y tha t th e 
canonical for m (resp . C , th e forma i data ) i s b-reduced. Le t u s no w choos e a 
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branch z1/ b an d le t 2  c : 25(3^ ) »  an d le t L  b e th e se t o f canonica l level s s o 
that L  = {  n  r m } c: (1/b ) Z  <  .. . <  r m < -1 ). Clearl y ther e ar e unlquel y de -
fined endomorphism s C , D r ( r s  L ) o f U  suc h tha t 

(a) C , D r ( r s  L ) commut e wit h eac h othe r 

(b) D r *  0  an d i s semisimpl e fo r ai l r  e  L 

(c) B  .  2 R « L z r & D r + z ~ 1 0 C 

It is e a s y t o chec k tha t Z  i s the se t o f form s C J =  (Zr«l _ °r z r ) • dz wher e (cr)r*i _ 
is i n th e join t spectru m o f (DR)R« L ,  U = ©u > Uo > i s the spectra l décompositio n o f 
U wit h respec t t o th e Dr . Thi s i s the wa y canonica l form s wer e define d b y u s i n 
[BV 1] . Th e fundamenta l resui t o f th e Hukuhara - Turrittin - Level t theor y i s no w 
the followin g (se e [B V 1] , §§ 6-7) . 

PROPOSITION 1.4. 1 Any differential module over 2 F d / s isomorphic 

to a canonical form defined by some formai data U , E , (Uc^oo ^z »  (CGÛ)OO«Z • 

The spectrum 2  and the dimensions ofthe are uniquely determined by the 

isomorphism class of the module . 

If M  i s a  differentia l modul e ove r D^ , the abov e resui t ma y b e applie d t o 
the modul e Mc l =  O ^ ' ^ y M , an d th e theor y o f th e module s ove r ma y b e 
worked ou t wit h s o m e additiona l Galoi s de scen t a rguments . W e shal l defin e 
the canonica l level s an d spectru m o f M  t o b e thos e o f Mcl . M  i s sai d t o b e un-

ramified i f it s canonica l level s a r e ai l integers . Mor e generally , w e shal l sa y 
that M  i s unramified over IF b i f ai l it s canonica l level s a r e i n (1/b)Z ; the rami

fication index o f M  i s define d a s th e smalles t o f suc h integer s b . I t i s know n 
that b  i s a  diviso r o f th e leas t commo n multipl e o f {1,2,.. . ,  N } wher e N  = 
dim^(M) ([B V 1] , Proposition 7.6) . Fro m [B V 1 ] (§§6-7) w e hav e 

PROPOSITION 1.4. 2 Let VA be a differential module over O^ b un

ramified over S^b - Then M  is isomorphic to a canonical form determined by 

a unique (upto isomorphism ) setof b-reduceddata U , 2 , (UcoJooes , (Ca>)coc Z • 
More precise/y, the assignment that takes b-reduced formai data to the corre

sponding canonical forms is a functor ,with values in the category of differential 

modules over b  unramified over b , that is an équivalence of catégories . 
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Consider no w a  b-reduce d canonica l for m define d b y th e forma i da t a U , 
2 , (UCÛ)OO«2 : »  (Coo)coc Z bu t wit h th e additiona l propert y tha t 2  i s stabl e unde r 
the Galoi s actio n o f Mb - A  descent structure fo r thi s forma i da t a i s the n an y 
représentation t  (c r — > t(<r) ) of M b > n U  suc h tha t 

(DES 1  ) t(u ) Po o t(cr) -1 =  Pac o ,  t (a) C w t (a) - 1 =  CŒ W . 

Two descen t structure s t , t ' a r e sai d t o b e isomorphic i f there i s a  x  e  GL(U ) 
such tha t 

(DES 2 ) t '(cr) =  x  t(<y)x~ l ,  x  Pwx "1 =  P w ,  x  CooX -1 =  C w . 

If M  i s a  differentia l modul e ove r &  unramifie d ove r D b̂ » Propositio n 1 . 4 . 2 
shows tha t ther e i s a n isomorphis m h  o f î ^ b ^ y M ove r D^ b t o a  b-reduce d 
canonical for m (MAB , VAB ) : 

h :  ^ b 0 y M s  ( t F b 0 c U , VAB) . 

For an y < J e  jib , ( ^ b ^ c U , VACT[B] ) i s als o a  b-reduce d canonica l for m wher e 

Œ[B] =  Zoje Z CT.CJ# . 10POJ +  z " 1 0 C , 

and ( J 0 1 transform s ( ^ b ^ c U , VAB ) int o ( ! F b 0 c U , VAa[B]) . O n th e othe r 
hand, a s 3 ^ 0 3 ^ i s invarian t unde r o—101 , ( O - 0 1 ) h  ( Œ - 1 0 1 ) h- 1 i s a n 
isomorphism o f ( Î F b O c U , VAB ) ont o ( î F b O c U , VAA[B]) - Propositio n 1.4 .1 no w 
shows tha t cr .2 =  2  fo r ai l o - an d Propositio n 1 .4.2 show s tha t th e isomor -
phism i n quest io n mus t b e o f th e for m 1 0 t ( a ) ~ 1 fo r a  uniqu e t (cj) e  GL(U ) 
satisfying (DE S 1) . W e thu s hav e fo r ai l o r e  jib . 

(*) h(o -01)h-*i =  <j0t(cj) . 

It i s immédiat e fro m (* ) tha t t  i s a  représentatio n o f M b i n U . I n othe r words , t 
is a  descen t structure . I f we choos e anothe r isomorphis m h ' instea d o f h , h'h- 1 
is a n automorphis m o f ( 3 r b 0 c U , VAB) , an d s o i t follows fro m Propositio n 1 .4.2 
that h ' =  ( 1 0 x ) h fo r som e x  e  GL(U ) satisfyin g (DE S 2 ) . Thi s m e a n s tha t t 
and t ' a r e isomorphic . W e hav e thu s associa te d t o M  i n a  natura l manne r a n 
isomorphism c las s o f descen t structures . A t th e s a m e time , (* ) show s tha t th e 
Galois actio n o - —- > cr0t (<y) leave s VA B invariant , an d tha t th e fixe d poin t 
s u b s p a c e MA t o f D r b 0 c U fo r thi s actio n inherit s th e structur e o f a  differentia l 
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module ove r £F , and finall y tha t h  i s a n isomorphis m ove r y  o f M  wit h MAt . I f 
2 i s s tabl e unde r ji b an d t  i s an y descen t structur e fo r th e forma i data,exactl y 
the s a m e argumen t applie s t o sho w tha t MA t i s a  differentia l modul e ove r & 
with t  a s th e associa te d descen t structure . W e hav e thu s obtaine d th e centra l 
resuit o f th e theor y o f differentia l module s ove r ( se e [B V 1] , §§ 6-7 ) : 

PROPOSITION 1.4. 3 There is a canonical bijection from the set of 

isomorphism classes of differential modules over & unramified over b  and 

isomorphism classes of b-reduced formai data equipped with descent struc

tures . 

Actually, th e entir e d iscuss io n precedin g thi s propositio n coul d hav e 
been carrie d ou t startin g wit h O^b.cg t instea d o f D^ b i  the modul e determine d 
by th e s u b s p a c e M t o f fixe d point s fo r th e Galoi s actio n i n U(0 r b.cgt) woul d 
then b e define d ove r O^gt - I t i s obviou s tha t M t =  Mt A fl (D^b.cgt&cU ) an d 
that Mt A i s the formalizatio n o f Mt -

It i s usefu l t o hav e a n explici t constructio n o f th e meromorphi c pai r i n th e 
z-plane whos e modul e o f sect ion s i s th e £Fcgt-modul e M t descr ibe d above . 
We g o ove r t o th e plan e C ç o f th e comple x variabl e s  =  z1/ b an d cons ide r 
the pai r (V ç ,  Vç) wher e V ç i s the trivia l bundl e C ÇXU an d V ç i s determine d 
by Vç,d/c k =  d / d ç- B~(ç) , wit h 

B~(ç) =  Z o ^ Z CJÇ# . 1 0 P W +  ç~i (g )bC . 

We s e e k a  pai r ( V i , V i ) wit h VijCj/d z =  d / d z - B i ( z ) togethe r wit h a n isomor -
phism h  o f th e pul l bac k o f ( V i , V i ) wit h (V ç ,  Vç). I f e  =  exp (2i7t/b), th e 
équation h  (e (§)1 ) h- 1 =  e ^ t ( e ) the n b e c o m e s , o n Computin g th e effec t o f 
both s ide s o n arbitrar y section s o f (V ç ,  Vç), 

h(ç) h(eç)~ i =  t(e) . 

As t(e) b =  1 , t(€ ) i s diagonizabl e wit h e igenvalue s tha t a r e bt h root s o f unity , 
and s o i t follows fro m Hilbert' s Theore m 9 0 (se e [Se ] ,  pp.158-159 , als o [B V 1 ] , 
p.58) tha t w e ca n fin d a  holomorphi c h  locall y define d aroun d ç  =  0  wit h val -
u e s i n GL(U ) suc h tha t h(ç ) h (eç ) - 1 =  t(e) . Wit h an y suc h choic e o f h  B i i s 
determined fro m B ~ b y 
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h-1[B~](ç) =  bçb - ie - i teb) (h-i[B~ ] =  h-*iB~ h -  h - idh /dç) . 

A sligh t modificatio n o f th e precedin g analysi s actuali y yield s th e follow -
ing mor e précis e resuit . 

PROPOSITION 1.4. 4 Fix an integer b  >  1 . Then the assignment 

(formai data + descent structure t ) >  MtA 

is functorial and defines an équivalence of catégories from the category of for

mai data with descent structures with the category of differential modules over 

that are unramifired o ver & t>. 

REMARK Le t M  b e a  differentia l modul e ove r wit h canonica l level s 

h , . . . ,  rm . 

Let M ç b e th e pul l bac k modul e ove r 9 ^ wher e z  =  i t i s then immédiat e 
that th e canonica l level s o f M ç ar e 

br-i +  b - 1 , ... ,  brm + b- 1 . 

Indeed, i t i s enoug h t o verif y thi s fo r canonica l form s fo r whic h i t i s obviou s sinc e 
the pul l bac k o f co#(z1/b) . dz i s CJ#(Ç ) b  çb -1 . d ç . 

One ca n no w ge t a  complèt e descriptio n o f th e categor y o f differentia l 
modules ove r & . W e begi n b y constructin g a  functo r M  —> Mcg t fro m th e 
ex tended categor y (cf . §1.3 ) o f differentia l module s ove r 3^c l t o th e corre -
sponding categor y ove r 0^Cgtc l tha t invert s formalization , namely , ha s th e prop -
erty (Mcgt) A «  M  fo r ai l M , «  denotin g natura l isomorphis m o f functors . Firs t 
of ail , a s formalizatio n i s a n équivalenc e fo r Fuchsia n module s b y Propositio n 
1.3.5, w e ca n fin d suc h a  functo r o n th e subcategor y o f Fuchsia n module s ove r 
IT0'. Fo r an y C J =  co# . d z e  asc l le t L( CJ) =  ^cg t0 ' b e th e on e dimensiona l 
module ove r O^gt0 1 equippe d wit h th e connectio n 

u —> du/d z -  U) # u ( u e  D ĉgt01) » 

and le t L( CJ)CI b e it s extensio n t o y,cl . The n i t i s a  c o n s é q u e n c e o f th e 
Hukuhara-Turrittin- Level t theor y tha t an y differentia l modul e M  ove r ha s a 
unique décomposit io n 
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M =  0 c o M(co ) (  co e  a^cl , M(co ) -  0  fo r almos t ai l c o ) 

where th e M(co ) a r e differentia l submodu le s uniquel y determine d b y th e re -
quirement tha t 

F(M)(co) : = L(-u >)cl0M(co) 

is Fuchsia n fo r ai l co . W e no w defin e 

Mcgt =  0 c o Mcgt(oj) , Mcgt(co ) =  L (co)0F(M)(oj)cgt. 

It i s e a s y t o convinc e onesel f tha t M  —» Mcg t i s a  functo r (relativ e t o th e ex -
tended catégories ) tha t invert s formalization . I f no w M  i s a  differentia l modul e 
over S X an d Mc l =  D ^ ' ^ D T - M , the n th e abov e construction s a r e applicabl e t o 
Mcl. Bu t no w w e hav e i n additio n th e Galoi s actio n o f M  =  Gal(ycl /ÏF ) o n M^ i 
and i t i s c lea r tha t c r e  j i i s a  morphis m (extended ) fro m Mc,(co ) ( resp . 
F(M)(co), F (M)(oo)cgt) t o Mcl(a.oj ) (resp . F(M)(Œ.OJ) , F (M)(<j.co)cgt), an d s o th e 
s u b s p a c e o f Mc l o f é lément s fixe d b y j i define s a  differentia l modul e ove r 

cgt- W e dénot e thi s b y Mcgt -

LEMMA 1.4. 5 The assignment 

M —> Mcg t 

is a  functor from T3o A to T5 o that in verts formalization . Moreover the Fuchsian 

module 

F(Md)cot : = 0 o o (F(Mcl)(co))cg t 

over O ^cgt0' admits a Galois action whose fixed points define a Fuchsian mod

ule F (M). 

PROOF Thi s i s clea r fro m th e precedin g discussion . • 

We no w procee d i n analog y wit h th e Fuchsia n case  treate d i n §1 .3 . Le t 
<f>2 b e th e subalgebr a o f C i genera te d b y $ 1 an d ai l the function s o f th e for m 

z 
E(oo)(z) =  exp ( f  oo# .  dz ) , c o e  £c l . 

f 
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We hav e a n actio n o f Z  o n $ 2 b y analyti c continuatio n aroun d S 1 . Fo r an y 
differential modul e M  ove r D^cgt0 1 w e writ e M (#2) =  ^ 2 ® * M  an d defin e th e 
functor h  fro m T3o A t o th e categor y o f comple x finit e dimensiona l vecto r 
s p a c e s b y 

h(M) =  H(Mcicgt(<É>2) ) =  0 W H(Mdcgt(a))(<î>2) ) 

For an y m  e  Z  <  >  >i th e map s Mclcgt(co)— > Mclcgt(m.(jo ) defin e map s 

H(Mclcgt)(a))(<î»2)) — > H(Mclcgt)(m.oj)(#2)) , 

so tha t w e hav e a n actio n o f Z  o n H(Mclcgt ($2)) •  I n othe r words , w e ma y vie w 
h a s a  functo r wit h value s i n th e categor y o f finit e dimensiona l vecto r s p a c e s 
with Xc l gradin g an d a  compatibl e Z-action . O n th e othe r hand , a s 

Mdcgt(u>) =  L(u))0F(Mcl)(cj)cgt , 

we hav e th e obviou s relatio n 

H(Mclcgt(u>)($2)) «  E(u ))0H(F(Mcl)(co)cgt(^2)), 

so that , w e hav e th e natura l isomorphis m 

h(M) «  hF(M ) :  = H ( F ( M c g t s ) ) =  © c o H(F(Mcl)(œ)cgt(^2) ) . 

PROPOSITION 1.4. 6 The functor of formalization from t5 o to Go A is 
essentiaiiy surjective , nameiy fevery formai differential module over is iso
morphic to the formalization of a meromorphic pair at 2  =  0 . Furthermore tthe 
functor h  is an équivalence of catégories compatible with 0 , * , and Hom 
from Go A to the category of 35c l -graded vector spaces over C  of finite 
dimension equipped with a compatible Z-action . 

PROOF Th e firs t assertio n h a s bee n prove d already . Fo r th e secon d i t 
is convenien t t o wor k wit h h F ra ther tha n h . Th e compatibilit y wit h 0 , * , an d 
Hom i s obvious . I f w e no w observ e tha t gradatio n preservin g linea r m a p s o f 
two grade d vecto r s p a c e s U , U * ar e i n natura l bijectio n wit h th e é lément s o f th e 
graded componen t correspondin g t o th e zér o élémen t o f Hom(U , U') , w e can , 
by th e compatibilit y wit h Hom , reduc e th e proo f tha t h F i s full y faithfu l t o show -
ing tha t H(M ) =  H(F(Md)cgt(0)(<î >2))2 wher e 0  refer s t o th e componen t o f th e 
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grading correspondin g t o th e zér o élément . W e no w observ e tha t F(Mc,)cgt(0 ) 
= (Mcl)cgt(0 ) i s a  differentia l submodul e o f Mc,Cg t whic h i s Fuchsia n an d invari -
ant unde r th e Galoi s group , s o tha t i t ma y b e viewe d as  arisin g throug h exten -
sion o f s c a l a r s fro m a  Fuchs ia n submodu l e M(0 ) o f M . T h e proo f o f 
Proposition 1.3. 4 no w show s tha t H(M(0) ) =  H(F(Mc,)cgt(0)(<ï>2))z . Henc e w e 
see tha t H ( (F(Mci)cgt(0)) z c  H(M) . O n th e othe r hand , a  direc t calculatio n 
shows tha t H(Mci(u>) ) =  0  i f c o *  0 , s o tha t H(M ) c  H(MC(0))z ; fro m thi s w e 
get H(M ) c : H((F(Mcl)(0)(<ï>2))2 . Fo r provin g th e essent ia l surjectivit y o f th e 
functor hF , w e star t wit h a  pai r ( U =  ®u>Uu> , O  wher e r  «  GL (U) i s th e ac -
tion o f 1  e  Z  i n U , an d le t b  >  1  b e a n intege r suc h tha t ai l the u> # fo r whic h 
Uco * 0  ar e i n tTb - Clearl y Tb leave s eac h Uo o invarian t an d s o w e ca n fin d a 
b-reduced •  End(Uu> ) suc h tha t r b =  exp (27cibC) wher e C  =  . 
Since b C i s reduced , i t follows tha t 7 commute s wit h bC , henc e wit h C , an d 
that r m exp(-27rimC ) d é p e n d s onl y o n th e residu e c las s o f m  mo d b , s o tha t 
there i s a  uniqu e wa y t o defin e a  représentat io n t  o f n b i n U  suc h tha t 
t(exp(27rim/b)) =  Zm exp(-27cimC) . I t i s the n ea s y t o see  tha t t  i s a  descen t 
structure fo r th e canonica l for m define d b y th e forma i da t a U , 2 , ( U o ^ o ^ z , 
(Cw)w«5: •  W e thu s hav e a  wel l define d modul e (Mt , Vt ) ove r tFcgt - A n ele -
mentary calculatio n show s tha t th e monodrom y actio n o f 1  e  2  (whic h corre -
s p o n d s t o th e Galoi s actio n a ( ^ t ( a ) fo r C J = exp (2i7c/b) o n th e horizonta l élé -
ments) i s 

exp(log z.C) u — > exp(lo g z.C)exp(2ircC)t(<j) u =  exp(lo g z.C)(Tu) ( u e  U) . 

It folow s fro m thi s tha t ou r functo r t ake s (Mt , Vt ) to ( U =  ®  coUco , T) upt o iso -
morphism. • 

Given differentia l module s M A ove r an d M  ove r O^cg t i t i s natura l 
to sa y tha t M  is formally isomorphic t o M A i f there i s an isomorphis m 

E : F 
OFcgtM 

= M^. 

Any suc h isomorphis m i s called a  marking of M  by MA . Forfixe d M A th e pair s 
(M, O  for m a  categor y suc h tha t th e morphism s (M , £ ) — > (M \ O  a r e th e 
morphisms u  ( M —- > M' ) tha t a r e compatibl e wit h £  an d £ \ I f (V , V ) i s a 
meromorphic pai r a t z  =  0  an d M  i s the differentia l modul e ove r D^cg t o f th e 
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ge rms o f meromorphi c sect ion s o f V , then , a  marking of (V , V ) by M A is , b y 
définition, a  markin g o f M  b y MA . Th e pair s marke d b y M A for m a  categor y i n 
the obviou s fashion . 

1.5 Th e theor y o f forma i differentia l module s ca n b e deve lope d ove r fairl y 
gênerai ring s (cf . [B V 2 ] ) . I n thi s paragrap h w e shal l confin e ourselve s t o a  fe w 
c o n s é q u e n c e s o f th e wor k o f [B V 2 ] tha t wil l b e importan t i n th e contex t o f th e 
moduli problem s treate d i n II I a s wel l as  i n th e asymptoti c theor y o f familie s o f 
differential équat ion s treate d i n th e nex t section . 

We begi n b y formalizin g th e notio n o f a n analyti c famil y o f forma i differ -
ential module s ove r 2T . Le t d  >  1  b e a n integer , an d fo r an y ope n se t Q  c : C d 
let ©<j(^ ) b e th e algebr a o f analyti c function s o n Q . W e us e th e symbo l A 
with o r withou t suffixe s t o dénot e polydisc s i n C d centere d a t th e origin . W e 
then defin e 

©d.b(A) =  ©d(A )[[zi/b]] [z -1] ,  ©d, b =  U A ©d.b (A) . 

T h è s e ar e ai l differentia l a lgebra s i n th e obviou s sensé  wit h th e é lément s o f th e 
coefficient ring s ©d (A) behavin g lik e constant s wit h respec t t o d/dz . A  family 

of differential modules of dimension N  over (resp . b  )  i s b y définitio n a 
differential modul e (M , V ) ove r ©d ,i (resp . ©d, b )  wit h th e underlyin g modul e 
over ©d, i (resp . ©d, b )  bein g fre e o f ran k N . B y choosin g a  bas i s fo r M  w e 
find tha t ther e i s a  A  suc h tha t (M , V ) i s isomorphi c t o a  modul e (M1 , V) de -
fined ove r ©d . i (A) (resp . ©d.b (A)). W e ca n obviousl y spécialis e (M \ V ) a t 
the point s X  e  A  t o obtai n a n ass ignmen t X  —> (M' * ,  V\) (\ e  A ) o f differ -
ential module s ove r &  (resp . 0 ^ ) parametrize d b y A . I f th e isomorphis m 
c lassof (M'x , V\) ove r y  (resp . ÎF b )  i s independent o f X  fo r ai l X  i n som e 
A', w e shal l sa y tha t (M , V ) i s a n isoformal family of differential modules over 

0^ (resp . £ F b), an d refe r t o th e constan t isomorphis m clas s o f ,  V\ ) a s the 

class ofthe family. Thi s propert y i s clearly independen t o f th e choic e o f (M' , V ) 
or A' . Th e fundamenta l theore m o n isoforma l familie s i s th e following . 

THEOREM 1.5. 1 Let (M , V ) defined over ©d. i be an isoformal fam

ily of differential modules of dimension N  over îF . Suppose that (Mo , Vo) is a 

differential module over 0 ^ that represents the class of the family. Then (M , V ) 
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is isomorphic over ©<j, i to the module obtained from (Mo , Vo) by extension 
of scalars to ©d,i -

PROOF Thi s i s b a s e d o n th e theor y o f [B V 2] . W e c h o o s e bases  fo r 
(M, V) an d (Mo , Vo) an d wor k i n the followin g situation . (Mx , V\) (\ e  A ) i s a 
family o f differentia l module s ove r y  wher e 

MX =  SFN , Vx .d/dz =  d / d z - A ( X :z ) 

A bein g a n élémen t o f q,>E(N , ©d,*i(A) ) ;  and fo r eac h X  «  A  w e hav e a n iso -
morphism 

(MX, Vx) s  (Mo , V0). 

We wis h t o fin d anothe r suc h isomorphis m bu t dependin g analticall y o n \ , 
namely, t o fin d a n élémen t g  e  GL (N, ©d, i (Ai) ) AiC Z A , suc h tha t 

g(>v : . )  :  M X =  M 0 ( X e s A i ) . 

If M o i s unramifie d thi s i s just theore m 10.3. 4 o f [B V 2] . I n particula r thi s t ake s 
ca re o f th e case  whe n M o i s regular . S o w e ma y suppos e tha t M o i s irregula r 
and ramified . W e shal l no w procee d t o giv e th e a rgument s tha t reduc e thi s t o 
the unramifie d c a s e ; the y dépen d o n th e descen t theor y d i scusse d i n §1 .4 . 

Let b  >  1  b e a n intege r suc h tha t ai l th e M * ar e unramifie d ove r O^ b 
and le t 

Mx,b =  3 ^ •  VXf b -  d/d z -  A{\ :  z) . 

Then b y Theore m 10.3. 4 o f [B V 2 ] w e ca n fin d a  h  e  GL (N, ©d,b(Ai) ) fo r a 
suitable A i c  A  suc h tha t fo r eac h " X e A i , 

h(X :  ) :  M*, b =  M0,b . 

We shal l a s s u m e , a s w e may , tha t Mo. b i s a  b-reduce d canonica l for m an d tha t 
Mo ar ise s fro m i t through forma i da t a an d descen t structur e t o o n U  =  CN . B y 
the descen t theor y d iscusse d i n §1 .4 w e ca n fin d a  représentatio n t (X : . )  o f ji b 
in C N suc h tha t fo r eac h X  e  A i , 

h(X : . )  ( e 0 1) h (X : . )- i =  e 0 t ( X :  e) e  =  exp(2irc/b) . 
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This équatio n make s i t obvious tha t t( X :  e) i s hoiomorphi c i n "X . Furthermore , 
a s M> , an d M o ar e isomorphic , th e descen t structure s t( X : . ) an d t( 0 : . )  a r e 
isomorphic fo r eac h X . Le t G  b e th e subgrou p o f GL(N , C ) commutin g wit h ai l 
POJ an d C . The n w e ca n fin d x(X ) «  G  suc h tha t X  e  A i , 

t(X :  e) =  x(X ) t( 0 :  e) x(X)~ 1 ,  x(0 ) =  1 . 

Let H  b e th e subgrou p o f G  centralizin g t( 0 :  e ) . Althoug h x (X ) i s no t 
unique, th e abov e relatio n make s i t clear tha t i t i s uniquel y define d i n G/ H an d 
hence ma y b e viewe d a s a n analyti c ma p o f A i int o G/H . B y th e theore m o f 
existence o f loca l sect ion s i n Li e group s w e ma y choos e a n analyti c ma p k  o n 
a suitabl e A 2 < = A i suc h tha t k(X ) an d x(X ) hav e th e s a m e imag e i n G/ H 
for X  e  A2 - Defin e no w 

hi =  K-1h. 

Then h1 E  GL(N , G>d,b (A2)) an d fo r ai l U A 2 , 

h1(X :. ) :  M^. b s  Mo,b , 

hi(X : . )  ( e 0 1) hi( X : . )~ 1 =  € 0 1 ( 0 :  e). 

In othe r words , h i ( 0 : . )~1hi( X : . )  commute s wit h ( € 0 1 ) , showin g tha t i t i s de -
fined ove r itself . I f we writ e g  fo r th e élémen t o f GL(N , C9d,i (A2)) thu s de -
fined, w e see  tha t g( X :  . ) i s a n isomorphis m o f M ^ wit h Mo , an d thi s i s wha t 
we wante d t o prove . • 
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2 ASYMPTOTI C THEOR Y O F ISOFORMA L FAMILIE S O F 

DIFFERENTIAL MODULE S 

2 . 1 Th e poin t o f depar tur e fo r th e analyti c theor y o f System s o f linea r mero -
morphic differentia l équa t ion s wit h irregula r singularitie s i s th e resuit , goin g 
back i n a  gener i c for m t o Poincaré , tha t an y forma i solutio n o f suc h a  Syste m i s 
asymptotic t o a n analyti c solutio n o n a  secto r wit h verte x a t th e singularit y pro -
vided th e angl e o f th e secto r a t th e verte x i s sufficientl y small . Th e analyti c so -
lution i s o f cours e no t unique , a  fac t tha t w a s th e poin t o f departur e o f th e coho -
mological t reatmen t o f t h è s e ques t ion s du e t o Malgrang e an d Sibuya . I n thi s 
sect ion w e shal l d i scus s t hos e a s p e c t s o f th e asymptoti c theor y tha t wil l b e 
n e e d e d b y u s . T o ge t additiona l perspect iv e th e reade r shoul d consul t th e 
classic treatis e o f Waso w [W ] as wel l a s [Ra-Si] . W e shal l howeve r conside r no t 
only th e case  o f a  single Syste m o f differentia l équat ion s bu t a ls o th e case  o f 
families whic h i s d e e p e r an d involve s othe r i s sues . I t wil l b e neede d i n II I 
when w e trea t th e proble m o f moduli . 

We recal l th e définition s o f sec tor s an d sectoria l domain s give n i n §1 .3. 
If A  an d B  ar e s u b s e t s o f a  topologica l s p a c e , w e writ e A  c e : B  t o mea n 
CI(A) c : CI(B) . I f r  i s a  sector , a n ope n subse t Q  o f T i s sai d t o b e asymp
totic to T ( Q ~  T) i f for an y secto r r M c i c : r 1 , there exist s a  ô  >  0  suc h tha t 
T ' Ô Q  (se e figur e below)) : 

O 

| z | . S 

T ' 

r 
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For an y se t A  c : C * w e writ e A $ = A  n A Ô , AÔ bein g th e dis e { z :  Izl <  6}. 

Let r  b e a  secto r i n Cx . W e conside r analyti c function s define d o n 
open se t s Q  c : T tha t a r e asymptoti c t o I \ tw o suc h function s bein g regarde d 
équivalent i f the y coïncid e o n a n ope n subse t o f r  tha t i s asymptoti c t o r . 
The équivalenc e c l a s s e s ar e th e germs ,  bu t w e shal l allo w ourselve s as  usua l 
to a b u s e th e notatio n an d wor k wit h th e function s rathe r tha n th e germs . Le t a 
be suc h a n analyti c function . I f o c =  Z r c r z r e tr , wesaythat  a  i s asymptotic 

to o c in T(o r Q  )  a  ~  o c (T) , i f for an y secto r r * c ic : r  an d an y intege r N  > 
0, 

a(z) =  2 r<N C rzr +  0(lz |N+1) ( z e  P ' , z  > 0). 

The élémen t o c i s the n uniquel y determine d b y a  an d i s denote d b y a A .  I n 
this c a s e , w e hav e fo r an y intege r r  > 0 , 

(d/dz)»- a ~  (d/dzya A (T) 

The se t o f al l ge rm s o f suc h a  i s thu s a  differentia l C -a lgebra , whic h w e dénot e 
by A i ( r ) . Th e ma p a — > a A i s a  homomorphis m fro m A i ( r ) t o I f T = 
Cx, the n A-f (r) =  D^gt » a A = a ; i f r  =* = Cx, the n th e classica l theore m o f Borel -
Ritt a s se r t s tha t th e ma p a — » a A i s a  surjective homomorphis m o f Ai(T ) int o 
CT. Th e kerne l o f thi s map , denote d b y Ao(T) , consis t s o f th e so-calle d germ s 
of fiât function s i n r , namely , germ s o f function s a  suc h tha t 

a - 0 (T). 

Let r  =* = C* an d le t l og r b e a  branc h o f lo g i n T. Fo r an y t  e  C , w e 
define z * = exp ( t  log r z  ) • Fo r an y intege r b  >  1  fi x a  choic e o f z1/ b i n ^ b 
and defin e Ab(T ) t o b e th e se t o f al l germ s o f function s a  define d o n som e Q 
- r  wit h th e followin g property : ther e i s a n élémen t (necessaril y unique ) a A = 
2r cr/ b zr/b e  ^ b suc h tha t a  ~  aA (T), i . e. , 

a(z) =  E r<N Cr /bz'/b +  0(lz |(N+l)/b) ( z €  T\ z — > 0) , 

for an y intege r N  >  0 , an d an y secto r T ' c c r . I t is clea r tha t Ab(T ) i s define d 
independently o f th e choic e o f z1/ b an d o f th e branc h log r .  Th e theore m o f 

33 



D. G. BABBITT, V. S. VARADARAJAN 

Borel-Ritt implie s tha t th e ma p a  — » a A i s a  surjectiv e homomorphis m o f 
Ab (r ) int o 1T b wit h th e s a m e kerne l Ao (r ) a s before . W e shal l sa y tha t a  i s 
asymptotic to a A on T. W e pu t 

A(r) =  U b > i Ab(T ) 

and vie w a — > a A a s a  homomorphis m o f A(T ) ont o D 0̂ 1 wit h kerne l AQ(T). 

The é lément s a  o f A(T ) ar e th e ge rm s tha t have an asymptotic expansion on 
r , a A bein g th e asymptotic expansion o f a . 

W e als o nee d t o conside r asymptoti c expans ion s whe n pa rame te r s a r e 
présent . Fi x a n intege r d  >  1  an d le t notation s an d convention s b e as  i n §1.5 . 
Let r  b e a  secto r i n Czx . A n ope n subse t Q  o f C d X T i s sai d t o b e associ-
atedto T i f for an y secto r r * czc : r  ther e i s a  polydis c A(T) an d ô  =  ô(r ' ) 
> 0 suc h tha t A ( r ) x r ' ô < = O  ;  we writ e Q  ~  T \ Not e tha t fo r an y suc h Q , 
the se t o f point s z  i n r  fo r whic h (0 , z) e  Q  i s asymptoti c t o T. W e conside r 
g e r m s o f analyti c function s define d o n ope n s e t s Q  assoc ia te d t o T, g e r m s 
being équivalenc e c l a s s e s fo r th e obviou s équivalenc e :  f  define d o n Q f i s 
équivalent t o f  define d o n Q  i f there i s a n Q M associa ted t o T o n whic h f  = 
f. I f f  i s define d o n Q , f  i s sai d t o have an asymptotic expansion i f there i s a n 
integer b  >  1  an d f  A =  S r ar/ b zr/ b e  <5>d, b (c*- §1-5 ) w'tl 1 ^e followin g prop -
erty: fo r an y secto r T1 c :c r  ther e ar e A ( r ) an d ô  =  ô(T' ) >  0  fo r whic h 
A f r ' l x r ' ô c : Q  an d f A e  Odib(A (r,))f suc h tha t fo r an y intege r N  >  0  w e 
h a v e 

f(\ :  z) =  ER  <  N  ar/b(X ) zr/ b +  0 ( lzl ( N+l)/b) ( z €  T* t z  —^ 0 ) 

the O  bein g unifor m i n X  «  A ( r ' ) , an d zx =  exp( t lo g r  z) . io g r  bein g a 
branch o f lo g i n T. W e dénot e thi s b y 

f ~  fA(T) , 

the élémen t f A bein g uniquel y determine d b y f . W e writ e Ad,b(T ) fo r th e dif -
ferential O d -algebr a o f (  the germ s o f )  those f  fo r whic h f A exist s an d belong s 
to ©d, b »  an d Pu t 

Ad(r) =  U b > i Ad,b (r). 
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When ther e ar e n o parameters , i . e. , whe n d  =  0 , Ad ,b(T) an d Ad(T ) reduc e t o 
the a lgebra s Ab(T ) an d A(T ) considere d earlier . Th e ma p f — > f A i s a  ho -
momorphism o f ©d.b-a'gebra s o n Ad,b(T) ; an d fo r an y differentia l operato r D 
=(3/3X)m (d/dz)r , wit h X  = (Xi , . . . ,  *d) an d m  =  ( m i , , md) , w e have , 

Df ~  Df A (T) 

The Borel-Rit t theore m continue s t o b e true , an d w e formulat e i t i n th e followin g 
sharp for m :  if T i s a  secto r =* = C*, an d < P = 2r« z Qr /b zr/ b €  ®d,b(A) , then , 
for an y A ' czc : A  an d an y o c >  0  ,  w e ca n fin d f  define d an d analyti c o n 
A ' x r « suc h tha t f  ~  < P ( A ' x r ) . Indeed , w e ma y a s s u m e b = 1 an d defin e 
tm t o b e 0  whe n a m =  0  an d t o b e (  sup x«A ' I  Qm(^)l )  otherwise . I f c x >  0 , 
and 0  <  p  <  1  i s s o smal l tha t co s ( p ar g logrz ) ^  1/ 2 fo r al l z  e  r , the n th e 
function 

f (X:z) =  Em  a m ( X ) ( 1 - e x p ( - t m a - m z - P ) ) z ™ 

is analyti c o n A ' X r « an d f  ~  < P (T) ( se e [W] , pp . 41-42 ; the O-est imate s fo r 
the différence s betwee n f  an d th e initia l s egmen t s o f < P ar e actuall y unifor m i n 
all o f A ' x r a ) . I n particula r th e ma p f— » f A fro m Ad ,b(T) t o ©d. b i s surjec -
tive. 

The extensio n o f th e notio n o f orde r ( i n z  )  to th e ring s Ad ,b(r) i s immé -
diate ;  if f  e Ad .bCn an d f  -  f A (T), the n th e orde r o f f  i s defined as  th e orde r o f 
fA, namely , th e smalles t o f th e number s r/ b suc h tha t a r/b *  0 . 

If M b i s a  fre e differentia l modul e ove r Ad ,b(T) an d r ' c r , w e hav e 
the modul e Mb(§ ) Ad ,b(T"), th e tenso r produc t correspondin g t o th e restrictio n 
map Ad fb(T) — » Ad ,b(Tf) ;  w e cal l thi s restrictio n t o r * an d déno t e i t b y 
Mb(r') . Similarl y w e assoc ia t e t o M b th e modul e Mb A correspondin g t o th e 
map f — » f  A o f Ad .b(r) int o ©d ,b i  Mb A i s calle d th e formalization o f Mb , 
and i f M b i s free , Mb A is als o a  fre e differentia l modul e ove r (S >d,b o f th e s a m e 
rank. Th e map s M b —> Mb (r') an d M b —> Mb A commut e wit h V . I n partic -
ular, w e obtai n th e ma p 

H( Mb ) —> H ( Mb A ), 
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H(N) bein g th e s p a c e o f horizonta l é lément s o f the modul e N  I t i s clea r tha t th e 
ass ignments M b —» Mb A an d M b —> Mb (r') a r e functorial . 

Let V  b e a  (hoiomorphic ) vecto r bundl e define d an d trivializabl e o n a 
sectorial domai n r c . I f b  >  1  i s an integer , a n asymptotic structure of level b 
for V  o n r  i s a  maxima l se t o f trivialization s o f V  wit h th e propert y tha t th e 
transition matrice s betwee n an y tw o o f the m i s i n GL(N , Ab (r) ) , N  bein g th e 
rank o f V . Th e trivialization s ar e the n calle d th e asymptotic trivializations of 

level b  o f V . I f V  i s define d o n a  neighbourhoo d o f 0 , the n o n an y secto r T 

there i s a  canonica l asymptoti c structur e o f leve l b , namel y th e on e tha t con -
tains th e meromorphi c trivializations . W e shal l alway s suppos e tha t i n thi s case 
V i s equippe d wit h thi s asymptoti c structur e fo r ai l b . Give n V  o n r e wit h a n 
asymptotic structur e o f leve l b , a  sectio n o f V  o n a n ope n subse t Q  ~  T i s sai d 
to b e asymptotic of level b  i f it s componen t s wit h respec t t o s o m e (any ) 
asymptotic trivializatio n a r e i n Ab(T) . Th e ge rm s o f sectoria l asymptoti c s ec -
tions the n for m a  fre e modul e ove r Ab(T ) o f ran k N . A pair (V , V ) defined 

over Ab(T ) i s t h e n V  togethe r wit h a  connectio n V  define d o n V  suc h tha t 
vd/dz m a p s th e modul e o f asymptoti c sec t ion s o f leve l b  int o itself ; thi s i s 
équivalent t o requirin g tha t th e entrie s o f th e connectio n matri x i n an y asymp -
totic trivializatio n ar e i n Ab(F) . I f w e replac e Ab(F ) b y A(T ) w e obtai n th e 
corresponding asymptoti c notion s withou t an y référenc e t o th e level . 

2,2 W e shal l no w formulat e th e fundamenta l result s o f th e asymptoti c theor y i n 
the parametri c context . T h è s e ar e classica l whe n ther e ar e n o pa ramete r s ( se e 
[W], §§12-19 , especiall y Theorem s 12. 3 an d 19.1) . Bu t fo r analyti c familie s o f 
differential équat ion s tha t ar e isoformal, namel y whose formai invariants do not 

change with the parameter, the y ar e new , a t leas t i n th e generalit y considere d 
here . 

THEOREM 2.2. 1 Let T be a sector in Czx , d > 1 , and let U be a 

free differential module over Ad,i(T ) with the property that its formalization M  A 
is an isoformal family of differential modules over (see §1. 5 ) . Let n  be 

the principal level of the class of the family. If the vertex angle of T 1s < 

7c/(lr-|l -  1  ), then the map 

36 



MEROMORPHIC CONNECTIONS AND THEIR STOKES PHENOMENA 

H(M) >  H(M A ) 

is surjective. 

REMARK I f M  A, or rathe r it s c lass , i s Fuchsian , the n n  =  - 1 , an d th e 
restriction o n th e ang le s i s interpreted , her e an d e l sewhere , a s imposin g n o 
condition a t all , except tha t th e secto r i s proper . I f the c las s i s no t Fuchsian , the n 
it i s quit e possibl e tha t 7c /(lri I -  1 ) >  2it b e c a u s e th e level s a r e no t necessaril y 
integers . I n thi s case  th e sec to r ca n b e arbitrar y excep t tha t i t b e proper . 
However, th e poin t i s tha t th e asymptoti c resui t shoul d b e formulate d i n th e 
plane C ç wher e ç  =  z1/b , b  bein g suc h tha t b  n  e  Z . Th e principa l leve l o f 
the pul l bac k c las s i s =  b  r- i +  b  - 1 , an d th e conditio n o n th e secto r r ç i s 
that it s angl e b e <  n/(\r<\'\ -  1 ) =  7c /b(lnI — 1 ) <  n. I n othe r words , th e sector s 

in th e plan e CK o f angl e n/(\r<\'\ -  1 ) a r e th e natura l domain s fo r th e s ec -
tions tha t ar e asymptoti c t o the élément s o f H(MA) . 

Going ove r fro m M  t o Ho m (M , M' ) i n th e usua l manne r w e ge t th e fol -
lowing c o n s é q u e n c e s o f thi s theorem . 

THEOREM 2.2. 2 Let assumptions and notation be as above and let 
M' be another free differential module over Ad, i (r ) whose formalization M ' A 
is isoformal with principal level r i ' . Let r = min (r-| , r-i" ) and let £ be any 
morphism (resp. isomorphism )  M  A —> M ' A .  Suppose that the vertex angle of 
T is <  7c /(lrl — 1) . Then we can find a morphism (resp. isomorphism ) 

x :  M —> M ' 

such that x  A = £  . 

PROOF W e not e tha t i f s  i s the principa l leve l o f Ho m ( M A, M*A ), then s 
> r  ;  th e assert io n fo r th e morphism s i s no w a n immédiat e c o n s é q u e n c e o f 
Theorem 2.2. 1 sinc e Is l -  1  <  Ir l -  1 . I f £  i s a n isomorphism , w e us e th e theo -
rem t o fin d x  e  Morp h (M , M') , u  s  Morp h (M' , M ) wit h x  A =  £ , u  A = ç - 1 . Usin g 
b a s e s fo r M  an d M ' w e ma y a s s u m e tha t x  an d u  ar e NX N matrice s ove r 
A d , i ( ^ ) wit h u x ~  1  an d x u -  1  o n (T). T o prov e tha t x  an d u  ar e i n 
GL(N, Ad, i (r) ) w e mus t sho w tha t x u an d u x ar e i n GL(N , Ad, i (r)) . Goin g 
over t o déterminant s w e mus t sho w tha t i f a  e  Ad, i (r ) an d a A = 1 , then a  i s a 
unit. B y définitio n w e ca n fin d Tn d e r , U n Tn =  T \ an d polydisk s A n i n C d 
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such tha t a  ~  1  o n A n x r n fo r ai l n . I t i s the n clea r tha t la l >  1/ 2 o n 
A n X r n , 6 ( n ) fo r s o m e ô(n ) >  0 , an d so , i f Q  =  U n AnXr n ,6 (n ) »  w e hav e Q  ~ 
r an d a- 1 -  1 . • 

REMARK Th e las t argumen t actuall y prove s tha t i f y  i s a n N X N ma -
trix ove r Ad,i (T) whic h satisfie s y  ~  £  (T) wher e £  e  GL(N , ©d,i) . *he n Y  e 
GL(N, Adj1(f)) . 

THEOREM 2.2. 3 Let assumptions and notation be as in Theorem 

2.2A. Let M o be a differential module over VfCgt such that Mo A represents 

the class ofthe isoformal family M  A. Suppose that the vertex angle of T is < 

7c/(lr-| I —  1  ). If £ is any isomorphism of M A with Od, i 0 î r MoA , then we can 

find an isomorphism x  of M  wit h A d i ( r ) 0 L . M o such that x  A  =  £ . In 

cgt 
particular, / Y A o / s fft e matrix of the connection on M o W /ÏA7 respect to some 

basis of Mo , there is a basis of M  such that the matrix of the connection on M 
relative to this basis is A o . 

PROOF Thi s i s immédiat e fro m Theore m 2.2.2 . Not e tha t th e exis tenc e 
of 4  wit h th e propertie s s ta te d i n thi s theore m i s a  c o n s é q u e n c e o f Theore m 
1.5.1. • 

When ther e a r e n o pa rame te r s t h è s e exis tenc e t h e o r e m s ca n als o b e 
formulated i n te rm s o f vecto r bundles . 

THEOREM 2.2. 4 Let T be a sector in Cz * and let (V , V) , (V \ V ) 
be two pairs on r , defined over Ab (T) for some b  >  1 , with respective formai-

izations MbA , Mfb \ and principal levels r -i, r-| \ Let r  = min (r -i, iy) . If the ver

tex angle of T is <  7t /(lr-|l -  1) , the map 

H (Mb) >  H(MbA ) 

is surjective . Moreover, if the vertex angle of T is < n/(\r\ -  1) , then , for any 

^ e  Morph (MbA , Mfb A ), we can choose x  from Morph ((V , V) , (V , V') ) such 

that x préserves the asymptotic structures (of level b)and x A = £ . If i  is an 

isomorphism then x  can be chosen to be an isomorphism also . Finallyf sup

pose (V , V ) is a meromorphic pair whose formalization is represented by a 
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canonoical form B  of ramification index b . Then there is an asymptotic trivial-
ization for (V , V) of level b  with respect to which V ^ z -  d/d z -  B . 

PROOF Th e result s fo r b  =  1  follo w fro m th e precedin g theo rem s ap -
plied t o th e constan t familie s define d b y M  an d M \ T o exten d thi s t o th e c a s e 
of arbitrar y b  i t i s a  questio n o f goin g ove r t o th e plan e CK wher e s  =  z1/b . 
For an y differentia l modul e ove r 3 ^b wit h principa l leve l s , it s pul l bac k ha s 
principal leve l s ' =  b s +  b  - 1 ;  if r b i s a  secto r i n C^ x abov e r , th e angl e o f 
r b i s <  K/b(ls l -  1 ) =  TC/(IS'I  -  1) , showin g tha t th e situatio n i n C z persist s i n 
Cç .  Thi s show s tha t w e ar e reduce d t o th e case  b  =  1 . Th e result s the n follo w 
from th e precedin g o n e s . Th e onl y poin t t o not e i s tha t althoug h th e precedin g 
results permi t u s t o defin e th e bundl e morphism s an d trivialization s onl y o n a n 
open subse t o f T tha t i s asymptoti c t o T, analyti c continuatio n (whic h i s avail -
able b e c a u s e w e ar e dealin g wit h solution s o f linear differentia l équat ions ) 
extends the m t o th e whol e o f r e fo r som e e  >  0 . • 

REMARKS 1  Th e basi c resui t t o b e establ ishe d i s therefor e Theore m 
2.2.1. W e shal l prov e i t i n § § 2. 4 -  2.6 . Suppos e no w ther e a r e n o parameter s 
and f  e  H(M(F') ) wit h f  -  f A(rf), T1 < = r . Sinc e f  i s a  solutio n o f a  famil y o f 
linear differentia l équation s o n r e ,  f  ca n b e continue d analyticall y t o a n élé -
ment o f H(M (r)) . Th e questio n i s whethe r th e asymptoti c relatio n f  ~  f A per -
sists o n T a lso . I t can b e show n tha t thi s i s true , provide d we start with a T1 

that is sufficient/y close to T. Th e proo f o f thi s i s postpone d t o §3. 2 sinc e i t re -
quires th e theor y o f th e S toke s sheaf . Not e tha t thi s i s s tronge r tha n Theore m 
2.2.4 whic h a s se r t s onl y tha t ther e i s some solutio n f  define d ove r T whic h i s 
asymptotic to fA . 

2 Althoug h th e asymptoti c contex t i n whic h t h è s e theorem s ar e formu -
lated i s th e natura l settin g fo r them , on e ma y wonde r whethe r th e proof s migh t 
become simple r i f w e a s s u m e tha t w e wor k i n th e meromorphic situation . Thi s 
is certainl y no t possibl e wit h th e method s w e use . I n ou r metho d whic h i s in -
ductive, eve n i f w e star t wit h a  meromorphi c connect ion , th e inductiv e s t e p 
leads t o a  connectio n tha t live s onl y o n a  sector . Howeve r thi s connectio n wil l 
still p r é se rv e th e asymptot i c s tructure , s o tha t th e metho d wil l g o forwar d 
smoothïy i f w e wor k fro m th e beginnin g wit h bundle s an d connect ion s o n s ec -
tors admittin g asymptoti c structures . 
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3 Th e proo f o f Theore m 2.2. 1 ha s tw o fundamenta l ingrédients . Th e firs t 
is a  far-reachin g theore m asser t in g th e exis tenc e o f asymptot i c solution s t o 
certain nonlinear differentia l équat ions . W e shal l formulat e thi s resui t i n §2 .3 . 
The s e c o n d ingrédien t i s a  resui t asser t in g tha t i f M  i s a  famil y o f differentia l 
modules define d o n a  secto r T w h o s e formalization s M  A are  isoformal , the n 
certain splitting s o f M  A can b e Mlifted H to splitting s o f M  provide d th e verte x an -
gle o f r  i s smal l enough . W e d o thi s i n §2.4 . Usin g Theore m 1.5. 1 w e com -
plète th e proo f o f Theore m 2.2. 1 i n §2. 6 b y inductio n o n th e ran k o f th e bundle . 
To star t th e inductio n i t i s necessar y t o tak e car e o f th e case  whe n th e spectru m 
of th e c las s o f M  A consists o f a  singl e élément . Thi s i s done i n §2.5 . 

The reade r wil l notic e tha t thi s approac h i s ver y clos e t o tha t followe d i n 
[W] (§ § 1 2 -  19) . However , i n the parametri c contex t th e forma i theor y b e c o m e s 
much mor e complicated , an d on e ha s t o us e th e d e e p e r result s o f th e theor y o f 
formai differentia l module s ove r th e ring s ©d, b that flo w fro m th e wor k o f [B V 2]. 

2.3 W e fi x a  secto r T i n th e z-plane , a n intege r m  >  1 , an d conside r a  Sys -
tem o f n  ordinar y differentia l équation s i n u  =  (ui , .. . ,un ) o f th e for m 

(1) zm+ 1 duj/d z =  ôjU j +  fj( z : u i , . . . ,un ) ( 1 < i < n ) , 

where th e followin g condition s ar e satisfied : 

(a) th e 6- , a r e unit s o f © d 

(b) th e f » a r e polynomial s i n u-i , .. . ,u n wit h coefficient s i n Ad,i(T ) 

(c) th e coefficient s o f the f j hav e orde r >  0 ; an d thos e o f th e 
terms o f degre e (i n the UJ ) <  1  are o f orde r >  0 . 

We sa y tha t v  =  (v i vn) , vi e  ©d, i i s a  forma i solutio n t o ( 1 ) i f i t i s a  solutio n 
to 

(1f) zm +1 dvj/d z =  ô j VJ +  f j A( z :  v i , . .. ,vn ) ( 1 <  i  < n) , 
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where fj A i s the polynomia l i n v-i,.. . ,v n whos e coefficient s a r e th e é lément s o f 
©d,i tha t a r e th e asymptoti c expans ion s o f th e correspondin g coefficient s o f 
the f,- . 

THEOREM 2.3. 1 Assume that the angle of T is <  rc/m,  and that the 

System (1 ) has a formai solution v  =  (v i vn) , with ord (VJ ) >  0 , 1  <  i  < n . 

Then , we can find u\ e  Ad,i(r ) such that 

(a) u  =  (u«i,.. . ,un ) satisfies (1 ) 

(b) u- , ~  v , (T) . 

We remar k tha t thi s i s essentiall y th e versio n wit h parameter s o f Theore m 
12.1 o f [W ] o r th e correspondin g theore m i n [Ra-Si] . W e d o no t prov e thi s 
theorem her e b e c a u s e th e idea s use d i n it s proo f ar e no t neede d anywher e i n 
the sequel . Th e intereste d reade r ca n eithe r wor k ou t th e modification s neede d 
in th e proof s i n [Ra-Si ] t o tak e car e o f th e p résenc e o f parameters , o r els e refe r 
to [B V 6 ] where a  detaile d proo f o f thi s theore m i s given . 

2.4 W e shal l no w tak e u p th e liftin g o f differentia l modul e décomposit ion s fro m 
©d.1 t o Adi1(r) . 

Let u s begi n wit h a n irregula r ( = no n Fuchsian ) differentia l modul e M o 
over îf an d le t M o =  Mo i 0  M0 2 b e a  décompositio n int o differentia l sub -
modules o f Mo - W e shal l sa y tha t th e Mo i ar e spectrally disjoint i f their spectr a 
are disjoin t i n Xcl . Mor e generally , le t M A b e a  fre e isoforma l differentia l 
module ove r ©d,i > an d 'e t M A =  MA i 0  M A2 b e a  décomposi t io n int o 
differential s u b m o d u l e s each one of which is free , irregular, and isoformal. 
We shal l sa y tha t th e MA j ar e spectrally disjoint i f th e spectr a o f th e module s 
over Vf tha t represen t th e c l a s se s o f th e MA j ar e disjoint . Le t th e c las s o f M A 
be M o an d le t £  b e a n isomorphis m o f M A wit h © d . i & s * M o ;  such a  £  exist s 
by T h e o r e m 1 .5 .1 , a n d ai l décompos i t i on s o f M A int o free , isoforma l 
submodules ar e obtaine d b y applyin g £- 1 t o th e décomposit ion s 

© d , i & * M 0 =  ( O d , i 0 y M01 ) 0  (<S>d,i&î F M02 ) 

determined b y décomposi t ion s 
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MQ =  Mo i 0  M0 2 

of M o int o spectrall y disjoin t submodule s Mo i ( i =  1,2) . 

PROPOSITION 2.4. 1 With the above notation let M A =  MA i 0  MA 2 
be a décomposition that arises in the manner described above from a décom

position M o =  Mo i ©  M0 2 into spectrally disjoint submodules . Let T be a 

sector in Cz * and M  a differential module over Ad,i("T ) with M A as its for

malization . If the vertex angle of T is <  rc/(lril-1)  where n  is the principal 

level of Mo , then there is a décomposition M  =  M i 0 M 2 into free differential 

submodules such that M j maps onto MA j ( i = 1,2) . 

PROOF Le t b  b e th e ramificatio n inde x o f Mo - Th e argumen t give n i n 
the proo f o f Theore m 2.2. 4 show s tha t w e ca n wor k ove r th e comple x plan e C ç 
where ç  =  z1/b . Withou t los s o f generalit y w e ma y therefor e s u p p o s e tha t M o 
is unramifie d an d i s a  canonica l for m :  M o =  ^  (££)c U wher e U  i s a  vecto r 
s p a c e ove r C , an d Vo ,d/dz =  d/dz -  B , 

B =  Zr« L z r 0 D r +  z " 1 0° La s { rl.-» .  rm}, H  e Z  ,  n  <  .. . <  rm 

being a  canonica l for m (cf . § 1 . 4 ) . Th e décomposi t ion s o f M Q int o spectrall y 
disjoint p a r t s a r e t h e n o b t a i n e d i n t h e o b v i o u s w a y fro m s p e c t r a l 
décomposi t ions o f U  tha t correspon d t o nontrivia l partition s o f th e spectru m o f 
(DR)REL -  Th e complè t e décomposit io n o f U  i s obtaine d iteratively , b y firs t 

splitting wit h respec t t o th e spectru m o f D  ,  the n splitti g e a c h e i g e n s p a c e o f 

D wit h respec t t o D  an d s o on . S o i t i s enoug h t o prov e th e propositio n 
r1 r 2 

when th e décomposit io n o f U  i s define d b y D  wher e i s th e firs t inde x fo r 

which th e correspondin g D  i s no t a  scalar . I f j  >  1 , w e ca n t enso r b y a 

differential modul e o f dimensio n 1  wit h connectio n matri x -  2  z r D r t o 

corne dow n t o th e case  j  =  1 . Le t U  =  U i 0 U 2 , M0 i = F 0 c U j . Le t D j 

déno t e th e restrictio n o f D  t o Uj . W e ma y clearl y s u p p o s e tha t M A = 
ri 
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© d , i ® c U , M  =  A d , i ( r ) 0 c U , tha t M — > M A i s th e extensio n o f th e ma p 
A d , i ( T ) — > ©d.i , an d finall y tha t A A =  B  wher e A  i s the connectio n matri x of 
V define d b y Vd/d z =  d/d z -  A  an d B  i s a s above , bu t no w viewe d a s a 
connection matri x o n M A . I f P j (i =  1,2 ) ar e th e projection s U  —> Uj , we hav e 
the projection s 1  0 Pj :  M —» M j =  A d , i ( r ) 0 c U j , an d th e proble m i s t o fin d 
an Ad, i (r ) -modul e automorphis m g  o f M  suc h tha t th e projection s g -
1 ( 1 0 P j ) g ar e horizonta l fo r End(M ) ( i = 1,2) . Th e conditio n fo r this i s 

d / d z ( g - i ( 1 0 P j ) g ) +  [ g ~ 1 ( 1 0 P i ) g , A ] =  0  ( i =  1,2) , 

which i s easil y see n t o b e équivalen t t o 

(1) [g[A ] ,  1 0 P j ]  =  0  ( i -  1,2 ) (g[A ] =  (dg/dz)g- i +gAg- i ) . 

If in additio n w e hav e g  ~  1  (T), w e woul d b e don e becaus e Q j ~ P, - fo r i  = 1, 2 
in tha t case . I f w e writ e endomorphism s o f M  a s partitione d matrice s corre -
sponding t o the projection s 1 0 P j , the n ( 1 ) i s équivalen t t o 

(2) dg/d z +  g  A  - R g =  0 , 

for some R  o f the for m 

R =  (R1 0 R0 2 ). 

We shal l see k g  i n the for m 

(3) g  = 1 
t " t'1 t', t"~ o(t). 

Such a  g  woul d b e ~  1  ( r ) an d s o woul d b e i n Aut(M ) b y th e remar k followin g 
Theorem 2.2.2 . I f we writ e 

A = A11 
A21 

A1 2 
A22 B = B1 

0 
0 

B2 

we obtai n th e conditio n tha t (t \ t" ) mus t b e a  solutio n t o 

(4a) An11 + t  A2 1 =  R1 ,  dtVd z +  A1 2 +  t * A22 =  R i t' , 

(4b) A2 2 +  t"Ai 2 =  R2 , dtVd z +  A2 1 +  t"A n =  R2t" . 
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Eliminating R i an d R 2 w e ge t 

(5a) dtVdz +  Ai 2 +  fA2 2 -  A n f -  f  A 2 i f =  0 

(5b) dt7dz +  A2 1 +  t " A 1 1 - A 2 2 t " - t " A 1 2 r =  0 . 

Conversely, th e Syste m (5) , i n the p résenc e o f 

(6) t'.t" ~  0 , 

implies (4) . I n fact, i f 

g[A] = R i 
R" 

R ' 
R 2 

then th e équat ion s (4 ) a r e satisfie d bu t wit h th e provis o tha t w e mus t replac e 
R-i an d R- i t ' b y R i +  R ' tM an d R i f  +  R' , an d R 2 an d R 2 t H b y R 2 +  R " t ' 
and R21 " + R M respectively . So , i f (5 ) ar e satisfied , then , 

R'(1 -  r  t' ) =  0 , R M ( 1 -  f  f ) =  0 . 

T h è s e impl y tha t R 1 =  0 , an d R M =  0 , becaus e ( 1 - 1 " t1 ) an d ( 1 - 1 ' t " ) a r e in -
vertible. 

W e shal l no w giv e th e argumen t fo r provin g th e exis tenc e o f a  t 1 tha t 
satisfies (5a ) an d (6) ; the case  o f t H i s entirel y similar . Th e équat ion s (5a ) 
a re nonlinea r an d w e shal l appl y Theore m 2.3 .1 . Le t u s selec t a  bas i s o f U j i n 
which D j i s diagona l wit h eigenvalue s Vi q ( 1 <  q  <  ni) . Also , as B  i s a  Lauren t 
polynomial i t make s sensé  as  a n endomorphis m o f M , s o that , as  A A =  B , w e 
may writ e 

A n =  B i + P i , A2 2 »  B 2 + p 2 , A12 , A21 , p1 a p 2 ~  0  (T) . 

Let r 1 = —  m  -  1  wher e m  >  1  ; then,we have , 

Zm+1 B j =  D j +  F j , Fj e  End(U)[X] , Fj(0 ) =  0 . 

Thus th e équatio n (5a ) ma y b e rewritte n as  follows : 

(7) zm +1 dtVd z =  D i V - f  D 2 +  G 

44 



MEROMORPHIC CONNECTIONS AND THEIR STOKES PHENOMENA 

where G  i s given b y 

(8) G  =  -  z m +1 A12 +  (F i +  z™ p-i ) t" - t'(F 2 +  z™ +1 p2 ) 

+ t-(zm+l A21)t' . 

In th e correspondin g bas i s o f End(U-, ) w e ge t th e followin g équat ion s fo r th e 
entries t 'rs o f the matri x o f V ( 1 <  r  < n-i , 1 < s  <  n2 ) : 

(7*) zm+ldtVs/d z .  (\u-\2s)t's + Grs 

where Gr s i s th e rs-t h entr y o f G . Th e ( * i r - >>2s ) are constants =* = 0 whil e 
the Gr s ar e polynomial s i n th e t'k i wit h coefficient s i n A d , i ( r ) suc h tha t th e 
constant ter m an d th e coefficient s o f th e linea r term s ar e o f orde r >  0 . O n th e 
other hand , replacin g (7 ) b y it s asymptoti c for m w e ge t th e équatio n 

(9) dt,A/d z =  B- i t,A - t, A B2 

for whic h t, A =  0  i s a  soluion . Theore m 2.3. 1 i s no w applicabl e t o (7* ) an d 
gives u s th e exis tenc e o f a  solutio n t ' t o (5a ) whic h satisfie s th e flatnes s 
condition (6) . 

2.5 W e no w tak e u p th e Fuchsia n c a s e . 

PROPOSITION 2.5. 1 Suppose T is a sector in Cz x and M  a free 
differential module over Ad , i (T ) whose formalization M A is isoformal and 
Fuchsian , Let M o be a differential module over Cg t such that its formaliza
tion MQ A represents the class of the family. Then 

M = Ad,1(T) 
OFcgtM0. 

PROOF W e ma y a s s u m e tha t fo r s o m e vecto r s p a c e U  ove r C , M o = 
3 r c g t 0 c U , Vo,d/d z =  d / d z - z - 1 0 C wher e C  e  End(U) . The n M0 A =  O ^ c U , 
VAo,d/dz =  d/d z - z - 1 0 C , and , i n vie w o f Theore m 1.5.1 , w e ma y suppos e tha t 
MA an d M  ar e give n b y M A =  © d , i ® c U , M  =  A d , i ( r ) 0 c U , wit h Vd/d z = 
d / d z - A , A  e  End(M) , an d A A =  z ~1(§)C. S o w e ca n writ e 

(1) A  =  Z - 1 0 C +  F , F  -  0  (T) 
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We no w conside r th e famil y o f differentia l équat ion s 

(2) du/d z -  F u 

We s u p p o s e fo r defini tenes s tha t F  i s define d o n a n ope n Se t Q  ~  T i n 
C D X C X . W e nee d a  lemma . 

LEMMA 2.5. 2 There is a unique germ of a fundamental solution G  to 
(2) such that G  ~  1  ( r ) . In particular, if H  is any fundamental solution to 
(2), then there is an analytic map h  :  Q — > GL(N , C ) such that H  =  G  h ( a s 
germs ) . 

PROOF Fo r th e un iquenes s w e ma y a s s u m e tha t th e rea l axi s i s con -
tained i n T. I f Gj( i =  1,2 ) a r e tw o fundamenta l solution s t o (2) , bot h - 1 (T), 
write K  = G i —  G 2 .  Tak e A  an d 6  >  0  s o tha t A X (0 , ô ) c : Q , an d fo r an y 
fixed X  e  A  exten d K( * :  t) an d F( X :  t) t o C° ° function s o n ( - 00 , ô ) b y 
defining the m t o b e 0  fo r t  <  0 . The n dK/d t =  K F an d K  van ishe s fo r t  =  0 , 
so tha t K  = 0 . B y analyti c continuation i t follows tha t th e ger m o f G 1 -  G 2 i s 0 . 

The exis tenc e o f G  i s prove d b y th e metho d use d i n Theore m 2.3. 1 ; bu t 
the présen t situatio n i s vastl y simple r as  i t i s linear . Fi x a  secto r T ' c z c r  an d 
c h o o s e A ' an d 0  <  o c <  1  s o tha t A 'Xfoc c  Q . Le t C k ( k =0,1,... ) b e con -
stants >  0  suc h tha t 

\F(\ :z) l <  Cklzl k o n A'XT 'cç 

Let I  . I  b e a  nor m o n End(U ) s o tha t I  X Yl <  I  XI IYI fo r al l X , Y . W e see k 
G i n the for m G  =  1  +  V, V ~  0  {T) ;  the équatio n fo r V  i s 

dV/dz =  F V +  F . 

For an y k  >  0  an d 0  <  6  <  «  le t Bk(6 ) b e th e Banac h s p a c e o f analyti c 
functions o n A ' X T ' Ô wit h value s i n End(U ) suc h tha t 

Il g I I : = su p ( I g(* :  z) llz|-k ) <  0 0 

where th e su p i s ove r A ' X T ' Ô .  W e conside r th e linea r operator s Jk(6 ) ( ô <  a ) 
on Bk(ô ) define d b y 

z 
(Jk(ô) v)( * :  z) =  J  F ( * :  s ) v ( * :  K) d ç . 

0 

46 



MEROMORPHIC CONNECTIONS AND THEIR STOKES PHENOMENA 

Then 

1 
l(Jk(ô) v)( * :  z)l =  I  z I  . I  f  F(\ :  t  z ) v ( * :  t z ) d t I 

0 

< ô Cr Izlk | | v I I . 

So Jk(ô ) i s bounde d wit h nor m <  6C k -  Not e als o tha t i f 

z 
Fi(\ :z ) =  JF(\ :  ç ) d ç , 

0 

then I I Fi I I < ôC k s o tha t F i e  Bk(ô ) also . I f we choos e (ôk) k > o. 0 <  ô k ^  ô o 

and ÔC k < 1  fo r ai l k , then Jk (6 ) i s a  contractio n operato r o n Bk(6) , an d henc e 
we ca n fin d a  uniqu e V k e Bk(ôk ) suc h tha t 

( 3 ) v k =  F i +  Jk(ôk)vk . 

If we writ e V  =  v o ,  i t follows fro m th e un iquenes s o f v o tha t v o restrict s t o V k 
on A ' X T ' Ô ,  ô  =  ôk - Differentiatin g ( 3 ) w e see  tha t G  =  1  +  V  i s the require d 
fundamental solutio n t o ( 2 ) o n A ' X T ' Ô ,  Ô  =  ÔO - Usin g th e un iquenes s o f G 
and replacin g T1 b y a  s é q u e n c e r (n ) c : c r  wit h U n r (n ) =  T w e see  tha t 
G i s defined o n a n ope n se t ~  F  .  • 

We no w corn e t o th e proo f o f Pripositio n 2 . 5 . 1 . B y ( 1 ) i t i s a  questio n o f 
finding g  e  Aut(M ) wit h g[A ] =  z " 1 ® C . I f gi(z ) =  z~ c : = e x p ( - log r z . C) , 
we ca n vie w g i a s a n élémen t o f Aut(M ) an d gi[A ] =  F i =  z ~ c  F  z ~ c  . 
Since z ±c h a s modera t e growt h a t z  =  0  i t i s clea r tha t F i ~  0  (T). B y th e 
above Lemm a w e ca n fin d a  fundamenta l solutio n G i t o th e Syste m o f differen -
tial équat ion s du/d z =  Fi u wit h th e propert y tha t G i ~ 1 (T). The n Gi_ 1 [Fi ] 
= Oandso  (2- C  Gi~1 ) [Fi ] =  Z " 1 0 C . I f g  =  z  C  G r 1 g, ,  then g[A ] = 
z - 1 0 C . • 

2.6 PROO F O F THEORE M 2.2. 1 Le t M 0 b e as  i n Propositio n 2 . 4 . 1 . I f b 
is th e ramificatio n inde x o f Mo , i t i s easil y s ee n tha t i t i s sufficien t t o prov e th e 
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theorem fo r th e pul l bac k connectio n obtaine d fro m M  i n Cç x wher e ç  = 
zi/b. vV e ma y therefor e a s s u m e tha t M o i s unramified . 

If M o i s Fuchsian , Propositio n 2.5. 1 allow s u s t o a s s u m e tha t M  = 
A d , i ( r ) 0 c u and Vd/d z =  d/d z -  z- 1 OC. If U o i s the nul l s p a c e o f C , w e 
have H(M ) = A d , i ( r ) 0 c U O H(MA) =  O d , l 0 c U o and th e theore m i s obvi -
ous . 

If M o i s irregular , w e u s e inductio n o n d i m y Mo - I f the spectru m o f M o 
h a s a t leas t tw o é lément s w e ca n fin d a  nontrivia l décompositio n o f M Q int o tw o 
spectraly disjoin t submodules . Propositio n 2.4. 1 an d th e inductio n hypothesi s 
now giv e th e resui t fo r M . 

So w e ar e lef t wit h th e case  whe n th e spectru m o f M o h a s a  singl e élé -
ment, say , e u =  co # .  dz, wher e u> # =  Zrez»r<- 1 c r z r . I f Lœ i s the on e di -
mensional differentia l modul e wit h Vd/d z =  d/d z +  co#.1 , i t i s obviou s tha t 

LW 0 M 0 is Fuchsian . B y ou r earlie r resuit , H(La>0 M ) — * H(L W O MA ) is 
surjective. Tensoring b y L  (_-w) no w give s th e resui t fo r M . 

48 



MEROMORPHIC CONNECTIONS AND THEIR STOKES PHENOMENA 

3 TH E STOKE S SHEA F O F A 

MEROMORPHIC CONNECTIO N 

3.1 Le t (V , V ) b e a  meromorphi c pai r a t z  =  0  an d le t M  b e th e differentia l 
module ove r y  cg t o f th e germ s o f meromorphi c section s o f (V , V) . I f M A i s it s 
formalization an d r  i s a  secto r i n Czx , w e kno w fro m Theore m 2.2. 4 tha t th e 
map H(M(T) ) — > H(MA ) i s surjective , provide d th e verte x angl e o f T i s <  6o , 
where w e ca n c h o o s e 6 o t o dépen d onl y o n th e (formai ) isomorphis m c las s o f 
MA. I n gênera i th e ma p H(M(T) ) — > H(MA ) ha s a  nonzer o kernel , namel y th e 
s p a c e o f ge rm s o f section s o n T tha t ar e fla t o n T, i . e., ~  0  (T). I t is clear tha t 
for a  d e e p e r understandin g o f th e structur e o f (V , V ) i t i s essentia l t o mak e a 
doserinvestigation o f t h è s e fla t sect ions . B y varyin g r  t h è s e kernel s wil l de -
fine a  shea f ;  i t i s thi s shea f an d it s variant s tha t ar e th e subjec t o f stud y i n thi s 
section. Fo r th e languag e an d bas i c result s o f s h e a v e s an d thei r cohomolog y 
we follo w [G] . 

Given (V , V ) w e defin e %o (V, V ) =  $£o (V) a s th e shea f o n S 1 whos e 
stalk a t u  e  S 1 consis t s o f th e vecto r s p a c e o f germ s o f sect ion s f  of V  define d 
on som e sectoria l domai n T Ô , T bein g a  secto r containin g u , suc h tha t 

(a) f  i s horizonta l fo r (V , V ) 

(b) f  ~  0  (T) . 

We ofte n writ e th e condiio n (b ) a s 

(b') f  -  0  (T(u)) . 

If W  i s a  prope r ope n ar c o f S1 , then th e s p a c e o f section s o f %o(V ) o n W  i s 
the s p a c e o f ge rm s o f section s o f V  o n r ( W ) $ fo r s o m e 6  >  0  whic h ar e hori -
zontal fo r V  an d fla t o n T(W) . 

If f  i s a  globa l sectio n o f %o(V) , i t i s immédiat e fro m th e theore m o f Rie -
mann o n removabl e singularitie s tha t f  i s meromorphi c an d henc e tha t i t i s 
zéro. Thus , fo r th e zerot h cohomology , w e have , 
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H0(S1, %0(V) ) -  0 . 

The dimensio n o f th e firs t cohomolog y H 1 (S1, %o(V) ) i s calle d th e irregularity 

of th e pai r (V , V) , denote d b y lrr(V , V ) or , Irr(V) . O f cours e thi s d é p e n d s onl y 
on th e ger m o f th e pair . 

REMARK I f (V , V) i s Fuchsian , ther e i s a  meromorphi c trivializatio n o f i t 
such tha t i n thi s bas i s Vd/d z =  d/d z -  z~1 C wher e C  e  End(CN) . Th e loca l 
horizontal sect ion s o f V  ar e no w identifie d wit h th e loca l C N -value d function s 
of th e for m exp(lo g z . C ) u , u  e  CN . I t i s ea s y t o see  tha t thi s i s fla t i f an d onl y i f 
u i s zéro . Jndeed , th e assert io n i s trivia l whe n N  =  1 , fo r the n th e sectio n i s a 
constant multipl e o f z * fo r s o m e X  e  C ; i f N  > 1 , w e tak e a  fla g o f C-stabl e 
s u b s p a c e s o f C N whos e success iv e quotient s a r e on e dimensional , an d u s e 
the resui t i n dimensio n 1  i n conjunctio n wit h th e inductio n hypothesi s t o obtai n 
the resui t i n the gênera i c a s e . Thu s 

%0(V) =  0  ((V , V) Fuchsian) . 

In particula r lrr(V , V) =  0 . Th e convers e i s als o true , a s w e shal l prov e i n §3.3 , 
asa c o n s é q u e n c e o f Deligne' s formul a fo r th e irregularit y (  [De 2 ] [Be ] ) . 

3.2 I f (V , V ) an d (V , V ) a r e tw o pair s whic h a r e formall y isomorphic , i t fol -
lows fro m Theore m 2.2. 4 tha t o n an y secto r T wit h a  sufficientl y smal l verte x 
angle t h e tw o pair s a r e isomorphi c vi a a n isomorphis m tha t i s define d ove r 
A- | (r) . Henc e th e tw o s h e a v e s %o(V ) an d %o(V ) ar e locall y isomorphic . I n 
other word s th e loca l structur e o f HO(V)  d é p e n d s onl y o n th e forma i isomor -
phism c las s o f (V , V) , an d s o shoul d b e quit e ea s y t o descr ibe . Thi s i s actuall y 
true, an d w e shal l no w procee d t o giv e a  descriptio n o f it . W e begi n wit h s o m e 
préparat ion. 

For an y u  e  S 1 le t JS >(u) b e th e s p a c e o f ge rm s o f holomorphi c differen -
tial form s c a define d o n sector s containin g u  o f th e for m 

W =  E a e Q , a < - l c a z a . d z 

where th e su m i s finit e an d th e analyti c b ranche s z a ar e arbitrary . Fo r conve -
nience w e shal l writ e CJ # fo r th e coefficien t o f d z i n C J so tha t 
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co =  co # . dz. 

On an y secto r containin g u  w e the n hav e a  wel l define d primitiv e o f co , nor -
malized b y th e requiremen t tha t i t i s zér o a t u . Le t u s writ e E(CJ ) fo r th e expo -
nential o f thi s primitive , s o that , 

d/dzE(cj) =  U > # E ( C J ) , E(CJ)(U ) =  1 . 

LEMMA 3.2. 1 Let u  m S 1 , u > «  <©(u) . We then have the following : 
(a) if co # S  caz a +  terms of order >  a , c a *  0 , rten  Re(c a ua+1/( a +1) ) : = 
pco(u) dépends on/y on c o and not on its représentation . And 

Pco(u) <  0  «  E(u> ) ~  0  (r (u)) 

(b) Suppose F c <©(u ) is a finite set and F - is the subset of ail c o e  F  si/cf t 
tfiaf pco(u ) <  0 . Le f 

Y = EweF E(w) gw 

wherethe are poiynomiais in lo g z  anc / rte  z \ / f < P ~ 0  (r (u)) , ffte n 

gco =  0  fo r ai l C J s  F  \  F - . 

PROOF (a ) Tha t pco(u ) i s independen t o f th e représentatio n o f c o i s 
e a s y t o see,  an d w e omi t th e proof . T o prov e it s asymptoti c interprétatio n w e 
begin b y supposin g tha t pw(u ) *  0 ; the n ther e i s a  sufficientl y smal l ope n ar c 
W o f S 1 containin g u  suc h tha t lpu>(v) l >  (1/2)lpa>(u) l fo r ai l v  e  W . Then , 
there i s a  p  >  0  suc h tha t fo r z  =  r  v, r  >  0 , v  e  W , 

<*> Re 
z 

u 
W# dz = Pw(v ) 

1 
rl a i -  1 1 +  O(rP ) 

a s z — > 0 . I f pco(u ) <  0  i t is then immédiat e fro m (* ) tha t E(co ) ~  0  (T(u) ) . 
S u p p o s e conversel y tha t th e exponentia l i s flat . The n i t i s clea r fro m (*• ) tha t 
for r  sufficientl y small , 

IE(co)l >  ( 1 / 2 ) e x p ( c c / r [ ' a i - 1] ) 
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for s o m e constan t «  >  0 , so tha t th e exponentia l canno t b e flat . I f pw(u ) =  0 , 
and W  i s no w a n ope n ar c containin g u  suc h tha t E ( C J ) ~ 0  (r (W)) , w e ca n 
move u  slightl y t o a  positio n u * withi n W  s o as  t o hav e poo (u') >  0 . Th e pre -
vious argumen t the n applie s an d contradict s th e flatnes s o f th e exponential . S o 
we mus t hav e pu >(u) <  0 . 

(b) Th e resui t i s prove d b y inductio n o n IFI , the cardinalit y o f F . I f IF I = 
1,then < P =  E(CJ ) g w an d w e ma y suppos e tha t p w(u) >  0 . The n w e ca n fin d 
a no n empt y secto r r  wit h < P ~  0  (T ) an d pco (v) >  o c >  0  fo r v ^ r n S 1 . 
But then , a s E ( - co) ~  0  (T) , w e mus t hav e g w ~  0  (T) . Bu t i t i s know n tha t 
goo satisfie s a  Fuchsia n differentia l équatio n meromorphi c a t z  =  0 , an d s o it s 
f latness implie s tha t i t mus t vanis h (sinc e %o(V ) =  0  fo r a  Fuchsia n V ; cf . th e 
remark a t th e en d o f § 3 . 1 ) . Le t no w IF I >  1 . W e ma y s u p p o s e tha t F - i s 
empty. I f for s o m e C J e F  w e hav e pU)(u ) =  0 , 3  u'arbitraril y clos e t o u  suc h 
that PCJ O-O <  0  s o tha t E (CJ ) g w ~  0  (T(u')) , an d s o th e correspondin g ter m 
may b e d ropped ; th e resui t the n follow s b y induction . I f al l pco (u) >  0 , w e 
c h o o s e c o suc h tha t Pw (u) >  pw(u ) fo r al l CJ ' e F . The n E(-CJJ ) g w ~  0 
(T(u)), an d so , 

(*) QŒ +  Soj-^c o E (co'- co ) g ^' -  0  (T(u)) . 

If for al l the CJ 1 *  O J w e hav e PCO'-C Û (u ) <  0 , the n al l th e correspondin g term s 
may b e droppe d t o obtai n g w ~  0  (T(u)) , givin g g w =  0  ;  we a r e the n finishe d 
by induction . I f for s o m e a> * * u > w e hav e pcy- w 0- 0 =  0 , we ca n fin d u " arbi -
trai! ly c lose t o u  suc h tha t pu>'-u > (uH ) <  0  fo r tha t a) ' . A s befor e w e ca n dro p 
the correspondin g ter m fro m (*) , s o tha t th e argumen t i s finishe d b y inductio n 
once again . • 

Recall fro m § 1 . 4 th e s p a c e ^(D^01 ) o f differentia l form s ove r y0 1 o f th e 
form C J =  E  crzr . d z wher e th e su m i s finit e an d c r =  0  un les s r  < - 1 ; and le t 
^ ( ^ b ) b e th e s u b s p a c e o f t hos e form s whos e coefficient s a r e i n î^b - Le t u s 
now fi x a  branc h zi / b i n y  an d conside r th e comple x plan e CK ( z =  çb ) 
with th e coverin g ma p f  (C ç — > C ) tha t t ake s t  s  C ç t o t b =  z  i n C . Le t 
S1»b b e th e uni t circl e i n Cç . Fo r an y C J e  ^(D ^b) le t IÛÇ e  3 5 ( 3 ^ ) b e ob -
tained fro m c o b y th e substitutio n z1 /b— » ç . I f w  =  u> # .  dz wher e CJ # = 
2rcr/bZr/b, the n CJ Ç = u>ç# . d ç, wher e 
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wt# = bc b-1 w~# (c) E Fc 

We thu s hav e a n identificatio n o f £ ( 3 ^ ) s  ^ ( ^ ç ) » th e latte r bein g naturall y 
imbedded i n J9(v ) fo r an y v  e  S1»b . I f we no w choos e v  o n S1» b t o li e abov e 
u, th e ma p f * allow s u s t o imbe d X ^ t » ) insid e <©(u) . 

Returning t o th e pai r (V , V ) i n C z le t b  >  1  b e it s ramificatio n index . 
The pul l bac k o f (V , V ) t o C ç ( z =  £b ) i s no w unramifie d an d w e assoc ia t e t o 
its canonica l for m a  pai r (VB- , VB* ) define d as  follows : VB * is th e trivia l bundl e 
C ç X U , U  bein g a  vecto r s p a c e o f dimensio n N  ove r C  grade d b y c o s  2 , U 
= 0 U c o ;  VB\d/d ç =  d/d ç -  B'(e) , wher e 2  < = £ ( 3 ^ ) an d 

B ' ( C ) = EwEE W ç # . 1 0 P w + C-1 X C, c = OwCw, 

Pw bein g th e projection s U  —» Uc o an d a n endomorphis m o f U^. Fi x a 
point u  e  S 1 an d choos e a  poin t v e S 1 « b abov e u . Th e pai r (VB' , V B O ma y 
now b e viewed , locall y o n a  secto r containin g v , a s th e pul l bac k throug h th e 
covering ma p f  (C ç — * C ) o f a  pai r (VB , V B ) define d o n a  secto r T cz Cz * 
containing u  ;  V B =  T X U , Vs.d/d z =  d/d z -  B(z) , an d 

B(z) = EwEE w # . 1 O P w + Z - 1 0 C . 

Here w e us e th e identificatio n o f £ ( 3 ^ ) wit h ^ ( ^ ç ) v' a f * .  A s (VB , V B ) an d 
(V, V ) ar e formall y isomorphi c ove r îF b w e see  fro m Theore m 2.2. 4 tha t i f th e 
vertex angl e o f F  i s smal l enough , ther e i s a n isomorphis m y  o f ( V , V ) with 
( V B , V B ) tha t p rése rve s th e asymptoti c structure s an d henc e induce s a n iso -
morphism o f % o ( V ) with % O ( V B ) o n m s 1 . Th e loca l structur e o f % O ( V B ) i s 
easy t o détermin e b e c a u s e th e differentia l équat ion s 

ds/dz =  B(z) s 

have th e solution s 

(*) s =  Scje z E(co)(z).exp (logr z . C y ) t w ,  t w e  U w • 

Write W  =  m S 1 , and  fo r an y w e W , le t 2( w : - ) (resp . 2 ( w :+) ) b e th e se t 
of c o e  2  suc h tha t pu>(w ) i s <  0  (resp . >  0) . 
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PROPOSITION 3.2 . 2 The isomorphism y  induces an isomorphism 

on W  of %o(V ) with the sheaf « U of tinear subspaces of U  whose stalk at 

any w  e  W  is the iinearspan ofthe U w with c o e  2 ( w :  - ). 

PROOF Thi s i s immédiat e ;  for, b y Lemm a 3.2 .1 , the  solutio n (* ) i s fla t 
around w  i f and onl y i f ai l the to j fo r whic h c o d o e s no t belon g t o 2 ( w :  -) a r e 
zéro. • 

Fix a  choic e o f zi / b an d le t c o s  £ ( !Xb) , ^ # =  cr/ b zr/ b +  t e rm s o f 
higher order , cr/ b *  0 . The n co ç =  c o ç # d ç , wher e coç # =  bcr /b£r+b~ 1 + 
t e rms o f highe r order , s o tha t r  +  b - 1 =  a  «  Z  i s th e orde r o f co ç ,  and c a = 
bcr/b i s the coefficien t i n coç # o f ça . Writ e C b fo r C ç .  Th e point s v  o n S1» b 
in C b suc h tha t Re(ca£a+1/( a +  1) ) »  0  for m a  divisio n o f S1» b int o 2(lr l -  b ) 
a rcs o f equa l lengt h ;  the ray s i n C b issuin g fro m th e origi n an d goin g throug h 
t h è s e point s a r e calle d th e Stokes Unes (rays ) in C b associated to co . The y 
form a  finit e se t tha t wil l b e denote d b y S (co, b) . I f w e u s e anothe r choic e o f 
z1/b, sa y 3"z1/ b wher e r  s  jib , then S (co ,b) c h a n g e s t o rS(co , b) . I f b ' i s di -
visible b y b , b 1 = bd , the n c o m a5(Drb' ) also , an d i f z1/b * i s chose n s o tha t 
(zi/b)d _  zi/b ï i t i s e a sy t o see  tha t 

S(co, b ) =  f  (S(co, b') ) ,  S (co, b' ) =  f  -1<S(co, b)) , 

f bein g th e coverin g ma p Cb * —> C b tha t t ake s ç f «  Cb ' t o ç,b*/ b =  ç  i n 
Cb. Th e S toke s line s associa te d t o c o thu s for m a  configuratio n consistin g o f 
finite s u b s e t s o f th e variou s S1.b ' ( b I  b') tha t a r e compatibl e wit h th e coverin g 
m a p s tha t lin k th e correspondin g comple x planes . Th e Galoi s grou p ji b ac t s 
on bot h ^(D^b ) an d Cb , an d i t i s eas y t o see  tha t th e action s a r e compatibl e i n 
the sensé  tha t fo r a  =  exp(27cim/b ) actin g vi a 

z1/b—> crz1/b , ç  — > CTÇ,  an d d ç — > <ydç , 

we hav e (cr.co) ç =  cr.co ç ,  (co e  yb) - Thi s implie s tha t 

S(a .co, b ) =  CT-1S(W,  b ) . 

S u p p o s e no w tha t (V , V ) i s a  meromorphi c pai r a t z  =  0 , an d le t S  = 
Z(V) c : a s t ^ b ) b e th e spectru m o f th e assoc ia te d forma i differentia l modul e 
over 3^ . W e defin e 
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S(V, V) b =  U o ^ s S(u) , b ) 

and refe r t o th e é lément s o f S(V , V) b a s th e Stokes Unes (rays )of (V , V ) in 
Cb. Sinc e 2  i s s tabl e unde r ji b th e remark s mad e abov e sho w tha t S(V , V) b 
is wel l define d independentl y o f th e choic e o f z1/ b an d i s invarian t unde r jib -
Hence i t i s the preimag e o f a  wel l define d subse t S(V , V ) o f S 1 : 

S(V, V) b =  fb-1(S(V,V)) , 

fb (C b —> C ) bein g th e coverin g ma p tha t t ake s ç  s  C b t o z  =  ç b €  C . Th e 
é l émen t s o f S(V , V ) (o r S(V ) i f ther e i s n o ambiguit y abou t V ) a r e calle d 
theStokes Unes (rays )of (V , V) . Not e tha t the y ar e determine d entirel y b y th e 
formalization o f (V , V) . 

PROPOSITION 3.2. 3 Let (V , V ) be a meromorphic pair at z  =  0 . 
Then , for any open arc Y c S1 , the restriction of %o(V ) to Y  is a local Sys
tem (necessarily trivial on Y ) if and only if Y  does not meet any Stokes Une 
of (V , V) , or , equivalently, if and only if the function 

Nv :  u >  dimcH0(V)(u) ( u E  S1 ) 

is constant on Y . Moreover, the function N v is lower semicontinuous (value 
goes down at spécial points ) , and is discontinuous at u  if and only if u  lies on 
a Stokes line of (V , V) . 

PROOF I f Y  d o e s no t mee t an y Stoke s line , then th e se t Z( w :  -) doe s 
not c h a n g e whe n w  var ie s ove r Y . I t i s obviou s fro m thi s tha t * U o f 
Proposition 3.2. 2 i s the constan t shea f o n Y , an d s o th e s a m e i s tru e o f %o(V ) 
on Y . I f the shea f %o(V ) o n Y  i s a  loca l System , i t i s trivial o n Y  a s Y  i s sim -
ply connected , an d th e functio n N v i s obviousl y constan t o n Y . Finall y sup -
pose u  e  Y . I f S, e (resp . Sr ) i s the se t o f O J e 2  fo r whic h poj (w) i s <  0  fo r 
points w  to the left (resp. right )  of u  an d arbitraril y clos e t o it , an d (resp . 
Ur) i s the linea r spa n o f the fo r C J e (resp . C J S Sr) , the n 

E ( u : - ) =  S ^ H S r , 

so tha t *U(u ) c U i f l Ur . O n th e othe r hand , i f w ^ (resp . wr ) i s to th e lef t (resp . 
right) o f u  an d arbitraril y clos e t o it , the n 
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Nv(w^) =  di m (U,e) f Nv(wr ) =di m (Ur) . 

This show s tha t 

Nv(u) <  Nv(w^) , NV(u ) <  Nv (Wr), 

proving tha t N v i s lowe r semicontinuous . I f no w N v i s constan t aroun d u , i t 
follows tha t t l fu ) =  U x =  Ur , fro m whic h w e ge t E ( u : - ) =  =  S r . Thi s 
s h o w s tha t Pw (u) canno t b e zér o fo r an y u > e  2 . Th e as se r t ion s o f th e 
Proposition a r e no w proved . • 

Let M  b e th e differentia l modul e o f ge rm s o f meromorphi c sect ion s o f V 
and le t W  b e a  prope r ope n ar c c  S1 . Le t M(W ) b e th e associa te d modul e o f 
asymptotic sect ion s o f leve l 1  (ove r T(W) ) : 

COROLLARY 3.2. 4 If W * is an open arc c  W  and W  \  W  does 
not meet any Stokes line , then the restriction map H(M(W) ) — » H(M(W') ) is an 
isomorphism . 

PROOF Propositio n 3.2. 3 implie s tha t th e resui t i s tru e fo r th e fla t s ec -
tions. Le t M A b e th e formalizatio n o f M , m  e  MA , an d le t s  b e a  horizonta l él -
ément o f M(W ) wit h th e propert y tha t s  ~  m  (T(W')) ; w e mus t sho w tha t thi s 
asymptotic relatio n persist s i n T(W ) also . Le t W  b e th e se t o f al l ope n arc s Y 
with W  c  Y  c : W  suc h tha t s  -  m  (T(Y) ) an d le t W " b e th e unio n o f the arc s 
in W . The n W " e  «U f also , an d w e nee d t o sho w tha t W M =  W . Suppos e thi s 
is no t true , le t V\ T =  (aH , bM) c W  =  (a , b) , and a s s u m e fo r definitenes s tha t a  < 
a". B y Theore m 2.2. 4 w e ca n fin d a  sufficientl y smal l ope n a r c ( a i , b i ) c : W 
containing a M an d a  horizonta l sctio n t  «  M(W ) suc h tha t t  ~  m  (T( ( a i , b-i))) . 
Then s  - 1 ~  0  (r ((aM, b-i)) ) whil e ther e ar e n o Stoke s line s throug h point s o f 
( a - | , a " ] , s o tha t s - t ~  0  ( T ( ( a i , bi)) ) b y th e remar k a t th e beginnin g o f th e 
proof. Bu t then s  =  ( s - t ) +  t  i s ~  m  (T((a i , bi))) , showin g tha t (a-i , b" ) e  w . 
Since thi s i s a n ar c strictl y bigge r tha n WM , w e hav e a  contradictio n t o th e 
maximality o f WM . • 

REMARK I t i s clea r fro m thi s propositio n tha t th e S toke s line s mar k th e 
boundar ies o f sec tor s wher e th e asymptoti c expansio n o f a  horizonta l sectio n 
ceases t o b e valid . Thi s typ e o f behaviour , wher e th e asymptoti c structur e o f a 
solution o f a  Syste m o f linea r differentia l équat ion s c h a n g e s wit h th e secto r o n 
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which th e solutio n i s defined , i s know n as  th e Stokes phenomenon ,  name d af -
ter Stoke s wh o s e e m s t o hav e bee n th e firs t t o hav e observe d it . Thi s i s the als o 
the reaso n fo r namin g th e line s as  Stokes Unes .  Th e reade r shoul d als o recal l 
Remark 1  following th e proo f o f Theore m 2.2.4 . 

3 . 3 W e shal l no w obtai n a  formula , du e t o Delign e ([D e 2] ; see  als o [Be] ) fo r 
the irrgularit y o f a  meromorphi c pai r a t z  =  0 . 

If f  i s an y intege r value d functio n define d o n S 1 suc h tha t li m f(u± ) 
exist, it s jump j( f :  u) a t a  poin t u  e  S 1 i s dfined a s 

j(f :  u) m lf(u+ ) -  f(u) l +  lf(u ) -  f(u-)l . 

If f  i s lowe r semicontinuous , w e have , 

j ( f :u) =  ( f (u+)-f (u) ) +  ( f (u - ) - f (u ) ) . 

The variation var(f ) o f f  i s then define d b y 

var(f) =  E U j( f :  u) 

where th e summatio n i s ove r ai l th e point s o f S 1 . Thi s i s finit e i f f  h a s onl y 
finitely man y point s o f discontinuity . W e shal l suppos e tha t thi s i s tru e an d als o 
that f  i s lowe r semicontinuou s fro m no w on . Le t u i , . . . ,  u m b e th e point s o f 
discontinuity an d le t u s defin e th e U j fo r ai l i  e z  b y Uj+ m = uj ; then 

var(f) =  E ieZ/(m) j( f :  us) 

Observe tha t (i n ai l summation s belo w i  varie s ove r Z  /(m) ) 

0 =  E (f(Ui + ) - f (Ui - ) ) =  E f(Ui+) -  f (Ui)) +  2 f ( U i ) - f ( U i - ) 

while 

var(f) =  E ( f(u j +) -  f(u,) ) -  E  (f (Ui) - f (u_) 

So var(f ) mus t b e a n even integer . Le t u s writ e r\2\ = f(uj ) an d n ^ + 1 fo r th e 
constant valu e o f f  i n the ope n ar c ]  uj, uj +1 [. The n i t is clear tha t 
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var(f) =  2 l n2i+ i - 2E  n2 i 

This expressio n fo r var(f ) show s tha t i t is additive i n f . 

Let u s conside r no w th e shea f Wo (V), an d fo r an y u  e  S 1 le t 

Nv(u) =  di m Wo(V ) 

a s i n §3.2 . W e hav e s e e n tha t N v i s lowe r semicontinuou s an d tha t it s point s 
of discontinuit y a r e precisel y th e point s o f S 1 tha t li e o n Stoke s Unes . 

PROPOSITION 3.3. 1 (Del igne) We have 

lrr(V, V ) =  (1/2 ) var(Nv ) 

In particular, lrr(V,V ) dépends only on the formai Isomorphism class of {V , V) . 

The secon d assertio n follow s fro m th e first ; indeed , w e not e tha t i f (V\V' ) 
and (V , V ) ar e i n th e s a m e forma i isomorphis m c lass , Theore m 2.2. 4 allow s u s 
to conclud e tha t th e s h e a v e s %o(V ) an d %o(V ) ar e locall y isomorphic , an d 
hence tha t N v =  N v . Fo r provin g th e formul a w e shal l follo w [D e 2 ] an d de -
d u c e thi s as a  c o n s é q u e n c e o f a  mor e gênera i formul a fo r th e Eule r character -
istic o f certai n s h e a v e s o f vecto r spaces  i n t e rm s o f th e d imens ion s o f thei r 
stalks. Le t A b e an y shea f o f comple x vecto r s p a c e s o n S 1 satisfyin g th e fol -
lowing thre e conditions : 

(a) N(u ) =  dim /&(u) <  0 0 for ai l u  e  S 1 

(b) fo r an y ope n ar c U  an d u  e  S1 , the restrictio n /s(U) — > /*(u ) i s 
injective 

(c) N  h a s onl y finitel y man y point s o f discontinuity . 

Given u  «  S 1 th e condition s (a ) an d (b ) impl y tha t fo r a  sufficientl y smal l ar c U 
containing u , th e ma p /£(U ) — > A>(u) i s a n isomorphism . Henc e fo r u ' e  u , 
we hav e a  ma p /6lu) ---> s(u') which i s injective , showin g tha t N(uf ) >  N(u) , 
and therefor e tha t N  i s lowe r semicontinuous . I f N  i s constan t o n U , w e hav e 
a canonica l isomorphis m /6(u ) — > /ô(uf) . Henc e o n an y ope n ar c o n whic h N 
is constant , s  i s the constan t sheaf . 
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PROPOSITION 3.3. 2 Under the above assumptions ,  H ' (S1 , A>) is fi-
nite dimensional, i  =  0 ,1 . If X -  di m H O (S1, /b) - di m H1(S1 , /Ô) , then, 

X «  -  (1/2)var(N) . 

It i s clea r tha t th e shea f %o(V ) satisfie s th e condition s o n A>. Furthe r 
we hav e s e e n i n §3. 2 tha t H<>(Si , %o(V) ) =  0 . So , X =  -  di m H1(S1 , tt0(V)), 
and Propositio n 3.3. 1 follow s fro m Propositio n 3.3.2 . 

We shal l no w prov e Propositio n 3.3. 2 assumin g th e followin g lemma . 

LEMMA 3.3. 3 If ]  A, B  [  i s an open arc of S 1 on which N  takes the 
constant value n , and i  (] A, B  [  —> S i ) Is the natural Inclusion, then for the 
sheaf /6]A , B [ =  \*{restriction of A to ] A, B  [) , we have, 

H 0 ( S 1 , ^ ] A , B [ ) =  0 , H1(S1, /6 ]A,B[) =  H<> ( ]  A , B  [,s). 

In particular, 

x -  -  n  . 

PROOF O F PROPOSITIO N 3.3. 2 Assumin g thi s L e m m a w e shal l 
prove Propositio n 3.3.2 . Le t u i , . . . ,  um b e th e point s o f discontinuit y o f N  an d 
let J j b e th e ar c ]u\, Uj+-|[ . W e the n hav e th e exac t s é q u e n c e 

0 —>  0 i ^  — » A> —>  0 j S (u)  }  —-> 0 

where /6{U } fo r an y u e S 1 i s the shea f whos e stal k a t v  i s 0  forv=*= u an d 
zô(u) fo r v  =  u . Sinc e H°(S1 , /t{u)) =  /6(u ) an d H1((S1 , ^{u}) =  0  w e hav e 

x(Ois (ui) = Ei n2 i while th e lemm a show s tha t x Oi sji = - Ei  n2i +i. 

Since th e s h e a v e s o n eithe r sid e o f A hav e finit e dimensiona l H ° an d H1 , 
the s a m e i s true fo r A>. Henc e 

X(A) =  Z j n 2 i - Sin 2i+1 =  ~(1/2)var(N) . 

This prove s th e proposition . • 
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PROOF O F LEMM A 3.3. 3 A  section s  o f A]A, b [ ma y b e viewe d as a 
section o f A> o n S 1 whic h vanishe s outsid e a  close d ar c containe d i n ]  A, B  [ , 
and i s henc e zéro . Thi s give s H°(S1 , / Ôja, b[) =  0 . T o détermin e H1 , we not e 
that a s / Ôja, B [ i s 0  a t ai l point s no t i n ]A , B [ ,  an y / Ôja, b [ - torso r S T i s 
uniqueiy trivializabl e o n S 1 \  [A1 , B'] wher e [A \ B1 ] c ]A , B [ ,  thus givin g a  s ec -
tion f  o n S 1 \  [A1 , Bf] (cf . Il ,§1) : 

—IA— Ia I b — I b 

On th e othe r hand , /t i s th e constan t shea f o n ]A , B [ ,  henc e i t i s trivializabl e 
on it , henc e s o i s ST . Le t t  b e a  sectio n o f o n ]A , B [ . W e the n hav e sec -
tions s \ s M o f /t o n ]A , A*[ an d ]B \ B [ respectivel y suc h tha t s' [ t  ]  = t" o n ]A , 
A'[ an d sM [ t ]  = t ' o n ]B \ B [ . B y ou r assumpt ion s s ' an d s " ma y b e viewe d a s 
global sect ion s o n ]A , B [ an d s o w e see  tha t s  =  s * - s " «  H° ( ]A , B  [ , /t). Ha d 
we c h o s e n anothe r sectio n t i o f ST , t i =  s [ t  ]  fo r a  uniqu e élémen t s i fro m 
H°( ]A , B [ ,  A>)\ then s * an d s " c h a n g e t o s ' -  s i an d s " -  s i , s o tha t s  re -
mains th e s a m e . W e thu s ge t a  ma p H 1 (S1, / ôja, b [) —> HûQA , B [ ,  /6) . T o 
show tha t i t i s a  linea r isomorphis m w e u s e th e coverin g { S 1 \ [A\ B* ] , ]A, B[ } o f 
S 1 . Th e correspondin g cocycl e i s s 1 o n ]A , A*[ an d s H o n ]B \ B [ ;  subtractin g 
from thi s the coboundar y whic h i s 0  o n S 1 \  [A \ B ^ an d s M o n ]A , B [ ,  we s e e 
that th e ma p i n questio n i s (s , 0 ) — » s . Sinc e (s , 0 ) d é p e n d s linearl y o n s 
and i s a  cocycl e fo r ai l s , w e ar e done . • 

COROLLARY 3.3. 4 (V,V ) is Fuchsian if and only if lrr(V,V ) =  0 . 

PROOF I f the irregularit y i s 0 , Propositio n 3.3. 1 show s tha t N v i s con -
stant an d s o , b y Propositio n 3.2.3 , ther e a r e n o Stoke s lines . Thi s m e a n s tha t 
(V,V) i s Fuchsian . • 

COROLLARY 3.3. 5 If f b is the covering map C b —>  C , then , 

lrr(fb*(V,V)) =  b . lrr(V,V) . 

PROOF Le t (V\Vf ) =  fb*(V,V) . The n N v =  fb * Nv , an d th e Corollar y 
follows a t once . • 

W e shal l no w us e Deligne' s formul a t o obtai n a n exploi t express io n fo r 
the irregularit y i n t e rm s o f th e forma i da t a provide d b y th e connection , namely , 

60 



MEROMORPHIC CONNECTIONS AND THEIR STOKES PHENOMENA 

the spectru m 2  c z 2$(yci ) an d th e comple x vecto r s p a c e U , equippe d wit h a 
gradation b y 2  :  U =  ® O J « Z UO J ,  and a  compatibl e actio n b y Z ; the compati -
bility i s wit h respec t t o th e actio n o f th e Galoi s grou p G a K y c i / y ) (i n whic h Z  i s 
imbedded naturally ; s e e §1.4 ) o n 2 . Actually , onl y th e actio n o f th e Galoi s 
group o n 2  i s n e e d e d fo r th e computatio n o f lrr(V , V) ; the Z-actio n o n U  i s 
not neede d excep t t o ensur e tha t dim(Uoj ) i s constan t o n th e Galoi s orbits . Fo r 
any C J «  2  \  (0) , le t u s pu t 

i(u>) =  -  ord(co ) - 1 , b(a> ) =  in f { b >  1 : C J e  £(£Fb)} , d(u> ) =  di m (U^) 

Here or d refer s t o th e orde r an d i s <—1 . Th e définitio n o f b(cj ) implie s tha t 

(•*) i(cj)b(co ) e  Z . 

We writ e [co ] fo r th e Galoi s orbi t o f CJ ; it s cardinality i s o f cours e b (oo). I t is ob -
vious tha t th e function s i , b , an d d  ar e constan t o n th e orbits . W e the n hav e 
the followin g resui t i n whic h th e integralit y o f lrr(V , V ) i s manifes t i n view o f (*) . 

PROPOSITION 3.3. 6 With the above notation , we have , 

lrr(V, V) =  X [co]* [0] K<*> ) b(u>) d(u>). 

PROOF Choos e b  >  1  suc h tha t al l th e a > ar e i n 2 ( î T b ) - W e shal l 
work i n C b wit h th e pul l bac k pai r (V \ V ) . The n b y Corollar y 3.3.5 , lrr(V , V ) = 
(1/b) lrr(V , V") . Now , i f v  i s a  poin t o n a  Stoke s lin e fo r V1 , th e contributio n t o 
var(Nv) fro m v  i s precisel y I w:V€S(w,b) À(IÛK). Hence , 

lrr(V,V) =  (1/2b)2 v ZW:v «S<a>.b) cKu^ ) 

= (1/2b ) 2w+ 0 2V6s (co,b) cl(ojç ) 

= (1/b)2oj* o i(u)Ç)d(cjç ) 

= (1/b ) 2[CO]4S[0 ] i(coç ) d(cjç ) b(o)) . 

But, i f c o =  ( c zr/b+ ...) . dz, then , U>K = (bcçr+b- 1 +... ) d ç , s o tha t i(cjç ) = 
b.i(oj), while , trivially , d(u>ç ) =  d(u>) . Thi s give s th e require d formula . • 
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3 - 4 Th e Stokes sheaf St(V , V ) o r St(V ) o f a  meromorphi c pai r (V , V) a t z 
= 0  i s the shea f o f group s o f unit s o f th e shea f %o(En d V) . Mor e explicitly , fo r 
any u  e  S1 , the stal k St(V,V)(u ) i s t h e g r o u p o f ge rm s o f automorphism s g  o f 
( V , V ) define d o n sectoria l domain s T Ô forsomeô  >  0  an d s o m e secto r T 

containing u , satisfyin g th e asymptoti c conditio n o f multiplicative flatness : 

9 -  1  (r <u)). 

Clearly, 

g e  St(V , V)(u ) <= > g  - 1 « s W0(End V) . 

The s talk s a r e i n gênera i no n commutat ive . Guide d b y th e analog y wit h Li e 
g roups a n d Li e a lgebra s w e shal l thin k o f %o(En d V ) a s th e infinitésimal 

Stokes sheaf an d dénot e i t alternately a s 6t (V, V) . I f we c h o o s e a n asymp -
totic trivializatio n o f leve l 1  fo r (V , V ) i n a  secto r To containin g u  s o tha t V 
d/dz =  d / d z - A wher e A e q^(N , Ai (ro) ) , t h u n f o r a n y v e r n S 1 , St (V, V)(v ) 
may b e identifie d wit h th e grou p o f ge rm s o f GL(N , A - |(r))-valued function s o n 
sectorial domain s T Ô fo r s o m e 6  >  0  an d sector s r  containin g v , s u c h t h a t 

(a) dg/d z +  [g , A] =  0 

(b) g - 1 ~  0 ( 1 » ) . 

On replacin g V  b y End(V ) i n the result s o f th e precedin g sect ion s on e i s le d t o 
the bas i c result s o n th e Stoke s sheaf . Th e S toke s line s o f End(V ) a r e usuall y 
referred t o as  the S toke s line s whe n on e i s dealin g wit h th e S toke s sheaf . 

The firs t bas i c resui t i s tha t th e loca l structur e o f St(V , V ) i s entirel y de -
termined b y th e forma i isomorphis m c las s o f End(V) . W e shal l no w giv e a  de -
scription o f i t usin g th e forma i da t a o f (V , V) , namely , th e spectru m S , th e com -
plex vecto r s p a c e U  =  0 o o « s U w ,  and th e pai r (VB , V B ) define d o n Cb x a s 
in §3.2 . Th e endomorphism s o f U  ma y b e viewe d as  matrice s (g <Tx)afx«z 
where gŒ X e  Hom(U x ,  U^) . Le t u  s  S 1 an d le t v  e  S1« b b e abov e u . Le t W 
be a n ope n ar c c : S 1 o f lengt h <  7t/(lr-|l -1) s o tha t ther e i s a n isomorphism , 
say y , o f (V , V) o n T(W ) wit h th e pai r (VB , V B ) whos e pul l bac k t o C b i s 
isomorphic t o (VB-, V B on th e connec te d componen t o f th e preimag e o f T(W ) 
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that conta in s v , y  preservin g th e asymptoti c s tructures . Th e loca l horizonta l 
sect ions o f En d (VB ) ar e o f th e for m 

s =  2a| X E ( a - x ) ( z ) . exp(log p z . CCTX ) Tax e x p ( - log p z . Cax) , 

where th e T a x a r e i n Hom(Ux , U„ ) fo r al l Œ , x. Suc h a  solutio n i s fla t i f an d 
only i f al l the TŒ X ar e zér o excep t thos e fo r whic h p«j_x(u ) <  0 . Thi s sugges t s 
the introductio n o f a  partia l orde r o n 49(u ) a s follow s : 

(*) a  < u x  <= > p<j -x(u) <  0 . 

We shal l explor e thi s orderin g (not e tha t i t varies wit h th e poin t u ) an d it s impli -
ca t ions i n th e nex t chapter . A t thi s tim e w e limi t ourse lve s t o th e followin g 
proposition tha t i s a n immédiat e c o n s é q u e n c e o f th e precedin g remarks(cf . 
Proposition 3.2.2 ) 

PROPOSITION 3.4, 1 The isomorphism y  induces an isomorphism 

of St(V ) (resp .  <st(V) ) on W  with the sheaf /6 =  /6(B ) (resp .  6(B) ) of sub-

groups of GL (U) (resp . Lie subalgebras of ^£(U) ) whose stalk at any w  e  W 
is the group (Lie algebra) of all g  =  (g ^x) €  End(U ) such that 

g<j<j =  1  (resp. gŒ Œ =  0) , 

g<jT =  0  unless a  < w x  ( a *  x ) . 

PROOF Th e onl y poin t tha t i s no t obviou s a t onc e i s tha t an y suc h g  i s 
invertible. Bu t i f w e exten d th e orderin g < w t o a  linear ordering -< w i n an y 
manner (thi s i s a lway s possibl e sinc e 2  i s a  finit e set) , the n g a x =  0  when -
ever x  < w or , so tha t g  i s "  uppe r triangula r wit h V s o n th e diagona l Thi s 
shows tha t g  e  GL (U). • 

PROPOSITION 3.4. 2 Let W , W f be proper open arcs of S1 , W f <= 
W, and suppose that W  \  W f does not meet any Stokes Une (of End(V)) . Then 

the restriction map St(V)(W ) —• > St(V)(Wf ) is an isomorphism . Moreover, if 

(V, V1 ) is another pair and £ is an isomorphism of the formalization of (V , V ) 
with that of (V , V ) , and x  is an isomorphism of (V , V ) with (V , Vf ) on 

T(W)Ô such that x  ~  4  (T(W))$then x  -  î(T(\N))also. 

PROOF Thi s i s immédiat e fro m Propositio n 3.2.4 . • 
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For lrr(End(V) ) w e hav e a  formul a ana logou s t o th e on e i n Propositio n 
3.3.6. Fo r CT, x €  2 , le t 

b(a, x ) -  in f {  b >  1  :  cr , x «  X ( y b ) } -

It is obvious tha t 

i ( a - x ) b ( a - x ) «  Z , b(<r-x ) I  b ( a , x ) . 

PROPOSITION 3.4 . 3 We have , 

lrr(End(V)) -  d imHi(Si , 6t(V) ) .  E [cy,x] : a+x i ( a - x ) b(<j,x ) d(a ) d (x ) 

where the summation is over the Galois orbits of pairs ( a , x ) for the diagonal 
action of the Galois group. 

PROOF I t i s obviou s tha t b (a , x ) i s th e cardinalit y o f th e Galoi s orbi t o f 
(a , x ) . Fro m th e proo f o f Propositio n 3.3. 6 w e have , 

lrr(End(V)) =  (1/b ) Za+ X i ( a ç - x ç ) d(a)d(x ) 

= (1/b)S[<y,T]:a +x i (cTç-xç)b(cr,x)d(<y)d(x) 

- 2[< t,t] : <x+x i (<J-x)b((J ,x)d((j)d(x) 

which i s the  desire d expression . • 
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4 . THEOREM S O F MALGRANGE-SIBUY A AN D DELIGN E 

4 . 1 I n thi s chapte r w e shal l formulat e an d prov e th e theorem s o f Malgrange -
Sibuya an d Delign e whic h allo w u s t o ge t a  d e e p underdtandin g o f th e categor y 
of meromorphi c pair s a t z  =  0 . Th e Malgrange-Sibuy a theore m give s a  coho -
mological descriptio n o f th e se t o f isomorphis m c l a s s e s o f marke d pair s (cf . 
§1.4), namely , pair s equippe d wit h a n isomorphis m o f thei r formalization s wit h a 
given differentia l modul e ove r y . I t i s a n ea s y c o n s é q u e n c e o f anothe r resui t 
of Malgrang e an d Sibuy a tha t descr ibe s th e firs t cohomolog y o f certai n s h e a v e s 
of fla t holomorphi c matrices . Th e theore m o f Deligne , whic h w e shal l obtai n a s 
a c o n s é q u e n c e o f th e theore m o f Malgrange-Sibuya , give s a  complèt e descrip -
tion o f th e categor y o f meromorphi c pair s a t z  =  0 . Thès e tw o theorem s ar e th e 
fundamental result s o f th e subjec t . 

4 . 2 W e begi n wit h th e Malgrange-Sibuy a theorem . Le t C[[z] ] (resp . C{z} ) 
be th e rin g o f forma i (resp . convergent ) powe r sér ie s i n z . I f u  e  GL(n , C[[z]] ) 
then b y th e classica l Borel-Rit t theore m w e ca n find , fo r an y ope n ar c W  c  S1 , 
an e  >  0  an d a  holomorphi c ma p g  (T(W) e — > GL(n , C) ) suc h tha t g  -  u 
( r (W)) . I n gênera i th e ma p g  wil l neithe r b e uniqu e no r wi l exten d t o a  mero -
morphic ma p aroun d z  =  0 . Th e obstructio n t o th e meromorphi c extendabilit y i s 
measu red b y th e H 1 o f a  certai n shea f 9  o f group s o n S 1 define d a s fol -
lows. Fo r t e S 1 th e stal k 9 (t) a t t  o f 9  i s the grou p o f ge rm s o f holomorphi c 
maps g  ( r ( W ) c — » GL(n , C) ) whic h ar e multip/icativefy fiât i n the s e n s é tha t g 
~ 1  (T(W)) , wher e W  i s som e ar c aroun d u  an d €  i s >  0 . Fo r ope n arc s W ' 
c W c S 1 , the restrictio n ma p fro m W  t o W  i s a n injection ; an d i f W * ce W , 
then fo r an y sectio n s  o f 9  o n W  ther e i s a n z > 0 suc h tha t th e restrictio n o f 
s t o W * i s define d b y a  holomorphi c ma p g  -  1  o f r ( W ' ) e int o GL(n , C) . I t 
follows fro m thi s remar k tha t an y 1-cohomolog y c las s fo r 9  i s represente d b y a 
cocycle (g,j ) associa te d t o a  finit e coverin g (Uj ) o f S 1 b y ope n arc s (Uj ) suc h 
that fo r s o m e e  >  0  al l th e Q\\ a r e define d b y holomorphi c multiplicativel y fla t 
maps o f r (UjnUj)e int o GL(n , C) . 

We shal l no w se t u p a  natura l ma p 
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0 :  GL(n , C[[z]] ) /  GL(n , C{z} ) > H^S\ 9 ) 

Let u  e  GL(n , C[[z]] ) an d le t (U,- ) b e a  finit e coverin g o f S 1 b y ope n a rcs . 
Then w e ca n fin d e  >  0  an d hoiomorphi c m a p s g j ( r( U j ) e — > GL(n , C) ) suc h 
that g j ~  u  (r (Uj)) fo r ai l i . Clearl y (gjgp1 ) i s a n 1 -cocycle fo r 9 . Ifw e writ e 
0(u) fo r th e correspondin g cohomolog y c lass , i t i s e a s y t o verif y tha t thi s c las s 
d é p e n d s onl y o n th e imag e [u ] o f u  i n th e s p a c e GL(n , C[[z]] ) /  GL(n , C{z} ) 
and no t o n th e choic e o f th e coverin g o r th e gj . W e not e tha t 0  i s one - one . 
Indeed, le t u , u * e  GL(n,C[[z]] ) an d 0([u] ) =  0([u']) . The n w e ca n fin d a  finit e 
covering (Uj ) o f S 1 b y ope n a rcs , e  >  0 , hoiomorphi c g\,g\' mappin g T(Uj ) 
into GL(n , C ) wit h gi  ~  u , gi' ~ u f (T(Uj) ) suc h tha t (gigj— 1 ) and (gj 'gj'-1) defin e 
the classes  0([u] ) an d 0([u'] ) respectivel y an d gigp 1 =  Cjg' j gj,_1Cj-1 o n 
T(UjnUj)c fo r ai l i , j, where c\ a r e hoiomorphi c m a p s o f r (Uj)c int o GL(n , C ) 
with q  ~  1  (r (Uj)forall i . The n gj'- 1 cj~ 1 gj = gj'- 1 c p 1gj o n r (UjnUj)e fo r ai l i , 
j. Thi s give s a  hoiomorphi c ma p g  fro m a  puncture d dis e int o GL(n , C ) suc h 
that g = g r 1 c r 1 g j o n r (Uj)c fo r ai l i . A s gi'- 1 Cj-1 g\ ~  1  (T(Uj) ) fo r ai l i , w e 
have g  -  1  an d hence , b y Riemann' s theore m o n removabl e singularise s g  i s 
meromorphic a t th e origin . I n particula r thi s give s g  =  u'- 1 u  e  GL(n , C{z}) , s o 
that [u ] = [U']. 

THEOREM 4.2. 1 (Malgrange-Sibuya) 777e map 0  defined above is 
a bijection : 

0 :  GL(n , C[[z]] ) /  GL(n , C{z} ) s  H1(S1 , 9 ) 

W e shal l prov e thi s theore m i n th e nex t tw o sect ions . Ou r proo f follow s 
essentially th e sketc h outline d b y Malgrang e i n [Ma l 3] . 

4 . 3 W e prov e tw o technica l l emma s i n thi s sectio n whic h wil l b e use d i n th e 
next sectio n i n th e proo f o f th e Malgrange-Sibuy a theorem . Le t u s déno te , fo r 
z =  x  +  i  y, 

a =  (3/3 x -  i3 /3y) / 2 ,  3 * =  (3/3 x +  i3 /3y) /2 ( z =  x  +  iy ) 
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LEMMA 4.3. 1 Let A be a dise around z  =  0  and let a be an n X n 

matrix of C° ° functions on A . Then we can find a concentric dise A 1 c  A 
and a C° ° map v  of A i into GL(n , C ) suchthat 

3*v = v a , v(0 ) =  1 . 

PROOF I t i s enoug h t o fin d v  satisfyin g th e differentia l équatio n wit h 
v(0) invertible ; fo r the n w e ca n replac e v  b y v(0)- 1 v . Replacin g a  b y « a 
where o c e  C c ^ A ) (th e suffi x c  m e a n s compac t support ) an d o c = 1  aroun d 
z =  0  w e ma y a s s u m e tha t a  itsel f ha s compac t suppor t an d i s defined o n ai l o f 
C. Th e case  n  =  1  i s ciassica l an d th e case  n  >  1  i s the noncommutativ e gen -
eralization o f it . W e shal l trea t th e case  o f arbitrar y n  b y suitabl y adaptin g th e 
c lass ical .arguments . 

When n  =  1  w e define , fo r an y h  e  CC(C) , z  e  C , 

Yh(z) = 
1 

2K\ 
C 

' h  (w +  z ) 
w d w A d w * • 

Then y h i s a  continuou s functio n an d 3 * y h =  h  i n th e sensé  o f distribution s ; 
yh i s smoot h i f h  is , an d yh(œ ) =  0 . Moreove r y h i s th e uniqu e continuou s 
solution o f th e équatio n 3 * yh =  h  whic h i s bounde d a t o o ;  th e un iquenes s 
foiiows fro m Liouville' s theore m as  th e différenc e k  o f tw o solution s o f thi s typ e 
satisfies a * k  =  0  an d s o i s a  holomorphi c functio n bounde d a t <x> . I f no w a  e 
CC°°(C), v =  exp(ya ) i s then a  solutio n t o 3 * v  =  v  a , v(œ ) =  1 , an d as  befor e i s 
the uniqu e solutio n wit h thi s property . Not e tha t i t d o es no t vanis h anywhere . 

Let u s no w conside r th e gênera i case  n  >  1 . I f v  i s a  matri x satisfyin g 

(*) 3 * v  =  v  a ,  v(co ) =  1 , 

then a  ciassica l calculatio n show s tha t w  =  det(v ) satisfie s th e one-dimensiona l 
équation 3 * w =  w  tr(a ) wit h w(oo ) =  1 , henc e i s nowher e zéro , showin g tha t v 
is everywher e invertible . A s befor e suc h a  solutio n i s unique . Moreover , whe n 
a i s Cœ bu t v  i s onl y continuou s an d satisfie s (* ) onl y as a  distribution , v 
ha s t o b e smoot h b e c a u s e th e Syste m o f équat ion s (* ) fo r th e entrie s o f v  i s 
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elliptic wit h smoot h coefficients . Thu s fo r provin g th e lemm a i t i s enoug h t o 
construct a  continuou s matri x functio n v  satisfyin g 

(**) 3* v =  v . (fa) , v(oo ) =  1 

in th e wea k sensé,  i . e. , as a  distribution , fo r a  suitabl e f  s  Cc°°(C ) wit h f  = 1 
around z  =  0 . Fi x a  a s above , a  smoot h matri x wit h compac t suppor t define d 
on C . 

We shal l no w sho w tha t ther e i s a  numbe r ô  =  ô(a ) >  0  wit h th e followin g 
property: i f f  •  CC°°(C) , I  f I <  1 , an d supp(f ) i s containe d i n a  dis e o f radiu s ô 
about z  =  0 , the n th e équatio n (** ) ha s a  continuou s distributio n solutio n Le t 
I .  I  b e a  matri x nor m wit h I  X Y I  < I  X I  I Y I  fo r ai l n  X  n  matrice s X , Y, an d le t 
B b e th e Banac h s p a c e o f ai l cont inuou s m a p s g  fro m C  t o th e s p a c e o f 
n X n matrice s wit h 

Il g I I =  sup z I  g(z) I  <  <x> , g(oo ) =  0 . 

If b  s  B  i s compactl y supporte d w e conside r th e ma p J b o f B  int o itsel f de -
fined b y 

(JbO)Z -
1 

2n\ 
C 

g ( w + z ) b ( w + z ) 
w dwAdw* ( z * C ) 

If A v i s th e dis e aroun d th e origi n o f radiu s v  an d th e suppor t o f b  i s con -
tained i n A v , a  simpl e argumen t show s tha t I I Jb H  ^  7v > b  II . I n fact , th e in -
tégration i s onl y ove r th e régio n Iw+z l <  v , an d ma y b e spli t as  th e su m o f in -
tégra is ove r th e subrogion s wher e Iz l <  2 v an d Iz l >  2 v ;  in th e forme r on e 
h a s Iw l <  3 v an d th e intégra l i s majorize d b y 

HT1 llgbl l r< v d r d e <  6vllgl l llbl l ; 

in th e latte r wher e Iw l >  v , th e intégra l i s majorize d b y 

je-1 llgbl l v- 1 l w+zi <  v d x d y <  vllgl l llbll , 
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verifying ourcla im . I f b  =  f  a wher e f  e  C ^ f A ^ ) , If l <  1 , and v  =  1 / 8 Hal l ,  w e 
have I I Jfa I I < 1  an d s o th e operato r I - Jf a i s invertibl e o n B . S o 3  u  e  B 
such tha t ( I - Jfa ) u  =  Jfa 1  ; this relatio n i s jus t 

u(z) = 1 
2n\ 

C 

u(w+z) (fa)(w+z ) +  (fa)(w+z ) 
w 

dwAdw* (z E  C) . 

This show s tha t 9 * u =  f  a+ u  f a a s distribution s an d s o v  =  1  +  u  i s a  solutio n 
to (•**) . • 

For function s whic h a r e merel y C° ° an d a r e define d o n sectoria l do -
mains, w e shal l u s e th e followin g définitio n o f flatnes s :  for o c e  C ° ° ( re ) wher e 
r e i s a n ope n sector , o c ~  0  (Te ) m e a n s tha t fo r arbitrar y integer s m , n , p > 0 
and an y secto r V czc : r , 

(3ma*na)(z) =  O(lzlP ) ( z — > 0 i n T') . 

This définitio n make s sensé  eve n whe n T =  C x ;  then o c e  C° ° (Ae*) , an d o c 
extends t o a n élémen t o f C œ ( A e ) ;  we the n simpl y writ e a  -  0 . W e no w de -
fine th e shea f 9 S a s th e C° ° -  analogu e o f th e shea f 9  •  for an y u  e  S 1 , it s 
stalk 9 s (u ) i s the grou p o f germ s o f C œ map s g  ( T ( W ) e — > GL(n , C) ) whic h 
are multiplicativel y fla t i . e. , g  ~  1  (r (W)) , wher e W  i s s o m e ar c aroun d u 
and e  i s >  0 . 

LEMMA 4 . 3 . 2 H 1 ( S 1 , 9 s ) =  0 . 

PROOF W e star t wit h th e easil y verifie d fac t :  if m , n  a r e integer s >  0 , 
there a r e differentia l operator s Dm n o n S 1 o f orde r <  m  +  n  i n d / d e wit h 
coefficients tha t a r e polynomial s i n e27ti 9 suc h tha t fo r ^  e  C° ° (S1) , an d 
defined b y y'(r e2™6 ) =  ^(e2™9) , on e ha s 

(3^3* n Y )(r e2™*) =  r  - ( m + n) (Dmn-tf)(e2™9) . 

It follows fro m thi s tha t i f U c S 1 i s a n ope n arc , o c e  C°°(r(U)e) , an d a  -  0 
(T(U)) , the n fo r an y ^  « s C°°(S1) , on e h a s f  o c ~  0  (T(U)) ; i n particular , i f 
supp(oc) < = U , tfoc €  C°°(Ac) . A  simpl e argumen t no w give s th e followin g ex -
tension principl e fo r n  X  n  matrice s o f functions : le t U-i , U 2 b e ope n arc s i n 
S1 wit h disjoin t c losure s an d g j i s a  C œ ma p o f T (Ui)e int o GL(n , C ) wit h 
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g\ ~ 1  (r(Uj)) f 3  V[ wit h 0  <  T \ < e  an d a  C° ° ma p g  ( A n — > GL(n , C) ) 
such tha t g  ~  1  an d g  =  g , o n r (Ui )^ . 

Cons ider no w a  cocycl e (gy ) fo r th e shea f 9 S a s soc ia t e d t o th e finit e 
covering (Uj ) o f S 1 b y ope n arcs , wit h g y (r(UjnUj)€—» GL(n , C) ) an d g y ~ 
1 (r(UinUj)). I n vie w o f th e abov e remark s w e ma y a s s u m e , b y pass in g t o a  re -
finement o f th e coverin g tha t th e g q ar e actuall y smoot h m a p s o f a  dis e A C int o 
GL(n, C ) an d g y ~  1 . Pass in g t o a  furthe r refinemen t w e ma y a s s u m e tha t w e 
are workin g wit h a  coverin g (Vm) o < m  < N where N  i s a n intege r >  4 , V m = 
(em, em+2) , e m =  exp(2iTim/N) . The n V m n  V m+1 =  (em , em+i ) an d w e ma y 
take th e cocycl e as  give n b y (gm) o <  m  < N  wher e g m (  = g  N+m ) i s a  m a p 
T((em, e m + i ) ) e — > GL(n , C ) an d i s a  restrictio n o f a  smoot h m a p g' m o f th e 
dise A E int o GL(n , C ) fla t a t z  =0 , i . e., g' m ~ 1 . W e modif y g' m t o h m withou t 
changing g m as  foliows : hm=g, m fo r m  =  0 , 1 , N -1 ;  for 3  <  m  <  N  - 2 , h m =1 
on T( (eo , e i ) e ) , =  g' m o n T((em , em+i)e) ; an d h 2 = g ' 2 o n r ( ( e 2 , e3))c) , = 
9 i"1go"1g N  o n r  ((eo , e-i)e) ; w e ma y hav e t o mak e e  smalle r t o ensu r e 
this. Th e cocycl e i s no t change d bu t no w hohi. . .hN- i =  1  o n T((eo , ©i)e) - W e 
now defin e th e f m ( = f N+m)by 

f0 = 1 , f1  = h 1 - 1 , f 2 = (h1h2)-1,. . . f N - i =  (h1h2...hN-1)- 1 

It is then ea s y t o verif y tha t fm -1 fm"" 1 «  g m fo r ai l m , s o tha t th e cocycl e (gm ) i s 
a coboundary . • 

4 . 4 P R O O F O F THEORE M 4.2. 1 I t i s a  quest io n o f th e surjectivit y o f th e 
map 0 . Le t u s conside r a  cohomolog y c las s a  fo r th e shea f 9  an d a s s u m e 
that i t i s represente d b y a  cocycl e (fy ) associa te d t o a  finit e coverin g (U O o f S 1 
by ope n arcs , f y bein g a  hoiomorphi c ma p o f r ((UjnUj)ç) int o GL(n , C ) wit h f y 
- 1(X(UjnUj)) . Lemm a 4.3. 2 allow s u s t o writ e thi s ,  by passin g t o a  refinemen t 
if necessary , i n the for m f y = fjfj-i , f j bein g a  C0 0 ma p o f r (Ui)c int o GL(n , C ) 
and f j -  1  CT(Ui) ) fo r ai l i . A s 9*f y =  0, w e fin d tha t fr1(3**i ) =  f  j""1 (3* fj) fo r ai l 
i, j , giving a  C° ° ma p f  ( A E X — > End(Cn) ) coincïdin g wit h f r 1 (9 * fi) o n 
r ( U i ) e fo r ai l i . A s f  j - 1  (X(Uj) ) i t follows tha t f  -  0 , s o tha t w e ma y a s s u m e 
that f  i s C° ° o n th e ful l dis e A E - B y Lemm a 4.3. 1 (and diminishin g e  i f nec -
essary) w e ca n fin d a  smoot h g  ( A E — > GL(n , C) ) wit h g(0 ) =  1 , g-1 (3* g) =  f . 
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Let g » = f j g- 1 o n r (Uj)e fo r al l i . The n 9 * gi =  0  s o tha t g i I s holomorphic 
and g i gp1 =  fy o n r (UinUj)c ;  at th e s a m e tim e as  f j -  1  (r (Uj)), w e als o hav e 
(d* n am g-i)(0 ) =  0  fo r al l n  >  1 . Thu s w e see  tha t g\ ~ u (T(U\)) fo r al l i  ,  u e 
GL(n, C[[z]] ) bein g define d b y 

u =  1  + Z m > i ( a m g - 1 ) ( 0 ) z m / m î . 

It is no w clea r tha t 0 ([u]) =  a . • 

REMARK Th e additive versio n o f th e Malgrange-Sibuy a theore m i s 
also tru e bu t i s muc h eas ie r t o prov e sinc e i t i s i n the commutative context . W e 
work wit h th e shea f q,m n o n S 1 whos e stal k a t t  e  S 1 i s th e vecto r s p a c e o f 
ge rms o f fla t holomorphi c m a p s g  (T(U) e >  Mmn(C)) ; here , fo r an y rin g R , 
Mmn(R)) i s th e s p a c e o f m X n matrice s ove r th e rin g R  an d flatnes s m e a n s 
that g  -  0  (r (U)) . A s befor e w e hav e a  natura l ma p 

0+ :  Mmn(C[[z]] ) /  Mmn(C{z} ) > H1(S1. q,mn ) 

The basi c theore m i s th e followin g whos e proo f i s lef t t o th e reader . 

THEOREM 4.4. 1 The map 0  +  is a linear isomorphism. 

4 . 5 W e shal l no w u s e th e Malgrange-Sibuy a theore m t o obtai n th e funda -
mental cohomologica l descriptio n o f th e se t o f al l isomorphis m c l a s s e s o f 
marked meromorphi c pair s ((V , V) , t ) a t z  =  0  (cf . §1.4) . Wefi x (Vo , Vo) an d 
introduce th e categor y o f germ s o f pair s ((V , V) , O , £  bein g a n isomorphis m o f 
the formalizatio n o f (V , V ) wit h tha t o f (V0,Vo) , Morph((V , V) , O  ((Vf , V1) , O ) 
being th e se t o f al l morphism s u  ((V , V ) — * (V , V ) ) suc h tha t f o  u A =  ç . 
Let TTlfVo , Vo ) b e th e se t o f al l isomorphis m c l a s se s o f object s i n this category . 

THEOREM 4 .5 .1 (Malgrange-S ibuya) We have a canonical bijection 

$ :  m ( V 0 , V0 ) s  H i (S i ,S t0 ) 

where St o is the Stokes sheaf of (Vo , Vo) . 
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PROOF Give n ((V , V) , % ) «  7ïi(Vo , Vo ) w e ca n fin d b y Theore m 2.2. 4 
a finit e coverin g (Uj ) o f S 1 b y ope n arcs , a n e  >  0 , an d hoiomorphi c isomor -
ph isms X j o f (V , V ) wit h (Vo , Vo ) o n th e secto r T(Uj) e tha t p rése rv e th e 
asymptotic structure s an d li e abov e £ , i . e. , xj a =  £ . The n (x j xp1) i s a  cocycl e 
for th e shea f Sto , an d i t i s e a s y t o chec k tha t th e correspondin g cohomolog y 
c lass d é p e n d s onl y o n th e isomorphis m c las s o f ((V , A) , £ ) an d no t o n th e x j o r 
the (Uj) . W e thu s ge t a  ma p 

$ : m ( V 0 , V o ) — > Hi (S i ,S t0 ) , 

and i t i s a  questio n o f provin g tha t thi s i s a  bijection . 

$ i s injectiv e Le t x' j cor respon d t o ((V , V ) , 4' ) e  l ï l (Vo , V o ) a s 

above , fo r th e s a m e coverin g (Uj) . W e s u p p o s e tha t ther e a r e c\ e  St o (Uj ) 
such tha t x'jx'p 1 =  C j (xj xp1) cp 1 o n r (UjnUj)e fo r ai l i , j . Writin g y j =  Cj" 1 x1, , 
we fin d tha t yn 1 x j =  yp 1 x j o n r (UjnUj)e fo r ai l i , j . S o ther e i s a  hoiomorphi c 
isomorphism v  o f (V , V ) wit h (V \ V ) o n A e x coincidin g wit h yj-1X j o n 
r(Uj)c fo r ai l i . Sinc e v  préserve s th e asymptoti c structure s a t 0 , i t follows tha t 
v i s meromorphi c a t z  =  0 . A s £f- 1 £  =  vA , ((V , V) , O  an d ((V , V ) , O  a r e 
isomorphic. 

$ i s surjectiv e W e ma y a s s u m e tha t V o i s th e trivia l bundl e A e X 

Cn s o tha t V o i s th e connectio n wit h th e matri x A o «  q^(n , O^cgt) - Le t th e 
cohomology c l a s s a  e  H 1 ( S 1, Sto ) b e represen te d b y a n 1-cocycl e (gjj ) 
assoc ia ted wit h th e finit e coverin g (Uj ) o f S 1 b y ope n arcs : 

gy (r(UjnUj)e — > GL(n , C) ) hoiomorphic , g, j -  1  (r (UjnUj)), g  y [A0] =  A0 . 

Clearly (gjj ) dé te rmine s a n é lémen t c  o f H 1 ( S 1 , 9 ) an d s o w e ca n find , b y 
Theorem 4 .2 .1 , a n é lémen t £  e  GL(n , C[[z]] ) tha t détermine s c . Thi s m e a n s 
that (passin g t o a  refinemen t o f (Uj ) i f necessa ry ) w e ca n fin d hoiomorphi c 
m a p s Xj (r(Uj)c — > GL(n , C)) , with X j - £ (T(U\)), xjXj~ 1 =  g y o n r (UjnUj)c, 
for ai l i , j . 

Let u s no w defin e fo r eac h i  th e connectio n V j o n th e restrictio n o f V o 
to r (Uj)e b y requirin g tha t it s matri x i s A j =  x,-1[Ao] . Sinc e xjXJ~1[AO ] =  A o fo r 
ail i , j , i t i s immédiat e tha t A j =  A j o n T(UjnUj) e fo r ai l i , j , s o tha t ther e i s a 
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connect ion V  o n th e restrictio n o f V o t o A c * tha t coïncide s wit h V j o n 
r(Uj)c fo r al l i . Sinc e A j ~  Ç-1[AQ ] fo r al l i , we see  tha t V  i s meromorphi c a t 
z =  0 . Fro m ou r construction i t is clear tha t x- , i s an isomorphis m o f (Vo , V ) wit h 
(Vo, Vo ) o n r (Uj)c tha t lie s abov e £  fo r al l i . I n othe r words , th e isomor -
phism c las s o f ((Vo , V ) , 4 ) lie s i n 7ïl(Vo , Vo ) an d it s imag e unde r $  i s cr . 
This finishe s th e proof . • 

For an y fixe d (Vo , Vo) , th e pair s (V , V ) whos e formalization s ar e iso -
morphic t o tha t o f (Vo , Vo ) for m a  subcategor y o f TSo » an d i t i s natura l t o wan t 
to hav e a  descriptio n o f th e se t o f isomorphis m c l a s se s o f th e object s i n it . Le t 
u s writ e 0 (Vo, Vo ) fo r thi s set . W e hav e a n obviou s surjectiv e ma p 

P :  m(V0 , V 0 ) — > d(V0 , V0) , 

and i t i s a  questio n o f describin g th e fiber s o f thi s map . Le t 

GA(V0, V0) -  G A(V0) -  Au t (M0A) 

where Mo A i s th e formalizatio n o f (Vo , Vo) . W e hav e a n actio n o f GA(Vo ) o n 
TNMVo, Vo) give n b y 

u [((V , V), e) ] =  (  (V, V), u  E ), 

where [... ] refer s t o isomorphis m c lasses . 

THEOREM 4.5- 2 The fibers of P  are precisely the orbits of G A(V0). 
In other words, 

4(V0, Vo ) s  G A(V0)\m(V0, V0) . 

P R O O F Routine . • 

4 - 6 W e shal l no w tak e u p th e theore m o f Delign e whic h give s a  complèt e 
description o f th e categor y o f ge rm s o f meromorphi c pair s a t z  =  0 . I n a  lette r t o 
Malgrange [D e 2 ] Delign e gav e th e formulatio n o f thi s theore m an d sketche d 
the outline s o f th e proo f (se e [Be ] an d [Ma l 4 ] fo r brie f discussion s o f Deligne' s 
proof). I n vie w o f th e fundamenta l natur e o f Deligne' s resui t i t ma y b e worth -
while t o d iscus s i t in mor e détai l tha n give n i n [D e 2 ] [Ma l 4 ] o r [Be] . 
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Let JS> be th e loca l Syste m define d o n S 1 a s follows : fo r an y ope n ar c 
U c S 1 , <£>(U ) i s the vecto r s p a c e o f ai l holomorphi c differentia l form s o n C * o f 
the for m 

W =  W#.  dz , w# =  E a «  Q» a < - 1 c a z a 

where th e su m i s finit e an d th e b ranche s z a a r e chose n arbitrarily . Th e stai k 
<©(u) a t u  e  S 1 corne s equippe d wit h th e monodrom y actio n m , C J —> m.c o o f 
Z, th e actio n o f 1  «  Z  bein g th e resui t o f analyti c continuatio n o f th e é lément s 
along th e uni t circl e descr ibe d i n th e counter-clockwis e directio n startin g a t u . 
For u  e  S1 , and OJ , (*> ' e 49(u) , writ e OJ < u W i f there i s a n ar c W  containin g 
u suc h tha t 

exp 
z 

u 
w# -w'# dz - o ( r ( W ) ) . 

If OJ , eu * « «©(U) , we writ e c o <  u ^ f i f tx > <u co 1 fo r ai l u  «  U . Thi s i s the s a m e 
as requirin g th e abov e flatnes s conditio n o n r (U) . I f O J # - C J , # =  c a z a + t e r m s 
of h igherorde r wher e c a *  0 , the n 

w < u W  <= > PLO-CAJ ' (u) =  Re(c a ua+1/a+1 ) <  0 . 

We hav e alread y observe d i n Lemm a 3.2. 1 tha t pco-o y (u ) i s independen t o f th e 
choice o f th e branch e za . I f u ) < U CJ ' i t i s clea r tha t C J < u ^ 1 for  a n ope n ar c 
U containin g u ; C J an d co f a r e no t comparabl e a t u  i f an d onl y i f poo-w * (u ) 
= 0  ;  then ther e i s a n ar c U 1 =  (u \ u ) (resp . L T »  (u , uM) ) suc h tha t C J < u ' 
and ca ' <  u M ^  o r vic e versa . 

W e no w introduc e th e notion s o f loca l Sys tem s o f finit e ran k o n ope n 
s u b s e t s U  o f S 1 tha t a r e grade d an d filtere d b y J9 . T o sa y tha t a  loca l Syste m 
V o n U  c  S 1 i s JS-graded i s to requir e tha t fo r eac h u  m U ther e i s a  grad -
ingof V(u ) b y JS>(u) , V(u ) = 0oo«J9(u ) Vw(u) , such tha t fo r som e ope n ar c 
W containin g u , th e gradin g a t an y poin t u 1 s W  i s th e o n e induce d b y th e 
grading a t u  throug h analyti c continuatio n fro m u  t o u' ; i n thi s case  thi s i s tru e 
for an y ope n ar c W  wit h u  s  W  c : U . Clearly , fo r an y i9 -grade d loca l Syste m 
defined o n ai l o f S 1 , th e gradin g a t an y poin t u  s  S 1 i s compatibl e wit h th e 
monodromy act ion s o n V ( u ) an d o n J9(u) ; thi s m e a n s tha t th e monodrom y 
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action o f m  m Z o n V(u ) induce s a n isomorphis m o f V ^ u ) with  Vm.w(u ) 
for ai l o j . I t is obviou s tha t fo r any fixe d u , the assignaien t V — » V(u ) i s a n 
équivalence o f catégories , fro m th e categor y ô f JD-grade d loca l System s o n S 1 
into th e categor y o f «©(u)-grade d vecto r space s equippe d with  a  Z-actio n com -
patible wit h th e monodrom y actio n o f Z  o n JS)(u) . Fo r an y ope n U  c  S 1 th e 
category o f J9-grade d loca l System s o n U  corne s equippe d wit h * , an d 
Hom; we not e tha t 

( V 1 ® V 2 ) W =  2 a + e =  c o ( V l ) Œ 0 ( V 2 ) e 

V * O J ( U ) =  ( 0 e *  -  co ^^u))-1-, J _ bein g th e annihilator . 

Of cou r s e H o m ( V i , V 2 ) s  V * » * 0 V 2 , an d i f h  e  H o m ( V i , V 2 ) i s repre -
sented b y th e matri x (hJT) , the n h  e  Ho m ( V 1 , V 2 ) ^ i f an d onl y i f ha x =  0 
when < J - x  =* = co. I f U  = S1 , the équivalenc e V  — > V(u ) i s compatibl e wit h 

*, an d Hom . 

Given a  iD-grade d loca l Syste m V  o n th e ope n se t U  < z S 1 on e ca n 
introduce th e s u b s p a c e s V(w) w o f V(w ) ( w e  il ) define d as  follows : 

V ( w ) " =  V(w) w 0  0 w'<w 
V (w) w' 

It is then clea r tha t on e h a s th e followin g properties : 

(i) {^(w ^JcoejsKw) isafiltration : co<wco ' = > V(w)<* > c : V(w)<*> ' 
(ii) i f s  i s a  loca l sectio n o f V  an d s(v ) e  V(w)w , the n s(w' ) e  <ir(w,) w 

for ai l w * sufficientl y clos e t o w . 

We cal l thi s th e JS-filtration induced by the <© - gradation. A n arbitrar y loca l 
System V  o f finit e ran k o n U  issaidtobe  J$)-filtered i f it s stalk s V(w ) ar e fiI -
tered b y J9(w ) an d locall y o n U  thi s filtratio n i s induce d b y a  JS )-gradation. 
This m e a n s tha t propertie s (i ) and (ii ) above ar e satisfied , an d tha t fo r eac h u  e 
U, ther e i s a n ope n ar c W  an d th e structur e o f a  <©-grade d loca l Syste m o n th e 
restriction o f V  t o W  suc h tha t fo r ai l w  i n W , 

V ( w ) « =  V(w) w 0  0 w'<ww 
V (w) w' 
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In othe r words , «©-filtere d loca l System s a r e obtaine d b y gluin g toge the r <© -
graded loca l System s takin g ca r e t o préserv e th e JSMiltration s o f th e latter . W e 
note tha t i f U  i s a n ope n se t o n whic h th e i9-filtratio n o n V  i s induce d b y a 
iD-gradation, an d fo r an y ope n ar c W  c  U  an d c o «  «©(W1 ) w e writ e V f W ' ) ^ 
(resp. VfW 'Jco) fo r th e s p a c e o f ai l sect ion s o f V o n W  tha t a r e i n V(w)<* > 
(resp. Vfw)^ ) fo r ai l w e W \ t h e n 

V(W')<*> =  V(W,)c a e e w'ww 
V(W)w' 

The categor y o f JS-grade d loca l System s i s equippe d wit h th e opérat ion s o f 0 , 
* , an d Ho m i n a  natura l manner . T o defin e t h è s e opérat ion s i n a n unam -

biguous wa y i t i s enoug h t o chec k tha t th e <£)-filtration s arisin g ou t o f th e loca l 
JS)-graded structure s o n V * , V1<££ ) V 2 , an d H o m ( V 1 , V2 ) ma y b e descr ibe d 
entirely i n t e rm s o f th e iD-filtere d structure s o n V , V1 f an d V 2 . Thi s i s s e e n 
easily fro m th e following : writ e Mco ) fo r the se t o f £  *  -c o suc h tha t eithe r £ < 
- c o o r 4  i s no t comparabl e wit h -  co ; then , 

V*(u)<*> =  (  Ze«*(u>) V(u)*)J -

( v i 0  v2)(u)<* > =  r Œ +  ^ <  w ( v i ( u ) ^ ® v 2 ( u ) ^ ) 

Finally, t h e subshea f H o m ( V 1 , V 2 ) 0 i s nothin g bu t th e subshea f o f < J s 
H o m ( V 1 , V 2 ) tha t p rése rve s th e filtere d structures ; thi s i s immédiat e fro m th e 
local identification s 

H o m ( V i , V 2 ) 0 =  ® 4 < 0 H o m ( V i , V2) ^ 

= O E < 0 Oo-w = e Hom (V1w, V2o) 

For an y ope n U  c  S 1 an d an y ISMiltere d loca l Syste m V  define d o n 
U w e shal l no w assoc ia t e a  J9-graded  loca l Syste m G r V  o n U  define d a s 
follows. Fo r u  €  U , an d c o «  JD(u) , 

(Gr V  )w(u ) =  V ( u ) ^ / 5 ^ . ^  V ( u ) « 

GrV(u) =  0 c o (GrV )oo(u) 
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If W  c z U  i s a n ope n ar c o n whic h th e JSMiltere d structur e o f V  ar ise s fro m a 
JS)-graded structure , the n fo r u  «  W , th e natura l ma p 

V(u) > ( G r V ) w ( u ) 

is a n isomorphis m whe n restricte d t o VOÛ(U ) . Thi s permit s u s t o transfe r th e JS) -
graded structur e o f V  t o G r V  o n W , an d regar d G r V  a s a  JS)-grade d loca l 
System o n W . I f we conside r anothe r J9 -graded structur e fo r V  o n W  com -
patible wit h it s JSMiltere d structure , sa y wit h component s wV(u ) (  u e  W) , ther e 
is a  uniqu e isomorphis m v — » (v ) o f Vo>(u ) wit h o o ^ u ) suc h tha t 

(*) v s  (v ) mo d Ew'<uw V(u)w' ( u E W). 

It i s clea r fro m (* ) tha t v  —> (v ) define s a n isomorphis m o f th e tw o JD-grade d 
structures o n th e restrictio n o f V  t o W  tha t induce s th e identit y o n G r V , 
showing tha t th e JS)-grade d structur e o f G r V  o n W  define d abov e i s indepen -
dent o f th e JS>-grade d structur e o f V  o n W  use d i n it s construction . Th e a s -
s ignment 

V >  Gr V 

is a  covarian t functo r fro m th e categor y o f JSMiltere d loca l System s o n U  t o th e 
category o f «©-grade d loca l System s o n U . 

Obse rve tha t th e JSMiltere d loca l Syste m assoc ia te d t o G r V  wil l i n 
gênerai b e onl y locally isomorphi c t o V  o n U . Indeed , i t i s clea r tha t fo r an y 
u «  U  ther e i s a n ope n ar c W  c : U  containin g u  an d a n isomorphis m a  o f 
V wit h G r V  a s JSMiltere d loca l System s o n W  suc h tha t fo r w  m W, C J e 
JS)(w), v e  V(w)<*> , 

cc(v) =  [v ] + .. . 

where [v ] i s the imag e o f v  i n ( G r V ) w ( w ) an d +.. . ar e term s i n (G r V  )w-(w ) 
with C J * < w eu. W e cal l suc h isomorphism s admissible . 

S u p p o s e V o isa  JSMiltere d loca l Syste m o n U  e  S 1 . I f V  i s a  JSMil -
tered loca l Syste m o n U , a  marking o f V  (b y V Q ) i s a n isomorphis m 
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£ :  Gr V  =  G r V 0 

W e shal l s a y tha t V  i s marked an d writ e X ( V o ) fo r th e se t o f ai l isomor -
phism c l a s s e s o f marke d pair s ( V , wher e ( V , £ ) an d ( V , {' ) a r e isomor -
phic i f there i s a n isomorphis m j  ( V >  V ) suc h tha t 

£'<>Gr(j) =  t 

T h e se t 2 ( V o ) h a s a  cohomologica l descriptio n whic h w e shal l no w 
elucidate. Fo r thi s purpos e w e introduc e th e shea f 9 o =  9 ( ^ o ) o f g roup s o f 
g e r m s o f au tomorphism s o f th e JD-filtere d loca l Syste m V o tha t induc e th e 
identity o n G r Vo -

LEMMA 4.6. 1 If the class of ( V , O  lies in <E(V0 ) and u  e  U , we 
can find an open arc W  c : u  containing u  and an isomorphism x  of V  with 
V o on W  such that x lies above £, /. e., Gr(x ) =  £ . 

P R O O F I f w e c h o o s e W  containin g u  an d admissibl e isomorphism s 
a o f V  wit h G r V an d a o o f V o wit h G r V o o n W , an d tak e x  =  oco "~14«, 
then i t is clear tha t Gr(x ) =  4 . • 

PROPOSITION 4.6. 2 There is a canonical bijection 

¥ :  <£(V0 ) =  H1(U , V0 ) 

that takes the isomorphism class of (V o ,  id )  to the zéro élément . 

P R O O F Le t ( V , 4 ) b e a  marke d pai r whos e c las s i s i n «C(Vo) . B y th e 
above lemm a w e ca n fin d a  coverin g (Wj ) o f U  b y ope n a rcs , an d fo r eac h i , 
an isomorphis m x\ (  V s  V o )  o n W j suc h tha t Gr(xj ) =  £ . I f gj j = xjxp1 , (gjj ) 
is a n 1 -cocycle fo r th e shea f 9o - W e leav e i t to th e reade r t o mak e th e routin e 
vérification tha t th e cohomolog y c las s o f thi s cocycl e d é p e n d s onl y o n th e iso -
morphism c las s o f ( V , O  an d tha t th e ma p ¥  :  <C(Vo ) s  H1(U , Vo ) thu s de -
fined t a k e s th e c l a s s o f ( V o ,  i d )  t o th e zér o élément . I f ( V \ O  i s anothe r 
pair, (xf ) th e assoc ia te d isomorphisms , an d i f x f xp 1 =  C j XJ XJ~1 Cj_1 wher e c\ 
are sect ion s o f 9 o o n W j ,  we hav e Xi-Tci^X} ' = xp1cp1Xj " o n WjnWj , s o tha t 
there i s a n isomorphis m t  ( V s  V ) coincidin g wit h x^1Cj-1Xj , o n W j fo r ai l i . 
This prove s tha t ¥  i s injective . Fo r provin g th e surjectivit y le t (gjj ) b e an y 1 -
cocycle fo r 9o - W e writ e V QJ fo r th e restrictio n o f V Q t o W j an d glu e th e 
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s h e a v e s Vo i alon g th e intersection s WjnW j vi a th e identification s v — > 9y(v ) 
of Voj(u ) wit h VOi(u) , u  «  WjnW j (  v e  Voj(u)) ; thi s i s jus t th e twisting o f th e 
sheaf V o b y th e cocycl e (gy ) (cf . Il , §1) . Th e cocycl e identifie s sho w tha t th e 
gluing p roces s i s self-consisten t an d lead s t o a  loca l Syste m V  an d isomor -
phisms 9 j (  Vj =  Vo i ) , V j bein g th e restrictio n o f V  t o Wj . V  i s naturall y «© -
filtered s inc e th e g y préserv e th e filtration . Sinc e Gr(gy ) =  1 , ther e i s a n iso -
morphism £  (G r V  s  G r V o )  suc h tha t Gr(8j ) =  ç  o n W j fo r al l i . Since g y = 
8j e p 1, the cocycl e (gy ) correspond s t o the pai r (V , £ ) . • 

4.7 Followin g Delign e w e shal l no w introduc e th e basi c functo r 

TSo >  category o f <©-filtere d loca l System s o n S 1 

For an y ope n se t U  c i S 1 le t u s conside r th e ass ignmen t tha t t ake s ge rm s o f 
holomorphic pair s (V , V ) define d o n s o m e secto r r ( U ) c t o th e loca l Syste m 
%(V, V ) define d o n U  o f germ s o f sectoria l horizonta l sect ion s o f (V , V) . Thi s 
ass ignment i s a  full y faithfu l functo r compatibl e wit h 0 , * , an d Hom . I f we tak e 
U =  S 1 an d conside r th e meromorphic pair s a t z  =  0 , i t i s necessar y t o giv e th e 
local System s %(V , V ) a n additiona l structur e t o maintai n th e full y faithfu l na -
ture o f thi s functor . W e shal l vie w %  =  %(V , V ) a s a  «O-filtere d loca l Syste m a s 
follows: fo r an y u  e  S 1 an d C J e  J 9 ( u ) , % w i s defined b y 

V E Hw<=> e x p ( -
z 

u 
u># dz ) v(z) =  O(lzl-N ) ( D 

for s o m e intege r N  >  0  an d som e secto r T containin g u ; th e O  refer s t o th e 
componen t s o f th e sectio n v  wit h respec t t o s o m e (every ) meromorphi c trivial -
ization o f (V , V) a t z  =  0 . 

PROPOSITION 4.7. 1 The {%(u) w }  define the structure of a JS>-fil-
tered local System on %(V , V) ; and the assignment 

germ of (V , V) >  % 

is a fully faithful covariant functor from t £n into the category of S$>-filtered local 
Systems on S 1 compatible with 0 , * , and Hom . Furthermore, under this cor-
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respondence, the sheaf St(V , V ) goes over to the sheaf 9 ( % ) of groups of 

germs of automorphisms of % that induce the identity on G r 

PROOF I t is obviou s tha t th e {W(u)<*> } define s a  filtratio n b y <©(u ) an d 
that i f v e % ( u ) w ,  the n v e ^u')** * fo r ai l i T sufficientl y clos e t o u . W e shal l 
now verify , usin g th e asymptoti c theor y o f §2 , tha t aroun d an y u  e  S 1 thi s filtra -
tion i s induce d b y a  J9-grade d structure . Fi x u  e  S 1 . The n (cf . §3.2 ) w e ca n 
find a n ar c W o < = S 1 containin g u  an d a n asymptoti c trivializatio n o n r ( U ) e 

of (V , V) suc h tha t V<j/d z =  d/ôz -  B  wher e th e matri x B  i s a  canonica l for m 

B=Ewe E w#1 & P o o + Z - 1 0 C . 

If we fi x a  branc h o f lo g o n r ( W o ) w e ca n identif y % ( W ) ( W c W o an y ope n 
arc) wit h th e s p a c e o f U-value d analyti c function s o n T(W ) suc h tha t 

du/dz =  B(z) u 

on T(W) . Clearl y 

%(W) =  0 a , %oo(W ) 

where , fo r c o e  i , 

^oo(W) = exp(( 
z 

u 
c j # d z ) + lo g z . Co)) v :  v s  {Jœ 

and %co(W ) =  0  fo r c o $  Z . W e shal l no w sho w tha t fo r an y C J e  J9(u) , 

%(W)w = ttco(W) 
® ® . V % W ' ( W ) ' 

Obse rve tha t i f u  i s suc h a  horizonta l sectio n s o a r e th e P <jU. Henc e th e 
% ( W ) W a r e s tabl e unde r th e P a s o tha t i t i s enoug h t o prov e th e following : 
K 9 ( W ) c  % ( W ) W i f a  =  (x> o r i f c < w w , an d % a ( W ) n  %(W)<* > = o  otherwise . 
The firs t relatio n i s obvious . Fo r the second , i f v  belong s t o th e intersection , w e 
have, fo r som e t  e  V a , 
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e x p ( -
z 

u 
u)# dz)v(z ) =  exp ( 

z 

u 
(j#-co#) d z +  lo g z  .CCT) t 

is o f modera t e growt h o n T(W) . Henc e exp ( 
z 

u 
a#-u>#) dz) t i s o f modera t e 

growth o n r ( W ) . B y th e assumptio n o n w e ca n fin d a  nonempt y ope n ar c 
W < = W suc h tha t C J <  w' s o tha t 

lz|N Re ( 
z 

u 
Œ#-CO#) dz ) — > o o (  z e  r (W') , z  —> 0 ) 

for an y N  >  0 . S o exp ( 
z 

u 
CT#-CL)#) dz) . t  ca n b e o f moderat e growt h onl y whe n 

t = 0, Le. , v  = 0 . 

The ass ignmen t 

germ o f (V , V) »  %(V , V ) 

is clearl y functoria l an d compatibl e wit h 0 , * , an d Hom . W e shal l no w verif y 
that i t is fully faithful , Le. , the map s 

Morph (  (V, V) , (V1 , V) )  >  Morph (  %(V, V) , %(V \ V ) ) 

a re bijections . Bu t i n vie w o f th e compatibilit y wit h Ho m thi s corne s dow n t o 
proving tha t i f TU v i s th e s p a c e o f ge rm s o f meromorphi c sect ion s o f (V , V) , 
the natura l ma p 

TTlv > H 0 ( S 1 , %(V , V ) ) , 

which i s obviousl y injective , i s a  bijectio n o f Tïl v wit h th e s u b s p a c e o f sect ion s 
that li e i n %(V , V) ° everywhere . I f s  e  <jn >v. the n s(z ) =  0(lz|-N ) fo r som e N > 
0 a s z  — > 0 , s o tha t th e correspondin g sectio n lie s i n %(V , V) ° everywhere . 
Conversely, suppos e a  e  H °(S1, %(V , V ) ° ) . The n a  ar ise s fro m a  horizonta l 
section s  o f V  o n a  puncture d dis e a t z  =  0 ; b y assumptio n th e sectio n i s o f 
modera te growt h o n s o m e secto r aroun d eac h poin t o f S 1 an d s o i s a  mero -
morphic section . 
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It remain s t o détermin e wha t h a p p e n s t o th e S toke s sheaf . Le t u s fi x a 
meromorphic pai r (V , V) a t z  =  0  an d conside r a  horizonta l sectio n v  define d 
on a  secto r aroun d u  e  S1 . Clearl y v(z ) =  0 ( lz|-N ) fo r s o m e N  >  0  i f and onl y 
if v e H (u)° .  W e no w hav e th e following . 

LEMMA 4.7. 2 A horizontal section v  is flat if and only if v e %(u) ° 
and mapsto 0  in G r % ( u ) . 

PROOF Indeed , i f v  satisfie s th e latte r condition , then , wit h respec t t o a 
compatible <©-grade d structur e fo r %  nea r u , v  i s a  su m o f sect ion s v * e 
%(u)co', co f < u 0 ; this implie s tha t v  i s flat . Conversel y suppos e tha t v  i s flat . 
Then proceedin g as  abov e wit h Vd/d z =  d/d z -  B , i t suffices t o sho w tha t P a v = 
0 i f o r is no t <  u  0. Bu t 

PoV= exp( 
z 
a# d z +  lo g u  z  ) t 

for s o m e t  e  Va ; i f this i s flat, w e fin d as  befor e tha t t  =  0  o r Pff v =  0 . • 

To complèt e th e proo f o f th e prpositio n w e appl y thi s lemm a t o th e en -
domorphism bundl e E  t o ge t th e followin g :  L  e  %o(End(V))(u ) <= > L  pré -
se rves th e filtratio n o f %(V)(u ) an d induce s 0  o n G r % ( V ) . Sinc e 

St(V)(u) «  1  +  tt0(End(V))(u), 

the las t assert io n concernin g St(V)(u ) follow s a t once . • 

To formulat e Deligne' s theore m w e introduc e th e followin g diagra m : 

TSo >  category of J9-filtered local Systems on S 1 

(D) s i formalization X 

T5oA > category of J9~graded local Systems on S 1 

We shal l sa y tha t thi s diagra m i s commutativ e fo r a  choic e o f a  covarian t functo r 
F representin g th e botto m arro w i f th e tw o composit ion s ar e naturall y équiva -
lent; th e functo r F  i s then calle d admissible . Not e tha t th e vertica l functor s ar e 
essentially surjective , an d ai l functor s ar e compatibl e wit h 6 § , * , an d Hom . 
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THEOREM 4 . 7 . 3 (Deligne) There are functors that make ( D ) 
commutative %and all of them are naturally équivalent. In particular, the functor 
h of Propostion 1.4. 6 is admissible (after a suitable identification of «Cc l with 

JB(1))-

W e shal l prov e thi s theore m i n the nex t paragraph . 

4.8 PROO F O F DELIGNE' S THEORE M W e begi n wit h 

LEMMA 4-8- 1 Every &-graded local System on S 1 is isomorphic to 
one that anses from a meromorphic pair (V,  V) . 

PROOF Le t V  b e a «0-grade d loca l Syste m o n S 1 an d let V(1 ) = U = 
0coeJS ) ( i ) U w .  Le t Pu , b e the projection s U — * U w .  Le t Z « s GL(U) b e 
such tha t m  e  Z  ac t s vi a Zm .  Le t Z  b e the set o f ail c o suc h tha t U w * 0 
and le t b  >  1  b e a n intege r suc h tha t C J # S D ^ c g t fo r c o e  z  ;  her e w e 
choose fo r the z 1 ^ " the branches tha t a r e equa l t o 1  a t z  = 1 . B y hypothesi s 
Z ac t s o n Z  throug h ji b an d 7f i s a n isomorphi m o f U W witt h U-I.CJ . W e 
now procee d as  i n the proo f o f Propositio n 1.4. 5 an d th e remark s followin g it . 
Since 3" b préserve s th e grading w e can selec t a  b- reduced endomorphis m C 
of U  preservin g th e grading suc h tha t =  exp(2ïribC) . W e now go over to the 
£-plane an d consider th e pai r (VÇ f Vç) wher e V ç i s the trivial bundl e CK X U 
and VÇtd/d s =  d / d ç- B~(ç) wit h 

B~(ç) = EwZEWc#.1 
0 P o > + ç - 1 0 b C . 

The discussio n loc . cit shows tha t ther e i s a meromorphi c pai r ( V i , V i ) a t z  = 
0 an d a  loca l isomorphis m h  o f it s pul l bac k t o C ç wit h th e pai r (Vç , Vç) 
around s  =  0 . W e wish t o sho w tha t V  i s isomorphic t o the JD-grade d loca l 
System define d b y (V i ,Vi ) . 

The horizonta l section s u  o f (V-|,Vi ) nea r z  =  1  ar e solutions t o du/d z 
= B-|(z)u ; takin g z  =  ç b an d v(ç ) = g(ç)u(z) , thi s équatio n b e c o m e s dv/d ç = 
B(ç)v(ç) . Henc e (cf . §4.7) the s p a ce W(Vi , V-|)(1) =  %(1) ca n be written as  th e 
direct s u m ®<x> ^ o o O) wher e % c o ( 1 ) i s the s p a c e o f U-value d function s o f 
the for m 
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Ua>,t(z) =  h(ç ) - iexp ( 
c 

1 
cjç#.d£ +  lo g ç  .  bCw)t ( t e  Uco ) 

If we observ e tha t h(ç ) =  0(lçl_N ) a s ç  — » 0 , w e ma y conclud e tha t t  —> u ^ t 
is a n isomorphis m tha t give s ris e t o a n isomorphis m o f V ( 1 ) wit h a s 
J9(1)-graded vecto r s p a c e s . Moreover , analyti c continuatio n aroun d th e circl e 
S1 i n th e z-plan e c h a n g e s th e solutio n u^.x t o th e solutio n 

h(eç) -1 exp ( 
c 

u 
1 .a>)ç#.dç +  lo g z .  bCw +  2mCc j ) t 

which simplifies , i n view o f th e relatio n h(ç ) h(eç)- 1 =  t(e ) =  T exp(-2ijiC) , t o 

h (ç ) - i exp ( 
c 

1 
(1 .co)ç#dç +  lo g ç . b  r c w ) t 

= h(ç) - i exp ( 
c 

0 
[1 . c j ) r#dr +  lo g z. bCi .oi )r t 

=u1.w1,vt 

This prove s tha t th e abov e isomorphis m commute s wit h th e Z -actions. Henc e 
the JS>-graded loca l Syste m o n S 1 o f (V , V) i s isomorphi c t o V . • 

W e shal l no w prov e tha t th e to p horizonta l functo r i s a n équivalenc e o f 
catégor ies . Sinc e i t i s full y faithfu l b y Propositio n 4 .7 .1 , w e nee d onl y prov e tha t 
it i s essentiall y surjective . Le t V  b e a  J9-filtere d loca l Syste m o n S 1 . B y th e 
above lemm a ther e i s a  meromorphi c pai r (Vo , Vo) suc h tha t G r V  i s isomor -
phic t o G r %  ;  here w e writ e %  fo r %(Vo , Vo) . Choos e a n isomorphis m t  o f 
Gr V  wit h G r tt e ) . Le t 9  b e th e shea f o f g roup s o f g e r m s o f sectoria l 
au tomorphisms o f %  tha t a r e multiplicativel y fla t a t 0 , p réserv e th e filtration , 
and induc e th e identit y o n G r % . Th e pai r ( V , t ) the n co r r e spond s t o a n 
é lément o c o f H 1 (S1, 9 ) b y Propositio n 4.6.2 . A s 9  i s canonicall y isomorphi c 
by Propositio n 4.7. 1 t o S t (Vo , Vo) =  St , o c define s a n a * o f H 1 (S1, St ) whic h 
in tur n cor respond s b y Theore m 4.5. 1 t o a  pai r ((V , V) , ç) . W e shal l sho w tha t 
%(V, V ) i s isomorphi c t o V . W e choos e a  finit e coverin g (Wj ) o f S 1 b y ope n 
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arcs an d isomorphism s X j o f (V , V) wit h (Vo , Vo) o n W j suc h tha t x, A = %  fo r 
ail i  an d th e cocycl e ( xjXj-*1) belong s t o a * . The n X j co r respond s t o a n 
isomorphism y j o f %(V , V ) wit h %(Vo , Vo ) o n Wj , an d i t i s obviou s tha t th e 
cocycle (y j yp1 ) belong s t o oc . But , a s y j yp 1 induce s th e identit y o n th e 
g raded loca l System , Gr(yj ) =  Gr(yj ) o n WjnW j fo r ai l i,j . S o ther e i s a n 
isomorphism f  ( G r % ( V , V ) s  G r %(V q , Vq) )  coincidin g wit h Gr(yj ) o n W j 
for ai l i . A s (  %(V , V) , t' ) an d ( V , t ) bot h defin e th e s a m e cohomolog y c las s 
oc, they mus t b e isomorphic . 

The constructio n o f admissibl e functor s fro m th e categor y o f differentia l 
modules ove r < y t o th e categor y o f <£>-grade d loca l System s o n S 1 i s no w ac -
complished wit h th e hel p o f th e followin g lemma . 

LEMMA 4.8. 2 Let (V , V ) be a meromorphic pair at z  =  0  with for
malization MA , and let H A be the space of horizontal éléments of M A . To any 
f s  H A we can then associate a unique f o e  H ° ( S 1 , G r t>G (V, V)o ) with the 
following propoerty : if U c 3 1 is an open arc and s  is a horizontal section 
of (V , V ) on U  such that s A =  f , then s induces f o on r ( U ) . Then the 
map f  —> f o is an isomorphism of H A with H°(S1 , G r %(V , V)0) . 

PROOF W e not e tha t b y Theore m 2.2.4 , i f U  i s sufficientl y small , ther e 
exixt s  wit h th e propertie s describe d above . I f S j ( i  = 1, 2 )  ar e tw o such , the n 
y =  s- i -  S 2 ~  0  ( r (U) ) an d so , b y Lemm a 4.7. 2 y  map s t o 0  i n G r % ( V , V) , 
so tha t s i an d S 2 induc e th e s a m e élémen t o f H°(U , G r %(V , V)o) . Thi s 
m e a n s tha t f  — > f o i s a  wel l define d map . It s linearit y i s obviou s an d it s 
injectivity i s als o immédiat e sinc e 0  i s the onl y fla t sectio n o f G r % ( V , V) o .  Fo r 
the surjectivit y w e suppos e tha t V  i s A e X  C N an d tha t Vd/d z «  d / d z - A ( z ) . 
Let u s no w conside r < p e  H°(S1 , (G r %)o ) wher e w e writ e %  fo r %(V , V) . W e 
can the n fin d a  finit e coverin g (Uj ) o f S 1 b y ope n arc s an d sect ion s S j o f V 
on r(Uj) e suc h tha t S j e % 0 anc | S j projectst o <P . I f Sj j = Sj - Sj , it follows fro m 
Lemma 4.7. 2 agai n tha t (  s y )  i s a n 1-cocycl e fo r th e shea f %o(V ) o f fla t 
sectorial horizonta l sectoria l sect ion s o f (V , V) . B y theore m 4.4. 1 th e coho -
mology c las s o f thi s cocycl e i s defined b y a n élémen t o f f  e  :  Sj _ s . =  \ . _  t j 
where t j i s a  hoiomorphi c ma p o f r(Uj) e int o C N an d t j -  f  (  T(Uj) ) . A s S j - t j 
= S j - t j ther e i s a  hoiomorphi c ma p u  o f th e puncture d dis e A e * int o C N 
such tha t u  =  S i — t j o n r(Uj) e fo r ai l i ; as u  i s o f moderat e growt h a t 0 , u  i s 
actuallyin D^cgt1 ^ - I f h  = f  + u, the n S j « t j + u  ~  h  (  r(Uj) )  fo r ai l i  s o t h a t 
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o =  vsi ~  v h (r(Ui)) , 

showingtha t h  e  H \ i t i s clear tha t < P i s associated t o h . • 

If we appl y thi s t o Ho m (  (V , V) , (V , V ) )  wher e (V , V) an d (V \ V ) a r e 
two pair s a t z  =  0 , w e ge t th e followin g corollary . 

COROLLARY 4.8. 3 Let (V , V ) and (V , V1 ) be meromorphic pairs 

at z  =  0 , M A and M, A their formalizations , and %  =  %(V , V ) ,  =  %(V \ V ) . 
Tften there is a bijection ~  (  p  — » p ~ ) , 

- :  Morp h (MA , M,A) — > Morp h (G r G r 

characterized by the following property : if U  is a sufficiently small arc and x  is 
a morphism from (V , V ) to (V \ V ) o n T(U ) that is asymptotic to p , f/?e/ 7 x 
induces p~ . 

To construc t admissibl e functor s w e procee d as  follows . Fo r eac h differ -
ential modul e ove r E  ove r choos e s o m e pai r ((V , V) , 4 ) wher e (V , V ) i s a 
meromorphic pai r a t z  =  0  wit h formalizatio n M A an d £  i s a n isomorphis m : 
MA s  E  .  Thi s i s possibl e i n vie w o f Propositio n 1.4.6 . I f E * i s ano the r 
differential modul e ove r < T an d ((V , Vf) f £* ) i s th e correspondin g se lec te d pair , 
p — > £f~1P £ i s a  bijectio n o f Morph(E , Ef ) wit h Morph(MA , M,A) , an d s o 
Corollary 4.8. 3 allow s u s t o assoc ia t e t o an y p  e  Morph(E , Ef ) a n é lémen t p 1 e 
Morph (G r OC , Gr %f ) (% f =  %(V \ V') ) define d b y p ' =  p  I t is then clea r 
that p  — > p ' i s a  bijection . I t i s no w quit e straightforwar d t o verif y tha t th e a s -
s ignment s 

E _ > Gr%(V , V) , p—- > p ~ 

define a n admissibl e functo r fro m TSQA t o th e categor y o f «©-grade d loca l Sys -
t e m s o n S1 . 

To complèt e th e proo f o f Deligne' s Theore m i t remain s t o sho w tha t th e 
functor o f Propositio n 1.4.5 , sa y h , i s th e uniqu e admissibl e functo r upt o natura l 
équivalence. Writ e " X fo r the functo r fro m TS o t o th e categor y o f «©-grade d lo -
cal System s o n S 1 obtaine d b y composin g th e to p horizonta l arro w i n (D ) wit h 
Gr. i t i s clea r fro m Propositio n 1.4. 6 tha t ther e ar e functor s K  fro m TSo A t o TS o 
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with M  »  K(M) a for al l M . I t is obviou s tha t th e followin g Lemm a i s sufficien t t o 
complète th e proo f o f Deligne' s Theorem . 

LEMMA 4 . 8 . 4 Let K  ( G O a —* Co ) be any functor with M  «  K(M) A 
for all M . Then F  is admissible if and only if F  «  X  o  K . This is true in par-

ticular for the functor M  —> Mcg t defined in §  1 .4 . 

PROOF I f F  i s admissible , w e hav e F(NA ) « X(N ) fo r al l N  e  t>o -
Hence F ( K(M)A ) «  M K ( M ) ) fo r al l M  e C0A . Bu t K(M) a )  «  M , and s o on e ha s 
F ( K(M) A ) «  F(M) , showing tha t F(M ) «  X(K(M) ) fo r al l M  e T50 . If conversel y 
we a s s u m e tha t F  «  X  •  K , we star t wit h F(NA ) *  X(K ( N a )) fo r al l N  «  Co -
But (K(NA)) A «  NA . an d so , b y Corollar y 4 . 8 . 3 , X ( K ( N A ) ) «  X ( N ) , showing tha t 
F(NA) «  M N ) , e. , F  i s admissible . 

We no w prov e tha t th e functo r M  —> Mcg t define d i n § 1 . 4 i s a  possibl e 
choice fo r the functo r K . Write , fo r an y differentia l modul e N  ove r .Tcgt » 

NC =  ^cgt ^CgkegN. Ncl(d ) =  C l 0 * N d , 

where Ci an d $  hav e th e s a m e meanin g as  i n § 1 . 3 . Her e w e ar e als o identi -
fying .Tcgt0 1 wit h #  s o tha t Xc l ge t s identifie d wit h «©(1) . But , fro m th e défini -
tion o f Mcg t i t is clear tha t 

H(Mdcgt)(CO =  H(Mcicgt)(<î>2) , 

so tha t 

MMcgt) «  H(Mdcgt(<î>2) ) =  h(M) . 

This finishe s th e proo f o f th e lemm a an d tha t o f Deligne' s theorem . • 
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5 EXAMPLE S 

5 . 1 I n thi s sectio n w e shal l d iscus s s o m e example s tha t i l lu strate man y o f th e 
t h è m e s t rea te d i n thi s paper . W e trea t t h e Besse l an d Whittake r differentia l 
équat ions an d ana lys e th e differentia l module s tha t the y giv e ris e to . Th e tw o 
cases ar e ver y similar , bu t th e Besse l theor y i s a  littl e simple r s inc e th e Besse l 
équation i s a  limitin g case  o f th e Whittake r équation . W e therefor e begi n wit h 
the Besse l équation . 

5.2 Th e B e s s e l c o n n e c t i o n s Th e Besse l differentia l équat ion s a r e 

y" + 1 
t y + ( 1 -

v2 
t2 ) =  o 

where v  e  C  i s a  comple x parameter . Th e équatio n i s considered o n ïï>1  an d 
it i s wel l know n tha t 0  an d o o a r e it s onl y singula r points , 0  bein g regula r 
and o o irregular . W e g o ove r t o th e assoc ia te d firs t orde r Syste m an d the n 
change ove r t o z  =  t~ 1 s o tha t z  =  0  become s th e irregula r singula r poin t an d 
oo regular . Th e resultin g famil y o f firs t orde r differentia l équat ion s i s 

du 
dz = Av(z)u, u(z ) = y ( t -1 ) 

y ' ( t - i ) 

whe re 

Av(z) =  z- 2 
0 - 1 

(1-v2Z2) z 

We als o déf i ne 

B =  z~ 2 i 0 
0 -  i + z- 1 1/2 0 

0 1  / 2 

The matrice s Av an d B  defin e connection s V v an d V B on th e trivia l bundl e 
V =  C 2 X C i n th e usua l manne r : 

Vv,d/dz =  d/d z -  A v ,  Ve,d/d z =  d/d z -  B  . 
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Actually V V an d V B ar e define d o n C 2 X P 1 an d w e ar e intereste d i n th e 
g e r m s determine d b y the m a t z  =  0 . Th e famii y o f connect ion s V V o n 
C 2 X P 1 i s cailed th e Bessel famiiy. B  i s a  reduce d unramifie d canonica l form . 

The fundamenta l fac t i s that th e Besse l famii y i s isoformal a t z  =  0 . 

LEMMA 5 -2,1 For any v the formalisations of (V , V V) and (V , V B ) 

are isomorphic . More precisely , let L  =  ^  _1 _  - J Then L e GL (2, C ) 

and there is a unique u v e  GL (2, C[[z]] ) such that 

uv(0) =  L , u v [Av ] =  B . 

Moreover, the famiiy (uv ) belongsto GL (2, C[v][[z]]) . 

PROOF I t i s a  trivia l calculatio n tha t 

L 0 - 1 
1 0 L-1 = i 0 

0 -  i 

If we writ e B v =  L[AV] , the n 

Bv =  D z - 2 +  Z-1 R +  K Q 

where 

D = i 0 
0 -  i , R  =  (1/2 ) 

1 i 
- i 1 . K 0 =  (v2/2 ) - i - 1 

- 1  i B 

It is no w a  questio n o f provin g th e existenc e o f a  uniqu e g v e  GL(2 , C[[z]] ) suc h 
that gV(0) =  1  an d gv[Bv ] =  B  ;  u v wil l then b e g v L . Th e existenc e o f g v i s 
an exampl e o f forma i splittin g o f a  differentia l modul e alon g th e spectra l sub -
s p a c e s o f th e leadin g coefficien t o f it s connectio n matri x tha t g o e s bac k t o th e 
beginnings o f ou r subject . Th e uniquenes s wil l follo w fro m th e fac t tha t th e au -
tomorphism grou p o f (V , V B) i s jus t thegrou p o f diagona l matrice s i n GL(2 , C) . 
The présen t situatio n i s howeve r sufficientl y simpl e tha t on e ca n d o thi s i n a n 
elementary manner . W e see k gv i n the for m 

gv = 1  +  zT ! +  z*T2 +  T k e  q,i(2 , C ) 

and wis h t o solv e uniquel y fo r a  diagona l matri x C  an d T k ( k >  1  ) s o tha t 
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gv[Bv] =  D z - 2 +  Z-1C. 

The relation s 

(1 +  zT-i +  .. . )(D z-2 +  Z - 1 R +  Ko) +  T- i +  2zT2 +  .. . = ( D z-2 +  Z-1C)(1 +  zT-| +  .. . ) 

yield th e recursio n formula e : 

[D.T-i] -  R - C 

[D,Tk + 2] =  Tk+ 1 R - C T k + 1 +(k+1)Tk+ 1 +TkK 0 ( k > - 1 , T 0 =  1) . 

Since D  i s diagona l wit h distinc t eigenvalues , th e s p a c e o f matrice s wit h 0  o n 
the diagona l i s th e rang e o f a d D , an d a d D  i s a n isomorphis m o n thi s range . 
Hence C  mus t b e (1/2)1 , th e diagona l par t o f R , and th e of f diagona l par t o f 
Ti i s the n determine d b y th e firs t relation . Suppos e tha t T i , .. . T k an d th e of f 
diagonal par t o f T k +1 a r e know n ( k >  0) . Equatin g th e diagona l par t o f th e righ t 
side o f th e secon d relatio n abov e t o zér o lead s t o a n équatio n o f th e for m 

(k +1 ) (diagona l par t o f Tk+i ) =  know n quantity , 

and so , a s k  >  0 , th e diagona l par t o f T k +  1  i s determined . Thu s T k + i i s 
known, an d th e of f diagona l par t o f T k +2 i s then determine d sinc e th e righ t sid e 
of th e secon d relatio n i s know n completely . Th e inductio n thu s g o e s forward . I t 
is moreove r easil y s e e n b y a  simila r inductio n tha t th e entrie s o f th e T k ar e 
polynomials i n v . • 

We conside r th e Stoke s shea f S t o f (V , V B ) . I f 

W(z)= e~i/z 0 
0 e ' / z , 

then fo r a n ope n se t U  c  S 1 , a  holomorphi c ma p g ( r ( U ) — > GL (2, C) ) be -
longs t o St(U ) i f and onl y i f 

(a) g  - 1  (T(U) ) 

(b) d  (ilr-"ig*)/d z =  0 . 

The ma p 
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g — > ^ - 1 g * 

thus défi  nés  a n isomorphis m o f th e shea f S t wit h th e shea f o f subgroup s o f 
GL(2, C ) fo r whic h th e grou p o f section s ove r a n ope n ar c U  i s the subgrou p o f 
ail h  =  (hjj ) e  GL(2 , C ) suc h tha t 

h n =  h2 2 =  1 , h12e -2i/z ~  0 ( r (U) ) , h2 1 e2i/ z -  0  (r(U) . 

The Stoke s line s ar e thu s th e ray s throug h th e point s z  =  ±  1 , an d th e stal k a t 
u e  S 1 i s canonicall y isomorphi c t o th e uppe r (resp . lower ) triangula r grou p o f 
matrices o f the for m 

1 U 
0 1 ï e sp . 1 0 

t_ 1 

for u  e  S1> + (resp . S1» - ) , th e uppe r (resp . lower ) semicircula r hal f o f S1 . W e 
thus obtai n a  shea f o f vecto r s p a c e s o f dimensio n <  1  o n whic h t  ±  ar e linea r 
coordinates . Th e cohomolog y H 1 (S1, St ) i s thu s a  vecto r s p a c e ove r C . I t 
followsfrom Propositio n 3.3. 2 tha t H 1 (S1, St ) i s tw o dimensional . T o describ e 
it explicitly w e us e th e coverin g C i : 

S1 =  U+ U L L ,  U ± =  S 1 \  {+1} , C i =  {U+ , U_}. 

Since H< > (U± ,  St ) =  0 , w e hav e 

H1 (Cl, St) =  H O (U+HU_ ,  St) -  H O (SL+, St ) X  H O (S""-, St) , 

and as  th e las t writte n s p a c e i s two dimensional , w e hav e 

H"» (S1, St ) s  H O (SL+, St ) X  H O (S*" -, St) . 

In particula r t + ar e linea r coordinate s o n H1(S1 , St) . 

The mai n poin t o f interes t i s o f cours e th e calculatio n o f th e Malgrange -
Sibuya isomorphis m *  tha t t ake s th e se t Tfl (V, V B ) t o H 1 (S1, St) . W e shal l 
now prov e tha t 

(MS) *(AV , uv ) =  ±  ( 2 cos 7cv , - 2 c os KV), 

91 



D. G. BABBITT, V S. VARADARAJAN 

where th e sig n ±  i s independen t o f v . B y Theore m 2.2. 4 w e ca n fin d isomor -
phisms xv , +  o f (V , V V ) wit h (V , V B ) o n sector s T± aroun d z  =  ± 1 suc h tha t 
xVi ±  ~  u v ( r + ) . O n th e othe r han d th e onl y Stoke s line s her e a r e th e ray s 
through z  =  ± 1 , and so , b y Propositio n 3.4.2 , xv , ±  ~  u v (r(U±)) . Moreover , 
a s th e stalk s a t z  =  ± 1 ar e trivial , the xV t + ar e uniquel y determine d b y 

xVt ± ~  uv (r (U±)), xv , ± [Av] =  B . 

A mor e précis e knowledg e o f th e xv , +  wil l clearly lea d t o th e déterminatio n o f 
the c las s *(AV , Uy). No w z1/ 2 xv , +  (z)-1ip(z) i s a  fundamenta l solutio n o f th e 
Besse l équatio n wit h spécifi e asymptoti c propertie s an d s o ma y b e compute d 
explicitly ( se e [W] , §15.2) . Howeve r w e ca n d o thi s (almost ) i n a  les s painfu l 
manner usin g th e symmetry propertie s o f th e Besse l connections . 

Let u s Write , for an y A  e  g,l (2, îT) , x  e  GL(2 , y ) , y  ( r — » GL(2 , C)) , 

AV(z) =  -A(-z) , Xv(z ) =  x(-z) , yv(z ) =  y(-z) . 

A simpl e calculatio n show s tha t i f 

W = 
1 0 
0 -  1 . S  = 

0 1 
- 1  0 , 

then 

Avv =  W[AV] , B v =  S[B] , S - 1 ^ S =  = 

and hence , a s S~1L W =  -  iL , the uniquenes s o f the xV | + show s tha t 

uv =  - iSuv v W , xV | T =  -iSxv , ±  v W (o n T(UT)) . 

The cocycl e associate d t o the coverin g C i =  {U+ , U_} i s the ma p 

g :  r(U+flU_) — > GL(2 , C), g(z ) =  xV i _(z) xv > +(z)-i . 

It follows fro m th e relatio n abov e linkin g xv , + an d xv , - tha t 

g(z) =  S  g ( -z ) - i S - 1 ( z e  r(U+nUL)) . 

It is thus enoug h t o détermin e g(z ) fo r z  i n on e o f th e sector s r (S1»±). Now , 
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g(z) =  - iSxV|+(-z)WxVf+(z)- i , 

and s o i t i s a  questio n o f relatin g xVi+(-z ) t o xV|+(z) . Now , i f z+1/ 2 dénote s 
the branc h o f z1' 2 o n T(U+ ) tha t i s 1  a t z  =  1 , 

z+i /2xv ,+(z ) - i*(z) 

is a  fundamenta l matri x o f th e connectio n Vv . So , goin g t o th e w-p lan e tha t i s 
a universa l coverin g o f Cz * vi a the ma p w  —> z  =  ew , w e see  tha t 

(*) F(w ) =  ew/ 2 xVj +(ew)~1 4>(ew) 

is a  fundamenta l matri x fo r th e équatio n 

du/dw =  ewAv(ew)u . 

This i s o f cours e initiall y define d o n th e domai n { w :  -n < lm(w ) <  n} b y (*) , 
and the n extende d t o th e whol e w-p lane . Th e monodrom y o f th e solutio n i s th e 
matrix M  e GL(2 , C ) define d b y th e relatio n 

F(w +  2i7i ) =  F(w)M . 

But, Av v =  W[AV] , an d so , a s w  —> w  +  \K correspond s t o z  —> - z , w e hav e 

dF(w +  i7c )/dw =  e w W Av(ew ) V\M F, 

so that , fo r som e M1/ 2 e  GL(2 , C) , 

F(w +  i7c> =  WF(w)M-|/ 2 

for al l w . Th e notatio n i s justified becaus e M1/2 2 =  M . Fro m thi s w e obtain , 

xVf+(zJ-i*(z) =  i W x v , + ( - z ) - ^ ( z ) - i M 1 / 2 - i ( -7 C < arg(z ) <  0) . 

So finall y ge t 

g(z) =  *(z ) (SMi/2-1)^(z)- i (-j e <  arg(z ) <  0) , 

a n d 

g(z) =  *(z ) (-SM1/2 ) ^(z)- 1 ( 0 <  arg(z ) <  TC)-
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Since 4 >""1(z) g(z)\p(z ) i s uppe r triangula r fo r 0  <  arg(z ) <  n i t follows fro m 
the secon d o f thèse  relation s tha t M1/ 2 mus t b e o f th e for m 

M1/2 = 
0 1 
- 1 > , 

T de te rmn e X  w e comput e M1/2 2 =  M , th e monodrom y o f th e fundamenta l 
solution considered . A  simpl e calculatio n give s 

tr(M1/22) =  * 2 - 2 , det(M1/22 ) =  1 . 

On th e othe r hand , tr(M ) i s independen t o f th e choic e o f th e fundamenta l solu -
tion ;  moreover , a s w e hav e remarke d a t th e beginning , th e Besse l connectio n 
Vv i s reall y a  globa l on e define d o n C 2 X  F 1 , an d i t i s wei i know n tha t it s 
monodromy a t z  =  0 0 i s the conjugac y c las s o f 

e2jciv 0 
0 e-2n\v 

As th e monodrom y a t z  =  0  i s th e invers e o f th e on e a t 0 0 an d h a s détermi -
nant 1 , w e fin d 

tr(M) =  2cos2rc v =  X^- 2 

giving 

\ =  ±  2  cos TCV. 

We no w observ e tha t th e un iquenes s o f xV i +, i n conjunctio n wit h Theore m 
2.2.1, implie s o f th e analyticit y o f g  i n v . Thi s i s a  spécia l case  o f th e gênera i 
resuit tha t w e shal l prov e i n II I tha t th e Stoke s c las s o f a n analyti c isoforma l 
famiiy o f marke d pair s i s analyti c i n th e parameter . S o th e sig n ±  abov e i s in -
dependent o f v . W e thu s finall y get , i n the coordinate s t ± , 

*(AV, u v )  =  ±  ( 2 cos KV, - 2 co s 7CV), 

the s ign s bein g independen t o f v . Th e sig n ca n b e determine d t o b e +  b y 
looking mor e closel y a t xv , ± (fo r on e v) , bu t w e shal l no t d o thi s here . 

The abov e formul a i s remarkabl e b e c a u s e i t show s tha t eve n fo r a n a/ -
gebraic famii y suc h as  th e (V , Vv ) th e ma p v  — > *(AV , uv ) ca n b e transcen -
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dental. Tha t thi s ma p canno t b e algebrai c ca n b e s ee n triviall y fro m th e fac t tha t 
its fibers ar e infinit é : 

(V, Vv) i s isomorphi c t o (V , Vv») <=> v +  v * o r v - v ' i s an integer . 

For determinin g th e isomorphis m c l a s s e s o f th e unmarke d pair s w e ap -
peal toTheore m 4 . 5 . 2 whic h give s th e bijectio n 

0(V, VB ) =  G B\H1(S1, St) , 

where G B i s th e grou p o f automorphism s o f (V , V B ). Sinc e B  i s a  reduce d 
canonical for m thi s i s a  subgrou p o f G L ( 2 , C) , an d i s i n fac t th e subgrou p o f di -
agonal matrices . W e us e th e bijectio n 

H"I(S1, St ) s  H ° (S1.+ , St ) X  H ° ( S 1 - , St ) 

to identif y H 1 (S1, St ) wit h C 2 vi a th e linea r coordinate s t ± .  Th e diagona l 
matrix diag(cc , p ) ac t s o n C 2 vi a 

(oc, p) , (t+ , t_) —> ( X t^, >- i t_ ) (\ =  ccp -1). 

The orbit s ar e 

Hc =  {t + t_ =  c } (c *  0} , H0> ± =  {t ± =  0}\{(0,0)} , {(0,0)} . 

The hyperbola e H c ( c = N 0) ar e stable i n th e s e n s é tha t the y hav e maxima l di -
mension an d a r e closed ; th e puncture d axe s Ho, ± ar e smoot h bu t no t stable . 
For th e se t o f stabl e orbit s w e hav e 

(GB\C2)stable s  C * . 

THe s p a c e o f smoot h orbit s o f dimensio n 1  i s no t separa te d ;  it i s th e comple x 
line wit h th e origi n doubled . Mor e precisely , i t i s obtaine d b y gluin g tw o copie s 
of C  alon g C * wit h th e identificatio n t  «  t . I f w e omi t on e o f th e puncture d 
a x e s w e obtai n th e s p a c e C . Th e interes t i n th e stabl e orbit s i s du e t o th e fac t 
that i n thei r neighbourhood s on e ca n construc t a  géométri e quotien t fo r th e ac -
tion o f th e grou p an d henc e a  modul i spac e fo r th e se t o f équivalenc e c l a s se s o f 
the meromorphi c pair s themse lve s (withou t an y markings) ; w e shal l see  thi s i n 
détail i n III . 
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Interestingly enoug h th e Besse l famii y d o e s no t fil l ou t th e orbi t s p a c e ; 
the orbit s Ho, ± ar e no t i n th e imag e o f th e Besse l famiiy . I f we defin e th e con -
nection V_ * o n C 2 X  F 1 b y V ^ d / d z =  d/d z -  A«-(z ) wher e 

A«_(z) =  z- 2 
i 0 
0 -  i + z -1 1/2 o c 

0 1 / 2 (« *  0) , 

then i t i s no t difficul t t o sho w tha t th e formalizatio n o f (V , V « _) a t z  =  0  i s iso -
morphic t o tha t o f (V , V B) an d tha t it s analyti c isomorphis m c las s g o e s ove r t o 
the orbi t H Q — T o see  thi s w e beigi n b y askin g whethe r w e ca n c h o o s e a n up

per triangular x  = 1 u 
0 1 snichthat x[A<*_ ] =  B , formally o r anlytically . A 

simple calculatio n show s tha t thi s i s possibl e i f an d onl y i f u  i s a  solution , for -
mal o r analytical , o f 

du/dz &  2 i z~2 u  -  o c z~1. 

In the forma i case  w e choos e th e solutio n 

uA =  S k >  1 oc(2i )"k(k-1)!zk. 

As befor e w e fin d uniqu e y±  analyti c o n r(U± ) suc h tha t 

y± ~ 
1 u A 
0 1 (r(U±), y ± [A«_] =  B . 

The correspondin g cocycl e i s uppe r triangula r fo r ail u  e  S 1 \  {±1} , no t jus t fo r 
u i n th e uppe r ar c S1-+ . Henc e t _ =  0 , showin g tha t th e orbi t correspondin g 
to thi s connectio n i s H o - . Le t u s no w defin e AK + an d V + b y 

A*+ =  S(A«_)vs- 1 ,  V«+,d/d z =  d / d z - A « + , 

then i t can b e show n tha t th e formalizatio n o f (V , Va+ ) i s isomorphi c t o tha t o f 
(V, V) an d tha t th e associate d orbi t i s Ho, + . 

Note tha t conjugatio n b y a  suitabl e constan t diagona l matri x t ake s A« _ 
to AP _ fo r an y ( 3 * 0 , an d so , th e isomorphis m c las s o f A * - i s unchange d a s 
oc —» 0 . Bu t whe n o c = 0 , A« _ =  B  whic h correspond s t o the orbi t {(0,0)} . I n 
other words , th e imag e i n th e orbi t s p a c e jumps fro m H o - t o {(0,0)} . Thi s i s 
the familia r jump phenomenon i n th e theor y o f déformation s an d show s tha t no 

96 



MEROMORPHIC CONNECTIONS AND THEIR STOKES PHENOMENA 

reasonable déformation theory exists for the pair (V , VB ) . A t th e point s corre -
sponding t o th e orbit s H c th e Besse l famii y i s locall y universal , essentiall y be -
c a u s e th e ma p v — > #(AV , uv ) i s a  comple x analyti c isomorphis m locally . 

The monodrom y a t z  =  0  o f V v i s obtainedby Computin g M -1/22 an d s o 
is the conjugac y c las s i n GL(2 , C ) o f th e SL(2 , C )-matrix 

M(v) = - 1 2  c o s K v 
— 2 CO S K V - 1 + 4 COS 2 K V 

This show s tha t V v an d V M ar e isomorphi c a t z  =  0  i f an d onl y i f they hav e 
the s a m e monodrom y there . Moreove r ai l the conjugac y c l a s se s o f déterminan t 
1 i n GL(2 , C ) occu r excep t th e c lasse s { - u : u # 1 an d unipotent } an d {(1)} . 
We ca n sho w tha t th e missin g nontrivia l c las s corne s fro m th e orbit s Ho, ± . 
Indeed, goin g ove r to t  =  1/z , Aa _ become s A ~ wher e 

A~ =  - t - 1 1 /2 a 
0 1  12 

-i 1 0 
0 -  1 

which i s o f th e firs t kind , henc e regular , a t t  =  0 . I t follows fro m [B V 1 ] (cf . ex -
ample (1 ) followin g Theore m 3.3.1 , an d Propositio n 3.11 ) tha t A ~ i s équiva -

lent unde r GL(2 , C {z}) t o the connectio n mari x -  t~ 1 112 a 
0 1 12 

and so , it s monodrom y i s the c las s o f 

exp(-27ti 1/2 < x 
0 1  12 = -  exp (-27ti V e x 

0 0 , 

Since thi s c las s i s it s ow n inverse , i t i s als o th e c las s o f th e monodrom y o f V* _ 
at z  =  0 . Fro m th e définitio n o f VK + i t is clear that it s monodrom y a t z  =  0  i s 
also th e s a m e c lass . So , uniike the Bessel connections , the two exceptional 

connections have the same monodromy but are not isomorphic at z  =  0 . 

5.3 TH E WHITTAKE R CONNECTION S T h è s e d é p e n d o n tw o p a r a m e -
ters k  an d m  an d ar e define d a s befor e o n C 2 X  P 1 . W e shal l b e intereste d 
in th e pair s define d a t z  =  0  b y thei r restriction s t o V  =  C 2 X  C . Th e differ -
ential équation s satisfie d b y the Whittake r function s ar e (  [WW], p  20 6 ) 
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(W) 
d2W 
dt2 + ( 1 - 4 m 2 ) +  4 k t - t 2 

4t2 W =  0 . 

If k  =  0 , m  =  v , an d t  =  2 ix , the n th e équatio n fo r W  =  t1/2 J goesoverto 
the Besse l équatio n fo r J v ( se e [WW] , p360). B y the Theore m o f Fuchs , t  =  0 
is regular , an d t  =  o o i s irregular . W e g o ove r t o th e firs t orde r Syste m an d th e 
variable z  =  t- 1 t o ge t th e équat ion s 

du 
dz 

= A(k, m)u , 

w h e r e 

A(k,m)(z) =  z - 2 ( _ l Y - X ) +  z-ik Y +  £ - m2 )Y. 

Here w e a r e usin g th e notation s 

H = 
1 0 
p - 1 , X  = 

fj 1 
0 0 Y = 0 0 

1 0 . 

If L  = 1/2 - 1 
1/2 1 then 

L ( - J Y - X ) L - 1 =  (1/2)H . 

We defin e th e connectio n V(k , m ) o n C 2 X  P 1 b y 

V(k, m)d/d z =  d/d z -  A(k , m) . 

Let 

B(k) =  (1/2)Hz~ 2 -  z- 1 kH . 

Then B(k ) i s a  canonica l for m an d define s a  connectio n Ve(k ) o n C 2 X  ïï>1  b y 
the usua l formula . W e hav e 

LEMMA 5.3. 1 The formalizations of (V , V(k , m) ) and (V , Vs(k) ) ai 

z =  0  are isomorphic for any k . More precisely, there is a unique u  =  u(k , m ) 
e GL(2 , C[[z]] ) such that 

u(0) =  L , u[A(k , m) ] =  B(k) . 
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Moreover, u  e  GL(2 , C [k, m][[z]]) . 

PROOF Thi s i s prove d essentiall y as  Lemm a 5.2. 1 an d s o w e omi t th e 
proof. • 

The meanin g o f th e parameter s i s thus clea r ;  in particular , fo r fixe d k , th e 
famiiy (V , V(k f m))m 6 c  i s isoforma l an d ((V , V(k , m)) , uv ) lie s i n 7ÏKV , Ve(k) ) 
for ai l m . 

For R  e  q,Z(2, Tf) (resp . r  e  GL(2 , D^ ) write 

R1 =  -R* , r t =  (H) * ( t =  transpose) . 

Then t  i s a n involutio n o n th e respectiv e s p a c e s , an d r[R ] =  S  <= » r^R1 ] = 
S1. A n eas y calculatio n show s tha t i f 

T = 0 i 
1 0 , S  = 

0 1 
- 1 0 , 

then, 

A(k, m ) =  T[A(-k , m )vt ] , S[B(k) ] =  -B(k) , B(k ) =  -B(-k)v . 

We introduc e th e functio n 

< P ( Z ) -  e x p ( - ( 1 / 2 ) z - i H ) . 

If St(k ) i s the shea f St(V , VB) , then , fo r an y ope n ar c U  c  S1 , g e  St(k)(U ) i f 
and onl y i f h  =  <p_1gc p =  (hy ) i s holomorphi c fro m T(U ) int o GL(2 , C ) tha t 
satisfies 

(a) v  h  cp -1 ~  1  (T(U ) 

(b) dh/d z +  [ h , - k z - i H ] =  o . 

The relatio n (a ) i s équivalen t t o 

h n =  h2 2 =  1 , eri/zh1 2 ~  0(T(U)) , e^zh2 i ~  0  (T(U)) . 

Hence, b y (b ) i f we fi x the branche s z  ±  2k o n r ( U ) , w e hav e 

hi2 =  C -|2Z-2k, h2 i =  C2 1 z2k (q j e  C) . 
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The stalk s o f St(k ) ar e trivia l a t z  =  ± i ;  if u  e  S1»r , the righ t hal f o f S 1 \  {i , - i } , 
<p-1St(k)(u)<p i s the grou p o f uppe r triangula r matrice s o f th e for m 

1 P 
0 1 p =  const . z~2k . 

For u  e  S1** , th e lef t hal f o f S 1 \  {i , - i } , cp ~1St(k)(u)cp i s th e grou p o f lowe r 
triangular matrice s o f th e for m 

1 0 
oc 1 oc =  const . z2k . 

The S toke s line s ar e th e ray s throug h z  =  ±  i . St (k) i s thu s a  shea f o f vecto r 
s p a c e s an d Propositio n 3.3. 2 show s tha t H 1 (S1, St (k)) i s tw o dimensiona l ove r 
C. I f U + =  S 1 \  { + i} , then th e coverin g C i =  {U+ , U_ } o f S 1 ma y b e use d t o 
compute H1 . W e have , a s i n the Besse l c a se , 

Hi(Sif St (k)) s  H O (S"M, St (k)) X  H ° (SV , St(k) ) s  Ck. + X  Ck ~ , 

where Ck» + ( resp . Ck» ~ )  i s th e on e dimensiona l s p a c e s p a n n e d b y th e 
b ranches o f z+2 k (resp . z~2k ) o n T (S1^) (resp . r(S1.r) . Althoug h B(k ) i s no t 
in gênera i reduced , i t is true tha t th e grou p G(k ) o f automorphism s o f (V , Ve(k) ) 
is th e diagona l subgrou p o f GL(2 , C) . Indeed , i f u  e  GL(2 , SF ) an d u[B(k) ] = 
B(k), the n u  i s diagonal , an d fixe s th e connectio n define d b y -z~1k H ;  thu s 
(du/dz)u~1 =  0 , sothat  u  i s constant . Th e actio n o f G(k ) o n H 1 (S1, St (k)) s 
Ck'+ X  Ck ~ i s ana logou s t o wha t i t i s i n th e Besse l case  ;  i f u  =  diag (oc, p ) 
and > i =  poc ~1,then u  act s b y 

(a, b ) —> (*a , >.-1b ) ( a e  Ck. + b  e  Ck. - ) . 

LEMMA 5.3- 2 There are unique isomorphisms 

x±(k,m):(V, V(k , m) ) s  (V , VB(k)) 

preserving the asymptotic structures oflevel 1  such that 

x±(k, m ) ~  u( k ,m ) (T(U±) . 

Moreover, if 6 = 
i 0 

0 -  i and T as defined above , then 

1 0 0 
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x_(k, m ) =  6- 1 x+(-k , m )vt t - 1 (o n T(U_) ) 

u(k, m ) =  ô-" » u(-k , m )vt t - I . 

Finally, x±(k , m ) and u(k , m ) dépendanalytically on k  anc f m . 

PROOF Th e existenc e o f x+(k , m ) follow s fro m Theore m 2.2 .4 whil e th e 
un iqueness follow s fro m Propositio n 3 .4 .2 s inc e r (U+ ) d o no t contai n mor e 
than on e Stoke s line . Th e relation s linkin g U ± follo w fro m th e uniquenes s an d 
the easil y verifie d formula e : 

6-1 x+H* , m )vtT-i[A(k, m) ] =  B(k) , Ô -1(L-1)1 T-1 =  L . 

Finally, the analyticit y i n k  an d m  follow s fro m Theore m 2.2.1 . • 

We defin e log + t o b e th e branc h o f th e logarith m o n r (U+ ) whic h i s 
i7c/2 a t z  =  i . Fo r any M  e End (C2) w e pu t z+ M =  exp(log + z . M) . Defin e 

F+(k, m ) =  x+(k , m)- i z*. - kH cp. 

Then F+(k , m ) i s a  fundamenta l matri x fo r th e connectio n V (k, m ) o n r (U+) . 
We no w associa t e t o A(k , m ) th e cocycl e define d b y the x±(k , m ) whic h ma y b e 
identified wit h th e ma p 

g(k, m ) =  x_(k , m ) x+(k, m)~ 1 

from r(U+nU_ ) int o G . B y Lemm a 5.3. 2 w e ge t 

g(k, m ) =  6- 1 x,.(-k , m )vt j - 1 x^(k , m )-i (o n r(U+nU_) . 

From thi s w e obtain , o n r (U+nu_) , 

g(k, m )vt =  6- 1 x+(-k , m)T(x+(k , m )vt)-i 

g(k, m )-i =  x^(k , m ) T ( M- k , m )vt)-i ô  . 

In particular , w e get , o n r (U+nu_) , 

g(k, m )Vi =  ô  g(-k , m )-i 6- 1 . 

The ide a i s no w to détermin e g(k , m ) i n terms o f F+(k , m) . Observ e tha t 
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x+(k, m ) =  z ^-kHcp F+(k , m)-" » . 

On th e othe r hand , i t is obviou s tha t 

(log+ z) v =  log + z  ±  \n ( z e S V or  z e S 1 ^ ) , 

and so , 

g(k, m)(z ) =  Ô - 1 z+. - kH exp(+ iickH ) < P(Z) (F+(-k , m )vt)- i T- 1 F+(k , m ) cp (z)-i z + 
kH 

according a s z e S 1 - r or  z e S 1 ^ . 

Let u s no w conside r th e direc t su m o f th e bundl e C 2 X F 1 wit h itsel f 
equpped wit h th e connectio n 

V(k, m ) -  V(k , m ) 0  V(k , m ) 

whose connectio n matri x i s 

A(k, m ) =  A(k , m ) 0  A(k , m) v . 

We g o ove r t o th e w-plan e coverin g Cz * vi a w— >z =  e w an d dénot e b y h ~ 
the lif t t o th e w-plan e o f the functio n h  o n th e z-plane . Pu t 

F~(k, m ) =  F+~(k , m ) 0  T  F+~(-k , m)* . 

In view o f th e relatio n A(k , m ) =  T  [A(-k , m)vt ] i t i s clear tha t F~(k , m ) i s a  fun -

damenta l matri x fo r A (k, m) . O n th e othe r han d th e matri x J  = 0 1 2 
1 2  0 

where 1 2 i s th e identit y endomorphis m o f C2 , ma y b e viewe d as  a n automor -
phism o f th e bundl e an d i t t akes V(k , m ) t o V(k , m) v b e c a u s e A v =  J [A]. 
Hence w e conclud e tha t ther e i s a n élémen t T e  GL(4 , C ) suc h tha t 

F~(k, m) v »  j  F~(k , m ) T. 

The diagona l natur e o f bot h F~(k , m ) an d F~(k , m) v implie s tha t T i s zér o o n 
the diagonal , i . e. , 

r = 0 r 1 2 
r 2 1 0 
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The previou s relatio n the n reduce s t o th e relation s 

F+~(k, m ) ( w - m) =  T  F+~(-k , m) t (w ) T2 i 

T F+~(-k , m )t ( w - ira ) =  F+~(k , m)(w ) T12 . 

From th e firs t o f thès e w e ge t 

T F+~(k , m )t ( w - \n) =  F+~(-k , m)(w ) T2i * 

leading t o th e identit y 

r21(k, m )t =  T12(-k , m) . 

Moreover w e als o ge t 

F+~(k, m)(w-2i7i ) =  F+~(k , m)(w ) r 1 2 r 2 i , 

so that , i f M  e GL(4 , C ) i s the monodrom y o f F+~(k , m ) define d b y 

F+~(k, m)( w +  2Î7c) =  F+~(k , m ) M , 

we have , 

M =  ( r12r21) - i , 

or, 

M(k, m ) =  r 2i(k , m)- 1 r 2 i ( - k , m) 1 ( t =  transpose) . 

Thèse relation s become , o n th e z-plane , 

F+(k, m ) ( - z ) =  T F + ( - k , m ) t ( z ) r 2 1 , T  F+(—k , m)1 ( — z) =  F+(k , m)(z ) T12 , 

for z  e  S 1 >z. Hence , 

F+(k, m)(z ) =  T  F+(-k , m )t ( - z ) T2 1 ( z « E SV ) . 

Substituting thi s i n the formul a fo r g(k , m ) w e obtai n 

cp(z)-ig(k, m)(z)cp(z ) =  Ô~ 1 z+~ kH e~ j *kH r2 1 z+k H ( z e  S V ) . 

But the lef t sid e i s the matri x 
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1 p 
0 1 

p =  const . z~2k , 

so tha t w e ge t th e identit y 

r2i(k, m ) = ieÎ7ck jeijc k c(|< f m ) 
0 - l e - ln k 

where c(k , m ) i s the constan t define d b y th e équatio n 

p =  c(k , m ) z + - 2 k . 

On th e othe r han d th e formul a linkin g th e va lue s o f g(k , m ) o n U + an d L 
shows tha t 

<p(z)-ig(k, m)(z )<p(z) =  6- 1 <p (z)-"»g(- k , m)( - z )tcp(z) ô  ( z e S U ) , 

which simplifie s t o 

cp(z)-ig(k, m)(z )cp(z) = 1 0 
- e-2'rckc(k,m ) z+2 k 1 ( z e S L * ) . 

From th e formul a fo r T 21 w e obtai n th e followin g formul a fo r M- 1 : 

M-1 = 
e2i7ck e 2 i ^ k c ( k , m ) 

c ( - k , m ) e~2iw k +  c ( k , m ) c ( - k , m ) 

In particula r w e see  tha t 

tr(M-1) =  2cos27c k +  c(k , m)c(-k , m) . 

On th e othe r han d M- 1 i s the monodrom y a t o o an d s o it s trace i s the trac e o f 
the monodrom y M * of th e origina l Syste m a t t  =  0 . No w th e connectio n matri x 
at t  =  0  i s 

A' =  - f 2 £ - m 2 ) Y - k H Y + ( X + j Y ) 

and a  simpl e calculatio n show s tha t i f y  = 
1 0 
0 t , the n 

y[Al =  Ct -1 +  C  = 
0 1 

7 - m 2 1 
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From standar d result s (cf . [B V 1] ) we the n fin d tha t 

tr(M') =  tr(exp(2ircC ) =  - 2 c o s 2 7 i m . 

Hence 

c(k, m)c(-k , m ) =  -  2  cos 2nm -  2  co s 2nk. 

Let u s identif y Ck, ± wit h C  usin g z+±2 k a s b a s e s . The n th e 
Malgrange-Sibuya ma p b e c o m e s 

(V(k, m) , u(k , m) ) —> ( - e"2'7 * c(-k, m) , c(k, m)) . 

The actio n o f G(k ) s  C * i s (a , b ) — > (*a , * -1b ) an d s o th e ma p takin g 
isomorphism c l a s se s o f pair s t o G(k)-orbit s become s 

[V(k, m)] 0 —> HC(m) , d(k , m ) =  e-2i* k ( 2 cos 2?i m +  2  cos 2jck) , 

([..]o refer s t o th e isomorphis m clas s o f thepai r define d a t z  =  0 ) a t leas t whe n 

(ST) d(k, m ) 4 = 0  <= > k  ± m  - 1 
2 # Z . 

When ±  m  e  z  -  k  + 
1 
2 we ca n onl y sa y tha t th e imag e o f [V(k , m)] o i s eithe r th e 

trivial orbi t {(0 , 0)} o r on e o f H Q,± .  Th e conditio n fo r stabilit y i s (ST) . 

To procee d furthe r i t i s necessar y t o mak e a  deepe r u s e o f th e propertie s 
of th e Whittake r functions , an d thi s corne s dow n essentiall y t o th e u s e o f thei r 
intégral représentations . W e shal l no w giv e a  brie f sketc h o f th e argument s tha t 
are neede d t o obtai n explicitl y th e Malgrange-Sibuy a ma p itself . Ou r mai n réf -
é rence i s [WW ] (pp . 337-346) . I t i s enoug h t o wor k wit h generi c va lue s o f m 
since th e Malgrange-Sibuy a ma p i s analyti c i n m . 

The differentia l équation s (W ) hav e a  basi s o f solution s Mk , ± m , wher e 

( M ) Mkï ± m  =  \±™ + V2e-V2{1 + } , 

where th e expressio n withi n {... } i s a n everywher e convergen t powe r sér ie s i n 
t whos e coefficient s ar e polynomial s i n k  an d m . Th e branc h t ± m  + 1/2 i s th e 
principal one , s o tha t i n reality , th e Mk , ± m  ar e function s o n th e w-plan e whic h 
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covers Cz * throug h th e ma p w  —» z  =  ew . I t is then immédiat e tha t th e mon -
odromy transformatio n correspondin g t o a  circui t aroun d t  =  0  i s given b y 

Mk,± m  ^-eiZiTumM k ±  m . 

Let u s write , fo r an y functio n h  o f w  ,  h v fo r the functio n define d b y 

hv(w) =  h( w +  irc). 

Then th e Mk , ± m  ar e relate d b y Kummer' s formulae ( [WW] , p 338 ) : 

M - k , m v =  e^( m +  1/2 )Mk,m. 

For studyin g th e behaviou r a t t  =  o o o r z  =  0  on e u s e s th e function s 
Wk, m  whic h ar e define d throug h certai n contou r intégrai s ([WW] , p  339) . Th e 
intégral représentatio n lead s t o a n asymptoti c expansion , whil e a  secon d inté -
gral représentation , goin g bac k t o Barnes , allow s on e t o détermin e th e relation s 
between Wk , m an d Mk , ± m  ([WW], pp. 343-346) . Thu s w e have , 

Wk,m = 
T ( - 2 m ) 

r ( - m - k +1/2) Mk,m + 
T(2m) 

r ( m - k + 1 / 2 ) Mk, - m , 

a n d 

Wk, m ~  t  k  e-1/2 { 1 + } , ( t =  ew , ll m wl <  TC , R e W  — > oo) . 

On th e othe r han d W - k , mv i s als o a  solutio n o f (W ) an d s o w e hav e 

eikjcw_k>mv ~  t "ke t /2{i +  } , ( t =  ew , -2n <  Im w <  0 , R e w — > oo) . 

T h è s e relation s ma y o f cours e b e differentiate d formall y wit h respec t t o t , an d 
so w e ge t th e followin g asymptoti c expansio n o f a  fundamenat l matri x fo r (W) : 

G = Wkm e i k * W - k m v 
Wkm' e»k * W . k m v - H(t ) 

tk e - t /2 o 
0 t k e t / 2 C =  d/dt ) 

H(t) -
1 1 

- 1 / 2 1/ 2 + ^  GL(2 , C[[1/t]] ), 

for th e régim e 

- n < I m w <  0 , R e w  — > oo , t  =  ew . 
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Let u s no w go ove r t o z  =  1/ t whic h correspond s t o makin g th e t rans -
formation w — > -  w  s o t h a t z  =  e_w . Writ e 

R(w) =  G ( - w ) . 

Then 

R(w) ~  K(z ) z - k e - 1 / 2 z o 
0 z k e 1 / 2 z (z —> 0 , 0  <  arg(z ) <  71;), 

where K  i s asymptotic to an élémen t o f GL(2 , C[[z]]) i n the s a me sector . A s 

1 1 
-1 /2 1/ 2 = L~1 , we have , 

z - k e - l / 2 z o 
0 z k e 1 / 2 z R(w)-1 ~  Ki ( z —> 0 , 0  <  arg(z ) <  n), 

where K i E  GL(2, C[ [Z ] ] ) an d K-|(0 ) =  L . Sinc e R  i s a fundamenta l matri x fo r 
V(k, m ) i t follows tha t th e gauge transformatio n abov e mus t b e the s a m e as  th e 
x+(k, m ) w e hav e bee n workin g wit h earlier . Bu t then, a s 

F+(k, m) =  x+(k,m)-iz +-kHcp, 

we have , 

F+(k, m)(z ) =  R (w) ( z =  e ^ e  r<U+)) . 

Let M  b e as  befor e th e monodrom y o f F+(k , m) s o tha t R( w + 2\n) = 
R(w) M  whic h lead s t o the relatio n G ( w +2i7c) =  G(w ) M-1, showing tha t M~ 1 
is the monodrom y o f G . O n the othe r han d th e relatio n betwee n Wk , m an d the 
Mk, ± m implie s the following relation : 

iktW_k,mv= r ( - 2 m ) 
r ( - m + k + 1 / 2 ) 

eiîc(m + k + 1/2) Mk , m + 

T(2m) 
r (m+k+1 /2 ) 

ei7i(-m + k + 1/2) Mk, -m -

Hence, i f 
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M = Mkm M-k m 
M'km M'k- m 

we have , 

G =  M r , r  =  ( 3 ^ ) ^ , 2 , 

where , 

V11= 
T ( - 2 m ) 

r ( - m - k + 1 / 2 ) . ^1 2 = 
r ( - 2 m ) 

r ( - m + k + 1 / 2 ) 
e\n(m + k + 1/2) 

*21 = 
r ( 2 m ) 

r ( m - k + 1 / 2 ) ' J'22 = r g m ) 
r ( m + k + 1 / 2 ) 

eiw(-m + k + 1/2) 

H e n c e 

M-1= V-1 - e2i7c m 0 
n -  e-2\nm r, 

which gives , afte r a  simpl e bu t tediou s calculation , th e followin g formul a fo r M~ 1 
= (Mij)i,j -1,2 : 

M11 =  e2ik * M12 = 
2\n e2ik * 

r (m+k+1/2)r ( -m+k+1/2) ' 

M21 = 
2\n 

r ( m - k + 1 / 2 ) r ( - m - k + 1 / 2 ) ' M22 =  -  e2ik * - 2  co s 2nrm . 

If we compar e thi s wit h th e formul a derive d earlie r fo r M- 1 ,  we get , 

c(k, m ) = 2J7C 
r (m+k+1/2)r ( -m+k+1/2) " 

It follows fro m th e abov e formula e tha t th e cohomolog y c las s whic h i s the imag e 
of ((A(k , m) , u(k , m) ) unde r th e Malgrange-Sibuy a ma p i s represente d b y th e 
cocycle g(k , m ) attache d t o the coverin g C i =  {U+ , IL}: 

g(k, m ) = 1 

0 

2J7C 
r (m+k+1/2)r ( -m+k+1/2) z + " 2 k 

1 
( 2 « S l . r ) , 
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g(k, m ) = 
1 

-2irce-2ik* 
T (m-k+112)T (-m-k+1 12) 

z +  2k 

0 

1 (2 e  S U ) . 

T h è s e formula e allo w u s t o détermin e th e orbit s tha t aris e fro m th e con -
nections V(k , m) . Sinc e 1 /T(z) i s entir e an d vanishe s oni y a t th e point s z  = 
0, - 1 , -2 ,  we ge t th e followin g conclusions : 

2k £  Z  :  A H orbits excep t {(0,0) } arise . 

2k e  Z , k  <  0  :  A H orbits excep t Ho, + arise . 

2k e  Z , k  >  0  :  A H orbits excep t H o - arise . 

k =  0  :  Ai l orbit s excep t Ho, ± arise . 

5.4 GENERALKZATION S T h è s e calculation s hav e bee n general ize d i n a 
far-reaching manne r i n a  récen t wor k o f Duva l an d Mitsch i [DM] . Thei r objec t o f 
study i s the famii y o f differentia l équation s 

Dq>p = (-1 )q-p z i < j < p P +  MJ) - 1 <j<q ( d + v j -1 ) 

wher d i s the Eule r operato r zd/dz , an d M L »M p an d v i v q ar e com -
plex parameters . Whe n q  >  p  +  1  >  2 , th e associa te d connect ion s hav e a n ir -
regular singula r poin t a t o o an d thei r formalization s hav e onl y on e level , 
namely, 1/q-p . Th e reade r i s referre d t o thei r pape r fo r th e détail s involve d i n 
the calculatio n o f th e Stoke s multiplier s an d th e Malgrange-Sibuy a maps . 
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PART I I :  TH E COHOMOLOG Y O F STOKE S SHEA F 

1 COHOMOLOG Y O F GROUP S 

1 .1 Le t X  b e a  topologica l space . W e a s s u m e tha t th e reade r i s familia r wit h 
the languag e o f shea f theory , a s i n [G ] fo r instance . W e wor k wit h s h e a v e s o f 
sets an d group s whic h a r e no t necessaril y abelian . I f / A i s a  shea f o f group s 
(resp. sets ) o n X , /6 (U) o r HO(U,/Ô ) wil l dénot e th e grou p (resp . set ) o f s ec -
tions o f / ô o n U  .  I f U  an d V  ar e ope n se t s an d s  an d t  a r e tw o sect ion s o n 
U an d V  respectively , w e writ e s  =  t o n U  n  V  to mea n tha t s  an d t  hav e th e 
s a m e restrictio n o n U  n  V  . 

Let 9  b e a  shea f o f group s an d < T a  shea f o f se ts , bot h define d e n X  . 
We sa y tha t < T i s a  {left )  9  -sheaf i f 9  ac t s o n < T .  Mor e precisely , thi s 
m e a n s tha t w e hav e lef t action s o f 9 (U) o n <T(U ) fo r eac h ope n se t U c X 
that a r e compatibl e wit h th e restrictio n maps . W e the n hav e a n actio n o f th e 
stalk 9 (x) o n th e stal k £T(x ) fo r eac h x  i n X . W e regar d 9  i t s e l f a s a 9 - sheaf 
by lettin g 9 (U) ac t o n itsel f b y lef t translations . A  Q-torsor i s a  9 - sheaf < T 
that i s locall y isomorphi c t o 9 . i e . , ther e i s a  coverin g (Uj ) o f X  b y ope n se t s 
Uj suc h tha t th e restriction s o f < T an d 9  t o U j a r e isomorphi c a s 9 -sheaves 
for al l i . Torsor s generaliz e principa l bundles . 

1 . 2 . I f 9  i s a  shea f o f group s o n X , we writ e as  usua l 

H°(X, 9 ) =  9 (X) =  th e grou p o f section s o f 9  o n X . 

Let C i =  (Uj ) b e a n ope n coverin g o f X  .  Th e 1-cochains associa te d t o C i wit h 
values i n 9  a r e System s g  =  (gjj ) wher e gj j i s a  sectio n o f 9  o n U j n  UJ ; g  i s 
called alternating i f gj j gj j =  1  ;  g i s calle d a n 1-cocycle i f gj j gjkQk i =  1  o n 
Uj n  U j n  U k -  Not e tha t i f the coverin g i s suc h tha t all distinct triple intersections 

are empty, Le. , i f U j n  U j n  U k =  0 wheneve r i , j , an d k  ar e distinct , the n al l al -
ternating cochain s ar e automaticall y cocycles . Th e se t o f 1-cocycle s associa te d 

110 



THE COHOMOLOGY OF STOKES SHEAF 

to C i i s denote d b y Z(Ci , 9 ) . Th e coboundary group C(Ci , 9 ) associated to C i 
isthe fuit direct product o f the 9 (Uj) : 

C(Ci, 9 ) =  TT i 9 (Ui). 

We hav e a n actio n c , g  — > c[g ] o f th e coboundar y grou p o n th e s p a c e o f cocy -
cles give n i n the usua l manne r fo r c  =  (q) , g  =  (gy) , b y 

c[g] =  h  wher e h  =  (hy) , h  y =  q  g y Cj' 1 o n U j n  U j . 

The s p a c e o f orbit s fo r thi s actio n i s the cohomology associated to Ci : 

m (Ci , 9 ) =  C(Ci , 9 ) \  Z (Ci , 9 ) . 

The Syste m g y =  1  define s th e trivia l cohomolog y c las s 0  ;  thus H 1 (Ci, 9 ) i s a 
pointed set I f tf 3 =  (Va ) i s a n ope n refinemen t o f C i wit h refinemen t inclusio n 
V a <=Uj(a ) ,  we hav e induce d map s g  —• > g r o f Z(Ci , 9 ) int o Z(tfc , 9 ) an d 
c — > c r o f C(Ci , 9 ) int o C(fô , 9 ) give n b y 

9rocp =  9i(oc ) i(p ) o n U a n  U p t  c ^ =  q(K ) o n U a 

The firs t i s a  morphis m o f pointe d se t s an d th e secon d i s a  homomorphis m o f 
groups. I t i s immédiat e tha t c[g] r =  c r[gT an d s o w e hav e a n induce d ma p o n 
the cohomolog y s p a c e s H 1 (Ci, 9 ) —- > H 1 ( B , 9 ) . Thi s ma p i s independen t o f 
the refinemen t inclusio n chosen . Indee d i f V a c  Uj'(a ) i s anothe r refinemen t 
inclusion, w e hav e (wit h obviou s notation ) gr ' =  cfeT wher e c  i s the élémen t o f 
C(ft, 9 ) give n b y c * =  gp(a ) o n V K . 

A spécia l featur e o f firs t cohomolog y i s tha t th e refinement maps are al
ways injective. Mor e generally , w e hav e 

PROPOSITION 1.2, 1 If g , h e = Z ( C i , 9 ) and h ' =  c[gr ] for some c e 
C(fô, 9 ) ,  then we can find d  e  C(Ci , 9 ) such that h  =  d[g ] and d r =  c  .  In 
particular, the refinement map of the cohomology spaces is injective. 

PROOF Define , fo r indice s i , oc , 

djoc =  h j j((X) c a gj(a ) i  o n U j n  Va . 
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As h j ^ ) =  h j j(P) hj (p) j(oc ) ,  gi(0C) i =  9i (cc) i(p ) 9i(p) i  > ^i(p) i(oc ) ^ gî(oc ) i(p ) 
= c p o n U j n V a n  V p ,  we see  tha t dj a =  djp o n U j n  V a n  V p .  S o ther e ar e 
dj e  9(Uj ) suc h tha t d j =  djc ç o n U j n  V a fo r al l oc , i ; taking i  = i (oc) i n th e 
définition o f d j & w e see  tha t dj(cc ) =  c K o n V a .  S o hj j and djgjjdj" 1 restric t 
to th e s a m e élémen t o n U j n U j n  V œ n  V p ,  and henc e h  =  c[g . • 

As usua l w e defin e H1(X , 9 ) a s a n inductiv e limi t : 

H1 (X,9) =  l i m a Hl(Ci,9 ) • 

In vie w o f th e abov e propositio n eac h H 1 (Ci, 9 ) imbed s naturall y i n H1(X , 9 ) , 
so tha t w e ca n writ e 

H1(X,9) =  U  C i H1 (Ci, 9 ) • 

The coverin g C i i s called good i f H1(X , 9 ) =  H 1 (Ci, 9 ) .  Fro m ou r définition s i t 
is immédiat e tha t C (Ci, 9 ) ,  Z(Ci , 9 ) ,  HO(X , 9 ) ,  and H 1 (X, 9 ) a r e al l covarian t 
functors o f 9 -

PROPOSITION 1.2. 2 Let 9  be a sheaf of groups on X . Then the 
éléments of H" 1 (X, 9 ) classify the Q-torsors on X  .  More precisely, there Is a 
natural bijection from the pointed set of isomorphism classes of Q—torsors on 
X to the pointed set H 1 (X, 9 ) • 

P R O O F Fo r an y 9 -torsor V o n X  ,  selec t a n ope n coverin g C i =  (Uj ) 
of X  an d 9Hsomorphism s <p j : 9i ^  ST i ,  th e suffi x i  denotin g (her e an d e lse -
where) restrictio n t o U, . Th e identit y sectio n o f 9 j map s t o a  sectio n t j o f j 
and ther e ar e unique gj j e  9(U j n  Uj ) suc h tha t gj j [tj ] =  t j o n U j n U j .  Clearl y 
g =  (gjj ) i s a n élémen t o f Z(Ci , 9 ) . I t i s a  s tandar d vérificatio n tha t th e imag e o f 
g i n H1(X , 9 ) d é p e n d s onl y o n th e isomorphis m c las s o f 3 " an d no t o n th e 
choice o f ST , Ci , o r the cp j . I f ET , ST 1 a r e suc h tha t g'j j =  qgjjCj" 1 fo r suitabl e 
q e  9(Uj ) ,  on e ca n construc t a  global isomorphis m o f S T with T ' . Indeed , re -
placing tp j b y « pj <> r(q ) (r(q ) i s righ t translatio n b y q ) w e ma y a s s u m e tha t g'j j 
= gj j fo r al l I f 8 j i s the isomorphis m o f <T j with «T' j tha t t ake s t j t o f j ,  i t i s 
immédiate tha t 6 j =  9 j o n U j n  U j . Thu s th e 8 j a r e th e restriction s o f a  globa l 
isomorphism o f < T wit h ST 1 . I n othe r words , th e isomorphis m c l a s s e s for m a 
set, an d w e hav e a  natura l injectio n o f thi s se t int o H 1 (X, 9 ) . T o see  tha t thi s i s 
surjective le t g  =  (gjj ) b e a n élémen t o f Z(Ci , 9 ) . W e ca n defin e a  9 -torsor <T 
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by gluin g th e 9 j alon g th e U j n  U j vi a th e bijection s t  —- » tgjj(x ) o f th e stalk s 
9j(x) wit h 9j (x) , x  e  U j n  U j .  I t is easy t o chec k tha t th e resultin g 9 - to r so r £ T 
is the on e tha t give s ris e t o g . • 

COROLLARY 1.2. 3 The image of a Q-torsor in H1(X , Q) is 
trivial if and only if S T is trivializable , Le., if and only if admits a global 
section, if moreover HO(X , 9 ) =  0  ,  any such < T has a unique section, Le., < T 
is uniquely trivializable. 

PROOF Obvious . • 

If U  < = X  i s open , the n w e hav e a  natura l restrictio n ma p takin g 9 - t o r -
sors o n X  t o 9 -torsors o n U  .  Thu s w e hav e a  natura l ma p fro m H1(X , 9 ) t o 
H1 (U, 9 ) •  A t the leve l o f cocycle s thi s i s the ma p tha t associâ te s t o th e cocycl e 
(gjj) comin g fro m th e coverin g (Uj ) th e cocycl e g y =  (restrictio n o f gj j t o U  n 
Uj n  U j ) . 

COROLLARY 1.2. 4 Suppose C i =  (Uj ) is a covering of X  such that 
for any i  the restriction map H 1 (X, 9 ) > H 1 (Uj, 9 ) is the zéro map. Then 

Ci is a good covering. 

P R O O F B y assumptio n an y 9 -torsor £ T o n X  trivialize s o n U j an d 
hence i t follow s fro m ou r discussio n tha t th e cohomolog y c la s s assoc ia te d t o 
<T i s alread y represente d b y a  cocycl e fro m C i . • 

The géométri e interprétatio n o f H1(X , 9 ) furnishe d b y Propositio n 1.2. 2 
b e h a v e s wel l fro m th e functoria l poin t o f vie w als o .  Mor e precisely , le t 9 ' b e 
another shea f o f group s o n X  an d 9  — > 9 ' a  shea f morphis m .  The n th e 
corresponding ma p H1(X , 9 ) > H1(X, 9' ) ca n b e viewe d geometricall y a s 
follows .  Le t T  bea  9 - t o r so r o n X , an d le t u s identif y 9' , 9 , an d wit h thei r 
étale s p a c e s abov e X , wit h 9  actin g fro m th e righ t o n 9 ' vi a 9  >  9*. W e 
form th e fibr e produc t o n whic h 9  ac t s freel y fro m th e righ t vi a 
(9'» t) , g  >  (g'g , g~1[t ] )  an d defin e 3" " a s th e quotien t s p a c e fo r thi s actio n 
with th e quotien t topolog y .  Th e actio n h , (g\t ) >  (h g' , t ) o f 9 ' fro m th e lef t 
induces a n actio n o f 9 * o n ST" . I t i s eas y t o verif y tha t ST ' i s a  9 ' - torsor an d 
that th e ma p o f H 1 (X, 9 ) >  H1 (X, 9' ) define d b y S T >  <T f i s i n fac t th e 
natural ma p correspondin g t o th e ma p 9  >  9f . 
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If X  i s compac t on e need s t o wor k onl y wit h finit e coverings . I f X  i s no t 
compact thi s ma y no t b e enough . I n gênerai , i f T i s an y c las s o f ope n cover -
ings directe d wit h respec t t o th e refinemen t ordering , H 1 ;p(X, 9 ) wil l dénote th e 
union o f ai l the H 1 (Ci, 9 ) wher e C i run s throug h th e covering s fro m T. Clearl y 
under th e identificatio n o f Propositio n 1.2.2 , H1p(x » 9 ) cor respond s t o th e se t 
of isomorphis m c l a s s e s o f torsor s < T o n X  fo r whic h ther e exist s a  coverin g 
(Uj) fro m r  wit h th e propert y the t < T trivialize s o n th e U j fo r ai l i . 

1-3 Le t 9  b e a  shea f o f group s o n X  ,  and le t g  b e a  cocycl e fo r 9 . Ou r 
purpose no w i s to defin e a  shea f o f group s Q(Q) ,  the so-calle d twist o f 9  b y g  . 
W e shal l b e a  littl e mor e gênera i an d suppos e onl y tha t g  i s a  cocycl e fo r O1 , , 
0^ bein g a  shea f o f group s o n X  tha t contain s 9  a s a  normal subsheaf. 

Let u s writ e C i = (Uj ) fo r th e ope n coverin g suc h tha t th e cocycl e g  =  (gjj ) 
belongs t o Z(Ci , ST ) .  Le t 9 j b e th e restrictio n o f 9  t o U j .  Th e shea f 9 (9) i s 
then obtaine d b y gluin g th e 9 i alon g U j n  U j b y identifyin g th e stal k 9j (x) a t x 
e U j n  U j wit h th e th e stal k 9j (x) vi a the isomorphis m t — > gjj(x ) [t ] wher e u  [t ] 
déno t e s u t u " 1 .  I t is obviou s tha t 9 (9) i s locall y isomorphi c t o 9  an d tha t fo r 
any ope n U c X th e sect ion s o f 9 (9) o n U  ma y b e identifie d wit h familie s (SJ ) 
where S J e 9 (U n  Uj ) an d gjj[Sj ] =  S j on U  n  U j n  U j . I n particular , i f g  trivial -
izes o n U , ther e i s n o twistin g o n U , Le. , 9  an d 9 (9) a r e isomorphi c o n U . 
Indeed, i f gj j =  qcj"1 o n U  n  U j n  U j wher e q  ar e section s o f 9  o n U  n  Uj , th e 
isomorphism t ake s th e sectio n s  o f 9  o n a n ope n se t V c u  t o th e sectio n o f 
9(9) o n V  give n b y the famil y (q[s]) . I f c = ( q ) isi n C(Ci , an d h  =  c[g] w e 
have a n isomorphis m 8 C o f 9 (9) wit h 9(h ) tha t i s defined b y th e requiremen t 
that i t t akes th e sectio n (SJ ) o f 9 (9) o n U  t o the sectio n (q[sj] ) o f 9(h ) o n U . 
We chec k easil y tha t 6CC » = 8C»8C ' . I f tf c =  (VK ) i s a  refinemen t o f C i an d V a 
c Uj(0<; ) i s the refinemen t inclusion , an d w e replac e g  b y h  =  gr , w e hav e a n 
isomorphism cp r o f 9 (9 ) wit h 9O1 ) tha t t ake s th e sectio n (SJ ) o n U  t o th e 
section ( a a ) o n U  wher e GrocsSi(oc ) o n U n V a . I f U a c  Vj'(a ) i s anothe r 
refinement inclusion , k  =  gr ' ,  and <pr * i s th e correspondin g isomorphis m o f 
9 (9) wit h 9(k ) ,  w e hav e <pr » = 8 ^ < > cp r ;  here d  is i n C(ïft , 3 0 an d i s give n b y 
da; =  9i'(oc ) i(oc ) >  s o tha t k  = d[h ] .  I t is clear fro m thès e remark s tha t th e isomor -
phism c las s o f 9 (9 ) d é p e n d s onl y o n th e cohomolog y c las s o f g , sa y Z .  W e 
therefore ofte n writ e 9(^ ) instea d o f 9 ( 9 ) . 
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PROPOSITION 1.3. 1 Let ïf =  9  e  m  (X , 9 ) .  and let g  eZ(Ci , 9 ) 
represent Z. Then 

HO(X, 9*9 ) ) =  thestabilizerof gin C(Ci , 9 ) -

In particular H°(X , 9(y) ) =  0  if and only if the stabilizer of g  in C(Ci , Q) is triv

ial. 

PROOF Th e grou p H°(X , 9 ( 9 ) ) i s isomorphi c t o th e grou p o f ai t Sys -
t ems c  =  (q ) suc h tha t q  e  9(Uj ) an d gycjgjj" 1 =  q ,  Le. , to th e subgrou p o f al l 
c i n C(Ci , 9 ) wit h c[g ] = g. • 

REMARK Suppos e tha t HO(X , Q W ) ) »  0  .  The n th e shea f QW) itsel f i s 
canonically define d (no t jus t it s isomorphis m class ) .  Fo r i n thi s case  th e iso -
morphisms 9 ( 9 ) ^ 9 (h ) constructe d i n th e abov e discussio n ar e uniquely de
termined. Indeed , b y th e abov e resuit , whe n w e g o fro m g  t o h  -  c[g ] th e 
coboundary c  itsel f i s uniquel y determine d b y g  an d h  ,  s o tha t w e hav e a 
canonically define d shea f correspondin g t o th e choic e o f C l ;  when w e chang e 
over t o a  refinemen t tf c ,  the formul a cpr » = 8 ^ *  <pr show s tha t th e s h e a v e s a s -
sociated t o C i an d ar e canonicall y isomorphic . • 

Suppose no w tha t y  =  9  -  W e shal l no w sho w tha t give n an y cocycl e 
g fo r 9  on e ca n naturall y defin e a  twis t 25(9 ) o f an y 9 - s h e a f 33 , which wil l b e 
a 9 ( 9 ) -sheaf  define d upt o isomorphis m .  Le t C i =  (Uj ) an d g  =  (gjj ) b e a s 
before an d defin e th e shea f 53(9 ) b y gluin g th e 3S j an d 3S j alon g U j n  U j vi a 
the identificatio n t — * gjj(x ) [t ] o f th e stal k 3Sj(x ) wit h th e stal k 3Sj(x ) ,  for al l 
x e  U j n  U j .  Th e section s o f 5 3 ( 9) ove r a n ope n se t U  ar e familie s (Sk ) , 
Sk e  3S( U n  Uk ) ,  suc h tha t gk i [s| ] =  S k o n U  n  U k n  U | for al l k, l ;  if (gk ) i s a 
section o f 9 ( 9 ) »  it i s the n immédiat e tha t (g k [Sk] ) i s a ls o a  sectio n o f 
3S(9).Thus £ ( 9 ) i s a  9(9)-sheaf , an d £ — > £ ( 9 ) i s a  covarian t functor . A s 
before w e hav e isomorphism s 8 C ( £ ( 9 ) — » as(h) ) whe n h  =  c[g ] ,  and isomor -
phisms < p R ( £ ( 9 ) — - > £ ( h ) ) whe n h  =  g r , wit h th e s a m e relation s .  W e thu s 
obtain th e 9 ( ^ ) - s h e a f £ C ) define d upt o isomorphis m ,  the shea f itsel f bein g 
canonically determine d i f H°(X , 9 ( 0 ) =  0 , < T bein g th e cohomolog y c las s o f g . 

PROPOSITION 1.3. 2 Twisting by g induces a bijection of H1(X , 9 ) 
with H1(X , 9 ( 9 )) and takes Z to 0 , < T being the cohomology class of g . 
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P R O O F I t i s clea r fro m ou r constructio n tha t (33 , 9) i s locall y isomor -
phic t o (3 5 (9) ,  9  (9)) ,  and so , i f 3 3 i s a  9 - torsor , 3 3 (g) i s a  9 (g ) - to r so r . 
Twisting b y g  thu s define s a  ma p fro m H1(X , 9) t o H1(X , 9(fl)) .  Sinc e w e 
can replac e g  b y refinement s comin g fro m a  cofina l famil y o f coverings o f X  , it 
is sufficien t t o sho w tha t fo r any g  s  Z(Ci , 9) ,  twisting b y g  give s a  bijectio n 
H1 (Ci, 9 ) s  H1(C i , 9 (g ) ) . Le t 3 3 b e a  9 - t o r s o r wit h section s S j o n U j whic h 
a re relate d o n U j n  U j b y hjj[sj ] =  S j ,  h  =  (hjj ) bein g th e cocycl e tha t corre -
sponds t o 3 3 . Clearl y 33(g ) als o trivialize s o n the U j . W e shal l no w co m pute 
the cocycl e correspondin g t o the shea f 3 3 (g) -

To thi s en d w e shal l construc t section s fo r 33(g ) ove r the U j . Defin e th e 
family sj a = (Sjk) b y settin g Sjk = gki[Sj ] o n U j n Uk . A s Sj | =  gi k [sjk] o n U j n 
Uk n  U | , Sj A i s a sectio n o f 3 3 (g) o n U j ;  the cocycle correspondin g t o 33(g ) i s 
then give n b y the System h A = (hjjA ) wher e hjj A i s the élément o f 9 ^ ) (U j n Uj ) 
that satisfie s hjjA[SjA ] =  SjA o n U j n U j . A n eas y calculatio n show s tha t hjj A = 
(hjjk) i s given b y 

CO hy k -  g w hjj gjk • 

This i s the basi c formul a fo r our purposes. I f we take hj j = gjj her e ,  we see  tha t 
hijk -  1  » showin g tha t 33(g ) i s trivial as a  9 (9) - torsor .  Le t TT L b e anothe r 9 -
torsor represente d b y th e cocycl e m  =  (mjj ) ,  such tha t 3 3 (g) i s isomorphi c 
with Tïltà ) .  Writin g th e cocycl e fo r TÏL(9) a s mjj A =  (mjjk ) a s abov e ,  we 
have sect ion s q A = (qk) o f 9  (g) o n U j suc h tha t mjj A = qAhyACjA~1 o n U j n Uj. 
So mjj k -  q k hy k Cjk"1 o n U j n U j n Uk , or m y - di k hy djk"1 o n U j n U j n Uk, 
where dj k = gjk Cjk 9ki •  Tha relation s q i =  gw"1 Cj k gw impl y tha t dj | = djk o n 
Uj n  U k n U | § s o tha t ther e ar e sect ion s d j o f 9  o n U j that restric t t o dj k o n 
Uj n  U k ;  and we hav e mj j = dj h  y dj"1 o n U j n U j . Thi s prove s tha t 3 3 an d Tiï l 
are isomorphi c . 

It remain s t o establis h th e surjectivity . Le t mA = (myA) b e a  cocycl e fo r 
9 (g ) an d writ e my A =  (mjjk) . Defin e hjj k =  gj k mij k gk j o n U j n U j n  U k . 
Then a n ea s y calculation , ba se d o n th e relation s my k = gik" 1 mij l gi k show s 
that hy i = hyk o n U j n U j n Uk n  U | . S o there ar e h y i n 9 (Uj n Uj ) tha t restric t 
to th e hy k ,  and i t i s a n eas y matte r t o verif y tha t th e (hy ) defin e a  cocycl e h 
for 9  .  I t is obvious tha t the twist o f h  i s mA . • 
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DIRECT AN D INVERS E IMAGES . Le t X , Y b e topologica l spaces , an d f 
(X —> Y ) a  continuou s map . I f 9  i s a  shea f o f group s o r sets  o n Y  (resp . X ) 
its invers e (resp . direct ) imag e i s f *9 (resp . f *9 )  o n X  (resp . o n Y ) .  I f 9  i s 
on Y , (f *9)(x) =  9f (x)( x  e  x) î fo r °Pe n U  c  X , f*9(U) i s the se t o f continuou s 
maps s  o f U  int o the étal e spac e o f 9  suc h tha t s(x ) e  Qj(x) fo r al l x  e  u . I f 
9 i s o n X , then fo r any ope n V c Y , f *9(V) =  9 (f~1(V)). Le t u s no w suppos e 
that X  an d Y  ar e compac t metri c spaces , Y  i s th e s p a c e o f orbit s o f a  finit e 
group G  wit h a  free actio n o n X , an d f  (X —> Y ) i s locall y trivia l s o tha t eac h 
point o f Y  ha s a n ope n neighbourhoo d U  suc h tha t f  "1(U) s  G  X  U  ,  G actin g 
on th e firs t componen t b y lef t translation ; i n particular , f  ~"1(U ) =  ]_ [ geG U g 
where U g ar e disjoint , gU h =  Ug h ,  and f  (U g — > U ) i s a  homeomorphism . 
For a  shea f 9  o f group s o n X , (f *9)(U) =  ©  g e Q 9 (Ug) s o tha t w e hav e 
(f*9)(y) =  ©  f(x)= y 9(x ) •  Assum e no w tha t G  opérâ te s o n 9  compatibl y wit h 
its actio n o n X . Th e stalk s o f f *9 ar e stabl e unde r G , s o tha t th e subshea f o f 
invariants (f *9)G i s wel l define d .  Th e inclusio n (f *9)G *  • > f*9 give s a 
natural ma p 

i :  H- " (Y, (f *9)G) >  m (Y , f*9) • 

On th e othe r hand , w e hav e a  natura l imbeddin g j  :  H 1 (Y, f *9) «  >  H1 (X, 9 ) ; 
indeed, i f Ci y =  (vi ) i  s a n ope n coverin g o f Y , an d Ci x =  f *Ciy =  (Uj ) wher e 
Uj =  f  —1 (Vj), H 1 (Ciy ,  f*9) =  H 1 (Cix ,  9) •  S o w e hav e a  natura l ma p 

F =  j »  j  : H1(Y, (U9)G ) > m (X , 9 ) . 

Finally, a s G  act s o n 9 . i t ac ts o n H1(X , 9 ) also , an d w e writ e H1(X , 9 )G fo r 
the pointe d subse t o f it s G-invarian t é léments . I f %  i s a  shea f o f group s o n Y 
and 9  =  f*% , th e stalk s o f 9  a t point s abov e y e Y ar e canonicall y identifie d 
with %(y ) s o tha t w e hav e a  natura l actio n o f G  o n 9  tha t commute s wit h thi s 
identification; an d %  =  (f *9)G canonically . 

PROPOSITION 1.3. 3 Suppose HO(X , =  0  for all c e e  H1(X , 9 ) . 
Then j  is a bijection of H 1 (Y, f *9) with H1(X , 9 ) and F  is a bijection of 
H*i (Y, (f *9)G) with H1(X , 9 ) G - Iffurther 9  =  f * « as above, then H"»(S1 , % ) 
= H1(X , 9) G canonically. 
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P R O O F T o prov e tha t i  i s injectiv e le t u s conside r (i n th e notatio n in -
troduced above ) g, h e  Z (Ciy. (f *9)G) suc h tha t h  =  c[g ] fo r s o m e c  =  (q ) e 
C(Ciy> f *9) ;  it i s a  questio n o f provin g tha t q  e  9 (Uj)G fo r ai l i . Clearly , a s g y 
and h y a r e G-invarian t sect ion s o f 9  o n U j n  Uj , w e hav e e t [g ] =  h  als o fo r 
any t  e  G  ,  and s o ((e t )~1c ) [g ] = g . A s HO(X , G g ^ ) ) =  0  fo r o c =  [g ] , we con -
clude fro m Propositio n 1.3. 1 tha t (c * )~1c =  1 , i.e. , c * = c  .  I t i s obviou s tha t F 
m a p s int o H1(X , 9 ) G .  Suppos e no w tha t o c eH1(X , 9 ) .  W e shal l fin d a  cov -
ering C i y ° f Y  an d â g e Z(f *Civ, 9 ) tha t represent s oc ; this wil l prov e tha t j 
is surjective . T o thi s end , w e choos e a  G-invarian t metri c dist x  f° r X ; the n 
dist y  (y . y") •= dist x  ( f ~1 (y), f ~~1 (y*)) i s a  metri c for Y . Fo r any e  > 0 le t £>(e ) 
be th e coverin g o f X  b y ai l the ope n ball s o f radiu s e  .  A s X  i s compac t t hè s e 
coverings a r e cofinal . Sinc e G  ac t s freel y o n X , ther e i s a n EQ > 0  suc h tha t 
dist x  (x » t (x) ) >  8 q f° r a " x e X , 1 * t e  G , an d s o w e ca n fin d e , 0  <  c  <  ^sq , 
and a  cocycl e h  e  Z (Œ(e), 9 ) representin g o c .  I f B  i s i n t3 (e) it s transform s 
t [B] ( t e  G ) ar e disjoint ; i f By =  f(B ) the n f  -1 (By) =  J i t e Q t  [ B ] ,  and Ci y = 
{ B y I  B e TZ(e)} i s a  coverin g o f Y . W e ma y thu s vie w ££(e ) as a  refinemen t o f 
f*CiY vi a the inclusio n B c f - 1 ( B Y ) =  G[B] . I f B , BF ar e i n Œ(e) , G[B ] n  G[BF ] 
is th e disjoint unio n o f th e t  [ B ] n  f  [B1] an d s o ther e i s a  uniqu e sectio n o f 9 
over G[B ] n  G[B' ] tha t restrict s o n t  [B ] n  V [BF] t o the sectio n define d b y h  .  S o 
we obtai n a  cocycl e k  fro m Z(f *CiY, 9 ) tha t map s int o h  unde r th e refinemen t 
map .  Thu s k  represent s o c a ls o .  Suppos e finall y tha t o c i s invarian t unde r 
G .  Th e cocycl e k  constructe d abov e ma y no t b e invariant ; w e shal l no w sho w 
that i t can b e modifie d s o as  t o becom e invariant . I f t  e  G  ,  the transfor m k t wil l 
also represen t o c ,  i.e. , kt  =  q  [k ] fo r a  q  e  C(f *CiY, 9 ) ;  th e élémen t e t i s 
unique b e c a u s e H°(X , Qfa)) =  0  ,  exactl y as  i n th e earlie r proof . Le t u s no w 
write M  fo r C(f *CiY, 9 ) viewe d as a  G-module ; c  ( t —> q ) i s then a  ma p o f G 
into M  satisfyin g c-| = 1 , cs\ =  ( q ) s c s ,  i.e. , c  ~ 1 e  H 1 ( M, G ) .  W e shal l 
presently prov e tha t H 1 ( M, G ) =  0  ;  assuming thi s fo r th e momen t w e see  tha t 
there i s a  d  e  M  suc h tha t q  =  d t d  ~ 1 fo r ai l t  e  G  .  I f g  =  d  - 1 [k] ,  g  repre -
sents o c an d g t =  (d t )-1[k t ]  = d ~1(c tr1[kt ]  = <H[k] =  g . 

It remain s t o prov e tha t H 1 ( M, G ) =  0  .  Sinc e M  i s the complète direct 
sum o f th e G-module s M b = 9 (G [ B ] ) , i t is enoug h t o sho w tha t H 1 ( Mb , G) = 
0 fo r an y B . W e identif y M b wit h th e G-modul e o f m a p s fro m G  t o 9 ( B ) b y 
identifying th e ma p t  —> b\ wit h th e sectio n o f 9  o n G[B ] tha t restrict s t o (bt ^ 
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on t  [B ] ;  the actio n o f s~ 1 e  G  o n th e ma p t  —> fc>t  i s t o s e n d i t to th e ma p 
t —- > bs t .  Suppos e m a p s m s ( G — * 9 (B)) ar e give n suc h tha t m- j (u) =  1 , 
™st(u) =  nit(s" 1 u) ms(u) , s,t, u e  G  .  Le t d( G > 9(B)) b e th e ma p define d b y 

d(u"1) =  mu(1 ) .  The n 

d* (u-1 ) d(u"1 )-1 =  d( t "1 u"1 ) d(u-1 )"1 =  m  ^  ( 1 ) mu ( 1 )-1 -  m  t ( i H ) 

proving tha t m t =  d k M, t  e  G  .  Thi s complète s th e proof . • 

1.4. EXAC T SEQUENCE S O F SHEAVE S O N S 1 AN D THEI R COHOMOLO -
GIES Fro m no w no w o n w e shal l suppos e tha t X  = S 1 .  W e begi n b y recallin g 
that whe n w e hav e a  diagra m 0  — > U  —> V  —> W  — > 0  o f pointed sets ,  ex -
ac tnes s a t V  m e a n s tha t th e fibr e i n V  abov e th e distinguishe d poin t o f W  i s 
the imag e o f U  ,  while exac tnes s a t U  (resp . W ) m e a n s tha t th e ma p fro m U 
to V  (resp . V  t o W ) i s injectiv e (resp . surjective ) .Conside r no w a n exac t s é -
quence o f s h e a v e s o f group s 

(E-i) 0  > 9' >  9  >  9" > 0 

on S 1 .  Th e induce d ma p fro m H 1 ( S 1, 9 ) t o H 1 (S1, 9M) i s surjective ; i n fact , 
the s tandar d constructio n definin g th e usua l boundar y ma p i n th e abelia n c a s e 
(see fo r exampl e [MK ] p  59 ) show s tha t i f Y i s i n H 1 ( S 1, 9" ) w e ca n fin d a 
finite ope n coverin g TT L =  (M> J an d a  représentativ e cocycl e o f Z fro m thi s 
covering, sa y g , suc h tha t g  lift s t o a n alternatin g cochai n o f 9  fro m Tï l .  A s 
dim (S1 ) =  1 , w e ca n choos e (se e below ) Tf l =  (Mx ) s o tha t tripl e intersection s 
of th e M> ^ correspondin g t o distinc t indice s ar e al l empty , an d henc e i t follow s 
that y  lift s t o a  cocycl e fo r 9  T o (E-\ ) w e ca n therefor e assoc ia t e th e exac t 
s é q u e n c e 

0 — > H0(S1 , 91 ) —> H0(S1 , 9 ) — > H0(S1 ,9") — > 

(E2) 

— > H 1 (S i, 91 ) —» m  (S i ,9 ) — > m  (S i , 9") — > 0  . 

Suppose C i = (Uj ) i s a  coverin g o f S 1 an d b e Z(Ci , 9 ) an d le t a  b e th e 
image cocycl e i n Z(Ci , 9" ) .  Fro m th e discussio n o f twistin g w e hav e give n i t i s 
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clear tha t w e ca n twis t 9 ' an d 9  b y b  an d 9 " b y a  t o obtai n th e exac t s é -
quence o f th e twiste d s h e a v e s 

(E3) 0  > 9'(b) >  9<b) >  9"(a) > 0 

which lead s t o th e exac t s é q u e n c e 

0 — > H0(S1,9 '(b)) — » H 0 ( S 1 , 9<b) ) —> H0(S1 , 9M(a) ) — > 

<E4) 

— » H1(S1 , 9 '<b))—»Hl(Sl ,9<b)) —>H1(S1, 9w(a>) —>0. 

Moreover i t follows fro m ou r définitio n o f twistin g o f cohomolog y c l a s s e s tha t th e 
s q u a r e 

H1 (S*l, 9 ) > m  ( S i , 9" ) 

4-tb ^ t a 

H l ( S l , 9 ( b ) ) > Hl (Sl ,9"(a>) 

is commutative, th e ma p t  b  (resp . t  a ) bein g th e twis t b y b  (resp . a  )  ;  this i s clea r 
from th e formula e (  T )  o f th e previou s paragrap h fo r the twist s o f cocycle s . 

We hav e use d abov e th e fac t tha t ther e i s a  cofina l famil y o f covering s 
whose tripl e intersection s ar e empty , an d fo r t h è s e al l alternatin g cochain s a r e 
cocycles .  Thi s i s eas y t o see.  Indeed , le t q  >  1  be an y intege r an d Z Q ,  z i, .. . , 
Z4q =  Z Q b e th e divisio n point s o f th e circl e S 1 int o 4 q a rc s o f lengt h n/2q , 

the point s bein g ordere d i n th e counterclockwis e direction ; th e ope n a r c s 
(z0 ,  Z 2 ) ,  (z i ,  Z 3 ) ,  .. . , (z4q. 2 ,  ZQ) , (Z4q_ i ,  z-| ) the n for m a  coverin g o f S 1 
whose distinc t tripl e intersection s ar e empt y .  Fo r late r u s e w e not e tha t b y per -
turbing Z Q slightl y i t i s possibl e t o ensur e tha t th e z\ d o no t li e i n an y give n fi -
nit e se t .  I t i s als o usefu l t o remembe r tha t i f C i i s an y ope n coverin g o f S 1 , 
there i s a n intege r p  >  1  suc h tha t an y ope n coverin g o f S 1 b y ope n a rc s o f 
length <  n/p i s a  refinemen t o f C i .  Th e followin g propositio n i s no w obvious . 

PROPOSITION 1.4- 1 Let 9  ,  9 f ,  9 " be sheaves of groups on S 1 
satisfying (E-j ) and let H0(S1 , =  0  for all o c e H l ( S 1 , 9M ) -  Fix aco-
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cycle a  representing o c and a cocycle b  for 9  that lies above oc . Then 

the fibre above o c of the map H 1 ( S 1, 9 ) —• > H 1 ( S 1, 9" ) / s canonical/y iso~ 

morphic to H 1 (S1, 9'(b)) . More precisely, the diagram 

H 1 ( S 1 , 9 ) 

Ltb 

> H1(S1, 9M ) 

Lta 

0 — * H 1 ( S 1 , 9 ' (b) ) — * H1(S"I , 9(b> ) — » H 1 ( S 1 , 9"(a) ) —• > 0 

is commutative , the bottom line is exact, and the fibre in H  ' (S1, 9 ) above o c 
gets mapped to the image of H 1 (S1, 9'(b)) in l- M (S1, 9<b)) • 

1 . 5 W e shal l conclud e thi s sectio n wit h th e formulatio n an d proo f o f a  resui t 
of Deiign e [D e 3 ] that wil l b e décisiv e i n th e proo f o f th e representabilit y theore m 
discussed i n th e nex t section . W e fi x a  rea l numbe r a  >  2J C an d conside r th e 
map f  o f th e ope n interva l I  = (0 , a ) ont o S 1 tha t t ake s x  t o it s residu e c las s 
mod 2K .  Le t 6  b e th e categor y o f s h e a v e s o f group s 9  o n S 1 suc h tha t 

H0(l,f*9) =  0 , H"l(l,f *9) =  0 . 

PROPOSITION 1.5. 1 (Dei igne ) For any 9  In Ô  ,  H 0 ( S 1 , 9 ) =  0  . 
Moreover, if J  =  (0 , a-2n) , we have a natural isomorphism (of functors with 
values in the category of pointed sets) 

H 1 ( S 1 , 9 ) =  H 0 ( J , f * 9 ) . 

PROOF W e shal l giv e Deligne' s proo f [D e 3 ] o f thi s resui t tha t relie s o n 
the interprétatio n o f H 1 a s th e se t o f isomorphis m c la s se s o f torsor s .  T o begi n 
with, a s w e hav e th e imbeddin g H ° ( S 1 , 9 ) <  *  H°(l , f * 9 ) , w e mus t hav e 
H ° ( S 1 , 9 ) =  0 . S o w e ar e lef t wit h H1 . Le t 9 e f î an d V b e a  9 - t o r s o r o n 
S1 .  Sinc e f  i s a  loca l homeomorphis m i t i s immédiat e tha t f*< T i s a  f * 9 -
t o r so r . B y assumptio n f*£ T i s trivia l an d uniquel y trivializabl e o n I  . Le t t  b e 
the uniqu e sectio n o f f*< T o n I  . Sinc e th e stalk s o f f*S T a t x  an d x  +  2n a r e 
the s a m e ther e i s a  uniqu e élémen t g(x ) s  f *9(x) suc h tha t 

(*) g(x ) [ t (x) ] =  t  (X+2TC ) ( 0 <  X  < a  -  2TC ) 
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In othe r words , w e hav e a n isomorphis m abov e S 1 betwee n th e restriction s o f 
f*ST t o (0 , a -27c) an d (2K, a ) induce d b y g  .  No w g  e  H°(J , f *9) , an d w e 
note firs t tha t g  d é p e n d s onl y o n th e isomorphis m c las s o f <T . Indeed , i f <T ' i s 
isomorphic t o ST , th e lifte d isomorphis m f*<T " s  f*S T mus t tak e th e uniqu e 
section t ' o f f*ST ' t o th e sectio n t  o f f*cT . Thi s show s immediatel y tha t g 
d o e s no t chang e i f we replac e < T with <T \ W e thu s hav e a  ma p 

H 1 ( S 1 , 9 ) > H 0 ( j , f * 9 ) . 

If i s alread y trivia l o n S1 , t  ( x +  2n) =  t (x ) s o tha t g(x ) =  1  .  Henc e th e ma p 
above i s define d i n th e categor y o f pointe d se t s .  W e wis h t o prov e tha t i t i s a 
bijection . 

To prov e th e injectivity , le t u s conside r tw o 9 -torsors cT , 9 " fo r whic h 
the associa te d section s g  ar e th e s a m e : 

g(x)[t (x) ] =  t  ( x +  2K) ,  g(x)[t'(x) ] =  f( x +  2K) . 

It is a  questio n o f showin g tha t th e isomorphis m $  o f f * < T with f * <r * tha t t ake s 
t t o t 1 d e s c e n d s t o S 1 ,  i.e., *(x ) dépend s onl y o n f(x) . I f x  an d x  +  2K a r e 
both i n I , the n 0  <  x  < a -27c, an d w e hav e 

•(x)(t ( x +  2ti )) =  *(x)(g(x)[ t (x)] ) = g(x)[f(x) ] =  t'(x +  2K) = *(x +27c)(t ( x +  2K) . 

This prove s tha t *( x +  2K) =  * ( x ) . 

To prov e th e surjectivity.le t g  e  H°(J , f *9)- Writ e U  fo r th e trivia l f * 9 -
torsor o n I  with t  a s it s uniqu e sectio n .  T o sho w tha t U  d e s c e n d s t o S 1 w e 
first prov e tha t ther e i s a  natura l wa y t o identif y U(x ) an d U( x +  2K) fo r 0  <  x  < 
a -  2K . W e defin e 8 (x) a s th e uniqu e bijectio n o f U(x ) wit h U( x +  2K) suc h 
that 

8(x) (g(x)[ t (x)] ) =  t ( x +  2*) . 

If x , x  +  2K, . . . , x  +  2XK ar e i n I , we defin e er(x ) (U(x ) s  U( x +  2rrc) ) b y 

9r(x) =9 (x +  2 (r-1)7c) «  ... -  8 (x +  2K). 
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It i s obviou s tha t w e hav e a  consisten t s c h e m e o f identifyin g th e stalk s o f U 
above S 1 sothat  U  = f*£T fo r a 9 - t o r so r S T on S 1 .  Th e constructio n show s 
that < T gives ris e to g  . 

It remains t o sho w tha t th e ma p < T > g i s functorial . I f 9 * i s anothe r 
sheaf fro m 6  an d 9  • > 9' i s a  shea f map , th e 9 -torsor <T ' whic h i s th e 
image o f V h a s th e stalk s V(x) =  9 f(x) X  ST(x ) / 9 (x ) .  Henc e f*ST'(x ) = 
f*9 '(x) X  f*ST(x)/f *9(x) s o tha t w e ma y represen t f(x ) b y (1 , t (x) ) .  I t follow s 
easily fro m thi s tha t g'(x ) i s th e imag e o f g(x ) i n f *9 ' (x) .  I n othe r words , w e 
have a  commutativ e diagra m 

H 1 ( S 1 , 9 ) > HO(J, f*9 ) 

4-

H1(S1, 9' ) 

4 

> HO(j, f *9«) 

This prove s th e functoriality . • 
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2 SHEAVE S O F UNIPOTEN T GROU P SCHEME S AN D TH E 

REPRESENTABILITY O F THEI R COHOMOLOG Y 

2 . 1 . W e begi n b y recallin g s o m e basi c fact s abou t affin e grou p s c h e m e s an d 
algebraic matri x group s ;  for mor e détail s see  [Wa ] an d [Bo ] .  W e wor k ove r C 
and ai l ou r C -a lgebras ar e commutativ e an d hav e unit s .  Fo r an y C— algebra 
R w e conside r covarian t functor s F  :  S — > F(S ) fro m th e categor y o f R-alge -
bras t o th e categor y o f se t s . Tw o suc h functor s F , G  ar e naturall y isomorphi c i f 
there i s a  bijectio n F(S ) — > G(S) ) fo r eac h S  suc h tha t fo r an y homomorphis m 
of R-algebra s S  — > S * th e diagra m 

F(S) >  G(S) 

l 4 , 

F(S') »  G(S' ) 

commutes .  F  i s sai d t o b e representabie over R  o r a n affine scheme over R 
if there exist s a n R - algebr a A  suc h tha t F  an d HomR(A , .  )  a r e naturall y iso -
morphic functors . W e the n sa y tha t A  represents F  over R , an d writ e A  = 
R[F]. Give n F , A  i s determined upt o isomorphis m . 

An affine group scheme over R  i s a  representabi e functo r fro m th e cate -
gory o f R-aigebra s t o th e categor y o f groups . Th e algebr a tha t represent s thi s 
functor i s the n a  Hopf algebra; an d conversely , i f A  i s a  Hop f a lgebr a ove r R , 
the sets  HoniR(A , S ) becom e group s i n a  natura l wa y fo r an y R-algebr a S , an d 
S • > HonriR(A , S ) i s a n affin e grou p s c h e m e ove r R  .  A H thèse  définition s 
are o f cours e relativ e t o R ; whe n R  =  C , w e shal l generall y omi t an y référenc e 
to C  . 

An affin e s c h e m e F  i s said t o b e o f finite type o r algebraic i f A  =  C [F] i s 
finitely gener te d ;  reduced i f A  ha s n o nonzer o nilpoten t é léments . A  gênera i 
affine s c h e m e nee d no t b e reduced , bu t a n affin e group scheme i s alway s re -
duced. I f F  i s a  reduce d affin e s c h e m e o f finit e typ e represente d b y A  =  C [F], 
one ma y vie w A  a s th e C - a l g e b r a o f polynomia l function s o n a n algebrai c 
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subse t V  o f s o m e C N ;  we the n writ e V(R ) fo r F(R ) fo r an y C -a lgebra R  .  I f F 
is a n affin e grou p s c h e m e o f finit e type , w e ma y tak e A  t o b e o f th e for m C [G] 
where G  i s a n algebraic matrix group over C  ,  Le. , a n algebrai c subgrou p o f 
s o m e GL(N , C ) (eve n SL(N , C) ) ;  we writ e G(R ) fo r F(R ) an d sa y tha t G  gén
érâtes F  .  A n arbitrar y affin e grou p s c h e m e i s th e invers e limi t o f algebrai c 
affine g rou p s c h e m e s ;  an d conversely , th e invers e limi t o f affin e g rou p 
s c h e m e s i s a n affin e grou p s chem e . 

If G  i s a n algebrai c matri x grou p an d K  i s a  norma l algebrai c subgroup , 
there i s a  uniqu e structur e o f a n algebrai c matri x grou p fo r G / K suc h tha t 
G — > G / K i s a  morphis m .  I n particular , a  bijectiv e morphis m G  — > G 1 o f 
algebraic matri x group s i s a n isomorphis m .  I f G  — » G ' i s a  morphis m o f al -
gebraic matri x groups , th e imag e o f G  i s Zarisk i close d i n G ' an d s o i s a n al -
gebraic matri x group . Fo r a n algebrai c matri x grou p G  cz GL(N , C ) an d a n él -
ément x  e  G  ,  x i s semisimpl e (resp . unipotent ) i f i t i s mappe d int o a  semisimpl e 
(resp. unipotent ) é lémen t i n al l (rational ) linea r représentat ion s ;  i t i s enoug h i f 
this i s s o i n a  faithfu l représentatio n .  I f al l é lément s o f G  ar e unipoten t G  i s 
called a  unipotent group ;  th e correspondin g grou p s c h e m e i s als o calle d 
unipotent. A n arbitrar y affin e grou p s c h e m e i s calle d unipoten t i f i t i s th e in -
verse limi t o f algebrai c affin e grou p s c h e m e s tha t a r e unipoten t .  I f G  i s a 
unipotent grou p scheme , s o i s an y grou p s c h e m e tha t i s represente d b y a  Hop f 
subalgebra o f C [G] . 

2.2 Le t u s conside r a  unipoten t affin e grou p s c h e m e represente d b y a  unipo -
tent subgrou p o f SL(N , C ) whic h w e dénot e b y G  .  I f g . = Li e (G ) ,  the ma p ex p 
(ç —- > G ) i s the n a n isomorphis m o f algebrai c varietie s ;  i n particular , i n th e 
usual topolog y G  i s alway s connecte d an d simpl y connected , an d th e s a m e i s 
true o f al l th e algebrai c subgroup s o f G  .  I f G 1 i s anothe r unipoten t matri x 
group wit h g / =  Lie(Gf ) ,  we hav e a  bijection < P > d<p o f Morph(G , G' ) wit h 
Morph(g,, g/ ) suc h tha t <p(ex p X) = exp dcp(X ) fo r al l X e ç . 

PROPOSITION 2.2. 1 Fix G , G' , and cp( G — > G* ) and let H ' c  G 1 be 
an algebraic subgroup with H  = cp- 1 (HT). Then, for any C-algebra R  , 

H(R) =  cp(R)-1(H'(R)) . 
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PROOF Goin g ove r t o th e correspondin g Li e a lgeb ra s an d selectin g 
suitable b a s e s i n them w e corn e dow n t o th e followin g situatio n :  («p-j, .. . ,<Pm ) i s 

a polynomia l ma p o f C n int o C m an d fo r suitabl e integer s p , q  >  1 , 

<pj(x-| , . .. ,xn ) =  0, 1<i< q «= > x-|= -  =  xp = 0 

We wan t t o prov e tha t thi s relatio n i s true whe n C  i s replace d b y R  .  Bu t b y th e 
Nullstellensatz th e abov e relatio n i s équivalen t t o 

cpi& =  Z j pj j xj , xj b «  Z j qjj cpj 

for suitabl e integer s a  ,  b  >  1 , an d comple x polynomial s p y ,  qy .  W e ca n obvi -
ousiy substitut e R-value s fo r th e x' s i n th e las t relation , an d henc e i n th e previ -
ous relatio n als o .  • 

COROLLARY 2.2. 2 If K- fcer(cp),  then K ( R ) =  ter  (cp (R)) . 

PROOF Tak e H ' =  (1 ) .  • 

PROPOSITION 2.2 .3 / / < p is surjective, there is a morphism of the 
underlying algebraic varieties s  (G 1 —> G ) such that < p ° s =  id , Le., G  ,  viewed 
as a fibre space over G \ has a global section . In particular, if K  is ker (<p),the 
map f  (G 1 X K  >  G )  given by f  (x \ h ) =  s(x')h , is an isomorphism of alge
braic varieties . Moreover <p (R) is a surjective homomorphism from G ( R ) to 
GF(R) for any C-algebra R . 

PROOF Th e las t assert io n i s immédiat e fro m th e exis tenc e o f th e s e c -
tion s  ,  s ince < p(R) • s ( R ) = id(R ) . Th e resui t i s wel l know n an d th e proo f i s a 
minor varian t o f th e on e give n i n [V ] (Theorem 3.18.2 , p238) . • 

COROLLARY 2.2. 4 Suppose G j ( i =  1,2,3 ) are unipotent algebraic 
groups and 

Gi > G2 >  G3 

is exact at G 2 -  Then 

Gi ( R ) >  G 2 ( R) > G 3 ( R ) 

is exact at G 2 ( R ) for any C-algebra R . 
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PROOF Le t K- | =  image(Gi) , K 2 =  ke r (G 2 >  G3) ,  so tha t K- j =  K 2 
c: G 2 .  B y th e Propositio n G-|(R ) • » K-j(R ) i s surjectiv e fo r al l R  s o tha t 
K-| (R) =  imag e G- | (R) fo r al l R  .  Similarly , b y Corollar y 2 , K2(R ) coïncide s wit h 
ker(G2(R) >  G3(R)) fo r al l R . A s K- | =  K 2 ,  we hav e K1(R ) =  K2(R ) fo r al l 
R. • 

COROLLARY 2.2. 5 Let < P , ^ (G >  H) be two homomorphîsms . If 

K Is the subgroup { x | cp(x) = 4j(x ) } , then 

K(R) =  {x |cpR(x) =  *R(x) } 

for all R . 

PROOF Conside r 8 = (cp , vp ) mappin g G  int o H  X  H  .  I f H- | i s the di -
agonal subgrou p o f H  X  H  ,  then K  = 8-1(H-| ) .  Th e corollar y follow s fro m 
Proposition 1 . • 

2.3 Le t X  b e a n arbitrar y topologica l spac e an d R  an y C -a lgebra .  A  sheaf of 

affine group schemes over R  o n X  i s a  covarian t functo r 9  (S — > G(S) ) 
from th e categor y o f R-algebra s S  t o th e categor y o f s h e a v e s o f group s o n X 
such tha t fo r an y ope n se t U  <= X, 

9(U) { S > 9(U)(S) : = 9(S)(U ) =  group o f section s o f 9 (S ) ove r U } 

is a n affin e grou p s c h e m e ove r R  .  A shea f o f unipotent affine group schemes 

is a  shea f 9  o f grou p s c h e m e s suc h tha t th e grou p s c h e m e s 9(U ) a r e unipo -
tent fo r al l ope n se t s U  c  x  .  I f 9  ,  91 , 9 " a r e s h e a v e s o f affin e grou p s c h e m e s 
over R  wit h map s 9 f —>9 > 9  — > 9" , w e sa y tha t 

0 > 9' >  9 >  9" > 0 

is a n exact séquence i f for eac h R-algebr a S 

0 > 9' (S) > 9(S) > 9H(S) > 0 

is a n exac t s é q u e n c e o f s h e a v e s o f group s .  W e ma y the n vie w 9 f a s a  normal 

subsheaf o f 9  an d 9 M as  th e quotient shea f 9  /  9* . 
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We shal l no w indicat e a  simpl e metho d o f constructin g s h e a v e s o f 
unipotent affin e grou p s h e m e s an d associa te d exac t s é q u e n c e s . Fi x a  bas i s B 
for th e topolog y o f X  tha t i s close d unde r finit e intersection s ;  for instance , an d 
this i s especiall y importan t fo r us , whe n X  = S 1 w e ma y tak e B  t o b e th e se t o f 
ail ope n a rc s o f lengt h <  c , c  bein g a  sufficientl y smal l n u m b e r . W e conside r 
the categor y A  (IB ) whos e object s ar e s h e a v e s G  o f group s o n X  suc h tha t fo r 
each U  e  B , G(U ) i s a  comple x algebraic unipoten t matri x group , th e restric -
tion m a p s G(U ) — > G(V ) (whe n V c U ) bein g morphism s o f algebrai c groups , 
and whos e morphism s ar e map s G  — > G * suc h tha t G(U ) — > Gf(U ) i s a  mor -
phism o f algebrai c group s fo r ai l U  e  B  (w e shal l sa y tha t G  i s algebraic on 
B ) .  Fo r an y U  e  B , w e writ e G(U ) fo r th e grou p s c h e m e ove r C  define d b y 
G(U) .  Fo r an y C - a l g e b r a R , {9 (U)(R)}(jeB i s a  preshea f o f groups ; w e de -
note b y 9 (R) th e associa te d sheaf . The n R  > 9(R) i s a  covarian t functo r 
from th e categor y o f C - a l g e b r a s to th e categor y o f s h e a v e s o f groups . W e no w 
have th e followin g proposition . 

PROPOSITION 2 . 3 . 1 9 ( R >  G(R) ) is a sheaf of unipotent group 
schemes on X  ;  and for any C-algebra R  and U  e  B  ,  9 (U)(R) s  9 (R)(U). 
Moreover 9  is unchanged if we replace B  by a basis B  - | c  B  that is also 
closed under finite intersections . Finally 9 (U) is algebraic for ail U  which 
are finite unions of sets in B . 

PROOF W e shal l verif y firs t tha t fo r an y C - a l g e b r a R , {9 (U)(R)>UeB i s 
already th e restrictio n t o B  o f a  shea f o f group s o n X  .  S o w e mus t prov e tha t 
if U , U j ( i s  I ) a re i n B , U  =  U i U j ,  and S j e 9 (Uj)(R) a r e suc h tha t S j = S j o n 
Uj n  U j fo r ai l i  and j , then ther e i s a  uniqu e s  e  9 (U)(R) tha t restrict s t o S j o n 
Uj fo r ai l i  .  Suppos e firs t tha t I  i s finite . W e the n hav e th e usua l diagra m o f 
complex algebrai c group s 

(E) 0  >  G(U ) » iEI G(U| ) > 
» i,jEI G(Uif iUj ) 

and th e correspondin g diagra m ove r an y C - a l g e b r a R 
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( E R ) 0  >G(U ) (R ) > iEI G(U i ) (R) ----> 
i,jEI G ( U i n U j ) ( R ) 

The require d propert y i s équivalen t t o th e exac tnes s o f ( E R ) a t th e secon d s te p 
together wit h it s e x a c t n e s s a t th e thir d s t e p i n th e sensé  tha t th e imag e o f 
G(U)(R) i s th e subgrou p wher e th e tw o map s int o th e thir d grou p coïncide . B y 
assumption w e kno w tha t thi s i s true fo r th e firs t diagram , an d s o w e ar e throug h 
by Corollarie s 2.2. 2 an d 2.2. 5 . 

Before takin g u p th e case  whe n I  i s infinit é w e not e tha t i f B ' i s the c las s 
of s e t s whic h ar e finit e union s o f sets  i n B , th e abov e argumen t show s tha t 
there i s a  uniqu e wa y t o regar d th e G(U ) fo r U  e  B 1 a s algebrai c matri x 
groups an d R  > 9(U)(R) a s th e correspondin g grou p s c h e m e . 

Suppose no w tha t I  i s infinité . Fo r an y finit e F  < = I  le t U p =  U i e F U j . 
Then U p e  B ' fo r ai l F , an d th e algebrai c group s G(Up ) for m a n invers e Sys -
tem wit h G(U ) a s thei r limi t as  abstractgroups. W e mus t prov e tha t 9 (U)(R) i s 
the invers e limi t o f th e 9 (Up)(R) -  Fo r thi s i t is enough t o prov e tha t i f A p an d A 
are th e C-a lgeb ra s representin g 9 (Up) an d 9 (U) ,  then A  = lim p A p .  Bu t if 
Kp =  ker(G(U ) — > G(Up)) , the n (Kp ) i s a  directe d famil y an d p | F K F =  0) > s o 
that K p =  (1 ) fo r som e F  Le. , G(U) =  G(Up) , whic h give s A  s  A p . 

It remain s t o sho w tha t fo r an y ope n se t V  c  X , R  *  9 (V)(R) i s a 
unipotent affin e grou p s cheme . Sinc e B * i s close d unde r finit e union s w e ca n 
write V  =  U a Uo ç wher e th e se t o f indice s o c i s directe d an d o c <  p  implie s 
that Uo c c : U p ,  the lia ; bein g i n B ' . Th e shea f propert y show s tha t 9 (V)(R) = 
limoç 9 (U0(;)(R) .  A s th e 9 (U0(;) ar e unipoten t grou p s c h e m e s s o i s 9 (V) .  Th e 
remaining s ta tement s ar e obvious . • 

PROPOSITION 2.3. 2 Suppose G\ ( i =  1,2,3 ) are sheaves in A ( B ) 
such that 

0 > G-| > G2 >  G3 >  0 

is exact. Let 9 i be the sheaf of unipotent group scheme associated to G\ as 

above. Then 

0 >  91 >  92 >  93 >  0 
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is exact 

P R O O F I t i s a  questio n o f showin g tha t fo r an y C - a l g e b r a R  th e s é -
q u e n c e 

0 •  9 1 (R) > 92(R) »93 (R) •  0 

is exact . Th e exac tnes s a t th e firs t an d secon d s t a g e s i s immédiat e fro m th e ex -
a c t n e s s o f the s é q u e n c e 0  > G-\ (U) > G2(u) >  G3(U) fo r ai l ope n U 
e B  (Corollar y 2.2.4 ) .  T o prov e exac tnes s a t th e thir d s t ag e le t u s fi x x  e  X 
and defin e fo r an y U  s  B , x  e  U  th e (algebraic ) grou p G a ^ U ) a s th e imag e 
of G2(U ) i n G3(U ) ,  and fo r an y V c U . V e B , th e (algebraic)grou p G3(U,V ) 
a s th e imag e o f G3(U ) i n G3(V ) .  B y ou r assumption , fo r an y U  e B an d an y s 
in G3(U ) w e ca n fin d a  V c U , x  s  V  e  B , suc h tha t th e imag e o f s  i n G3(V ) 
lies i n G 3 2 ( V ) . But , as a  unipoten t algebrai c grou p i s th e resui t o f success iv e 
extensions o f (th e additiv e grou p of ) C  b y C  ,  i t is clea r tha t suc h a  grou p i s th e 
closure o f th e subgrou p genera te d b y a  finit e se t o f it s é léments . So , fo r give n 
U e  B  w e ca n fin d V  c  U , x  e  V  e  B  suc h tha t G3(U,V ) c  G3f2(V ) .  Bu t th e 
results o f §2. 2 no w impl y th e s a m e inclusio n fo r th e correspondin g group s o f R -
points, thu s givin g th e exac tnes s w e wante d a t th e thir d s tage . • 

In vie w o f thi s Propositio n i t i s natura l t o sa y tha t a  shea f 9  o f unipoten t 
group s c h e m e s i s algebraic on B  i f for eac h U  e  B , th e grou p s c h e m e 9 (U) 
is algebrai c .  I t is then clea r tha t th e assignmen t G  > 9 i s a n équivalenc e o f 
catégories fro m A ( B ) t o th e categor y o f s h e a v e s o f unipoten t grou p s c h e m e s 
that a r e algebrai c o n B  tha t t ake s exac t s é q u e n c e s t o exac t s é q u e n c e s .  W e 
shall als o sa y tha t G  générâtes Q. 

PROPOSITION 2.3 . 3 Let 3^ , 9  be sheaves of unipotent group 
schemes on X  that are algebraic on B  with 9  a  normal subsheaf of &. 
Then for any U  e  B  the functor R  *  H0(U , 9 (R)) is representabie by 
affine space . More generally, let R be a C-algebrat Z eH1(X , SF'(R) ) ,  and 
let o c be a cocycle representing Z. Then 9 ( « ) ( S > 9(S)(0C)) isasheafof 
affine group schemes over R  ;  and for any U  e  B  such that Z trivializes on 
U, the functor S  > H°(U, 9 (S) (a ) ) is representabie by affine space over R . 

PROOF Fo r U  e  B  th e grou p s c h e m e 9 (U) i s represente d b y a 
unipotent algebrai c grou p G(U ) .  A s th e underlyin g variet y o f G(U ) i s isomor -
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phic to Lie(G(U)) , i t i s a n affin e spac e .  Thi s prove s th e firs t s t a t e m e n t . Fo r th e 
second statement , fi x R , î' , a , an d U  and le t o c b e associate d t o th e coverin g 
(Uj). Fo r an y R-algebr a S , le t 9 ( a ) (S ) =  S ^S^* ' ) wher e oc 1 i s the imag e o f o c 
induced b y th e ma p R  — * S . The n i t i s clea r fro m ou r discussio n i n §1. 3 tha t 
Qi**) i s a  covarian t functo r fro m th e categor y o f R-a lgebra s t o th e categor y o f 
s h e a v e s o f group s o n X , an d furthe r tha t fo r an y U  e  B  o n whic h < T trivializes , 
the restrictio n t o U  o f thi s functo r i s naturall y isomorphi c t o th e restrictio n o f 9 
to U . Henc e th e restrictio n o f Qi^) t o U  i s an affin e grou p s chem e ove r R  an d 
the functo r S  — > HO(U , 9 ( a ) (S ) ) i s representabl e b y affin e s p a c e ove r R . T o 
complète th e proo f w e mus t sho w tha t 9 ( a ) ( v ) i s a n affin e grou p s c h e m e fo r 
any ope n V . No w V  is the unio n o f th e V  n  U j an d < T i s trivial o n Uj , so trivia l 
on V  n  Uj . The resui t i s thus tru e fo r V  n  Uj , an d th e proo f fo r V  woul d follo w i f 
we sho w tha t th e c las s o f ope n se t s V , fo r whic h 9 ( a ) (V) i s a n affin e grou p 
s cheme , i s close d unde r unions . Sinc e invers e limit s o f affin e grou p s c h e m e s 
a re affin e grou p s c h e m e s , w e a r e reduce d t o th e c a s e o f finit e union s an d 
hence t o a  unio n o f two ope n se ts . I f V  an d W  ar e ope n se t s suc h tha t 9 (a)(V) 
and 9 ( a ) ( W ) ar e affin e grou p s c h e m e s an d U  =  V  n  W , 9 (K)(U) ma y b e 
viewed a s th e fibe r produc t 9 <a)(V) X ^ g(«) (W ) wher e %  =  9 (a ) (VnW), s o 
that 9 ((X)(U) i s a n affin e grou p scheme . • 

If g , i s a  nilpoten t (finit e dimensional ) Li e a lgebr a an d G  i s a  simpl y 
connec ted comple x Li e grou p wit h Li e a lgebr a g. , th e exponentia l ma p i s a n 
isomorphism o f comple x manifold s fro m g , t o G ; an d th e multiplicatio n la w o n 
G, whe n take n bac k t o g , b y th e invers e o f thi s isomorphism , become s a  poly -
nomial ma p g - X  g , — > g, . Thi s show s tha t w e ca n vie w G  a s a  comple x 
unipotent grou p i n a  natura l an d uniqu e manne r s o tha t th e exponentia l ma p i s 
an isomorphis m o f algebrai c varieties . No w g , i s know n t o p o s s e s s a  faithfu l 
linear représentatio n b y nilpoten t endomorphism s o f a  finit e dimensiona l vecto r 
space ([V ] p, 237 , Cor . 3.17.6 ) fro m whic h i t follows tha t G  i s a n affin e algebrai c 
unipotent grou p ove r C - I f w e carr y ove r thi s cor respondenc e betwee n nilpo -
tent Li e a lgebra s an d unipoten t matri x group s t o th e s h e a v e s o n X  w e obtai n a 
co r respondence betwee n s h e a v e s o f unipoten t group s an d nilpoten t Li e alge -
bras . S u p p o s e G  i s a  shea f o f group s fro m A ( B ) . Fo r U  e  B  le t g,(U ) = 
Lie(G(U)). The n {g-(U)}us B i s a  preshea f o f finit e dimensiona l nilpoten t Li e al -
geb ras ove r C , an d th e bijectivit y o f th e exponentia l ma p show s a t onc e tha t i t 
is th e restrictio n t o B  o f a  uniqu e shea f o f Li e a lgebra s ove r C . W e writ e 
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Lie(G) fo r thi s sheaf . I f g . i s a  shea f o f comple x Li e a lgebra s o n X  suc h tha t 
g.(U) i s a  finit e dimensiona l nilpoten t Li e algebr a fo r al l U  e  B , the n ther e i s a 
unique (upt o isomorphism ) shea f G  fro m A ( B ) suc h tha t g , = Lie(G) . Th e a s -
signment G  — > Lie(G ) i s a  functo r whic h es tabl ishe s a n équivalenc e o f ca té -
gories fro m th e categor y A ( B ) t o th e categor y o f s h e a v e s o f comple x Li e al -
geb ra s o n X  whos e section s o n an y U  e  B  for m a  finit e dimensiona l nilpoten t 
Lie algebra . I f 

0 —> G 1 —> G  — > G " —> 0 

is an exac t s é q u e n c e fro m A ( B ) , i t is then clea r tha t 

0 — > Lie(G' ) —> Lie(G ) — > Lie(G" ) — > 0 

is exac t an d vic e versa . 

S u p p o s e tha t G  an d G 1 ar e s h e a v e s fro m A ( B ) wit h a n imbeddin g 
G* *—> G  tha t allow s u s t o identif y G ' a s a  norma l subshea f o f G . Le t G " b e 
the quotien t shea f G /G ' . I t is ofte n usefu l t o kno w whe n G N be longs t o A ( B ) . 
If 9 ' an d 9  a r e th e s h e a v e s o f unipoten t grou p s c h e m e s correspondin g t o G ' 
and G  respectively , w e ca n defin e a  covarian t functo r 9 " fro m th e categor y o f 
C - a lgeb ras t o th e categor y o f s h e a v e s o f group s o n X  suc h tha t 

0 — > 9 ' — > 9  — > 9 " —> 0 

is exact . I t i s then clea r fro m Propositio n 2.3. 2 tha t ther e i s a t mos t on e wa y t o 
regard G " a s a  shea f fro m A  (B) , an d tha t thi s i s possibl e i f and onl y i f for eac h 
U e  B , 9 H(U) i s a n affin e algebrai c grou p scheme . Th e followin g resui t i s ofte n 
useful t o décid e this . Writ e q, " = Lie(G)/Lie(G') , s o tha t 

0 — > Lie(Gf ) •— > Lie(G ) —> q, " —> 0 

is a n exac t s équence . 

PROPOSITION 2.3 .4 G H belongsto A ( B ) if and only if 

dim HO(U , g,") <  o o U  e B , 

and this is automatically satisfied if 
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dim hM(U , Lie(G') ) <  oo . 

PROOF Th e firs t assert io n i s a  rephrasin g o f th e discussio n give n jus t 
now. Th e exac t s équenc e 

HO(U, Lie(G) ) — > HO(U , < H —» H1(U , Lie(G') ) 

leads t o th e secon d assertio n immediately . • 

COROLLARY 2.3. 5 If G 0 is a normal subsheaf of G from A ( I B ) 
such that G ' c G ° c G and G/G 1 e  then G°/G f is also in A ( 1 B ) . 

PROOF W e hav e Lie(G' ) < = Lie(G° ) < = Lie(G) , an d Lie(GO)/Lie(G' ) i s a 
subsheaf o f Lie(G)/Lie(G' ) =  g/ \ S o di m Hû(U , Lie(GO)/Lie(G') ) <  oo . • 

2.4 Give n a  shea f 9  o f affin e grou p s c h e m e s ove r a  C-a lgebr a R  define d o n 
X ,  the ass ignment s 

H'(X, 9 ) :  S >  H'(X, 9 (S)), i  = 0, 1 

are covarian t functor s wit h value s i n th e categor y o f group s fo r i  = 0 , an d i n th e 
category o f pointe d s e t s fo r i  =  1 . Fo r i  =  0  th e functo r i s th e grou p s c h e m e 
S > 9(X) (S) . Clearl y i t make s s e n s é t o as k whethe r th e functo r H 1 (X, 9 ) i s 
represented b y a n affin e s chem e ove r R  .  I n particular , whe n 9  i s a  shea f o f 
unipotent grou p s c h e m e s ,  th e abov e Propositio n sugges t s tha t i t i s natura l t o 
ask whethe r H1(X , 9 ) i s represente d b y a n affin e space , Le. , b y th e C-a lgebr a 
C[T-|,...Tc|] fo r s o m e indeterminate s Ti, . . . ,T d •  W e shal l no w formulat e a  resui t 
that a s se r t s tha t thi s i s the c a s e fo r certai n type s o f s h e a v e s tha t aris e i n the the -
ory o f meromorphi c differentia l équation s .  W e shal l giv e th e proo f o f th e theo -
rem i n th e nex t paragraph . 

So w e suppos e tha t X  =  S 1 an d writ e A  fo r th e categor y o f s h e a v e s o f 
unipotent grou p s c h e m e s o n S 1 tha t a r e algebrai c ove r th e collectio n o f ai l 
open arcs . Actuall y i t i s necessar y t o wor k wit h th e unramifie d finit e covering s 
S1»d o f S 1 wit h th e coverin g map s f ^ :  e2inS — * e2i7cd 8 .  Le t À d b e th e 
counterpart o f A  o n S 1 »d ;  it is clear tha t fç |* A c  A d .  O n S 1 w e us e th e 
usual ar c lengt h | . | , bu t o n th e S1» d w e us e th e ar c lengt h normalize d s o tha t 
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fd i s a n isometr y (thu s IS 1  ̂=  2n6 ) . Let u s cal l a  shea f 9  fro m th e categor y 
A elementary i f i t ha s th e followin g propert y : 

there is an integer d  >  1  ,  a number a  =  a (9) , 0  <  a (9 ) <  2dj T 
and a finite subset $  = * ( 9 ) c S 1 > d such that, for any open arc 

(<S ) I  c  S 1 .d whose length is a  and whose endpoints are not in *, 
and any C - algebra R,we have 

H0(|, fd*9(R)) =  0  ,  H1 (I, fd*9(R)) =  0  . 

If 9  i s elementar y wit h d , a , *  a s abov e an d i f d ' i s a n intege r divisibl e b y d , 
it i s c lea r tha t th e pullbac k o f 9  t o S 1 »d' als o h a s th e s a m e propert y fo r th e 
same a  an d th e finit e se t whic h i s th e preimag e o f *  i n S1*d \ Furthe r i f 
d" divide s d  an d a  i s actuall y <  2d M7i, then th e décisiv e propert y ( 6 ) i s al -
r eady satisf ie d o n S 1 ' d " .  Indeed , i n thi s case,  t h e cover in g m a p 
S i , d — > s 1 >dM i s a  homeomorphism o n a rc s o f lengt h <  2d "7c an d w e hav e 
( 6 ) wit h * M a s th e imag e i n S1»d M o f I n particular , th e case  whe n a  <  2n 
is especiall y interesting ; fo r the n w e ca n tak e d  =  1 , Le. , 9  already satisfies the 
defining condition ( 6 ) on S 1 . W e refe r t o suc h a  9  a s unramified. 

THEOREM 2.4. 1 Suppose U  is a sheaf of unipotent group schemes 
on S 1 from the category A and that there is a finite filtration 

U =  U  (0 ) z > u O ) = 5 .. . = > . . 

of normal subsheaves of affine unipotent group schemes from A such that the 
quotients <ll/<ll(i ) are from 1 1 and 

(i) the quotients <ll(i)/<u(i+1 ) =  n/0 ) are from A and are all ele
mentary 

(ii) the arc lengths a\ =  a(<ir(i) ) are decreasing ,  Le. , 

ao ^  •• • ^ >  aj+- | >  —  • 

134 



THE COHOMOLOGY OF STOKES SHEAF 

Then 

(a) for any C-algebra R  and any o c e H 1 (S1, ^ ( R ) ) , 

HO(S1, <ll(R)(°0 ) =  0 

(b) for any \ e  H 1 ( S 1, *ll(C)) , the twisted sheaves of group schemes 
*U (iX>0 form a filtration for * U (*) f/?a f has the same properties as 0 ) ) ; // ? 
particular the V  (  i ) ( * ) a r e elementary for the same arc lengths a\ 

(c) rte  functor 

H 1 ( S 1 , 9 ) : R >H1(S1 , 9 (R) ) 

is representabie by affine space . 

. Th e proo f o f th e theore m divide s itsel f naturall y int o tw o part s :  the proo f 
when U  itsel f i s elementary , an d th e inductiv e s te p o f goin g fro m th e shea f 
U / u O ) t o th e shea f *U/<U('+ 1 ) using th e exac t s équenc e 

(Ej) o  — > v ( 0 — > n j , / < u ( j + 1 )  —> « u / m W — > o 

Before takin g u p th e proo f w e shal l obtai n a  criterio n tha t wil l b e ver y usefu l t o 
us i n verifyin g tha t certai n s h e a v e s tha t occu r ar e elementary . 

PROPOSITION 2 .4 .2 Suppose that 9  is a sheaf of unipotent group 
schemes from A  (generated by G)and that fd* G =  G* satisfies the following 
condition : there is a finite set *  c  S 1 »d such that if I  c : r  are open arcs in 
S1 »d with (Y \ I ) n *  =  0, the restriction map G*(T ) >  G*(l) is an isomor
phism. Then in order that 9  be elementary it is sufficient that the condition ( 6 ) 
6 e satisfied when R  =  C  . 

PROOF Replacin g S 1 >d b y S 1 w e ma y a s s u m e tha t d  =  1 . Fi x a n 
open ar c I  o f lengt h a  an d endpoint s no t i n *  .  B y assumption G(l ) =  0  s o tha t 
the group s 9 ( ')(R) =  0  fo r ai l C-a lgebra s R  .  W e ar e thu s lef t wit h th e case  o f 
H1. 

Consider firs t a  finite coverin g C i =(UJ)-|<J<n o f I  b y ope n arc s Uj , wit h 
distinct tripl e intersection s empty . Fo r an y C-a lgebr a R , th e se t o f cocycle s fo r 
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9 (R) fro m C i ma y b e identifiée ! with T T i < j 9 (UjnUj) (R ) whic h i s the se t o f R -
points o f th e C-var ie t y T T i < j 9 (UjnUj) whos e underlyin g se t i s th e se t o f cocy -
cles fo r th e shea f G . Sinc e G  i s essentiatl y 9 ( C ) ou r assumptio n implie s tha t 
H0(|, G ) =  0  an d (I , G) =  0 , an d s o th e ma p 

t : i G(U| ) > i<j G(UinUj ) 

given b y 

t « q ) ) -  (qcj-1 ) 

is bijective .  Indeed , i t i s surjectiv e becaus e th e 1-cohomolog y fo r th e ar c i s 0 ; if 
qc j "1 =  c'jC'j- 1 ,  then c ' j - ï q =  C'J~1C J o n U j n  U j s o tha t th e C f ^ q exten d t o a 
section o f G  o n S 1 , which mus t b e trivia l b y th e assumptio n o f vanishin g o f th e 

cohomology, givin g c' j =  q  fo r al l i . No w th e varietie s G(J ) a r e affin e 
s p a c e s fo r an y ar c J  .  Henc e t  i s a  bijectiv e morphis m o f affin e s p a c e s ,  and s o 
must b e a n isomorphism o f varietie s b y Zariski's main theorem (see[Di] ) .  S o 
the correspondin g map s t  (R ) o f R-point s mus t b e bijectiv e fo r al l C-algebras 
R .  Sinc e t  (R ) i s obviousl y give n b y th e s a m e formula , w e ca n conclud e tha t 
H1 ( Ci , 9 (R)) =  0  fo r al l R  .  A s th e covering s suc h as  C i ar e easil y s ee n t o b e 
cofinal i n th e collectio n o f al l Unité covering s o f I  b y ope n a rcs , w e hav e 
proved tha t H 1 r( X , 9 (R)) =  0  wher e T i s the collectio n o f al l finit e ope n cov -
erings o f I  by ope n arc s .  I t thus remain s onl y t o exten d thi s conclusio n t o th e ful l 
cohomology o f I . 

Before takin g u p arbitrar y covering s w e shal l exten d th e precedin g resui t 
and sho w tha t fo r a n ope n ar c J  c  |  with ( I \  J ) n  •  =  0 , 

H0(J ,9(R)) =  0, m r ( J , 9 ( R ) ) =  0 

for an y C - a l g e b r a R . I n fact , b y ou r assumption , i f K c K ' ar e ope n arc s wit h 
(K* \  K ) n  $  =  0 , th e isomorphis m G(K' ) s  G(K ) implie s th e isomorphism s 
9(Kf)(R) s  9 (K)(R) fo r al l R  ;  thus an y sectio n o f 9 (R) o n J  extend s t o a  sec -
tion o n I  an d sois  zéro . T o prov e tha t H 1 r i s 0 , le t I  = (u , v) , J  =  (u \ v') , an d 
let (Uj)i<i< N b e a  finit e coverin g o f J  b y ope n arc s Uj , th e enumeratio n bein g 
such tha t U i =(u ' , u" ) an d U N = (v" , V). Le t E T b e a  9 (R)-torsor o n J  whic h 
is trivia l o n th e Uj . W e glu e th e trivia l torso r o n (u , uw ) (resp . (v" , v) ) t o 
along U- | (resp . U N ) b y identifyin g th e identit y sectio n o n U- | ( r e s p . U N ) wit h 
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s o m e sectio n o f < T on U- | (resp . U N ) . Th e resultin g torso r o n I  i s trivia l be -
c a u s e o f ou r earlie r resui t tha t H1p(l , 9 (R)) =  0 . Thu s t T i s trivial o n J . 

Fixthe C -a lgebra R  an d le t b e a  torso r fnr the shea f 9 (R) o n I . Le t 
(Vj) b e a n ope n coverin g o f I  suc h tha t S T i s trivial o n V j fo r ai l j . W e wis h t o 
prove tha t < T i s trivial . W e ma y a s s u m e tha t th e coverin g i s countabl e an d tha t 
the V j a r e ope n arcs . W e writ e I  a s th e unio n o f a n increasin g s é q u e n c e o f 
open arc s J n suc h tha t I  \ J- j doe s no t mee t an d g o ove r t o a  subcoverin g 
(Uj) suc h tha t fo r s o m e increasin g s équenc e o f integer s (kn) , th e U j (1<i<kn ) 
form a  coverin g o f th e closur e o f J n .  I f l n i s the unio n o f th e Uj , 1  <i<kn ,  the l n 
are increasin g an d w e kno w fro m th e previou s resui t tha t th e restrictio n o f t T t o 
ln i s unique/y trivializable ;  let t n b e it s uniqu e sectio n o n I . Th e uniquenes s 
implies tha t fo r m  >  n  t m restrict s t o t n .  Henc e th e t n buil d u p t o a  sectio n o f 

on I , proving tha t i s trivial. • 

2.5 W e shal l no w prov e Theore m 2 .4 .1 . W e nee d a  fe w lemmas . 

LEMMA 2.5. 1 / / 9  is a sheaf of unipotent group schemes defined on 
S1 from the category A  ,  and if 9  is elementary, then H 1 (S1, 9 ) is repre-
sentable by affine space . 

PROOF Th e définitio n o f a n elementar y shea f involve s th e coverin g 
s p a c e S 1 >d ,  a  numbe r a  >  0  ,  and a  finit e subse t c  s1» d .  Ther e ar e tw o 
cases t o conside r accordin g a s 9  i s ramifie d o r not , Le. , accordin g as a  >  2n 
or a  < 2n . Case 1  :  a< 2n. W e ma y a s s u m e tha t d  =  1  s o tha t 9  itsel f ha s 
the property : 

(*) H0(| , 9 (R)) =  o , H 1 (I, 9 (R)) =  0  fo r al l C -a lgebras R , 

for al l ope n arc s I  o f lengt h a  whos e endpoint s a r e no t i n Fi x a  finit e cov -
ering C i =  (Uj)- | <j<N o f S 1 b y ope n arc s o f lengt h a  wit h endpoint s no t i n $ 
and wit h al l tripl e intersection s empt y .  I t i s then immédiat e fro m (* ) tha t C(Ci , 
9(R)) =  0  an d henc e tha t Z ( d , 9 (R)) — > H 1 ( S 1, 9 (R)) i s a  bijectiv e map . 
S ince 

Z(Ci, 9 (R)) = i<j 9(UjnUj)(R ) 
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and sinc e R  >  9(U)(R) i s represente d b y affin e s p a c e fo r an y ope n ar c U 
by Propositio n 2.3.3 , w e ar e throug h .  Case 2  :  a >  2 TC . I f I  i s a n ope n ar c o f 
length a  o n S 1 »d with endpoint s no t i n <£ , th e ma p f  d :  I  >  S1 i s surjec -
tive. B y Propositio n 1.5. 1 ther e i s a n ar c J  o f S1» d suc h tha t w e hav e a  natu -
ral isomorphis m o f functor s 

H 1 ( S 1 , 9 ) =  H 0 ( J , f d * 9 ) . 

As R  >  H°(J , fd *9 (R)) i s representabl e b y affin e s p a c e b y Propositio n 
2.3.3, w e a r e through . • 

LEMMA 2.5. 2 Let assumptions be as in the previous lemma, but as
sume now in addition that Q is a normal subsheaf of a sheaf 0 ^ of unipotent 
group schemes from A  .  Let R be a C-algebra, Z e  H 1 (S1, ^ ( R ) ) ,  and o c 
a cocycle representing Z . Suppose that fd** ' trivializes when restricted to 
any open arc of S 1 »d Qf length a  whose endpoints are not in * . Then the 
functor S  • > H 1 ( S 1, g f S ) ^ ) ) on R-algebras is representable by affine 
space over R . 

PROOF I f p  i s the pul l bac k o f o c the n th e pul l bac k o f 9 ( S ) ( ° 0 i s t h e 
twisted shea f ( fd *9 (S))(P) .  Sinc e p  trivialize s o n a rc s o f lengt h a  w h o s e 
endpoints a r e no t i n * , thi s twiste d shea f i s isomorphi c t o th e untwiste d shea f 
when restricte d t o suc h arc s .  Henc e w e hav e 

<*) H0(| , fd*(9(S)(P))) =  0  ,  H 1 (I, fd*(9(S)(P))) =  0 

for al l suc h a rc s I  .  A s befor e w e distinguis h betwee n th e tw o cases  a  >  2n 
and a  <  2n .  I f a  >  2n ,  Propositio n 1.5. 1 applie s an d s o w e ca n selec t a n 
arc J  c  I  ,  wit h J  o f lengt h a  -2K an d I  a s abov e o f lengt h a  suc h tha t 
S > H1(S"I , 9 ( S ) ( ° 0 ) an d S  *  H0(J , (fd *9(S))(P)) a r e naturall y iso -
morphic functor s .  Bu t p  trivialize s o n I , hence o n J , an d henc e th e functo r S 

* H°( J , ( f d * 9 ( S ) ) ( P ) ) i s representab l e b y affin e s p a c e ove r R  b y 
Proposition 2.3. 3 .  I n the othe r ca se , whe n a  <  2nt th e conditio n (* ) d e s c e n d s 
to S 1 itself ; i n particular , o c itsel f trivialize s o n a rc s o f lengt h a  whos e end -
points a r e no t i n a  suitabl e finit e se t a S 1 . So , i f w e tak e a  coverin g C i = 
(ui)l<i<N ° * S 1 b y ope n arc s o f lengt h a  wit h endpoint s no t i n * \ w e hav e 
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m ( s 1 , 9 ( s ) ( « ) > s i<j9(S)(«)(U|nUj) = i<j 9 (S)(U|nUj) , 

the secon d isomorphis m arisin g becaus e o f th e tac t tha t c e trivialize s o n al l th e 
Uj n  U j .  Propositio n 2.3. 3 no w implie s tha t t h è s e functor s ar e representabl e 
by affin e spac e ove r R . • 

LEMMA 2.5. 3 Let F , G  be two functors from the category of C-alge-

bras to the category of sets. Suppose u  :  F  > G is a natural transformation 

and that the following conditions are staisfied : 

(i) G  is representable by affine space 

(ii) For any C-algebra R  and g  s  G (R), the functor 

ug ( S — > u s ' 1 (g) =  fibre above g) , 

on the category of R—algebras ,is representable by affine space over R  .  Then 

F itself is representable by affine space . 

PROOF Le t A  = C [T1f .. . ,Tf ] represen t G  s o tha t G (R) =  Homc(A , R ) . 
We no w tak e i n conditio n (ii ) above R  =  A  an d g  m Homc(A, A ) a s th e identit y 
map, an d obtai n A ' =  A [S-| , . . . ,Sh] =  C [T-| ,...fTf, Sh ] representin g ug . 
Write F'(R ) =  Homc(A, ï R ) for an y C -a lgebra R . W e shal l prov e no w tha t P  s 
F .  Fo r this i t i s a  questio n o f provin g tha t fo r an y g  e  G (R), Fg(R ) s  Fg(R) , th e 
suffixes referrin g t o the fibre s .  Bu t fro m th e définitio n o f A f i t is clear tha t fo r an y 
g e  G (R), as R  i s an A-algebr a vi a g( A >  R), we have , 

Fg(R) =HomA(A [S1,. . . ,Sh],R) s  F g ( R ) , 

a s th e middl e ter m consis t s o f al l homomorphism s o f C [T-| ,...Tf][S-| ,...,Sh] int o 
R tha t restric t to g  o n C [~P|,...Tf]. • 

We no w begi n th e proo f o f th e Theore m proper . Ther e i s n o los s o f gen -
erality i n assumin g tha t th e conditio n ( 6 ) o f bein g elementar y refer s t o th e 
s a m e coverin g s p a c e S1» d fo r al l the v O ) .  Le t u s als o writ e f  instea d o f f <j 
for th e ma p S 1 »d > S 1. Thu s w e a s s u m e tha t ther e i s a  finit e se t *  < = S1 »d 
such tha t fo r an y i  ,  any C -a lgebra R , an d an y ope n ar c I  o f lengt h a j whos e 
endpoints a r e no t i n w e have , 
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HO(l, f*«tf 0)(R)) « O , H- » (I , f*V0)(R)) «  O  . 

LEMMA 2.5. 4 We have, for all i , and all C-algebras R , 

H0(S1, V(')(R) ) =  O , H0(S1 , (<U/\l( '))(R) ) =  0  . 

PROOF Sinc e v ( ' ) is elementary , th e firs t s ta temen t i s immédiat e fro m 
Proposition 1.5.1 . Fo r th e secon d w e u s e inductio n o n i . I f i  =  1 , w e a r e 
through sinc e U / u O ) = V ( ° ) . I f the resui t i s true fo r T x / l l O ) , w e ge t fro m 
(Ej) th e exac t s é q u e n c e 

H0(S1, V(i)(R) ) >HO(S"« , (U/<U,(i+1))(R) ) » H 0 ( S 1 , ( U / U W X R ) ) . 

Since th e extrêm e term s ar e zéro , th e middl e ter m i s als o zéro . • 

LEMMA 2.5- 5 For all i  > 1 , all C-algebras R , and for any open arc I 
of S 1 »d of length a\--\ whose endpoints are not in the restriction map 

Hl(S1-d ^ ( U / U O M R ) ) >  H1(I, P U / n i O t R ) ) 

/s f/7 e zér o map . 

PROOF Fo r i  = 1  <ll/<U(1 ) =  *lf(° ) i s elementar y an d th e lemm a i s im -
médiate fro m th e définition . Fo r i  > 1  w e shal l u s e inductio n o n i . Assum e th e 
lemma fo r ( T l / l l O ^ R ) an d conside r th e exac t s é q u e n c e 

0 — » f*v( i ) (R ) — » f*cll/<U(i+ 1 )(R) —> P H / l l W l R ) — > 0  . 

If I  i s an ar c o f lengt h a j wit h end s no t i n an d p  e  hM(S1.d , f ^ / l l f l + ' O f R ) ) , 
the imag e o f p  i n H 1 (S1 »d, ^ ( U / u O ^ R ) ) restrict s t o zér o o n ope n a rc s o f 
length aj_- | whos e endpoint s ar e no t o n an d henc e als o o n suc h a rc s o f 
length a j <  aj_i .  So , i f I  i s suc h a n ope n ar c o f lengt h aj , th e exac t s é q u e n c e 

0 =  H* l (I, f*V(0(R)) — > H 1 (I , f * < l l / u ( l + 1 )(R) ) —> m  (I , f n / U ^ f R ) ) 

shows tha t p  mus t restric t t o zér o o n I . • 

LEMMA 2.5. 6 For any R  and any p  e  H 1 (S1 »d, f**ll/*llO)(R)) ,  we 

have 
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H O ( S 1 A ( f *«U/u ( ' ) (R ) ) (P)) .  0  . 

In particular, for any < x e H 1 (S1, u / \ l ( ' ) ( R ) ( « ) ) , 

HO (S1, U / < U ( ' ) ( R ) ( « ) ) =  O  . 

P R O O F W e u s e inductio n o n i . T o star t th e inductio n w e mus t prov e 
that HO(S* l .d, (f * v(0) (R)) (P)) =  o . I t i s obviousl y enoug h t o d o thi s wit h >< * 
replaced b y a n ope n ar c I  o f lengt h a o whos e endpoint s ar e no t i n Bu t fo r 
such a n ar c I , p  trivialize s o n I , s o tha t th e twiste d shea f i s isomorphi c t o th e 
untwisted on e o n I ; an d a s th e définitio n o f bein g e lementar y implie s tha t 
H°( l , f * V ( ° ) ( R ) ) =  0 , w e ar e done . Assum e no w th e resui t fo r i  and conside r 
the exac t s é q u e n c e 

0 — > f * v ( 0 ( R ) — > f * U / u ( I + 1 ) ( R ) — > f * \ l / n i ( ' ) ( R ) — > 0  . 

Let p  b e a n élémen t o f H 1 (S1>d, f**l l / *U(î+1)(R)) wit h imag e oc . The n w e 
have th e exac t s équenc e o f twiste d s h e a v e s 

(*) 0  —> f*<lf (0(R)(P) —> (f*U/T-lO+1)(R ))(P) — > ( ^ / « l l O ^ R ) ) * * ) — » 0 

To prov e th e resui t fo r i+ 1 w e mus t sho w tha t H0(S 1 ,d, (f *n/0)(R))(P)) =  o . Bu t 
by Lemm a 2.5.5 , p  trivialize s o n arc s o f lengt h a i whos e e n d s ar e no t i n <£ . 
So th e argumen t give n abov e fo r *ir 0 g o e s throug h withou t an y chang e what -
soever . • 

L E M M A 2 . 5 . 7 Fix a C-algebra R , and let p  be a cocycle for 

U/<ll(i+1 ) ( R ) . Then the functor 

S » H 1 ( S 1 , V(i)(S)(P) ) 

on R-algebras is representabie by affine space over R . 

PROOF I n view o f Lemm a 2.5. 2 i t i s enoug h t o verif y tha t f *p trivialize s 
on ope n arc s o f lengt h a j whos e endpoint s ar e no t i n Bu t thi s i s precisel y 
what i s prove d i n Lemm a 2.5.5 . • 

Essentially th e s a m e argument s yiel d 
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LEMMA 2.5. 8 For p  as in Lemma 2.5.6 f**ir(i)(P ) is isomorphic to 
f*V(i) as sheaves of affine group schemes over R  when restricted to arcs of 
length a\ whose endpoints are not in <t> . ln particular if \ m H1 ( S 1, *U (C)), 
«ir (')(*) s  «uCDOO/ni0+DOO , and V 0 ) ( » is elementary for the same arc length 
and covering as *i r (1 ). 

PROOF W e conside r th e exac t s é q u e n c e (* ) i n the proo f o f Lemm a 
2.5.6, bu t restricted t o an arc J  o f length a j whos e endpoint s a r e not in B y 
Lemma 2.5. 5 p  an d o c trivializ e o n J  s o that th e second an d third member s 
of th e exact s é q u e n c e may be  replace d b y the un twisted s h e a v e s . Bu t then i t is 
clear tha t f*V(i)(P ) an d f*V0 ) mus t b e isomorphic o n J . • 

PROOF O F THEOREM W e hav e alread y prove d (a ) i n Lemm a 2.5. 6 
and (b ) in Lemm a 2.5.8 . W e prov e th e representabilit y o f the functo r R  • > 
H1 ( S 1, « l l /uOHR) ) b y induction o n i ; as * U = <U/<ll(i ) fo r i » 0 , thi s wil l b e 
enough. Fo r i  = 0 this i s just Lemm a 2.5 .1 . Suppos e i  > 0 an d that the resuit i s 
true fo r i . W e consider th e exact s équenc e 

0 —= • <ir(i )(R) —> U / U ( ' + 1 ) ( R ) — > V,/V,(i)(R) — > 0 

as well as  its  twist s 

0 — > n / ( 0 (R ) (P ) — > ( U / U ( I + 1 ) ( R ) ) ( P ) — > ( U / U C H R B W — > 0 

where o c i s a cocycl e fo r n x / u O ^ R ) an d p  i s the cocycle fo r <ll/<U(i+ 1 ) ( R ) 
that m a p s int o oc . B y Lemma 2.5. 6 the sheaf < l l (0 (R) (O, : ) h a s only th e zér o 
section o n S 1 , and henc e Propositio n 1.4. 1 i s applicable . S o i f we conside r 
the exac t s é q u e n c e (fo r R -algebras S ) 

0 — > H1(S*I , V ( ' ) ( S ) ) — > H1(S1 , U / U O + ^ S ) ) 

— * H1(S1 , U / U ( j ) ( S ) ) — 0 , 

the fibr e abov e o c i s canonicall y isomorphi c t o H" * ( S 1, ( V 0)(S))(P)) .  S o by 
Lemma 2.5. 7 thi s i s representabie b y affine s p a c e ove r R . But b y the inductio n 
hypothesis R  > H1 (S1, uOHR) ) i s representabie b y affine s p a c e an d so 
Lemma 2.5. 3 lead s u s to th e s a me conclusio n wit h i  replace d b y i+1 . • 
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2.6 I t remain s t o comput e th e dimensio n o f th e affin e s p a c e tha t represent s th e 
cohomology H1(S1,*U ) i n Theore m 2.4 .1 . W e shal l dévot e thi s paragrap h t o 
this question . 

We begi n reviewin g briefl y ho w th e tangen t s p a c e s o f a  variet y a r e 
determined i n te rm s o f th e associa te d s c h e m e s . Le t A  b e a n affin e s c h e m e 
represented b y a n affin e algebr a A  ove r C  tha t i s reduced . O n e introduce s 
the a lgebr a R  o f dua l numbers , R  =  C [e] ,  c 2 =  0 . W e hav e th e m a p s 
A(R) — * A(C ) correspondin g t o th e homomorphis m R  — ->C ( a +  b e — » a) , 
and A(C ) — > A(R ) correspondin g t o th e injectio n C  —-> R  ;  the compositio n 
A(C) —> A (R) — > A(C ) i s the identity . I f p  e  A(C) , the fibr e o f A (R) — >A(C) 
above p  i s easil y s e e n t o b e th e comple x vecto r s p a c e o f al l Mp-derivations M o f 
A, Le. , C -linear m a p s v( A — * C ) suc h tha t v(ab ) =  p(a)v(b ) +  p(b)v(a ) fo r al l 
a,b e  A , an d henc e ma y b e identifie d wit h th e Zarisk i tangen t s p a c e t o th e com -
plex variet y A(C ) a t p  .  Th e ma p A(C ) —- > A(R ) i s t h e "zér o section " 
p —> (p.0) . I f B  i s anothe r affin e s c h e m e represente d b y th e reduce d affin e C -
algebra B , and A  —> B  a  homomorphism , w e hav e a  commutativ e diagra m 

B(R) >  A(R ) 

4, i 

B(C) >  A(C ) 

and th e to p ma p i s linea r o n th e fibers . I f A(C ) i s a  smoot h connecte d variet y o f 
dimension d  ,  i n particula r i f A  =  C [ T-i,... , T^ ] wher e T j ar e indeterminates , 
then th e tangen t s p a c e s hav e dimensio n d  everywhere . 

Suppose A  i s th e affin e algebr a o f a n affin e algebrai c grou p s c h e m e 
G ove r C  s o tha t A  i s a  Hop f algebra . Th e commutato r ma p sendin g (a,b ) t o 
a b a - i b - 1 give s ris e t o a  bilinea r ma p g,(C ) X  < (̂C ) —•> g,(C ) wher e q.(C ) i s 
the tangen t s p a c e t o G (C) a t 1 , an d i t i s a  s tandar d fac t tha t thi s define s th e 
structure o f a  Li e algebr a o n g,(C) . O n th e othe r hand , G(R ) an d G (C) a r e 
groups, an d th e map s G (C) — > G(R ) — > G (C) a r e homomorphisms , s o tha t 
the fibe r o f G(R ) abov e 1  i s a  group . Th e grou p structur e i s determined b y th e 
following lemma . 
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LEMMA 2.6. 1 Under the identification of the fiber of G(R ) above 1 
with g,(C ) described above, the group multiplication corresponds to addition in 

*(C) . 

PROOF We write a —-> 1 (a) for the homomorphism A — > C de-
fined by the identity élément  1  e G(C). The image of  1  in G(R) is(1,0)andso 
(1,0) i s th e (multiplicative ) identit y o f G(R) . Le t A  ( A —> A  (g ) A ) b e th e co -
multiplication an d writ e A ( a ) =  Z  a j ®  b j .  Fo r an y h  e  q,(C) , t h e relatio n 
(1,h)(1,0) =  (1 ,h) gives , a s (1,h)(a ) = 1 ( a ) + eh(a) , a  e  A , 

1(a) +  eh (a) =  ((1,h).(1,0))(a ) 

= Z  (1 ,h)(aj)(1,0)(bi) 

= Z  (1 (ai) +  h(ai))1(bi ) 

= Z  1(aj)l(bi ) +  £  Z  h(ai)1(bj ) 

Hence, an d afte r a  simila r calculatio n base d o n (1,0 )(1,h) =  (1,h ) 

l (a) =  Z1 (ai)1(b|). h(a ) =  Zh(ai )1(bi) =  Z1(ai)h(bj ) 

But the n 

((1,h).(1,h')(a) =  Z(l,h)(ai)(l>h')(bi ) 

= Z  (l(ai ) +  €h(ai ))(1(b|) +  ch,(bi) ) 

= Z  1 (aj)1(bi)+ e  Zh(ai)l(bi ) +  e Z h'(bj )1(ai) 

= 1(a ) +  £( h +  h')(a ) 

This prove s th e lemma . • 

W e shal l no w g o ove r t o th e contex t o f §2.2. . Le t X  b e a  topologica l 
s p a c e , B , a  bas i s fo r th e topolog y o f X  ,  close d unde r finit e intersections ; 9 , a 
sheaf o f unipoten t grou p s c h e m e s , algebrai c o n B  .  W e writ e Lie (9) fo r th e 
associa ted shea f o f Li e algebras , s o that , fo r U  e  B  ,  Lie (9)(U) =  Lie(e>(C)(U)) . 

LEMMA 2.6 . 2 Assume that (a ) H<>(X , 9 ) =  0  (b ) H1(X , 9 ) is repre

sentabie by a reduced affine scheme. Then there is a canonical linear isomor-
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phism of the tangent space to H 1 ( X , 9(C)> at the trivial class 0  with 
H 1 ( X , Lie (9)). In particular, if H 1 ( X , 9 ) is smooth and connected, its dimension 
is equal to the dimension of the complex vector space H 1 (X, Lie (9))-

P R O O F Fo r an y coverin g C i =  (Uj) , U j e  B , w e shal l se t u p a  linea r 
isomorphism o f th e fibe r abov e 0  o f H 1 (Ci: 9 (R) ) — * H1(Ci :9 (C) ) wit h 
H 1 (Ci: Lie (9)). i n suc h a  wa y tha t th e isomorphism s ar e compatibl e unde r re -
finement. W e hav e th e commutativ e diagram : 

Z(Ci:9(R)) >  z(Ci :9(C)) 

l l 

m(Ci ;9 (R) ) »  H1(C I : 9 ( C ) ) 

The cohomolog y c l a s s e s i n H 1 (Ci: 9 (R)) abov e 0  a r e represente d b y (gjj,h'jj ) 
where (  gy )  e  Z(Ci : 9 (C)) ,  g\\ = c\ CJ-1 fo r suitabl e q  e  H°(Uj , 9 (C)) . Replacin g 
(gij,h'jj) b y (Q , O)-1 (gij,h'ij ) (Cj.O) , w e ma y a s s u m e tha t th e représentativ e cocy -
cles ar e o f the for m ( 1 ,hjj). I t now follows fro m Lemm a 1  that (hy ) i s a  cocycl e for 
the s h e a f L ie (9 )  associated  t o t h e c o v e r i n g C i ,  a n d tha t 
(hij) — •> 0 >hij) « s a linea r isomorphis m o f Z(Ci:Lie (9)) wit h th e fibe r o f Z(Ci : 
9 (R)) abov e 1  e  Z(Ci : 9 (C) ) . W e no w clai m tha t thi s d e s c e n d s t o a n iso -
morphism o f H1(Ci:Lie (9)) wit h th e fibe r o f H*i(Ci :9(R)) abov e 0 . Fo r this i t i s 
only neces sa r y t o sho w tha t (1,hjj ) an d (l.h'jj ) defin e th e s a m e élémen t o f 
H 1 ( C i : 9 ( R ) ) i f an d onl y i f (hjj ) an d (h'jj ) defin e th e s a m e é l émen t o f 
H1(CI : Lie(9)). I f h' y =  hj j +  k j - kj , (lfh'ij ) =  ( 1 ,kj)(1 ,hij)(1 ,kj)-i b y Lemm a 1  ; on th e 
other hand , i f (l.h'y ) =  (q , kj)( 1 ,hjj)(Cj, kj)-1 , w e mus t hav e qcj- 1 =  1 , showin g 
that th e C j defin e a n é lémen t o f H ° ( X , 9 (C)) ; sinc e thi s grou p i s 0  ,  we mus t 
have q  =  1  for al l i  s o tha t (1,h'jj ) =  (1,ki)(1,hjj) . (1,kj)-i , i.e. , h'i j = h y +  k j -  kj , b y 
Lemma 1  again . I t i s obviou s tha t th e map s hj j —Kl ,h j j ) a r e compatibl e wit h 
refinements. • 

PROPOSITION 2.6. 3 Let U  be a sheaf of unipotent group schemes 
on S 1 as in Theorem 2.4.1. Then 

dim H1(SVU ) =  di m hM (S1, Lie(<ll) ) =  2j> 0 di m H1(S1 ,V(0) 
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P R O O F * U and V ( 0 satisf y th e condition s neede d fo r the  validit y o f 
Lemma 2.6. 2 Henc e 

dim Hi (S i , n i ) =  di m Hi(Si ,Lie(ni)), di m H1(S1 ,V0)) =  di m H1(S"*, LieCVCD ) 

On th e other hand , th e exac tness o f the s équenc e 

0 > LieCVO)) »  LieCU/niO+D ) >  Lie («U/UO)) »  0 

coupled wit h th e vanishing o f H °(S1fLie(<U/<U0'))) (whic h follow s fro m th e van-
ishing o f H °(S1, I l / I l W)) implie s the exac tness of 

0 — > Hi (S1,Lie(V(i))—> HHS1,L ie (U/U( i+ l>) ) 

— > H i f S ^ L i e C ^ / U O ) ) ) — > 0 

H e n c e 

dim Hi(SiiUe(m/<U<i+1> ) =  di m HifS^LiefU/ 'U/1))) +  dim Hi(Si,Ue(VC")) ) 

which lead s t o 

dim Hi(S1,Lie(<U) ) «  S i ^ o di m H1 (S1, Li e (VO) ) 

The propositio n i s now immédiate. • 

2 .7 Le t X  =  S 1 an d let U  b e a shea f o f unipotent s c h e m e s o n X  satisfyin g 
the condition s o f Theorem 2.4 .1 . 

DEFINITION A  coverin g C i = (Uj ) o f S 1 suc h tha t Hl(Ci : UCR) ) = 
H1(*U(R)) fo r ail C - a l g e b r as R  i s called a  good covering. 

Let u s put 

a(*ll) =  mi n j > o ai 

• O U ) =  U u o *(V<*> ) 
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PROPOSITION 2 . 7 . 1 Let C i = ( U «) be any finite covering such that 
(a) the (Uoç ) are open arcs of length < a(V,)\ (b ) if U a has length equal to 
aCU), its end points are not in f[*] . Then C i is a good covering . 

PROOF W e prove thi s fo r U / ' U ® i n place o f i  > p. Thi s i s enoug h 
s ince =  0 fo r i  » 0  .  Clearl y 

a C U / l l O ) ) =  ai_i , *OU/«ll(i> ) =  U  0* J< i-i * ( V ( D ) 

In view o f corollary 1.2. 4 i t is sufficient t o show tha t the map 

H1(S1, € U / € U 0 ) ) ( R ) ) — > H I C U K . U / U O ^ R ) ) 

is the zéro ma p for any o c . I t is enough t o prove thi s fo r the pull bac k s h e a v e s 
on S1« d and for an ar c V K whic h m a p s homeorphicall y unde r f  ont o Ua . 
Since th e e n ds o f Vc * a r e not in &(V,/V,W ) w e can en large V a t o an ope n 
arc I  o f lengt h aj_ i whos e e n d s a r e not in ^ ( U / U t f ) ) . Th e assert io n t o be 
proved no w follow s fro m Lemm a 2.5.5 . • 

Let u s now fix a goo d finit e coverin g C i =  (Uj ) , each U j being a  fi-
nite unio n o f arcs. Le t 

C(Ci :  «I l )  =  C ( U ) :  R — > C (Q :  ^ ( R ) ) .  C O - K R ) ) 

Z(Ci :  U) =  Z(U ) :  R  —> Z(C i :  <U(R)) =  Z(<U(R) ) 

have thei r usua l meanings . C(1l ) i s a unipoten t algebrai c grou p s c h e m e an d 
Z(<U) i s an affine scheme . Th e latter i s defined b y the equaiton s 

(*) 9i i = 1 > 9i j 9ji = 1 » 9ij 9jk 9ki = 1  -

PROPOSITION 2 . 7 . 2 C ( 1 l ( R ) ) acts freely on Z ( U ( R ) ) for all R . 

PROOF B y Theorem 2.4.1 , H0(<U(R)(« ) ) = 0 fo r all o c e Z(<U(R)) . Th e 
resuit no w follow s fro m Propositio n 1.3.1 . • 

LEMMA 2 . 7 . 3 Let E  and F  be affine schemes over R  and c p 
( E — F ) a natural map. If < P ( S ) ( E ( S ) — * F(S) ) is surjective for all 

R-algebras S  ,  there is a natural map 4 * (F —> E ) such that < P O  ̂—  i d F . 
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P R O O F Le t A  (resp . B ) b e th e R-a lgeb r a tha t r epresen t s E  (resp . 
F). B y a  s tandar d resui t ([Wa ] p . 6 ) w e kno w tha t ther e i s a n R-a lgebr a ma p f 
(B —> A ) tha t give s lis e < P . I t i s a  questio n o f constructin g a n R-a lgeb r a ma p 
g ( A —> B ) suc h tha t g  °  f  = ide . Sinc e cp (B) (E(B ) — > F(B) ) i s surjective , 
we ca n fin d g e E(B ) suc h tha t v(B)(g ) =  ide - The n g ( A — > B ) i s a n R-a l -
gebra map ; as f  give s ris e to c p , cp (B)(g) =  g o  f,and s o g  o  f =  ide . • 

P R O P O S I T I O N 2 .7 . 4 Z f U ) is representabie by an affine space 

over C . 

P R O O F Z(*U ) an d H ^ S 1 : =  H1( \ l ) a r e affin e s c h e m e s an d w e 
have a  natura l ma p 

v :  z ( u ) — > m e u ) 

that i s surjectiv e fo r ai l R  .  Henc e b y Lemm a 2.7. 3 ther e i s a  natura l ma p 

a :  H10U)— >Z(ci i ) 

such tha t 

ÏÏO a  =  id . 

So fo r an y R  th e ma p 

9(R) :  C(U(R) ) X  H1(U(R) ) — > Z(U(R) ) 

defined b y 

9(R)(c, y) =  c [ a (Y) ] 

is bijective . Thi s show s tha t w e hav e a n isomorphis m o f functor s 

9 :  C(U) X  H 1 C U ) — » ZCU ) 

a s CfTl ) X  H 1 ^ ) i s representabi e b y a n affin e space , w e ar e done . • 

COROLLARY 2.7. 5 The idéal generated by (*) is prime and is 

the idéal for ail regular functions vanishing on Z ^ C C ) ) ; the latter is an alge

braic variety isomorphic to complex affine space. 
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THEOREM 2.7. 6 The action of C(V,(C)) on Z(V,(C)) is free in the 

algebraic géométrie sensé, and the map 

z(<u(C)) — > H i ( U ( C ) ) =  C ( U ( C ) ) \  z(<ii(C) ) 

is the quotient map. 

PROOF Th e firs t s ta temen t i s immédiat e sinc e 

9 ( C ) : C ( U ( C ) ) X H1 (U(C)) — * Z(U(C) ) 

is a n isomorphis m o f varietie s whic h i s equivarian t wit h respec t t o 0(^ 1 (C)), 
the actio n o n th e lef t bein g lef t trranslatio n o n th e firs t component . Th e secon d 
statement foliow s triviall y from th e first . • 

In practic e th e s h e a v e s o f grou p s c h e m e s on e encounte r s a r e ofte n 
unramified an d p o s s e s s additiona l features . W e shal l no w mak e a  fe w remark s 
that ma y b e helpfu l i n gettin g a  furthe r understandin g o f th e représen ta i l i t y 
theorem 2.4. 1 i n t hès e spécia l c a s e s . W e shal l u s e th e goo d covering s i n th e 
unramified c a s e t o ge t a  mor e explici t descriptio n o f th e s c h e m e structur e o n 
H1(S1,*U). W e a s s u m e tha t * U satisife s th e followin g condition s : 

(a) * U i s unramified . 

(b) fo r eac h i  > 0 , th e exac t s équenc e 

o — > vo)—» nx/uo-»-1 ) — > u / u o ) — > o 

splits, Le. , there i s a  ma p 

vi : U/U (i) -> U/U (i+1) 

such tha t p j o  ï\ =  id , p j bein g th e ma p ^l/nj X (i+1) —> u/u (i) We wis h t o 
prove 

THEOREM 2.7. 7 if * U satisfies thèse conditions, we have 

H1(S1 ,U) s  TTi> 0 H1(S1 ,V(«>) 

W e shal l prov e thi s fo r 0 1 / U ^ ) i n plac e o f * U ; a s *U(j ) =  0  fo r 
i > > 0 , th e resui t fo r 0 1 wil l follow a t once . Fi x i  > 0  an d a s s u m e th e theore m 

149 



D. G. BABBITT, V. S. VARADARAJAN 

for <U/'U(i+1) . Le t us fi x a  finit e coverin g (Uoc ) of S 1 b y open arc s o f lengt h a\ 

whole end s ar e no t i n *(<U/<U(i+1) ) an d whos e tripl e intersection s ar e empty . 
This i s certain ly a  goo d coverin g fo r 'U/ ' l lO ) i n vie w o f Propositio n 2.7.1 . 
Since ther e wii l b e n o othe r coverin g involve d i n the discussio n belo w w e shal l 
omit référence s t o it . W e ma y enumerat e th e indice s o c as 1  M  an d identify , 
for an y shea f z ô fo r whic h th e coverin g i s good , th e cocycle s fo r / Ô b y System s 
(S«p)oc<p »  Scc p e ^(Uoc n  Up) . 

LEMMA 2.7. 8 The natural map 

Pi: c ( n / n a + D ) — > c ( n / v W ) 

induced by p j is an isomorphism, and its inverse is the map 

C(u/u(i)) C(u/u(i+1)) 

induced by 7\. 

PROOF I t is enoug h t o prov e tha t p j i s bijective . Fi x a  C-algebr a R 
and conside r c  =  (c « )  «  0 ( 1 1 / 1 1 (R) ) suc h tha t p j (c«) =  1  for ai l o c . 
Then c w i s a  sectio n o f 1/( 0 (R ) o n U « .  henc e c « =  1 . • 

Suppose g  e  Z(1T(i)(R) ) an d h  «  Z(1l /U.0)(R)) . W e déf i ne g* h e 
Z(1i /H0+1) (R) ) b y 

(g*h)ap =  g «p ïi(h Kp) ( « <  P  ) 

For any cocycl e s  ,  we Writ e [s ] fo r its cohomology class . 

LEMMA 2.7. 9 Fi x R . 

(a) I f [g*h] = [g'*h'] , then [h ] = [h' ] 

(b) I f [g*h] =  [g'* h ] , then g  =  g ' . 

(c) I f E  c: Z(1l/K,(< ) (R) ) maps onto H i C U / U ^ R ) ) , then 

Z(ir(')(R)) *  E  map s ont o 1^(11/110+1)^)) . 

PROOF a ) Appiyin g p j , we ge t [h ] = [ h ] . 
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b) Suppos e g'* h =c[g*h ] fo r som e c e C f U / U ^ H R ) ) . Applyin g p j 
we ge t h  =  pj(c)[h] . A s the actio n o f C(<U/<U(')(R) ) i s free, pj(ç ) =  1 . B y Lemm a 
2.7.8 thi s gives c = 1 , i . e . , g ' * h = g* h .  But the n g ' =  g . 

Note tha t b y th e result s o f §  2.5, the coverin g i s goo d fo r <Lt/U(i+1)(R) ) 
also, sinc e eac h cocycl e fo r i t trivializes o n arc s o f lengt h aj . 

c) Le t u  e  Z(<U/,U('+1)(R)) . W e ca n writ e u  =  k* c [e ] wher e e  e  E 
and c e C O i / U O ^ R ) ) . tt  i s a  questio n o f findin g k ' « Z(V0)(R) ) wit h k * c[e ] = 
Ti (c)[k'* e] . Bu t 

uKp= k c c p r i f c a e a p c p - 1 ) 

= k« p ri (c«) Ue^ïi (cp)- i 

- * \ (cK)ka p <T j (eocp) 3-i(cp)- i 

whe re 

k 'ap= ^ i ( c « ) - 1 kocprKCoc ) 

S ince V ( » (R)(U a f l Up ) i s a  norma l subgrou p o f <U/<U0+D(R )(ua f l Up) , 
k'ap i s agai n a  sectio n o f V0) (R ) o n Uo c f l U p ,  s o tha t k ' i s a n élémen t o f 
Z(V(0(R». • 

PROOF O F THEORE M 2.7. 7 Le t a j b e th e natura l ma p 

CTJ :  H1(S! , U / U O ) —= • z t a i / u o ) ) 

such tha t TT j o a j =  i d wher e TT J i s the rea l natura l projectio n 

E: Z(V(i))*H1(S1, u/u(i)--->H1(S1,u 

We no w defin e th e natura l ma p 

£ : Z(V(0 ) X  H1 (S1, «I l / I l (•)) — > Hi(S1,<U/<U<i+l> ) 

by 

6(R) (9 , ï ) =  fa *  ai( ï) ] 
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The naturalit y o f Ç . i s obvious . B y Lemm a 2.7. 9 £  i s a n isomorphism . Sinc e 
the natura l ma p 

Z(V(0) — > H1(S1 ,V0>) 

is a n isomorphism , th e proo f i s complète . • 

REMARK I f V  i s elementar y (an d unramified) , th e representabilit y o f 
H1(S1 ,V) b y affin e s p a c e i s immédiat e fro m Lemm a 2 .5 .1 . Henc e i t i s clea r 
that th e abov e argumen t lead s t o a n elementar y proo f o f Theore m 2.4. 1 i n th e 
spécial situatio n t reate d here . Th e Stoke s shea f o f a n unramifie d é lémen t o f 
Co satisfie s t h è s e condition s as  w e shal l see  belo w an d s o th e abov e argumen t 
gives a  proo f o f th e affin e structur e o n th e cohomolog y o f th e S toke s shea f an d 
its explici t décompositio n a s a  produc t o f th e cohomologie s o f S toke s s h e a v e s 
of unramifie d connect ion s wit h a  singl e level . Suc h a  proo f i s actuall y ver y 
close t o th e on e d iscusse d i n [BV4 ] an d [BV5] . I t would b e interestin g i f a  simila r 
proof coul d b e foun d i n the ramifie d c a s e . 

Let u s cons ide r th e gênera i situatio n o f Theo re m 2 . 4 . 1 . Le t u s 
suppose , a s i n §2.5 , tha t ai l th e arclength s a j a r e <  2dn, s o tha t th e conditio n 
( 6 ) refer s t o th e s a m e coverin g s p a c e S1> d fo r ai l V( ' ) ; le t f ( S L d — S i ) b e 
the coverin g map . W e ar e the n i n th e situatio n d iscusse d i n §1 .3 . Propositio n 
1.3.3 the n give s rise , fo r ai l C-algebra s R , t o natura l isomorphism s 

H1(S1, U(R) ) =  HHSi , f*U(R)) lnv , 

the superfi x denotin g th e s u b s p a c e o f M cHnvariant é léments . Thi s lead s t o 

THEOREM 2.7.1 0 There is a natural isomorphism of varieties 

Hi(S1 ,n i (C) ) s  H1(S1 , f*<tl(C)),n v 

REMARK Sinc e f*< U i s unramified , th e affinenes s o f it s H 1 h a s a n 
e lementary proof , an d so , i t i s natura l t o a s k whethe r w e ca n u s e th e abov e 
Theorem t o ge t a n elementar y proo f o f Theore m 2 .4 .1 . Thi s s e e m s difficul t t o 
do, althoug h th e abov e thore m show s tha t H 1 (S1, U(C) ) i s smooth, i n vie w o f 
the classica l theore m tha t th e variet y o f fixe d point s o f a  comple x analyti c actio n 
of a  finit e grou p o n a  comple x manifol d i s smoot h [BM] . 
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3 AFFIN E STRUCTUR E FO R TH E COHOMOLOG Y O F TH E 

STOKES SHEA F O F A  MEROMORPHI C PAI R 

3.1 W e shal l no w appl y th e theor y o f §§1- 2 t o th e loca l stud y o f meromorphi c 
pairs. I n orde r t o d o thi s i t i s necessa r y t o sho w tha t th e S toke s shea f o f a 
meromorphic pai r (V , V ) a t z  =  0  satisfie s th e condition s a s s u m e d i n Theore m 
2.4.1. 

PROPOSITION 3.1. 1 Let (V , V ) be a meromorphic pair at 0  e  C 
and let S t ( V , V ) (resp. 6 t (V,V) ) be its Stokes sheaf (resp. infinitésimal 

Stokes sheaf). Then <st (V,V)) is a sheaf of complex nilpotent Lie algebras 

and S t (V,V ) is the corresponding sheaf of complex unipotent algebraic 

groups, so that S t (V , V) is in the category A  and <s t (V , V)) =  Li e (S t (V , V)). 
Moreover hte assignment k  —> 1  + k  is an isomorphism of affine varieties of 

6t (W) with St(W ) for each open arc W  c  S 1 . 

PROOF Thi s i s mor e o r les s a n obviou s conséquenc e o f th e discussio n 
in I , § 3 an d II , §2 .3 . Le t E  b e th e endomorphis m bundl e o f V  an d V E th e 
connection o n E  associate d t o V . W e kno w tha t fo r an y ope n ar c W  c : S1 , 

St (V,V)(W ) =  1  +  6 t (V , V)(W ) 

a t (V,V)(W ) =  %0(E)(W ) 

where %o(E)(W ) i s th e s p a c e o f fla t horizonta l section s o f ( E , V E ) o n T ( W ) . 
Then, b y I , Propositio n 3.4.1 , w e hav e a n isomorphism , dependin g onl y o n th e 
spectrum 2  o f (V , V ) an d th e partia l orderin g < u o n it , o f th e shea f St(V,V ) 
(resp. <s t (V,V) ) o n W  wit h th e shea f A> = A(&) (res p .  6(B) ) o f subgroup s o f 
GL(U) (res p .  Li e suba lgebra s o f c >-£(U)) whos e stal k a t an y w  e  W  i s th e 
group (Li e algebra ) o f ai l g  =  (gCTx ) e  End(U ) suc h tha t 

ga* =  1  ( r e sp . ga Œ =  0) , 

gffX =  0  unles s t r < w x  ( a #  x ) . 
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If we exten d th e partia l orderin g < w o n ï  t o a  linea r orderin g < < arbitrarily , 
then i t i s clea r fro m th e abov e tha t g „ x =  1  o r 0  i f x  =  a  an d g <yX = 0 i f 
x < < c , s o tha t i f g  =  1  +  h , h  i s nilpotentan d g  i s unipotent . • 

We no w introduc e a  natura l filtratio n o n S t (V,V ) indexe d b y rea l num -
bers . Fo r an y rea l numbe r t  ,  S t (V.VJC O i s th e subshea f o f S t (V,V ) whos e 
stalks a t u  e  S 1 ar e give n b y 

St (V,V )(t) (u ) =  {  g e  S t (V,V)(u ) :  (g-1) E ( C J ) -  0  (r (u)) i f ord (ùj) >  t } 

Here w e recal l (cf . I , §3 ) tha t fo r an y differentia l for m O J e  JS»(u) , E ( C J ) i s 

exp( 
z 

u 
OJ#. dz) . The fundamenta l resui t concernin g th e St(VfV)(i ) i s th e fol -

lowing. 

PROPOSITION 3.1. 2 Let L  =  {ri,...,rm } (  n  e  Q , n  <  ... < r m <  - 1 ) 
be the canonical levels of (V,V) . Then {S t (V,V)(t) } is a family of normal 
subsheaves of S t (V,V ) decreasing with t . Moreover, we have 

St(V,V)0) =  0  ( t <  n  or t  >  r m ) , 

St(V,V)(t) =  St(V,V)(rk ) (  rk <  t  <  n<+ i ) . 

Finally, writing S t C"1 " k) =  St(V,V)C 0 for t  =  rk , one obtains the filtration 

St(°) =  S t (V,V ) 3  StO ) 3  .. . S t C^"1 ) 3  St(m ) =  0 

such that St ( 0 / St ( i ) m A  whenever j  >  i , and St ( 0/stO +  1) is elementary 

with associated arc length n/(\ rm - i l - 1 ), i  = 0 , 1 m - 1 . 

The proo f o f thi s propositio n wil l b e take n u p i n §§3.2 - 3.4 . 

3 .2 I n thi s paragrap h w e shal l s u p p o s e tha t (V,V ) i s a n unramifie d canonica l 
form. Thu s V  i s th e trivia l bundl e C  X  U  wher e U  i s a n n-dimensiona l vecto r 
s p a c e ove r C , an d V<j /dz =  d/d z -  B  wher e 

B =  2 r e L D r z r + z-i C ( L = {n rm} , H  e  Z  ,  ri< .. . <  r m < - 1 ) 
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is an unramifie d canonica l form . Fo r an y k  ,  1  <  k  <  m , w e writ e L(k ) =  {  r-|,..,rk}, 

Bk= SnsLCk ) Drz r +  z--»C , 

and defin e V k t o b e th e connectio n o n V  whos e connectio n matri x i s th e 
canonical for m B k whic h i s bein g viewe d as a  sectio n o f th e bundl e End(V ) o n 
Cx. Le t 2  (resp . 2(k) ) bethe  spectru m o f (V , V ) (resp . (V , Vk)) . W e identif y 2 
(resp.2(k)) wit h th e join t spectru m o f th e Dr , r  e  L  (resp. Dr , r  e  L(k)) ; and fo r a 
e 2  o r 2(k ) (dependin g o n th e context ) le t UC T b e th e spectra l s u b s p a c e o f U 
corresponding t o c r an d P a ( U — > U a ) th e spectra l projections . I f k  <  m  ,  le t 
Bk,a (o ; e  2(k) ) b e th e restrictio n o f 

ErŒL\L(k)Drzr +  Z -1C 

to V a =  C  XUr j ,  viewed a s a  sectio n o f End(VŒ ) o n Cx , an d Vk> a th e con -
nection o n V a wit h Bk.c j a s th e connectio n matrix . W e writ e St , St|< , an d 
Stk.o- fo r th e S toke s s h e a v e s o f (V,V) , (V,Vk ) an d (Va,Vk,a ) respect ively . 
Finally, fo r o c = 2r6| _ a r z r . d z e 2 , le t oc k = 2rŒ|_(k ) a r z r . dz . 

It i s e a s y t o descr ib e th e S toke s shea f o f a  canonica l for m explicitly . 
Indeed, i t follows fro m I , §3.4 tha t fo r an y ope n se t W  c  S1 , St(V , V)(W ) i s th e 
group o f hoiomorphi c map s g  (r (W) — > GL(U) ) suc h tha t 

(a) dg/d z +  [g , B ] =  0 

(b) g  - 1  (r (W)). 

T h è s e differentia l équat ion s ca n b e solve d a t onc e t o obtai n th e loca l structur e 
of St . Selec t a  branc h log w o f lo g o n T(W ) an d defin e 

*(z) =  exp(2 r6L D r z r + Vr + 1  +  log w z •  C )  (  z e  T  (W)). 

Then ^  ( T ( W ) — > GL(U) ) i s hoiomorphi c an d satisfie s 

(dip/dz) =  B . 

It is easy t o see  tha t i f g  (T(W ) — > GL(U) ) i s hoiomorphic , the n 

dg/dz +  [g , B ] =  0  <= » d /dz (^ -1g^ ) =  0 . 

155 



D. G. BABBITT, V. S. VARADARAJAN 

In particular , i f W  i s an ope n arc , th e transformatio n 

g — » vp- 1 

is a n isomorphis m o n W  o f St(V , V ) wit h th e subshea f /Ô(B ) o f th e constan t 
sheaf GL(U ) whos e stal k a t w  €  W  i s 

,Ô(B)(W) =  {  h e  GL(U ) :  * h * -l ~  1  (r (w))} . 

Thus, i f a , x  e  2 , an d a  *  x , the n an y g  e  St(W ) ca n b e represente d a s 

( * ) E(CT-X ) exp(logw z -  Ca) Y  exp( - logwz •  Cx) =  E ( a - x ) h y ^ x 

where Y  e  Hom(Ux , UŒ ) i s a  constant . Not e tha t 

(a) hy.CT T i s a  functio n o f moderat e growt h 

(b) Y  =  0  unles s pa_x(u ) <  0  fo r al l u  e  W , 

the latte r bein g a  conséquenc e o f I , Propositio n 3.4.1 . 

PROPOSITION 3.2. 1 Fix k , 1  ^  k  <  m.Then there are maps 

oc (St k — > St ) and p  (S t —» ©<j «5:( k ) Stk.a) in the category A such that 

0 — > S tk— > S t — > ®a «Z(k) Stk, a — > 0 

is an exact séquence. Moreover, this séquence spiits ,  Le., there is a map 

* (©a eZ(k)Stk,a — > S t )  such that p  .  r =  id . 

P R O O F Le t 

pk =  e x p ( 2 r « L \ L ( k ) D r z r+1/ r+1 ) 

We defin e c c , p , r a s follow s :  if W  < = S 1 i s ope n an d g  e  Stk(W) , h  e  S t (W) , 
t =  (  t„) «  © a - s (k)St k> a (W), then 

«(g) =  PkQPk-1 , P(h ) =  (Pa h Pff)Œ « X (k> *(t) = 2 * * X (k)PatŒPa 

If w e thin k o f an y h  s  S t (W ) a s a  matri x (hCTX)aïX«2 :(k) »  P(h) i s th e matri x 
(ha(yôax) an d r ( t a ) i s the matri x (ôCTXta) . I t is thus clea r tha t p « Z =  identity , 
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and tha t < T i s multiplicative . Th e multiplicativ e natur e o f o c i s obvious . Bu t fo r 
p i t i s no t obviou s an d n e e d s a n argument . W e conside r th e spectra l décompo -
sition U  = ©cp« z Uc p of W  wit h respec t t o ai l the D r ,  r  s L , and represen t th e h 
e S t (W ) a s matrice s (hcp^cp^ c E  - Th e multiplicativit y o f p  then corne s dow n t o 
showing th e following : fo r cr e 2(k) , le t S(cr ) b e th e se t o f < P e 2  wit h <P k = a ; 
then fo r h,h ' e  S t (W ) an d cp,ij j e  S(a) , 

(hIVJcp* =  2 > ^ s ( c 0 hcp^h1^ ^ . 

Now, 

(hh'Jcpui =  S u s s e s ) h c p ^ h ^ +  S x + r j 2M6s(x ) hcPM hV^ 

where th e x  i n th e secon d su m varie s ove r 2(k) . W e clai m tha t eac h summan d 
of th e inne r su m i n the secon d ter m (  for fixe d x ) i s 0  .  Indeed , le t u  e  W  b e no t 
on an y Stoke s line . The n w e hav e eithe r c r < u x  o r x  < u o ; ;  i n th e firs t c a s e , 
T | J < U | I s o tha t h'M4 , = 0  ,  while i n the secon d case , M  <u v  s o tha t hcp M =  0 . 

We mus t sho w nex t tha t oc ,p an d < T map int o the appropriat e sheaves ; 

[oc] :  Fo r g  e  S t k  we have , 

d*(g)/dz =  [  (dpk/dz)pk-1, Pkg Pk"1 ] +  PklBk , g] Pk"1 

- R«fcS -

It remains t o sho w tha t oc (g) ~  1  (T(W)) . I f < P, ^ e  2  an d cpk = vpk , the n g ^ 
= ôcp̂ i ,  s o tha t w e nee d onl y sho w tha t fo r an y ope n ar c W , 

cc(g) ~  0  (T(W ) (cp k * *k) . 

Write Œ  =  <Pk , x  =  ^k-Then , b y the relatio n (*) , 

<*(gW =  E(cp-^ ) hy .CTx , 9CJ X =  E ( a - x ) hy.cj T • 

Since g  e  Stk(W) , i t follows tha t g , an d henc e oc (g), i s zéro unles s P < J - T ( U ) < 0 
for ai l u  e  W . O n th e othe r hand , a s c r *  x , o r d ( a - x ) <  rk , t r - x an d < P -*P 
have th e s a m e leadin g coefficient , s o tha t pa_T(u ) =  pcp_^(u ) ( u e  W) . Hence , 
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when pCT_x(u ) < 0 fo r al l u  e  W , w e mus t hav e E(<p-4> ) -  0 ( r ( W ) ) . Thi s im -
plies tha t oc(g)<p * ~  0  (T(W) ) sinc e hy .ax i s of moderat e growth . 

[p] :  I t is trivial to chec k tha t p  map s S t (W ) into © a « z(k) Stk,< j (W) . 

[r ] :  Similarly i t is trivial tha t r map s ©CT « x(k) Stk|(j(W ) int o S t (W) . 

|EXACTNESS] Fo r g  e s Stk(W)f gG( y = 1  for a  e  2(k) , an d so , p(oc(g) ) -
1. W e mus t no w verif y tha t i f h  e  S t (W ) an d p(h ) =  1 , the n g  =  pk~1 h p k « 
St k(W) . A  simpl e calculatio n show s tha t dg/d z =  [Bk , g ] an d s o i t remain s t o 
verify th e flatnes s conditio n .  No w gCT Œ = 1  for al l a  an d s o w e mus t verif y tha t i f 
<P,X]J e  2  an d cpk = o r *  x  =  \|Jk , the n g<p * ~  0  (T(W)) . Bu t as  before , i n vie w 
of (*) , 

hep* =  E ( < P - ^ ) hy .CTx .  9 * * =  E ( a - r ) hv,a x ; 

and hep * ,  henc e gcp * also , i s zér o unles s pcp-*(u ) <  0  for  allueW.  ! n th e 
latter c a s e , a s before , pa_x(u ) <  0  for all u  e  W , s o that , a s hy.tj T iso f moder -
ate growth , gcp * ~  0 (T(W)) . 

Finally, th e morphi c propert y o f oc,p,an d Z i s obvious . • 

In vie w o f thi s resui t w e ma y identif y St k ( 1 <  k  <  m ) as a  norma l sub -
sheaf o f St , wit h St m =  St . W e pu t St o =  0 ; moreover , fo r 1 < k  <  m  an d a  e 
2(k) w e writ e Stk,k +1,a fo r th e Stoke s shea f o f (V a ,  Vk,k+i,a) wher e V a i s th e 
bundle C  X  U Œ an d Vk,k+i, a i s the connectio n whos e matri x i s th e restrictio n 
to V a o f 

Bk,k+1,<y= 2 R«L(k+1)\L(k) D rZr + Z-1C. 

The followin g i s then a n immédiat e conséquenc e o f th e abov e resuit . 

C O R O L L A R Y 3 . 2 . 2 We have 

Sto =  0  c  St i c : .. . c  S t m  = S t 

where St k is a normal subsheaf of St . Moreover > for 0  <  k  <  m , 

S t k + l / S t k =  © a « Z ( k ) Stk,k +1,a 
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PROPOSITION 3.2. 3 Let r  < - 1 6e an integer, I T a comptex vector 

space of finite dimension , and B * = D ' z r +  z - 1 C a  canonical form defining a 

connection V  o n rte  bundle V  =  C  X  U \ Then S t (V,V ) / s elementary with 

associated arc length 7c/(lr—I) . 

P R O O F I f a, b ar e an y tw o distinc t e igenvalue s o f D' , le t $ (a ,b ) b e th e 
se t o f ray s throug h th e point s u  e  S 1 suc h tha t Re((a-b)ur ) =  0  ;  the n 
* =  Ua. b * (a ,b ) i s th e se t o f S toke s line s o f End(V') . I n vie w o f propositio n 
2.4.2, i t i s a  questio n o f provin g tw o things : 

(a) i f K  i s a n ope n ar c c  S 1 o f lengt h rc/(lr-l)  wit h en d point s no t o n 
then 

H°(K, S t (B1) ) = 0 , Hl(K,S t (B')) = 0 

(b) i f K,K ' ar e arc s wit h K ' c z K  an d ( K \  K' ) f l #  =  0 , the n an y sectio n 
of S t (B ) o n K ' extend s uniquel y t o a  sectio n o n K  . 

The assertio n (b ) i s a  restatemen t o f I,Propositio n 3.4.2 . Concernin g th e asser -
tion (a) , le t g  e  H°(K,S t (B1)) . I f a, b ar e distinc t e igenvalue s o f D \ *(a ,b ) i s a 
set o f 2(lrl-1 ) ray s wit h angl e exactl y n/(\r-\) be twee n success iv e member s 
and s o on e o f the m mus t mee t $  withi n K  .  Henc e ga b =  0 , an d so , a s a  ,  b 
are arbitrary , g  =  1 . 

The vanishin g o f H 1 (K,St (B') ) i s mor e délicat e .  W e prov e firs t tha t i f K * 
is an y ope n ar c o f lengt h <  jc/(lr-l) , th e restrictio n ma p 

H i (S i ,S t (B1) ) — > Hi(K',S t (B') ) 

is identicall y zéro ; thi s d o e s no t requir e B 1 t o hav e onl y on e leve l bu t d é p e n d s 
rather o n th e fac t tha t r  i s th e principa l level . I f <T e H1(S1,S t (B')) , w e ca n fin d 
by th e Malgrange-Sibuy a theore m a  meromorphi c pai r ( V , V ) at z  =  0  an d a n 
isomorphism £  o f it s formalizatio n wit h th e formalizatio n o f ( V \ V B ' ) . suc h tha t 
((V, V),S ) i s represente d b y y . Thu s w e ca n fin d e  >  0 , a  coverin g (Uj ) o f S 1 
by ope n arc s an d isomorphism s X J of ( V . V ) with ( V ' . V B O on r (Uj)8 suc h tha t 
XjA =  4  an d th e cocycl e (xjxp1 ) represen t s Z. Bu t IK' I <  jc/(lr-l) , an d s o 
I.Theorem 2.2. 4 allow s u s t o fin d a n isomorphis m u  o f ( V , V ) wit h ( V . V B O o n 
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r(rC)e wit h u A =  e  ;  i f y i = xiu-1 , i t i s immédiat e tha t y\ e  S t ((V,V ))(Uifl K' ) an d 
qcj—1 =  yiyp1, on UjnUjflK \ Thu s Z trivialize s o n K* . 

W e no w argu e as  i n Propositio n 2.4. 2 t o sho w tha t an y torso r < T fo r 
St (B* ) o n K  i s trivial . W e clai m firs t tha t i f K ' i s a n ope n ar c an d K 1 ce K , 
the restrictio n o f < T o n K ' i s actuall y th e restrictio n o f a  torso r o n S 1 fo r St(B') , 
to K' . Indeed , i f we writ e K " =  (u'.v1 ) where u\v f e  K , the r e ar e smal l ope n arc s 
( v - y ) an d (u\uw ) wit h u " <  v " o n whic h i s trivia l ;  we the n tak e th e trivia l 
torsor o n th e ar c S 1 \ [un,vn] an d glu e i t to the restrictio n o f o n (u\vf) . B y t h e 
resuit establ ishe d above , < T trivialize s o n K1 . W e no w writ e K  a s U n Kn wher e 
Ki c e K 2 <=c . . . c e K n ce K , an d K  \ K i d o e s no t mee t * . The n trivi -
alizes o n al l th e Kn . I f there ar e tw o section s t , t ' o f < T o n Kn , then ther e i s a 
section g  o f S t (Bf ) o n K n suc h tha t g[t ] =  V. B u t a s ( K \  Kn)H * =  0 , g  ex -
t e n d s uniquel y t o a  sectio n o f S t (Bf ) o n K , whic h mus t b e th e trivia l sectio n 
since H°(K , S t (B') ) =  0 . Thu s t  =  t \ provin g tha t Î T i s uniquely trivializable 
on Kn . Th e section s o f o n th e K n ar e thu s cohéren t an d buil d u p t o a  s ec -
tion o n K . Thi s finishe s th e proo f tha t H1(K , S t (B') ) =  0 . • 

PROPOSITION 3.2. 4 SX satisfies the conditions of Theorem 2 .4 .1 . 

PROOF Le t u s observ e tha t th e connect ion s Vk,k+i ,a a* l hav e a  singl e 
level, an d tha t thi s leve l i s th e s a m e fo r al l o f them , namel y rk+i . Th e abov e 
proposition applie s t o eac h o f the m an d show s immediatel y tha t 

® a « L(k ) Stk,k+1 ,a 

is e lementar y wit h a r c lengt h rc/(lrk+il  - 1 ) . Th e resui t no w follow s fro m 
Corollary 3.2.2 . • 

Let u s writ e 

St(t) =  S t ((V,V))(t) , t e R 

where V  =  C  X  U  an d V  i s the connectio n o n V  wit h connectio n matri x B  . 

PROPOSITION 3.2 . 5 We have , 

St(V,V)(t) ,  o  ( t <  n  or t  >  r m ) , 
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St(V,V)«) =  st k (  rk <  t  <  rk+ i ) . 

P R O O F Le t W  b e a n ope n ar c an d g  e  StCOfW) , t  e  R . Then , whe n 
< P , ^ e S , (c p #  4*) , we have , b y (*) , 

g<p* =  E ( < P - * ) hv.cpu, . 

Suppose firs t tha t t  <  ri . The n ord(« p -  ^ ) >  r i >  t  an d s o 

exp( - logwz . Cep ) E ( - ( < P - * ) )exp( logwz . C* ) g ^ ~  0  (T(W) ) 

by th e assumptio n o n g  .  Thi s show s tha t Y  = 0  ,  and henc e tha t g  =1 . Le t u s 
next suppos e tha t r k <  t  <  rk+ i wher e k  <  m , an d writ e f  =  pk~ 1 g pk , <p k = 
a, 4* k =  x . I f a  =  x , the n ord(<p-U 0 >  rk+ i >  t , an d so , w e ca n argu e a s 
beforethat g ^ = 0 , so tha t fa o =  1 . I f a  *  x , w e hav e 

cp-^j =  (cr-x ) +  8 , ord(8 ) >  r k + 1 >  t , 

and ou r assumptio n lead s t o th e relatio n 

fffT =  E ( - 8 ) gax ~  0  (r<W)) . 

In othe r words , w e hav e verifie d tha t pk~1 g p k e  S t (Bk)(W) , i.e. , StW(W ) c : Stk . 
To prov e th e revers e inclusion , le t f  e  Stk . The n f ^ =  6^ fo r < P ,^ e 2  wit h 
CJ =  x  ;  and i f cr * x , w e hav e 

fcp^ =  E(cp-^j ) hy.tpti j ,  fa x =  E ( - 8 ) fcp^ , , 

and pcp-4,(u ) =  pff-x(u ) fo r ai l u  e  W . Clearl y w e hav e t o conside r onl y th e 
c a s e whe n pip-^fu ) <  0  fo r ai l u  e  W , sinc e otherwis e fax , an d henc e fcp ^ 
also, mus t vanish . Le t pcp-,jj(u ) <  0  fo r ai l u  e  W , an d le t T | be an y differentia l 
form i n J9(W)o f orde r >  t . The n 

E ( T I ) fcp * =  E( CP - \4J +  T I ) hy.cp^ ; 

and fo r th e leadin g ter m bz 9 o f <p-x p +  r\9 sinc e i t i s the s a m e as  tha t o f cp-^j , 
we mus t hav e Re(bu q +  1/q +  1 ) <  0  fo r ai l u  e  W . Hence , fo r an y secto r T1 
c i c T(W ) on e h a s th e estimat e 

I E ( C P - * + T I ) I <  e x p ( - a l z i q +  1) ( z e  T' , z— •> 0) , 
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a >  0  bein g s o m e constant . Bu t then , a s hy .cp* i s o f modera t e growth , w e 
must hav e 

E(TI) w  -  o  (r (W)). 

This prove s tha t f  e s St(*)(W) . Finally , le t t  >  r m ,  and le t f  e s S t (W) . The n fo r 
any cp,\ p e s 2 , wit h c p #  ord(<p-4 0 ^  r m an d s o th e las t argumen t applie s 
and show s tha t 

E(îi)fcp* ~  0 (T(W) ) 

for al l < p * S o f  es St(t)(W). • 

3 . 3 I n vie w o f th e result s o f §  3 . 2 , it i s clea r tha t fo r completin g th e proo f o f 
Proposition 3 . 1 . 2 we mus t relat e th e Stoke s shea f o f a n arbitrar y (V , V) t o tha t o f 
an unramifie d canonica l form . W e shal l d o thi s i n thi s paragrap h an d thu s com -
plète th e proo f o f Propositio n 3 . 1 . 2 . 

Let ( V , V ) be a  meromorphi c pai r a t z  =  0  an d suppos e tha t i t i s unrami -
fied. The n w e ca n fin d a n unramifie d canonica l for m B  an d a n isomorphis m r\ 

of th e formalizatio n o f ( V , V ) with tha t o f (V B .VB ) . Th e Malgrange-Sibuy a iso -
morphism descr ibe d i n I , Theore m 4 . 5 . 1 a s soc iâ te s t o th e pai r ( ( V , V ) , r\) a  co -
homology c las s o c e s H1(S1 ,St ) wher e S t =  S t (V B , VB ) as i n §  3 . 2 . W e repre -
sent thi s cohomolog y c las s o c b y a  suitabl e cocycl e a  comin g fro m a  goo d 
covering, fo r example , a  finit e coverin g (Uj ) o f S 1 b y ope n a r c s o f lengt h < 
7c/(|r-||-1), n  bein g th e principa l leve l o f V . Observ e tha t i f ( ( V \ V ), £ ) i s a  pai r 
assoc ia ted t o ( V , V ) , the n ( ( V , V ) , TI £) i s associate d t o (V B , V B ) , and thi s cor -
r e spondence s e t s u p a  bijectio n 

c p a : H l ( S l , S t ) s  H l ( S l , S t ( V , V ) ) 

via th e respectiv e Malgrange-Sibuy a maps . 

PROPOSITION 3 . 3 . 1 We have , for a suitable choice of the cocycle 

a representing oc , 

St ( V , V ) =  St(a) , S t (V,V)(t ) s  StO)(a) , ( t es R ) 
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where the superfix dénotes twisting, and s  is an isomorphism of sheaves from 

the category A . IMoreover, the bijection <p a defined above coïncides with 

twisting by a  and is an isomorphism of affine spaces. 

PROOF Ther e i s a n 8  >  0  suc h tha t fo r eac h i  w e ca n fin d a n isomor -
phism y j o f ( V , V ) with ( V B , V B ) o n a  sectoria l domai n r (Uj)e, th e isomorphis m 
being compatibl e wit h th e asymptoti c structure s an d inducin g th e forma i iso -
morphism T) . l n particular , flatnes s o f section s (o f t hès e as  wel l as  thei r associ -
ated bundles ) i s preserve d unde r y j .  B y the définitio n o f th e Malgrange-Sibuy a 
map, th e cocycl e a  =  (yjyp1 ) détermine s th e cohomolog y c las s o c correspond -
ing t o ( (V,V), r | ) . Bu t y j induce s th e isomorphis m 

g — > y i g y r 1 

of S t ( V , V ) wit h th e restrictio n St ( j ) of S t t o th e ar c Uj , s o tha t w e ma y no w 
view S t ( V , V ) a s obtaine d b y gluein g th e St ( i ) vi a the isomorphism s 

s — > ajjsajj- 1 

of St ( j ) with St ( j ) o n U j H Uj . Thi s prove s tha t S t ( V , V ) s  St(a ) ;  and a s a\\ 

are multiplicativel y flat , i . e. , ~  1  (r (UjflUj)), i t i s als o clea r tha t S t (V,V ) (0 ge t s 
identified wit h StWCa ) i n the s a m e manner . Suppos e no w tha t ((V , V ) , ê ) i s a 
pair associa te d t o ( V , V ) and X J ar e isomorphism s o f ( V , V ) with (VB.VB ) o n a 
sectorial domai n r (Uj)8, th e isomorphis m bein g compatibl e wit h th e asymptoti c 
structures an d inducin g th e forma i isomorphis m Writ e gj j =  X j xp1 an d hj j = 
yj X J xj-1 y p i . The n th e cocycl e (gy ) represent s * ( ( V , V ) , £ )) e H1(S1 , S t ( V , V ) ) , 
while th e cocycl e (hjj ) represent s * ( (V , V ) , T\£)) e  H 1 (S1, St) . Th e obviou s 
relation 

Ykgijyk"1 =  akjhjjaj k o n UjnUjnU k 

shows , i n vie w o f th e discussio n i n II , §1 . 3 (cf . relation s (T ) i n th e proo f o f 
Proposition 1.3.2 , loc . cit ) that *( (V , V) , £) ) i s the twis t b y a  o f *((V \ V ) , TI£)) . 
Since twistin g i s functoria l i t i s clea r tha t i t i s a n isomorphis m o f th e affin e 
s c h e m e s represente d b y H 1 (S1, St) . • 

The nex t propositio n relate s th e filtration s i n th e z-plan e wit h thos e i n th e 
ç - p l a n e , z  =  çd . A s usua l f  = fd i s the ma p K —> S d -  Le t ( V , V ) b e a  rnero -
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morphic pai r (i n the z-plane ) a t z  =  0  an d le t ( V \ V ) = f * ( V , V ) . W e d o no t sup -
pose tha t ( V , V ) i s unramified , bu t onl y tha t ( V \ V ) i s unramifie d ;  this i s cer-
tainly possibl e fo r a suitabl e d . 

PROPOSITION 3.3 .2 For any te R let V = d t  +  d -  1 . Then 

S U V W ) ^ ) =  f * (S t ( V , V ) ( 0 ( t e R ) 

PROOF Fi x v  o n S1»d , and le t u  =  f(v) . W e ma y work o n a  sufficientl y 
small secto r aroun d v  o n whic h f  i s a  diffeomorphism . Th e horizonta l s ec -
tions g  an d h  o f ( V , V ) an d ( V \ V ) correspond b y h(ç ) = g(çd ). Moreove r fo r 
a differentia l for m C J e J9(u ) on e h as ord(f*to ) =  d  ord(co ) +  d - 1. S o 

g e  S t ( V , V ) ( t ) <= > ( g ( z ) - 1 ) E ( c j ) ~  0  (T(u) ) fo r any u  e  JS)(u ) 
with ord(cj ) >  t 

<=> ( h ( ç ) - 1 ) E ( T i ) ~  0 (T(v) ) fo r all T I < S J9( V) wit h 
ordfn) >  V 

<=> h  e  S t ( V \ V)(f ) 

which i s what w e wante d t o prove . • 

PROOF O F PROPOSITIO N 3 .1 .2 Fi x a  meromorphi c pai r ( V , V ) at z  = 
0, wit h canonica l level s n  e  (1/d ) Z. The n (V.V ) = f d * ( V , V ) i s unramifie d i n 
the ç -p lan e wit h canonica l level s r* j =  d  n  +  d -  1  e  Z . Proposi t ion s 3.2.4 , 
3.2.5 an d 3.3. 1 sho w tha t Propositio n 3.1. 2 is true fo r ( V \ V ) with n  replaced b y 
f\ an d 7 c b y drc . Bu t then Proposiito n 3.3. 1 show s tha t Propositio n 3.1. 2 is tru e 
for ( V , V ) . • 

3 .4. Theore m 2.4. 1 an d Propositio n 3.1. 2 no w lead t o the followin g theorem . 

THEOREM 3 .4 .1 Let ( V , V ) be a meromorphic pair at z  =  0 . Then 
St ( V , V ) is a sheaf from the category A  .  The cohomology H!(S1,S t ( V , V ) ) 

of the corresponding sheaf of unipotent group schemes in representable by 
an affine space of dimension equal to Ir r ( E , V E ) , the irregularity of the endo-
morphism bundle ( E , V E ) assocciated to ( V , V ) . 

164 



THE COHOMOLOGY OF STOKES SHEAF 

PROOF Onl y t h e las t a s s e r t i o n c o n c e r n i n g t h e d imens io n o f 
H1(S1, S t (V,V) ) n e e d s a  comment . Propositio n 2.6. 3 show s tha t thi s dimen -
sion i s equa l t o di m H*i(S1 , s t (V,V) ) =  di m hM(S1 , tt0(End  V)) . Bu t thi s i s 
equal t o Ir r ( E , V E ) b y définitio n (cf . §3. 1 ). • 

Let (V , V ) b e as  i n Propositio n 3.3.2 . Fro m Theore m 2.7.1 0 w e the n 
obtain furthe r th e followin g theorem . 

THEOREM 3 . 4 . 2 We have 

H1(S1, S t (V,V) ) s  HKSl 'd , s t ( V W ^ i n v 

where the superfix refers to the subspace of éléments invariant under the 

naturai action of jid -

Finally, i t i s clea r fro m Propositio n 3.2. 1 tha t th e condition s o f Theore m 
2.7.7 ar e satisfie d b y St , an d s o w e hav e th e followin g Theorem . 

THEOREM 3 . 4 . 3 Let notation and assumptions be as in Proposition 

3.2.1. Then we have, canonically, 

I-M(S1, St ) s k > 0 aeZ(k) H 1 (S1, Stk,k+1,a ) 

where Stk,k+i, a ar e the Stokes sheaves of the elementary unramified pairs 

(VŒ, Vk,k+1,a). 
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PART II I :  LOCA L MODUL I 

1 LOCA L MODUL I SPAC E FO R MARKE D 

MEROMORPHIC PAIR S 

1.1. Th e theore m o f Malgrange-Sibuy a (I , Theore m 4.5.1 ) s a y s tha t th e coho -
mology H1 (S1, St° ) o f th e S toke s shea f St ° o f a  meromorphi c pai r (VO , V<>) 
parametr izes th e se t o f isomorphis m c l a s s e s o f marked meromorphi c pair s for -
mally isomorphi c t o (V° , V<>) , whil e Theore m 4.5. 2 show s tha t fo r parametrizin g 
the isomorphis m c l a s se s o f th e unmarked pair s on e ha s t o g o t o th e quotien t o f 
H1(S1, St° ) b y th e grou p GA(V<> , VO) o f automorphism s o f th e formalizatio n o f 
(VO, VO). I n Par t I I w e hav e show n tha t H 1 (S1, St° ) i s a n affin e s p a c e ove r C 
in a  natura l manner . I n thi s par t w e shal l examin e t o wha t exten t H 1 (S1, St° ) 
and it s quotient s ma y b e viewe d as  local moduli spaces fo r meromorphi c pair s 
with fixe d forma i data . A s i s wel l known , thi s i s reall y a  questio n o f studyin g th e 
problem o f classifyin g analytic families o f meromorphi c pair s upt o meromorphi c 
équivalence, b y analyti c m a p s int o H 1 (S1, St° ) an d it s quotients . W e shal l b e 
interested onl y i n th e local déformation theory, s o tha t onl y germs o f familie s 
and thei r équivalenc e wil l b e o f concer n t o us . I n thi s chapte r w e shal l conside r 
only th e marke d pairs , postponin g t o th e nex t chapte r th e t reatmen t o f th e un -
marked c a s e . 

We begi n wit h a  brie f discussio n o f analyti c familie s o f vecto r bundle s 
and connect ions . A  family of vector bundles at z  =  0  i s b y définitio n a  hoio -
morphic vecto r bundl e V  o n A X A wher e A  (resp . A ) i s a  polydis k (resp . 
disk) i n C d (resp . C ) centere d a t th e origin . O n e ma y the n identif y V  wit h th e 
ass ignment \  — > V > (\ e  A ) , V> , bein g th e pul l bac k bundl e i* * V  o n A 
corresponding t o th e ma p \ \ ( z — > (X , z)) . Hoiomorphi c sect ion s s  o f V  ma y 
be identifie d wit h familie s o f sec t ion s s(> 0 o f V^ , s (*) (z) =  s ( * : z ) . B y a 
meromorphic sectio n s  (a t z  =  0 ) w e mea n a  hoiomorphi c sectio n s  o f th e 
restriction o f V  t o A  X  A * suc h tha t fo r som e intege r q  >  0 , z ^ s ex tend s t o 
a hoiomorphi c sectio n o f V ; here A * =  A \ (0) . Le t ©  b e th e a lgebr a o f ge rm s 
of hoiomorphi c function s a t (0 , 0 ) e  C d X  C  an d le t û  =  <9[z-1] . I t i s the n 
clear tha t th e ge rm s o f meromorphi c sect ion s o f V  a t z  =  0  for m a  fre e û -

166 



LOCAL MODULI 

module, sa y M , o f ran k N  =  th e ran k o f V . I f V , V  ar e tw o familie s o f vecto r 
bundles, a  meromorphic map (a t z  =  0 ) V  —> V  i s b y définitio n a  holomor -
phic ma p s  fro m th e restrictio n o f V  t o A  X  A * t o th e correspondin g restric -
tion o f V  suc h tha t fo r s o m e intege r q  >  0 , z Q s extend s t o a  holomorphi c ma p 
of V  t o V . 

A family of meromorphic pairs at z  =  0  i s an ass ignmen t 

(V, V) :  \ — * (V* , VX) 

such tha t 

(a) V  i s a  famil y o f vector bundle s a t z  =  0  an d V * =  i>,* V 

(b) fo r eac h \ e  A , (V* , V\) i s a  meromorphi c pai r at z  =  0 

(c) fo r an y meromorphi c sectio n s  o f V , 

(*) V s : \ z — > V>fd/dzs(X)(z ) 

is agai n a  meromorphi c sectio n o f V . 

Our concer n i s onl y wit h germs o f familie s o f suc h pair s a t (0 , 0) . Fro m th e 
perspective o f differentia l module s on e view s C i a s a  differentia l a lgebr a wit h 
respect t o th e dérivatio n d/dz an d consider s th e categor y o f fre e differentia l 
modules M  o f finit e ran k ove r C u I f (V , V ) i s a  famil y o f meromorphi c pair s a t 
z =  0 , on e ca n assoc ia t e t o i t i n a n obviou s wa y a  differentia l modul e (M , V ) 
over C i wher e M  i s th e Ci-modul e o f g e r m s o f meromorphi c sect ion s o f V 
and V  i s defined b y (* ) above . Thi s se t s u p a n équivalenc e o f catégorie s an d 
we shal l no t distinguis h betwee n thès e tw o catégories . I f w e g o t o a  concrèt e 
description usin g a  trivializatio n o f V , the n V  =  A X A X C N , an d th e connec -
tions V * o n AXC N ar e give n b y 

Vx,d/dz =  d / d z - A ( * : z ) 

where A  i s a n NX N matri x suc h tha t zQ A i s holomorphi c o n A X A fo r som e 
q >  0 , i . e. , A  e  g,£(N , Ci) . I n thi s wa y w e ar e le d t o th e contex t o f a  famil y o f 
meromorphic differentia l équat ion s tha t dépen d holomorphicall y o n th e param -
eter \ e  A . 
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Let (V , V) =  {(V\ , V>) } b e a  famil y o f meromorphi c pair s an d le t (M ,V) 
be th e associa te d differentia l modul e ove r Ci . Le t ©d, i b e as  i n I , §1.5 . The n 
we hav e a  natura l imbeddin g Q  <  >  ©<j,i obtaine d b y viewin g an y élémen t o f 
Ci as a  Lauren t sér ie s i n z  al l o f whos e coefficient s ar e i n ©<j (A) f o r s o m e A . 
We thu s hav e th e differentia l modul e (MA , VA) obtaine d fro m (M ,V) b y exten -
sion o f scalar s C i —> B y a  marking of (V , V) or (M , V) by a differential 
module (M°A , V°A) over 3 ^ w e mea n a n isomorphis m 

Ê :(MA , VA) m ©d>1(g>3 r 

PROPOSITION 1.1. 1 In order that there is a marking of the family 
(V, V  ) it is necessary and sufficient that it be isoformal, L e., the formai isomor
phism class of (V> , W\) does not dépend on A . 

PROOF Thi s i s immédiat e fro m I , Theorem 1.5.1 . 

Let (V° , V° ) b e a  meromorphi c pai r a t z  =  0 . A n isoformal family of 

marked pairs associated to or formally équivalent to (V° , V° ) ma y no w b e de -
fined as a  Syste m ((V , V) , £ ) wher e (V , V ) i s a  famil y o f meromorphi c pair s 
and £  i s a  markin g o f i t b y (M0A , V0A) , the formalizatio n o f (V< \ V<> ) ;  we shal l 
say tha t i t i s a  local isoformal déformation o f ((Vo , Vo) , to) - B y specializin g £ 
at th e point s \  w e obtai n a  collectio n o f isomorphism s 

EX: (M*A, V>A) s  (M^ , V0A), 

where (M\A , VxA ) i s the formalizatio n o f (V* , V>) , an d w e ofte n identif y ç . wit h 
the collectio n (£*) . I f ((V , V) , £ ) an d ((V , V ) , £' ) a r e tw o isoforma l familie s 
assoc ia ted t o (V° , V°) . The y ar e sai d t o b e équivalent i f there i s a n isomor -
phism 

a :  (M,V ) s  (M' , V ) 

such tha t 

É =  Ê 'aA 

where a A (MA, VA) s  (M,A , V,A) i s the natura l extensio n o f a . 
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Let St O =  St(VO,VO) . Le t TMVO , VO ) be , as  i n I , §1.4 , th e se t o f iso -
morphism c l a s se s o f marke d pair s formall y équivalen t t o (V° , V°) . Afte r th e re -
sults o f II , Chapte r 2 , th e s p a c e H 1 (S1, St° ) ma y b e viewe d as  a n analyti c 
manifold i n a  natura l manner . Followin g th e gênera i principle s o f th e theor y o f 
moduii on e recognize s tha t i n orde r t o secur e a n interprétatio n o f H 1 (S1, St° ) 
as a  modul i s p a c e fo r marke d pair s on e ha s t o verif y th e following . 

A (Morphism property ) . Fi x a  pai r ((Vo , Vo) , £o ) w h o s e isomorphis m 
c lass i s i n ^ ( V 0 , V° ) an d le t f  =  ((V , V) , £ ) b e a  loca l isoforma l déformatio n 
ofit. The n fo r al l X  nea r 0  th e c las s o f ((V* , V>>) , £ \) i s i n Tïl(v0 > V<>) , and s o 
by th e Malgrange-Sibuy a Theore m (I , Theore m 4.5.1 ) w e obtai n a  ma p * f o f 
neighbourhood o f 0  int o H1(S1 f St°) : 

*f :  ^  _ > *((Vx , vx) f e>) . 

It i s obviou s tha t th e ger m o f thi s ma p d é p e n d s onl y o n th e équivalenc e c las s o f 
the famil y ((V , V) , £) . Th e morphism property i s the assertio n tha t thi s ma p i s 
holomorphic. 

B (Criterion for équivalence ) . Thi s criterio n s a y s tha t tw o familie s 

f =  ((V , V) , £) . an d f  =  ((V , V ) , O 

are équivalen t i f and onl y i f * f an d * r defin e th e s a m e germ , i . e. , 

<£f =  $f * 

in a  neighbourhoo d o f 0 . 

C (Existence of universal families ) . Le t d  =  di m H1 (S1, St°) . Then , fo r 
any ((Vo , Vo) , £o ) a universal local déformation ofi t i s a  famil y f  =  ((V , V) , £) , 
defined ove r a  polydis k A  i n Cd , suc h tha t V o =  Vo , V o =  Vo , 6 o =  ÊO . 
and th e ma p $ f i s a  loca l analyti c isomorphism o f a  neighbourhoo d o f 0  s 
Cd int o H 1 (S1, St°) . Th e existenc e o f suc h loca l universa l déformation s fo r ar -
bitrary ((Vo , Vo) , £o ) i s th e thir d requiremen t fo r interpretin g H 1 (S1, St° ) a s a 
moduli s p a c e fo r marke d pairs . 

THEOREM 1.1 .2 K M ( S 1, St° ) is a local moduli space for marked 
meromorphic pairs whose formalisations are isomorphic to (V° , VO). 
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We shal l giv e th e proo f o f thi s Theorem i n the nex t fou r sect ions . 

1.2. I n thi s sectio n w e shal l establis h th e morphis m property . W e begi n wit h a 
simple observation . Le t U , U 1 b e ope n a rc s o f S 1 wit h U  c e L T an d le t T  = 
T(U), r f « r ( U " ) b e th e sector s o n them . Le t (M° , V°) b e th e differentia l mod -
ule ove r 3^ cgt o f th e ge rm s o f meromorph e sect ion s o f V ° an d (M°A , V° A ) it s 
formalization. W e the n hav e th e differentia l module s 

MO(T') =  Ad . iCT 'Xg^ MO , M0 A =  ©D,1 <8W M O 
cgt ^cg t 

and th e formalizin g ma p M 0 ^ ' ) — > M°A . Suppos e g  i s a n automorphis m o f 
MO(rf) suc h tha t g A =  1 , the identit y automorphis m o f M°A . I t is then clea r (fo r 
example, b y choosin g a  trivializatio n o f V° ) tha t g  define s a  famil y o f automor -
phisms o f (V° , VO) o n th e sectoria l domai n r Q fo r s o m e ô  >  0 , preservin g th e 
asymptotic structur e an d satisfyin g 

g(*) ~  1  (A X  Tô) . 

Clearly eac h g(\) i s an élémen t o f St°(U) . 

LEMMA 1.2. 1 The assignment 

\ —* g(\) 

is an analytic map ofa neighbourhood of 0  into St°(U) . Conversely, any such 

analytic map anses as above from some automorphism g of M0(T ) with g A 
= 1 . 

P R O O F W e ma y a s s u m e tha t V ° i s the trivia l bundl e an d tha t = 
d / d z - A O , wher e A O es q,£(N, ^cgt) - Writ e g(\: z ) =  1  +  h(X:z) . The n h  i s 
an analyti c ma p o f A  X  r Q int o ç>^(N , C) wit h h  -  0  ( A X  rQ ) satisfyin g 

(*) dh/d z +  h A 0 - A 0 h =  0 . 

The solution s k  o f (* ) for m a  nilpoten t Li e algebra , namel y 6 t (U) , an d th e 
map 1  —> 1  + k  i s a n isomorphis m o f affin e varietie s o f <st(U ) wit h St°(U ) (cf . 
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I, Propositio n 3.4.1 , an d II , Propositio n 3.1.1) , s o tha t w e nee d onl y t o prov e tha t 
> — > h(* ) i s analyti c int o <st (U). Thi s i s obviou s since , fo r an y z o e  r Q ,  th e 
map \ — > hÇX :  ZQ) i s analyti c int o q ,>C(N, C) whil e th e ma p k — > k(zo ) i s a 
linear isomorphism o f <st (U) wit h a  subspac e o f g,£(N , C ) .  Fo r th e convers e 
assertion i t i s enoug h t o fin d fo r an y u  e  u  a n ope n ar c W , u  s  w  c  U , suc h 
that g ( * : z ) ~  1  ( A X T ( W ) ô ) . B y I , Propositio n 3.4. 1 w e ca n fin d W  an d y e 
GL(N, Ab(T) ) suc h tha t g ( V z ) =  y(z ) a (^ ) y(z)- 1 wher e a ( X — > a (>0) i s a n 
analytic ma p int o GL(N , C) . I t is then clea r tha t g(X:z ) -  1  (AXr (W)ô ) . • 

Let u s no w conside r a  famil y f  =  ((V , V) ,£ ) o f marke d meromorphi c 
pairs assoc ia te d t o (V° , V°) . Le t o c b e a  positiv e numbe r sufficientl y small , 
say, c e <  7c/(lr- i l — 1) , r i bein g th e principa l leve l o f th e formalizatio n o f (V° , V°) . 
Let C i a s (Uj ) b e a  finit e coverin g o f S 1 b y ope n arc s o f lengt h <  oc , an d fo r 
each i  le t Uj ' b e a n ope n ar c o f lengt h <  o c wit h U j c ic Uj 1 ; write T\ = T(U\), 

TV =  r(Uj') . Sinc e £  i s a n isomorphis m o f (M A, VA ) wit h Odf i®îyM0A , 
Theorem 2.2. 3 allow s u s t o choos e fo r eac h i  a n isomorphis m Xj , 

XJ : Ad,i(T') OqM= Ad, i ( r ' ) 
OF 

"coi 
MO, Xj=E. 

If gi j =  Xjxp1 , g, j i s a n automorphis m o f Ad,i(r ' j nTj' ) (§ W M 0 an d s o de -
cgt 

fines a  famil y o f automorphism s (gij (>0)>«A o f (V° , V° ) o n (Tjnrj) ô fo r suffi -
ciently smal l A  an d ô  >  0 . The n gÇk) =  (gjj(>k) ) «  Z(C i :  St°), th e s p a c e o f co -
cycles o f St ° at tache d t o th e coverin g Ci . Lemm a 1.2. 1 show s tha t * — > g(\) 

is a n analyti c ma p int o Z(C i :  St°). Bu t the n i t i s clea r fro m th e discussio n i n II , 
§2.7 (Theore m 2.7.6 ) tha t X  —> [g(X) ] ( = th e cohomolog y c las s o f g (>0) i s a n 
analytic ma p int o H 1 (S1, St°) . Thi s i s o f cours e th e ma p * i define d b y th e 
family f . Thi s prove s th e morphis m property . • 

1.3. W e shal l no w prov e tha t $ f détermine s th e équivalenc e c las s o f f . W e 
shall a s s u m e al l the bundle s t o b e trivia l s o tha t 

VO =  AXCN , V  = V =  A X AXCN . 
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Let f  an d V b e tw o familie s o f marke d meromorphi c pair s tha t a r e isomorphi c 
to (V° , V° ) suc h tha t $ f =  * f .  W e writ e A ° fo r th e connectio n matri x o f V ° 
and A(X. z ) (resp . A'(X : z) ) fo r th e connectio n matri x o f (resp . V>/) . I n th è 
notation o f th e previou s sectio n w e no w hav e a  secon d famil y o f cocycle s g'(^ ) 
= (9ij '(^))>i«A .  assoc ia te d t o £ '(an d choice s o f x\ abov e £') » an d th e a s -
sumption i s tha t [g (>0] =  [ g ' W ] -  I t i s then immédiat e fro m II , Theorem 2 . 7 .6 
that ther e i s a  uniqu e analyti c ma p \  — > c(X ) =  (q(X) ) int o C(C i :  St°) suc h 
that g '(>0 =  c(>^)[g(X) ] fo r al l X  e  A . Rewritin g thi s i n term s o f th e X j an d x\' 
we fin d tha t 

(») Xi(^)- 1 Q(X )-1 xr(X ) =  Xj(X)- i Cj(>)- 1 Xj '(X) o n r i n T j 

for al l i, j an d X  e  A . B y Lemm a 1 .2 . 1 th e collectio n C J W X . À define s a n 

automorphism a o f A d i ( r j n rj )  (gk. M 0 wit h Q A =  1 ; henc e x,-1- 1 c r1 X J = 
cgt 

a i e GL(N , A d , i ( r i ) ) wit h atfA ] =  A ' an d a* A =  fo r al l i  whil e (* ) 
shows tha t a j an d a j coïncid e o n r i n T j fo r al l i , j. W e thu s obtai n a n élémen t 
a e GL(N , Ci ) suc h tha t a[A ] =  A 1 an d a A =  I t i s no w clea r tha t a 
defines th e équivalenc e o f f  an d f . • 

1.4. W e shal l no w tak e u p th e constructio n o f universa l loca l déformations . 
This wil l b e don e i n tw o s t ages . Th e firs t s tage , t o b e carrie d ou t i n thi s section , 
a s s u m e s tha t (V° , V° ) i s unramified ; an d th e secon d s tage , t reate d i n th e nex t 
section, complè te s th e proo f whe n thi s hypothesi s i s dropped . Throughou t th e 
proof w e shal l a s s u m e tha t al l bundle s a r e trivia l wit h fibe r U  =  CN . Thu s t o 
each élémen t A  o f q,,E(N , y  cgt ) w e hav e a  connectio n V(A ) define d b y 

V(A)d/dz =  d / d z - A , 

on th e trivia l bundl e A X U fo r s o m e dis k A  aroun d z  =  0 , s o tha t w e ma y 
thinkof A  o r V(A ) a s déf i ni ng th e pai r ( A X U , V(A)) . W e adop t a  simila r con -
vention wit h regar d t o marke d pair s an d families , s o that , fo r example , familie s 
a re represente d b y é lément s A  o f q,£(N , Ci ) wher e C i i s as  i n §  1 . 1 . W e writ e 
d fo r th e irregularit y o f th e endomorphis m bundl e o f V ° s o tha t 

d =  di m H1 (S1, St<>) . 
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Let V O =  V(A°) . W e firs t suppos e tha t V< > s  V(B ) unde r GL(N , SF ) 
where B  i s a n unramifie d reduce d canonica l form . Le t u s conside r th e pai r 
defined b y A o e  yCgt ) an d a n élémen t £ o o f GL(N , D^ ) suc h tha t 
£o[Ao] =  A° . I t i s obviou s tha t fo r th e proble m o f constructin g a  universa l famil y 
of loca l déformation s o f th e marke d pai r (Ao , £o ) w e ma y replac e (Ao , £o ) b y 
(y[AoL £oy~1 ) wher e y  e  GL(N , O^cgt) - No w there i s an t | e  GL(N , suc h tha t 
r|[Ao] =  B . I f we truncat e th e Lauren t sér ie s fo r r\ a t a  sufficientl y hig h s tag e w e 
shall obtai n y  e  GL(N , JFcgt ) suc h tha t y[Ao ] =  B  +  F  wher e F e £.£(N , C{z}) . 
Thus ther e i s n o los s o f generalit y i n assumin g tha t 

(*) A o =  B  +  F , F  e  g^(N , C{z}) . 

We writ e GL(N , C{z}) i (resp . GL(N , C[[z]])i ) fo r th e subgrou p o f GL(N , C{z} ) 
(resp. GL(N , C[[z]]) ) o f é lément s whos e leadin g ter m i s 1 . Als o w e u s e th e 
usual notation s an d convent ion s regardin g canonica l form s ( se e I , §1.4) . I n 
particular, 

B =  2r6 L z r<8> D r + Z - 1 0 C , 

where L  = {n , r2 , r m }  i s th e se t o f canonica l level s o f B , the n  bein g inte -
gers wit h r i <  r 2 < .. . <  r m < -1 ;  C , D r (r  e  L ) ar e i n End(U ) an d commut e wit h 
each other , an d D r i s semisimpl e fo r ai l r  e  L . 

LEMMA 1 . 4 . 1 If F i e  ^ ( N , C[[z]]) , 3  a  unique £  e  GL(N , C[[z]]) i 
such that £[ B +  Fi ] =  B . 

PROOF Le t A i =  B  +  F i . Fo r the existenc e w e may , i n view o f Lemm a 
6.2.2 o f [B V 1] , a s s u me tha t [Ai , Dr ] =  0  fo r ai l r  e  L . B y spectra l splittin g w e 
corne dow n t o th e case  A i =  a 1  +  z~1 C +  F i wher e a  e  S , th e spectru m o f 
B. A s C  i s reduced , Propositio n 3. 2 o f [B V 1 ] applies t o giv e £  e  GL(N , C[[z]]) i 
such tha t £[Ai ] =  Q 1 +  Z-1C . I f ^  E  GL(N , C [ [Z]] ) I i s suc h tha t £'[Ai ] =  B 
also, the n t  =  e  GL(N , C ) D GL(N , C[[z]])i , henc e t  =  1 . • 

Let e > J(N, C[[z]]) + b e th e spac e o f ai l X  e  $£(N , C[[z]] ) wit h leadin g ter m 
0. 

LEMMA 1 . 4 . 2 Let A i =  B  +  F i be as in the preceding lemma. If 

YA e g,X(N , C[[z]]) , 3  a  unique X A s g^(N , C[[z]]) + such that V(A-|)(XA ) =  YA . 
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P R O O F B y Lemm a 1.4. 1 i t i s enoug h t o prov e thi s wit h B  i n plac e o f 
Ai . I t is then a  questio n o f provin g tha t fo r fixed a , x  e s 2  an d a  give n YA , 

YA =  Y 0 +  zY i +  ... . (Y q e s HomC(Ux, Uff)) , 

there i s a  uniqu e XA , 

XA =  zX i +  z2X 2 + . . .  (X q e  Homc(Ux , Ua)) , 

with 

dXA/dz +  ( x -  a)X A +  Z -1(XACT -  C<,XA ) =  YA . 

Observe tha t th e endomorphis m L(X ' —» X'C X -  CCTX' ) o f Homc(Ux , UCT ) ha s 
as it s onl y eigenvalue s th e number s o f th e for m o c - p  wher e o c (resp . p ) i s a n 
eigenvalue o f C X (resp. C A ) ; an d IRe(c c -  p) l <  1  sinc e C  i s reduced . Th e ex -
is tence an d un iquenes s o f th e X q follo w fro m a  simpl e calculation . Indeed , i f 
a =  x , th e X q satisf y 

(L +  q  +  1)(Xq+i ) =  Y q ( q >  0) , 

and sinc e L  +  q  +  1  i s invertible , w e a r e done . I f a  *  x , le t 

x - a =  a_rz- f +  .. . + a_ 2 z~2 ( r > 2 , c_r =* = 0) ; 

then th e équat ion s fo r the X q + r (q >  -  ( r -1 )) becom e 

Xq + r =  C - r - l ( Y q - 2 : 2 < j < r O . j Xq + j - ( L +  q  +  1)(X q + 1)). 

The exis tenc e an d uniquenes s o f th e X q no w follo w b y recursion . • 

LEMMA 1.4. 3 Let A1 f XA , YA be as in Lemma 1.4. 2 and suppose that 

F-i e s C{z}) . if W c S 1 is an open arc of length < rc / ( l r1 l -1 ) and Y  is 

a holomorphic map T(W ) — » End(CN ) such that Y  ~  YA , then we can find a 

holomorphic map X ( T ( W ) — » End(CN) ) such that on T(W) , 

V(Ai)(X) =  Y , X  -  XA . 

P R O O F Th e proo f i s b y réductio n t o th e case  F i =  0 . S u p p o s e w e 
have prove d th e lemm a i n this c a s e . Le t £  e s GL(N, C[[z]]) i b e suc h tha t £[A-, ] 
= B . B y I , Theore m 2.2. 4 3  a  holomorphi c x  (r (W)ô — » GL(N , C) ) suc h tha t 
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x[A-|] =  B  an d x  ~  £  o n T(W) . I f Yi A = £  Y A £-1, Y! =  xYA x-1, X1 A = ÇXAÇ -1, 
and X i ( r ( W ) ô — » End(CN) ) i s such tha t V(B)(X! ) =  Y- i an d X i ~  Xi A o n 
T*(W)Ô, the n X  =  x~ 1 X i x  h a s th e require d properties . W e shal l no w prov e th e 
lemma whe n A i =  B . Selec t a  hoiomorphi c ma p Z (r(W)ô — > End(CN) ) wit h 
Z -  X A(r (W)) ;we shal l s ee k X  i n the for m X  -  Z  +  P , P  ~  0 (r (W)) . Th e 
équation fo r P  i s then s ee n t o b e 

dP/dz +  [P , B] =  Q , 

whe re 

Q =  -  dZ/d z -  [Z , B] +  Y  ~  0  (r (W)), 

and thi s i s équivalen t t o th e Syste m o f équation s 

dPax/dz +  ( x -  a ) PCT X +  z -1 (Pa x C x -  Cf f PQT ) =  Q (jTt Pa x -  0  (T(W) ) 

for ai l ( y , T 6 I . I f a  =t = x w e u s e I , Theore m 2.3. 1 t o obtai n th e exis tenc e o f 
Pax . I f a  =  x , the n th e équatio n become s 

dPCT(J/dz +  Z" 1 (P0a C a -  Paff) = Qoo, Poo - 0  (T(W)) . 

Write h  =  exp(lo g z . CCT(y) , R  =  h H QCT a h; then, a s R  ~  0  (T(W) ) w e ca n fin d 
hoiomorphic S  (T(W)Ô— > End(CN) ) suc h tha t dS/d z =  R  o n T(W) Ô an d S 
~ 0  (T(W)) ; we ma y the n tak e Pa Œ =  h  S  h~1 . • 

Let u s write , fo r an y A  e  ^ ( N , C{z}) , <st(A ) fo r th e infinitésima l Stoke s 
sheaf o f th e pai r (AXU , V(A) ) an d St(A ) fo r the correspondin g Stoke s sheaf . 

LEMMA 1.4, 4 Let A  =  B  +  F , F  e  g,£(N , C{z}) . Define 

R(A) =  { Y e  g,£(N , C{z} ) :  Y =  V(A ) (X ) forsome X  e  g,^(N , C{z}) + }. 

Then there is a naturai isomorphism of compiex vector spaces 

h :  t}£(N, C{z} ) /  R(A ) s  W(S\ 6t (A)). 

in particular, 

dimc (e>£(N , C{z} ) /  R(A) ) =  d . 
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P R O O F Le t / Ô b e th e shea f o n S 1 o f g e r m s o f holomorphi c m a p s 
r ( U ) ô — > End(CN ) whos e entrie s hav e asymptoti c expans ion s i n C[[z] ] an d 
let A+ b e th e subshea f o f thos e é lément s whos e asymptoti c expans ion s li e i n 
q,£(N, C[[z]])+ . The n V(A ) i s a  shea f ma p o f A int o itsel f an d th e precedin g 
lemma implie s tha t V/6 + i s precisel y th e shea f A. Le t u s nex t introduc e th e 
sheaf <iï l whic h i s the subshea f o f /6 + o f al l é lément s tha t a r e i n th e kerne l o f 
V(Ao). W e the n hav e th e followin g exac t s équenc e 

0 > Tiïl > /Ô+ > A > 0 

where th e ma p /ô + >/6 i s th e on e define d b y V(A) . Le t u s no w loo k a t 
the correspondin g lon g exac t s équence . I t is ea s y t o verif y tha t 

H0(S1,^+) =  e^(N , C{z})+ , H0(S1 ,/Ô) =  e^(N , C{z}) . 

Moreover, a s th e kerne l o f V(A ) o n g,^(N , C{z}) + i s zéro , w e hav e 

HO(S1, m ) = 0 . 

Hence w e obtai n th e exac t s é q u e n c e 

0 > ç i ( N, C{z}) + > %l(N, C{z} ) >  H"» (S1, Tfl ) > 

> hP(S1 , ^ + ) > H1 (S1, A) > 0 

where th e ma p goin g fro m q,£(N , C{z}) + t o q,£(N , C{z} ) i s V(A) . Thu s w e ge t 
the exac t s é q u e n c e 

0 »  q,*(N , C{z})/R(A ) »  H1(S1 , <Jïl ) »  W(S\ A+) 

and i t is a  questio n o f provin g tha t 

ker (H1(S1 , Tfïl ) »  H1(S1 , =  H1(S1 , 6t (A)). 

S u p p o s e w e tak e a n élémen t o f thi s kerne l an d represen t i t b y a  cocycl e (gjj ) 
with respec t t o a  finit e coverin g (Uj ) o f S 1 b y ope n a rc s o f sufficientl y smal l 
length. I f g y -  gijA , the n V(A)(gij ) =  0  => V(A)(gjjA ) =  0 ; lemm a 1.4. 2 no w 
allows u s t o conclud e tha t gjj A =  0 , a s gjj A lie s i n q,i(N , C[[z]])+ . Thu s th e 
cocycle belong s t o 6t (A). I n th e othe r direction , suppos e tha t w e star t wit h a 
cocycle (gy ) assoc ia te d t o 6 t (A) . B y th e Mlagrange-Sibuy a Theore m (I , 
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Theorem 4.4.1 ) w e ca n fin d a n élémen t c A e g ,£(N, C[[z]] ) an d q  e  /ê(Uj ) s o 
that q  -  q A an d g y =  q - C j . A s c A i s determined onl y mo d g ,,E(N, C{z})+, w e 
may a s s u m e tha t c A e  q,£(N , C[[z]])+ . Bu t thi s i s jus t th e assert io n tha t th e 
cocycle trivialize s i n /Ô+ . • 

Let u s continu e wit h A o =  B  +  F  wher e F e ^ i ( N , C{z}) . C o n s i d é r a 
family o f connection s V(L(X) ) «  A) , A  a  polydis k i n Cd , suc h tha t 

(a) L(0 ) =  A 0 

(b) L(\) =  B  +  M (>0 wher e M(X ) e  e>i(N , C{z}) , and fo r som e ô  >  0 , 
and som e analyti c ma p M  ( A X A Ô — > g^(N , C)) f 

M(>0(z) =  M(X:z ) 

DEEFINITION V(L (>0) i s a n infinitesimally versai family i f th e linea r 
span 3 5 o f (BL/d^i) ^ =  o (1 <  i  < d ) i s linearl y independen t o f R(A) , R(A ) be -
ing as  i n Lemm a 1.4.4 . Not e tha t ( A X U , V(L (>0) i s a n analyti c famil y o f 
meromorphic pairs . I t is clea r fro m Lemm a 1.4. 4 tha t 

c>>e(N, C{z}) =  R(A ) ®  35 . 

It is als o eas y t o see  tha t w e ca n alway s fin d suc h a n infinitesimall y versa i famil y 
of connection s throug h A . Indeed , i f 3 5 i s a  linea r s u b s p a c e o f dimensio n d 
complementary t o R(A ) i n g,i(N , C{z} ) an d {Bj}i<j< d i s a  basi s fo r 35 , and i f 
we se t 

L(\) =  A  +  E i < j < d *jBj , 

then i t i s obviou s tha t {L(\)} i s a n infinitesimall y versa i famil y o f connect ion s 
through A . 

Our ai m no w i s to sho w tha t a n infinitesimall y versa i famil y o f connection s 
through A  define s a  universa l famil y o f loca l déformation s o f a  pai r (A , £) . W e 
need a  preparator y lemma . 

LEMMA 1.4 -5 Let q  >  1  be an integer, A  c z C° l a  polydisk, and L 
= B  +  M  where M  ( A XA — > c>^(N , C) ) is analytic Jet L (>0(z) =  L(X:z) . 
Let T | be an élément of GL(N , 2F ) such that y\[B] = A0 . For each X  e  A  let 
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oc(X) be the unique élément of GL(N , C[[z]]) i such that oc(X)[L(X) ] =  B . Then 

£(>, — > £(X ) =  TIOC (>0) defines an élément of GL(N , ©qt i (Ai ) ) for some A i 
<= A , and (V(L (>0), £(>0 ) is a family of marked meromorphic pairs formally 

isomorphic to V(B) . In particular, if L  is infinitesimally versai, there is A i < = 
A and Ç  es GL(N , G>d,i(Ai) ) such that (V(L) , £ ) is a family of marked mero

morphic pairs associated to V(A°) . 

PROOF I t i s enoug h t o prov e tha t o c ( X — > <x (>0) define s a n é lémen t 
of GL(N , 0q> i (Ai ) ) . I n vie w o f th e un iquenes s o f i t suffice s t o exhibi t a 
A-i an d a n élémen t ç  o f GL(N , © q > i ( A i » suc h tha t ç[L ] =  B . Bu t thi s i s 
precisely wha t i s don e i n Corollar y 6.7. 6 o f [B V 2] . Th e secon d assert io n i s 
clear fro m Lemm a 1.4.1 . • 

PROPOSITION 1.4. 6 Suppose {L(X) } is an infinitesimally versai 
family of connections through AQ and (V(L) , £ ) the corresponding family of 
marked pairs. Then (V(L) , Ç ) is universal for (V(Ao) , £(0)) . 

PROOF W e fi x a  finit e coverin g C i =  (Uj ) o f S i b y ope n a rc s o f lengt h 
< 7c/(lr-| l -  1) . Then , a s i n §  1. 2 w e obtai n a  cocycl e g  whic h i s a n analyti c ma p 
of a  (sufficientl y small ) polydis k A  int o Z  =  Z( Q :  St(AO) ) suc h tha t th e 
Malgrange-Sibuya c las s *(L(X) , i s the cohomolog y c las s o f g(X) . Now , 
by II , Theorem 2.7.6 , th e ma p 

CP : c —> c[g (0)] 

ia a n analyti c diffeomorphis m int o Z . Le t S  dénot e th e rang e o f th e differentia l 
of thi s map . W e mus t prov e tha t th e ma p X  — > [g (X)l h a s a n injectiv e 
differential a t \ =  0 , an d fo r thi s i t i s a  questio n o f provin g tha t i f w p ( 1 <  p  <  d ) 
a re comple x numbers , 

S i < ; p  < d W p (dg/d^p)\ .  0  e  S  = > W- | =  W 2 =  .. . =  W d =  0 . 

Let u s fi x the w p an d a s s u m e tha t 

(*) S ^ p ^ d w p (ag/axp K =  o *  s . 

Define 
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M =  2 - | <  p < d Wp (3L/aXp)x =  0 e  g ,4!(N, C{z}). 

It i s the n sufficien t t o sho w tha t i f (* ) i s ta ie , the n M  e  R(A) ; for , a s L  i s in -
finitesimally versai , th e ma p 

(m, u 2 , u d ) — > S -i < p < d u p (aL /aXp)^ = 0 

is a  linea r isomorphis m o f C d ont o a  subspac e o f q^(N , C{z} ) tha t i s comple -
mentaryto R(A) . 

For brevit y writ e 

a =  S i <  p < d w p (d/d\p)\ = o-

Then (* ) m e a n s tha t fo r s o m e tangen t vecto r x  t o C(û :S t (A°) ) a t 1  w e hav e 
3g =  (dcp) c = -|(x). Le t t  —> c(t ) b e a n analyti c ma p o f a  neighbourhoo d o f 0 
in C  int o C ( û : St(A<>) ) suc h tha t c(0 ) =  1  an d (dc/dt)tss o =  The n x  e 
C(Ci: 6t(A0)), sa y x  =  (XJ) . If we writ e c(t ) =  (q(t)) , we hav e 

3g =  ( d /d t ) t . o  (cKt) gij(0) q ( t ) - i ) 

and henc e 

3gy -  x j gjj (0) -  gjj (0) XJ 

on r (UinUj)ô. B u t a s g y =  x ixp1 , w e have , usin g th e abov e formula e fo r 3gjj , 

Xi(0)-1 3 XJ - Xi(0)- 1 x j Xi(0 ) =  Xj(0)- 1 3 XJ - Xj(0)- 1 X J X|(0 ) 

on r (UjnUj)ô fo r ai l i , j. Thès e relation s sho w tha t ther e i s a n analyti c ma p ç 
of th e puncture d dis k A $ *  into End(CN ) suc h tha t 

(#) Xi(0)- 1 3x- , - Xj(0)- 1 X J Xi(0 ) =  z 

on r (Uj)ô fo r ai l i . O n th e othe r hand , a s X J e <st(A°)(Uj) , w e hav e x $ ~  0  o n 
T(Ui) whil e XJ (0) ~  £(0 ) an d 3 XJ ~  3 £ o n th e s a m e sector . Hence , 

« -  ^(0)-13 Ç =  <X (0)-1 3o c (r(U|) ) 
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for al l i . A s usual we conclude tha t ç  i s meromorphic o n the full disk . A s cx(X) 
is in GL(N , C[[z]])i fo r all X , 9a s  q^(N , C[[z]])+, so that ç  e  e^(N , C{z})+. 

To prov e tha t M  e R(A ) i t is enough t o prove tha t 

(**) dç/d z +  [ç , Ao] =  -  M . 

First, a s Xj [L] = A ° o n A -|Xr(Uj)ô, w e have, 

dXi(X)/dz +  XÎ(X ) L(X) - AOxj(X ) =  0 . 

We tak e X  =  0  i n this and also appl y d  t o it to get the following tw o relation s 

dxi(0)/dz +  Xi (0) A0 - A0xi (0) =  0 , 

(##) 

d(9xj)/dz +  (9 XJ) A0 +  Xi (0) M -  A 0(9XJ) =  0 . 

A no t too difficult calculatio n b a s e d o n the relations (# ) and (##) shows tha t (** ) 
follows fro m them . • 

Essentially th e s a me calculation s lea d t o the following conditio n fo r de-
ciding whe n a  give n famil y i s universal. Le t A o e g,,E(N , ^cg t ) . êo[Ao ] =  A<>. 

PROPOSITION 1.4 .7 Let {L(X) , £(X) } be a family of marked mero

morphic pairs defined for X  in a polydisk A  c  CQ with L(0 ) =  Ao , ê(0) = 
Êo- Write 3 3 c: g,£(N , O^cgOXej^N , gr ) for the linear span of (d\L, d\£), where 

d\ =  (9 / 9X0* -  o  (1 <  i  < d). Let us now suppose that 3 3 satisfies the following 

conditions: 

(a) d i m c S =  q 

(b) 3 3 is linearly independent of the range of the map 

i l — ( V ( A 0 ) ( T I ) , -  eoîl ) 

of g,£(N , SFcgt ) into q^(N , SFcgt)Xc}*(N, SF). 

Then X  —> * ( (L(X), £ ( X ) ) has injective differential at X  = 0. Suppose q  =  d . 
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Then {(L(X) , £(>0 } is a universal family of local déformations of (Ao , êo) -

PROOF W e procee d exactl y as  befor e an d construc t ç  e  g,,E(N , y  cgt ) 
such tha t V(Ao)(-ç ) =  M  =  3L , with ç  ~  ê ( 0 ) ~ 1 3 ê ; a s ç  i s a  convergen t él -
ément, ç  =  Ç(0)- 1 3£ . So , (V(A0)(-ç) , e o S ) =  (3L , 3fc), which implies , b y (b) , 
that 3 L =  0 , 3 6 =  0 , s o tha t 3  =  0 . • 

1.5- I n thi s sectio n w e shal l dro p th e assumptio n tha t (V° , V° ) i s unramified . 
Let b  b e a n intege r divisibl e b y it s ramificatio n inde x an d le t u s introduc e th e 
complex plan e C ç o f ç  =  z1/b . W e shal l generall y u s e th e symbo l ~  t o indi -
cate th e lif t t o C ç o f a n o b j e c t i n Cz . W e shal l als o identif y H* " (S1, St(A<>) ) wit h 
H1 (S1, St(A°~))lnv , th e s u b s p a c e o f cohomolog y c l a s se s tha t a r e invarian t un -
der th e Galoi s grou p jib , a s w e ar e allowe d t o d o s o b y II , Theorem 3.4.2 . Fi x 
a pai r (Ao , £o ) associa te d t o A ° s o tha t £o[Ao ] =  A0 . Le t h o b e th e c las s i n 
H1 (S1, St(AO) ) define d b y (Ao , êo) - W e writ e $  (resp . <ï>~ ) for th e Malgrange -
Sibuya ma p associa te d t o (Ao , £o ) (resp . (Ao~ , £o~))> s o tha t 

*(A0, io) =  *~(A0~ , Êo~) =  h0 . 

By wha t w e hav e establishe d s o far , w e ca n fin d a  universa l loca l déformatio n 
{A' (M), Ê'(M) } o f (Ao~ , êo~)) - B y takin g th e preimag e o f th e invarian t c l a s se s 
under th e ma p M  —> $ ~ ( A ' ( M ) , £'(M) ) w e see  tha t ther e i s a  famil y {A(X) , ê (X) } 

defined fo r X  i n a  polydis k A  o f dimensio n d  =  di m H 1 (S1, St(A°) ) wit h th e 
following properties : 

(a) A (0) =  A0~ , *(0 ) =  E0-

(b) X  —> *~(A (>0, £(*) ) i s a n analyti c diffeomorphis m o f A  wit h a n 
open neighbourhoo d o f h 0 i n H 1 (S1, St(A <>~))inv 

We shal l sho w tha t thi s famil y i s équivalen t t o a  famil y comin g fro m th e z-plane . 
More precisel y w e shal l prov e th e followin g Proposition . 

PROPOSITION 1.5. 1 There exists an y  e  GL(N , Ciç ) and a family 

( B ( * ) , T I ( X ) ) with B(X ) e  <ji(N , C{z}) , TI(X ) S  GL(N , y ) , and TI(X)[B(X) ] =  A0 , 
such that y(\)[A(X)] =  B(\)~ and $(\) y- 1 =  TI (>0~ forait \ . 
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P R O O F Th e proo f require s thre e lemmas . 

LEMMA 1.5- 2 There is a finite covering »  =  (Uj ) of S 1 b by open 

arcs andgauge transformations x\ (AXr (Uj )ô — > GL(N , C) ) such that 

(a) x i -  t  (AXr (Uj)ô) 

(b) XJ[ A] =  A0 ~ 

(c) D 3 / s a good covering and the set of indices i  admits a free action by 

Mb such that CÛ UJ =  Uw(i ) (W 6  Mb ) 

(d) the cocycles g(\) =  (XJ( X) Xj(X)-i) are invariant under jib » ' a . , 

x ^ X i c j ^ X c o ^ X i c j ^ - i -  Xj(X:ç)Xj(X:ç)-* < 

P R O O F Le t N  b e a n intege r »  1 . W e shal l tak e U j =  (tj , tj + 2) wher e 
the t j ( i e  Z , t j =  t j +  Nt>) ar e point s o f divisio n o f S1» b int o N b a rc s o f equa l 
length, ordere d counte r clockwise ; i f Q J =  e2i7c/b , then coU j =  U j + N- W e firs t 
find g a u g e transformation s U j havin g th e propertie s (a ) an d (b) ; the conditio n 
(d) nee d no t b e satisfied , an d th e poin t o f th e proo f i s t o sho w tha t th e U j ca n 
be adjuste d s o tha t thi s ca n b e assured . Th e argumen t i s a  variatio n o f th e on e 
used i n II , Propositio n 1.3.3 . 

Let h(X ) b e th e cocycl e ( UJ(X) UJ( X)-1). The n fo r an y O J E  | i b th e t rans -
form o f h(X ) b y CJ- 1 i s given b y 

ùj- i .h(X) =  ( ( Q J - I . U C O O J W X W - ^ U C O O ) ^ ) ) ) (CO -I .UH(X:«) =  uk(X : coç)) . 

The assumptio n i s tha t co~1 . h(X) an d h(X ) defin e th e s a m e cohomolog y c las s 
for al l X . So , b y II , Theorem 2.7. 6 w e ca n fin d uniqu e C (CL>: X) e  C(tf t :  S t ( A ° ~ ) ) 
such tha t a j . h(X ) =  C (CJ: X)[h(X)] fo r al l X  an d X — > c ( c o : X ) i s analyti c fo r 
all co . W e hav e 

(*) c(1:X ) =  1 , c (ac j :X ) =  (a . C (ÙJ: X)) c(a: X) , 

where th e actio n o f Ù J o n th e coboundar y c  =  (c(i) ) i s given b y 

(ÙJ.C)(Î) =  w.c(co-i(i) ) ((co.f)(« ) =  f(co-iç) ) 
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We shal l no w construc t a n analyti c ma p \  — > d ( X ) int o C ( B : St(A°~)) suc h 
that 

(**) c(a :>0 =  (a . d (X) ) d(X)~ l 

for ai l Supposin g tha t w e hav e don e this , w e shal l no w complèt e th e proo f o f 
the Lemma . B y Lemm a 1.2. 1 w e ca n vie w th e ma p X  —> d(\) a s a  collectio n 
of analyti c map s d j (X, ç — > d ( X : ç)(i) ) int o GL(N , C ) suc h tha t dp 1 ~  1  an d 
d,[A<>~] =  A° ~ o n A X r ( U 0 ô . S o i f X J =  dp 1 Uj , then (a ) an d (b ) ar e satisfie d 
obviously. Furthermor e (d ) i s als o true ; fo r g ( X ) =  d(X)~1[h (>0], an d a  simpl e 
calculation show s tha t g(\) i s invarian t unde r Mb -

it remain s t o construc t d . W e writ e eac h o f th e indice s i  ( 0 <  i  < N  b ) 
uniquely as  to (j) fo r s o m e c o e  ji b an d som e j , 0 <  j  <  N , an d th e section s o f 
St(A°~) o n U j uniquel y as  co . s  wher e s  i s a  sectio n o n Uj . The n w e ca n 
identify th e collectio n (c(a : X » wit h th e collectio n o f analyti c m a p s (d(a , co , j) ) 
whe re 

d(«j, c o , j ) : A — * S t ( A 0 ~ ) 

c(a: X )(coG)) =  co . d (cr, GJ , j ) (X) . 

The relation s satisfie d b y the C(CJ : X) the n translat e int o 

d(1 ,co , j ) =  1 , d (crx, co ,j) =  d (x , cMco , j ) d(cr, co , j). 

It follows immediatel y fro m thès e tha t 

d (x , TI , j) =  d (Ti-ix, 1 , j) d(T]-i , 1 , 

If we defin e 

d ( X ) M J ) ) =  co .d ( co - i , 1 , j ) (X) , 

the precedin g relation s retranslat e int o 

C(X:X)(ÎIO)) =  x . d ^ X x - i n a W d ^ X ^ O ) ) - 1 , 

which i s just a  restatemen t o f (**) . • 

LEMMA 1 .5.3 There is t ^ e  GL(N , QLC) (co e  Mb ) such that 
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tco =  e- 1 ^  Mb ) 

where ç ) =  Ç ( ^ : C J J - 1 Ç ) . In particu/ar 

two = tw (to) w. 

PROOF Fro m th e relatio n (d ) o f th e precedin g Lemm a w e fin d tha t 

Xi(*: Xa,(i)(fc : CJÇ) =  XJ(X : X CO(D(V. CJÇ ) 

on r (UjnUj)ô fo r ai l i , j, whil e the lef t sid e i s asymptoti c t o £(X : £ (* : coç) -
So w e conclud e i n th e usua l manne r tha t ther e i s a n élémen t t'(oj ) e  GL(N , û ^ ) 
such tha t t '(cL>)(*: ç) coïncide s wit h XJ ( V ç)~ 1 Xcj(i)(X : OJÇ ) o n A X T ( U J ) Ô fo r 
ail i . I f we writ e t ^ =  t^oj-1) , w e get , o n replacin g th e X J b y thei r asymptoti c 
expansions , th e require d relatio n betwee n th e £' s an d t 's . • 

LEMMA 1 .5.4 There is an y  e  GL(N , Ciç ) such that 

tu =  r- 1 y0 0 ^  Mb) . 

PROOF Th e argumen t i s a  mino r variatio n o f th e usua l proo f o f th e 
vanishing o f H 1 (G, GL(N , K ) fo r a field K/ k wit h Galo isgrou p G  ([Se] , p . 159) . 
For an y ?  i n th e rin g End(©d,iN ) o f N X N matrice s ove r ©d,i . w e for m th e 
sum ove r Mb » 

D(r) =  2 W t w 3 - " . 

It is no w a  questio n o f showin g tha t fo r s o m e X e  End(CiçN) , D (<r) e  GL(N , Qç) . 
For, s u p p o s e thi s i s tru e fo r % = ZQ. The n Lemm a 1.5. 3 show s tha t D(?Q) 

satisfies th e relatio n D(?o)<*> =  tco"" 1 D (ro), s o tha t th e proo f i s complete d o n 
taking y  =  D (r0)-1. 

To prov e tha t D(3" ) e  GL(N , Ciç ) fo r som e Z e  End(CiçN ) w e argu e a s 
follows. Sinc e t ^ =  ê~ 1 ê w w e hav e D(£"1 ) =  b  ê" 1 e  GL(N , ©d,i) . So , i f £ m 
is th e Lauren t polynomia l obtaine d b y droppin g fro m £  ai l term s z r wit h r  > m , 
we have , lim m »  co £ m =  £  i n the adi c topology, s o tha t £ m e  GL(N , û ç ) i f m 
is sufficientl y large . Hence , 

limm—^co Dtè m-1) =  D ( t 1 ) ^  GL(N , ©d,l) , 
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showingthat D(£m-1 ) m GL(N, û ç) fo r sufficiently larg e m . • 

The proo f o f Propositio n 1.5. 1 i s no w immédiate . For , b y Lemma s 1.5. 3 
and 1.5.4 , we have , 

£y^1 =  y 1 ) " € : Mb) . 

and s o there i s T I e GL(N , ©d j) suc h tha t Çy-* 1 =  T - The n Tfy[A ] =  A° ~ or 
y[A] =  T]—1[A°~] , s o tha t y[A ] i s invariant . W e then defin e B(X ) by y[A(X) ] = 
B(X)~. • 

With thi s the proo f o f Theorem 1.1. 2 i s complète. • 
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2 LOCA L MODUL I SPAC E FO R 

MEROMORPHIC PAIR S 

2.1 W e shal l no w trea t th e modul i proble m fo r th e meromorphi c pair s them -
selves withou t an y markings . W e fi x a  pai r (VO , V°) a s befor e an d conside r th e 
set TïlfV0 , V° ) (resp . *J (V°, V0)) o f asomorphis m c l a s se s o f marke d (resp . un -
marked) pair s associa te d t o (VO , VO). Le t G° A b e th e grou p o f automorphism s 
of th e formalizatio n (M<>A , V0A) o f (V<> , VO). B y Theorem 4.5. 2 G° A opérâ te s o n 
'ïïlfVO, VO ) an d w e hav e a  natura l bijectio n 

<J(V0,V0)) s  G^XTTKVO , VO); 

the ma p 

<jïl(V<)f V0 ) — » <j(vO , VO)) 

is th e on e tha t t ake s th e isomorphis m c las s o f ((V , V) , £ ) t o th e isomorphis m 
c lass o f (V , V) . Ou r ai m no w i s to prov e th e followin g proposition . 

PROPOSITION 2 .1.1 G° A may be viewed in a natural manner.as a 

complex affine algebraic group acting morphically on H 1 (S1, St°) , and the ac

tions on H 1 (S1, St° ) and TH(V0, V° ) commute with the Malgrange-Sibuya 

isomorphism 

The proo f require s a  littl e préparation . W e begi n wit h a  fe w remark s o n 
s h e a v e s o f comple x associat iv e a lgebras . Le t X  b e a  topologica l s p a c e an d 
A b e a  shea f o f comple x associativ e a lgebra s (alway s wit h units) . The n fo r an y 
C -a lgebra R  w e hav e a  shea f /£(R ) o f associat iv e R-algebra s define d b y 
^ (R) (U) =  R  ® c / * ( U ) , U  c  X  bein g open ; th e ass ignmen t R — > ,£(R ) i s a 
covariant functor . Hence , denotin g th e grou p o f unit s o f an y rin g M  b y Mx , w e 
see tha t 

^ (R)x : U — > ^(R)(U) X 

is a  shea f o f group s o n X  an d tha t R — > /Ô(R) X i s a  covarian t functor . W e t h u s 
obtain a  shea f o f grou p s c h e m e s ove r C  ( se e II , Chapte r 2) ; i f fo r a n ope n se t 
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U, /ô(U ) i s finite dimensional , the n R — > /Ô(R)*(U ) i s a n affin e grou p s c h e m e 
over C . W e shal l b e intereste d i n th e case  whe n X  =  S 1 an d /ô(U ) i s finit e 
dimensional fo r al l ope n arc s U . I f % ° i s the JSMiltere d loca l Syste m o f germ s o f 
sectorial sect ion s o f (V<> , V<>), then takin g A =  End(3C<> ) o r A =  End(G r W° ) 
we obtai n example s o f th e abov e situation . W e writ e Aut ° an d Aut° A fo r th e 
corresponding s h e a v e s o f grou p s c h e m e s o f th e units . I t i s clea r tha t St ° i s a 
normal subshea f o f Aut° . Moreover , a s th e JS>-filtere d structur e o f % ° ar ise s 
from G r % ° o n sufficientl y smal l ope n arc s i t follows tha t fo r suc h arc s U , 

0 — > St<>(R)(U ) —> Aut°(R)(U ) —> AutOA(R)(U ) —> 0 

is exact . Henc e 

0 — > St O —> Aut o —> Aut<> A —> 0 

is a n exac t s é q u e n c e o f s h e a v e s o f grou p s chemes . 

P R O O F B y I , Corollar y 4.8.3 , w e hav e a  natura l isomorphis m 

G0A =  Aut(MOA , V0A) s  Aut(G r %0). 

Now th e righ t sid e i s a n affin e algebrai c grou p i n a  natura l manner ; indeed , w e 
may identif y Aut(Gr(%0) ) wit h th e grou p o f grade d automorphism s o f th e com -
plex vecto r s p a c e W  =  G r % ° ( 1 ) tha t commut e wit h th e monodrom y actio n o f 
Z. S o th e firs t assertio n i s proved . Fo r th e secon d assertio n i t i s a  questio n o f 
defining a  natura l actio n o f Aut° A (R ) o n H 1 (S1, St°(R) ) fo r eac h C-algebr a R 
that i s functoria l i n R . Le t r e  H 1 ( S \ SfO(R) ) an d T I e Aut° A (R) . Le t (Uj ) b e a 
finite coverin g o f S 1 b y sufficientl y smal l a rc s an d le t (gjj ) b e a  représentativ e 
of Z associa te d t o thi s covering . W e choos e y j e  Aut°(R)(Uj ) suc h tha t th e im -
a g e o f y i i s ii , an d defin e 

TI- r  =  [(y i gy y—1)] 

where [a ] i s th e cohomolog y c las s o f th e cocycl e a . I t i s a  routin e matte r t o 
verify tha t thi s c las s i s independen t o f th e choice s mad e i n th e construction . I f 
we specializ e R  t o b e C , i t i s simpl e t o verif y tha t fo r an y pai r ((V , V) , £ ) fo r 
which *( (v , v ) , e ) =  *((v , v ) , rie ) =  n.r . • 
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REMARK I t is no t difficul t t o see  tha t a  ma p X  —> r\(\) o f a  polydis k A 
into Morph((MOA , V0A) , (M0A , vOA)) i s analyti c i f and onl y i f the r\(\) a r e define d 
by a n élémen t T I e End(©d,iN) - I n particular , m a p s o f A  int o G° A ar e analyti c 
if and onl y i f they ar e define d b y é lément s o f GL(N , ©d,iN) -

PROPOSITION 2.1. 2 We have a natural bijection 

V :  <J(VO , VO) s  G<>A\Hi(S1,Stû) . 

PROOF Thi s i s immédiat e fro m Propositio n 2 .1 .1 . • 

PROPOITION 2.1. 3 G<> A is connectée!. 

PROOF Le t W  =  Gr%0(1 ) =  0 W m je» (1) W w an d le t L  b e th e mon -
odromy actio n o f 1  €  Z  o n W . Go * ma y the n b e identifie d wit h th e grou p o f ai l 
collections {g (co)} wher e g (co) e  GL(Wco ) an d g(1 .co) =  Lg ( co )L -1 fo r a l 
co. I f {COJ } i s a  Syste m o f représentat ive s fo r th e monodrom y actio n o f Z  o n 
<©(1) an d b(i ) i s the orde r o f th e stabilizero f COJ , then G° A s  I T G j wher e G i 
is the centralize r o f Lb(' ) fo r ai l i . But , i f Z j i s the subspac e o f End(WCj0(j) ) tha t 
centralizes LB0) , Gj i s the subse t o f é lément s o f Z j wit h nonzer o déterminant ; i t 
is therefor e connec te d b e c a u s e th e comple x lin e joinin g an y tw o point s i n i t 
mee t s th e complémen t i n a  finit e se t a t most . • 

2.2 T h e wor k o f t h e precedin g sect io n s h o w s tha t w e a r e i n a  familia r 
paradigm, namel y tha t o f algebrai c action s o f affin e algebrai c group s o n affin e 
varieties. W e wan t t o loo k a t th e quotien t 

G<>A\H1(S1, St°) , 

and recal l th e wel l know n fac t tha t t o ge t a  "good " quotien t certai n "bad M orbit s 
may hav e t o b e removed . W e shal l no w discus s briefl y wha t shoul d b e d o n e i n 
the présen t context . 

Let G  b e a  connecte d comple x Li e grou p actin g o n a  connec te d com -
plex manifol d M  ,  the actio n bein g writte n g , x — > g . x . B y a  quotient o f M  b y 
G w e mea n a  pai r (Y , f ) wher e Y  i s a  comple x manifol d an d f  (M —> Y ) i s a n 
analytic m a p whic h i s everywher e submers iv e an d whos e fibre s a r e precisel y 
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the G-orbit s i n M . I t is eas y t o see  tha t suc h a  quotient , i f i t exists, i s essentiall y 
unique. Fo r arbitrar y M , G, le t u s for m th e orbi t spac e 

M* =  G\M , j e :  M —> M* , 

equipped wit h th e quotien t topolog y an d th e shea f q > suc h tha t fo r an y ope n 
U* c  M * <%(U* ) i s th e algebr a o f G-invarian t analyti c function s o n 7ir1(U*) . A 
point m  €  M  (o r it s imag e m * e  M* ) i s called smooth i f M * look s lik e a  com -
plex manifol d a t m* , an d fo r som e ope n U * containin g m* , (U* , 7c ) i s a  quo -
tient o f rc-1(U*).  I f Ms m i s the ope n se t o f smoot h point s an d M*s m i s it s imag e 
in M* , i t i s the n clea r tha t (M* , n) i s th e quotien t o f Msm . However, M*s m 
need not be Hausdorff. I f ô(m ) i s the dimensio n o f th e orbi t G. m ( m e  M ) an d 
ô =  max m «  M  ô(m) , i t is eas y t o see  tha t { m e  M  :  ô(m) =  ô } i s a  d e n s e G-in -
variant ope n se t an d tha t Ms m i s contained i n tha t set ; i n particular , 

dim M * =  di m M  - ô . 

Thèse remark s appl y t o the actio n o f G° A o n H 1 (S1, St°) . W e shal l cal l a 
pair smooth i f its isomorphis m clas s i s i n H 1 (S1, St°)sm . W e the n hav e 

THEOREM 2.2. 1 K M ( S 1, StO)*s m is a  local moduli space for the 

meromorphic pairs that are formally équivalent to (V° , V° ) and its dimension is 

d* =  d  -  ô  where 6 is the maximum ofthe dimensions ofthe orbits of G° A 
in Hi(S*«,StO) . 

P R O O F Thi s i s jus t a  forma i conséquenc e o f Theore m 1.1.2 . W e mus t 
r emember tha t i n vie w o f I , Theorem 1.5.1 , give n an y isoforma l famil y {(V* , V*) } 
of meromorphi c pair s formall y équivalen t t o (V° , V°) , w e ca n alway s fin d a n 
analytic famil y o f isomorphism s £ \ o f th e formalization s o f (V* , V> ) wit h tha t o f 
(V°, VO ) s o tha t {((V* , V\), £y] become s a  famil y o f marke d pair s associate d t o 
(VO, VO). The n 

*(V*. VX ) =  n O »(((V*. V*) , Ê* ) 

The morphis m propert y i s no w clear . Le t {(V1* , V1*) } b e anothe r famil y wit h 
¥<y'\, V'* ) =  ^ ( V * , V* ) e  H1(S1 , StO)*sm f formall y équivalen t t o (VO , VO), 
and {((V1* , V'*), a  marke d famil y associate d t o it . The n a n elementar y Li e 
group theoreti c argumen t show s tha t ther e i s a n anlyti c ma p X  —» T| X int o G° A 
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such tha t *((Vfx , V\), ir\\^\) =  ^((V* , V>) , £>) . Thi s implie s the équivalenc e o f 
the familie s ((V> , V * ) , an d ((V\, £> ) an d henc e o f {(V\ , V*) } 
and {(V* , V*)} . Finall y le t {((V* , V*) , b e universa l fo r ((V0 , V0) , Éo) . Le t 
N b e a  submanifol d throug h *((Vo , Vo) , to ) o f dimensio n d * suc h tha t n i s 
a diffeomorphis m o n N  an d N 1 the preimag e o f N  via th e ma p 

* _ > *((V> , v*) , £>) , 

then th e restrictio n t o a  neighbourhoo d o f 0  o f X  —> ¥((Vx , v*) ) i s a  univer -
sal loca l déformatio n o f ¥((Vo , Vo)) . • 

W e shal l no w obtai n a  criterio n fo r a  famil y t o b e universa l a t a  give n 
point o f th e modul i s p a c e . W e shal l suppos e tha t ai l the bundle s a r e o f th e for m 
V =  A X C N wit h th e connection s V(A) , A  G  q ,£(N, ^cgt) - F o r a n y s u b s e t E  c z 
%Z(N, ^ ) le t Ecg t =  E  f l q,i(N , y  cgt) . Define , fo r an y A  e <j,i(N , O^cgt) . 

MA(A) =  (V(A)(q,£(N , 30)cgt , 

M(A) =  V(A)te*(N , ^cgt) , 

N(A) =  {X A : X A e q ,£(N, D )̂ , V(A)(XA ) =  0} . 

PROPOSITION 2.2. 1 Fix A 0 e  g ^(N, S^cgt) . Ê 0 e  GL(N , SF ) such 

that êo[Ao ] =  AO . if ô o is the dimension of the orbit of t p =  <î>((V , V(Ao),6o ) 
under G°A , Me n 

dim (MA(A0)/M(Ao) ) -  d  -  ô0 . 

P R O O F Th e ke y t o th e proo f i s containe d i n th e followin g tw o lemmas . 

LEMMA 2.2. 2 We have 

êoN(A0Ko-1 =  Lie(G0A) , eoN (A0)cgt S(T 1 -  LiefQO^) , 

G°Acp being the stabilizer of < P in G ° \ 

P R O O F 6oN(Ao)^o"" 1 « s easily s e e n t o b e N(A° ) whic h ma y obviousl y 
be identifie d naturall y wit h Lie(G°A) . W e no w tak e u p th e secon d formula . W e 
c h o o s e an d fi x a  finit e coverin g C i =  (Uj ) o f S 1 b y ope n a rc s o f sufficientl y 
small lengt h an d calculat e ai l cohomologie s usin g it . Le t X J e GL(N , Ai (r(Uj))) 
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be suc h tha t X J ~ £ o an d Xi [Ao] =  A 0 o n T(\J\) fo r al l i , and le t g\\ =  X j xp1 s o 
that g  =  (g,j ) represent s < P. Let  r i s Lle (G°A) =  N(A°) ; by I , Theorerm 2.2. 4 w e 
can fin d cr j e End(Ai(T(U\))") wit h <j j ~  i\ an d V(AO)(<jj ) .  0  o n r (U,))ô fo r 
all i . The n i t is no t difficul t t o see  tha t T | S Lie (G°Acp) i f and onl y i f ther e ar e c q e 
6tO(Uj) suc h tha t 

ffigij-9ijffj =  g y - g y ocj o n r (UjflUj)6 

for al l i , j. Indeed , i f yi(t ) =  1  +  \a\ ( t e  C^ , then t— > y\(X) i s a  curv e throug h 1 
in G° A wit h r[ a s it s tangen t vecto r a t t  =  0  an d s o th e lef t sid e o f th e abov e 
équation i s just (d/dt) t «  o (yi(t ) gj j yj(t)~1); so th e conditio n tha t t | e  Lie (G°Acp) i s 
that thi s derivativ e shoul d b e th e s a m e as  th e resui t o f applyin g t o g  a  tangen t 
vector t o th e orbi t o f g  unde r C(& : St°) , i . e. , t o a n élémen t o f th e for m give n b y 
the righ t sid e o f th e abov e équation . Substitutin g gj j =  X j Xj~1 w e ca n rewrit e 
this a s 

Xj~1 Qj Xj - Xj~ 1 Qj Xj =  Xj~ 1 CC j Xj - Xj— 1 OC j Xj 

or 

(*) Xj- 1 CJ j X j — Xj-1 OC j Xj =  Xj— 1 Q j Xj — Xj— 1 OC j Xj 

on r (UjflUj)ô fo r al l i , j . Th e expression s abov e ar e ~  £O~1i1Ê O an d ar e solu -
tions o f th e équatio n V(Ao)(u ) =  0  ( u e  End(Ai (r(Uj))N). Th e proo f i s no w 
completed quickly . I f i\ e  Lie (G°A«p), (* ) i s true an d s o ther e i s s  s  End(3rCgtN ) 
such tha t 

Ç =  Xj" 1 CFj X j - Xj- 1 OC j Xj 

on r (Uj)ô fo r al l i . Bu t ç  =  ^0" 1 n Êo,  s o tha t 4 OÇÊO_1 =  n an d V(A0)(ç ) = 
0, showin g tha t ç  e  N(Ao)cgt - I n the othe r directio n i f we star t wit h ç  e  N(Ao)cg t 
and defin e t | t o b e ÊO££O"~1 » w e hav e r\ e  Lie (G°A); we choos e a j a s befor e 
and defin e th e o q b y th e las t displaye d équation ; the n OC J e 6t °(Uj) an d (* ) i s 
satisfied, showin g tha t r\ e  Lie (G°Acp). • 

LEMMA 2.2. 3 We can find a natural linear isomorphism 

N(A0)/N(A0)cgt =  / & C  H1(S1 , *t(A0) ) 
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and a natural linear Isomorphism 

MA(A0)/M(Ao) s  H1(S1 , 6 t ( A o ) ) / ^ . 

P R O O F W e begi n wit h a  simpl e observation . Suppos e V(Ao)(XA ) =  Y A 
where X A e g>£(N , SF ) an d U  c  S 1 i s a n ope n ar c o f sufficientl y smal l length . I f 
Y ( r ( U ) ô — > End(CN) ) i s hoiomorphi c an d i s suc h tha t Y  ~  Y A ( r( U ) ) , w e ca n 
find hoiomorphi c X  (T(U)6 — > End(CN) ) suc h tha t X  ~  X A an d V(Ao)(X ) =  Y . 
For provin g thi s w e ma y g o ove r t o a  coverin g comple x plan e s o tha t ther e i s n o 
loss o f generalit y i n a s sumin g tha t A o i s unramified . Further , b y usin g I , 
Theorem 2.2.4 , w e ma y corn e dow n t o th e case  whe n A Q i s a  canonica l form . 
The argumen t i s no w complete d as  i n Lemm a 1.4.3 . 

We shal l no w g o o n wit h th e proof . Le t 1R » b e th e shea f o n S 1 o f ge rm s 
of é l ément s o f End(Ai(T)N) , i . e. , o f hoiomorphi c map s r ( U ) ô — » End(CN ) 
whose entrie s hav e asymptoti c expansion s i n SF . The n V(Ao ) i s a  shea f ma p 
of tR > int o itsel f an d w e writ e VtR > fo r it s range . Th e remar k m a d e i n th e pre -
ceding paragrap h implie s tha t V î l i s precisel y th e subshea f o f ÎR » o f thos e él -
é m e n t s whos e asymptoti c expansion s belon g t o V(Ao)(End(SFN)) . Le t u s als o 
introduce th e s h e a v e s %  an d N(Ao) , wher e %  i s the subshea f o f tR > o f ai l 
é l éments tha t a r e i n th e kerne l o f V(AQ) , an d N(AQ ) is th e constan t shea f wit h 
coefficients i n N(Ao) . W e the n hav e th e followin g tw o exac t s é q u e n c e s 

0 > % > R V(Ao > >  V1R > * 0 

0 > 6t(A0) >  % — N ( A 0 ) > 0 

where A  i n th e s econ d s é q u e n c e i s th e ma p tha t t a k e s an y é lémen t t o it s 
asymptotic expansio n an d i s surjectiv e i n view o f th e remar k above . Le t u s loo k 
at th e correspondin g lon g exac t s é q u e n c e s . Sinc e 

H0(S1 ,U) =  N(A0)cgt , H<>(Sl f =  q,£(N , SFcgt) , H<>(S\ VUl) =  MA(A0) , 

we obtai n th e exac t s é q u e n c e s 

q^(N, SFcgt ) V(Ao > >  MA(A0 ) >  H1(S1, % ) > 

> H1 (S1, K) > H1(S1, V R ) > 0 
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a n d 

0 »  N(A0)cg t >  N(A0) > W(S\ 6t (A0)) > 

> H 1(S1, %) »  H1 (S1, N(A0) ) > 0 . 

Let 

= kernel(l-M(S1 , %) > H1 (S1, n)), 

K2 =  kernel(Hi(S1 , % ) >  H1(S1 , N(A0))) . 

It i s enoug h t o prov e tha t K i =  K2 ; fo r the n th e firs t o f th e abov e exac t s é -
q u e n c e s give s MA(Ao)/M(Ao ) s  K i an d th e secon d give s a n imbeddin g 
N(Ao)/N(A0)cgt =  / Ô c  H1 (S1, 6t (A0)) suc h tha t l-M(S1 f t>t(A0))/A =  K2 . I f 
g e K i an d i s represente d b y th e cocycl e (gy ) associa te d t o a  finit e coverin g 
(Uj) o f S 1 b y ope n a rc s o f sufficientl y smal l length , the n gj j =  q  -  Cj , q  e 
EndtAiKrOJOJNj.and q  ~  q A fo r al l i . A s V(A0)(gjj ) =  0 , we hav e V(A0)(gijA ) = 
0, s o tha t V(Ao)(qA ) =  V(Ao)(qA) ; if we the n choos e an d fi x a n inde x k  an d writ e 
djA =  qA-ckA , the n gjj A =  djA-dj A an d V(A0)(djA ) =  0 . Thu s g  e  K2 . I f g  e  K 2 
then w e hav e th e relation s gjj A =  q A-CjA wit h V(Ao)(qA ) =  0 ; choose q  ~  q A 
and writ e hj j =  gj j - ( q -  q ) . The n (hjj ) i s a  cocycl e fo r the subshea f o f fla t sec -
tions o f ÏR» . Thi s i s howeve r th e shea f tha t occur s i n th e additiv e Malgrange -
Sibuya Theorem , an d s o b y I , Theorem 4.4.1 , w e ca n fin d a A e EndfD^N ) an d a j 
e End(A 1(r(U,))N) suc h tha t a j ~  a A fo r al l i  an d h y =  a j - a j fo r al l i , j. Bu t 
then gj j =  q ' -  q ' wher e c\ =  q  +  a j ~  q A + aA, proving tha t g  map s t o zér o i n 
H1(S1,ÎPI). • 

The proo f o f Propositio n 2.2. 1 ma y no w b e complete d easily . B y th e tw o 
preceding lemma s 

dim MA(A0)/M(A0 ) =  d  -  (di m Lie(G<>A ) - di m Lie(G0A(p ) =  d  -  ô0 . 

This prove s th e Proposition . • 

PROPOSITION 2.2. 4 Let A a cq , {(V , V(A(X)) } an isoformal family 

of meromorphic pairs and A(0 ) =  Ao . If £ is the C-linear span of d\ A (3 j = 
- o , 1  £  i  ^ d) . then £  e  MA(A0) . If we assume that ¥ (V , V(Ao) ) is a 

smooth point, di m 5 3 =  q , and £HM(Ao ) =  0 , then the map 
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* _ > ^(V , V (A(X)) 

has an injective differential at >  =  0 . // 7 particular, when thèse assumptions 
are made and q  =  d* , {(V , V (A(>0)} is universal at \ =  0 . 

P R O O F W e begi n b y showin g tha t d\ A  e  V(A0)(g^(N , 0^)) ; thi s wil l 
prove th e firs t assert ion . Now , b y I , Theorem 1.5. 1 ther e i s a  £  e  GL(N , CS>q>i ) 
such tha t £(>0 [A(>0] =  A o fo r ai l X . I fweappl y d\ t o the relatio n 

(d£(X)/dz) £ ( * ) - 1  + £P0AP0 £(* ) -1 =  A 0 

we get , afte r a n ea s y calculation , 

dj A =  —  V (Ao)(eo-13iê), 

which prove s wha t w e want . T o prov e th e injectivit y o f th e differentia l o f th e ma p 
<T (\ — > ¥ ( V , V (A(X))) unde r th e additiona l condition s a s s u m e d abov e w e 
proceed as  i n Proposition s 1.4. 6 an d 1.4.7 . Le t o c b e th e ma p y  — > y . [g(0) ] 
of G° A int o H1(Ci : St0)) an d le t doc i b e it s differentia l a t th e identit y élémen t o f 
this group . I f d  i s as  i n loc . cit. , w e mus t the n prov e th e followin g implicatio n :  if 
ri € = Lie(G°A ) , the n 

(*) dtt-i (Ti) - 3g =  0  = > 3  =  0 . 

Now Lie(G<>A ) i s the Li e algebr a o f ai l P  e  E n d ( y N ) suc h tha t V (A<>)(P) =  0 
and s o w e ca n choos e b y I , Theorem 2.2. 4 y\ e  End ( Ai (r(Uj))N) suc h tha t y j ~ 
TI an d V (A0)(yj) =  0  fo r ai l i . G o i n g o v e r t o Z(Q:S t° ) th e conditio n dociOl ) = 
9g the n b e c o m e s 

dQij =  ^  gij(O ) - gjj(O ) X J +  y s gjj(O) - gij (O) y j 

for a  suitabl e élémen t (XJ ) e C(Q : 6 t ° ) . I f we no w substitut e fo r gj j th e expres -
sion X j xp1 w e ge t afte r s o m e calculatio n th e relation s 

Xi(0)-1 3X J - Xj (0)-1 X J Xj (0) -  Xj (0)-1 y i Xj(0) = 

x,(oy-i ax j -  XJ(0)- I X J XJ(0) -  XJ(0)- I Y J Xj(0) 

on r(UjnUj)ô ) fo r ai l i , j . A s t hè se expression s ar e ~  Ê (0)-13Ê -  ê(0)- 1 T I £(0) 
we conclud e as  usua l tha t ther e i s ç  e  EndfSTog^ ) suc h tha t 
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K =  Xj(0)- 1 ax j -  Xi(0)- 1 x i Xi(0 ) - Xj(0)- 1 y i Xi(0) o n r (Ui)ô 

for al l i . Exactl y as  i n Proposition s 1.4. 6 an d 1.4. 7 w e no w fin d tha t 

V(Ao)(ç) =  - 9 A . 

In other words , 3 A e  M(Ao) . Thi s force s 9 A =  0  b y ou r hypothèse s an d henc e 
we ge t 9  =  0 . • 

2.3 Th e obviou s shortcomin g o f th e abov e result s i s tha t ther e s e e m s t o b e n o 
simple wa y t o détermin e whe n ¥((V , V(Ao)) ) i s smooth . W e hav e howeve r no t 
yet use d th e fac t tha t w e ar e i n th e algebraic cadre , a  fac t tha t b e c o m e s signifi -
cant especiall y whe n G° A i s reductive. Le t X  b e a n irreducibl e affin e variet y 
over C  an d le t G  b e a  connecte d reductiv e grou p ove r C  operatin g morphi -
cally o n X . Followin g Mumfor d [MF ] we cal l a  poin t x  e  X  stable i f G . x , the or -
bit o f x , ha s maxima l dimensio n an d i s close d i n th e Zarisk i topolog y (thi s i s 
équivalent t o it s bein g close d i n th e usua l comple x topology) . Le t Xs t b e th e 
set o f stabl e points ; i t ma y b e empt y (look a t th e actio n X , t  — > \ . t  o f C x o n 
C), bu t i f i t i s nonempty , the n i t i s a  Zarisk i ope n G-invarian t set . Le t u s no w 
suppose tha t Xs t *  0 . A s th e subrin g o f G-invariant s o f th e coordinat e rin g 
C[X] o f X  i s finitel y genera ted , i t i s a n affin e algebr a whic h i s a n intégra l do -
main, an d s o w e ca n introduc e th e irreducibl e affin e variet y X * whic h i s it s 
maximal spectrum , togethe r wit h th e natura l ma p n :  X —> X* . I t i s no w a  con -
s é q u e n c e o f th e géométri e invarian t theor y o f reductiv e group s (cf . [MF] , pp . 27 -
30, [Ses] , pp . 283-288 ) tha t rc(Xst) :  = xst * i s open i n X* , tha t Xs t =  jc-i(Xst*) , 
and tha t (Xst* , n) i s a  good quotient o f Xs t b y G . Thi s las t propert y m e a n s 
the followin g : 

(a) n :  Xst —> Xst * i s open an d surjectiv e 

(b) th e fiber s o f K abov e Xst * ar e precisel y th e G-orbit s i n Xs * 

(c) i f U  < = Xst i s a  G-invarian t ope n se t an d 7c(U ) =  U* , then a  functio n 
f o n U * i s regula r i f and onl y i f f  o n i s r egu la ro n U  =  7C"1(U*) . 

Let X # b e th e preimag e i n X ^ of th e se t Xst # of simpl e point s i n Xst* . I t i s the n 
clear tha t X # c  Xsm , an d tha t (Xst# , K) i s a  quotien t o f X # b y G  i n the comple x 
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analytic category . W e not e tha t Xst # i s automatically Hausdorff. Applie d t o ou r 
spécial situatio n t hè s e remark s lea d t o th e followin g Theorem . Writ e fo r brevit y 
H1 =  H 1 ( S 1, St°) . A  meromorphi c pai r i s calle d stable simple i f ther e i s a 
marking fo r i t s o tha t th e correspondin g élémen t o f H 1 i s stabl e an d simpl e fo r 
G°A; this i s obviousl y independen t o f th e choic e o f th e marking . 

THEOREM 2.3- 1 Suppose that G° A is reducive and H^s t / s not 

empty. Then it is Zariski open and G°A- invariant If n :  H1-St— > H1«st * is the 

natural map, then the open set of simple points of the quasi affine variety 

Hi,st* iS a local moduli space for the isomorphism classes of stable simple 

pairs. 

The obviou s quest ion s tha t aris e no w ar e th e followin g : 

1. Ar e ther e stabl e point s ? 

2. Ho w d o e s on e recogniz e tha t a  give n pai r define s a  stabl e poin t i n th e 
moduli s p a c e ? 

We d o no t hav e définitiv e answer s t o t h è s e ques t ion s an d s o w e shal l dévot e 
the remainde r o f thi s chapte r t o a  fe w remark s an d example s tha t illustrat e th e 
notion o f stabilit y fo r meromorophi c pairs . 

Bessel a n d Whittake r c o n n e c t l o n s ( l , § 5 ) Th e s p a c e H 1 i s C 2 
while G° A i s C x actin g o n H 1 b y \ , (a , b ) — > (Xa , * -1b) . I t i s the n obviou s 
that HLs t i s the se t {(a , b ) :  ab *  0 } an d G^VH^s t s  Cx . I n particula r ai l sta -
ble point s a r e simple . Furthe r H1»s m =  C 2 \{(0 , 0)} , an d i t i s e a s y t o see  tha t 
G°A/H1>sm i s no t separa ted ; indeed , i t i s th e classica l exampl e o f a  nonsepa -
rated analyti c s p a c e wher e tw o copie s o f C  wit h coordinate s t i an d t 2 a r e 
glued alon g C * vi a th e identificatio n t i =  t2 - T o ge t a  Hausdorf f quotien t w e 
have t o omi t no t onl y (0 , 0 ) bu t a t leas t on e o f th e tw o coordinat e axes . Th e 
reader shoul d g o bac k t o th e discussio n i n l,§ 5 fo r th e criterio n fo r th e stabilit y o f 
a Besse l o r Whittake r connection . 

Exis tence o f s tabl e point s W e a s s u m e tha t A 0 =  B  wher e B  i s a n 
unramified reduce d canonica l form , 

B =  H r i L Drz r +  z-1C . 
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The stabilize r o f V(B ) i n GL(N , 3^ ) i s then know n t o b e G B , th e stabilize r o f B 
in GL(N , C ) ([B V 1] , Theore m 7.2) . Theore m 3.4. 3 o f I I gives a  descriptio n o f 
H1 (S1, St ) an d i t i s no t difficult  t o see  tha t th e isomorphis m ther e i s Ge-equiv -
ariant. W e thu s hav e 

PROPOSITION 2.3. 2 The isomorphism 

H1(S1, St ) s  TTk> 0 TTa«2(k ) H1(S1 , Stk>k+i>(y ) 

is GB- equivariant, the action of GB on the right side being obtained via the 
natural maps G B — » stabilizer of Bktk+it(y . 

Let u s no w a s s u m e tha t th e restrictio n o f C  t o th e spectra l s u b s p a c e s o f 
{Dr}r s L  i s simple , namely , ha s n o repeate d eigenvalues . W e shal l therefor e 
a s s u m e tha t th e D r an d C  ar e al l diagonal . The n G B i s th e diagona l sub -
group D  o f GL(N , C) . W e the n hav e th e followin g Theore m (cf . [B V 3]) . W e 
identify C * wit h th e subgrou p o f scala r multiple s o f th e identit y i n D . 

PROPOSITION 2.3 . 3 Under the above assumptions H 1 - s t / s 
nonempty, D/C * acts freely on H1«st , and H1»st * / s a quasiaffine variety of 
dimension equal to d  -  N  + 1 . 

PROOF W e shal l begi n b y considerin g th e spécia l case  whe n B  ha s a 
single level , 

B =  Drz r +  z -1 C , 

where C  i s reduced . W e d o no t a s s u m e tha t C  ha s a  simpl e spectru m o n 
each e igenspac e o f D r bu t shal l conside r th e actio n o f D  o n th e cohomology . 
Let {aj} i <  j < M  b e th e spectru m o f D r an d fo r i  *  j  le t S\\ b e th e se t o f 2 q 
Stokes line s associa te d t o (a j -  aj ) z r wher e q  =  I  ni -  1 . W e wor k wit h th e 
spécial goo d coverin g (Ua)K6 z o f S 1 obtaine d b y dividin g S 1 int o 4 q arc s o f 
equal lengt h b y th e point s t j ( i e  Z , t j =  tj+4q ) ordere d counte r clockwis e an d 
taking U * =  (toc—i . t« +i )î w e shal l suppos e als o tha t th e t j a r e no t o n an y 
Stokes line . Sinc e th e lengt h o f th e U K i s n/q i t i s clea r tha t each Sj j has 
exactly one member meeting each U A . S o th e section s o f th e Stoke s shea f S t 
on eac h U K ar e trivia l an d henc e 

HHS\ st ) =  z( (ua ) :  st) =  TT i <  «  <4 q s t (w«) , w K =  u « n  u « +1 . 

197 



D. G . BABBITT, V S. VARADARAJAN 

W e déno t e th e é lément s o f H 1 (S1, St ) b y (g (oc))i ^  «  ^  4q - W e writ e th e élé -
ments o f End(CN ) a s bloc k matrice s (ajj) i <̂ \ t j  ^ M  define d b y th e spectra l de -
composition o f D n th e é lément s o f D  a s ( U J ) I ^  j ^ M > and fo r fixe d i , j , déno te 
the entrie s o f aj j b y ajj,rs - W e choos e b ranche s o f th e logarith m o n th e W K 
and identif y (cf . I , Propositio n 3.4.1 ) St(WK ) wit h th e subgrou p o f GL(N , C ) o f 
block matrice s (ajj ) wit h 

aii =  1 , aj j =  0  unles s Re(-q -1(CTj - a ^ z - q ) < 0 o n W a O + j ) . 

The actio n o f ( UJ) e D  o n Z((Uoç ) :  St) i s given b y 

(Uj), (g(ct )ij)—» (h(oc)ij) , h(a)i jtrs -  Ui, r g(oc)ij,rs ujf8-1 . 

We no w introduc e A(g) , th e associativ e algebr a wit h uni t genera te d b y th e ma -
trices g (oc) an d conside r th e conditio n 

(*) fo r eac h (i , j) wit h i  *  j  an d (r , s) , 3  h  e  A(g ) suc h tha t hy.r s *  0 . 

We shal l no w prov e tha t i f g  satisfie s th e conditio n (* ) the n th e stabilze r o f g  i n 
D i s C * an d tha t th e D-orbi t o f g  i s closed . Le t u  =  (UJ ) e  D  stabiliz e g , s o 
that i t centralize s A(g) . The n b y (* ) w e hav e Uj, r =  Uj> s s o tha t u  e  Cx . T o 
prove tha t th e D-orbi t o f g  i s close d w e mus t sho w tha t th e m a p u  — > u . g 
from D/C x int o End(CN)4c l i s prope r i n th e comple x topology . I f L  i s a  com -
pact se t i n End(CN)4ci , the n fo r eac h h  e  A(g ) ther e i s a  compac t se t K(h ) i n 
End(CN) suc h tha t th e subse t L g ofal l u  i n D  fo r whic h u . g  e  L  wil l satisfy u 
h u~ 1 e  K(h) . Le t u s fi x (i , j) wit h i  *  j  an d (r , s ) an d selec t h , h * e A(g ) suc h 
that 

l"Uj,rs *  0  an d h'ĵ s r *  0 . The n ther e i s a  compac t se t K  c C  suc h tha t 
u e  L g = > Uj r hjj.rs UjS~1 e  K , Ujsh'ji.s r Ujr1 e  K . 

It is easy  t o conclud e fro m thès e relation s tha t u  belong s t o a  compac t se t mo d 
Cx. 

In orde r t o complèt e th e proo f o f th e existenc e o f stabl e D-close d orbit s o f 
dimension N  - 1  i n this spécia l case  w e mus t sho w tha t ther e exis t g  suc h tha t 
A(g) satisfie s (*) . Actuall y w e shal l construc t cocycle s g  suc h tha t 

(**) fo r eac h (i , j) wit h i  *  j  an d (r , s) , 3  o c suc h tha t g (oc)jjfrs *  0 . 
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In fact , fo r an y oc , we tak e g(cc ) t o b e a  matri x suc h tha t g(oc)j j =  0  excep t 
when Re(-q-1(tf i —  aj ) z-q ) <  0  o n W * i n which case  w e tak e i t to b e a  matri x 
with al l entrie s nonzero . T o see  tha t g  satisfie s (** ) conside r four successive 

values of oc , say o c =  p , p  +  1 , p + 2 , p + 3 an d fi x i , j , wit h i  * j . The n exactl y 
two o f th e arc s W p mee t a  Stoke s lin e fro m Sy , an d t h è s e tw o arc s cannot be 

adjacent ;  further R e ( - q - 1(a j -  aj ) z-q ) keep s th e s a m e sig n o n eac h o f th e 
other tw o a rc s and the two signs are opposite to each other. S o g  satisfie s 
(**) whe n o c i s on e o f t hès e fou r indices . Thi s finishe s th e proo f i n th e spécia l 
c a s e . 

For th e gênera i case  i t i s no w enoug h t o obse rve , usin g Propositio n 
2.3.2, tha t H i ( S 1 , S t i ) i s a  close d D-stabl e s u b s p a c e o f H 1 (S1, St') ; her e St " 
is th e Stoke s shea f o f DfZ** +  z-1C , f bein g th e principa l leve l o f V(B) . Thi s 
proves th e Proposition . • 

From th e precedin g proo f th e followin g resui t i s immédiate . 

PROPOSITION 2.3. 4 Suppose B  =  D r zr +  z~ 1 C  where C  is re

duced and has a simple spectrum on each eigenspace of Dr . Let J 9 be the 

space matrices with zéro off-diagonal blocks and g a cocycle such that A(g ) + 
<J9 =  End(CN) . Then g defines a stable cohomology class. 

The abov e Propositio n give s a  usefu l criterio n fo r stabilit y i n th e spécia l 
c a s e d iscusse d b e c a u s e o f récen t result s o f Rami s o n th e structur e o f th e Galoi s 
differential grou p [R a 2,3,4] . I n the spécia l situatio n considere d b y us , th e result s 
of Rami s impl y tha t th e representin g cocycl e o f a  pai r whos e Galoi s differentia l 
group ha s a n irreducibl e actio n satisfie s th e conditio n o f th e abov e Proposition . 
It i s no t difficul t t o giv e example s wher e th e abov e conditio n i s satisfied . Fo r in -
s tance , s u p p o s e tha t 2 q >  2 j +  j  rri j rrij wher e m ; i s th e multiplicit y o f th e 
eigenvalue a j o f Dr . The n essentiall y th e s a m e argumen t as  i n th e proo f o f 
Proposition 2.3. 3 lead s t o th e constructio n o f a  cocycl e satisfyin g th e conditio n 
of Propositio n 2.3.4 . W e shal l no t pursu e thès e matter s an y furthe r here . 
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A P P E N D I X 

SOME HISTORICA L REMARK S 

1. Th e ai m o f thi s appendi x i s t o provid e a  brie f historica l supplémen t t o th e 
paper . Ou r intentio n i s no t t o giv e a n exhaustiv e historica l surve y bu t t o giv e 
s o m e additiona l perspect iv e t o s o m e o f th e t h è m e s t reate d here . Th e reade r 
may consul t wit h profi t th e boo k o f Majim a [Maj ] wher e anothe r historica l ac -
count i s availabl e as  well  as  th e articl e o f Bertran d [Be] . 

D - m o d u l e s , S y s t e m s o f m e r o m o r p h i c differentia l é q u a t i o n s 
and t h e ca tegor ica l l a n g u a g e 

The classica l theor y o f differentia l équation s w a s entirel y concerne d wit h 
solutions o f differentia l équat ion s o f arbitrar y deg re e N  an d th e a s soc ia t e d 
N X N System s o f deg re e 1 . Th e concep t o f D-module s o r differentia l module s 
over differentia l ring s an d it s u s e i n th e classificatio n o f meromorphi c System s 
w a s initiate d b y Mani n [Ma ] .  Amon g othe r thing s h e characterize d th e D-mod -
ules whic h aris e fro m meromorphi c System s wit h regula r singularities . I n a  pio -
neering an d influentia l wor k [D e 1 ] Delign e develope d th e theor y o f meromor -
phic connect ion s wit h regula r singularitie s o n bundle s define d o n smoot h alge -
braic varietie s o f arbitrar y dimension . Further , i n hi s letter s t o Malgrang e [De2] , 
Deligne outline d i n th e categorica l languag e a  complèt e descriptio n o f th e cat -
egory o f g e r m s o f meromorphi c pair s i n th e neighborhoo d o f a n irregula r sin -
gular poin t (I , §4) . Deligne' s t r ea tmen t u s e d th e forma i classificatio n o f 
Hukuhara-Turrittin-Levelt an d th e Malgrange-Sibuy a isomorphis m o f th e se t o f 
isomorphism c l a s s e s o f marke d meromorphi c pair s a t a  poin t formall y isomor -
phic wit h a  give n pai r wit h th e firs t cohomolog y o f th e S toke s shea f o f tha t 
pair(see below) . 

Formai s tructur e an d réduct io n theor y 

It w as Fabr y wh o firs t constructe d i n hi s 188 5 thesi s [Fa ] a  ful l se t o f N 
linearly independen t solution s o f a  scala r meromorphi c differentia l équatio n o f 
deg ree N , 
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( * ) D N u =  0 , D N =  (d/dz) N +  aN _i(z) (d/dz) N -1 +  .. . +  ao(z) , 

in th e neighborhoo d o f a  singula r point , sa y z  =  0 . Th e solution s wer e con -
structed ove r the extensio n D^ q =  & [ t  ], t =  z1/cl f an d wer e o f the for m 

fjh =  eQj W tM j 2 0 < j ^ h (logt)igih j ( 0 <  h < m j - 1 ) ; 

here Qj(t ) a r e distinc t Lauren t polynomial s i n t  containin g onl y négativ e pow -
ers o f t , the gjh j ar e i n C[[t]] f an d nri j ar e integer s >  1  wit h m- i + 1712 + . .. =  N . 
Then i n th e 1930' s Cop e too k u p thi s thèm e i n tw o fundamenta l pape r s [Co] . 
He prove d tha t an y forma i differentia l operato r D N o f deg re e N  define d ove r 
ïf ca n b e factorize d ove r a  suitabl e extensio n J q asa  produc t o f N  differen -
tial operator s o f degre e 1 , an d showe d furthe r th e équivalenc e o f linea r NX N 
Systems o f deg re e 1  wit h linea r scala r differentia l équat ion s o f deg re e N . I n 
the languag e o f differentia l module s thi s équivalenc e ma y b e formulate d a s 
follows. Le t K  b e a  nontrivia l differentia l fiel d o f characteristi c 0 , JS> the alge -
bra o f differentia l operator s ove r K , and U  an y differentia l modul e o f dimensio n 
N ove r K;the n U  i s a  cycli c module , an d U  =  J9/JS>D N fo r a  suitabl e DN , th e 
se t o f possibl e D M bein g i n canonica l bijectio n wit h th e se t o f cycli c vectors . 
The factorizatio n theore m w a s late r reprove d b y Malgrang e [Ma l 2 ] usin g 
Newton polygon s an d b y Robb a [Ro ] usin g Henselia n techniques . I t i s no t diffi -
cult t o sho w tha t th e result s o f Fabr y an d Cop e ar e completel y équivalent . 

The mai n questio n ir f th e forma i theor y o f firs t orde r meromorphi c Sys -
t ems 

(*) dF/d z =  A(z) F  ( A s %Z(N, &)) 

is thei r réductio n t o a  canonica l for m unde r GL(N , 0^ ) o r GL(N , JFcl) . Thi s w a s 
resolved b y th e combine d effort s o f Hukuhar a [Hu] , Turrittin [Tu ] an d Level t [Le] . 
S e e als o [BJ L 1 ] an d [B V 1 ] fo r s o m e refinement s o f thi s work . Th e principa l 
level o r Kat z invarian t fo r a  meromorphi c Syste m w a s explicitl y d i scusse d b y 
Katz [Ka] ; Poincaré [Po ] ha d treate d thi s forma i invarian t i n the contex t o f scala r 
équations o f degre e N . 

The forma i réductio n theor y fo r System s whe n th e coefficient s corn e fro m a 
gênerai differentia l rin g w a s th e mai n thèm e o f [B V 2] . The complèt e descriptio n 
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of th e categor y o f differentia l module s ove r R[[z]][z~1 ] wher e R  i s a  loca l rin g i s 
stiil no t available , althoug h [B V 2 ] contain s a  theor y fo r th e so-calle d well-be -
haved modules , whic h include s th e réductio n theor y o f (* ) whe n A(z ) d é p e n d s 
analytically o n a n arbitrar y numbe r d  o f comple x pa ramete r s > . =  (A-j , ...,X<j) . 
T h è s e result s a r e essent ia l fo r th e discussio n o f modul i problem s fo r th e Sys -
t e m s (*) . 

Analytic theor y an d a s y m p t o t i c s t ructure s o n s e c t o r s 

It w a s Poincar é [Po ] wh o firs t discovere d th e analyti c significanc e o f th e 
formai solution s o f (* ) whe n h e showe d tha t i n generi c cases  o f (* ) ther e exis t 
analytic solut ion s whic h wer e asymptot i c t o Fabry ' s solution s i n sufficientl y 
small sec to rs . Late r Trjitzinsk y [Tr ] showe d tha t ther e exis t analyti c solution s 
asmptotic t o fixe d forma i solution s o f a n arbitrar y Syste m (* ) i n sec tor s bounde d 
by certai n "spectra l curves " comin g fro m th e spec t ru m o f th e a s s o c i a t e d 
canonical form . I t w a s howeve r Hukuhar a [Hu ] wh o obtaine d th e définitiv e ver -
sion o f th e asymptoti c exis tenc e theorem , an d i n doin g thi s als o discovere d th e 
correct wa y t o defin e th e S toke s lines . Hukuhar a prove d tha t th e asymptoti c 
ex i s tence theore m hold s fo r s ec to r s containin g i n thei r interio r a tmos t o n e 
S tokes line . A s a  corollar y Hukuhar a showe d tha t give n a  forma i réductio n o f 
(*) t o a  Nweak N canonica l for m an d an y secto r as  abov e ther e w a s a n analyti c 
réduction asymptoti c t o thi s forma i réductio n i n thi s sector . Thi s w a s complete d 
by Malmquis t [Malm ] wh o w a s abl e t o replac e "weak " canonica l for m b y canoni -
cal form . Turritti n [Tu ] gav e anothe r independen t proo f o f Hukuhara ' s a symp -
totic resuit . 

Sibuya [S i 1 ] showed tha t th e spectra l splittin g par t o f th e asymptoti c ana -
lytic réductio n p roces s coul d b e carrie d ou t i n suitabl e sec tor s an d als o t reate d 
spectral splittin g fo r th e generi c case  whe n (* ) d é p e n d s analyticall y o n on e pa -
rameter. 

Already i n Turrittin' s wor k th e proble m o f refinîn g th e asymptoti c theor y b y 
introducing th e settin g o f Gevre y c l a s s e s o f function s a p p e a r e d i n a  natura l 
manner . Thi s aspect , whic h w e hav e no t touche d a t al l i n thi s paper , h a s bee n 
pursued i n grea t dept h b y Ramis . Th e reade r shoul d consul t th e p a p e r s o f 
Ramis [Ra ] as  well  as  tha t o f Rami s an d Sibuy a [Ra-Si] . I n additio n muc h o f th e 
theory d i scusse d abov e i s t reate d i n Wasow' s classi c treatis e [Wa] . Fo r a  mor e 
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d et ai le d surve y o f th e histor y o f th e asmptot i c ex is tenc e t h e o r e m s see  th e 
excellent discussio n i n [Maj] . 

The S t o k e s s h e a f an d c o h o m o l o g i c a l m e t h o d s 

A ver y importan t s t e p i n th e m o d e m approac h t o thèse  classica l prob -
lems w a s take n b y Malgrang e an d Sibuy a whe n the y introduce d s h e a v e s o f 
functions wit h asymptoti c expansion s an d introduce d fo r th e firs t tim e cohomo -
logical method s int o th e theor y [Ma l 3 ] [S i 2].Thei r wor k highlighte d th e impor -
t ance o f th e Stoke s shea f an d it s cohomolog y fo r th e classificatio n o f meromor -
phic System s an d le d t o wha t w e hav e labelle d th e Malgrange-Sibuy a isomor -
phism theore m (cf . I , §4) . Th e wor k o f Delign e [D e 2 ] tha t w e mentione d earlie r 
u s e s th e Malgrange-Sibuy a isomorphis m theore m t o obtai n a  natura l équiva -
lence o f th e categor y o f ai l meromorphi c pair s a t z  =  0  wit h th e categor y o f JS> -
filtered loca l System s o n S 1 (I , Theorem 4.7.3) . Fo r anothe r bu t shorte r exposi -
tion o f Deligne' s theore m see  [Ma l 4] . Majim a [Maj ] ha s extende d muc h o f thi s 
theory t o th e case  o f integrabl e connection s i n severa l variables . 

The affin e natur e o f H 1 ( S 1 , S t ) 

Deligne ha d alread y observe d i n [De2 ] tha t H1(S1,St ) w a s intrinsicall y a 
smooth variety . Baiser , Jurka t an d Lut z [Bal ] [BJL ] [J ] showe d (translatin g int o 
our language ) tha t fo r a  certai n canonica l goo d coverin g C i o f S 1 (o r mor e pre -
cisely it s universa l coverin g space ) H 1 (Ci :St ) =  H 1 (S1, St ) i s a n affin e s p a c e 
whose dimensio n i s th e irregularit y o f th e endomorphis m bundl e o f th e forma i 
pair chose n as  th e forma i model . l n a n earlie r version o f th e présen t pape r [BV4 ] 
a proo f w a s give n i n th e unramifie d c a s e tha t H 1 (S1, St ) ha d a n intrinsi c affin e 
s p a c e structur e an d tha t it s dimensio n w a s th e irregularit y o f th e o f th e endo -
morphism bundle . I n [De3 ] Delign e outline d th e proo f give n here . O f cours e th e 
essence o f thi s proo f i s a  muc h stronge r s ta temen t givin g condition s whe n th e 
H1 o f a  shea f o f unipoten t grou p s c h e m e s o n S 1 i s representabi e b y a n affin e 
s p a c e . Th e f reenes s o f th e actio n o f th e coboundar y grou p o n th e s p a c e o f co -
cycles, obtaine d i n [BJL ] [J ] [B V 4 ] a p p e a r s i n ou r présen t versio n as  th e van -
ishing o f th e H ° o f ai l th e twist s o f th e S toke s shea f ( se e II , §§1,2) . Earlie r 
Malgrange [Ma l 4 ] ha d prove d th e intrinsi c affin e natur e o f H1(S1,St ) whe n th e 
leading coefficien t o f th e canonica l for m o f th e forma i mode l h a s distinc t eigen -
va lues . 
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Local modul i 

The précis e notio n o f loca l modul i fo r isoforma l unmarke d pair s i n th e 
unramified case  s e e m s t o hav e firs t appea re d i n [BV3] . An expositio n o f thi s i s 
given i n [BV5] . I t should b e pointe d ou t tha t th e forma i réductio n theor y wit h pa -
ramete r s as  give n i n [BV2 ] i s essent ia l fo r th e t reatmen t o f loca l moduli . Th e 
idea o f treatin g th e modul i proble m fo r marke d pair s s o tha t H1(S1,St ) itsel f 
(and no t a  quotien t o f i t as  woul d b e th e case  i f onl y unmarke d pair s a r e consid -
ered) i s th e modul i s p a c e g o e s bac k t o Delign e [D e 2 ] a s mentione d i n [Ma l 4] . 
The modul i proble m fo r certai n nonlinear System s i s considere d i n th e pape r o f 
Martinet an d Rami s [MR] . 
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R É S U M É 

La p résen t e monographi e es t c o n s a c r é e à  l'étud e local e d e s solution s 
d e s s y s t è m e s d 'équat ion s différentielle s méromorphe s linéaire s a u voisinag e 
d'un poin t singulie r irrégulier . S i l e poin t singulie r es t régulier , l e g roup e d e 
monodromie contien t l 'essentie l d e l'information . E n revanche , l e cas  d'u n 
point singulie r irrégulie r es t bie n plu s compliqué . Cel a es t d û a u fai t qu e le s 
solut ions formelle s d e l'équatio n a u voisinag e d'u n te l poin t son t d'ordinair e 
d ivergen tes . Néanmoins , le s solution s formelle s son t s é r i e s asympto t ique s 
pour le s solution s analytique s d a n s tou s le s sec teur s ayan t l a singularit é pou r 
sommet , pourv u qu e l'angl e soi t suffisammen t petit . E n général , s i l'o n fix e un e 
solution formell e $ , le s solution s analytique s pou r lesquelle s $  es t un e séri e 
asymptot ique n e son t p a s uniques . E n fait , s i l'o n fai t tourne r l e sec teur , le s 
so lu t ions ana ly t i que s pou r l e sque l l e s $  e s t un e sé r i e a sympto t iqu e 
changeront e n généra l :  c 'es t l e «  p h é n o m è n e d e S toke s » . L e bu t d e cett e 
monographie es t d e fourni r un e ana lys e sys témat iqu e d e c e p h é n o m è n e e t 
d'étudier commen t i l es t affect é pa r des  variation s isoformelle s d e s équat ions . 

Le langag e nature l pou r expose r le s principau x t h é o r è m e s es t celu i d e 
g e r m e s d e fibre s vectoriel s holomorphe s muni s d e connexion s méromorphes . 
Si o n fix e un e tell e pair e (Vo , Vo) , l e théorèm e d e Malg range-S ibuy a affirm e 
qu'il y  a  un e équivalenc e naturell e entr e l 'ensembl e d e triplet s : 

{((V, V) , £ ) |  i :  (V, V) s  (Vo , Vo) es t u n isomorphism e forme l } 

défini à  u n isomorphism e analytiqu e p rès , e t l a premièr e cohomologi e d'u n 
certain faisea u St(V , V ) d e g roupe s su r S 1 .  C e faisceau , qu i s 'appel e l e 
fa isceau d e S t o k e s d e (V , V) , es t u n fa iscea u d e s c h é m a s e n g r o u p e s 
a lgébr iques unipotent s su r C . L e résulta t fondamenta l d e l a Parti e I I affirm e 
q u e l e foncteu r d e premièr e cohomologi e es t r eprésen tab l e pa r u n e s p a c e 
affine su r C  don t l a dimensio n es t l ' i r régula r i t é d u fibr e End(V , V) . Dan s l a 
Partie II I o n démont r e q u e l 'espac e analytiqu e complex e sous jacen t à  ce t 
e s p a c e affin e es t u n e s p a c e d e module s locau x pou r le s déformation s locale s 
isoformelles d e l a pair e (V , V) . Dan s l a Parti e I  o n déve lopp e l e l angag e 
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RÉSUMÉ 

modernedes équat ion s différentielle s méromorphe s linéaires . E n particulier , o n 
e x p o s e le s t h é o r è m e s d e Ma lg range -S ibuy a e t Delign e qu i traiten t d e l a 
ca tégor ie d e g e r m e s d e fibre s vectoriel s holomorphe s muni s d e connexion s 
méromorphes . 
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