
Astérisque

F. REESE HARVEY

H. BLAINE JUN. LAWSON
A theory of characteristic currents associated
with a singular connection

Astérisque, tome 213 (1993)
<http://www.numdam.org/item?id=AST_1993__213__1_0>

© Société mathématique de France, 1993, tous droits réservés.

L’accès aux archives de la collection « Astérisque » (http://smf4.emath.fr/
Publications/Asterisque/) implique l’accord avec les conditions générales d’uti-
lisation (http://www.numdam.org/conditions). Toute utilisation commerciale ou
impression systématique est constitutive d’une infraction pénale. Toute copie
ou impression de ce fichier doit contenir la présente mention de copyright.

Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques

http://www.numdam.org/

http://www.numdam.org/item?id=AST_1993__213__1_0
http://smf4.emath.fr/Publications/Asterisque/
http://smf4.emath.fr/Publications/Asterisque/
http://www.numdam.org/conditions
http://www.numdam.org/
http://www.numdam.org/


213 ASTÉRISQUE 

1993 

A THEORY 
OF CHARACTERISTIC CURRENTS 

ASSOCIATED WITH 
A SINGULAR CONNECTION 

F. Reese HARVEY and H. Blaine LAWSON, Jr. 

Research of both authors was supported 
by the National Science Foundation 

SOCIÉTÉ MATHÉMATIQUE DE FRANCE 
Publié avec le concours du CENTRE NATIONAL DE LA RECHERCHE SCIENTIFIQUE 



A.M.S. Subjects Classification : 
Primary : 53C07, 49Q15 
Secondary : 58H99, 57R20 



Abstract 

A general theory of characteristic currents associated to singular connections 

is developed. In particular, a Chern-Weil theory for bundle maps is introduced 

and systematically studied. This theory generalizes the standard one. It asso­

ciates to a map a  : E —•  F  between bundles with connection, singular "push-

forward" and "pullback" connections on E  and F  respectively. Characteristic 

classes are then shown to be canonically represented by d-closed currents uni­

versally constructed from the "curvature" of these singular connections. When 

rank(2?) = rank(F) = n  and (j) is an Ad-invariant polynomial on $[l<m  formulas of 

the type 

o(mF) - O5Me) = Res¿ Divi a) +  dT 

are derived, where Div(a) is a rectifiable current canonically associated to the 

singular structure of a, where Res^ is a smooth form of classical Chern-Weil type 

computed as a polynomial in the curvatures fi^, tip  of E  and F,  and where T 
is a canonical, functorial trangression form with coefficients in L\ oc. The cases 

where E  and F  are complex or quaternion line bundles are examined in detail, 

and lead to a new proof of the Riemann-Roch Theorem for vector bundles over 

algebraic curves. 

Applications include: A Croo-generalization of the Poincare-Lelong Formula 

to smooth sections of any smooth vector bundle; Universal formulas for the Thorn 

class as an equivariant characteristic form (i.e., canonical formulas for a de Rham 

representative of the Thorn class of a bundle with connection); A Differentiable 

Grothendieck-Riemann-Roch Theorem at the level of forms and currents (in both 

the complex and spin cases). Each of these holds in the general setting of atomic 

bundle maps, as introduced and studied in [HS]. A variety of formulas relating 

geometry and characteristic classes are deduced as direct consequences of the 

theory. 
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Introduction 

The aim of this paper is to lay the foundations of a theory of Chern-Weil-
Simons-type for singular connections on a smooth vector bundle. The notion 
of a singular connection here is quite general, but the focus will be on certain 
connections which arise naturally from bundle maps. More specifically, suppose 
that E  and F  are smooth vector bundles with connection over a manifold X.  Then 
our theory associates to each homomorphism a  : E  —•  F  a constellation of en­
closed characteristic currents on X  denned canonically in terms of the curvature 
of the bundles and the singularities of the map a.  This is essentially a "Chern-
Weil Theory for bundle maps" which in the special case where a  = 0 reduces to 
the usual construction for the bundles themselves. 

The theory is two-sided; one can focus attention either on E  or on F  (and 
retrieve, when a  =  0, the standard theory for E  or F).  Let us suppose the 
focus is on E and fix a characteristic polynomial O, i.e., an Ad -invariant 
polynomial on the Lie algebra of the structure group of E.  Standard Chern-Weil 
Theory associates to (p  a smooth, closed differential form (J)(£IE)  on  X  which is 
defined canonically in terms of the curvature of E  and which represents a certain 
characteristic class </>(E)  £ H£ E Rham(^) determined universally by <j>.  Our theory 
associates to </> a d-closed current <J){£IE,CX)  which is defined in terms of curvature 
and the singular structure of a, and which also represents (f>(E). 

The theory also produces a canonically defined, functorial transgression cur­
rent T  =  T(<̂ >, a) with the property that 

<KSlE,a) - <KSlE) = dT 

In the special case where rank(i?) = rank(F), the characteristic current has 
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t h e form 

<t>(£lE,a) = </>(SlF) ~ S 

where </>(£2F) is the standard Chern-Weil form associated to the bundle F  and 
where S  is a d-closed current supported on the s ingularity set E = {x  £  X  : 
ax is not invertible}. Thus S  is canonically and functorially cohomologous to 
<f>(ftp) —  </)(£IE)>  In many important cases it will turn out that E is an oriented 
submanifold (or more generally an integral cycle) and that S  can be written in 
the form 

S = Res^[E] 

where Res^ is a smooth differential form on X  and [E] is the integral current 
determined by integration over E. This residue form will be expressed in terms 
of the curvatures of E  and F by a universally determined "residue polynomial". 
Thus we obtain an equation of currents: 

cf>(nF)-(f>(nE) = Res^[E] + dT. 

One can think of Res^fE] as the characteristic current associated to a  :  E —•  F 
which represents the class </>(F)  -  (j)(E)  £  H£ e R h a m ( X ) . 

Detailed formulas cannot, of course, be derived for arbitrary smooth bundle 
maps a  :  E >  F  since the singularities can be quite pathological. Nevertheless, 
the theory does apply to quite general maps. By work of the first author and 
Stephen Semmes we know that under weak assumptions on a, there exist certain 
associated currents with rectifiability properties, which one might call "Thom-
Porteous currents". For generic maps these currents are standard singularity sets 
defined by rank conditions on a. Our general formulas will often be expressed in 
terms of smooth "residue" forms paired with these currents. 

The analytic assumptions we make on our bundle maps are presented in 
detail here and certain important properties are established. However, the fun­
damental results concerning the existence and structure of divisors and more 
general Thom-Porteous currents appear in [HS]. 

To give a notion of the nature of the results, we present some elementary but 
important examples. The first is provided by the case where E and F  are complex 
line bundles over an oriented manifold X.  Suppose for simplicity that a  :  E —•  F 
vanishes non-degenerately so that the divisor Div(a) is the current associated to 
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the oriented codimension-2 submanifold E = {x  £ X  :  a x = 0}. Then for each 

polynomial <f>(u) £ R[u] in one indeterminate, we obtain the formula 

(*) < K f ) - < K * ) | Idfk) 
I X / ) " <¿(e)l 

<Kf)-<K*) = 
D i v ( a ) + dT 

where 
<Kf)-<K*) and e = ¿ Í 2 E 

are the Chern-Weil representatives of the first Chern classes of F  and E  respec­

tively (and where ^ - ^ ~ ^ e ) is the obvious polynomial in e and / . ) This formula 

holds in fact for any a  which is atomic, that is for which 

tvia^Da) £]-Cl(df|| Ik) 

(i.e., for which t r ( a - 1 D a ) has an L\ oc-extension across E), where D  denotes the 

induced connection on Hom(£, F).  (Under local trivializations of E  and F,  a  is 

represented by a complex-valued function a, and atomicity is equivalent to the 

condition da  Ja £  L\ oc.) The transgression term T  in (*) is given by the formula 

T = -i-
M 2 T 

<Kf)-<K*) dd= 

l / - e J 
• t r ( a _ 1 £ > a ) . 

When ^(u) = u and E is trivial, equation (*) represents a C°°  generalization of 

the classical Poincaré-Lelong formula. 

Combining this result with the kernel-calculus of Harvey and Polking [HP] 

gives a new proof of the Riemann-Roch Theorem for vector bundles over algebraic 

curves. 

Another example of a basic formula coming from the theory is provided by 

considering a section a  £ r ( V ) of an even-dimensional vector bundle V  —• X 
with spin structure. Assume that a  vanishes non-degenerately (or more generally 

that it is a tomic in the sense of [HS] below), and let Div(a) denote its divisor. 

Now Clifford multiplication by a  determines a bundle map a  :  fi^  —• jB~  be­

tween the positive and negative complex spinor bundles canonically associated to 

V. Consider the function on matrices </>(A)  = ch(-A) = f trace {exp (2^A)} which 

gives the Chern character. Suppose ^ + and jS~  carry connections induced from 

a riemannian connection on V, and let fi«-±, &v  denote the curvature matrices 
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of these connections (with respect to local orthonormal framings of the bundles) 

Then we have the formula 

(**) ch (mß) - ch ( fy- ) = A(ÎV)" 1 Div(a) + dT 

where 

A{Çlv)~
l = de t* 

f s i n h ( ^ f i v ) l 

<Kf)-<K*) = 

is the series of differential forms on X  which canomcally represent, via Chern-

Weil Theory, the inverse A-class of V, and where T  is a canonically denned form 

with ^^-coefficients. 

This generalizes immediately to a® 1 : f>*®E  —• fi~®E  for any coefficient 

bundle E  with connection. Here we obtain the formula 

(* * *) c h ( f y + ® £ ) - c h ( f y - ® E ) = c h ( f i E ) Â ( f î v ) " 1 D i v ( a ) + dT . 

When Div(a) is an oriented submanifold, this equation is precisely a formulation 

at the level of differential forms of the Differentiate Riemann-Roch Theo­

rem of Atiyah and Hirzebruch [AH]. Furthermore it extends this theorem from 

submanifolds to oriented subcomplexes with "normal bundle", i.e., subcomplexes 

which arise as divisors of some cross-section of a bundle. 

This result emerges naturally from our philosophy of considering pushfor-

ward and pullback connections under bundle morphisms. It is also noteworthy 

that the ch • A - 1-series in this formula falls directly out of our computational 

calculus. It is not inserted with hindsight and then cleverly verified, as is often 

the case. 

There are formulas analogous to (* * *) when V  is complex or Spin c. In the 

complex case, we obtain a version of the classical Grothendieck Theorem at the 

level of differential forms and currents. To be specific let j  :  Y <—• -X" be a smooth 

embedding of compact oriented manifolds. Suppose that the normal bundle to 

j carries an almost complex structure. If the tangent bundles TY  and TX  are 

given connections compatible with this normal complex structure along F , then 

we have the following equation of forms and currents on X: 

{ c h ( f i ( A e v e n j p . ) 0 E ) - c h ( f î ( A o d d F . ) 0 E ) } A T o d d ( f i r x ) 

= c h ( f i E ) A T o d d ( f i T y ) [ F ] + dT 

6 



for any vector bund l e wi th connect ion E  over Y.  By pass ing to cohomology th is 

formula yields t h e c o m m u t a t i v i t y of t he d i ag ram 

ch(-)ATodd(Y) 

K{Y) 3\ K{X 

ch(- )ATodd(X) 

<Kf)-<K*) 

3\ 
H*(X) 

where the j \ represent the Gysin "wrong way"maps in K-theory and cohomology. 
In these special Clifford multiplication cases our formalism has some sim­

ilarities with Quillen's calculus of superconnections [Q] as developed in [MQ], 
[BV], [BGS*] and elsewhere. However, even in these cases there are substantial 
differences. We are concerned with convergence questions under weak hypothe­
ses and with the structure of the limiting currents. Our theory also allows for a 
quite general choice of "approximation mode". As we shall explain in a moment, 
each mode is determined by a choice of an approximate one, i.e., a C°° -function 
X : [0, oo] —• [0,1] with x' >  0, x(0) = 0 and x(oo) = 1. Choosing x(t) = 1 - e~* 
puts us closest to Quillen's theory. However, choosing x with x(0 = 1 for t  >  1 
gives approximations supported in small neighborhoods of the singular set. For 
many reasons the most natural choice is X(t) =t/(1+ t). This form of approx­
imation admits nice compactifications and is closely related to the Grassmann 
graph construction of MacPherson. 

A third important application arises when E  is the trivial line bundle with 
trivial connection, and F  is real. In this case a  corresponds to a cross-section of 
F. This section is said to be atomic if when expressed locally as a =  ( a 1 , . . . , a n) 
it satisfies the condition 

da1 

\a\\*\ 
<Kf)-<K*) 

for all J with \I\  <  n = f dim F. Very general elementary criteria for atomicity are 
given in [HS]. (Roughly speaking, any smooth section which vanishes algebraically 
on a set of the proper codimension is atomic.) As a special case, it is shown that 
any real analytic section with zeros of codimension-rc is atomic. 

One can think of atomicity as a weak criterion which insures the existence of 
a divisor, i.e., for which the graph of a  can be sliced by the zero-section of F.  It 
is proved in [HS] that the vanishing of an atomic section a  determines a unique, 
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d-closed current Div(a) of codimension-rc, called the divisor of a.  This current 

is integrally flat, and in particular, when its mass is finite, it is a rectifiable cycle 

in the sense of Federer [F]. 

Assume now that F  is either complex, or real and oriented, and that <j) is 

the top Chern polynomial or the Pfaffian respectively (If dimR F is odd, then 

<j) = 0.) We show that if a is atomic, then there exists a canonical Lj^-form T on 

X such that the following generalization of the Poincare-Lelong formula holds: 

(t>(QF) - D i v ( a ) = dT. 

Furthermore for each approximation mode as above we obtain a smooth family 

of connections D31  0 < s  <  oo on F such that the associated characteristic forms 

r3 = (j)(Çl9) have the property that TO = O(M(£Lf) and 

lim T S = Div(a). 

T h e r e is a cor responding family of s m o o t h forms T31  0 < s  <  oo, such t h a t 

r3 - D i v ( a ) = d { T - T 3 ) . < K f ) - < 

and limTs = T in L\QC. 
3—>0 

It is useful to view this construction universally, that is, on the total space 

of the bundle itself. Let IT : F —• X  be the bundle projection and consider the 

pullback F = 7r* F with the pullback connection. Over F  there is a tautological 

cross-section a of F given by a(v) = v. 

This section is atomic, in fact, non-degenerate, and the theory applies. For 

each approximation mode we obtain a smooth family of closed differential forms 

rs, 0 < s  <  oo on F , which are expressed canonically in terms of the connection, 

and which represent the Thorn class of F.  For example when F  is real 

of dimension 2n  and we are in the real algebraic approximation mode (where 

X(t) = 1 — 1/\A + t)t  then r3  is given by the formula 

<Kf)-<K*) = s 
<Kf)-<K*) 

Dfaff 
f DulDu 

. \u\2 + s2 
M 

where u  =  ( u i , . . . , u2n) represents the tautological section and where Du  is 

its covariant derivative in the pullback connection (with respect to a local or-

thonormal frame field).Note that Du  can be viewed invariantly as the projection 
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Du :  TF =  F@H  —•  F  along the horizontal subspaces H  of the connection. The 

form above, which falls directly out of the theory, has the following remarkable 

properties: 

(1) t3 is d-closed, 

(2) r s ex tends to a s m o o t h d-closed form on t h e 

fibrewise compact i f icat ion P(F  © R ) D  F, 

(3) 7T*T S = 1 where 7r* denotes in tegra t ion over the fibre, 

(4) i*r s = Pfaff(fip) where i  : X <—• F is the zero-sect ion, 

(5) r s = / i* ( r i ) where fi 3 :  F —+  F  denotes scalar mul t ip l ica t ion by ±, 

(6) l i m r , = [X]. 
s—»-0 

In brief, r 3 is a closed 2n-form on F which dies at infinity, is integrable on the 

fibres and converges, as s —• 0, to the current [X]  represented by the zero-section. 

It is a family of canonical representatives of the Thorn class of F  (cf. [QM]). It 

can be written, as in [QM], as the image of a universal class in the equivariant 

cohomology of R 2 n . 

Choosing other approximation modes yields other universal formulas for the 

Thorn class. In particular, if x(t) = 1 for t  >  1, then the form r 3 will have 

support in the tubular neighborhood X 3 =  {v  £ F  : \v\  < s}.  In particular, it 

has compact support in each fibre. 

There are many other interesting applications. A particularly nice one con­

cerns the case of an endomorphism a  :  E —>  F of quaternion line bundles. 
One finds a very pretty analogy with the complex line bundle case. The classifying 

space for complex line bundles is the infinite complex projective space P°°(C) 

whose cohomology is a polynomial ring on one generator u  £ ff 2(P°°(C); Z). 

The classifying space for quaternion line bundles is the infinite quaternion pro­

jective space P°°(H) whose cohomology is a polynomial ring on one generator 

u £ i í 4 (P°°(H); Z). If we are given connections on E  and F  which are compat­

ible with the quaternion structure, and if a  is atomic, then for each <j>  £ R[i¿] 

there exists an Lj^-form T  with the property that 

<Kf)-<K*) = 
Ф(f)Q(e) -

/ - e 
Div(a) + dT 

where 
/ = - M r 
J 2 

{ е д and <Kf)-<K*) = <Kf)-<K*) = 
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are the canonical representatives of the second Chern class (or instanton class) 

of E  and F.  Note the close similarity to the complex case above. 

Our general approach to singular connections comes from the following basic 

observation. Let E  and F be smooth vector bundles with connections DE and 

Dp respectively over a manifold X.  Then given any pair of bundle maps 

a: E  —• F  a n d ¡3 : F  —•  E 

we can define induced connect ions: 

*D«J = (3  o D F o a  + (1 - /3a) o D E on E 

a n d 

DQ>P = a o DE o /3 +  Dp o (1 - a/3) on F. 

This allows us t o e x p a n d t h e no t ion of t h e gauge g roup . Namely, if we fix Dp 

and Dp,  then to every pair a, /3  we have the transformed connection D a,P on F 
(and also D Q^ on E).  When E  and i*1 are isomorphic (and in particular of the 

same rank), we can restrict to pairs with /3  = a~ l and recover the usual action 

of the gauge group on the space of connections. 

Now it is our intention to study a, so we want to choose /3  to be naturally 

adapted to a.  Suppose for example that rank(jB) < rank(i^) and that a  is 

injective. Then we would choose /3  to be projection onto image(a) followed by 

the inverse. If we introduce metrics on E  and F  (not necessarily related to the 

connections), then we can choose f3  =  (a*a) _1a*. This formula breaks down on 

the singularity set E = {x  :  a x is not injective}. To remedy this we approximate 

(3 by a family /3S, 5 > 0, as follows. Let \  [0, oo] —• [0,1] be an approximate one 

as defined above, and set p(t)  = x(0A- This is an approximate reciprocal, 

i.e., ("l)x= ("l)x(a) approximates | as s  —• 0. For each s  >  0 we set 

("l)x ("l)x 
("l)x 

?1 
s 

and plug this into the formulas above to obtain a family of connections D  s on F 
(and fl, on E).  Note that /3 S —•  /3  as s —> 0 uniformly on compacta outside 
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the singular set E. Note also that if x{t)  = 1 for £ > 1, then (3 3 = /3  outside the 
"s-tubular neighborhood" U 3 = f {x  e  X  :  a*xax <  s} of E. 

Let M denote the curvature of the connection D  3 , and fix an Ad-invariant 
polynomial <j)  on the Lie algebra of the structure group of F.  We consider the 
family of smooth forms <f>(  3) representing the ^-characteristic class F.  If the 
limit lim< (̂ 0 3) exists as a current, we say that this limit is the ^-characteristic 

s—>o 
current associated to the singular "pushforward" connection D  on F. 
Analogous remarks and definitions hold for the singular "pullback"connection 
D on E  and for the case where rank(i?) > rank(F). However, we stick to the 
situation above for expository reasons. 

Note that on the subset X —  E, lim< (̂ Q, 3) = 0( 0 o) is the smooth character-
s—+o 

istic form associated to the smooth connection D  ("l)x ("l)x ("l)x Hence, the only serious 

questions concerning this limit arise at points of E. Now in the special case that 

rank(E') = rank(.F), the connection D  | x -E is gauge equivalent via a  to DE, 
and so  <fr(  £l o) =  <f)(QE)•  In particular, <j)(  o) has a smooth extension across the 

singular set E. Part of the work of this paper is aimed at finding conditions on a 
which guarantee, in the case where rank(i?) < rank(F) , that <j){  £1  o) also extends 

across E as a d-closed Lj^-form. We show for example that this always happens 

in the universal case of the tautological cross-section of n*  Hom(£ , F)  over the 

total space of Hom(.E, F).  Whenever this does happen we have a decomposition 

of the ^-characteristic current: 

l i m ^ ' f i j = <t>(Q 0) +  S 
s—>o 

where S  is a cur ren t on X  w i th the p rope r ty t h a t 

dS =  0 a n d s u p p ( 5 ) C E. 

Since they are both d-closed, each term in this decomposition represents a de 
Rham cohomology class on X.  These classes can be non-zero even when E  and 
F are trivial bundles. A good example is provided when a  : C —• F represents 
a cross-section of F.  Here the de Rham class of <^(fio) is computed from a 
universal characteristic class (related to <f>)  on the compactification P(F  © C) of 
F. (See Chapters III and IV.) 
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The next step in the program is to determine the detailed structure of the 
singular characteristic current S  and to establish its independence of the choice 
of approximation mode \- I n doing this we consider a family of canonical trans­
gression classes T 3 with the property that 

dTs =  ф{иР) - ф(и ,), 

a n d give condi t ions on a  so that T  = limT., exists in t he space of cu r ren t s w i th 
3—>0 

L\oc-coefficients. T h e t ransgress ion current T  has t h e p r o p e r t y t h a t 

dT = 0 ( f i F ) - 0 ( f ? o ) - 5 . 

It is also functorial under appropriately transversal maps between manifolds. 
In a large number of cases we will show that the singular characteristic 

current S  can be written in the form 

S =  R e s 0 [ E ] 

where [E] is the current associated to integration over the singular set E, and 
where Res^ is a smooth differential form on X which is independent of the bundle 
map a.  In many cases this residue form Res,£ is proved to be a classical Chern-

Weil form, i.e., it is expressed as a universal Ad-invariant polynomial in the 

curvatures of the given connections on E  and F.  In particular this residue form 

is completely determined by computing its associated cohomology class in the 

universal setting. 

The formula above is then written as 

(I) <f)(ÇlF)-<t>(n0) = Res^[E] + d T 

where Res^ is the canonical residue form and where [E] is a current canonically 

determined by the singular structure of a.  Formula (f) represents a particularly 

satisfactory Chern-Weil Theorem for bundle maps. Special cases where this all 

holds have been discussed above. 

A nice feature of formula (f) is that it canonically relates certain characteris­

tic forms to submanifolds and subvarieties which arise in geometric constructions. 
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In this manner the theory can be applied to a wide range of problems. For ex­
ample, suppose we are given k  + 1 sections of a complex vector bundle F,  i.e., a 
bundle map a : C f c + 1 —• F  with an appropriate atomicity property (cf. Ch. VI). 
Assume that F  has a complex connection. Then we have a canonical formula 

c n _ f c ( Q F ) - B * = dT 

between the (n  — &) t h Chern form of F  and the degeneracy current B*, which 
is intuitively defined as the set of x G X where a(x) is not injective, i.e., where 
a\(x),..., ak+i(x) are linearly dependent. In fact we will produce a smooth 
family of mutually cohomologous, d- closed forms Y 0 < s  <  oo, such that 
#00 = Cn -k{&F) and Y—> Dk as .s —» 0. A related example arises when 
considering a smooth map / : M — * C f c + 1 of an oriented riemannian rz-manifold 
M where n  — k  = 2£  > 0. Here we obtain formulas 

Pi(ttM) =  ( - i ) ' C r ( / ) + dT 

where P£(£Lm)  1S the £ t h Pontrjagin form of M  and where Cr( / ) is a current 
associated to the complex critical set: {x 6 M : df : TM ®r C —• 
CK+1 is not surjective}. For example if dimM = 4 and / : M  —• C 3 is an 
immersion, then we have the formula 

P i ( f i M ) = -Cr(f)  +  dT 

where Cr(f)  is the (generically finite) set of complex tangencies to F(M)  C C 3 

taken with appropriate indices. 
Another application generalizes the formula for the global Milnor current. 

The "classical" formula (cf. [Fu, 14.1.5]) concerns the critical locus of a holo-
morphic map / : A' —• C  of a complex manifold onto a complex curve, and 
computes the sum of the local Milnor numbers of the singular points in terms of 
global geometry. 

Some interesting formulas in the theory of foliations are derived. Some in­
teresting invariants for pairs of complex structures are introduced, and geometric 
formulas relating them to characteristic forms are established. It is also possible, 
using this theory, to rederive and generalize formulas of Sid Webster [Wl, 2]. 
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These and other applications will be discussed in [HL1]. It should be remarked 
that Wolfson's paper [Wo] (cf. [MWj) served as an inspiration for this work. 

Much of the work in this paper is devoted to special cases of bundle maps 
a :  E —>  F. However, these cases have much wider applicability than is appar­
ent. Using only the notions of this paper, we introduce general Thom-Porteous 
currents for each rankr > 0. These are cycles associated to a general bundle map 
a :  E —y  F  which encode the condition that rank(a) has dropped at least r. 
They occur in many contexts. Some indication is given here but full details will 
appear in a separate article, [HL1]. 

In the sequel to this paper [HL2] the authors will study some of the more 
delicate residue formulas associated to bundle maps. These formulas will simul­
taneously involve several of the degeneracy strata of the map, each paired with 
its own residue form. There will be further applications given to certain Thom-
Porteous classes, also to sections of split bundles, and to multi-foliations. 

The authors would like to thank Bill Fulton for some very useful remarks. 
They would especially like to thank John Zweck who carefully read the manu­
script and made a number of important suggestions and comments. 

The authors would also like to thank Mrs. Janie McBane for her patient and 
professional help with preparing the manuscript. 
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Some Notational Conventions 

We gather here some notational conventions used throughout the article. 

The manifolds, bundles, bundle maps, etc. will always be C°°  unless otherwise 

stated. If X  is a manifold, £ r(X) denotes the space of differential r-forms on X 
with the usual C°°- topology. The topological dual space, denoted £ r(X)\ is the 

space of r-dimensional currents with compact support on X.  Similarly, T> r(X) 
denotes r-forms with compact support on , and P r ( J f ) ' denotes its dual. 

By Ll QC(X) we shall mean the space of differential forms on X  with lo­

cally integrable coefficients. When X  is orientable, there is a natural embedding 

L\oc(X) C V*(X)' given by associating to the form <p  the current [ < / ? ] ( = / <MV>-

The exterior derivative d  is well-defined in all of these spaces. 

Given a Lie group G  with Lie algebra 0, we denote by Iq  (or Iq)  the graded 

algebra of Ada-invariant polynomials on 0. 

A connection on a vector bundle E  —• X  is taken here to be a differential 

operator, i.e., a linear map D  :  T(E)  —• T(T*X  ® E) such that D(fa)  = 
df ® a 4- fDa for all / G  C°°(X). The curvature of D  is the operator D 2. If e is 

a local frame for E,  we shall write De  =  uoe  and D 2e =  fie where lü and Í2 are 

the connection and curvature matrices respectively. 
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I. Bundle Maps and Singular Connections 

1. C h e r n C u r r e n t s — T h e G e n e r a l A p p r o a c h . 

Suppose F is a complex vector bundle on a smooth real manifold X.  Suppose 
S is a closed measure zero subset of X, which will be referred to as the singular 
set. Suppose D  is a smooth connection on the bundle F  over X  — £, i.e. outside 
the singular set S. Such a connection Z), on F  over X  —  £, will be referred to 
as a singular connection D on F over X. One objective is to compute the 
"Chern currents" for the singular connection D  over X.  The general method can 
be described as follows. 

No attempt is made to give meaning to the singular connection D  as a 
notion of differentiation. Instead the singular connection D  is understood via 
approximation by smooth connections. Assume that 

(i.i) D3 for 0 < s  <  oo 

is a smooth family of smooth connections on the bundle F  over X  with the 
following property: 

(1.2) As s —> 0, D3 —>  D0 as s m o o t h connect ions on F ou ts ide t h e 

s ingular set E , 

where 

(1.3) D = D 

Definition 1.4. For 0 < s < oo, D3 will be referred to as a smooth approxima­
tion to the singular connection D. 
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The Chern forms for the connection D 3 are denned in the standard manner. 

(1.5) c(D s) = c(Q 3) ee d e t ( l + 2 ^ f t s ) (the total Chern form), 

(1.6) ch(D 3) = ch(£l 3) =  trace ^e2TQ*^ (the Chern character), 

or m o r e general ly: 

(1.7) <f>(Ds) = <№) (the O-characteristic form), 

for any polynomial <j)  on 0l(n) which is invariant under the adjoint action. Here 
£25 = cL;5 — u 3 Au> 3 is the curvature matrix and u> 3 is the gauge potential 
or connection matrix for D 3. The gauge potential and the curvature matrix 

depend on the choice of frame while a Chern form does not depend on the choice 

of frame and hence is a globally defined differential form on the manifold. The 

curvature operator R 3 =  D 2

3 is a section of the vector bundle A 2T* ® End(F), 

while the corresponding curvature matrix il 3 is a local section of A 2T* ®M p(C). 
The connection D 3 itself is a section of an affine bundle based on the vector 

bundle A lT* ® End(E). 

Note: Given an invariant polynomial O, such as 

0 ( f t ) = d e t ( I + J2) or <t>(£l)  = t r e f ì , 

it is natural to consider the "renormalized" invariant polynomial <j>  defined by 

Q (M) = Q (l+2^ftMs) 

evaluated on the curvature matrix, or alternatively to evaluate <j>  on the normal­

ized curvature 
Q (M) (l+2^fts) 

B o t h of these n o t a t i o n s will be employed in this pape r . 

Definition 1.8. Suppose jD S, 0 < s < -hco, is a smooth approximation to a singu­

lar connection D.  If the Chern forms <t>{D s) converge, weakly as currents on X, 

then the limit will be denoted by <£((£>)) and referred to as a (^-characteristic 

current for the singular connection D. 
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CHERN CURRENTS - THE GENERAL  APPROACH 

In o rder t o compile a list of desirable condi t ions we start wi th : 

Condition A. The currents </>(D 3) converge to <̂ ((-D)), weakly as currents on X. 

A current which can locally be expressed as a differential form with coeffi­
cients that are Lebesgue integrable functions will be referred to as an L* o c form. 

Since, outside the singular set E, the connections D 3 converge to D as s —* 0, 
the ^-characteristic forms </>(D 3) converge to the (^-characteristic form of the 
connection D.  That is, 

(1.9) Ф(о3) sdf 
sdf dfs 

sdf 
as s — » 0 on X  — E . 

The second desirable condition may, at this point, appear somewhat surpris­
ing (cf. Remark 2.35). 

Condition B. The smooth form </>(D)  \ x_^ on X — E extends by zero to an L\ QC 

form on X which is d-closed. The extension will be denoted by <f>(D0) G L1

1

oc(-X") 
and referred to as the L* o c part of the </>-Chern current </>((D)). 

Note that if both conditions A and B are satisfied then the ^>-Chern current 
splits as: 

(1.10) 4>((D)) = lim 4>(D3)^<j>(D0) +  S,  o n l , 
â—+0 

where 5 is a current wi th 

(1.11) s p t ( S ) C E a n d dS  = 0. 

This current S  will be referred to as the singular part of the 0-Chern current 

</>((D)). In summary, <i>{D Q) or </>(£io) will always denote the L\ QC part of the <j>-

Chern current on X, while <t>([D))  will always denote the full ^-Chern current 

(1.10). 

Although, in this paper we are interested in transgressions given explicitly, 

for the sake of completeness we note the following standard result and sketch it's 

proof. 
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BUNDLE MAPS  AND  SINGULAR  CONNECTIONS 

Proposition 1.12. If both  Conditions  A  and  B  are  satisfied then  there  exists  a 
current T  satisfying: 

( 1 . 1 3 ) dT =  Q ( D 8 ) t > ( D o o ) - < l > ( D 0 ) - S on X. 

Proof. By assumption (1.1), the family D 3 of connections on F converges smooth­
ly to Do as s  approaches +oo. Therefore, the standard transgression formula 
(1.18) for the path of connections joining D 3 to D8 defines a global transgression 
form T 3 satisfying 

( 1 . 1 4 ) dTs = « K Z U - # £ > , ) . 

In particular, (^(D^  ) — <t>(D 3) belongs to the range of the exterior derivative 
operator d  :  T>' —•  T>'  mapping the space of currents into itself. 

It is a standard fact that, for an arbitrary paracompact smooth manifold, 
the range of d  is closed. (We note that the corresponding result for d  is false). 
Therefore ^(D^ ) - <f>(D 0) -  S  =  lim ^(D^)  —  </>(D 3) (E d V.  This standard fact 
that d  has closed range is part of the statement of the de Rham duality theorem. 
The proof follows, via Cech theory, from the fact that all subspaces of the infinite 
product I I ^ C are closed. • 

Let Reg E denote the points where E is a submanifold. Note that the com­
ponents of Reg S may have various dimensions. Assume that integration of forms 
over the various components of Reg E defines a current with finite mass on X 
and denote this current by [E]. Further assume that [E] is cZ-closed. 

Any current with support in an oriented submanifold, say E, can be written 
as a finite sum of currents, each of which is obtained from a current intrinsic to 
E by taking normal derivatives and multiplying by normal one forms. By far the 
simplest of the currents supported in E are those where the intrinsic current is a 
smooth form tp  and no normal derivatives occur, i.e., currents such as ^[E]. 

Condition C. The singular part S  of the Chern current (f>((D)) has the form 

(1.15) S =  Res^(£>)[E], 

where Res^(D) is a d-closed smooth form on the manifold RegE called the 
residue form of the singular connection D.  (Actually, it is more appropriate to 
refer to Res^(D) as the residue form of the current T satisfying (1.13)). 
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CHERN CURRENTS - THE GENERAL  APPROACH 

Let Q(O; M) ......., ftm) deno te t he comple te polar iza t ion of (j> ( a ssuming <f> is 

homogeneous of degree m ) . T h e no t a t i on 

(Lie) ф(а ; m = 
m 

E 
г'=1 

m »,...,m = 1 Ф (Í2 + ta) 
lt=o 

will be useful. T h e s t a n d a r d t ransgress ion formula [BoCJ tor t h e tami ly D 3 01 

connect ions says t h a t : 

( 1 . 1 7 ) dTs =  ^ J - ^ , ) , 

where T5, the potential (or transgression form), is given by: 

( 1 . 1 8 ) Ts = 

oc. 

I ф(ш* ; tìt) dt. 

Condition D . The transgression forms T 3 converge, as currents on A, to a 

current T, called the transgression current or the fundamental potential, 

i.e. 

(1.19) Т ЕЕ l im T s = 
oo 

I ф(ш3 î Q s)ds converges in V' 

If Condition D is satisfied, then Condition A is automatic and, under Con­

dition B, the transgression equation (1.13) is the limiting form of the standard 

transgression formula (1.17). 

If all four Conditions A-D are satisfied, then the formula 

(1.20) Q(O; M) - ¿ ( A , ) - R e s ¿ ( £ > ) [ E l = dT on X. 

is obtained as a limiting form of (1.17), where (f>(Do) 6 L} oc(X) is d-closed, and 

the residue form Kes  ( D) is also d-closed. 
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BUNDLE MAPS  AND  SINGULAR  CONNECTIONS 

2. Singular Connections Determined by Bundle Maps. 

Suppose that the data 

(2 .1) 
a 

E ^ F 
ß 

is given; where £ is a rank p  complex vector bundle, F  is a rank q  complex 

vector bundle, both over the same smooth manifold A, and that a  and /3 are 

vector bundle maps. Also assume that E  is equipped with a connection D F and 

that F  is equipped with a connection D F. 
Each of the connections DE  and Dp  may be transplanted to the other vector 

bundle. 

L e m m a 2 . 2 . Given 
a 

E ^ F 
ß 

and DE,  Dp,  then: 

( 2 . 3 ) ( P u s h f o r w a r d ) D = aDEß + DF (1-aß) D = aDEß + df (1-aß) 

defines a connection  on  the  bundle  F,  which  will  be  referred  to  as  the  push 
forward connection, while 

( 2 . 4 ) ( P u l l b a c k ) D = aDEß + df (1-aß) = DE +  ß(DFa — aDE) 

defines a  connection on  the  bundle  E,  which  will  be referred to  as  the  pullback 

connection. 

P r o o f . Suppose s  is a sect ion of E  a n d y>  is a s m o o t h funct ion. T h e n 

(DFa - aDE)(ifs) = DFipa(s) — a(d(ps + ipDEs) 

D = aDEß + df (1-aß)D = aDEß + df (1-aß)) = (f (Dpa  - OLDE)  (S). 

T h a t is, 

DFa - OLDE G r (A1!1* ®  H o m ( £ , F))  , 

so that D  a n d D  satisfy t h e p roduc t rule. 
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SINGULAR CONNECTIONS DETERMINED  BY  BUNDLE  MAPS 

The connections Dp  and Dp  induce a connection DH  on rlom(E,F)  deter­
mined by requiring the product rule 

DF(a(s)) = (DH(a))(s) +  a(D Es) 

for all sect ions s of E.  T h a t is 

(2.5) DH(OI) = Dpa — OLDE> 

T h u s t h e connect ions D  and D  can be r ewr i t t en in t h e compac t form: 

( 2 . 6 ) ( P u s h f o r w a r d ) D = DE + ßDH(a). 

( 2 . 7 ) ( P u l l b a c k ) D = DE +  ßDH(a) 

The singular connections we wish to study are obtained by choosing /3 to be 
"the inverse of a". This is made precise in (2.9) below. Suppose that a single 
bundle map E  F  is given and that E  and F  are equipped with hermitian 
metrics denoted by ( , ) E and ( , )p  respectively. Also assume that Dp  is a 
connection on E  and that Dp  is a connection on JF, but do not assume that the 
metrics and connections are compatible. This basic data will be denoted by: 

(2.8) 

D E D F 

E —-+ F 

( , ) E ( , ) F 

Let S = sing a denote the closed set where the rank of a  is less than max­
imal. On the complement of the singular set S let K = ker a denote the kernel 
subbundle of E and let T = i m a denote the image or target subbundle of 
F. Now we can make our choice of ß. 

(2.9) Let ß deno te o r thogona l pro jec t ion of F on to T  followed by t h e 

inverse of t h e m a p a  : K1- —• T . 

The transplanted connections D  and D  are singular because the map /3 is 
singular on E. 
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BUNDLE MAPS  AND  SINGULAR  CONNECTIONS 

Definition 2.10. The singular pushforward connection associated with 
OL is the s ingular connect ion D  on F  defined by 

(2.11) D =  aDEß + D = DE33 = a(s2 33 = a(s2 + a*a)_1a* = a 33 = a(s2 + a*a)_1ad 

The singular pullback connection associated with a  is the singular 
connection D  on E defined by 

(2.12) D = ßDFa +  (l- ßa)D E =  DE +  ß(DFa - aDE) = DE +  ßDH(a). 

In both cases the s ingular m a p /3 is " the inverse of a " precisely defined by (2.9) . 

Both D  and D  are smooth connections over the set X  — E which depend 
on all of the data (2.8). The three distinct expressions for D  (or for D)  given 
in (2.11) and (2.12) will be useful in what follows. 

Remark 2.13. Choices have been made in Definition 2.10. For example, 

aDEf3 + (1 - af3)DF =  DF +  a(DE(3 - /3DF) 

is an alternative singular pushforward connection on F.  The choice (2.11) is 
preferred. It has the property that, when a  is injective, parallel sections of E 
push forward to D  -parallel sections of F. 

Remark 2.14. In this paper we shall only consider the following two generic 
cases where either K  =  0 or T1- =  0. 

The injective case is where 

(2.15) rank E < rank F and E -^U F injective on X  ~  E 

In this case the singular map /3 is given by 

(2.16) (3 = ( a * a ) ~ V . 

The surjective case is where 

(2.17) r a n k E > r ank F a n d E F surjective on X  ~ E . 

In th is case the s ingular m a p /3 is given by 

(2.18) D = DE + ßD3fd 

a* 
Here E <— F  deno tes t he adjoint of a 
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SINGULAR CONNECTIONS  DETERMINED  BY  BUNDLE  MAPS 

Remark 2.19. The Injective Case. This case, where 

r ank E < r a n k F a n d a*a  is invert ible on ~ £ so that /3 = ( a * a ) _ 1 a * , 

fur ther divides in to t he pushforward a n d pul lback case. 

F i r s t , no t e t h a t o r thogona l projec t ion PT  : F  —+ T is given by: 

(2.20) P EE a f a ' a ) - 1 * * * 

so t h a t 

(2.21) aß = P ßa = 1. 

Injective Pushforward C a s e : O n X — S t h e pushforward connec t ion D 

m a y be w r i t t e n in block form wi th respect to F  =  T  © T x . Since 

(Z?FOf- aDE)fl = 
PDFP {1-P) о 

(I-P) DFP о 

t he pushforward connect ion D  blocks as 

(2.22) D = 
D = aDEß + df PDp (1- P) 

0 ( Î - P ) 

which is u p p e r t r iangular . Therefore, for any invariant po lynomia l 

<P(D) =  <p(aDEß Ф ( 1 - Р ) { 1 - P ) 1-P){1-P){1-P) on X  ~ S . 

Since, w h e n res t r ic ted to sections of T , aDpfi  =  otDpa  1 is gauge equivalent to 

Dp, th is proves t h a t 

aDpfi =  OiDpa  1 is gauge equivalent to 
Dr. this Droves that 

(2.23) {1-P){1-P){1-P){1-P){1-P){1-P) on X ~ E . 

where Dt_L = (1 — P)Dp(l — P) is the connection induced on T-1 C F  by DF 
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BUNDLE MAPS  AND  SINGULAR  CONNECTIONS 

Injective Pullback Case: Here we have that 

(2.24) Z) = ßDFa on the bund le E over X  ~ E , 

since 1 — ßa — 0 on X  ~ S . Therefore , 

(2.25) (D,E) is gauge equivalent to (DT->  T)  on X  ~ E 

where DT  = PDFP is the connection induced by op on the subbundle T C F. 

In particular, 

(2.26) (ß(D) = ^ ( Z J r ) on X ~ E . 

Remark 2.27, The Surjective Case. This case, where 

rank E > rank F and aa* is invertible on ~ S so that ß = a*(aa*) 1 , 

further divides into the pullback and pushforward case. First, note that orthog­

onal projection P̂ -_L : E —» K1- is given by 

(2.28) P = O ^ Û Û * ) - ^ 

so t h a t 

(2.29) a/3 = 1 and ßa = P. 

Suriective Pullback Case: Since 

ß ( D F a - OLDE) = 

ßDFa- PDEP -PDE ( Î - P ) 

0 0 

the pullback connection D  blocks with respect to E  =  K L ©  K, outside the 

singular set S, as 

(2.30) 
i— 

D = 

ßDFa 0 

(1-P) DEP (1 - P)DE (1-P) 

26 



SINGULAR CONNECTIONS  DETERMINED  BY  BUNDLE  MAPS 

in lower t r i angu la r form. Consequent ly , for any invariant po lynomia l <j>, 

(2.31) <f>(D) = cj>(DF®DK) on X  ~  E , 

Surjective Pushforward Case: Here we have that 

(2.32) D =  aDEß on t h e bund le F over X  ~ E , 

since 1 - a/3 = 0 on I ~ E . Therefore, 

(2.33) D, F  is gauge equivalent t o DK±, A " x C E over X ~ E 

where D K± = PDEP is the connection induced on A"-1 C # by the connection 
D^. In particular, 

(2.34) <f)(D) = </>(DK±) on X - E . 

The injective and surjective cases overlap in the equirank case 

Remark 2.35. The Equirank Case. Suppose E F is a bundle map of 

equirank bundles so that a  is mvertible on X  ~ E. Then, the singular pushfor­
ward connection D  on F  is given by: 

( 2 . 3 6 ) ( P u s h f o r w a r d ) ~D = aDEf3 = aDEa~x on X  ~ S. 

That is, on A' ~ E, the connection D  on F  is gauge equivalent to the connection 
DE on E.  In particular, if 0 is any Ad-invariant polynomial on 0( n, then: 

(2.37) <t>{D) = <l>(aDEa-1) = (j)(DE) on X ~ E . 

Consequently, <f>(D)  on X ~ E automatically extends to all of X as a d-closed C°° 
form. This proves that <^(Do) = (j)(DE) on X, and so Condition B is satisfied. 
Now, if furthermore Condition C is satisfied, then the Chern current </)([ D )) on 
X is given by 

(2.38) <f>((D)) = < ^ ) + R e s ^ ) [ E ] . 
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BUNDLE MAPS  AND  SINGULAR  CONNECTIONS 

a n d formula (1.13) becomes 

(2.39) 4>{DF)-<t>{DE)-

Similarly, t h e s ingular pul lback connect ion is defined by 

( 2 . 4 0 ) ( P u l l b a c k ) D = a~lDFa on X  ~ E , 

a n d we see t h a t (/)(DQ)  = (f)(DF) on X.  In par t i cu la r , Cond i t ion B is aga in 

a u t o m a t i c . F u r t h e r m o r e , assuming Condi t ion C, we have 

(2.41) <f>((D)) = <t>{DF) + Res+Cô )[£], 
and formula (1.13) becomes 

(2.42) <t>(DE) - <f>(DF) - ReS<j)(D)[E] = dT. 

3. The Universal Case. 

In this case we will discuss the pullback and pushforward connections as­

sociated with the "universal bundle map". In particular, it will be shown that 

in this case Condition B is always valid, i.e., the limiting characteristic form on 

~ E always extends across the singular set as a c/-closed Lj^-form. Indeed we 

will show that there is a certain blow up of Hom(£,,JF1) along E where (the lift 

of) the limiting form always extends smoothly. 

Let E  and F  be complex vector bundles over X  with connections D E and 

Dp as above. We consider the vector bundle 

7T : H o m ( £ , F ) — • X 

a n d t h e pul lbacks 

E =  TT*E  and F = 7T*F 

wi th the i r pu l lback connect ions 

D e a n d D p 
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THE UNIVERSAL  CASE 

respectively. Over Hom(i£, F) there is a tautological or universal homomor-
phism 

(3.1) OL : E — • F 

which at a point a £ Hom(£'2!, Fx) above x £ X  is simply denned to be a. Note 
that given a smooth bundle map a : E —•  F,  i.e., a cross-section of Hom(£J, F1), 
we have that 

(3.2) a * E = E a n d a*F  =  F 

as bundles wi th connect ion, and t ha t 

(3-3) a * ( a ) = a . 

T h u s , every h o m o m o r p h i s m is a pul lback of the universal one OL. 

Suppose now that there are metrics (•, • ) E and (•, • ) F given on E  and F  (not 
necessarily compatible with the connections), and pull them back to E and F. 
Then there is also a universal adjoint homomorphism a* : F —• E. 

Definition 3.4. Using the universal homomorphism OL we define, as in Sec­
tion 2, the universal pullback connection De(<*) on E and the universal 
pushforward connection Dp(a) on F. 

The Injective Case. Assume that rankE' < rank F. The singular set 
XI C Hom(J5, F) of the universal homomorphism OL : E —» F is the complement 
of Hom x (£ , ,F) - {a £ Hoih(£\F) : a is injective}. 

A partial desingularization of S C Hom(£', F) can be used to verify Condi­
tion B. Let 
(3.5) 
pp :  Hom x(£', F) —•  G V{F) be defined by PF( Q / ) = ima, where p  = rank£*. 

We blow up Hom(E,F) along S by setting Hom(£', F) equal to the closure of 
the graph of pp in Hom(£, F) x G P(F), namely 

(3.6) Hom(£,F) = {(a,P)  e H om{E :F) x G P(F) :  ima C P}. 
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BUNDLE MAPS  AND  SINGULAR  CONNECTIONS 

Note that Hom(F, F) is a smooth submanifold of Hom(F,F) x G P(F), 
since projection of Hom(F, F) onto the second factor G P(F) is a smooth fiber 
bundle whose fiber above P  £ G p(F) is the set of all a  £ Hom(F, F) with 
i m a C P , i.e. the fiber is Hom(F, P) (cf Lemma 9.9). The projection onto the 
first factor 

(3.7) p : H o m ( £ , F)  — • H o m ( F , F ) 

is, of course, a proper map. Also, p is a diffeomorphism over Hom x(F, F). Let 
E denote p _ 1 (E) . Above a singular point aGS, the fiber p~ 1(a) C E consist 
of all pairs (a, P) with im a C P . 

The universal homomorphism E —• F can be lifted to Hom(F, F) from 
Hom(F, F). The lifted universal homomorphism remains singular with new sin­
gular set E instead of E. However, the target bundle T over Hom(F,F) — E is 
effectively desingularized. It is just the restriction to Hom(F, F) of the pullback 
to Hom(F, F) x  G P(F) of the canonical p-plane bundle over G P(F). For sim­
plicity of notation we let T denote the canonical bundle on Gp(F) as well as it's 
pullback to Hom(F, F) x G p(F), as well as it's restriction to Hom(F, F). 

Propos i t ion 3 .8 . Injective Case . Suppose  rank F < rank F . 

The lift  of  ^(D) | H o m ( £ *° Hom(E,F) ~ E extends  across  E to  all of 
Hom(E: F) as the d-closed smooth form  </>(DE ® DT ±)-

The lift  of  <£(D) | H o m ( E F ^<£ t o Hom(E,F)  ~ E extends  across  E to  all of 
Hom(E,F) as  the d-closed smooth form  (^(DT)-

Proof. Over Hom(F,F) ~ E, we have that <f>(D)  =  </>(D E © DT±), by (2.23). 
Lifting to Hom(F, F) ~ E, the bundles T(= p*F(T)) and T~L(= Pj^T- 1)) extend 
as smooth bundles over all of Hom(F, F). In addition, 

(3.9) T 0 T - 1 = F over G p ( F ) , 

so that the connections DT  and Z)^± induced on T and T - 1 by the Dp connection 
are smooth on all of Gp(F) and hence on all of Hom(F, F) C Hom(F, F) x G P(F). 
Thus ^ ( D E © £>T-0 is a d-closed C°° form on all of Hom(F, F) . 
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Similarly, by (2.26) , 

ф(5) = <ß(DT) on H o m ( £ , F) ~ S , 

and when pulled back to Hom(£', F) ~ £ this form extends to the pp pullback 

of the smooth d-closed form <P(DT) over G p(F). • 

Theorem 3.10. Injective Case. The  smooth  forms  <t>(D)  and </>(D),  on 
Hom(E,F) ~  S extend  by  zero to  be  d-closed L\ oc forms  on  all of Hom(E,F). 
Namely, 

(3.11) <t>(DQ) = p Q  p{DE®DT±) and (f>(D 0) = p*(j>(DT) 

are the L\ oc-parts of  the ф-Chern currents. 

P r o o f . T h i s follows direct ly from Propos i t ion 3.8 and the following useful fact 

Proposition 3.12. Let  f :  M —•  N  be  a smooth proper  map  between oriented 
manifolds where  m  = dim M >  dim JV = n.  Assume  that  the  critical  set  C  = 
{x £  M  :  rank(df) <  n}  has  measure zero.  Fix  a  differential  p-form  ip  on M 
with L\ oc(M) coefficients,  and  let  j^ip  denote  the  L\ oc (p  — m  +  n)-form on 
N —  f(C)  obtained  by  integration over  the  fibre.  Then  the  coefficients  of  fj. ip 
are L 1

1

o c across  / (C) , and thereby  j^ip  determines  a  current  j^ip on  all of N. 
Furthermore, J^ip  = /*(0), the  current push forward  of ip by the map f. Hence, 
in particular, we  have that 

- /л - /л 
Proof. We assume without loss of generality that N  is an open subset of R n , and 
that ip  has globally j^ip -coefficients. Fix e > 0 and let \e denote the characteristic 
function of the open subset N e =  {x  € N  : dist(x, / (C)) > e}.  Set Xe = X«°/-
Then since / is a smooth bundle map over N t, we have 

- /л - /л for all 6 > 0. 
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Now since ^ is a current of finite mass, so is f#(ip). In particular, the coefficients 
of the smooth form fj,  ip on N  —  f(C)  are Ll oc across / (C) . Now, since C  is 
closed and has measure zero in M, we know that lim XeY  =Y in the mass norm. 

£—•0 
It follows by continuity that 

- /л = ."Si*' - /л - /л f (x y) = f 
The Surjective Case. Assume that rankF > rankF. The singular set S C 
Hom(£, F) of the universal homomorphism a : E —• F is the complement of 
Hom*(F, F) =  {a  e  Hom(F, F) : a is surjective}. Let 

(3.13) p E : H o m x ( £ , F ) — > Gp-q(E) be defined by PE(&)  — ke ra . 

We blow up Hom(F,F) along E by setting Hom(E, F) equal to the closure of 
the graph of pE in Hom(F, F) x G p-q(E), namely, 

(3.14) Hom(F, F) =  {(a,P) G Hom(F,F) x Gp-q(E) : kera D P} . 

Projection p of Hom(E, F) onto the first factor Hom(F, P) is a proper map which 
is a diffeomorphism when E = p - 1 ( E ) and £ are excluded. 

Lifting the universal homomorphism and the other data from Hom(F, P) to 
Hom(F, F) has the advantage that the kernel bundle A" = kera C E defined 
on Hom(F, F) ~ E extends smoothly as a bundle to all of the submanifold 
Hom(P, P). In fact, this extension of K is just the canonical bundle over G p-q(E) 
pulled back to Hom(P,P) x G p-q(E) and then restricted to Hom(P,P). 

Proposition 3.15. Surjective Case. Suppose  rankP > rank P . 
The lift  of  0 ( D ) | H O M / E F ) ^ S to  Hom(E,F)  ~  £ extends across  £ to all  of 

Hom(E, P) as the d-closed  smooth form  <j)(Dx±). 
The lift  of  0 ( D ) | H O M ( E F ) ^ £ to  Hom(E,F)  ~  £ extends across  £ to all  of 

Hom(E, P) as the  d-closed  smooth form  0 ( D F ® DK). 

The proof of this proposition and the next theorem are similar to the corre­
sponding proofs in the injective case and hence are omitted. 
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Theorem 3.16. Surjective Case. The  smooth forms </>(D) l H o m ( £ , F ) ~ E and 

ф(5) H o m ( E , F ) ~ E extend by  zero  to  be  d-closed  Lj oc forms  on  all  of  Hom(E,  F). 

Namely, 

(3.17) ф(О0) = p*4>(DK±) and (f>(Do) =  p*<t>(D F®DK) 

are the Ll oc-parts of  the  (j)-Chern currents. 

4. Smoothing Singular Connections. 

The key to smoothing a singular connection D  is the Lemma 2.2 which says 
that both of the formulas (2.3) and (2.4) define a connection for any pair of bundle 
maps a and /3. Because of this Lemma it suffices to smooth the bundle map /3 
defined by (2.9). This is most naturally accomplished with an approximation to 
the identity map. 

Definition 4.1. By an approximate one we mean a function \ [0, oo] —* [0,1] 
which is C°° on the entire closed interval [0, oo] and satisfies 

X(0) = 0, x(°o) = 1, and x'  £ 0. 

Note that X*(0 = X ( i ) approximates 1 as s  —• 0. The smooth function p 
with domain [0, oo] defined by p(t)  = | x ( 0 wiU be called an approximate 
reciprocal. It has the property that ^p  ( | ) = \ \ (f) approximates y as s  —> 0. 

Given a bundle map a, we define the family /3 5, s  > 0 of approximations 
to the "inverse of ex" based on x  by setting 

(4.2) 
Bs = p (a*a/s2) a*/s2 = a*s2 p (aa*/s2). 

Note that, since T 1- = kera* 

(4.3) ß3 vanishes on T"1", 
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while on y =  a(x) 6 T , 

(4.4) ß.V = x(^)x 

which vanishes if x  £  K  =  kera  a n d converges to x  if x  £  K 1-. 

Also n o t e t h a t 

(4.5) Ctßs = X О ßs<* = X О 
In the injective case a* a is invertible on I" ~ S so that /3 = (a*a) -1a* Therefore 

(4.6) ßs = X О ß = X Í a* et \ 
«2 Ì 

/ * \ — 1 л * 
[а а)  а  . 

In the surjective case qq* is invertible on J ~ E so that f3 = a*(a*a)  1. There­
fore 

(4.7) д . = ßx О = a Оdff m-
The smooth behavior of the family of approximations /3 3 to /3 can be sum­

marized as follows. 

Outside the Singular Set: The family of bundle maps (3 3 is smooth for 
0 < s  <  +oo on X  ~ S with /3q  =  /3  and /3^ = 0. In particular, convergence of 
/33 to fio = /3 is in the C°° topology on 1 ~ E. 

Across the Singular Set: The family of bundle maps (3 3 is smooth for 
0 < s  <  -foo on X  with /3^ = 0. In particular, convergence of /3 3 to /3^ = 0 is in 
the C°°  topology on all of X. 

Definition 4.8. The Pushforward Family D s . The singular pushforward 
connection D  (under ce), namely 

(4.9) ~D =  aDEß +  D F(l-aß) = D F- {Dpa - aDE)ß = D F- D H{a)ß 

is smoothed by the following smooth family D 3, of smooth connections on F , 

over the entire manifold X  including E = sing a, (0 < s  < +oo): 

(4.10) Da=OÍDE&S + D F (l-aß,) = Dp — (Dpa —  C¿DE) ßs = D F- DH(a)ßs. 

Note t h a t 

(4 .11) ^ o o = DF, 

since / 3 ^ = 0, a t s = + 0 0 . 
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T h e P u l l b a c k F a m i l y D s . T h e s ingular pull back connect ion D  ( u n d e r a ) , 

namely 

(4.12) D = ßDFa + (1 - ßa)DE =  DE +  ß(DFa - aDE) = DE +  ßDH(a), 

is smoothed by the following smooth family D  3 of smooth connections on E, 
over the entire manifold X  including £ = sing a, (0 < s  < +oo): 

(4.13) a*a(a*a+ s2)-1 = (a*a)E =a*a(a*as2)-1= s2)(a*a*+s2)-1 a*a 

Note t h a t 

(4.14) £>oo = DE, 

since /3oo = 0, a t s —  + o o . 

We shall adopt the following terminology. The approximate 1, denoted Xi 

provides an approximation mode for the singular connection D  or D  based 

on X'  There are several specific approximation modes, or examples of an approx­

imate 1 which have specific advantages. By far the most important is algebraic 

in nature with geometric interpretation which is provided later. 

Example 4.15. Algebraic Approximation Mode. Let 

(4.16) (t) m- t € [0 ,+oo ] . 

T h e n 

(4.17) О= a*a(a*a+ s2)-1 = (a*a*+s2)(a*a*+s2)-1 a*a 

and 

(4.18) ßs=a*a(a*a+s2)-1=(s2)(a*a*+s2)a*a 

Therefore , we have the following. 
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Pushforward in Algebraic Approximation Mode. 
(4.19) 

D , =  a*a(a*a+ s2)-1 = (a*a*+s2)(a*a*+s2)-1 a*a a*a(a*a+ s2)-1 = 

Pullback in Algebraic Approximation Mode. 
(4.20) 

D 3 =  a*a(a*a+ s2)-1 = (a*a*+s2)(a*a*+s2)-1 a*a a*a(a*a+ s2)-1 

T h e special formula tx'(t)  = x(¿)( l — xW)i o r 

(4.21) a*a(a*a+ s2O)-1 = (a*a*+s2)(a*aOs 

which is valid in the algebraic approximation mode, is particularly useful. 

Example 4.22. Transcendental Approximation Mode. Let 

(4.23) x(0 = i - e " * t G [0 ,oo]. 

This approximate 1 does even better at approximating 1 as t —• -foo, and roughly 

speaking allows certain Chern currents to be approximated by Gaussian distri­

butions. 

Example 4.24. Compact Approximation Mode. Assume \  : [0> °°] ~* 
[0,1] is C°° and 

(4.25) X{t) = 1 for t > t0 > 0. 

This approximation mode is necessary for obtaining Thorn forms. Actually, 1 — x 
is the cut off function which provides the compact support of the Thorn form. 

Remark 4.26. Special Compatibility Assumptions. Consider the case 

where E  F  is generically an injective isometry, i.e. a*a =  1. Note that 

if a*a  = 1 on a dense subset, it holds everywhere, and we have S = 0. Then in 

the algebraic approximation mode, 

a*a(a*a+ s2)-1 = (a*a*+s2)(a*a*+ 
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since ßs =  a*{aa* + s 2 ) " 1 = (a*a + s2)-la* = j ^ a * . No te t h a t P  = 

o j ( c t * a ) - 1 a * = aa* : F  —•  T = im a is o r thogona l pro jec t ion . In add i t ion , 

a s sume t h a t Dp  a n d Dp  are compat ib le , i.e., a s sume t h a t 

aDEa* = PDFP. 

T h e n 

(4.27) Daa*a( Daa*a(a*a+ s2fdggg 0 < s  <  + 0 0 , 

cf. [BoC] page 87. 

Remark 4.28. Pushforward and Pullback are Dual. Since a connection 
Dy on a vector bundle V  induces a connection Dy  on the dual bundle V*, the 
original data 

(4.29) 

D E D F 

E F 

( , ) E ( , ) F 

induces dua l d a t a . 

(4.30) 

DF. D E. 

Daa*a(a*a+ s2 

( , ) F ( , } * • 

Here oi denotes the metric-independent dual map as opposed to the metric-
dependent adjoint map a*. 

Consider t h e induced families of connect ions on F a n d on F*  given by 

(4.31)(pushforward) Daa*a(a*a+ s2O)-1 = (a*s 

and 

(4.32)(pullback) *Ds,F*=D aa*a(a*a+ 2Daa*a(a*a+ 

where 9. =  p № ) $ - Since this is dual to Bs t h e two connect ions a re dua l , 

i.e., 

(4.33) a*a(a*a+ s2O)-1 = ( 
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5. T h e G a u g e a n d the T r a n s g r e s s i o n . 

This section collects together the explicit local formulas for the gauge po­

tential u 3 and the curvature matrix £l 3 associated with the two approximating 

families of connections D  3 and D  3. 
Suppose e is a local frame for E  and / is a local frame for F1, both expressed 

as columns. Then the equations Dpe  =  wpe  and Dpf  =  ujpf  define gauge 

potentials up  for Dp  and cup  for Dp,  respectively. The map a  determines a 

matrix a  with respect to the given frames; that is ae  =  af  defines a matrix 

a =  (a?)  by aei  =  J2 aifj- Similarly, (3 3f =  b 3e defines the matrix b 3 for 
j 

0 < s < oo, and (3f = be  defines the matrix b.  Note that ba  is the matrix form of the 

map af3. Finally, let Da  denote the matrix form of D(a), i.e., (D(a))(e) = (Da)f. 

Lemma 5.1. Pushforward. The  singular  connection  D  has  gauge  potential 
~UJ given  by: 

(5.2) uo — b ujpa + (1 — ba)ujp — bda — cup — b(da + au p — ujpa) = ujp — bDa 

while the  approximating  smooth  connection  D  3 has  gauge  potential 

(5.3) ~LO s = b3(jjpa + (l — b3a)ujp — b3da = UJp — b3(da + au)F — u>pa) — top — bsDa. 

P r o o f . Since D(a)  =  Dpa—aDp  G r ( A 1 T * ® H o m ( . E , F ) ) , it suffices to c o m p u t e 

that 

(Dpa — aDp)(e) = Dp{af) — a{ujpe) = daf + aupf — uEaf. 

L e m m a 5 . 4 . P u l l b a c k . The  singular  connection  D  has  gauge  potential  uo 

given by 

(5.5) to  =  auopb  +  ujp(l  —  ab) +  dab  =  ujp  +  (aujp  —  upa +  da)  b  =  up  +  (Da)b 

while the  approximating  smooth  connection  D  3 has  gauge  potential 

(5.6) tü s =1WFb3+WE (l-abs) -\-dab3 =WE+ (аир— LüEd+da b3 a*a(a*a+ (Da)b3. 
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Proof. The argument is analogous to the one above. 

Remark 5.7. In the injective case (rank E < rank.F and aa* invertible on 

X ~ S) 

(5.8) b, = a * ( a a * ) - ' x ( ^ ) . 

In the surjective case (rankF > rankF and a* a invertible on X ~ S) 

(5.9) bs = x O(a*a+ s2O)-1 = (a*a*+ 

In the algebraic approximation mode 

(5.10) bs =  b* = tiE^hp2O)-1 = (a*a*+s2)2O)-1 = (a 

in both the injective and surjective cases. For the proofs see (4.6) and (4.7). 

To s u m m a r i z e t he no ta t ion , we let 

a e  — af ßf = be ßsf = bse (Da)(e) = {Da)f 

(5-11) * £ * 
a j  = a e 

ß*e = Vf ß: = Kf (Da*)(f) =  (Da *)e. 

define the matricies a, a*, 6, 6*, 6 a, 6*, and Da,  Da*.  We also let the matrix 

corresponding to the bundle map P 3 = a(3 3 be denoted by P 5 , the same symbol 

as the map, and similarly for P  = a/3. 

(5.12) ft/ = Psf Pf = ¿7. 
O u r h e r m i t i a n inner p r o d u c t s define mat r ices 

(5.13) hE = ( ( e ^ e , ^ ) fgfhf=(fdgi;fj)F) 

The following relationships are immediate. (We assume that rankF < 

rankF in the formulas containing (aa*) - 1 ) . 

(5.14) a* = hpafhc} b* = tiE^hp1 
b* = tiE^hp1 

(5.15) 6 = a * ( a a * ) - J 

6, = ^ ( a a * ) - 1 ^ ( ^ ) 

(5.16) P — ha — a*(aa*) 1 a P s = bsa = a\aa*)-xx l 2 ^ ) a 

(5.17) Da — da + aujp —  toga Da* = da* + a*uoE ~ WFa*-
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T h e n o t a t i o n 

(5.18) Xs = x ( * £ ) = ab. 

will also b e used. 

Let a*-gfr denote the vector field that replaces da*  by a*. This is essentially 
the (0,1) Euler vector field in Remark 5.24 below. Let i_ denote the operation 
of contraction. 

L e m m a 5 . 1 9 . In  both  the  injective  and  the  surjective  cases,  one  has  that 

(5.20) 2O)O-1 = (a*a*+s2)O(a*a*+s2 

Proof. Note that, in the injective case, 2O)O-1 = (a*a*+s2)O( 

2O)O-1 = (a*a*+s2)O(a*a*+s22O)O-1 = (a*a*+s2)O(a*a*+s2 

Using power series t o differentiate X2O)O-1 = (a*a*+s2)O(a*a*+s2)O yields 

(5.20). The proof in the surjective case is similar. 

Proposition 5.21. Pushforward. The transgression integrand  can be  ex-
pressed as 

(5.22) 2O)O-1 = (a*a*+s2)O(a*a*+s22O)O-1 = (a*a*+s2) 

and hence  the  transgression  form  T 3 is  given  by 

(5.23) T = 

oo 

3 

2O)O-1 = (a*a*+s2)O 

P r o o f . Since 

2O)O-1 = (a*a*+s2)O(a*a*+s22O)O-1 = dfg 

it suffices to prove that 

2O)O-1 = (a*a*+s2)O(a*a*+s2 
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Note t h a t a * äf*" L D°>  — 0 a n d a* ^frr l _ d ( ö a ) = 0. Since To  3 = a;^ — 6 3 D a 

it follows t h a t 

X2O)O-1 = (a*a*+s2)O(a*a*+s2)OdfggO 

which equals 

X2O)O-1 = (a*a*+s2)O(a*a* 

by L e m m a 5.19. 

Remark 5.24. Euler vector fields. Let 7r : V —• X be a smooth complex 

vector bundle with almost complex structure J. Then there are two real Euler 

vector fields on the total space of V, e and Je. The field e exists on any real 

bundle and generates the flow y>t(v) =  e tv given by scalar multiplication by e*. 

The field Je corresponds to the flow ^ ( u ) = e ltv =  cos(t)v  +  sin(t)Jv.  These 

give rise to the complex Euler vector fields: 

X2O)O-1 = (a*a*+s2)O(a*a*+s2)Ofghh 

Suppose t h a t ( / j ( x ) , . . . , f n{x)) is a local framing of V defined in a coord ina te 

p a t c h U  on X.  T h e n we have a diffeomorphism 7r~ 1 (J7) - 2 1 * JJ x C n given by 

^2 Zjfj (x) i—> (x; 2 i , . . . , 2 n ) . In these coordina tes on we have t h a t 

0 
¿1,0 = 2 — - and 

_ d 
eo,i = ^ — . 

Notice that el5o l_(c?2j) = Zj  and e 1 0 L^zy) = 0. 

Consider now a hermitian inner product h  on V.  Then h  corresponds to a 

complex antilinear isomorphism 

X2O)O-1 = (a 

Since h commutes with scalar multiplication by real numbers and since h o J = 

- J o h, we see that under this diffeomorphism, 

X2O)O-1 = (a*a*+s2)O(a*a*+s2)Odgh 

where e*Q and ej } 1 are the complex Euler vector fields on V*. Now under h, the lo­

cal framing (fi (x),..., /„(#)) of V  corresponds to a local framing 
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(a*a*+s2)(a*a*+s2)(a*a*+s2)(a*a*+s2)(a*a*+s2)sfff be the l inear complex fibre co­

ordinates on V* with respect to this framing. Then the equations above can be 
rewritten as 

a*a*+s2)O(a*a*+s2)O(a*a*+s2)O(a*a*+s2)Os 

To fit this discussion into the above context, let V  =  Hom(E,F ) and note 
that V* =  Hom(F,E) . 

6. The Fundamental Case - Injective Conformai. 

Assume that rankF* < rank F and that E  -—>  F  is injective outside it's 
singular set (i.e., we are in the injective case). In addition, assume that: 

(6.i) a*a = | a | 2 I d £ 

is a scalar multiple, |a | 2 , of the identity map on sections of E.  This situation will 
be referred to as the injective conformal case. It has wide applications and 
forms the working hypothesis for most of the subsequent discussion in this paper. 
(There is incidentally a dual "surjective conformar' case which can be treated 
analogously, but the details of this will not be presented here.) In this section 
we explicitly compute the curvature for the pullback and pushforward families in 
this case. 

The formulas will be valid for any approximate one \- F ° r general bundle 
maps it is often better to restrict to algebraic approximation mode. However, 
the general approximate one is particularly well suited to the injective conformal 
case. 

In the following we let R  =  D 2 denote the curvature operator associated to 
a connection D.  In a local frame / , we have Rf  = 0 / where £2 is the curvature 
matrix of 2-forms. 

Theorem 6.2. Suppose  E -̂ U F is  injective conformal and that x  is  a general 
approximate one.  Let (a*a*+s2)O and (a*a*+s2)Ofghf Consider the  pullback 
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family (a*a*+s2)Ofdd of connections  on  E and the  pushforward  family 

(a*a*+s2)Odff of connections  on  F.  Then  the  curvature  is  given  by: 

(6.3) (a*a*+s2)(a*a*+s2)dfg 
u p d\ot\ 2 a*Da 

s | a | 2 \a\ 2 

s(a*a*+s2)Of 
a*(Da)a*(Da) 

a 4 

where 

(6.4) R o — 
a * R p a h j 

\a\2 

(a*a*+s2)Osf 
\a\2 

and 

(6.5) (a*a*+s2)Ofdd(a*a*+ (a*a*+s2)gh 
3 lai 2 |a | 2 

- Xs(l - Xs)-
( D a ) a * ( D a ) a d 

\a\2 

where 

(6.6) R o  = RF + 
(Da)(Da*) 

\a\2 
1 -

aa* ' 

N 2 , 
aR.Ea* 

|a|2 

R e m a r k 6 . 7 . T h e m a t r i x forms of these equa t ions a re as follows (let | a | 2 = 

aa* — \a\2) 

(6.8) ì ì 9 = (1 - x,№E + Xs*âo  -  x's 
i a | 2 (Da)a*  d\a\ 

3 \a\ 2 \a\ 2 

(a*a*+s2) 
(Da)a*(Da)a* 

M4 

where 

(6.9) fro = 
a f ì p a * 

| a | 2 

(Da) ( l - 0) ( D a * ) 

H 2 

and 

(6.10) (a*a*+s2)Ofdd(a*a* (a*a*+s2)Of 
| a | 2 | a | 2 

+ XsO- ~ Xs)-
a*(Da)a*(Da)ge 

M4 
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where 

(6.11) (a*a*+s (a*aO ( s i F -
(Da*)(Da)} 

\a\2 

(a*a*+s 
M2 

T h e m a t r i x form of Da  is 

(6.12) Da = da + aujp — UJE^ 

while 

(6.13) Da* = da* + a*ujE — upa* 

is the m a t r i x form of Da*.  T h e gauges are given by 

(6.14) « s = « E + Xs 
(Da)a* 

M2 
a n d Tu3 =UJ f -  X: 

a*Da 

M2 

It is possible to give a straightforward verification of these curvature formula 
in matrix form. This is left to the interested reader. 

Proof. First note that 

Rs =  D2

S = DE +  Xs 
a*(Da)\2 

a 2 

= D2

E + Xs a*(D2a 
UI2 + Xs {Da*)(Da) 

Icel2 - Xs 
d\a\2 a*(Da) 
\a\2 \a\ 2 

+ X's 
\a\2 d\a\2 a*(Da) 
s2 \a\ 2 \a\ 2 + xl a*(Da)a*(Da) 

\a\* 
Substituting 

(6.15) d\a\2 

\a\2 
(Da*)a a*(Da) 

\a\2 \a\ 2 

which follows from the conformal hypothesis, and D 2a =  RH(OI)  where H  = 

Hom(£, F1), into this equation yields the equation (6.17) in the next result. 
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Proposition 6.16. Suvnose E F is injective conformai 

(6.17) 
R S =  RE + Xa 

a * R H ( a ) r t r 
l a i 2 

+ Xs 
(a*a*+sggghh (Da) 

\a\2 

(a*a*+s d |a | 2 a*(Da) 
\a\2 | a | 2 - Xs(l ~ Xs) 

a*(Da)a*(Da) 
\a\* 

Setting Xs = 1 (and hence x' 3 =  0) yields 

(6.18) (a*a*+sdff (a*a*+s 
l a l 2 

(a*a*+s(a*a*+s 
\<*r 

so that  (6.17) can be  written  as  (6.3). 

This completes the proof of the pullback portion of Theorem 6.2 except 
for verifying that the two formula (6.4) and (6.18) for R Q are equal. Since 
DH(&) = D Fa —  OLDe-,  note that 

RH{OL) = D2

Ha = DH(DFa- aD E) 

= DF(DFa - aDE) +  {DFa- aD E)DE 

= DFa — c\D E =  RFa — aRE. 
T h a t is, 

(6.19) RH(OI) = i ? F « — aRs-

Therefore 

(6.20) 
a*RF{aghh) 

l a i 2 RE + 
(a*a*+ 

a 2 

which verifies that (6.4) and (6.18) are equivalent. 

Proposition 6.21. Suppose E -—t F is injective conformai. Then 

R s =  RF — \ ; (a*a*+s 
a 2 

+ Xs (a*a*+s 
a 2 

(a*a*+s 
(6.22) 

_ , ' i£ l ! 
A s , , 2 

i\a\2 (Da)a* 
I n i 2 I rv i 2 - Xs(l ~ Xs) (a*a*+sfg 

a* 

Setting Xs = 1 ( a n d x' s =  0) yields 

(6.23) R o = RF — 
RH(a)a* 

\a\2 + (Da)(Da*) 

(a*a*+s 
(a*a*+s 

so that  (6.22) can be  rewritten  as  (6.5) . 

45 



BUNDLE MAPS  AND  SINGULAR  CONNECTIONS 

P r o o f . S imilar to t h e pul lback case 

Rs = ~S2, = s(a*a*+g 
(Da)a*Y 

N 2 

s(a*a*+ (D
2a)a* 
\a\2 + Xs (Da)(Da*) 

la 2 + Xs 
d\a\2 (Da)a* 
\a\2 \a\ 2 

As s2 d\a\2 (Da)a* 
\a\2 lai2 

fdd (Da)a*(Da)a* 
|a|4 

S u b s t i t u t i n g 

(a*a*+s(a*a*+s(a*a*+s(a*a*+s(a*a*+s(a*a*+sgdg 
a n d D 2a = RH(O:)  in to this formula yields (6.22). • 

To comple te t he proof of T h e o r e m 6.2 we mus t show t h a t 

(6.24) 
RH(o:)a* 

\a\2 

Rpaa* 
m2 

s(a*a*+ 
M2 

to conclude that the two formulas (6.6) and (6.23) for RQ  are equivalent. How­
ever, (6.24) follows immediately from (6.19). • 

Remark 6.25. A third proof of Theorem 6.2 is outlined as follows. To be specific 
we discuss the pullback case. First verify directly the formula for RQ.  Then note 
that D  3 —  (1 — X s)DF + XsDo  is a convex combination of connections and use 
the general identity 

(6.26) (a*a*+s(a*a*+s(a*a*+s(a*a*+s(a*a*+s(a*a 
valid for any pair of non commuting operators B  and C  and any scalar variable 
x. 

7. Curvature and the Algebraic Approximation Mode. 

The curvatures R s and R 3 are computed in this section without the con­
formal assumption, but assuming the algebraic approximation mode. Actually, 
the first three propositions are valid for any approximate one \-
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Proposition 7.1. The connection D  3 =  Dp + /?<,£>//(#) has curvature 

(7.2) s(a*a*+s(a*a*+s(a*a*+s(a*a*+s(a*a*+ 

The connection *+s(a*a*+s(a*a*+ has curvature 

(7.3) s(a*a*+s(a*a*+s(a*a*+s(a*a*+s(a*a*+ffsfff 

Recall that  in  the  injective  case s(a*a*+s(a*a*+fdf while in  the  sur-

jective case s(a*a*+s(a*a*+s(a* 

P r o o f . 

(a*a*+s(a*a*+s(a*a*+s(a 

s(a*a*+s(a*a*+s(a*a*+s(a*a*+s(a*a*rrtr 
s(a*a*+s(a*a*+s(a*a*+s(a*a*+s(a*a* 

verifies (7.2) . T h e proof of (7.3) is similar a n d omi t t ed . 

Since Rfj(oi)  — Rpa — a RE  the formulas m a y be w r i t t e n as follows. 

7.4. Iniective Case. SetXs =  x { ^ ) = ß3a and P 3 =  oiß3. Note that  Xs —* 1 

and s(a*a*+s(a*a*+s(a*a outside the  singular  locus,  as  s —» 0. Then 

(7.5) s(a*a*+s(a*a*+s(a*a*+s(a* s(a*a*+s(a*a*+s(a*a 

(7.6) s(a*a*+s(a*a*+s(a*a*+s(a*a*+s(a*a*a*+s(a*a*+ 

7.7. Surjective Case. *a*+s(a*a*+s(a = ad, and  P,  = ß°a. Note that 

Xs 1 and P 3 ->  P = a ^ a a * ) - 1 « outside the  singular  locus,  as  s — + 0. Then 

(7.8) (a*a*+s(a*a*+s(a*a*+s(a a*a*+s(a*a*+s(a*a*+ 

(7.9) s(a*a*+s(a*a*+s(a*a*+s(a*a*+s(a*a*+s(a*a*+ 
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Lemma 7.10. In  the algebraic approximation mode one has 

(7.11) *a*+s(a*a*+s(a*a*+s(a*a*a*+s(a*a*a*+s(a*a*+s(a*a* 

Proof. In the algebraic approximation mode 

(7.12) a*+s(a*a*+s(a*a*+s(a*a*a*+s(a*adfghhg 

Using t h e first equali ty, we have 

*a*+s(a*a*+s(a*a*+s(a*a*a*+s(a*a*+s(a*a*+s(a*a*a*+s(a*a*+* 
*a*+s(a*a*+s(a*a*+s(a*a*a*+s(a*a*+s(a*a*+s(a*a*a*+s(a*a*+ 

*a*+s(a*a*+s(a*a*+s(a*a*a*+s(a*a*+tytyy 

However, *a*+s(a*a*+s(a*a*+s(a*a*a*+s(a*a*+s(a*a*+s(a*a* 

Note that in the algebraic approximation mode 

(7.13) 
*+s(a*a*+s(a*a*+s(a(a*a*+s(a*a*a* 
a(33 = a(s2 + a*a)_1a* = aa*(s2 + aa*)'1.hfhf 

T h e following m a i n result is an i m m e d i a t e consequence of 7.4, 7.7 a n d 7.10. 

Theorem 7.14. In the algebraic approximation mode 

*a*+s(a*a*+s(a*a*+s(a*a*a*+s(a*a+s(a*a(s2 + 
(7.15) *a*+s(a*a*+s(a*a*+s(a*a*a*+s(a*a+s(a* 

*a*+s(a*a*+s(a*a*+s(a*a*a*+s(a*a+s(a*a+s(a 

(7.16) *a*+s(a*a*+s(a*a*+s(a*a*a*+s(a*a+s(a* 

To c o m p u t e t h e limit as s  approaches zero, ou t s ide t h e s ingular locus, we 

mus t d i s t inguish be tween t h e injective and t h e surjective case. 
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Proposition 7.17. Injective Case. Let  P  =  a(a*a)~ xa* denote  orthogonal 
projection from  F  onto  the  target  bundle  T  =  ima, defined outside  the  singular 
set. In  the  algebraic  approximation mode 

(7.18) *+s(a*a*+s(a*a*+s(a*a*a*+s(a*a*+s(a*a*+ 

and 

(7.19) *+s(a*a*+s(a*a*+s(a*a*a*+s(a*a*+s(a*a*+s(a*a*a*jkk 

Proposition 7.20. Surjective Case. Let P a*a*a*+s(a*ty denote orthogonal 

projection from  E  to  K 1- where  K  =  kera  is  the  kernel  bundle  of  a  defined 

outside the  singular  set.  In  the  algebraic  approximation  mode 

(7.21) *+s(a*a*+s(a*a*+s(a*a*a*+s(a*a*+s(a*a*+s(a*a*a*gd 

and 

(7.22) *+s(a*a*+s(a*a*+s(a*a*a*+s(a*a*+s(a*a*+s 

Of course, in the e q u i r a n k c a s e 

(7.23) a*a*a*+s(a* a n d a*a*a*+s(a* 

8. Universal Formulae and a Universal Compactification. 

In this section we will derive some formulas for the pullback family of con­
nections under the universal homomorphism. It will be shown that in this setting 
the algebraic approximation mode has a natural "compactification". More specif­
ically, the approximating families of connections will be shown to arise from a 
simple construction which extends smoothly to a fibrewise compactification of 
the space Hom(£ l, F). As a consequence, we will see that in algebraic approxi­
mation mode our families of connections are intimately related to MacPherson's 
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Grassmann graph construction (cf. [BFM]). This gives some philosophical 

preference to this particular method of approximation. 

We shall adopt the notation of Section 3 where E —• F denotes the universal 

homomorphism over Hom(£, F), D or D a denote the singular pushforward 

connection on F induced by a, and D or D a denote the singular pullback 

connection on E induced by ex. 

Definition 8.1. Using the algebraic approximation mode we define, as in Sec­

tion 4, the universal approximating families 

(8.2) 
B a s  = ( a * a + s 2 ) _ 1 ( , s 2 D E + c**D F c*) on E 

B a s =  ( 5 2 D F + a D E a * ) ( a a * + 5 2 ) - 1 on F . 

Using the universal adjoint homomorphism we can define connections D a * 

on E and Î) Q* on F. In the algebraic approximation mode, we get approximating 

families 

(8.3) 
D a . s = ( s 2 D E + a * D F a ) ( a * a + 5 2 ) - 1 on E 

D a ' s = ( a a * + 5

2 ) - 1 ( 5

2 D F + a D E a * ) on F 

Proposition 8.4. Over Hom(E, F) 

B Q 3 =  DQ* 3 on  E and  D t t ? s = D c t * 5 j on  F . 

where ""=" denotes  gauge  equivalence. 

P r o o f . Define h : E —> E by h = a * a + s2. Then h o D û ) 5 o h~ l =  D a % s . 

Similarly, if h : F — • F is given by h —  a a * + 5 2 , t h e n h'D^^oh  1 = D a 5 . 

Remark 8.5. in terms of local frames and local coordinates this universal point 

of view is equivalent to considering the matrix-valued function a  defined by ae = 
af as an independent variable on the total space of Hom(F', F). For example, 

the gauge (see (5.6) and (5.10)) 

(8.6) to s =  LUE  + (da + auop — o ;^a )a*(aa* + s2) 1 

for D  3 (where a is matrix-valued function on the base manifold) can now be 

considered as the gauge for D^^ where a is the fiber variable on Hom(F7, F). 
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This universal construction can be compactified in the vertical directions of 
the total space of Hom(F, F) as follows. Let 

(8.7) ^(e,/) = (*e,/) ^(e,/) = (*e,/ 

denote the bundle over X  whose fibre above x  G X is the Grassmann manifold 
of p-dimensional linear subspaces of E x ©  Fx. There is a natural inclusion 

^(e,/) = (*e,/) ^(e,/) = (*e,/) ^(e,/) 

which associates to the homomorphism a : Ex —•  F x its graph, P Q = graph a  = 
{(e,a(e)) : e G E x} C E x ©  F x. Let E = n*E  and F = a*F  denote the 
pullbacks over G P(E ©  F) of the bundles £7 and F.  (Restricted to Hom(£, F) C 
Gp(E © F) they agree with the bundles above). Then there is a tautological 
or universal p-dimensional subbundle U  C E © F whose fibre at a point 
P G GP(EX ©  Fx) above x G X consists of the vectors in P.  Over the open set 
Hom(F,F) C G P(E © F), the universal subbundle U  is just the graph of the 
universal homomorphism ot. 

Consider now t h e flow if) 3 : E © F  —•  E  ©  F  defined by 

(8.8) ^ ( e , / ) = ( * e , / ) for 3 G R + . 

This induces a flow * s : GP(E © F ) — • Gp(E © F ) . For each s, we let 

^(e,/) = (*e,/) ^(e,/) = (*e,/) 

deno te t h e pul lback of t he universal bund le via W«,. At a p -p lane P  C E  © F , t h e 

fibre of £7, is 

^(e,/) = (*e,/) ^(e,/) = (*e,/) ^(e,/) = (*e,/) 

If P lies in the open chart Hom(F, F) C G P(E, F), i.e. P = graph a, then the 
fibre of U s is just graph ^a.  Assume as before that there are metrics given on E 
and F. Then for each 5, there is an orthogonal splitting 

(8 .9) E © F = US®UJ-. 

There are induced connections on these subbundles denned as follows. Let 

(8.10) p r s : E © F — • Us and p r f : E © F —^(e,/) = ̂ (e,/) qsd 

deno te t h e o r thogona l bund le project ions . 
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Definition 8.11. The connections DJJ A on U3 and Djj± on Djj± induced from the 
direct sum connection on E 0 F are given by 

DUS =  PR3 o D E 0 F a n d D V± = pr^~ o D E 0 F 

ope ra t i ng on sections of U s a n d U 3 respectively. 

Over the open dense subset Hom(£, F) C  G p(E © F), the splitting U 3 © Djj± 
is gauge equivalent to the splitting E © F. Specifically, consider the family of 
maps 

# s : E © F — • E © F 

defined over H o m ( F , F)  by 

(8.12) 9s = 
3 = a(s2 + a*a) 

\<x s J 
O n e sees easily t h a t 

r / s ( E ® { 0 } ) = U. a n d ^ ( { 0 } © F ) - Uf. 

Let 7 5 deno te g 3 res t r ic ted to E = E © {0} and let j 3 =  g3 r e s t r i c ted to F e 

{0} © F . S t ra igh t forward calcula t ion reveals the following i m p o r t a n t fact 

971* 
D F 0 

0 D F 

°9s = 

(8.13) 3 = a(s2 + a*a) 

v ( a a * + 5 2 ) _ 1 5 ( D F a - « D E ) 

3 = a(s2 + a*a)_1a* = a3 = a(s2 + 

3 = a(s2 + a 

Theorem 8.14. Over  the  open  subset  Hom(E,F)  C G p(E ©  F), consider  the 
bundle isomorphisms 

3 = a(s2 + a*a)_1a* = a3 = a(s2 + a*a 

defined for  s >  0  by 

3 = a(s2 + a*a)_1a* = a3 = a(s2 + a*a)_1a* = a 

Then 

(8.15) 33 = a(s2 + a*a)_1a* = a a n d 3 = a(s2 + a*a)_1a* =Djj±a 

If we set sA 
3 = a(s2 + a*a)_1a* = a and 3 = a(s2 + a*a)_1a* = a then 

(8.16) 3 = a(s2 + a*a)_1a* = a and 3 = a(s2 + a*a)_1a* = a 
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Proof. The first part follows from (8.12) and (8.13). The second follows from 
8.4. 

Suppose now that <j>  and ip are adjoint-invariant polynomials on #lp and #lq 

respectively (where q  = rank(F)). Then by Theorem 8.14 we see that 

a*a*a*+s(a*a*a*a*+s(a*a 

and 

a*a*a*+s(a*a*Oa*a*+s(a*a 
Now t h e bundles U s and Uj~  toge ther wi th their connect ions are globally defined 

on G p(E © F ) . Consequent ly , we have 

Corollary 8.17. For all  invariant  polynomials  (f) and ip as  above,  and  for  all 

s > 0, the forms  <j> *a*Oa* and il> a*O extend smoothly  to  all  of  G » ( E © F ) . 

Consequently, integration  over  the  fibre  of  the  map  7i : GP(E © F ) — • X gives  a 

well-defined smooth  forms  ir*(f) D a , . ) and 7r*«/> *a*Oa* on X. 

T h e o r e m 8.14 has an in teres t ing consequence t h a t will b e useful in C h a p ­

ter III . 

Theorem 8.18. For  each s  > 0 there  exists  a.  smooth  form  r 3 on  (?p(E © F) 
with 

(8.19) *a*Oa**a*Oa**a*Oa*a*Oa** on *a*Oa**. 

Moreover, on  the  open  subset  Hom(E,  F) C G P(E © F ) , we have 

(8.20) c(DUs) = c ( D a ] f ) a n d c(D Vx ) = c( D a > â ) . 
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Proof. The direct sum connection D E © D F on E © F can be blocked with 
respect to U 3 © U1

2 in the form 

(8 .21) D E © D F = *a*Oa** 
*a*Oa**ff 

Since A21  =  prj-  o D E © D F o p r s is a t ensor (i.e., A 21(fa) = fA2i  (o)  for s m o o t h 

funct ions / on X  a n d s m o o t h sect ions a),  we see t h a t 

D(y) = *a*Oa***a 
*a*Oa**gfg 

defines a s m o o t h family of connect ions for 0 < y  <  1. Let r 3 d eno t e t h e t r a n s ­

gression form for th is family wi th respect to t h e to t a l C h e r n po lynomia l . T h e n 

(8.22) c ( D ( l ) ) - c ( D ( 0 ) ) = dr3 on G p ( E 0 F ) . 

Since D(l) = D E © Dp and D(0) is upper triangular with diagonal entries DJJ S 

and Du±,  equation (8.19) follows. The identities (8.20) are a special case of 
Corollary 8.17. • 

We finish th is section wi th two r emarks concerning t h e cons t ruc t ions above. 

Remark 8.23. The parameter s in (8.8) can be taken to be complex. If E 
and F  are holomorphic bundles over a complex manifold, then the flow ^ 3 is 
holomorphic. The discussion and theorems continue to hold in this case with s2 

replaced in the formulas by \s\2. 

Remark 8.24. The main constructions above can be reformulated entirely in 
terms of a change of metric as follows. For each s > 0, consider the metric 

*a*Oa***a*Oa***a*Oa** 
on E © F over G P(E © F). W i t h respect to this the re is an o r thogona l sp l i t t ing 

(8.25) *a*Oa***a*Oa 
where U = U\  is the tautological subbundle. With respect to the blocking (8.25), 
the direct sum connection can be written in the form: 

(8.26) D E 0 D F = 
*a*Oa**fg 
*a*Oa**vb 
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Theorem 8.27. Over the  open  dense  subset  Hom(E,  F) С GP(E © F), there 
are gauge equivalences: 

*a*Oa***a a n d *a*Oa***a*O 

P r o o f . T h e flow defined above, lifts to a n a t u r a l ac t ion (Ys) on the bund le 

E © F given by ( # 5 ) * ( e , / ) = (se , / ) . Note t h a t 

(1) (Ys). (Us) (Ys). (Us) (Ys). (Us) (Ys). (U 
(2) ( ^ s ) * preserves t h e direct sum connect ion D g © D p , 

(3) ( ( * , ) . « , ( * , ) . « ; ) = (v,  w} 3 for all v,  s  <E ( * , ) • • 

Hence, under the connection-preserving automorphism (&3)# of E©F, the split­
ting U s © C/̂  of Theorem 8.14 is carried to the splitting U  © U±8. The result 
now follows from Theorem 8.14. • 

The universal setting will play an important role in the general theory. If 
one can first carry out the program, outlined in Section 1 above, in this universal 
case, then the general problem reduces to finding analytic-geometric conditions 
on the section 
a :  X —• Hom(£, F) so that the current equations established in the universal 
case (over Hom(£, F)) can be pulled back via a  to analogous equations on X. 
This first serious application of this principle will be given in Chapter III. More 
general residue theorems will be proved in this manner in a subsequent paper. 

9. Universal Desingularization. 

In this section we show that the blow-up of Hom(£, F) introduced in §3 
extends to the universal compactification G P(E©F) D Hom(F7, JF), and that the 
lifts of the limiting characteristic forms on ~ S extend to all of this space as 
smooth d-closed forms. In particular, Proposition 9.11 below generalizes Theo­
rems 3.10 and 3.16 to the compactification. These results give insight into and 
control over the limiting characteristic currents. 

Let E, F and G ?(E©F) be as in the previous section. We consider the open 
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dense subse ts 

H = {Р G Gp(E ф F) : Р D F = {0}} = Hom(E,F) 

TZ = ÍP G G  JE ffi F)  :P  П Е = -Í0Í) = C Í E ffi F Ì - S . 

Let H x =  Hom x (F , F) denote H f]TZ. This is the set of graphs of all injective 

homomorphisms from E to F. The complement H —  Hx = S corresponds to all 

singular homomorphisms. 

Note that the natural projection p F : E © F —• F determines a projection 

(9.1) PF : 71  —+  GP(F), 

with the property that for grapha G Hx C TZ,  we have p/?(graph(a)) = image(a). 

Over G p(F) the pullback bundle F has a canonical splitting 

F = T f f i T - 1 

where T is the p-dimensional tautological subbundle. 

L e m m a 9 . 2 . Over the  subset  71 the  decomposition (Ys). (Us) (Ys). (Us extends 

smoothly to  s = 0, where 

(9.3) (Ys). (Us) (Ys). (Us) and (Ys). (Us) (Ys). (Us) 

Over t he subset  H  the  decomposition  E © F = J7S©?7;L extends  smoothly 

to s  =  oo, where 

(9.4) ) (Ys). (Us and ) (Ys). (Us 

Proof. We show that U s extends smoothly on TZ  to 5 = 0. It will suffice to 

prove this in the case where X  =  {pt} by the local triviality of the flow on the 

bundle. The flow * 5 is algebraic, and at each point {P}  G GP{E®F) there exists 

a unique limit 

) (Ys). (Us) (Ys). (Us 

It is a general fact that algebraic maps with well-defined limits extend alge­

braically. This proves the first part of the Lemma 9.2. The second is obvious. • 
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Corollary 9.5. Let  D r © D T I be  the  direct  sum  connection  on  F = T © T 
over GP(F) obtained  by  projecting the  pullback connection  Dp onto the  factors. 
Let <j> and  (f> be  adjoint-invariant  polynomials  on  gl p and  gl q respectively  (where 
q =  dimF). By  Corollary  8.17  we  know that  (^(D a ) 3 ) and  ^ ( D ^ ) extend  to 
forms $s and  $ 3 defined  smoothly  on  all of GP(E@F). Then  over  the subset  71, 
we have that 

(9.6) lim Ф3 

e—+n 
= р*Р{Ф(Вт)} and 

(9.7) l i m $ 5 = p J . | ? ( D E © D T ± ) | 

where pp  is  the  projection  (9.1). 

Proof. By Theorem 8.14 we know that over the open dense subset 7i  = 
Hom(F, F) both $ s = </>(Du,) a n d $s = <ß(Du±) for all s > 0, where Du  

and D[/± are the connections defined on U 3 and U1

2 respectively by project­

ing D E © Dp via the orthogonal decomposition E © F = Us ©  U^. Applying 

Lemma 9.2 gives the result. • 

Our next observation is that there exists a natural blow-up G P(E ©  F) of 

GP(E®F) along £ to which the map pp extends smoothly. It is defined as usual 

by taking the closure of the graph of pp in G P(E ©  F) X G p (F) , namely 

(9.8) ) (Ys). (Us) (Ys). (Us) (Ys). (Us) (Ys). (Us) (Ys). (Us) (Ys). (Us) (Ys). (U 

Lemma 9.9. The subset  G P(E ©  F) is  a smooth submanifold.  Projection  onto 
the first  factor  in  G p(E ©  F) x G V(F) induces  a  projection 

(9.10) p : GP(E © F) —+ GP(E © F) 

which is  a  diffeomorphism  over  71. 

Proof. One checks that projection onto the second factor of G P(E®F) X G P(F) 

is a smooth fibre bundle p-p  :  GP(E ©  F) —•  G P(F) whose fibre above II is the 

set of all P  with PF(P)  Q  n. Thus, G P(E © F) is a submanifold. The second 

assertion is obvious. • 
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Proposition 9.11. Let </> and (j) be  as above and  consider the  smooth  charac-
teristic forms 

*(Be) l. and *(Be) l. 
associated to  the  universal  singular  connections  on  the complement  H xof E  in 
H. In  general these  forms do  not extend smoothly  across  E. However,  the  liftings 
of these forms  via  the projection p  of (9.10) do  extend smoothly  to  H d= p~ x(H). 
In fact  they  extend  smoothly  to  all of Gp(E ©  F). 

Proof. As seen from Corollary 9.5 (or directly from (9.1) and (9.3)), we have 

that 

*( B e ) l . \ H * = <KD T ) } a n d ^ D F j | h x = P F { 0 ( D E © D T ± ) } . 

However, t h e bund les p F T , p*?T ±, a n d E , t oge ther wi th the i r connec t ions , a re 

defined smoo th ly over all of G p(E © F). • 

Theorem 9.12. The  smooth forms 0 ( D E ) \ h x and ̂ >(Dp) \HX extend by  0 to 
be d-closed forms with  L\ oc-coefficients on  all of GP(E ©  F). 

P r o o f . T h i s follows direct ly from Propos i t ion 9.11 because of P ropos i t i on 3.12. 

Remark 9.12. Over H x =  Eom x(E,F), and hence over p~ l{Hx) C G p(E © 
F), the bundles U 3 converge smoothly to the bundle Uo  = p* F(T), because of 
Lemma 9.2. This limiting bundle p* F(T) is a smooth bundle on all of GP(E ©  F). 
Despite these facts the family U 3 0 < s  <  oo connecting Uqq = E x {0} to 
U0 =  Pp(T)  obviously cannot provide a smooth path from E to T  over all of 
Gp(E ©  F). The problem is over S = /o""1(E). For example, if rankE = 1 then 
U3 =  E x {0} 0 < s  < oo over S, which does not equal p* F(T). 
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10. On the Functoriality and Uniqueness of the Transgression. 

Among the main results of this paper are the proofs of the existence and 

uniqueness of the transgression (including independence of approximation mode) 

in a wide range of important cases. However, there are also some soft general 

facts concerning the transgression which are important for the theory. We present 

these here together with some results on the functoriality of the transgressions 

(when they exist). At the end of this section, we give a guide to hard results 

about the transgression which are proved in subsequent sections. 

We begin by presenting a very general construction which yields transgres­

sions, double transgressions, etc. 

Basic Construction 10.1. Let V  be a vector bundle over a manifold X, and let 

DY, y £ Y  be a family of connections on V  smoothly parameterized by a manifold 

Y. Let 7r : X x Y  —•  X  denote the projection. The the family D Y canonically 

determines a connection D  on the pull-back bundle V  —  TT*V  as follows. Fix a 

point y0 G Y. Let D 0 denote the canonical pull-back of the connection D YO to V, 

and let A  be the Hom( V, F)-valued 1-form on X  X Y  which is zero on TY  and 

equals A Y = F DY —  D YO on X  x {y}. Then we set D  =  DQ  + A. 
Suppose that ujy is the gauge of D Y in a local frame for V  on X , and let & 

denote the gauge of D  in the pull-back frame on X  x Y.  Then one sees easily 

that at a point (x,y) 
0J = UJY. 

T h e cor responding cu rva tu re form is given by 

Çl — Çïy -\- dy(ujy^ 

where dy denotes the F-component of exterior differentiation. 

Suppose now that 7 is a compact, oriented smooth arc joining points a to b 

in Y.  Set r = [X  x 7]. Then for any invariant polynomial (j)  we have the current 

equation 

(10.2) d(T$(D)) = (dT)<ß(D). 

Applying t h e push-forward 7r* to this equa t ion we ob t a in 

(10.3) (Ys). (Us) (Ys). (Us) (Ys). (U where T  = n„(T(f>(D)). 
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Example 10.4. Let 7 = [a.b] Ç R = Y. By formula (10.2) we have that 

(Ys). (Us) (Ys). (Us) 

where • denotes d/dt.  Let \ be the characteristic function of [a, 6]. Then T can 

be expressed as the fibre integral 

T = K*(x<f>{D)) = 

b 

J 
a 

<t>(ùt ; Çï t)dt. 

Let us return to the basic construction above, and replace 7 by a general 

rectifiable p-chain £ in Y.  Then setting r = X  x £ and choosing </> as before we 

see that equation (10.2) continues to hold. Applying 7r* to this equation gives 

(10.5) dR = 7T.[as^(5)] 
where R  =  7r*(£<?!>(Z))). Th i s p rocedu re allows us for example t o re la te t r ansgres ­

sion forms. 

Example 10.6. Let D Sjt be a 2-parameter family of connections, 0 < s < 1 and 
a <  t < 6, with D sa =  Da and D 3^ = D& for all 0 < s < 1. Then the two 

transgressions T\  and To determined by Di ft and Do,t satisfy 

Tj - T 0 = dR w i th R  = 

b ] 

II 
a 0 

a*a(a*a+ s2O)-a*a(a*a 

where 

# ¿ , 5 ; C) d = £r t4>{C + sA + tB) 
£ = ¿ = 0 

Suppose now that we a re given bas ic d a t a 

D E D F 

E F 

( , ) E ( , ) F 

over a manifold X,  as in (2.8) above. Let / : X' —•  X  be a smooth map, and 

consider the induced data 
DE' D F , 

E' F' 

(Ys). (Us) (Ys). (Us) 

over X' , w h e r e a*a(a*as2O)-a*a(a*a 
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Lemma 10.7. Fix  an  approximation  mode  \,  and let  D  3, D' 3 be  the  families 
of push-forward connection  on  F and  F'  respectively  which  are  constructed from 
the data  above.  Let  TQ,s 3 and  TQ,s s be  the  transgression  forms  associated  to  an 
invariant oolvnomial  6.  Then 

rpl f* rP 
1(j),s — J 1(f>,3 

for all s > 0. (The analogous result holds for the pull-back connections on E and  
E'.) 

Proof. Fix local frames for E  and F  and pull them back to local frames for E' 
and F'.  Then UJE'  — f * ^ E and ujp> =  f*WF>  Hence from the formulas in §5 we 
see that To 3 —  f *~u?3l and so ' 3 =  /* ft  3 for all s  >  0. The result now follows 
from the universality of the formula above for the transgression. • 

Let T^ 5 , T^  3 be as above, and denote by £ the singular set of a  and by 
E' = / _ 1 ( E ) the singular set of a 1. Then over X  - E and X'  - £ ' the limits of 
T 5̂s and TQ,s 3 exist in the C°°-topology as s —» 0. From the above we have that 

/•(?23r*.-l*-B)-
/ • ( ? 2 3 r * . - l * - B ) -

Corollary 10.8. Suppose  T  = lim T 0 j S exists  in  L\ oc(X) and  T  =  l i m T ^ 

exists in  Ll oc(X'). Then  V  =  f*T  in  the  sense  that  /* (t  | x _ s ) extends  by 
zero across  E' to  be  the  L\ oc-form on  T'. 

This result has content for us since in subsequent chapters we shall give 
elementary criteria which assure the hypothesis of 10.7. Specifically, these criteria 
will always be in terms of the "atomicity" of a. (See II. 1, II.7, III. 1 for definitions 
and discussion.) Hence, the maps / with /*T £ L^oc will be those for which f*a 
is atomic. This is discussed in III.3.26. 

We now consider what happens to the transgression form under a change 
of approximation mode. Let \ 0

 a n d Xi  be two approximate-ones. Then \ t

 = 

t\x + (1 — t)xQ is also an approximate-one for all 0 < t < 1, and this gives us a 
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2-parameter family D 3 t , s > 0 and 0 < t < 1, of push-forward connections on 
F. For each fixed s > 0, consider the smooth form 

(10.9) Us = (Xo,. - X i . . ) 

1 

/ 
n 

Ф l O ; ß-.« ) * 

where xt,* =  Xt(a*a/s2)  and wnere a represents a  in the chosen local frames for 
E and F. 

Lemma 10.10. Suppose  \0  &nd  Xi are two  choices of approximation mode,  and 
let TXoj<£j5 and T^^^ be  the corresponding  families  of  transgressions constructed 
above using x0 and xx respectively. Suppose  that  the  limits  T0 = lim TXq^^3 and 
T\ = lim TY &  9 exist in  the  space  of  currents  on  X. If  lim U3  = 0, then  there  is 
a current  R  on  X such  that 

Ti - To = dR. 

Proof. We apply the general form of the basic construction. Let Y =  (0, oo] x 

[0,1] and let D  3 t be the above family of connections parameterized by Y. Let 

XL = [s, ool x [0, Il C Y  and r , = I x S „ and define 

Rs = 7T*(T3(/>(D)). 

C o m p u t i n g t h e r igh t -hand-s ide in (10.5) gives 

dRs — T X i j 0 j 5 T X q j 0 j 5 + U3. 

By a s s u m p t i o n l im dR 3 =  T X —  T0. T h e resul t now follows from t h e fact t h a t d 
3-+0 

has closed range . • 

Remark 10.11. (Uniqueness of the transgression). Lemma 10.10 gives a 

general criterion for establishing that, up to a coboundary, the transgression is in­

dependent of the choice of approximation mode. However, in the cases considered 

below we obtain the much stronger result that the transgression is completely in­

dependent of approximation mode — not just up to a coboundary. These results 

appear in II.5.6, III.3.15, and V.1.37. 
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In this chapter we illustrate the nature of our results by examining the el­

ementary but important case of complex line bundle maps. This chapter also 

presents a theory of real codimension-2 divisors which further refines the divisor 

theory for atomic sections developed in Harvey-Semmes [HS]. An interesting fea­

ture of the theory in [HS] is that it even enables one to define a (codimension-2) 

divisor for certain sections which vanish on sets of real codimension-one. 

This chapter contains several interesting applications. There is a C°°  gener­

alization of the classical Poincare-Lelong formula. A new proof is given of certain 

geometric formulas of Sid Webster [Wl, 2, 3] in CR geometry, and some new 

formulas of Levine type are derived and proved. In the last section we combine 

our results with the kernel-calculus of Harvey-Polking [HP] to obtain a new proof 

of the Riemann-Roch theorem for vector bundles over algebraic curves. 

For clarity of exposition this chapter is self contained. 

1. Line Bundles With A Global Atomic Section. 

Consider a complex-valued smooth function g  £  C°°{X)  on a real oriented 

manifold X.  In this section, the zero set of g  is defined, as a codimension-2 

current, under very mild assumptions on g. 
Consider coordinates w = u + iv on the complex numbers C. Note that the 

real and imaginary parts of ¿ 7 ¿7 are given by 

(1.1) a(33 = aO(s2 + a*aa(33 = aO(s2 + a* on C , 
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where 

(1.2) dO = 
—vdu +  udv 

u2 4- v 2 

T h e f u n d a m e n t a l equa t ion of complex analysis can b e w r i t t e n as 

(1.3) = aO(s2 = [o]fsfsggh on C , 

where [0] denotes the ¿-current or point mass at the origin. The objective of 

this section is to give meaning to the pullback, g*([0]), of the current [0]. The 

strategy is to first give meaning to the pullback ^7 (^f) = 2™ > °^ ^ e 

potential ^7 for [0], as a current and then define the pullback #*([0]) by 

taking the exterior derivative of ^7 

A differential form with coefficients that are locally integrable functions will 

be referred to as a locally integrable form or L 1

1

o c-form. This is a well defined 

concept on a smooth manifold. 

Definition 1.4. A complex valued function g  = u + iv £ C°°(X)  is atomic if 

(1.5) ^ e L U X ) . s f g h z e 
9 

The function g  is weakly atomic if 

(1.6) (s2 = a(s2 = a — vdu +  udv 
u1 +  v 2 

(s2 = a(s2 = a a n d log \ g \ € L ¡ o c ( X ) f g 

See the proof of Lemma 1.2 [HS] for the fact that atomicity implies weak atom-

icitv. 

If a is weakly a tomic , t hen 

(1.7) = aO(s2 = aO(s2 = aO(s2 = aO(s2 

is well defined as a current on X, and agrees with the smooth form —7 ^ outside 

the zero set of g.  When g  is weakly atomic, the same expression ^ will be used 
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to denote the current defined on all of X by (1.7). Note that if g and h  are weakly 
atomic, then the product ah  is weakly atomic and 

(1.8) 
d(gh) 

gh 

=d(gh) 
gh 

dh 

+ T 
as cur ren ts on -X". 

The zero current, or zero divisor, denoted by Z s , or Div(g), of a weakly 
atomic function g  is defined by 

(1.9) (Ys). (Us)osdff 
Note that by (1.7) 

Zg is a real current of codimension-2. 

For weakly a to mic functions g1, , gp, one has 

(1.10) Z9i-9p - Z9i + '  ' ' +  Z9p 

by (1.8) above. F u r t h e r m o r e , one has 

(l.u) Zg = 0 if g is real valued, 

because g*(d@) = 0 outs ide the zero set of g, a n d the zero set of g is a set of 

measu re zero. 

Definition 1.12. Suppose E  is a smooth complex line bundle on X.  A smooth 
section s of E  is weakly atomic if for each local frame e for E  the function a, 
defined by s = ae, is weakly atomic. The zero current or zero divisor denoted 
by Z3 or Div(s), is defined to be the global current given locally by 

(Ys). (Us)osdffff 

Since d  (^-) = 0 for \h\  > 0, (1.8) implies that Div(^) is independent of the 
choice of local frame. 
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The properties of zero divisors for weakly atomic sections are the same as 
for zero divisors of functions. For example, 

Div(s ) is a real current of codimension-2 , 

D i v ( 3 i ® . . . ® sp) = D i v ( 5 i ) + - - - + D i v ( 5 i , ) , 

a n d 

Div(s) = 0 if s is a real section of the complexification of a real line bundle. 

Remark. The Geometric Meaning of Atomicity. The assumption that a 
function (or section) is atomic is an extremely weak hypothesis. In a later sec­
tion conditions which insure atomicity are discussed. The assumption of weakly 
atomic allows codimension-1 zero sets with "folds" as well — see Corollary 7.3 
and it's proof. 

Remark 1.13. Atomic Bundle Maps. Prescribing a global section s of a 
complex line bundle F  is a special case of prescribing a bundle map a. The 
bundle map associated to s is the map a : C —> F  from the trivial bundle C, 
which is determined by the condition that a(l) = s. Conversely, prescribing 
a bundle map a :  E  —• F is a special case of prescribing a global section of 
a complex line bundle, since a is a global section of the complex line bundle 
Hom(£7, F). 

A bundle map a : E —> F  is (weakly) atomic if for each pair of local frames, 
e for E  and / for F , the function a, defined by at — a/, is (weakly) atomic. The 
zero current or zero divisor, denoted by Za or Div(c*) is defined to be the 
global current given locally by: 

( 1 . 1 4 ) D(Ys). (Us)osdffff 

If a bundle map a : E —> F  is interpreted as a section a £ Hom(£, F), or if a 
section s of F is interpreted as a bundle map a : C —• F, the notions of atomicity 
and of zero divisor remain the same. However, the main result presented below 
is not the same for sections as for bundle maps (cf. Remark 6.11). 
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2. The Pullback Connection. 

Suppose a :  E —>  F  is a bundle map of complex line bundles with connections 

Dp and Dp  respectively. 

The pullback connection D  = a - 1 o Dp o a  on E  is defined outside the 

singular set of a. If e and / are frames for E and F1, respectively, then Dpe =  wpe, 
Dpf —  ujpf^  and De  =  ue  define (local) gauge potentials, and ae  =  af  defines 

a (local) complex-valued function, a.  Since ( a - 1 o Dp o a) e  = (^  +ujp)  e, the 

gauge potential for the pullback connection D  =  a - 1 o Dp o a is  given by: 

(2.1) 
da Lü =  +  Lüp. 
a 

T h e difference of t he two gauges, ^ +up and ue->  namely, 

(2.2) 
aa T = h ÜJp -  ÜJ£, 
a 

is a well defined global 1-form, outs ide the singular set of a. 

Remark 2.3. This global one form r has a nice interpretation involving a 
considered as a section of H  =  rlom(E,  F).  The connections Dp  and Dp  in­

duce a connection Dh  on the line bundle H  = Hom(£, F) by the formula, 

Dug —  Dp  o g — g  o Dp, for o  a section of H.  One can easily compute that: 

(2.4) Duol = To. 

defines the same global one form r as (2.2). 

A current is Federer flat if it can be expressed locally as a + dß where a and 

/3 are in ijoc, i.e. a  and /J are forms with locally Lebesgue-integrable coefficients. 

Using a partition of unity it is easy to see that this is equivalent to requiring that 

the current be of the global form a + dß, with a and ß in -^j"^. 

Proposition 2.5. If  a  :  E —>  F  is  a  weakly  atomic  line  bundle  map,  then  the 
global one  form r,  defined  locally  by  (2.4), extends  across  the  singular  set  of  a 
as a well  defined global  current  which  is  Federer flat. 
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Proof. By Definition 1.4, the real part of ^ ^ belongs to L\ oc, while the 
imaginary part of ^7 ^ is the exterior derivative of ^7 log |a|, which also 
belongs to L\ QC. Therefore, the right hand side of (2.2) is a well defined Fédérer 
flat current. Since ^7 changes by a smooth one-form under a change of the frames 
e and / , (2.2) defines a global Fédérer flat current. • 

Proposition 2.6. A bundle  map  a  : E —• F  is weakly atomic  if  and only  if  both 
of the  globally  defined  objects 

(2.7) log I a I a n d Re ( ^ r ) 

belong to  L 1

loc(X). 

Proof. If ae  =  af  defines a, then | a  | 2= ^ e'^F \  a | 2 . Therefore, log | a  |2G 
L} (X)  <=>  log | a \ 2e L\(X)  and, by applying (2.2) and (1.7) with g  =  a, we 
see that R e Us)osdffff(fdg osdfffxccv 
Remark 2.8. Suppose ( , ) E and ( , ) F are hermitian inner products on E  and 
F respectively. There are smooth global one forms OLE  and ap  measuring the 
compatibility of the connections and the metrics. If p = (e, e)E and q  = (/, /)f 5 

then 

(2.9) OLE = 
UJJ 

h ^ E + UJE, 
P 

a F 
dq 

(Ys). (Us)osdf 
Therefore, the imaginary part of 2^7r can be expressed as 

(2.10) 
(Ys). (Us)osdffff(Ys). (Us)osdffff 

3. Smoothing the Pullback Connection. 

Let a : E —> F  be a map of hermitian line bundles with connections Dp 
and Dp,  and metrics ( , )E and ( , )f, respectively, and let x : [0, 00] ~• [0,1] 
be any choice of approximate one. (See 1.4.1). Then the pullback connection 
D =  a - 1 o Dp o a on E  can be approximated by a smooth family of connections 

(3.1) (33 = a(s2 + a*a)(33 = a(s2 + a*a)(33)sfgdf 
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where t h e app rox ima t ions B s to  a  a re given by 

(3.2) (Ys). (Us)osdff( 
The bundle map a*a  :  E  E  multiplies a section of £ by a globally 

defined function. If e and /• are frames for E and F respectively, if p = (e, e)^, 
q = (/, f)p, and if ae = a/ , then a*  f =  (aq/p)e. Therefore (cf. (2.9)), 

(Ys). (Us)osdffff((Ys). (Us)osdffff( 
Consequent ly t he bund l e m a p sdffff( is jus t mul t ip l ica t ion by the funct ion 

(3.3) Us)osdffff( 
This function xs  will be called the approximation to one based on x-  Since 
x(0) = 0, we see that 

D S converges smooth ly to DE  as s  —> + o o . 

Since x(°°) ~ 1? we see t h a t outs ide t he singular set of a , 

D 3 converges smooth ly to DQ  =  a  1DF& as s  — > 0. 

T h e gauge po ten t i a l for D  5 , denoted by u; s , is given by 

(3 .4) ^5 = WE + 7"^ where 
da 

T = h UJF - idEi 
a 

while the cu rva tu re is given by 

iis —  duj3. 

Example 3.5. Algebraic approximation mode. If x(t)  = t/(l +  t),  t h e n 

Xs = 1 « 1 g / p 

a P a p +3* 

Example 3.6. Transcendental approximation mode. If x(t)  = 1 - e~\ 
t hen 

). (s)osdffff( 
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4 . C h e r n C u r r e n t s . 

Recall that the Chern form <f>{D) of a complex line bundle E  with connection 

D is denned as follows. Each local frame e for E  defines a (local) 1-form u  by 

the equation 

De =  cue. 

The form u  is called the gauge potential or connection 1-form. Note that if 

e' = be  is another local frame for E,  then 

_ ,  [  db  \  ,  ,  db 
De =  (  —  +  u  ]  e or  uj  =  —  +  lj. 

\ b I  b 

Since ^ is d-closed the local expressions duo  and dco'  agree on overlapping domains 

and so the curvature form 

ft =  duo 

is a globally defined 2-form on M. 
Given a polynomial <f)(t) £ C[t]  in one indeterminate, the 0-Chern form, 

(j>{D), is defined by 
4>(D) = ¿($2) . 

If cf)(t) = j^t  then the normalized curvature 4>{D) =  j^ft  is called the first 
Chern form. In the following formulae, it is convenient to let 

(Us)osdffff( 
denote the first Chern form. 

Now suppose a  : E —>  F  is a map of complex hermitian line bundles with 

connections Dp  and Dp, respectively, and set S = {x  £ X  : ax =  0}. Suppose 

D s is the smoothing of the pullback connection a" 1 o Dp o a based on the 

approximate-one x-  Let ft 3 denote the curvature of the connection D 3. If <j)(D3) 
has a weak limit as currents, then this limit must be of the form 

(4.1) 4>((D)) =  lim<f>{n 3) =  <f>(Q F) +  S, 

where 5 is a current with support in the singular set of a, since D  3 converges 

to a-1 o Dp  o a  outside E and <f){oL~l o Dp o a) —  (f)(Dp) extends as a smooth 

d-closed form across E. 
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Definition 4.2. If the limit in (4.1) exists weakly in the space of currents on 

X, this limit (j>((D))  = <^(^F) + S  will be called the 0-Chern current of the 

pullback connection on E. 

5. The Transgression Current. 

The standard transgression formula for the family of connections D  3 says 

that 

(5.1) (Ys). (Us)osdffff(dff 

where 

qdsff i: <t>(ùt ; Çl t) dt, 

and where </>(a  ; Q)  is defined by 1.1.16. Note that if (/>(&,)  = fin, then (f)(a  ; il)  = 
n o d 7 1 - 1 . If the limit lim T 3 exist weakly as currents, then this limit will be called 

s—•() 
the (^-transgression current or the ^-potential and will be denoted by T^. 

L e m m a 5 . 2 . 

(5.3) Ts = -r (Ys). (Us)osdffff((Ys). (U 
fiF - ft E 

where r is given by (2.2) above. 

Proof. Since both sides of (5.3) are smooth across the singular set of a, it suffices 

to verify (5.3) on the set where o / 0 . By (3.4), we have 

(5.4) (Ys). (Us)osdff( 

and 

(5.5) (Ys).(Us)osdffff((Ys). (Us)osdffff( 
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Therefore , 

TS = i: (33 = a(s2 + a*a)( 

= т1 (33 = a(s2 + a*a)(33 = a(s2 + a*a(33 = a(s2 + a*a) 

лею = т1 (33 = a(s2 + a*a)(33 = a(s2 (33 = a(s2 + a*a) 

since r A r = 0. Now u n d e r t h e change of variables x  = xt

 w e have 

H <t>(X't ; flE + ( f t F - f i E ) X , ) dt = f 
JXS 

(33 = a(s2 + a*a)(33 = a(s2 + a*a)(33 = a 

Th i s in tegra l equals ^ ( f t E + ( f t F - f t E ) x ; 
f 
JXS "divided by" ftF — ft#, yielding 

(5.3) . 

Theorem 5.6. Suppose  a  :  E —+  F  is  a bundle  map  of  hermitian  line  bundles 
with connections  Dp  and Dp  respectively.  Suppose  D  3 is  a  smoothing  of  the 
pullback connection  D  = o~ l o Dp o a based  on  the  approximate  one  \-  Let 
<j)(t) G C[t] be  any  polynomial.  Then  if  the  bundle  map  a  is  weakly  atomic,  the 
(j)-transgression current  T^  exists.  In  fact,  T 3 converges  to  T^  in  the  Federer  flat 
topology and 

(5.7) T 0 EE - T 
<I>(QF) - 4>(Çl E) 

ftp — ftF 

In particular, T^  is  independent of  the choice  of metrics, { , ) E &nd {  5 )fi  and of 
the choice  of smoothing family  D  s (i.e.,  independent of  the choice  of approximate 
one xj. 

Proof. By (5.3) T3 is equal to r  times a polynomial in x,  whose coefficients are 
smooth forms and whose constant term vanishes. Hence it suffices to prove that 
for k  > 1, 

r x  f converges to r 
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in the Federer flat topology, as s approaches zero. Observe now that the prop­

erties required of x{t)  in 1-4.1 are also valid for x(t)k-  Therefore, it suffices to 

consider the case k  =  1. 

By the hypothesis that a  is weakly atomic we see that Re Im^r £ L\oc(X). 
Therefore, by the Lebesgue Dominated Convergence Theorem 

= Xsdloë¥>- converges to R e ^ r in L l o c (X) , 

as s approaches zero. It remains to prove the analogous statement for the imag­

inary part. 
To do this we first note that by the hypothesis on a  we have log | a  | 2£ 

Lloc(X) where | a \ 2 = \ a | 2 q/p.  By equation (2.10), I m ^ r and — j^dlog \  a | 2 

differ by a (global) smooth form. Therefore, it suffices to show that 

X.dlog I a | 2 converges to e/log I a | 2 , 

in the Federer fiat topology. Set ip  =|  a  | 2 and no te t h a t if h(t)  satisfies 

h\t) = X(t) 
1 

' 7' 

t h e n by (3.3) 

= Xsdloë¥>- = Xsdloë¥>- f 
Jo 

= Xs f 
Jo 

= X s d l o ë ¥ > f g 

Let us choose 

h(t) = f 
Jo 

x(t) 
dt 
T" 

T h e n 

MS) = I* 
Jo 

x(t) 
dt 
T f 

Jo 

x(t) 
dt 
J 4 f 

Jo 

, \ dt 
x ( 0 -

f 
Jo 

XsdOloë¥> f 
Jo 

(i-x(O) = XsdOloë¥>-

f 
Jo 

XsdOloë¥> f 
Jo 

(i-x(o: T 
- log s2 + log y> 4 f 

Jo 

(i - x(0) 
dt 
T ' 
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Consequent ly , 

(5.8) h3 = logtp -f f 
Jo 

( i -x(O) 
di 
T' 

has t h e s a m e exter ior der ivat ive as f(O) , i.e. 

(5.9) dh3 = (33 = a(s2 + a*a) 

(One can also easily verify directly that (5.8) implies (5.9)). 
Since h3 decreases to logip £ Ll oc(X), the Monotone Convergence Theorem 

implies that h3 converges to logtp in L^ oc(X). Hence dh3 = xs dlog Y converges 
to dlogc/? in the Federer flat topology. • 

Remark. This proof could have been shortened slightly by only considering 
unitary frames, i.e., p = q  = 1. Then | a | 2 = | a | 2 , for example. 

Remark 5.10. Functoriality of the Transgression Current. Suppose / : 
X' —•  X  is a smooth map between manifolds, and let E'  =  f*E,  Dp*  = 
/*DE, F'  =  /*F,.. ., ol  =  f*a  be the pullbacks of the line bundles, connections, 
etc. given over X.  Fix any approximate one \- Then the family of smooth 
transgression forms T' 3 for this induced family is given by T' s =  f*T 3 for s  > 0 (cf. 
1.5.25). Suppose now that a  is weakly atomic and assume that the induced section 
a' =  f*a  is also weakly atomic. Then the transgression currents T = lim T 3 and 

3—>Q 
T = lim T3 satisfy 

s-+0 

(5.11) rjnf f*T 

whenever this equation makes sense. For example suppose a  and OL  are both 
atomic, and let E = {x  e  X  : ax =  0} and E' = {x'  £ X'  : a'x, =  0} = / _ 1 ( S ) . 
In this case T and T'  are Ll oc-extensions of well defined, smooth forms in X  —  E 
and X'  —  E ; across E and E ; respectively. Equation (5.11) asserts the equality of 
two smooth forms in X'  —  E' (which possess an Ll oc extension to X 1). 
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6. The Main Results—First Version. 

T h e </>-Chern cur ren t </>(( D )) for the pul lback connect ion D =  a 1 o Dp o o¿ 

can be c o m p u t e d from T h e o r e m 5.6. 

Theorem 6.1. Pullback. Under  the hypotheses of  Theorem 5.6,  the <j)-Chern 
current, (f>((D)), of  the pull back  connection  D  = a - 1 o Dp o a exists  (in  fact, 
a*a(a*a+ s2O) Q(D)) exists in  the  Fédérer flat topology)  and  equals: 

(6.2) a*a(a*a+ s2O) Q(D) (33 = a(s2 + a*a) 
*a+ s2O) Q(D) 

Qp — ftp 
D i v ( a ) . 

Furthermore, 

a*a(a*a+ s2O)-1a*a(a*a+ s2O)-1 

or equivalently, 

(6.3) <f>(SiF) - 0 ( Í Í E ) + 2TT¿ 
<¿(ft F) - <¿(ftE) 

Res0(
<D) EE -s 

D i v ( a ) = —dT^, 

In particular, (33 = aO(s2 yields 

(6.4) ¿ Í 2 E - ¿ ^ F + D i v ( a ) a*a(a*a+ s2 

where 

(6.5) (33 = e / a 

a 
+ ¿jF - cup is a  global  current. 

Proof. To begin note that (6.4) is just the special case of (6.3) where <j)(t)  =  j^t 
and To = 2^?T. This special case, (6.4), is obtained by taking the exterior 

derivative of (6.5). Define 

(6.6) R e s 0 ( < D ) EE -2-ïïi 
Res0(

<D) EE -2-ïïisdfg 

ilF -  ttE 

T h e n (5.7) says t h a t T<t> = Ú ¡ 7 Res¿( D). Taking the exter ior der ivat ive of this 

equa t ion a n d using (6.4) yields the general case (6.3). 

Observe now that by (5.1) t h e <^>-Chern current is given by 

a*a(a*a+ s2O) Q(D) = 4>(çiE) - ¿Ti 

Since t h e fli-Chern cur ren t exists. #(Z?)) = # 0 F ) + 5 (see Definit ion 4.2) . Now 

(6.3) implies t h a t S =  —  Res0 D ) D i v ( a ) . comple t ing t h e proof of (6.2) . 
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Remark 6.7. Pushforward. The pushforward connection on F 

D =  a  o Dp o a 1 

can be analyzed in a similar manner, where 

Res0(
<D) EE -2-ïïiRes0(

<D) EE -2-ïïiRes0(
<D) EE -2-ïïi) 

provides the smoothing family (based on x  a s before). The local gauge potential 

for D  3 is given by 

Tü3 EE U F -  TXS, 

with the same r given by (6.5) above. The curvature of D 3 is given by 

Res0(<D) EE -2-ïïiRes0(<D) EE -2-ïïiRes0(<D) EE -2-ïïi 

If a  is atomic then the <̂ >-Chern current exists and is given by 

Res0(<D) EE -2-ïïiRes0(<D) EE -2-ïïi 
Res0(

<D) EE -2-ïïisdfs 

Cip — Çip 
D i v ( a ) . 

F u r t h e r m o r e 

<f>((D))-<j>(ÇlF) = dTt 

with the same transgression current TQ as above. Combining these equations 

gives a second derivation of equation (6.3). 

Remark 6.8. Atomic Sections. Suppose 5 is a global weakly atomic section 

of a complex line bundle F  with connection D F. Then the one form r, defined 

by Dps  =  rs  outside the zero set of s, extends as a Federer flat current, also 

dpnntpd bv t. 

Note t h a t 
da 

r = h u ; F , 
a 

a n d let T = Res0(
<D) EE -2-ïïi 

T h e n as in (5.7) wi th E  = C tr ivial a n d </>(t)  = Res0(
<D) 

we have 

(6.9) Res0(<D) EE -2-ïïiRes0(<D) EE -2-ïïi 

Thi s fo rmula can b e verified direct ly by differentiating T us ing t h e fact t h a t 

(6.10) Res0(<D) EE -2-ïïiRes0(<D) EE -2-ïïi 

Note that (6.10) is the case of (6.9) when n = 1. 
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Remark 6.11. Bundle Maps Versus Sections. If a bundle map a  : E —• F 
is considered to be a section of H  = Hom(i£, F), then 

Qfj = ftp — ftp 

and (6.9) becomes 

(6.12) 0(
<D) EE -2-ïïiRes0(

<D) EE -2-ïïiRes0(
<D) EE -2-ïïi 

This is not the formula (6.3) of the Main Theorem. That is, Theorem 6.1 foi 

bundle maps is not a special case of the result (6.12) for cross-sections. 

Remark 6.13. Global self intersections. Considerations purely of local anal­

ysis might tempt one to define 

[a = 0] A da  = [a = 0] A da  = 0, 

since [a  =  0] = 6 0(a)^daAda. However, this would imply that Div(a) A Div(cv) = 

0, i.e., that all global self intersections vanish. In this context note the following. 

First, the limit 
lim fts = ftp — D i v ( a ) , 
s—»-0 

does not involve the connection D E on E.  Moreover, 

lim ft2 = ft2

F- (fiE + nF} A D i v ( a ) , 

so t h a t formally 

Res0(
<D) EE -2-ïïiRes0(

<D) EE -2-ïïiRes0(
<D) EE -2-ïïi 

which need not be zero. 

Remark 6.14. Residues. Formula (5.7) expresses the transgression current as 

T^ = ^ A /3 + 7 where /3 and 7 are smooth forms. Whenever we are given such a 

decomposition, we can define the residue of TQ to be the form 27ri/5 | a _ Q . (See 

Chapter III, Section 1.) This justifies the terminology adopted in (6.6). 
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Remark 6.15. Approximate identities and safety disks. Given any ap­

proximate one x as in 1.4.1, an approximate identity [0] 3 can be constructed for 

t h e origin in t h e complex p lane . Let x a =  X (hOs) Define 0}s =  d \ 2-Ki a  A* / * 

T h e n [0], = d (hOs)(hOs) 2TT¿ a CLXi 
2nX (hOs) dada 

(hOs) (hOs) i_ dada  
2 s 2 ' 

where ip(t)  = x'(0-

Let fis : C —> C be the m a p U3(z) = z/s. T h e n [0], = n*8 <p(\a\ 2) i da A  da) 

is the standard formula for the approximate identity at the origin in C 
based on the function ¿v(M2)- Note that (hOs)(hOs)(hOs)(hOs) 
(hOs)(hOs)(hOs)(hOs)(hOs)(hOs)(hOs)(hOs)= x ( o o ) - x(0) = 1. The standard fact 

about approximate identities is that [0] 3 converges to [0]. 

For example , if x(0 = ÛÏ, t h e n [o]« - i e 2 dada 
( |a|* + e 2 ) 2 while if x(¿) = 1 — e *, 

t h e n [0] e (hOs) 
-141 _^ da Ada  

2 e 2 ' 

Since ' 27T¿ a A, converges to 1 da • r l 
2iri a i r i j L l o c ( C ) , i t ' s ex ter ior der ivat ive [0] e mus t 

converge to d f 1 da \ 
k2ttì a ) 

as cur ren t s . Th i s proves t h e following e q u a t i o n of cur ren t s 

on C : 

(6.16) m 1 da\ 
27VÎ 

A J 

= [0] 

Cons ider now t h e funct ion 

x(t) = 
1 for t  > 1 

0 for 0 < t < 1. 

T h e n the assoc ia ted cur ren t [0L is given on a tes t funct ion ip  by t h e m e a n value 

[ОШ) = è ./Г>(«")л>. Again one ob ta ins a proof of (6.16) us ing th is choice 

of x- In fact this is just the classical proof of the Cauchy Integral formula for a 
disk, based on the usual safety disk argument. However, non-smooth functions 
of this type are not acceptable as approximate ones in our theory. We 
can explain this as follows. Let x  be any (smooth) approximate one and let [0]e 

be the associated current as above. Then for each k  >  1 we have that 

(6.17) e(hOs)(hOs) (hOs) 

Using this formula, one can give a direct proof of the formula for the ^-Chern 
current <t>{D)  of the pullback connection. However, for the discontinuous choice 
of x given above we have x* = X s o that (6.17) is not valid. Thus the classical 
geometric arguments employing a "safety disk" or "tubular neighborhood" of 
a = 0 can not be used to compute general Chern currents. 
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As it stands the results of this section are incomplete. Two important ad­

ditional ingredients are needed to provide more substance. First, we will give 

geometric conditions which ensure that a section is atomic or (equivalently) that 

a bundle map is atomic. Then we will discuss conditions which ensure that the 

divisor is just integration over "submanifolds with multiplicities". 

7. Conditions Which Insure Atomicity. 

Let E  be a complex line bundle over a connected manifold X.  In this section 

we give some easily verified geometric conditions on a section s  of E,  which 

guarantee that s  is atomic. The results apply immediately to maps between line 

bundles. We shall consider three cases: where s  is holomorphic, real analytic and 

C°°. 

For the first result we assume that E  is a holomorphic line bundle over a 

complex manifold X. 

Proposition 7.1. The Holomorphic Case. A  holomorphic section s is atomic 
if (and only  if) s  is not identically zero. 

First Proof. Suppose ¿¡ is a non-trivial holomorphic section. Choose a local 

holomorphic frame e so that s  =  ae  defines a local holomorphic function a. 

Then log \a\2 is pluri-subharmonic. It is a. standard fact that log |a| and all first 

partial derivatives are locally integrable. In particular, ^ = 31og|a| 2 is locally 

integrable, so that ¿¡ is atomic. • 

It is remarkable that a similar result holds in the real analytic case. Here we 

must, of course assume that E  and A" are real analytic. 

Theorem 7.2. (Harvey-Seinuics  [HS]) Suppose  g  is  a  (complex  valued)  real 
analytic function. 
a) If  q  is not identically  zero,  then  log \q\ £ L}„. 
b) If  c o d i m R f l f - ^ O ) > 2, then ^  £ L¡oc (i.e.,  g is atomic). 

Corollary 7.3. The Real Analytic Case. A  real  analytic section  s  is  weakly 
atomic if  (and  only  if)  s  is  not identically  zero. 
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Proof of Corollary. Consider a complex-valued real analytic function g.  Lo­
cally g  can be factored into prime factors. It suffices to show that each factor is 
weakly atomic because of (1.10). Thus we may assume that g  is prime and that 
the real codimension of g_1(0) is one by 7.2.a. By 7.2.b it suffices to prove that 
g*{d0) € L}QC.  Let g  denote the holomorphic extension of g  to the complexifica-
tion of the domain of g.  Then g  is prime so that its zero set Z  is irreducible. In 
particular, if h  vanishes on Z  then h  is a multiple of g. Now let g  = u + iv with u, 
v real-valued. Since u  vanishes on </-1(0) and g-1(0) has codimension-one, the 
holomorphic extension u  of u  must vanish on Z.  Thus u  is a multiple of g,  say 
u =  Qg.  Therefore (1 — Q) u =iQu,  which implies that either u  is a multiple of v or 
v is a multiple of u.  The multiple must be a unit since g  is prime. Consequently, 
replacing g  by a unit times g  we may assume that g  is real-valued. Therefore 
g*{d8) is identically zero and hence it is certainly in L\QC  (note that Div^ = 0 by 
(1.7) and (1.9)). • 

Second Proof of Propos i t ion 7 .1 . Apply Corollary 7.3. 

Theorem 7.2 follows from the next result. This result can be considered 
the C°°  case. Under very mild and geometrically reasonable restrictions on the 
vanishing of a smooth function g,  it insures that g  is atomic. 

L e m m a 7.4. C°° Case. (Harvey-Semmes  [HS]) Suppose  g  £  C°°(U)  is  a 
complex-valued function  defined on  an open  subset  U  in  Rm and set  Z  =  {xeU  : 
g(x) =  0}. Assume  that: 

(i) g vanishes algebraically, i.e., for  each  compact  set  K  C U  there 
exist constants  c  >  0 and  N  such  that: 

\g(x)\ > cdist(x,Z)A/ for all  xeK. 

(ii) Z is of Minkowski codimension strictly greater than one in 
the sense  that  for  each  compact  set  K  C U  there  exists  an  e  >  0 
such that the  upper  Minkowski  content  of Z  D K  in  dimension 
m —  1 — e is finite. 

Then g  is  atomic.  In  fact,  ^ is locally  integrable. 
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Proof of Theorem 7.2. If g is real analytic, then g must vanish algebraically. 
This important result is due to Lojasiewicz [L]. Furthermore, an irreducible real-
analytic subvariety has Minkowski codimension equal to its codimension as a 
real-analytic variety. See, for example, Fédérer [F] for a proof. • 

8. Divisors of Atomic Sections. 

Suppose Z  is the zero set of a smooth function g  or a smooth section s. Let 

Reg Z =  {x : Z is a codimension-2 Lipschitz submanifo ld nea r x} 

denote the set of of regular points of Z, and let 

Sing Z  = Z  ~ Reg Z 

denote the set of singular points. Let {Zj}  denote the family of connected 
components of Reg Z. 

Proposition 8.1. Suppose that s is an atomic section. Then 

(8.2) Div(s ) = E (hOs) on X ~ Sing Z 

where each  rtj  is  an  integer  and  where  [Zj\  is  the  current  denned  by  choosing  a 

continuous orientation  on  Zj. 

Remark 8.3. Orientation. First note that if rij  = 0 then Zj  need not be 
orientable. We shall adopt the following conventions. The orientation of a com­
ponent Zj  with rij  ^ 0 is chosen so that rtj  > 0 is positive except in the following 
two cases. 

Each zero-dimensional submanifold, (i.e., a point p)  is canonically oriented 
by defining [p]  to be "evaluation of degree-zero forms at the point p."  Thus 

Point Divisors Div($) = (hOs)(hOs)(hOs)(hOs) wi th rtj  > 0 a n d rrij  > 0. 

If X  is a complex manifold then each complex submanifold of X  has a 
canonical orientation. Thus if each Zj  is a complex submanifold, then 
Holomorphic Divisors 

Div(s ) = (hOs)(hOs) (hOs)(hO with rij > 0 and rrij > 0. 
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Proof of 8.1. A current of the form a  +  d/3  with a, /3 6 L\ oc is said to be 
Federer flat. These currents have many exciting properties. First, note that 
if q  is atomic then ^ has been defined as a Federer flat current. Therefore the * 9 
exterior derivative is also Federer flat. Thus Div(#) is a Federer flat current. In 
a neighborhood of a regular point of Z, the codimension-two flat current Div(g) 
is supported in a codimension-two submanifold Z.  By a theorem of Federer [F] 
this implies that the current Div(g) must be of the form </>[Z]  where (f) is an L\ oc 

function on Z.  However, since Div(g) is d-closed, the function <f) must be d-closed 
on M  and hence a constant. Thus Div(g)  —  c[Z]  near a regular point of Z. 

To show that c is an integer first consider the case where the ambient mani­
fold is of dimension two. Then Div(g)  =  c\p]  where p is a point. In this case it is 
standard that c  is the multiplicity of g  considered as a map from R 2 to R 2 . The 
general case can be reduced to this case by considering real two-planes transverse 
to Z.  • 

Proposition 8.4. Suppose  that  s  is an atomic section.  Assume  that  the  singular 
set of  the  zeros  of  s  is  neglible  in  the  sense  that  the  codimension-2  Hausdorff 
measure of  Sing Z vanishes.  Assume  also  that  the  current  Yl nj[Zj] & ven by 
(8.2) on  X ~  Sing Z has  locally  finite  mass  in  X.  Then 

Div(s ) = (hOs)(hOs) on X. 

Proof. The mass of (hOs)(hOs) on a compact set K C X i s (hOs)(hO v o l ( Z 7 fi K) 

which is assumed to be finite. Thus, the current (hOs)(hOs) has a natural extension 
bv zero to all of X.  This current (hOs)(hOs) on X  is Federer flat (see [F]). Since 
Div(s) is Federer flat, the difference Div(s) - £ « ; [ Z > ] is also a Federer flat 

current. This current is of codimension two and supported in the set SingZ 
whose Hausdorff measure in codimension-2 is zero. A useful theorem of Federer 
[F; 4.1.20] says that this difference must vanish. 

If q  is a real ana ly t i c funct ion, t h e n (see [Fl for example ) 

a t mos t a finite n u m b e r of componen t s Zj of Reg Z 9 

in tersect a given compac t set K C  X, 
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a n d 
each Zj  has locally finite volume in X. 

In pa r t i cu l a r (hOsfgdf) has locally finite mass in X,  for any choice of integer 

mult ipl ici t ies n j associa ted with the or ien ted c o m p o n e n t s Zj of Reg Z g. Therefore 

t he previous P ropos i t ion applies to prove t he following. 

C o r o l l a r y 8 . 5 . If  s  is  a  real  analytic  section  which  is  not  identically  zero,  then 

(8.6) Div ( s ) = (hOs)(hOs) is a  real  analytic  chain  of  real  codimension-2. 

In applications, it is important to remember that many of the components of 
the manifold points of the zero set of g make no contribution to the zero divisor 
of g. For example, any component of real codimension-one does not occur on the 
right hand side of (8.6). Furthermore, no component which is non-orient able can 
appear on the right hand side of (8.6), even if it has codimension-2. 

9. The Main Results—Second Version. 

The main results are obtained by summarizing the previous sections. For 
simplicity attention is restricted to the polynomial ip(t) = -^t yielding the first 
Chern form. 

Theorem 9.1. C°° Case. Suppose  s is a  smooth section  of a complex  line 
bundle E and  let Dp be  a smooth connection on  E. Assume  the following: 

(i) T h e section  s  vanishes  algebraically  (i.e., to  finite  order). 

(ii) The  zero  set  Z  of  s  has  Minkowski  codimension  greater  than  one. 

(iii) The  set  Sing Z has  Hausdorff  measure  zero  in  codimension-two. 

(iv) The  current  Div(^) h a s locally  finite  mass. 

Then D iv ( s ) is  of  the  form  Div(s ) (hOs)(hOs) where the  rtj 7s are integers  and  the 

Zj's a re oriented  codimension-2  components  of  Reg Z; and  we  have  the  equation 

(9.2) ^ dr  = (hOs)(hOs)(hOs)(hOs) 

where r  is  the  locally  integrable  1-form  defined  by  Ds  = rs. 
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Theorem 9.3. Real-Analytic Case. Suppose  s  is  a real analytic  section  of 
a complex line  bundle  E  with  smooth  connection  DE  over a connected manifold 
X. If  s is  not identically  zero,  then  D Fs =  rs defines  a Federer Sat current  r  of 
degree one on X such  that 

(9.4) ^ dr  = 
2-KI 

5 > ; [ 2 ; ] - C I ( 0 E ) , 

where 2 > > [ 2 i ] == Div(*) and Zi, Z2,••• are the  irreducible  components  of  the 

zero set  which  are  orientable and of  real  codimension-two. 

The holomorphic case is a subcase of the real analytic case. However, it is 
well known and much easier to establish. Just recall (Proposition 7.1) that s is 
atomic and that Div(s) = (hOs)(hOs) is a ho lomorphic chain. 

O n a ho lomorph ic line bund le E  each he rmi t i an me t r i c <,>E  de te rmines 

a h e r m i t i a n connect ion as follows. Given a local ho lomorphic f rame e, let h  = 

(hOs)(hOs)(hOs) a n d set 

UJ — ô  log h — 
dh 
h ' 

If e'  =  ce  is another local holomorphic frame, then h!  = \c\ 2h and hence UJ'  — 
d log h! = UJ + ^f. Hence, our metric on E determines a global connection D  by 
requiring that De  = uje. The next result is sometimes called the Poincare-Lelong 
formula. 

Theorem 9.5. Holomorphic Case. Suppose  s is  a holomorphic section of a 
holomorphic line bundle E with  hermitian metric <,>E and associated  connec-
tion D. Then 

(9.6) i 
2TT d d \ o g \ s \ 2

E = ( h O s ) (hOs)(hOs)(hOs)(hOs) 

P r o o f . It suffices t o show that the global 1-form r defined by Ds  =  TS  satisfies 

r = d \g \s \ 2

E . (hOs) By ;e.9), (hOs)(hOs) On the other hand, O log \s\2 = d l o g \a\2h = 

(hOs) since s =  af, \s\2

E =  \a\2h, h =  \f\l: a n d UJ  = 5 l o g h. 
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Remark 9.7. Smooth Sections with Poles. Each of the three results: 1) 

Theorem 9.1 for C°°  sections, 2) Theorem 9.3 for real analytic sections, and 

3) Theorem 9.5 for holomorphic sections can be easily generalized to include 

"meromorphic" sections. That is, if a section s  can be expressed locally as a 
where both a  and b  satisfy the same hypothesis as in one of these three results, 

then the conclusion holds with Div(s) = Div(a) — Div(6) since the logarithmic 

derivat ive of a 
b 

equals da _ db 
a b ' 

In the real analytic case (as in the holomorphic case) a  and b  are uniquely 

determined up to a never vanishing factor by requiring that a  and b  be relatively 

prime. Consequently, the codimension-2 zero divisor (hOs)(hOs) G Z and 

the codimension-2 polar divisor (hOs)(hOs)(hOs) Z a re each globally defined. 

Theorem 9.8. Suppose  s  is  a (real-analytic)  meromorphic  section  of  a complex 
line bundle  E  with  smooth  connection  Dp.  Then  we  have the  equation 

(9.9) ^dr =ffff 
2-Ki 

(hOs)(hOs)(hOs)(hOs)(hOs)(hOs) 

where the  rtj 7s and  rrij 7s are  integers and  where  the  Zj's and Pj ?s are oriented 
components of  real codimension-2 of  the  zero  set  and  polar set  of  s respectively. 

Remark 9.10. The Argument Principle. Applications will be discussed 

elsewhere. However, we briefly mention the simplest possible case of Theorem 9.1. 

Suppose the bundle E  is trivial and D  = d  is the trivial flat connection so that 

CI(DE) =  0. Then a section is just a smooth complex-valued function / on the 

manifold X.  Suppose X  is a real oriented surface, compact with boundary dX. 
Further, assume that / has isolated zeros of finite order rtj at pj  for j = 1 , . . . , N. 
Then we have (cf. Lemma 7.4 and (6.9)) that 

r = 
d¿ 

f e ¿Un 
and equa t ion (9.2) becomes 

(9.11) d и 
l 2тгг 

f) 
N 

- E ni\Pi) on X 
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Green ' s T h e o r e m t rans fo rms t h e local formula (9.14) in to t h e global formula 

(9.12) 1 
2ni 

ax 
fE 

N 

- E sdf 

for a smooth function / with isolated zeros of finite order. (This, of course, is 
just the usual argument principle when / is a holomorphic function.) 

For a real analytic function / the Argument Principle (9.12) holds in great 
generality, as a consequence of Theorem 9.8. As long as / is not identically zero 
the local version (9.11) holds. Assume that none of the divisor points pj  lie on 
the boundary of X. If / does not vanish identically on any boundary component, 
and OX  is real analytic (this can be weakened), then one can show that ^j-  restricts 
to OX  as a current (which is Federer flat) and that the Argument Principle (9.12) 
is valid. Note that the zero set of / is even allowed to have components of real 
codimension one, but these "folds" do not contribute to the divisor. 

10. Some Applications to Complex and CR Geometry. 

The results in this chapter on line bundles have many interesting applica­
tions. A number of these are in fact concerned with bundles of higher rank. 
We present here two such examples which illustrate well the possibilities and 
techniques and which also have independent interest. 

Our first application is related to the construction of Levine forms in complex 
geometry. It shows how our theory for line bundles and divisors can be applied 
through the process of "blowing-up". Let E  —• X  and F  —• X  be a pair of smooth 
hermitian vector bundles of rank p  and q  respectively, and consider the inclusion 
of projectivized bundles P(E)  C P(E  ©  F). Note that the linear projection 
7r : E  ©  F —•  F  with kernel E  does not descend to a map of projectivized 
bundles. However it does extend over the blow up 

(33 = A(S2 + A*A)_1A* = AA*(S2 + AA(33 = A(S2 + A*A)_1A* = AA*(S2 + AA 

which was introduced in 1.9.8. Here "Xx" denotes the fibre product over X. 
This space is easily seen to be a manifold, and the map 

(33 = a(s2 + a*a)_1a* = aa*(s2 + aa 

86 



SOME APPLICATIONS  TO  COMPLEX  AND  CR  GEOMETRY 

denned by projection onto the first factor, induces a diffeomorphism over the 
subset P(E  ©  F) ~ P(E). 

Let U  denote the universal line bundle over P(E  ©  F) and L the universal 
line bundle over P(F).  We denote by U and L the pullbacks of U  and L to 
P(E ©  F). Note that at a point (A, B) G P{E © F), A  is the fibre of U and B 
is the fibre of L. Since n(A)  C B over P (E © F), the projection 7r : A —• B 
defines a map of line bundles 

TT : U — • L. 

which vanishes exact ly to first order on 3 = a(s2 + a*a)3 = a(s2 + a*a)3 = a(s2 + 
In pa r t i cu la r 7T is a tomic a n d Div •(TT) = \P(E)]. 

Suppose connections Dp,  Dp  are given on E  and F respectively. These 
connections induce connections DTJ and D L on U and L. Let u = ^f iu a nd 

(33 = aO(s2 
deno te t he first Che rn forms of D T J a n d D L - T h e n by T h e o r e m 6.1 we 

have t h a t 

(10.1) 3 = a(s2 + a*a)3 
(33 = aO(s2 

and 

(10.2) (33 = a(s2 + 
(33 = a(s2 + a*a) 

e-u 
(33 = a(s2 + a*a) en -  u " 

T e-u 

for all n. Let us consider the case where n —  q =  r ank(F ' ) . No te t h a t t h e form 

3 = a(s2 + a*a) 
£ - u 

e L1

loc 

(33 = aO(s2 

is s m o o t h or P(E © F) ~ P{E) ^  P(E  © F) ~ P(E) a n d has an L11

loc extention 
to P(E  © F) which we also deno te by t<t-u<l T Note also t h a t t h e fibre in tegral of 

(33 = a(s2 + a*a) 
t — u 

(33 = a(s2 + a*a) 

over the fibres of p Q : P(E) = P(E) x x P(F)  — P(E), given by res t r ic t ing p , 

is the same as the fibre integral of l91 a n d 

(po).(^-1) = (-l)«- 1 . 
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Thus the pushforward by the projection p 3 = oa(s33 = oa(s33 = of the current 
equa t ion (10.2) yields 

(10.3) ^ - ^ ( ^ ^ - ( - l ^ - 1 ^ ) ] 3 = oa(s 3 = oa(s IL-u 

as an equa t ion of cur ren t s or P(E® F). Of course u =a(s33 = c^Du) is s m o o t h on 

P(E ©  F) 

In the case where F and Dp are trivial we have that 

eq =  o, 

a n d w i t h ci(Du*) = - c i ( D t / ) , equa t ion (10.3) becomes 

3 = oa(s33 = oa(s3 3 = oa(sa(s 
3 = oa(sT 

« - u 

If i? and F are holomorphic bundles, and if Dp and D/? are holomorphic 
connections induced by the hermitian metrics, then for x e E , y e F , T can be 

w r i t t e n as 

T =  d log M2 

M 2 + M 2 . 
Hence in th i s ho lomorphic case (10.3) yields t he equa t ion 

3 = oa(s33 = oa(s33 = oa(s33 = oa(s3 

where 

A = i_ 
2TT 

£<* -n? 

3 = a(s 
log \y\2 

M 2
 + |y | 2 

G 4 c 3 a(s33 = a(s3 

is the generalized Levine form and q is the codimension of a(s33 = a(s33 = a(s33f 
(See [GSII] where this is discussed for the case where X  is a point.) 

Note. Downstairs on P(E®F) the closed 2-form £ is only L\oc. Pushing forward 
equation (10.2) by p shows that, for each n < q, £n is cohomologous to Ci{Djj)n. 
However, for £q this is not true as we have just seen. When taking powers > q 
of £, the singularities enter non-trivially into the calculation of the cohomology 
class of the form. 
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Our second application is concerned with questions in CR geometry. It stems 
from work of Lai [Lai], Webster [Wl,2,3] and of Wolfson [Wo] on (real) surfaces 
in complex 2-manifolds and related matters. 

To begin suppose that j  :  V <—•  F  is a real subbundle of rank n  in a complex 
bundle F  of rank n  over a manifold X.  Let J  denote the complex structure on 
the fibres of F.  Then the set of totally real points is defined as {x  £  X  : 
3 = 3 =a(s33 = a(s3 The complementary set 

S C R = {x € X : dim{Vx fi JXVX) > 0 ) , 

will be called the set of CR-singularities. We shall construct a complex line 
bundle map whose zero set is precisely ECR. 

Let z'c : Vc —•  F  denote the complexification of the inclusion of V  into F 
given by 

ic(u +  iv) — u +  Jv-

where Vb = V ® C. Note t h a t the m a p ic  has non- t r iv ia l kernel precisely along 

E C R - Equivalent ly, t he divisor of the n th exter ior power 

(10.4) A = Anic ' A c V c —> A n F 

has 

sp t (Div(A)) = E C R . 

Proposition 10.5. Let  i  : V <—*  F  be  a reai rani n  subbundle of  a complex rank 
n bundle  F  over  a  manifold X.  Suppose  that  V  and  F  are  provided with  (real 
and complex)  connections  Dy  and  Dp  respectively.  Assume  that  the  induced 
bundle map  A in (10.4) is  weakly  atomic.  Then 

cADF) - Div(A) = da 

with a E Llloc(X). 

Remark. Rather than assume that A is weakly atomic, the geometric hypotheses 
of Theorem 9.1 will suffice. 
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P r o o f . Since AgVfa = ( A n V ) 8 R C : 
t h e first Che rn class of t h e b u n d l e W e 

is exac t . Now t h e P ropos i t ion follows from T h e o r e m 6 .1 . 

This result is a localized version of a result of Webster [W3]. Moreover, 
the type of singularities allowed by the hypothesis of weak atomicity is vastly 
more general than those considered in [W3] where one assumes regular first order 
vanishing. 

Remark. The current Div(A) does not depend on a choice of orientation on V 
or even on the orient ability of V. 

Example. Surfaces. Suppose / : X —• M is an immers ion of a real or ien ted 

surface X  in to a complex surface M.  Let V = TX a n d F =  f*TM a n d consider 

t h e b u n d l e e m b e d d i n g 

df :TX  —• f*TM. 

given by t h e differential of / . In this case t h e E C R consists of t h e po in t s of 

complex tangency, i.e., 

S C R = {x e X ; fmTxX is a complex subspace} . 

T h e divisor of t he m a p A = A 2 ( d / ) c , which is s u p p o r t e d ii E C R , can be 

c o m p u t e d geometr ical ly. To simplify m a t t e r s let us m a k e the following 

Assumption 10.6. At each point of complex tangency the given orientation 
on X  agrees with the canonical complex one, i.e., all the tangency points are 
"complex" as opposed to "anticomplex". 

Suppose now that p  £  X  is an isolated point in the support of Div(A) with 
multiplicity m. In a neighborhood of p  the submanifold X  can be considered 
as the graph of a function w(z)  where (z,w)  =  (x  +  iy,u  +  iv)  are complex 
coordinates on M  with p  corresponding to (0,0). By 10.6 the given orientation 
on X  agrees with the one induced by considering X  as the graph of w(z).  In the 
frame (l,dw/dx), (i,dw/dy)  for TX, the map z'c has the matrix form 

1 
dw 
dx 

i 
dw 
dy 
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so t h a t A = A2ic has m a t r i x form —idw/dz. Therefore 

Div(A) = Div 
du 
~d~z 

For example if w = \z\2, t hen p  is a point of mul t ip l ic i ty one a n d is called an 

elliptic point, while if w(z) = x2 —  y  , t h e n p  is a po in t of mul t ip l ic i ty — 1 

and p  is called a hyperbolic point. In particular, if A is atomic with isolated 
zeros, and if ATeiiip and iVhyp denote the number of elliptic and hyperbolic points 
counted to multiplicity, then under Assumption 10.6 we have that 

fx 
Ci(DF) = Nellip - Miyp 

generalizing a resul t of Webs te r [W3]. 

R e m a r k . At an t icomplex tangencies the same calculat ion holds wi th a reversal 

of sign. Th is yields the general geometr ic formula for t he divisor. 

Remark. With the addition of a hermitian structure on F  D V  one can con­
struct many other complex line bundle maps and apply the main results of this 
chapter. This yields other Webster formulas (cf. [MW], [Wl], [W2], [W3], and 
[Wo]). 

11. Riemann Roch Theorem. 

As an application of Theorem 9.5 we give a local proof of the classical 
Riemann-Roch Theorem in the spirit of Sibner and Sibner [SS] but avoiding the 
use of Cech Theory. The special case of Theorem 9.5 required for Riemann-Roch 
is described as follows. 

Consider a R i e m a n n surface A' and the diagonal A C X x X. Let L  = LA 

denote the holomorphic line bundle associated with the divisor A in the product 
space X x X. Let a  denote a holomorphic section of L  on X  x X with divisor A. 
(Recall that a  is unique up to multiplication by a never vanishing holomorphic 
function on X x X). Choose a hermitian metric || \\L  on L.  The Poincare-Lelong 
formula says that 

(n.i) ÔT =  [ A ] - C l ( | | |U) Xx Xx Xx Xx X, 
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where c i ( | | | | L ) is t he 1 s t Che rn form of t he he rmi t i an connect ion on L  a n d 

(11.2) T = 
1 

2n~i 31og|M|£. 

The derivative of the map a :  A —> L  can be used to establish that the normal 
bundle to A is isomorphic to L  | and hence under the natural embedding i  of 
X as the diagonal A in X x X, 

Tx is i somorphic to L | . 

In particular, the hermitian metric || ||L on L can be considered as an extension 
of a given metric on the Riemann surface X,  and 

i'cxfll |U) = C l ( | | \\ T x) 

only depends on the metric on X. Let Kx = T*x denote the canonical bundle on 
X. 

We mus t show how (11.1) implies 

Theorem 11.3. Riemann-Roch. Suppose  V is  a holomorphic vector  bundle 
of rank n on  a compact Riemann surface X. Then  the analytic index 

31og|M|£.31og|M|£.31og|M|£.31og|M|£.31og|M|£. 

is equal  to  the  following  combination  of  Chern  numbers 

ci(V)-
n 
2 

ci(Kx)-

P r o o f . Suppose P a n d Q a re ope ra to r s on T(A*'* ® V) of b idegree — 1 , 0 a n d 

0, 0 respect ively which satisfy 

cVoP + PocV = I-Q. 

Assume Q is t r ace class a n d can be wr i t t en 31og|M|£. where Qv'q m a p s section: 

of A p,q ®  V  in to sect ions of A p,q ®  V.  T h e n t he a l t e rna t i ng s u m formula (cf. 

P ropos i t i on 2.4 in [AB]) says t h a t t he ana ly t ic index is given by 

(11.4) y ( O v ) = Ef-li»lrQ°>«. 
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Here TvQ  is defined, for ope ra to r s Q  having a s m o o t h kernel A(x,y), t o b e t h e 

in tegral of A(x,y)  over t h e diagonal . 

Now t h e idea of t he proof can be expla ined qui te s imply as follows. Use 

aT = [ A ] - C l ( | | Ik)]-Cl(|| to construct P and Q satisfying 31og|M|£.31og|M|£.31og 
wi th Q  "sufficiently topological" so t h a t we can deduce 

(11.5) 31og|M|£.31og| 31og|M|£. 
n 
2 

ci(Kx) 

by in tegra t ion over t h e diagonal . 

Remark 11.6. Kernels. Given an operator Q  from sections of A p ®  V  to 
sections of A p ®  V there are two different ways of using a kernel on the product 
space X  X X  to induce the operator. Both ways are crucial to this proof. First 
we describe the kernel A(y,x)  used to compute TrQ  in the alternating sum 
formula (11.4). Let Y  denote the first copy of X  in the product X  X X. Let 
7ry : Y x X —>  Y  denote projection onto the first factor and let nx:  YxX  X 
denote projection onto the second factor. Let W  =  A p ®  V. The kernel A(y,  x) 
is a distributional section of the bundle 7TyAm ®  Hom(7Ty W, 7r̂ VK), where m = 
d i m R X . Then 

Q(s) = j 
Y 

31og|M|£.31og 

and 
31og|M|£. / 

A 

t race A(x,  x ) , 

where trace A  is with respect to Hom( W, W). 
The second way of using a kernel B(y,x)  to induce the operator Q  is moti­

vated by the desire to have the operator equation 

(11.7) 31og|M|£.31og|M|£.31og| 

cor respond to the kernel equa t ion 

(11.8) dT = [A] - B  on X  x X, 

(The equation (11.8) has certain significant advantages over (11.7) — even though 
they are equivalent.) The kernel B(y,x)  is a distributional section of the bundle 
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A*(Y x X) ® H o m ( 7 r f y , 7 r ^ y ) . By definition, B  de te rmines an o p e r a t o r on a 

sect ion s of W = AP ®V by formal integration over the fibre of the map nx 

Q(s) = I 
yev 

B{y,x)As(y). 

This is rigorously defined to be the current pushforward of B(y, x) A s(y) under 
the projection 7rx- For example, if B  = kh  with k  a distributional section of 
A * ( F x I ) and h a smooth section of Homi >yV,*xV) then 

Q(ip®v){x) = I k(y,x)Ay(y) (hv)(x), 

where the section s has been chosen of the form s = ip  ® v with <p a section of A* 
and v  a section of V.  By convention all differentials in the x  variables must be 
moved to the far right before the y  integration is preformed. See Harvey-Polking 
[HP] for a complete development of this kernel calculus. Since W = AP ® V the 
bundle ® TT^A^ ® Hom(7r^F, TT*XV* Hom(7TXV is bundle isomorphic to the bundle 

T T ^ A M ® (n^APy ® T T ^ A ^ ® H o m ( 7 r ^ F , TT* XV) 

which in turn is isomorphic to 

* Hom(7T^y, TT^F) Hom(7T^y H o m ( 7 T ^ y , T T ^ F ) . 

However, the kernels A(y,x) and B(y, x) are not the same under this canonical 
isomorphism, but are related by 

(11.9) B{y,x) = (-l)M(y,ar). 

In particular, the alternating sum formula becomes 

(11.10) x(Ov) = I 
A 

t r ace B. 

The proof of (11.9) is omitted. 
Note the following two facts: (A) The kernel corresponding to the identity 

operator on forms is [A], integration over the diagonal. (B) If B is a kernel on 
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X xX, o f bidegree (A:, A; —1) where k  = dimC -X", and Q  is the associated operator , 

then the kernel dB  corresponds to the opera tor d  o Q + Q o d. 

Given a kernel B(y,x)  which for each fixed p  maps sections o f Aw®V into 

itself let B p(y, x)  denote the part of the kernel inducing this act ion on 
g 

A M ® V . 

Also , let Iy  denote the identity section of the bundle Hom(7 iyV, TT^V)  over the 

diagonal A . 

This second version, (11 .10) , of the alternating sum formula combines wi th 

(11.13) of the next l emma to comple te the p roo f of Riemann Roch for X  a 

R iemann surface. 

Lemma 11.11. There  exists  a  fundamental  kernel  Ty  satisfying  the  current 

equation 

(11 .12) dTy = [A]®Iv-Kv on  XxX, 

where Ky  is  a  smooth  kernel  of  bidegree  1, 1 which is  Horn by V, 7 r ^ F ) -va lued . 

Moreover, Ky  = Ky° + Ky1 satisfies 

(11.13) z*(trace J ^ ) = C l ( | | \\y)  -
n 

2 
c i ( ! l \\K X), 

where Ci denotes  the  first  Chern  form. 

Proof. T h e section Iy  of H o m ( 7 T y V, n*xV) over the diagonal A c l x l can 

be ex tended to a section / over X  x  X  using the metr ic on the bundle V  over X, 

as follows. Let 

U = {(y,x) E  X  x X : dist(y,ar) < p) 

where p  is the convexi ty radius of the metric. For each (y,x)  £  U  let *y yiX denote 

the unique arc-length geodesic on X  f rom y  to and let r ( y , x)  : V Y —>  V X for 

(y,x) €  U  denote parallel translation along y yiX- W e then let I(y,x)  denote any 

smooth sect ion of Hom(7Ty V, TT^V) over X  X  X  which agrees wi th r(y,x)  on a 

ne ighborhood of the diagonal. 

W e define 

Ty = T®I 
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with T  given by (11.1). The formula (11.2) implies that 

d Tv  = [A] ®IV- Kv  o n X  x X 

where 

Kv =  T®  d  I  +  cx(L)®  I 

since [ A ] ® I =  [A] ® ly is independent of the extension / . 

It remains to show two things. The first is that ( c i ( | | | |L) ® I)°,  the part of 

ci(L) ® / act ing on A0'* ® V , satisfies 

z*( t race(Cl( | | | | L ) ® / ) ° ) = -
n 

2 cidl Ik* ) -

T h e second is that T  ®  dl extends smooth ly across A with 

(11 .14) r(trace(T® a/)0) = c i ( | | \\v). 

Now we observe that 

*• ( t r a ceC l ( | | = " ** (c i ( | | | |L)) = - n c^W  \\KX), 

r ( t r aCe(Cl ( | | = n » " ( C l ( | | | | L ) ° ) 

t*(trace(Cl(| | I k ) ® / ) 1 ) = n** (C l ( | | HL)1) 

where the i somorphism Tx  —  L |A is used in the first equat ion. Thus it suffices 

to prove that 

(ii-i5) i ' M H | U ) ° ) = i - ( C l ( | | IU)1) 

in order to conc lude that z*( t race(c i ( | | | |L) ® I)0  = _ f c i ( | | \\KX)  as desired. W e 

may choose the metr ic on L  invariant under the switch s.  Then s*c i ( | | | |L) = 
c i ( | | | |L ) - Then one can show that c i ( | | \\LY  = s * ( c i ( | | | |L ) ° ) (say using local 

ho lomorph ic coordina tes) which implies (11.15). 
Let £ly  denote the curvature of the bundle V , i.e., c i ( | | \\y)  =  j^TrQy. 

T h e second equat ion (11.14) follows from 

(n.16) i * ( ( T ® a / ) ° ) -
i 

2TT 

cv. 
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Pick a local holomorphic coordinate x  for X.  Then 

T = 
1 

2iri 

d(y - x) 

y -  x 

i 

2TT 

dp 

p 

with p  never zero. 

W e will show that dl  vanishes on A and hence need only consider the te rm 

1 

2ni 

d(y - x) 

y -  x 
®dì in T®dJ. 

First, note that 

(11.17) 
1 

27T2 

d(y - x) 

y -  x 
®dl 

o 

= 
1 

2wi 

dy 

y -  x 
®dl. 

Choose a local holomorphic frame vi,..., vn  for V.  Then (11 .17) applies to v  can 

be rewritten as 
1 

2ni 
d 

dy 

y -  x 
o I(y,x)v(y) - v(x) 

Therefore, the desired equat ion (11.16) follows from the next result. 

Lemma 1 1 . 1 8 . 
dy 

V - x 
I (y,x)v(y) - v(x) 

extends smoothly  across  A nnd  pulls  back  by  the  inclusion  i:X—*AcXxX 

to 

Dv = LÜV. 

Proof. Fix any point x G X and a real tangent vector £ G TXX. Let j(t)  denote 

the arc-length geodesic on A' with 7 ( 0 ) = x and 7 , ( 0 ) = £• Our first assertion is 

that 

(11 .19) D^v = l im 
vlylt)) -  I(xMt)M*) 

t 
= lim 

t-+o 

I (y(t),x) v (y(t) - c(x) 

t 

T o see this set 

w{t) = I(x,7(t))v(x) 
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and write v(y(t))  =  A(t)w(t)  where A(t)  E G L n ( C ) for each t.  Then 

Dev = Dv 

dt t=0 
= 

dA 

dt 
w +  A 

Dw 

dt t=o 
= 

dA 

dt 
(O)v(x) 

since by the definition o f w,  ^jf-  = 0. However, 

lim 
1 

(v(y(t)) -  w(t))  =  l im 
1 

t 
[A(t) -  I)w(t)  = 

dA 

dt 
(0)v(x). 

This proves the first equation in (11 .19) . For the second we apply 

I(x,y(t))I(g(t),x) = Idu7(j) to the first and regroup before taking the limit. 

W e n o w consider the 14-valued function f(y)  =  I(y,x)v(y)  —  v(x) defined 

for y  in a ne ighborhood of x.  Equat ion (11 .19) immediate ly implies that 

(11 .20) Dv  =  dy I(y,x)v(y) -  v(x) 
\y=x 

where dy  denotes the exterior derivative with respect to the ^/-variables. 

Since D  is a canonical hermitian connect ion , the complex linear extension of 

Dv to TXX®C  =  T ^ ^ T 0 ' 1 is purely of type ( 1 , 0 ) , i.e., (11 .20) can b e rewritten 

as 

(11 .21) Dv  = dy I(y,x)v(y) -  v(x) 
y = X 

W e now consider a coordina te ne ighborhood U  C X  and let  x  =  xi  +  ix2  and 

y =  yi  + iy2 denote the local ho lomorph ic coordina te on U.  Then (11 .21) can be 

writ ten as 

Dv = a 
dy 

I(y,x)v(y) -  v(x) 
y=x 

dy. 

T h e result now follows from Taylor 's Theorem applied to the funct ion f(y)  at 

the point y  =  x.  • 
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In this chapter we develop our theory in the case where E  and F  are complex 

vector bundles and rank(JS) = 1. When E  —  C is trivial, bundle maps C —• F 

correspond to cross-sections of F.  W e begin with this case. In Sect ion 1 we 

present the concept, in t roduced in [HS], of an a tomic cross-section of a vector 

bundle . If the bundle is oriented, then each a tomic section fi  has an associated 

divisor D i v ( ^ ) , which is a ^/-closed integrally flat current on the base manifold. 

If ¡1 vanishes non-degenerately, D i v ( ^ ) is the current associated to the manifold 

of zeros of (JL. T h e majori ty of Section 1 is devoted to proving a basic technical 

result concerning residues of forms, which plays an important role throughout 

the rest of the paper. 

In Sect ion 2 we fix a complex bundle with connect ion F  —> X and examine 

the singular pushforward connect ion under an a tomic section fi.  It is shown that 

if ¡1 is atomic, then for every Ad-invariant po lynomia l <j>  on p l n ( C ) , the Chern 

current D )) exists and has the form 

<j>({D)) =  0 (" f io) + R e s 0 ( D ) D i v ( / x ) , 

where ft 0) 1S  L\oc across the singular set of ¡1 and satisfies 

d ^ ( f t o ) = 0 on X, 

and where R e s ^ ( D ) is a smooth d-closed form on X , called the residue form, 

which is independent of ¡1. 

In Sect ion 3 we show that the characteristic current <̂ (( D)) is  independent  of 

the choice  of  approximat ion mode.  W e also show that the  residue  form  Res^( D) 
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is in  fact  a  Chern-Weil  characteristic  form,  i.e.,  it  is  written  as  a  universally 

determined polynomial  in  the  curvature  of  the  given  connection  on  F.  Detai led 

computations o f this residue form are carried out in Sect ion 7. T h e results of 

Sect ion 3 are proved by careful computation of the transgression forms for the 

family (f>{D s) and their limit as s  —• 0. 

In Sect ion 4 we examine the case of the t op Chern class. This leads to a C ° ° 

generalization of the Poincaré-Lelong formula. More specifically, for each atomic 

section fj,  there is a family of transgression forms r3  £  L^oc(X)  such that 

cn(Ds) -  D i v ( / i ) = drs 

and 

l i m r 5 = 0 in L\oc{X). 
3—»-0 

Thus the Chern form cn(Dp)  and the divisor of \i  are cohomologous. Note also 

that as s  —> 0, cn(Ds)  —• D i v ( ^ ) as flat currents on X. 

Here our theory also produces , for each approximat ion mode, a family TS, 

s >  0 o f canonical  representatives  of  the  Thorn  class  of  F.  In fact we produce 

explicit universal classes in the equivariant cohomology of C N such that ts = 

w(^s) where w  is the equivariant Chern-Weil homomorphism. T h e family XS has 

the nice propert ies: 

l im ts =  [X]  ( T h e zero-section of F) 
s—»-0 

and 

RS x  —  cn{Dp)  ( T h e Chern Euler form) for all s. 

In compact approximat ion mode the support of the Thorn forms is compact 

in each fibre. In algebraic approximat ion mode, the Thorn form extends to P ( C © 

F) and determines the Thorn class as an element in H2n(P(C  ® jP ) ,P (F ) ) . 

In Sect ion 5 we prove a C°°  version o f the Grothendieck-Riemann-Roch The ­

orem at the level of differential forms. As above , the cons t ruc t ion is completely 

canonical in each approximat ion mode. Furthermore, the result holds for a large 

class o f subcomplexes of AT, not just for smooth submanifolds. 

Sect ion 8 extends our results to general atomic maps a  :  E  —•  F  where 

rank(i?) = 1. Interestingly, these results cannot b e ob ta ined f rom the sect ion 
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case by twisting with E*.  T h e formulas at the level of forms and currents are 

different. 

In an appendix we discuss generalized Bochner-Martinell i kernels f rom the 

point o f v iew o f Chern-Weil theory (cf. Berndtsson [Be]) and use them to prove 

some basic results for a tomic bundle maps . 

1. Atomic Sect ions and Divisors . 

Suppose V  is a smooth real vector bundle of rank m  over X.  A smooth 

section v  of V  is local ly of the form v  —  ue  with e* = ( e i , . . . , em) a local frame 

for V  and u  =  ( u i , . . . , um)  a smooth Rm-valued function. 

Definit ion 1 .1 . (ra > 1) A smooth section v  is said to b e atomic if for each 

local frame e the vector valued function u  satisfies: 

u* ^j^jF^ nas a n iJoc extension across the zero set o f u, to all o f -X", 

for all p  = | J | < m — 1. 

This extension is unique because the zero set of u  has Lebesgue measure zero 

([HS; 1.2]). 

N o w let 

(1 .2 ) 0{y) = 
m 

j=1 
( - 1 ) j-1 ijjdyx A  - — A dyj  A • • • A dym 

\y\m 

denote the solid angle kernel on Rm, and let jm  denote the volume of the unit 

sphere in Rm. 

In order to correct ly formulate the not ion o f the divisor o f a section o f V , 

the bundle V  must be oriented and only frames compatible with the orientation 

are allowed. 

Definit ion 1 .3 . Suppose v  is an a tomic section of V , so that, for each Rm-

valued function u  determined by v  —  ue  f rom a local frame e compatible with 

the orientation, 

" * ( % ) ) e Lìoc(X). 
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T h e divisor of 1 / , denoted by Div( i / ) , is defined by the current equat ion 

(1 .4 ) Div( iz) = < * ( 7 - V ( 0 ) ) o n X , 

i.e., the exterior derivative of the potential 7m1u*(0) G Lloc(X). 

This no t ion o f divisor is independent of the choice of local frame compat ib le 

wi th the orientat ion o n V  (Theorem 2.11 [HS]). 

T h e remainder of this section is devoted to the p roo f of a result (Theo­

rem 1.10) that is of crucial impor tance for our understanding of Chern currents. 

A smooth form on V  ~  X  which is invariant under mult ipl icat ion by posi t ive 

scalars in the fibers of V  will b e called homogeneous (of degree zero) . In local 

coordinates y  G Rm — Vx in the fiber, a homogeneous fo rm is the sum of terms 

of the fo rm <p x y 
y 

dy1 
\y\p with p  — \I\ and tp  a smooth family of forms on U 

parametr ized by y 
\y\ 

G S"1"1  on U x S ™ - 1 , Uopen C  X. 

Lemma 1 .5 . Suppose T  is  a  homogeneous  form  on  V  ~  X  which  is  of  degree 

< m  — 1 in the  fiber  differentials.  Suppose  that  v  is  an  atomic  section  of  V . Let 

Z = {x  G X : u(x) = 0 } . Then: 

a) T  extends  (uniquely)  as  an  L\oc(V)  form  across  X  C V. 

b ) z/*(T) extends  (uniquely)  as  an  Lloc(X)  form  across  the  zero  set 

z c x. 

Proof, a) No te that \y\~P G Lioc(Rm)  if p  <  m  -  1. 

b ) This fol lows directly f rom the definition of an a tomic sect ion and the fact 

that Z  has Lebesgue measure zero. • 

Remark 1 .6 . Because of this Lemma, we shall use the notat ions T  G ^ i o C ( ^ ) 

for the unique extension of T G C°°(V  ~  X),  and i /* (T) G L\oc{X)  for the unique 

extension of i / * (T) G C°°(X  - Z). 

T h e ob jec t ive of the remainder of this section is to compute the exterior 

derivative of the currents T G L\oc{V)  and */*(T) G £ioc(-X"). 

Since T  G C°°(V  - X)  is homogeneous , the form L  G C°°(V  - X)  denned 

by L  =  dT  on V  ~  X  is also homogeneous . Moreover , if T  has degree < k  in 

the fiber differentials then L  =  dT  has degree < k  +  1 in the fiber differentials. 
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Under the hypothesis that bo th T  and L  =  dT  are of degree < m — 1 in the fiber 

differentials, both T and L  have unique L\oc{V)  extensions across I C V , so that 

(letting T and L  denote these unique extensions): 

(1 .7) dT = L +  S  on V, 

where 5 is a current with support in X  C V.  T h e current L  G L\oc{V)  will b e 

called the Lj-oc part of d T and S  will b e called the s ingular part of d T . 

First we consider the easy case of codegree at least two, where there is no 

singular part. 

Lemma 1.8 . Suppose  T  is  a homogeneous form on  V  ^  X  of  degree  <  m  —  2 

in the  fiber  differentials. 

a) The  Llc  extensions,  T  G tfoc(V) ofT  G C°°(V  ~  X)  and  L  £  L\oc(V)  of 

L =  dT  G C°°(V  ~  X)  satisfy  the  current  equation 

dT = L  on V. 

b) If  v  is  an  atomic  section  then  the  L\oc  extensions  v*(T)  G Lloc(X)  of 

i /* (T) G C°°(X  -  Z)  and  u*(L)  G L}oc(X)  of  v*{dT)  G C°°{X  - Z)  satisfy  the 

current equation 

dv*(T) = v*(L) on  X. 

Proof. For the purpose of clarity in this p roo f let T  G L\oc(V)  denote the ex­

tension of T G C°°(V  ~  X)  etc. Choose an approximate one x ( 0 which vanishes 

identically in a ne ighborhood of 0 E R . Then T  =  l im \ converges m 

L\oc(V) by the Lebesgue domina ted convergence theorem. Therefore, 

dT = lim 
£—0 

X 
y 
e dT +  x' 

y 
e 

Ivi 
€ 

fy 
\y\ 

T . 

Note that dT  and 
d\y\ 
\y\ 

T are homogeneous of degree < m — 1 while x M 
e and 

X' 
\y\ 
e 

y 
e 

are bounded independent o f y  and e.  Therefore lim x y 
e dT =  dT 

converges in L[oc(y)  and lim \ \y\ 
€ 

M d\y 

e |y| 
T = 0 converges in Lloc(V).  Tha t is 

dT =  dT,  or in different nota t ion dT  =  L  on V. 

T h e p roof o f part b ) is similar and omit ted . • 
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N o w we turn to the more difficult case where T has t o p degree m  — 1 in the 

fiber differentials. Pick a metr ic on V  and let S  denote the unit sphere bundle in 

V, wi th pro jec t ion n  :  S —•  X. 

Definit ion 1 .9 . T h e residue of T along X  C V  is defined by 

R e s ( T ) = T T * ( T ) , 

or in terms of fiber integration 

R e s ( T ) = 

7 T - 1 

T. 

Note that R e s ( T ) is a smooth form on X.  W e shall prove that Res(T) does 

not depend on the metr ic chosen for V. 

T h e next result extends Lemma 1.8 by allowing the higher degree m  —  1, 

however the special case Lemma 1.8 will be used repeatedly in the proof. 

Theorem 1 .10 . Suppose  T  is  a homogeneous  form  onV  ~  X  of  degree  <  m  — 1 

in the  fiber  differentials.  In  addition,  assume  the  homogeneous  form  L  = dT  on 

V ~  X  is  also  of  degree  <  m  —  1 in  the  fiber  differentials.  Then 

a) dT  =  L  +  Res(T)[X]  on  V. 

If v  is  an  atomic  section  of  V  then 

b ) d(v*(T))  =  z/*(L) + R e s ( T ) D i v ( z / ) on  X. 

In particular, note that Part a) implies that the residue of T independent of 

the metr ic chosen for V. 

Proof . It suffices to prove a) and b ) local ly in the base X.  Thus we may assume 

that V  =  X  x  R m = R m is trivial. Recal l the standard fact that 

(1 .11) d l 
7 m 

o(y) = [X]  on X x R m , 
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and the definition that 

(1 .12) d 
i 

7 m 
u*(0) EE D i v ( u ) 

is the divisor o f the atomic section u  of the trivial bundle Rm. Suppose we can 

prove that 

(1 .13) T - Res(T) i 
7 m 

0 = d a + /3 on F - I 

with a and /3  homogeneous, and both a  and /3 of degree < m  — 2 in the fiber 

differentials dyi,...,  dym.  Then Lemma 1.8 is applicable and equat ion (1 .13) 

extends across X  to the equat ion of L\QC{V)  currents on V , 

(1 .14) T - R e s ( T ) i 
7 m 

9 =  da +  ß  on F, 

and, by part b ) of Lemma 1.13, this equat ion pulls back to an equat ion o f L^oc(X) 

currents on X 

(1 .15) u * ( T ) - Res(T) i 
T m 

u*(0) = d U * ( O j ) + u*(/3) 

Finally, taking the exterior derivative of (1 .14) yields 

(1 .16) fd fd df-Res(T)[X]€L¡oc(V). 

Here we use (1 .11) to compute the exterior derivative of Res(T)y-u*(0) modulo 

Lloc(V) and use Lemma 1.8 to compute that df3  = d/3  G Lloc(V). 

Note that part a) of Theorem 1.10 is an immedia te consequence o f (1.16). 

Thus it remains to prove (1.13). T h e homogeneous form 

4> = T-Res(T)^-9 
JM 

satisfies the same two condi t ions as T , namely that both <f> and d (f> are o f degree 

< m  —  1 in the differentials dyi,...,  dym.  In addit ion, <f> satisfies the condi t ion 

(1 .17) Res(0) = 

y-1 (x) 

0 = 0. 

These three condi t ions on 0 will be used in the proof of (1.13). 
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The form (j>  can b e expressed as 

(1 .18) cj> = d\v\2 

y2 
A 77 + lb 

where 77 = y • ^ L </> and ^ = V ' ~§Z^— 
d\y\2 
\y\l vo . W e shall prove (1 .13) by 

verifying that both ip  and d 1/ r 
y2 

A 77 can be expressed as d a + (3  wi th oj, /? of degree 

< m  — 2. Since 77 and ^ are both homogeneous and killed by contract ion with 

the euler vector field y  • they both are pull backs of smooth forms 77 and ip  on 

the sphere bundle X  X  5m_1 under the pro jec t ion y  \— • o f Rm — { 0 } onto the 

unit sphere STn~1. 

First, we show that t/j is of the form da  + /3 with degree a  and /3 < m — 2. For 

# £ AT fixed, both <j>  and ^ have the same integral over the unit sphere since d\y\2 

restricts to zero. Thus fSm-i  = 0. Consequently, we can solve the equat ion 

dSm-ia =  0 on X  x 5m_1 

with a (smooth) solution a.  Here dgm-i denotes the 5m_1 partial exterior de­

rivative. 

This implies that 

$ =  da  +  P on  X  x  5m_1 

where (3  is smooth and of degree < m  —  2 in the differentials on Sm  1. Pull ing 

this equat ion back to X  x  (Rm — { 0 } ) yields 

ip =  da  +  f3  on X x ( R m ~ { 0 } ) 

where a and /3  are homogeneous and of degree < m  —  2 in ¿ / 7 / 1 , . . . , dym. 

N o w consider 77 = y  • |_ </>. Note 77 is homogeneous and y  • |_ 77 = 0 so 

that 77 is the pul lback of a form 77 on the sphere bundle S.  The form 77 has degree 

< m  — 2 in the fiber differentials d y i , . . . , dym. The equat ion 

0 = C y.d/dy(<f>) = d ( y ^ L ^ ) + y ^ L ^ 

implies that 

drj =  —y  • \__  d(j) is of degree < m — 2 in c h / i , . . . , dym. 

106 



ATOMIC SECTIONS  AND  DIVISORS 

Let H  denote the harmonic pro jec t ion operator on Sm  and let K  denote the 

opera tor that satisfies 

doK +  Kod  = I - H 

operat ing on differential forms on the sphere Sm  1, based on the L2  decomposi­

tion of a form. Then 

(1 .19) fj  =  d(K(fj))  +  K(dfj)  +  H(ij). 

Note that K(fj)  and K(dfj)  are smooth differential forms of degree < ra — 3. Let 

7 denote the pullback of K(f])  to V  ~  X  and let 8  denote the pullback o f K(dfj) 

to V  ~  X.  Since fj  has degree < m  — 2 the only possible harmonic is a constant. 

Thus (1 .19) pulls back to 

(1 .20) 7] = c f y + ó + c on y - I , 

with 7 and 8  o f degree < ra — 3 in dyi,...,  dym.  Therefore 

(1 .21) 
s|y| 
\y\2 

A 77 = d d\v\2 

\y\l 
A 7 + c l o g | ? / | + 

d\v\2 
\y\2 

AS. 

Both of the homogeneous forms 
d\v\2 

y2 
A 7 and d\yV 

y2 
A 8 are of degree < m — 2 in 

dyi,..., ym.  This completes the proof of a modified form of (1 .13 ) , namely 

( 1 . 1 3 ) ' <j) = da  +  ß  +  c d\v\2 
\y\2 • 

T h e extra term c i\y\2 

y2 
is of degree < m — 2 in dyi ,..., dym and can b e 

absorbed into /3 unless m = 2. In this special case the extra te rm c d l o g \y\2  car 

be absorbed into a  since log |y|2 £ LlQC(V).  This completes the proof of part a), 

T h e proof of part b ) is similar and omit ted . The fact that u*( log |y |2) £ Lioc(X) 

must be used. This fact is a consequence of the fact that it 's exterior derivative 

v* 
d\y\2 
\y\2 

E Lloc (X). fd 

Corollary 1 .22 . The  current  L  £  L\oc(V),  extending  dT  £ C°°(V  ~ X),  is 

d-closed on  V  if  and  only  ifKes(dT)  =  dRes(T) = 0 on  X,  in  which  case  v*(L)  £ 

L\oc{X) is  also  d-closed. 

107 



SECTIONS OF  VECTOR  BUNDLES 

Proof . Note that L  £  C°°(V  ~  X)  is homogeneous and of degree < m — 1 in 

the fiber differentials; and that dL  G C°°(V  ~  X)  is equal to zero. Therefore, 

Theorem 1.10 can b e applied with T  replaced by L  to obta in 

(1 .23) dL  =  Res(L)[X]  on V. 

Since d  commutes wi th pushforward, Res(cfT) = ir^(dT)  =  dit*{T)  =  dRes(T). 

That is 

(1 .24) Res(L) = Res(dT) = dRes(T). 

Finally, if one of the equivalent condi t ions , say Res(L) = 0, is valid and v  is 

atomic then b y Theorem 1.10 

(1 .25) d{y*{L))  = Res(L)Div(i/) = 0 on X.  • 

The example where V  = Rm = X  x Rm and T = 7 " 1 7 r * ( a ) A 6>(y), where a 

is an arbitrary form on the base, is instructive. Here both of the homogeneous 

forms T and dT  =  7 ~ 1 7 r * ( d a ) A 6{y) are of degree m — 1 in the fiber differentials, 

while Res(T) = a  and Res(dT) = da. 

This corol lary will b e used later to show that in some important cases Res(T) 

is d-closed even though dT  is not identically zero. 

Remark 1.26. Note that the condi t ion Res(dT) = 0 is independent of the 

section but implies that the L\Q(\X}  part of dv*(T)  is d-closed for all atomic 

sections v. 

2 . The Singular Pushforward Connection D on F . 

Suppose fi  is a smooth section of a complex vector bundle F  o f rank n.  Note 

that ¡1 can b e equivalently descr ibed as a bundle m a p C F  where a\  =  \x. 

Assume that F  has a connec t ion Dp  and a metr ic ( , )f ; and consider the trivial 

connection d  on C . T h e push forward singular connec t ion (see (1 .2 .11) ) , 

~D ee aodof3  +  DFo(l-af3), 
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is a smooth connec t ion on F  outside the zero set o f fi.  Here /3 = j ^ p where 

\a\2 = a*a and oi*(v)  =  fe fi).  Note that D  may also b e expressed on a sect ion 

v by the formula 

~Dv EE DpV  - few 

h2 
DF\x. 

Note in particular that fi  is D  -parallel. 

Let y(t)  denote a given approximate one. Throughou t this chapter we shall 

use the notat ion Xs = X 
\u\2 

S 2 = X 
\u\2 
s2 and x 's = X' \n.\2 s2 = x' u2 

s* 
. Recal l 

f rom (1.4.9) and (1.4.6) the family (0 < s  <  + o o ) of smooth connect ions 

~D3 = a o d o f t + D F o ( l - a f t ) 

where f33  = Xsfl- O n a section v, D  s can be reexpressed by, 

£>5z/ = DFv - Xs c,few 

H2 
Dfµ. 

W e shall adopt the following notat ion. Given a local frame / for F,  let 

^ =  uf  define u  = ( u 1 ? . . . , un),  and let u* = Set |u|2 = uu*.  (Th i s is more 

convenient) . Also let 

Du =  du +  uuop  and Du* =  du*  —  uopu*. 

T h e local gauge for D  is given by 

(2 .1 ) U EE UJF -
u* 
|u|2 

(llUJp + du) = U p — 
u*Du 

|u|2 7 

because of (1.5.2) and (1.5.15). T h e local gauge for D  3  is given by 

(2 .2 ) To s EE LOp — Xs 
u* 
\u\2 

(uuF + du)  =  LU p - Xs 
u*Du 

\u\2 ' 

because of (1.5.3) and (1.5.15). 

T h e case we are considering, of a section \i  — a l , is a special case o f the 

fundamental injective conformai case of Sect ion 1.6. Therefore, the following 

formula for the curvature 0 3 of the connect ion D 3 is a special case o f a formula 

in Remark 1.6.7. Alternatively the formula for Q,3  can be computed directly using 

the formula (2 .2 ) for the gauge uj3. 
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Lemma 2 . 3 . The curvature  f i 3 of  D 3 is given  by: 

(2 .4 ) Ha = ( l - X 5 ) f t F + X s J ? 0 - x ; 
\u\2 

Z2 

d\ur u*Du 

\u\2 \u\2 
+ xs (1 - xs) 

u* Duu* Du 

|u|4 

where 

(2 .5 ) u Zo = 1 -
u*u 

\u\2 
nF -

Du*Du 

\u\2 . 

Moreover, l im £l3  —  Qq, outside  the  singular  (zero)  set  of  ¡1, in  the  C°°  topology. 

Suppose that (f> is an invariant po lynomia l . Let </>(D3)  =  $(£ls)  denote the 

<^-Chern form of the connection D3.  Recal l the standard transgression formula 

for the family of smooth connect ions D  3  (0 < s  < + o o ) , 

(2 .6 ) <j>(DF) -  <j>(D3)  = dTs, 

where 

(2 .7 ) T3 = 
l»00 

3 
</>(ù3 ; Çt3)ds  =  -

oo 

s 
o 

u*Du 

\u\2 
5 S 

d 

OS 
Xsds. 

T h e next result provides the key to the main Theorem 2.30 of this Section. 

Proposition 2 . 8 . Suppose fi is  an  atomic  section.  The  transgression  current 

T = l im T3  converges  in  Ll  (X).  That  is  the  integral 
<»—>-n 

(2 .9 ) T = — 
>oo 

0 
0 

u*Du 

u2 
; ~3s 

d 

ds 
Xsds 

converges in  Ll(X). 

Proof 1 . First we sketch a direct proof. It suffices to dominate the first factor, 

(2 .10) <t> 
u*Du 

H 2 
; gs , 

of the transgression integrand in ( 2 . 7 ) , by an L[oc(X)  form independent ot s 

because then this factor can b e discarded f rom the integrand leaving the posi t ive 

second factor — a 
as X 

L U I 2 

3 2 
which integrates to 

(2 .11) 

D O 

F 

a 

ds X 
l « f 
3* ds = x 

u2 
a2 . 
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Note that x 
\u\2 

s* 
is bounded and converges to one almost everywhere. 

Since both Xs = X u2 
S2 and x lui2 

s2 = x 
\u\2 

32 
M2 
3* 

are bounded indepen­

dent of u  and s, the formula for the curvature given in Lemma 2.3 can be used in 

conjunct ion with the hypothesis of a tomici ty to dominate (2 .10 ) . This works be­

cause (j) u Du 
\u\2 ; Sis is o f degree < 2n — 1 in the fiber differentials du\ ,..., dun, 

dui,..., dun.  To verify this fact we need Lemma 2.20 below. This Lemma implies 

that 

* 
u • 

a 

du* 
l o 

u Du 

u2 
; ft, = 0, 

so that the degree of (j) u Du 
H ' ;os must be < 2n — 1. • 

Proof 2 . This proof is in essence the same as the first proof but takes advantage 

of an explicit formula for T3 in Proposi t ion 3.17 which shows that T3  is a polyno­

mial in Xs = X u2 
s2 with coefficients that are L\QC(X)  forms independent o f s. 

Since Xs is bounded uniformly in u  and s  and Xs converges to one almost every­

where, the Lebesgue Dominated Convergence Theorem implies that T3  converges 

to T  in Lloc(X), as s -> 0. • 

This explicit formula for T3  yields an explicit formula for T  as well, which 

shows that T is independent of the choice of approximate one x  (see Theo­

rem 3.15) . 

The two proofs just presented rely on facts presented below. These facts 

are most easily derived by first working in the universal case and then "pulling 

down" by the atomic section ¡1. 

Remark 2 . 1 2 . The Universal Case. Al l the calculations above are valid of 

course in the universal case in t roduced in 1.3. V i a the canonical i somorphism 

H o m ( C , F)  =  F,  there are certain simplifications here of the universal construc­

tion. Let 7r : F — + X denote the bundle pro jec t ion and consider the pull backs: 

F = 7r*F and D p = 7r*Dp of F and its given connect ion to the total space of F. 
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Thus we have the fibre square 

F = TT*F F 

F X 

Let X  C F  denote the set o f 0-vectors in F.  Then the bundle F comes equ ipped 

with a " tautological" a tomic cross-section fi which vanishes to first order on X 

and has 

D i v ( / i ) = [X]. 

This sect ion /x is defined at a point v  £  Fx  = 7r 1(a:) by 

fi(v) =  v 

under the identification Fv  =  (n*F)v  =  Fn^  =  Fx. 

W e denote by D the singular pushforward connec t ion on F associated to 

the tautological cross-section iz, and we let D s denote the smooth ing family 

cons t ruc ted via the fixed approximate one x-  The formulas derived above are 

valid in this case. In fact they can b e pulled down via any a tomic cross-section 

fi :  X —>  F  to give the corresponding formulas on X. 

For what follows we begin by working in the universal case. Thus we have 

the equat ion 

^ ( D p ) - ^ ( D S ) = dTs  on F 

and each o f the formulas above are valid for the gauge u; s, the curvature ft  s and 

the transgression T s on the total space of F.  No te however that u  =  ( u i , . . . , un) 

can now be interpreted as linear fibre coordinates on F  (wi th respect to a local 

f raming) . 

F ix e > 0 and let p  denote the restriction of TT  : F  —>  X to the e-sphere 

bundle in F,  so that for each x  £  X, 

p~\x) =  {veFx:\v\  =  6}. 
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Definit ion 2 . 1 3 . The residue form Res^( D ) is defined to be minus the residue 

of the transgression potential T , i.e., 

Res o (D) = -

p-1 

T = - R e s ( T ) . 

This fiber integral is the same as the current pushforward 

Res^D) = - p * ( T ) . 

Universal Theorem 2 . 1 4 . The <j)-Chern  current  0 ( (D)) o f the  pushforward 

singular connection  D associated  with  the  canonical  section  fx  of  F = TT*F  is 

given by 

(2 .15) 0 ( (D) ) = 0 ( O o ) + [ X ] R e s ^ ( Z ) ) on  F. 

The equation 

(2 .16) 0 ( D F ) - 0 ( n o ) - [ - X ] R e s * ( Z ? ) = dT on  F 

is the  limiting  form,  as  s  approaches  zero,  of  the  equation 

(2 .17) 0 ( D P ) - 0 ( D a ) = dT8. on  F 

The L\oc-form  </>(QQ)  is  d-closed  on  F,  and  the  residue  Kes^(D)  is  a  smooth 

d-closed form  on  X. 

Remark 2 . 1 8 . Compact Support. These equations imply that 

<t>(Tya) - <t>(fio) — [X] Res^( I ) ) = dKs where Rs = T - T s , 

and 

Rs = T — Ts converges to zero in Iqoc(F). 

Note that if x  is an approximate one with compact suppor t , i.e., %(£) = 1 for t 

large, then Rs , and hence <£Rg are compac t ly suppor ted in the fibers o f F. 
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Before giving the proof some lemmas are required. First, no te that (2 .17) is 

just the s tandard C°°  transgression formula. Also note that, on F  ~  X, 

T = -
' C O 

0 
o 

u*Du 

\ u \ 2 

; ft3 

d 

ds 
Xsds 

converges as an integral o f C°°  forms and that o n F ~ X , equat ion (2 .16) becomes 

(2 .19) ^ ( D F ) - 0 ( n o ) = dT on F - I , 

which is just another special case of the standard C°°  transgression formula. 

Lemma 2 . 2 0 . The transgression  integrand  is  given  by 

o 
u Du 

\u\2 

, os d 

ds 
y3ds = u* • 

a 

du* 
l O (hs) d«2 

s2. 

Proof. No te that 

* 
u 

d 
du* 

M o (G s) = o u 
d 

du* 
L ft s ; O a 

and that, by the formula (2 .4 ) for ft 3 

u 
a 

du* 
L _ n a = - W 2 

s 2 X's 
u*Du 

\u\2 ' 

Since 
0 

ds 
Xsds = -

lul2 

s* X's 
4«2 

s2 

the lemma fol lows. • 

Coro l lary 2 . 2 1 . On  F  ~  X,  the  transgression  T s is  a  homogeneous  form  which 

is of  degree  < 2n  — 1 in  the  fiber  differentials. 

In fact because of Theorem 3.15 in the next sect ion T s is the sum of terms 

of bidegree fc, k  — 1 in the differential one forms Du\,...,  Du n ; D u * , . . . , Z?u*. 
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Lemma 2 . 2 2 . Both 

u 
d 

du 
L ilo) — 0 and  u* 

d 

du* 
L ^ ( f i o ) = 0 

so that 

<f>(ftQ) is  of  degree  <  2n  — 2 in t i e fiber  one  forms  du,du. 

Proof. Consul t ing the formula (2 .5) for Qq we see that ft q  is o f the form P S , 

where P  = 1 - 0 , and where E = ftF - sffiL. Thus u ' ^ l S = - 2 ^ p L . 

Therefore u* ^fr i_ ft 0 = 0 and hence ^ * ^fr \—<f>(fto) = 0. Since <̂  is an invariant 

po lynomia l <t>(ft0) = </>(PE) = ^ ( S P ) . T h e p roo f that <u^i_</>(EP) = 0 is 

similar and omi t ted . • 

Corol lary 2 . 2 3 . On  F  ~  X, 

dT =  ^(DF) - <£( ft 0) 

is a homogeneous  form  of  degree  <  2n  —  2 in the  fiber  differentials. 

Proof of Theorem. Because of Corollary 2.21, Theorem 1.10 applies to T yield­

ing the current equation (2 .16) on tot F.  Because Ts converges to T in Lloc(F) 
by Propos i t ion 2.8, dTs  must converge, weakly as currents, to dT.  Therefore, 

(2 .17) and (2 .16) imply that the ^-Chern current <̂ >((D)) = lim <̂ >(DS) exists and 

is given by (2 .15) . 

Because of Corol lary 1.22, it remains to prove that 

Res (dT) = 0 

which is an immedia te consequence of Corol lary 2.23. • 

Remark 2 . 2 4 . A l t erna te Formula for R e s ^ T ) ) . Recal l Remark 2.18. Ap­

plying 7r* to the equat ion in this Remark we obtain 

(2 .25) R e s 0 ( D ) = TT* « K D s ) - «K n 0 ) , 
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since 7r*(dRs) = <jJ7r*(Rs), and 7r*(Rs) = 0 because Rs = T — T s is o f degree 

< 2n  in the fiber variables. In terms of fiber integration this yields 

(2 .26) ResJl)) = 

T T " 1 

«KDS), 

since (/)( Qq) is o f degree < 2n  in the fiber variables. 

Note that the residue form R e s ^ ( j D ) is independent of 

1. the radius e of the sphere bundle in Definition 2.13, 

2. the parameter s  > 0 in equation (2 .25) or ( 2 . 2 6 ) , 

3. the choice of approximate one x-

T h e main result of this section, Theorem 2.30 below, can b e v iewed as the 

"pullback o f the Universal Theorem 2.14 by an atomic section fi  o f F".  Of course 

the equat ion 

# D F ) - 0 ( D S ) = dT3 on F 

of smooth forms pulls back by any smooth section ¡1 o f F  to the equat ion 

<t>(DF)-<i>(D3) = dT3 on X , 

also of smooth forms. Similarly 

0 ( D P ) - ^ ( n o ) = dT o n F - I 

is an equat ion o f smooth forms which pulls back to the equat ion 

(2 .27) (p(DF) -  (ßi^lo)  = dT on I - Z . 

If fi  is atomic then by the key Propos i t ion 2.8, T = l im T3  converges in 
S—+0 

Ll (X).  Therefore, the ^-Chern current </>((D)) = l im (j)(D3)  exists and satisfies 
s—>-0 

(2 .28) <j>{DF)-<j>{{D)) = dT, 

as an equat ion of currents on X . 

Since the homogeneous forms T and dT  = <^(DF) — (f)(fl o)  on  F ~ X  are 

both of degree < 2n — 1 in the fiber differentials (Corol la ry 2.21 and Lemma 2.22) 
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the exterior derivative of T  =  fi*T  can, alternatively, b e computed using Theo­

rem 1.10, yielding the equat ion 

(2 .29) 4>{D F) -  <f>(  n  o) + R e s ( T ) Div( /z) = dT  of currents on X. 

Combin ing (2 .28) and (2 .29) gives formula (2 .32) be low and completes the 

p roof of the following main theorem. 

Theorem 2 . 3 0 . Given  an  atomic  section  p  of  a  hermitian bundle  F  with  connec-

tion Dp,  the  (P-Chern  current  (/>((D))  =  l im(0( D  3)) o f the  singular  connection 

D of  F  (obtained  by  pushing  forward  the  trivial  connection  d  on  C)  is  given  by 

(2 .31) (j>((D))  = ^ ( G 0 ) + R e s ^ ( ^ D ) D i v ( / i ) on  X, 

where 

(j>{ Q Q) belongs  to  L\ oc and  is  d-closed  on  all  of  X. 

Therefore, 

(2 .32) 0 ( D F ) - 0 ( " f i o ) - R e s ^ ( D ) D i v ( ^ ) = dT  on  X. 

The residue  form  Res^( D)  is  a global  smooth  d-closed  form  on  X  which  is  inde-

pendent of  the  atomic  section  ft. 

This equation  (2 .32) of  currents  on  X  is  the  limiting  form,  as  s  —•> 0, of  the 

equation 

(2 .33) 0{D F)-^(Ds) = dT 3 

of smooth  forms  on  X. 

Note. W e shall prove in the next section that the form Res^ is in fact a po lyno ­

mial in the curvature of F.  It is therefore entirely determined by its cohomology 

class, which will b e c o m p u t e d in section 5. 
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3 . The Transgress ion. 

In this sect ion we derive an explicit formula for the transgression potent ial 

T for the pushforward connection D,  given an invariant polynomial (j).  It is 

convenient in formal calculations to adopt the universal point o f v iew, which we 

shall d o throughout . 

Recal l that by definition, 

(3 .1 ) T. = 

oc 

3 

o LJ3 ] ft 3 ds. 

The transgression integrand can be rewritten in many forms. For example , sub­

stituting for lj3 we obta ined (2 .7 ) 

(3 .2 ) <f» w5 ; ft s = - è 
u Du 

M2 
5 ft 3 

a 

ds xs, 

while in Lemma 2.20 we obta ined 

(3 .3 ) <t> 
u*Du 

\u\2 
; Gs a 

ds 
Xsds = u* 

a 

du* 
L<Kft5 ) 

ds2 

52 ' 

In order to obta in an even more convenient formula for the transgression 

integrand we need a lemma. 

Lemma 3 . 4 . Let 

a = 
Duu* 

\u\2 
and a  = 

uDu* 

u2 

denote scalar  one  forms  and  ip  and  ip  any  scalar  functions.  Suppose  l_ A = 

0. Then 

(3 .5 ) cf> 
a* Hu 

u2 
; A + (tpa + \1>ol) 

u*Du 

\u\2 
= o u* Du 

M' 
; a . 

Proof . Since if  a + ipa is a scalar one form, 

(3 .6 ) <j> A + ((fa + ipa] u*Du 

\u\< 
= (ß(A) +  ((fa  +  ipa)(l) u Du 

i « i 2 
; a . 

Contrac t ing u*-^z into the L.H.S. o f (3 .6 ) yields ip t imes the L.H.S. o f (3 .5 ) 

while contract ing u*äf r m t o the R-H.S. of (3 .6 ) yields ip t imes the R .H .S . of 

( 3 . 5 ) . • 
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To apply this Lemma define 

(3 .7) A(x) = (l-x)tlF +  x 1 - u u 
M ftF -

Du*Du 

\u\2 
+ x(l-x) 

u* Duu* Du 

| u | 4 

and note that 

(3 .8 ) u* 
9 

a* 
i-A(Xs) = 0 

because 1 - U U 
u2 

u* = 0. T h e curvature can b e expressed as 

(3.9) ft s = A(xs)-x's 
mi 
s2 

d\u\2 u*Du 

\u\2 \u\ 2 

Corol lary 3 . 1 0 . 

o u' Du 
M 2 5 Q s = 0 

u'Du 

u2 ; A x * ) . 

N o w define 

(3 .11) A(x) = 1 - x u* u 

u2 
Cip — X Du* Du 

M 2 ' 

Then 

(3 .12) 
A ( X V ) = ^ ( \ . s ) ~ X . 

iruDirDu 

M 4 
- Xs(l - Xs) 

u* Duu* Du 

M 4 

= A (Xs) - Xs q 
u Du 

\u\2 
- Xs (1 - Xs) a 

u~Uu 
\u\2 

so that Lemma 3.4 implies that 

(3 .13) </> u*Du 

u2 ; Hxs) = o u'Du 
H2 ; A(xs) . 

Therefore, Lemma 3.3 has the following consequence. 
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Corollary 3.14. 

o u" Du 

u2 ; fi. = 4> 
u'Du 

M2 ; A ( X . ) . 

Theorem 3.15. Suppose  fi  is  an  atomic  section  of  F.  The  transgression  T  is 

given by  the  formal  integral 

T = 
»1 

o 
o 

u*Du 

M2 
; Afar) dx 

where 

A(x) = 1 - x 
u*u 

M* 
FTP — X 

Du*Du 

\u\2 

In particular,  the  transgression  T  is  independent  of  the  choice  of  approximate 

one X-

Proof . Corol lary 3.14 yields the formula 

(3 .16) T3 = -
>oo 

5 
0 

u. Du 
l«l2 

; A ( X . ) 

a 

ds 
Xsds 

for the transgression at t ime s > 0. 

T h e change of variables s h-> x =  x 
\u\2 

s2 
in the integrand for T3  yields the 

next 

Proposition 3.17. The transgression  T3  is  given  by  the  formal  integral 

Ts = 
Xs 

0 
0 7/.* Dll 

u2 ^ 1 - X 
u* u 

u2 
Çtp — X 

Du* Du 

u2 
dx. 

N o w the integrand is a polynomial in x  and this is the sense in which the 

integral is formal. Therefore Ts  is a polynomial in Xs- The coefficients of this 

polynomial are homogeneous of degree zero in u  and independent of s. 

W e n o w recall Corol lary 2.21 which states that 

(3 .18) T3 is o f degree < 2n in the fiber one forms dui,  dûi. 

The hypothesis that ¡1 is a tomic , combined with (3 .19) ensures that when T3 

is considered as a polynomial in Xsi ^ne coefficients of this polynomial are L\oc(X) 
forms. Since Xs = X (^s2-) 'ls  DOuncled and converges to one almost everywhere, 

the Lebesgue dominated convergence theorem implies that T3  converges to T  in 

Lloc(X) as s —> 0, where T is given as in Theorem 3.15. This comple tes the proof 

of Theorem 3.15. • 
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Remark 3.19. T h e Chern Forms </>(Ds). The formulas in this sect ion can 

also be used to simplify the Chern forms <j)(D s). No te that wi th a  and a defined 

as in Lemma 3.4 

(3 .20) 

^ 3 =A (xs)-X,3 
lu i2 d\u\2 „.* Di, 

s2 | u | 2 | u | 2 
= A(Xs) + Xs q u Du 

•ft 
- XsO- - Xs)Ot 

if Du 

u2 

-Xs 
|«|2 d\u\ u*Du 
s* \uy \u\' 

Therefore, 

(3 .21) 

o (Gs) 
= <j>(A(Xs)) - x's 

\u\2 d\u\2 
s< \u\- 4> u'Du 

u2 ; A{xs) 

= o(A(Xs)) - Xs M2 d i a l 2 

a2 | « | 2 <t> 
u Du 

M2 ; Hxs) , 

because of (3 .13 ) . Consequently, because of (3 .6 ) , 

(3 .22) 

<I>(TÎ8) = 0 ( A ( x , ) ) + Xs 
uDu* 

| u | 2 - Xa(l - Xs) Duu 
M2 - Xs 

lu i2 d | u | 2 

8* U * o u* Du 
| u | 2 ; A ( X . ) . 

Theorem 3.23. The  residue  form  R e s ^ ( D ) defined  in  2.13 is  a polynomial  in 

the curvature  of  F.  Thus,  the  residue  map  factors  as 

• 7 G L „ ( C ) 

Res 
S*(X) 

r w 
JGLn(C) 

where r  is  an  additive  homomorphism  of  degree  —n  and where  W  is  the  standard 

Weil homomorphism. 

Note. Determinat ion of the m a p 7- amounts to a determinat ion o f the cohomol-

ogy class o f the residue universally, i.e., over i ? G L n ( C ) . 

Proof. F rom 2.13 and 3.15 we see that Res^ is given pointwise on X  by the 

following universal invariant function applied to the curvature and connec t ion of 

F: 

(3 .24) ResJD) = 

M = i 

f 

o 
<j)(u*Du ; A(x))dx. 
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We want to show that in fact this can be expressed purely in terms o f the cur­

vature. Let . . . , (Du) n, denote the components of Du  =  du  +  uujp.  Then 

the integrand in (3 .24) can b e written in the form 

(3 .25) (f>(u*Du ; A(ar)) = 

\I\,\J\<n 

cI}j (D u)t(Du*)j, 

where the sum is over strictly increasing multi-indices and where each coefficient 

c / 5 j is a polynomial in tip  and x.  From Corol lary 2.21 we conclude that the 

coefficient C(i,...,n),(i,...,n) o f t op degree is zero. Hence 

| « | = i 

6(u*Du : A(x)) = 

| I | + | J | < 2 n - l . f= 1 

ci j (Du)i(Dv)j 

m + i ' i = 2 » - i M = i 

ci:j(du) i(du)j, 

since in each (D u)I(Du*)j with \I\  +  \J\  =  2n  —  1, on ly the leading term 

(du)i(du*)j is picked off by the fibre integral. Consequently, no terms in uop 

occur in this expression, except for the curvature terms in the c / ? j . • 

Remark 3 . 2 6 . Functorial i ty of the Transgress ion. Suppose / : X 1 —•  X 

is a smooth map between manifolds, and let F'  —  f*F,  Dp>  =  f*Dp,  / / = f*fi 

be the induced bundle , connec t ion and cross-section. Suppose that both \x  and 

fif are atomic. Then the transgression current is also induced, i.e., 

rpl f*T 

in the sense that o n l ' ~ s p t ( D i v ( / / ' ) ) this is an equat ion of smooth forms having 

an L\ QC-extension across s p t ( D i v ( / / ) ) (cf. I I .5 .10) . 

Note that given an a tomic section /i, there are condi t ions on / required 

for to be atomic. For example , if / and fi  are real analytic, then it suf­

fices that the zeros of = o / have the proper dimension. This means that 

codim ( / _ 1 Z ) = codim(Z) where Z  is the zero set of fi.  In the case where / and 

¡1 are only smooth, one must require that / b e sufficiently transversal to Z.  In 

particular if every point of Z  is a regular value of / , then f*fi  is atomic. 
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4. The Top Chern Current and Universal Thom-Chern Forms. 

In this section we examine our main theorems in the special case of the top 

Chern class. This immediately yields several interesting results. For each atomic 

section the associated Chern current will be the divisor of /i, and we obtain 

a C°°  Poincare-Lelong formula ((4.4) below). When applied to the tautological 

section of F = n*F  over F  we obtain, for each choice of approximation mode 

and each s  > 0, a representative r s of the Thorn class of F  which is written 

canonically and  universally  in terms of the connection on F.  In fact for each x 

and s  we produce an explicit class in the equivariant cohomology of C n whose 

image under the equivariant Weil homomorphism is ts. The family t s , s > 0 

turns out to differ only by pullback under homotheties and so depends only 

midly on s.  However, as s  — 0 we show that r s — [X]  which is of course the 

canonical singular representative of the Thorn class. The family also has the 

pleasant property that for each s  > 0, the restriction of r s to X  C F  is the 

Chern-Weil representative of the top Chern class in the given connection. 

To begin we assume as above that F,  (  ,  }p  is a hermitian bundle of rank n 

with connection Dp  (which is not  assumed to be compatible with the metric), and 

we fix an approximate one x-  Throughout this section we shall focus exclusively 

on the invariant polynomial 

cn —  det = 2 
2 7 T 

n 
det, 

and for any a tomic section ¡1  on F  we shall call the associated Chern current 

de t ( (7?) ) = l i m d e t ( Z ) 5 ) = l im det 
_s—̂ 0 s—>-0 

2 
2 7 T 

fit* 

the top Chern current of the singular pushforward connection. Our first series 

of results concerning this current is as follows. Proofs are postponed until after 

the statements and discussion. 

Theorem 4.1. The  top  Chern  current  det((D)) of the  singular  connection  D 

determined by  an  atomic  section  ¡1 of F  is  equal  to  the  divisor  Div(/i) of the 

section. That  is, 

det((Z?)) = Div(jz). 
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This result implies, in particular, that the top Chern current depends only 

on the section \±, it is independent of the connection Dp  on F, the metric ( , ) F 
on F, and the approximate one \ -

Theorem 4.2. The  standard  transgression  formula  gives  the  equation 

(4 .3 ) det(DF)  -  d e t ( Z } a ) = do3 

of smooth  forms  on  X. These  potentials  a3  converge in  Lloc(X)  to  an Lloc form 

a, and  hence in  the  limit  equation  (4.3) becomes 

(4 .4 ) det(DF)  -  D iv ( j i ) = da. 

These two Theorems are particularly important in the universal case as they 

provide a universal formula (cf. [MQ]) for a Thorn form. The canonical section 

fi of the pullback bundle F over F  is atomic. 

Definition 4.5. For s > 0 fixed, the Thom-Chern Form rs is defined by 

rs = det( Ds) 

where D s is the connection family associated with the canonical section of F on 

the total space of F. This form is determined by the connection Dp, the metric 

( , ) F , and the approximate one \ -

Consulting the local formula (2.4) for QS  and setting u  =  0 yields 

(4 .6 ) z"*rs = d e t ( D F ) 

where i  : X  —» F  is the inclusion map. That is, the restriction of each Thorn 

Form rs to the zero section X  =  i(X)  C F  is the top Chern form or Euler 

form det(DF) of (F, Dp) on X. 

This form has the usual properties justifying the label "Thorn form". 

Namely, in addition to (4.6) we have that 

rs is d-closed, 
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and in Lemma 4.13 below we shall prove that each fiber integral is convergent 

and 

T T " " 1 

TS = 1, 

or equivalently, the pushforward by I  : F X  of ts (considered as a current) is 

equal to the degree-zero current 1 on the base manifold X.  That is, 7T*(ts) = 1. 

Because of Remark 2.24, this fiber integral is just the residue Res^( D) when 

(j> —  det. 

Remark 4.7. If the approximate one \ ls chosen to be of compact type, i.e., if 

x(t) = 1 for t  large, then the Thorn form rs is compactly supported in the 

fibers of F. 

Theorem 4.1 and Theorem 4.2 applied to the canonical section ft  of F = w*F 

yield a universal equation of currents on the total space F.  Let [X]  denote the 

current of integration over the zero section X  C F. 

Theorem 4.8. T i e canonical  section  fi  of  the  bundle  F = n*F  over  F  is  atomic. 

Moreover, 

d e t ( D F ) - [X] = da on  F 

is obtained  as  the  limiting  form  of  the  equation 

d e t ( D p ) — rs = dors on  F 

where T~  is the  Thom-Chern  form 

TS = det Sd 
. 

Corollary 4.9. The zero section  [X]  and  the  Thom-Chern  form  rs = det i 
2TT 

Ds 

are cohomologous,  that  is, setting  r3  =  a  —  crs, 

rs -  [X]  =  drs  on  F, 

and 

l i m r s = 0 in Llc(F). 
s—>0 
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Remark. The main results (Theorem 4.1 and Theorem 4.2) can be interpreted 

as follows. Any smooth section ¡ :  X —  F  can be used to pullback the second 

equation in Theorem 4.8 on F  to the equation 

&et(DF) - det 2 

2TT 
Sd = d<73 on X. 

If \i  is atomic, then as s  —> 0 this equation has limit 

det(DF) - Div(jx) = da on X. 

One may also take this limiting equation (4.4) as a definition of the term by 

term pulling back of the first universal current equation in Theorem 4.8. 

Remark 4.10. The Thorn isomorphism. These results yield canonical rep­

resentations, at the level of differential forms, of various versions of the Thorn 

isomorphism. Suppose for example that the approximate one \ is chosen so that 

x(t) =  1 for t  >  1. Then a s has support in the s-ball bundle U 3(F) =  {y  £  F  : 

\v\ <  s}.  Suppose X  is compact and let T  : F  —  X  be the bundle projection. 

Then the map 

¿i,. : £*{X) ¿i,. : £* {X) 

from forms on X  to forms with compact support on given by 

¿i,. : £*{X) 7Г* <£> Л T S 

induces an i somorphism 

i, : H*(X) ¿i,. : £ *{X) 

Integration over the fibre 7r* clearly inverts this map since 7r*(rs) = 1. Letting s 

go to zero yields the canonical version of this map 

¿1,0 : £*{X) ¿i,. : £*{X) 

now into currents with compact support on F, given by 

¿i,. : £*{X) = ¿i,. : £*{X) 
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If on the other hand we choose the algebraic approximation mode x ( 0 = 

t/(l +  / ) , then by Theorem 1.8.14 and its corollary we see that t s extends to 

a smooth d-closed form on P ( C © F) =  F  U P ( F ) . Furthermore at "infinity", 

P ( F ) , this form is zero. (To see this note that along P ( i r ' ) , t s = det(Z?cev r- L) 

where C © V 1- has the direct-sum connection, trivial on C , and where n*F  = 

V ©  V 1- is the canonical splitting over P(F).)  Hence, r s represents a class in 

H2n(P(C © F ) , P ( F ) ) which, as we have shown, is cohomologous to the zero 

section [X]. 

Remark 4.11. The Gysin map. Consider an embedding j  :  Y  —  X  of a 

compact oriented-manifold Y  into our manifold X.  Then there is a natural map 

j \ : £*(Y)  — £*p t

m(Xy, from forms on Y  to currents with compact support on 

X, given by 

j!(y) = y [Y]. 

(Here m  =  damX  -  dim Y.) Suppose now that the normal bundle N  to Y  carries 

an almost complex structure and give it a complex connection. Let T S be the 

family of Thorn forms in compact approximation mode (as in 4.10). Identify N 

with a tubular neighborhood of Y.  Since t s has compact support, it extends by 

zero to a d-closed form with compact support on X , and we have T s —  [Y] = dr s 

where r s —• 0 as s  —> 0. Thus we get a smooth Gysin map j \ j S :  £*(Y)  —• 

£;+m(X) defined by 

J!,a(V?) = TTV A r s 

where n  :  N  — Y  is the retraction of the tubular neighborhood. Note that 

j\,s —4 j\ as 5 — 0 and that j \ i S and j \ induce the same maps 

j , : H*(Y)  —»  H* c+m(X) 

in de Rham cohomology. 

Remark 4.12. A generalized Gysin map. The standard Gysin map now 

generalizes as follows. Let a be a atomic section of a complex bundle F  — X  with 

connection. Assume a  vanishes on a compact set Z  =  spt (Diva) . Choose x  with 

x(t) = 1 for t  >  1 and let r 3 —  &et(D3) as above. Then for any neighborhood 
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U of Z  there is an sq with suppr s CC U  for all s  < sq. Hence we get a map 

JUs : S*(U) - S:+t

2n(X) (where n  = d i m c F)  given by 

j!,s(Y) = Y V Tq. 

Letting s  — • 0 gives a map j \ :  — £ c*pt 2 n(^0 ,7 from forms germed on Z to 

currents on X , defined by 

j\((p) = (f • D i v ( a ) . 

By 4.2 they induce the same generalized Gysin map 

j , -, h*z{x) - * #;p+2n(*). 

In the next chapter we shall generalize the constructions in 4.10, 4.11 and 

4.12 by replacing the complex bundles with any real oriented bundle with an 

orthogonal connection. 

Proofs of the main theorems. Theorems 4.1, 4.2 and 4.8 are immediate spe­

cial cases of Theorems 2.14 and 2.30, once the following two Lemmas are estab­

lished. 

Lemma 4.13. If  j  =  det, then  Kes^D)  = 1. 

Proof. Let A(u) = ^dui  A du\ A • • • A ^dun A dun denote the standard volume 

form on C n . The part of det i 
2tt 

ft, of degree 2n  in du, du is given by 

deg2n d e j i 

2tt 
ft, = 

n± n-1 I 
Tj-n A, As 

\i,\2 ¿\(n\ 
3¿ \u\ ¿n ' 

See, for example, equation (3.21). Since v o l ( 5 2 n *) = 
97Tn 

(n-1)! ' 
polar coordinates 

yield 

(4 .14) 

uecn 

det i 

2tt 
ft, = 

CO 

0 

n x ( r 2 r 1 x ' ( r 2 ) * 2 = 1, 

so that by Remark 2.24 
Res det (S) = 1. m 
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Lemma 4.15. The  top  Chern  current  det((D))  has  no  L\c  part,  i.e., 

det( J o ) = 0. 

Proof. Note that det 1 - u* u 

u2 
= 0 and consult the formula (2.5) for Oo- d 

The geometric secret of this proof is that outside the zero set, D  is a smooth 

connection which admits a parallel cross section. 

Theorem 4.2 and Corollary 4.9 have many applications. For example they 

can be used to compute the residue Res^( D) whenever j  has det as a factor. 

This has important consequences described in the next section. 

Proposition 4.16. Suppose  j = p-det with p a Ad-invariant polynomial.  Then 

the L\oc  part  of the f-Chern current  vanishes  and 

R e s 0 ( D ) = t/>(DF). 

Moreover, 

(4 .17) <j>(Ds)-[X} iP (DF) = d(iP(D3)ra). 

Proof. The equation r3  — [X] =  dr3,  when multiplied by i(>(D 5), yields equa­

tion (4.17) since >{D 3) \x= ^(DF). Since ^( ?0) = ^(S?o)det( ?0) = 0 by 

Lemma 4.15, the formula Res^( D ) = r*(!( D  3) - f( f  0)) reduces to Res^( D ) = 

n*(j( D 3)). Therefore (4.17) can be used to compute R e s ^ D ) . 

Proposition 3.17 implies that r3  is the sum of terms of bidegree A, k— 1 

in the differential one forms Dli,..., Dun\ D u * , . . . , Du^. Also, r(D3) is a 

sum of terms of bidegree fc, k.  In particular, p(D3)r3 cannot have a part of 

bidegree n, n and hence must have fiber integral zero over the fibers of F X. 

Therefore pushing forward the current equation (4.17) by n  yields the formula 

for R e s 0 ( I ) . • 

The next part of this section is devoted to obtaining some elegant explicit 

algebraic expressions for the Thom-Chern form rs, and the various potentials r, 

rs and rs. 
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Theorem 4.18. The  Thom-Chern  form  rs for  F  determined  by  Dp,  (  ,  )  and 

X is given explicitly  by 

Ts = 2 
2?R 

n ( l - X . ) d e t - Xs 
Du*Du 

|u|2 

+ 
i 

27T 
n 

Xs(l -  Xs) - Xs 
\u\2 
s2 

d.Ui.\2 

u2 
det 

u*Du 

M 2 
; - Xs 

Du *Du 

u2 . 

Proof. Consider, the frame / 1 , . . . , / „ for F  and the dual frame / * , . . . , / * as 

elements of the grassmannian algebra A(F* © F). Let A ( / ) = / * A /1 A • • • A 

/ * A /n denote the volume form. Then, for any matrix A, the determinant can 

be comrmted from 
1 

n! (f*Af)n = d e t ( A ) A ( / ) . 

Consequently, the equat ion 

d e t ( A ; B)X(f) = 1 
( n - 1 ) ! 

(f*Af) (f*Bfr-\ 

can be used to compute det(A ; 5 ) . Let v = ^Ujfj denote the tensor that 

contracts into a form by replacing each f* by Uj. The identity 

(4 .19) 

f'u' 
u2 ( " L / ' f l , / ) = (l -Xs) fu 

u2 
Z/L_ f* G F f - Xs 

f* Du*  Duf 

\u\2 

+ X , ( l - X*) - X , 
L«L2 
s2 

d\u\7 

u2 

f*u*Duf 

\u\z 

follows from the formula (2.4) for ft 5. This identity (4.19) can be used to prove 

the Theorem 4.18, because 

f*Gsf 
n 

= 
f'u' 
H2 ( « / L ( / * f l . / ) " ) = * 

f*u* 

u2 
( I / L ( / * f i A / ) ) ( R N , / ) N - 1 , 

and, modulo the 1-form e  A1(F*)1 

f*n3f = f*ttFf-Xs 
f*Du*Duf 

\u\2 
. • 
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Corollary 4.20. Algebraic Approximation Mode. In  the  algebraic  approx-

imation mode  the  family  of  Thom-Chern  form  r s on  F  determined  by  Dp  and 

{ , } p is  given explicitly  by 

Ts = 
s2 

\u\2 + s< 
det O F -

Du*Du 

\u\2 + s 2 7 

Equivalently, 

(4 .21) r s A = l 
n! 

i 
2tt 

n s2 

| U | 2 + 3 2 
/ • n P / -

f* Du*  Duf 

\u\2+s2 

71 

If a and b are elements of a ring, let a — o 

A - 6 
denote the expression 

n - l 

k=0 
akbn-4-k. 

Theorem 4.22. The  potentials  ors, cr and r s = r — r s are given explicitly  by 

the algebraic  formulas: 

(4 .23) <7SA = - l 

n! 
2 

2?T 

n f*u*Duf 

u2 

(f* GF d - X sf* Fu * D u f) n - (f* G F f) n 

f* Du* Du 
H2 f 

and. 

(4 .24) crA = - l 

71 ! 
i 
2 7 T 

n f'u'Duf 

! » l 2 

( / • n P / - / * ^ j # / ) n - ( r n F / ) " 
r * Du* Du  r 

J \ U \ 2 J 

and. 

(4 .25) r s A = i 
»! 2ir 

„ fu'Duf 

M ' 2 

(.4 + (1 - X , ) J ? ) » - A n 

B 

where A  =  f i i F f -  f* Du*Du 
I" I 

f a m / 5 = / * 
Du' Du  { 

h'l 2 
f. 

First, we express cr s and cr  as formal integrals. 

Lemma 4 . 2 6 . Tiie potentials  ct s and  s  are  given  explicitly  by 

(4 .27) <r s = 
g 

o 
det u*Du 

u2 
; ftp -  x Du* Du 

M 2 
dx 

(4 .28) cr  = 
•l 

o 
det u* Du 

\u\* ; O F - ^ 
Du Du 

M 2 
dx. 
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Proof. Because of Proposition 3.17 

os = 
x 

0 

det u* Du 

M 2 
; Gf - x Du*Du 

u2 
— X u*u 

u2 
Gf dx. 

Therefore, to prove (4.27) it suffices to show that 

(4.29) 

det u Du 

M 2 ; Gf - x Du*Du 
U ' 

— X u u 

u2 
Gf = det u* Du 

\u\> ; UF -  x Du* Du 

M 2 

The completely polarized polynomial det( , . . . , ) has the special prop­

erty that if P  is orthogonal projection onto a one-dimensional subspace then 

det(PA, PB, C,... ) = 0. It suffices to consider P  = 
1 0 

0 0 
in 1 x (n - 1) block 

form; in which case the verification is straightforward. Applying this fact wit! 

P =  and noting that u*  =  Pu*  yields (4.29) completing the proof of (4.27) 

The limiting form of (4.27) is (4.28). • 

Proof of Theorem 4 .22 . The transgression integrand in (4.27), times A ( / ) , 

equals 

i f*u*Duf 

(n-l)< | U | 2 
/ * O f / - Xf* 

Du*Du 

H2 

f 

n - l 

Now the formulas in Theorem 4.22 follow easily. • 

Remark 4.30. Universal Thorn forms in equivariant cohomology over 

G L n ( C ) . The formulas above can be succinctly expressed, as in [MQ], by stating 

that they represent universal Thorn forms in equivariant cohomology. Our first 

reformulation, however, will differ in spirit from [MQ]. Recall that our construc­

tion employs a metric, but applies to any GL n (C)-connection, not just metric-

compatible ones. This will be reflected in what follows. In the subsequent remark 

we will specialize to the case of unitary connections. 

Our main observation here is that the formulas in 4.18 and the interest­

ing special case 4.20 determine elements in the equivariant cohomology group 

Hln((Cny x C n ) where G  =  GL„(C). More explicitly, let W  =  (As*) ® (5b*) 

denote the Weil algebra of £l = B^n(C) with standard generators Uij and ft^ 

for 1 < i, j  <  n.  Let ( u i , . . . , u n) denote standard coordinates on C n and 

( u * , . . . , ) the dual coordinates on ( C 7 1 ) * . Write 

u = (ui,...,un) and u  = 
« Î 

< 
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as always, and let G act from the right on Cn and (Cn)* by u  -  ug  and u*  -* 

g 1u*  respectively. Set Dui  =  du^  + 71 

j=1 
UjWji and L/uJ = du.- — 

n 

j=1 
WJJL^- i n 

® £ * ( ( C n ) * X C n ) and as above write 

Du =  du  +  uw  and Du*  —  du* —  wu*. 

We now recall briefly the de Rham model of equivariant cohomology ([AB], 

[MQ], [BV]). Let Y  be a manifold with a smooth right G-action. Then the 

algebra W  ®  £*(Y)  has a natural Weil structure extending the standard one 

on W,  where by an algebra with Weil structure over G we mean a graded 

differential algebra (̂ 4, d) with a Lie group homomorphism L  :  G —> Aut(*4, d) 

and a graded Lie algebra homomorphism i : 0 —» Dercieg=_1(^4) satisfying the 

standard identity 

d o iy + 0 d = LV 

for V E 0- The "contraction operators" iy on £*(Y)  are given by standard 

contraction with the associated generating vector field V  on Y.  For a general 

algebra A  with Weil structure over G, let AG  C -4 denote the G-fixed elements 

and set ^basic = {« £ "4G : = 0 forall V G g } . Note that d(dibasic) ^ dibasic-

Then by the equivariant forms on Y we mean the graded differential algebra 

Sc(Y) =  {W®e'(Y)}haaic, 

and by the equivariant deRham cohomology HQ(Y)  of Y  we mean the co­

homology of £Q(Y). 

Returning to Y  = (Cn)* x Cn, we consider the G-invariant function \u\2  = 

\Yuiu* =  \uu*\  and fix an approximate one \(t)  on [0, o ] . For each s  > 0 we 

define 

ws = w - x \u\* 
S2 

u*Du 
u2 

e w®e*((cny  x c n ) 

and set Qs  =  dujs  — -[CJ5,U;S]. 

Proposition 4.31. Universal Thorn forms. For  any  choice  of  approximate 

one x,  &nd  any s  > 0, the  determinant  of  Q3  gives  an  equivariant cocycle 

(4 .32) ^s =  det(Qa)eS^Ln(c)((CnyxCn). 
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These forms  are  mutually  cohomologous.  Each  is  given explicitly  by  the  formula 

in 4.20  by  replacing  U>F with  uj and O F with  ft. 

In particular,  if  Y ( / ) = till  +  t), then 

(4.33) ï3  = 
s2 

\u\2 +s2 
det ft-

Du*Du 
\u\2 + s2 . 

Proof. Note that f 3 is manifestly G-invariant and that the standard argument 

shows that ofJ5 = 0. Hence to see that f 3 is basic it remains to show that 

iv^s = 0 for F G p. Since iy£l = 0 by definition, it suffices to note that iyDu  =  0 

and iyDu*  = 0 and then apply formula 4.18. However, iyDu =  du(V)  +  uuj(V) = 

ftu(exp(-tV)) \T=Q  +ULV(V)  =  -UUJ{V)  + uu(V)  = 0. (Recall that UJ(V)  is the 

realization of V as an n  x n-matrix.) The equation iy(Du*  —  UJU*) = 0 is similar. 

To see that *$3 and 1 3i are cohomologous, consider the universal version of 

os given by setting = ft in the formula (4.23). Then 

d(<j3 - G3>) = %3'-%3. • 

Suppose now that F  —•  X is a smooth n-plane bundle with connection Dp 

and write F  as the standard quotient F  =  P(F)  x Cn/GLn(C) where P(F)  is 

the complex frame bundle of F.  Then Dp  determines a homomorphism 

w ®  e*((cn)* x c n ) — • e*(P(F) x (cny x c n ) 

of algebras with Weil structure over GLn(C). This induces a g.d.a. homomor­

phism on basic forms 

(4-34) £5L„(c ) ( (Cnr x C") — £*(F* © F). 

A choice of hermitian metric on F corresponds to choosing a complex anti-

linear isomorphism h :  F —>  F*.  Let 

Th: F —>  F*  Q) F 

denote the graphing map: = (h(v),  v).  Pulling back forms induces a g.d.a. 

homomorphism 

(4.35) £ * ( F * © F ) — > £ * ( F ) . 
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Composing (4.34) and (4.35) gives a g.d.a. homomorphism 

(4.36) ^ L „ ( C ) ( ( C T x C " ) £*(F) 

called the Weil homomorphism associated to the metric h  and the (not neces­

sarily compatible) connection Dp.  This extends the usual Weil homomorphism: 

^L„(C)(pt) — Pi*)-
We now have the following, whose proof is evident. 

Proposition 4.37. For  any choice  of  approximate-one,  the  image  of*J5 under the 

Weil homomorphism  is  the  Chern-Thom  form  of  Proposition  4.17.  In  particular, 

if x(t)  = 1 for t  >  1,  then  %3  determines  a  form in  £^{F)  which  represents  the 

Thorn class  in  H2™t(F).  Furthermore,  if  \{t)  =  t/(t  + 1), then  *$3  determines  a 

form which  extends  to  P ( C ffi F) =  F  U P ( F ) and vanishes  on  P(F).  It  thereby 

determines the  Chern-Thom  form  in  £2n(P(C  ©  F), P(F)). 

Note. There is an advantage in formulating the Thorn class in £*(F*  x F).  One 

can restrict the class to any family of cones T  C F*  x F.  Examples are given 

by graphs of other bilinear and sesquilinear forms on F.  However, the theory of 

kernels in several complex variables provides other examples which are even more 

interesting. 

Remark 4.38. Universal Thorn forms in equivariant cohomology over 

Un. In the special case where the connection is metric compatible, the above 

discussion simplifies and our formulas are seen to determine universal Thorn 

classes in as follows. Fix the standard hermitian inner product on Cn and 

let Cn  <—• (Cn)* x Cn be the graph of the metric as above. This is compatible 

with Un  t—> GLn(C) and we get a restriction homomorphism 

(4.39) ^ ( C ) r r x C V ^ ( C " ) . 

For s >  0 let B3  = {v  G Cn : \v\ < s}. 

Proposition 4.40. Let \  be  any  approximate-one  such  that  x(t)  = 1 fort > 1. 

Then under  the  restriction  (4.39) the universal  Thorn  class  *$3 of  Proposition 4.31 

determines an  equivariant  cocycle 

ï3 =  det(tî3)e £Ïjnn(Cn,Cn-B3). 
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Given any  complex  n-plane  bundle  F  —  X  with  a  unitary  connection,  the  Weil 

homomorphism 

Shn (Cn, Cn - Ba)  —  £*(F,F  -  B3(F)) 

(where BS(F)  =  {v  G F :  \v\  <  s})  carries  ^s  to  the  Chern-Thom  form  of  4.15 

which represents  the  Thorn  class 

[$3] e H2n(F,F  -  Bs(F)). 

Proof. In light of the discussion above it suffices to observe that spt*J5 C B S . • 

Proposition 4.41. Let  x(t)  =  t/(l  +  t).  Then  the  formula  in  4.17  determines 

an equivariant  cocycle 

ts = 
s2 

\u\2 +s2 
det G -

Du*Du 
\u\2 +s2 

e £ g ( C » ) . 

This form  extends  to  an  equivariant  cocycle  on  Pn Z> Cn which  vanishes  on  Pn 1 

and so  determines  a  relative cocycle 

^ G ^ ( P n , P n ~ 1 ) . 

Given any  complex  bundle  F  —* X with  a  unitary  connection,  the  Weil  homo-

morphism 
E U n (P n, Pn-1) - E* (P (C O F), P (F)) 

carries to  the  Chern-Thom  form  4.15  which  represents  the  Thorn  class 

[ r s ] e # 2 n ( P ( C © F ) , P ( F ) ) . 

In a similar vein our formulas for crs and rs determine universal equivariant 

currents. The details are straightforward. 
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5. The Rectifiable Grothendieck-Riemann-Roch Theorem—Version 1. 

In this section we use our results on the Chern-Thom form to prove a ver­

sion of the Differentiate Grothendieck-Riemann-Roch Theorem for Embeddings 

(cf. [AH]) at the level of differential forms. We also extend this result from sub-

manifolds to certain embeddings of subcomplexes. Not only do our methods 

take place at the level of differential forms, but we actually produce for each 

embedding j  :  Y -  X  and bundle E  —  Y  with connection, a canonical  family 

of closed differential forms representing ch(j\E)  which converge to the current 

j(ch(E) U Todd_1(Ar)) e ch(E)  A Todd_1(AT)[y], where N  is the normal bundle 

to j . The support of this family squeezes down to F , and the Todd-1-factor falls 

naturally out of the residue computation. 

In this section we shall only deal with complex normal bundles and the 

standard Thorn class in K-theory. The more general results for Spin- and Spinc-

embeddings (and their corresponding Thorn classes in K 0 - and K-theory) will be 

treated in the next chapter. 

To begin we assume as above that T  : P — X is an n-dimensional complex 

vector bundle with connection D  over an oriented manifold X.  Let R  =  RF 

denote the curvature operator D2  determined by this connection. We define 

extensions AkR  and XkR  of this operator to AkF  by setting 

(AkR)(v1 A ··· A vk) — Rvx A ··· A Rvk and 

(\kR)(vi A • • • A Vk) = 
k 

7 = 1 
v1 A ·· A RVJ A ··· A vk 

for vu...,vkeT(F). 

We extend D  to the full tensor algebra of sections of F, as usual, by requiring 

that D  be a derivation that commutes with contractions. Then the corresponding 

curvature operator RAkp  on AkF  is easily seen to be equal to XkR.  Furthermore, 

we have RF*  —  — (iJ)*, so the curvature of AkF*  is given by 

(5.1) RA F*  = -\kR* = - (\kR)* 

The following classical algebraic identity is of fundamental importance. For 

completeness, a proof is given at the end of this section. 

137 



SECTIONS OF  VECTOR  BUNDLES 

Lemma 5.2. Let V  be  a  finite dimensional  complex  vector  space.  To  each 

A e  End(V),  let  XkA  6 End(A*F) denote  the  induced  derivation.  Then 

(5.3) tfÂ ven e 
-A* A — tr̂ odd e~x '  A = det 

I - e  ~A 
A 

det A 

for all  A  € End(V). 

This identity signals the importance of the Todd polynomial defined by 

Todd(A) = det 
2u A 

1 - e~2ïA . 

Corollary 5.4. Let  RAF*  be  the  curvature  of  the  bundle  AF*  =  ©£=0AfcF* 

induced from  the  curvature  R  of  F  as  above.  This  map  preserves  the  splitting 

AF* =  Aeven © Aodd into  even-  and  odd-degree  forms,  and  the  following  formula 

holds 

(5.5) tfAeven eRAF — traode eRAf = det 
I - e - R 

R 
det(jR) 

Equivalently, the  following  identity  between  characteristic  forms  holds  on  X 

(5.6) ch(£>AevenF*) - ch(£>AoddF.) = Todd-1 (DF)cN(DF). 

Furthermore, let  E  be  any  other  complex  vector  bundle  with  connection  DF 

and curvature  RE  =  (D e)2 over  X.  Let  R^AF  denote  the  curvature  of  the 

tensor product  connection  on  (AF*)  (x) E.This map  also  preserves  the  splitting 

(AF*) ®  E =  Aeven © Aodd into  even-  and  odd-degree  E-valued  forms,  and  the 

following identity  of  differential  forms  holds  on  X 

(5.7) 

tl*Aeven 
P(AF*)0£ 

e — trA°dd R(AF')0E 
e 

= ti eRE det 
I-e-R 

R 
det(Ä), 

or equivaiently 

(5.8) ch (D(AevenF.)0E) - ch (D(AoddF.)0jE;) = c h ( D F ) T o d d -1 (DF)cN(DF). 

Proof. Note that 

trAfc 
pAF* 

eR = trAfc e-(RAF) * = trAfc E-(RAF) 
. 

where the first equality is just 5.1. • 
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Using these beautiful formulae we can now apply our Chern current theory to 

derive generalizations of the Grothendieck-Riemann-Roch Theorem and certain 

formulas of [BGS1, 2] for smooth embeddings. 

Theorem 5.9. Rectifiable Grothendieck-Riemann-Roch — Version 1. 

Let F  be  a  complex  vector  bundle  with  connection  over  an  oriented  manifold 

X. For  each  atomic  section  ¡1 of F,  the  following  identity  of  d-closed  forms  and 

currents holds  on  X: 

(5.10) ch (DAevenF.)- ch(L>AoddF.) = Todd"1 (D F) Div(/i) +  dT 

where T  is  the  L\oc-form  given  by  T  = Todd"1 (DF)a, where  o  is  the  Chern-

Thom transgression  from  the  previous  section.  Moreover,  for  any  "auxiliary" 

complex bundle  E  with  connection  DF  over  X,  there  is  the  identity 

(5.11) 

ch (£>(AevenF.)0F) - ch(D (AoddF.)0E) = ch  (DF) Todd"1 (Dp) Div(/z) + dT' 

where T  =  ch(DE)  Todd'1  (DF) a. 
Furthermore, suppose  that  D 3 is the  family  of  pushforward connections  on 

F associated to  a  choice  of  approximate  one  \ , and let  D SjA. F* De  the family  of 

connections induced  on  A*F*  by  D3.  Then 

(5.12) _^ 

cn(D5î(AevenF*)0F) - ch(Z}55(AoddF.)0F) = ch(DE) Todd'1  (DF)Div(fi)  + dR3 

where Rs  is  a  family  of  L^oc-forms  on  X  such  that 

lim R3  = 0 and lim R3  = T in  LÎoc(X). 
s—>-0 s—>-oo 

In particular, 

(5.13) lim 
s—»-0 

Ch( D Ŝ even F* ) — Ch( D 3 AoddF* ) = Todd"1 (^F)Div ( / / ) . 

IfX(t) = 1 for all  t  > 1, then 

(5.14) spt Ch( D 5jAevenF. ) - ch(D «AoddF. ) C Us 

and spt(R3)  C U3, where  U3  = {x  G X : \fi(x)\ < s} for  all  s > 0. 
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Proof. Applying (5.8) to the connection D  3  gives the equation 

(5.15) ch(i?35(AevenF.)0E) - ch(Z?s(AoddF.)0E) = ch(Z)£)Todd 1(D3)r3 

where r3  = de t (D3) . As remarked after Corollary 4.9 

r3 = Div(//) + dr3 

where r3  = a — o3 is an L ^ - f o r m on X.  Theorem 4.2 and Proposition 4.16 now 

apply to yield the main part of the theorem. In particular, if we define 

(5.16) R3 = ch(DE)Todd-1(D3)r3, 

then 

lim R3  = 0 and lim R3  = ch(DE) Todd_1(£>F)a d= T 
S—>-0 3—>OG 

in Lîoc(X). Finally, if x(t)  = 1 for t  > 1, then 

spt(r5) C U3 

for all s >  0. This proves (5.14). • 

Remark 5 .17. Localization at Div (a ) . The main formula in Theorem 5.9 

can be reformulated purely in terms of the zeros of a  as follows. Suppose that 

Z is an integral current on X  with the property that Z  =  Div(a) for an atomic 

section fj,  of a complex bundle F  defined only over some neighborhood U 

of \Z\  —  spt(Z) in X.  Fix an approximate-one \ such that x(t)  =  1 f°r t  ^ 15 

and choose a metric on F  so that U3  C U  for all s  < 1. Then the family of forms 

K(s) d= ch( D ajAevenF* ) — ch( D 5jAoddF* ) 

has support in Ui  and extends by zero to a family of smooth d-closed forms 

defined on all of X. It has the property that 

lim K(s)  = Todd~ (D f)Z. 
3—»-0 
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Suppose now that the embedding 

3 '•  \z\ u 

admits a retraction p :  U — \Z\  which is proper on Ui C U. Then we can define 

a Gysin map in K-theory 

jx : Kcpt(\Z\) ^  Kcpt(X) 

by 
j\(u) = iJA-xF* -p*u) 

where i*  : Kcpt(U) — Kcpi(X) is the map induced by inclusion i :  U — -X", and 

where 

A _ i F * = n*AevenF* — R*A F* G Kcpi(U) 

is determined by identifying AevenF* with AoddF* over U  - | Z | by the map 

(/za)+(^a)*. Recall that there is also a Gysin map in cohomology 

3\ 1 ^DERHAMD^L) 
rr*+2n / y\ 
^deRham^ ) 

from the cohomology of forms germed an \Z\  to the cohomology of currents on 

X, given by 

ji (y) = y Z. 

From the preceeding discussion and Theorem 5.9 we have the following 

Corollary 5.18. Localization. Let  Z  be  a current  on  X which  arises  as  the 

divisor of  a section of  a complex  vector  bundle  F  defined  in  a neighborhood U  of 

\Z\ = sptZ which  admits  a  retraction p  :  U —> \Z\.  Then 

Ct(j!(l)) = ch D s,AevenF* - ch 
Ds, Aodd F* 

for all  s < 1 (with x  and D as  above). Furthermore,  for  any complex  bundle  E 

on \Z\,  pulled back  over  U  and endowed with  a  complex connection,  we  have 

ch(j,(E)) = ch ^s,(Aev™F')®E - ch •Os,(A°ddF*)®E 

Taking the  limit as  s —» 0 of this family  of  d-closed forms  in  X gives  the  equation 

(5.19) ch(j,(E))  =  j,(ch(E)  Todd"1 (F)). 
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Remark 5.20. An alternative method for localizing the main formula in 5.9 is 

the following. Let U  D  \Z\  be as above and choose a neighborhood UQ  of \Z\ 

such that 17o fl (X —  U) =  0. Let ip 6 C£°(U)  be any smooth function such that 

p = 1 on UQ  and f  =  0 on X  —  U. Let T' be the transgression from Theorem 5.9. 

Taking d  of iftT' then gives a formula 

chcpt(A_1F* ® E) = ch(JDE)Todd-1(JDF)Div(a) + d ( ^ T ' ) 

where chcpt ( A _ i F * ® E) is a smooth differential form with compact support 

in U  such that 

chcpt ( A _ i F * ®  E)\Uo = {ch(D^Ae.FF.)0E) - ch (Z(AoddF.)0E)} |^0. 

Remark 5.21. The relation to Grothendieck-Riemann-Roch. Corollary 

5.18 constitutes a promotion to the level of differential forms, of Atiyah and Hirze-

bruch's "Differentiable Riemann-Roch" Theorem for embeddings with complex 

normal bundle. Their result can be recovered by considering the current Z  =  [Y] 

associated to a compact oriented smooth submanifold Y  C  X  whose normal bun­

dle p  :  N —> Y carries an almost complex structure. Under this assumption we 

can identify N  with a tubular neighborhood Y,  and after writing Y  as the divisor 

of the tautological cross-section of p*N, the theory applies. 

We recall for the reader how this result can be rewritten to resemble the 

theorem of Grothendieck. Suppose that the manifolds X  and Y  are compact 

and almost  complex.  From the Grothendieck viewpoint we should begin with a 

smooth embedding 

j :Y  <-+  X 

which respects the almost complex structure. Then the normal bundle N  to Y 

is complex and there is a splitting 

TX\Y =  TY®N. 

We fix a direct sum of complex connections on TY ®  N and extend it to a complex 

connection on all of TX. From the multiplicative property of the Todd series with 

respect to direct sums, we have that 

Todd(L>TX)|Y = Todd (DTY) Todd (DN) 
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or equivalently that 

Todd(DTX) \Y  Todd-1 (DN) =  Todd(DTY ) 

We now fix a tubular neighborhood U  of Y  in X , and choose an identification 

U 2 N 
p 

Y 

of this neighborhood with the normal bundle. Under this identification Y  be­

comes the divisor of the tautological section of 7* V, and we can apply the theory. 

Namely, Let D  =  D  i be the pushforward connection with support in U\  C U  as 

above. Then given any bundle E  with connection over Y,  we pull E  back to U 

via p. Multiplying (5.11) by Todd(-D^x) then gives the following equation 

(5.22) 

cn (-D(AevenF*)®£) — ch (Z)(AoddF.)0£ A Todd(DTX) 

= ch(DE)  A Todd(jDTy)[F] + dT 

where T  is a canonically defined Lj^-form on X. 

Now associated to the proper embedding j  :  Y  —  X  there are the Gysin 

maps 

j , : K(Y)  — . J v(A') and j , : H\Y)  —+  H* (X) 

defined above. Let ch : A" • ff* be the transformation of multiplicative theories 

given by the Chern character. Then in passing from currents to cohomology, 
equation (5.22) becomes 

(5.23) c l i ( j ,£)uTodd(_Y) = j*  { (ch£ , )uTodd(F)} 

which is the C°°-form of Grotliendieck's Theorem for j . It can be restated by 

asserting that the following diagram 

A ' ( l ' ) 
j! 

K(X) 

ch( • )ATodd(y) ch( • )ATodd(X) 

H*(Y) H*(X) 
j! 

commutes. For this reason it is sensible to consider Theorem 5.9 as a gener­

alization of this result to divisors of atomic sections. In particular, using the 
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localization argument above we get a Grothendieck-Riemann-Roch Theo­

rem for any subcomplex Y  C X  of a smooth triangulation of X  which 

can be expressed as the divisor of a section of a complex vector bundle 

defined in some neighborhood of Y . 

In the next chapter we will generalize this to embeddings with spin or Spinc-

structures on the normal bundle as in [AH]. 

Proof of Lemma 5.2. We first note that for all A  G Hom(V, V) we have that 

(5.24) eYkA = A k (eA). 

To prove this set Lt  =  etA in Hom(V, V ) . Both jt =  AhLt  and pt = etA*A are 

1-parameter groups in GL(AfeV), and d<j>t/dt\t=0 = dtpt/dt\t-0 = XkA. 

The case d i m c V = l . Suppose that dime V = 1 and A  = aid on V =  AXV.  By 

definition, \°A  = 0 on C = A°V.  Thus, A °eA = ex°A = I and = ex'A = 

e°I. In particular, 

tr e'°A - tr eY1 A = tr(A°eA) - t r ( A V ) = l - e a . 

which completes the proof when dim^ V = 1. 

Definition 5.25. Given L  G Hom(V, V) and t  G №, we set 

Trt(X) = 

fc>0 

tr (AkL)  tk. 

Lemma 5.26. Given Li : V\ — V\ and L2 : V2 — V2, we have for ail t that 

Trti^QLi) = Tr,(Ii)Tr«(X2). 

Proof. Note that 

Ak(V1®V2) = 
i+j=k 

(Ai71)®(A>y2) 
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and therefore 

Tr (A*(Li ® L2)) = 
i+j=k 

T r ( A % ) T r ( A ' L 2 ) . • 

Suppose now that A  is diagonalizable with eigenvalues a i , . . . , an.  Applying 

5.28 to the eigenspace decomposition V =  @ VJ, we see that 

Trt (eA) = 
n 

¿=1 

( l + eflii) = det (L  + TEA), 

and in particular, if det A  ^  0, 

Tr_! (e~A)  =  det (1 - e~A)  =  det 
Id - e~A 

A 
det A. 

Since invertible diagonalizable endomorphisms are dense in Hom(V, V ) , equation 

(5.3) is established and Lemma 5.2 is proved. • 

6. Bundle Maps E — F where Rank E = 1. 

The results of this chapter easily extend from the case C - F  to the case 

E F  where rank E  =  1. We present here brief statements of the modified 

results. Most of the proofs are omitted. 

Fix F,  Dp  and \ as above. Consider a bundle map a  :  E —  F  where E  is 

a complex line bundle with connection D e- Given local frames e for E  and / for 

F, u  =  ( u i , . . . , un)  is defined by a(e)  =  uf,  and a  is atomic is each such u  is 

atomic. The divisor of a  is defined by Div(a) = Div(u). 

Let D  3 be the family of smooth approximations to the push forward con­

nection on F,  and let £1  s, Ts, etc. be defined as usual. 

Proposition 6.1. Suppose  E  F  is  atomic.  The  transgression  is  given by 

(6.2) T3  = 
Xs 

0 
o u* Du 

u2 ; HF + x 
u*DE 

\u\2 - u u 
u2 

[2p — Du' Du 
L«L2 

dx, 
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and converges  in  Lloc(X)  to 

(6.3) T = 
l 

0 4 u* Du 
u2 ; SZp + x 

u*F E u 

M2 
- « u 

u2 
1F- Du* Du 

u2 
eta. 

In particular,  the  transgression  T  is  independent  of  the  choice  of  approximate 

one x-

Formula (2.4) is valid for 3 provided that in this formula £1  o is replaced 

by 

(6.4) fto = 1 - u* u 
u2 

QF - Du* Du 
u2 

+ 
u2 DE 

\u\2 ' 

i.e., the term u  y^^u is added to 0- The proof of Proposition 6.1 follows exactly 

as the proof of Proposition 2.8. The extra term u " is harmless. 

Define the residue form on X  as before by setting 

(6.5) R e s ^ Z ? ) = -

p-1 

T - - p . ( T ) , 

where p  denotes the restriction of 7r : Hom(F, F) — » X to the e-sphere bundle 

and T is the transgression in the universal case. Note that with this definition 

Res^( D ) is smooth. 

In the universal case we adopt the notation of Section 3 in Chapter I. In 

particular, recall the blow up 

p : Hom(E, F) H o m ( £ , F ) 

and the target bundle T  C F  over Hom(£ , F ) , obtained by pulling back the 

universal line bundle over P ( F ) to Hom(F, F). 

Universal Theorem 6.6. The  <f)-Chern  current <^((D)) of  the  pushforward 

singular connection  associated  with  the  canonical  bundle  map  E F over 

Hom(£ , F)  has  L\oc-part  equal  to  / ) ^ ( D E ® DT±) and  singular  part  equal  to 

Res<^( D ) [X] where  the  residue  form  is  smooth  and  d-closed.  The  equation 

(6.7) <KDF) - />*<KDE © DT±) - Res^D^X]  = dT, over H o m ( F , F ) 
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is the  limiting  form,  as  s —y  0,  of the equation 

(6.8) </>(DF) - <KD3) = dT3 over  Kom(E,F) 

and the  potentials Ts  converge  to  T in  L11oc(Hom(£J, F)). 

Furthermore, the  residue form  Res^(Z?) is  a universally determined  polyno-

mial in  the curvatures  of  E and  F, i.e.,  the strict analogue  of  Theorem 3.23  holds 

in this  case. 

The residue can be computed by utilizing the algebraic approximation mode. 

Consider Hom(£ , F) as an open dense chart in the compactification P(E  ©  F) 

and let 7r also denote projection from P(E  ®  F) to X. Then it will be proved in 

the next section that 

(6.9) Res^D)  = n^Dux) 

where U  is the universal bundle on V(E ®  F). 

If E  F  is atomic, then the results of the universal Theorem 6.6 can 

be successfully pulled back from Hom(JE, F) to the base manifold X.  As before 

[X] pulls back to Div(a) and the residue form Kes^D)  is independent of the 

bundle map a. Moreover, the Lj^-form </>( f2 0) = ^ ^ ( D E f f i ^ i ) on rlom(E, F) 

pulls back to a d-closed Lj^-form on X,  which we also denote by <^(fio) = 

p*<f)(DE®DT±). 

Note that because of (6.4) and 1.2.19, the Lj^-part of the (j) Chern current 

can be expressed as 

(6.10) p*(/>(DE®DT±) = <t> SlE® 1 - u* u 
\u\* 

DF - Du* Du 
\u\ 

1 - u*u 
u2 . 

Atomic Theorem 6.11. Suppose E  F is atomic. The  equation 

(6.12) <l>(DF)-<f>(d9) = dT3 on  X 

has limiting  form  (as  s —y  0) 

(6.13) <f>(DF)- p *<f)(DE® DT±)-Res^(D)  Div(a ) = dT on  X, 

so that  the  (f)-Chern current exists  and  has L\oc(X)-part equal  to  P*(J)(DE(BDT±) 

and singular  part  equal  to  Res^( D ) Div(oj). 
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Remark 6.14. T h e Tota l Che rn Form. The special case of the results of 

this section where j is the total Chern polynomial, denoted c, are summarized 

in this remark. First, one calculates that 

(6.15) Resc(D)  = 1 

exactly as in the case E  =  C . The universal equation (6.7) can be written as 

(6.16) c ( D F K D E ) - 1 - p , c ( Z ) r x ) - c ( D E ) - 1 [ I ] = d ( c ( D E ) - V ) 

on Hom(£J, F) where the degree 2n  part is given by 

(6.17) c n ( D p ) - c n _ 1 ( D P ) c 1 ( D E ) + . . . ( - l ) B c 1 ( D E ) B - [ A - ] = d7 

on Hom(£ , ,F ) . If E  — F is atomic then (6.13) can be written as 

(6.18) c{DF)c(DEyl -/9,c(i?TJ.)-c(^)-1Div(a) = d^DE)'1  <**{*)) 

on X , and hence 

(6.19) cn(DF)-cn_1(DF)c1(DE)  +  ...(-l)nc1(DE)n-D\v(a)  =  d(a*(7)) . 

The equations 

c ( D F ) - c ( D s ) = dcrs  on Hom(£ , F) 

C ( D P ) - C ( D E ) C ( 2 3 T I ) - [ X ] = da  on H o m ( E , F ) 

yield 

c(Bs)-c(BE)c(DT,)-[X] =  drs, 

with rs = a  —  as. Equivalently, 

(6.20) C I D . M D E ) - 1 - ^ ) - ^ ) - 1 ! ! ] = d O - S C P E ) - 1 ) . 

Taking the degree 2n-part of this equation yields an equation 

(6.21) T3-[X]  =  d~/s  on Hom(J5, F) 

where 7S is the degree 2n  — 1 part of rsc(DE)_1 and where 

(6.22) ra  =  C „ ( D 3 ) - C„_1(DS)C1(DE) + . . . ( - l )nCl (DE)B, 

since c(DT±)  has no degree 2n  part. This form T3  is a Thom-Chern form for 

Hom(F, F).  One can establish that 

(6.23) &*T3  converges to Div(a) on X 

if a is an atomic bundle map from E  to F. 
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Remark 6.24. It is natural to define the total Chern form of the difference 

Dp —  De to be 

(6.25) c(DF-De) = c(DF)c{DE)-1. 

If, more generally, j is any polynomial in n  variables C\,..., cn then it is natural 

to define 

(6.26) <t>(DF-DE)  =  <Kc1(DF-DE),...,cn(DF-DE))-

This yields a definition of the (/>-Chern form <f>(DF —  DF) for all Ad-invariant 

forms </>. 

Remark 6.27. The Top Chern Form for H = Hom(E,F) — the Direct 

Approach. Consider H  =  Hom(i£, F) as a hermitian vector bundle with con­

nection DH  (induced by the connections on E  and F).  The results of Sections 2, 

3, and 4 can be applied directly to H,  yielding an easy proof of the results of 

Remark 6.14, independent of the constructions of this section. 

Let D  3JF  denote the push forward family — from E to F, and let D  3JH 

denote the push forward family — from C to H, all over H =  rlom(E1  F).  Local 

frames e for E  and / for F  induce a local frame for H  with fiber coordinates 

given by u  =  (ui,...,  un)  defined by a(e)  =  uf  at a point a  G H. The gauge for 

DH is given by 

(6.28) ujjj —  uoF  —  uje 

where, in this equation, ucE  is a one form times the identity ra x n  matrix, since 

we are assuming that E  is of rank one. One can easily check that 

(6.29) us,H =  ^  H  - Xi it* Du 
M2 1 

by (2.2). Therefore 

(6.30) ^s,H = US,F~Ue. 

Since uF  A u 3^F  + T  3jF  A uje = 0 (because E  has rank one), 

(6.31) tt3,H = Tt SiF — DE. 
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As an immediate consequence the Thorn form r3  for H = Hom(F, F) is given 

by 

(6.32) t. = i 
2u n det( Q  f,S — &e) = 

n 

j=0 
(—iy cn-j(  D  3,f)c-{DeY  • 

In particular, this Thorn form for H , obtained as a direct application of Section 4, 

equals the Thorn form of (6.22). The results of Sections 2, 3, and 4 yield 

Theorem 6.33. If E -^U F  is  atomic  then 

cn(DF-DE)-Div(a) =  da*(a) 

with OJ*(<T) G L\OC(X). Moreover,  this  is  the  limiting  form  of  the  pull  back  by  a 

of the  universal  equation 

(6.34) Cn(DF-DE)-T3 = do3 

on H  = H o m ( £ , F).  Here 

(6.35) cj3 = i 
27T, 

n 
Xs 

0 

det u* Du 
I«I2 

; fip — QE — x Du* Du 
M2 

dx. 

Proof. The proof of the formula for o3  is all that remains. Use the formula 

(6.31) for Q  3jh, replacing QE  by  £lE  — QE in Proposition 3.17 and in (4.29). • 

7. Residues. 

In this section we carry out explicit computations of the residue form 

Res0( D) discussed in previous sections. We already know from 3.23 and 6.6 

that Res^( D) is written as a universal polynomial in the curvatures of E and F. 

The polynomial is determined by the cohomology class of the residue (on, say, 

the classifying space of the bundles). Therefore the main point of this section 

will be to give explicit universal computations on this residue class. 
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At the end of the section we shall prove a general theorem concerning the 

decomposition of characteristic forms in terms of the tautological splitting of a 

bundle V  when pulled-back over its projectivization. The main point of this result 

is the explicit form of the transgression. When V  =  E  © the theorem gives 

direct and parallel proofs of the main results in this chapter without recourse to 

3.23 or 6.6. This theorem also has independent interest. 

We now fix E  and F  as in the previous section and we work with pullbacks 

E and F of these bundles to the total space of H o m ( £ , F ) . Since Res^D)  is 

independent of the choice of approximation mode, we shall use the algebraic one. 

This enables us to use the results of Section 1.6 on compatification. 

The residue form is defined by 

(7.1) Res^D)  =  -pm(T)  =  -

p-1 

T 

where p  is the restiction of n : Hom(£ , F)  —•  X  to the unit sphere bundle. One 

also has the alternative formula (cf. Remark 2.24). 

(7.2) Res^D)  = 7T* <f>(Ds)-ct>(n0) = 
7T-1 

<f>(Ds) 

for any s  > 0. Now consider the compactification, P(E  © F), of Hom(£ , F)  and 

let U  denote the universal line bundle on P ( i£© F). From Chapter 1.6, we know 

that, over the subset Hom(£I, F) C P(E  © F ) , there is an isomorphism 

(7.3) ( F , ^ j ) S (U^D uj.) 

of bundles with connection. Thus 

(7.4) <f>(D1)  =  <t>(Du±). 

Since the form <j)(Djj±)  extends to be a smooth form on P(E  © F)  and since 

P(E © F) ~  Hom(£l, F) is a subset of measure zero, this proves the next result. 
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Theorem 7.5. Consider  the  bundle  map  T  : P(E ©  F) —  X.  Let 

EffiF = U®U± 

denote the  direct  sum  decomposition  given  in  1.6.  Furnish  U  and  U1-  with  the 

connections induced  from  the  connection  DE  ©  Dp on  EffiF. Let  Du  and  Dv± 

denote these  induced  connections.  Then  for  any  invariant  polynomial  (j) 

(7.6) R e s ^ D ) = v m(4>(Dv±)) = 

TT"1 

4>{DV,). 

In particular,  the  cohomology  class  of  the  residue  on  X  is  given by  the  formula 

(7.7) R e s ^ ( D ) = T L ^ t ^ ) 

where ^ ({7X) € H*(P(E  ©  F); R) is  the  (^-characteristic  class  of  over  P(E  © 

F). 

We shall say that j is integral if it corresponds to an integral cohomology 

class under the canonical identification /GLn(C) — ^*(BGLn(C); R) given by 

the Chern-Weil homomorphism. 

Corollary 7.8. If  j is  integral,  then  the  residue  class  [Res^(D)] is  an  integral 

cohomology class,  i.e.,  it  lies  in  the  image  of  H*(X;  Z) in H*(X',  R). 

The remainder of this section is devoted to computing r\f(UL) explicitly in 

terms of 0, c(E)  and c(F).  (This will yield exact formulas for Res^(Z)) in terms 

of $7E and tip-) 

We begin with a general algorithm for computing ir\(U±).  (In most impor­

tant cases this algorithm can be considerably simplified, as we shall see). From 

the equation 

(7.9) TT*(E®F)  =  U®U± 

we have that 

(7.10) c{U^) =  c ( t / ) - V ( c ( £ ) c ( F ) ) . 
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Let us set 

* =  ~ci(U) 

so that 

(7.11) ciU)-1 = (1-t)-1 = 
oo 

k=0 

tk. 

Then (7.10) implies that 

(7.12) ceiU1-) = 
i+j+k=e 

*(E)Ci (F)i* 

for £ = 1, . . . where E = 7*E and F = 7*F. We now express t{U^)  as a 

polynomial in the Chern classes: 

o (UL) = O (c1 (U L), ..., cn (U L)). 

Using (7.12) this can be expanded in the form 

o(UL) = 

k>0 
Ak (c(E),c (F))tk 

where each Ak is a polynomial in Ci(E), c i ( F ) , . . . , cn(F). It follows that 

(7.13) 7Ti (j)(JJ~^~) = 
k>0 

Ak (c (E), c (F)) u! (tk). 

To compute the general residue formula, it remains only to compute ir\(tk). 

Proposition 7.14. One has  that 

(i) 7ri(**) = 0 ifk<n, 

(ii) 7r .(R) = 1 and 

(iii) -K\(tn+k)  = the  component  of  c(E)~1c(F)~1  in  degree  2k. 

Proof. Equation (i) is trivial since n\  is zero in degrees < 2n.  Equation (ii) is a 

direct consequence of the elementary fact that 

Cl(A*)n[Pn] = 1 
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where A is the tautological line bundle over Pn. To prove (iii) note from (7.10 

and (7.11) that 
oo 

k=0 
tk = 7T*(c(S)-1c(F)-1)c(?7±). 

Applying 7Ti gives 

CO 

k=0 

i^{tn+k) = C ( £ ) - 1 C ( F ) - 1 T T ! ( C ( ? 7 j - ) ) 

since 7ri((7r*a) • 6) = air\b.  Applying (ii) to the component in degree zero in this 

equation gives 

(7.15) *\cn{U^) = 1. 

Hence, 

(7.16) 
CO 

k=0 
7ri(*n+*) = C ( E ) " 1 C ( F ) - 1 . • 

We have proved the following. 

Theorem 7.17. For  any Ad-invariant  polynomial  (j) on the Lie  algebra #in,  the 

residue form  Kes^D)  is  given pointwise  as  the polynomial  in  £IE  a#d fij? com-

puted by  combining  (7.13) and 7.14  above. 

This result extends, of course, to formal series of Ad-invariant homogeneous 

polynomials on £i(n. Note that we have recovered the basic facts that 

ResCn(Z3) EE Res{ci)n(D) = 1 

In many important cases the function </> has properties which make the cal­

culation of Res^(Z)) considerably easier. The first example is that of the Chern 

character. Given ip £ £ * ( X ) , let {ip}m denote the component of degree ra, i.e., 

u = { ^ } m with {</>}m e em{x). 
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Theorem 7.18. 

Resch(£ ) = 
CO 

k=0 

(-1)k+1 
(n+fc)! 

{c(DE)-1 c (DF) -1} 2k 

Proof. Applying ch to (7.9) gives 

7r*(cLE) + 7r*(chF) = ch(?7) + ch(C7±)7 

by the additivity property of the Chern character. Applying 7n then gives 

TrichfC/-1) = -7r,ch(C/) = 
fc>0 

(-Dfc+1 
kl 

u!(tk). 

Applying 7.14 and 6.6 gives the result. • 

Theorem 7.19. Let  rk(A)  = t r { ( ^ ) * } for  A  <E gln(C) be  the  kth  "trace-power" 

function. Then 

ResrAD) =  (-11 k+1 c(DE)-1c(DF)-1 \2k 

Suppose now that H = M(c)  is a multiplicative series of Chern classes asso­

ciated to the formal power series 

h(x) =  l  +  a1x  +  a2x2+ ...  €  R[[x]}. 

(See [Hi], [MS] or [LM] for definitions and discussion.) Let 

lrl(-x) =  l  +  b^x  +  hx2  +  ...  en[[x}} 

be the modified inverse series determined by h(x)h  x(x)  = 1. 

Theorem 7.20. 

ResH(£>) = H(DE)H(DF) 
k>{) 

btl+,k{c(DEy1c(DF)-1} 2k 

Proof. By the multiplicative property of H we have 

TT*{H(F)M(F)} = H(Lr±)H(C/) = H(C7x)/i(-0-

Hence, 

H(J7X) = 7T*{H(F)H(F)} 
CO 

k=0 

h(-t)k. 

Applying 7ri gives the result. • 
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Note that M(DE)  =  h(cx(DE))  =  h(£QE). 

A basic example is given by the Todd series Todd which is associated to th< 

polynomial 

td(x) = x 
I - e~x' 

and so 

t d - ^ - x ) = 
1 -ex 

—x 
= 

CO 

k=l 

1 
Jb! 

xk-1. 

Corollary 7.21. Let  u  =  ci(DE)  =  Then 

ResTodd(-D) = 
1 - e" 

—u 
Todd(DF) 

CO 

k=0 

1 
(n+*+l)! { ( l - n ) - 1 ^ ) - 1 ^ 

= 
1 - ett 

—ii 
Todd(£>F) 

CO 

k=Q 

1 
(n+fc+l) 

{Resch(£>)}2fc 

A second example is given by H = eCl which has associated formal power 

series h(x)  =  ex.  Note that in this case h~1(—x)  =  ex. 

Another set of examples for which the residue is easily computable comes 

from the following. Consider a polynomial 

0(-,*)€/GLn[t] 

in one indeterminate t  with coefficients in the ring of Ad-invariant polynomials 

on p[n. Given bundles £*, F  —  X  with connection as above, we can construct 

the Chern-Weil form 

O (DF, DE) E H* (X). 

All the  results  of  this  chapter  hold  with  (f> replaced  by  ^(-,  £lE). 

Suppose now that T, T x are the bundles over the blow-up p  : P ( £ ® F ) — • 

P(E SB F) defined in 1.3. Then we have the following generalization of Theo­

rem 4.16. 
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Theorem 7.22. Let  f(-,t) G /GLn [t] be as  above. Suppose  that  whenever  F  — 

X is  the  tautological  bundle  over  the  Grassmannian  of  n-planes  in  CN,  for  some 

N, the  class 
< £ ( £ © T ^ , £ ) = 0 

in H*(P(E  ©  F)). Then  for  any  pair  of  bundles  with  connection  F,  E  —•  X 

over any  manifold  X  (where  rank(E)  =  1  and rank(F)  =  n),  we  have  that 

Resu(.,D E) o (.,D E) = U (D F, D E) Reso (.,D E) 

for all  G / G L „ W 

Remark 7.23. Consider the example 

C(;t) del n 

k=0 
Cn-k(-t) , 

where c n-k is the polynomial corresponding to the kth  Chern class. This has the 

property that 

c{F,E) =  cn(E*®F). 

It follows that 

c ( £ 0 T ± , F ) = cn(E*®  {EQT1-))  =  c n ( C © T x ) = 0 

and the Theorem applies. In particular when E  is the trivial line bundle, we 

recover Proposition 4.16. 

Proof o f 7.22. On P(E  ©  F) we have the equation of smooth forms 

p*{<l>0s, D E)(f>(D3, DE)}  -  xl>(DE © DT±, D E)(f>(DE ©  DT±, DE) 

(7.24) = Ds,  DE)<j>(D3,  DE)}  -  ip(DE  ©  DT±, DE)dA 

= P*{4iD31DE)cp(Ds,DE)}-dA 

where A  =  ift(DE(BDT±  ,DE)A.  Applying p* to the top line gives R e s ^ [ X ] + d5. 

Hence equation (7.24) shows that Res^[J¥/] is cohomologous to 

ip(D3,DE)(j)(D 3,DE)  on P(E  ©  F).  On the other hand, our hypothesis that 
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f>{DE ©  DT±,DE)  =  dA  implies that <t5(Q0,^E) = p *<j*{DE © DT±,DE)  = 
def 

dp*A =  dA!.  Hence the equation 

^ ( J , , I > E ) - ^ ( $ o , f E ) = Res^Xj + dS' 

and the fact that 

x/;(D3,DE) 
x 

= xl>(DF,DE) 

imply that 

*l>{D3,DE)ct>(D3,DE) =  i>(DF,DE)Res+[X]  +  dS 

where S  =  ip(Ds,DE)(S'  +  A').  We conclude that 

[ R e s ^ ] = [^(DF)][Res^] 

in H*(X).  The result now follows from 6.6. • 

The detailed results above on residue forms can be given a direct proof 

without using Theorems 3.23 or 6.6. To do this one begins with Theorem 7.25 

below, sets V  =  E  ©  F and carries through the formal arguments above. (See 

Remark 7.29). 

This next result concerns the splitting of characteristic forms of a vector 

bundle V  with connection, when they are lifted to the projectivization. The 

main point of the theorem is the detailed structure of the transgression current. 

The result is of independent interest and quite useful. 

Theorem 7.25. Let  V  be  a  complex  vector  bundle  with  connection  Dy  over  a 

manifold X  and  let  n  : P(V) — • X  denote  the  projectivized  bundle.  Suppose  V 

is furnished  with  a  hermitian  metric  (not  necessarily  related  to  the  connection). 

Denote by  U  the  tautological  line  bundle  over  P(V) with  connection  DJJ  induced 

from Dy  via the  splitting 

7r*y = U®U±. 

Then for  any  Ad-invariant  polynomial  j on  £ln(C) there  exists  a  transgression 

form S  on  P(V) satisfying 

(7.26) (j>{Dv)-(j>{Du@DUjL)  =  dS  on  P(V) 

158 



RESIDUES 

with the  property  that  S  can  be  expressed,  as  a  sum  over  k,  of  forms  which  are 

of bidegree  k,  k  —  1 in  the  fiber  1-forms  Dui,  Du^  for  i,  j  =  1 , . . . , n. 

Consequently, if  ip  is any  form  on  P(V)  which  is  of  type  k,k  in  these  fibre 

1-forms, then 

(7.27) n*(*pS) = 0. 

Corollary 7.28. (cf. Bott [Bo]). Under  the  hypotheses  of  Theorem  7.25, 

n^ciDu)-1) =  c (Dy)-1. 

Proof. Note that by (7.26), 

c(Dv) - c(Du)c(DÙ)  =  dS. 

Multiply the equation by C(DJJ)  1c(Dy)  take 7r*, and apply (7.27). • 

Remark 7.29. Using Theorem 7.25 one can give direct proofs of the results 

7.1-7—7.21 above. To do this, set V  =  E  ©  F  and apply argument parallel to 

those above. We leave this to the reader. 

Proof of Theorem 7.25. Let P  :  V —* U denote orthogonal projection. The 

family of connections on V given by 

Dx =  Dy  -  x(l  -  P)DVP  for 0 < x  <  1 

has initial connection Dy  and terminal connection Di  =  Dy  — (1 — P)DyP. 

Blocking Di  with respect to the decomposition V = U  © UJ~ yields 

Di = 
Du PDV(1-P) 

0 Dv±. 

Since Di is in upper triangular form 

4>{Di) = <t>(Dv®Du±) 
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for any invariant polynomial j. Consequently, 

t(Dv) -  f(Du®Du±)  = dS 

with 

S =  -

l 

o 
4> D x , Rx dx. 

To complete the proof we calculate this formula for S. 

Write Dx = Dy - xB where B = (1 - P)DyP, and note that B2 = 0 since 

P ( l - P)  =  0. Therefore 

Rx = (Dv - xB)2 = Rv - x(BDv + DVB). 

Note that 

B = (l-P)DyP = ( 1 - P ) ( Z V P - P L V ) = ( l - P ) Z J ( P ) , 

where by definition D(P)  =  DVP  -  PDV.  Since P = P2, we have D(P) = 

D{P)P +  PD{P\  and therefore 

B = U ( P ) P . 

This implies 

BDv = D(P)PD V. 

Since 

DVB = Z ? v ( l - f ) Ö 7 P 

= {Dv{\-P)-{\-P)Dv}DvP +  {\-P)RvP 

= -D(P)DvP +  (l-P)RvP, 

we have 

BDV + DVB = (1 - P ) ß ^ P - D(P)D(P). 

This proves 
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Lemma 7.30. 

Rx =  Rv-x{l-P)RvP +  xD{P)D{P) 

and 
Dx = - ( l - P ) D ( P ) . 

To prove Theorem 7.25 it will suffice to show that D x is of bidegree 1, 0 

and that R x is a sum of terms of bidegree k,k  in the fibre 1-forms Dui,  Du*j. 

We shall calculate in homogeneous coordinates V  ~  Z  — P(V).  Over V  ~  Z, 

the bundle V has a canonical section c.  Consider the associated bundle map 

C V defined by a ( l ) = c. The image of a is the subbundle U  of V . The 

orthogonal projection P  is given by P =  where \a\ 2 =  a*a.  To prove our 

assertions it suffices to show that 

(7.31) B = (1 - P)D(P) = (1 - P) 
(Da)a* 

\a\2 

and that 

(7.32) D{P)D(P) = 
a(Da*) 

H 2 
( 1 - P ) 

(Da)a* 
\a\2 + 1 - P 

(Da)(Da*) 
\<*\2 

( 1 - P ) . 

Both follow from the formula 

D(P) = DVP-PDV = ( 1 - P ) 
(Da)a* 

|a | 2 
+ 

û(Da*) 

« 2 
( 1 - P ) 

which is an easy consequence of P = This completes the proof of Theo­

rem 7.25. • 

Remark 7.33. Setting x  = 1 in (7.30), and using (7.32) yields 

Ru =  P Rv + 
a(Da*) 

a2 
( l - p ) 

Da)a* 
\a\2 P, 

and 

Rv± = ( 1 - P ) Rv + 
(Da)(Da*) 

\ a \ 2 

( 1 - P ) . 
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Remark 7.34. If u  is a homogeneous coordinate for P ( V ) with respect to a 

local frame for V, then S  is given by the following formula. 

(7.35) 

S = 
1 

o 

<t> u* Du 
u2 

1 - u*u 
M2 ; Qy  —  x u* u 

u2 
Dv 1 - u* u 

M2 

— X 
u*(Du) 
u2 1 - U* U 

Itati 
(Du*)u 
u2 — X 1 - u* u) 

u2 
(Da')(D«) 

u2 1 - u* u) 
u2 

dx. 

If we apply Theorem 7.25 to the case where V  =  E  ®  F with direct sum 

connection, then formula (7.26) becomes 

(7.36) (j){DE®DF)-(f){Du®DUA.) = dS 

on P(l£ © F). Here we allow to be of any rank. When <j> = c_1, this gives the 

following. 

Proposition 7.37. Let c  denote  the  total  Chern  polynomial  If  rank F > 1, 

then 
u* {c (D U l)-1} = 0 

In particular,  when  rank E = 1 and rank(jF) > 1 we have that 

Resc-i(D) = 0. 

Proof. By 7.25 we have 

c(DE)c(DF)-c(Du)c (D  u±) = dS 

which implies that 

c(Du±)-1-c(Du)c(D E)'1c(D  F)-1  = c / ( c ( ^ ) - 1 c ( D E ) - 1 c ( D F ) - 1 5 ) = dT. 

By 7.27 we have that 

TR.dT = c(DE)~xc(DF)~ldn* (c(Du±)~1  S)  = 0. 

Furthermore, since dimP (E®F)  = rank(£,) + r ank (F ) -1 > rank(J5) = rank(i7). 

we have that 

7R,{c(i)t7)c(J9E)-1c(Z)F)-1} - c{DE)-lc(DF)-^,c{ Dv)  = 0. 

Hence, 7T*{c(Du±)-1} = 0. • 
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8. The Singular PullBack Connection D on E. 

Throughout this section assume that E  F  is an atomic bundle map 

of hermitian bundles with connections and that rank(J5) = 1. The special case 

C -^U F  where a ( l ) = p  is a section of F  is of particular importance. The 

objective is to compute the Chern currents associated with the singular pullback 

connection D  on the line bundle E.  One consequence is that the divisor of \i can 

be expressed as ( — 1)" times the singular part of the Chern current c"((Z?)) (See 

Corollary 8.18 below). 

The pullback family of connections D  3 on E  is defined by 

(8.1) D3 = DE +  XS 
a Da 

I 12 ' 

WITH 

(8.2) D = DE + 
a*Da 

\a\2 ' 
As we shall see this case is formally like the line bundle case of Chapter II. 

The power functions ém(t) = Ztt 
m generate all invariant polynomials so we 

need only consider i 
2 it 

Ds 771 
. Equivalently we need only consider c  1(t)  = 

( l + j^t)  , the inverse of the total Chern polynomial c(t)  = 1 + j^t.  The 

residue has a particularly nice form with this choice. 

Theorem 8.3. Suppose E F  is an atomic  bundle  map  from  a  line  bundle 

E to  a. rank  n  bundle  F.  The  Chern  current  c~1((D))  = lim c~1(D 3)  of  the 

singular pullback  connection  D on E  is  given by 

(8.4) c~l(( D  )) = 1 + 
2u D0 -1 

+ c(D Frìc{DEy1Dìv(a), 

where the  L\oc  part 1 + 2 7T u 

-1 
G ^ ^ ( - Y ) is  d-closed.  The  transgressions 

Ts converge  in  Lloc(X) to  T Ç ^ ^ . ( A ' ) . The  current  equation 

(8.5) c ^ r ' - c l Ï Ï o l - ' - d ^ r ' ^ E r ' D i v W - dT 

is the  limiting  form  of  the  standard  transgression  formula 

(8.6) <DE)-1 -c{Da)-1  = dTa. 
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Proof. The singular pullback connection D  on E  has gauge 

w = w E + 
Duu* 

\u\2 = Cue + 
(li^i? — + du)u* 

uu* 
= 

(ulof -j- du)u* 

uu* 

in terms of local frames e for E  and / for F where ae  = uf defines u  = 

( u i , . . . , un). Since u is atomic the singular gauge u7 has an L\oc  extension to X 

which will be denoted by 

to o  = 
(UÜF +  du)u* 

UU* 

The matrix form of a*Da is the global L\QC(X)  one form 

t = 
Duu* 

\u\2 
= 

(uüp — üEU + du)u* 

UU* 
— Lü0 -LÜE 

just as \a\2  =  (a,a)Hom = uu* ~ \u\ ls a global C°°  function. The pullback 

family of connections D  3 on E  has local gauge 

(8.7) uF3 = ujE + XsT = uE + Xs(uo -uE). 

The curvature at time s  = 0 is given by 

(8.8) tT0 = 
uQpu* 

\u\2 
-

Du 1 - u* u 
M2, 

Du* 

\u\2 

while the curvature at time s  > 0 is given by 

(8.9) Q3 = Xa(l-Xs)nE + X3*too +  Xs 
\u\2 d\u\2 Duu* 
32 M2 \u\2  ' 

It will suffice to work in the universal case. We set 

e = c(De), e3  = c(D3) and £ =  I + T ^ ^ o 

and note that e = e ^ . Taking the exterior derivative in (8.7) gives 

(8.10) e3 = E + X 5 ( £ - E ) + 2 ^ X A T . 

Since u;3 = x3r  the formula for the transgression can be integrated. We first 

carry this out for the mth power function im{i)  =  (j^t) m and then take a sum. 
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Let e3 denote Ci(Ds), e denote cx(DE), and £ denote J^QQ-  The transgression 

Tm for fm is computed as follows. Tm = 

(8.11) 

г 
2тт 

m 
ra 

OO 

s 

wsDsl-1 ds = i 
2тг ГШ 

OO 

3 

eT^X sds 

= -2 ut 3 tm 
Xs 

0 

(c + x(£-c))m-1<fa: 

= -2u (e + X s ( £ - e ) ) m - é m 
m - e 

Consequently when <f> = c one derives the equation 

(8-12) Ts = - £ T 
(e + xs^-e))-1 -e'1 

l - e 

Using the equation Xs(l — e) = (e + Xs(l - e)) - e one can rewrite (8.12) as 

(8.13) T, = ^xsre-'ie +  xsie-e))-1. 

Since ea = e + Xs(l - e) modulo r this simplifies to 

Ts = ^XsTe-'eJ1. 

Hence, the limiting transgression, as 5 —• 0, is given by 

(8.14) T =  ^re-H-\ 

and the residue is defined by 

(8.15) R.esc-i(Z)) = -p*{T). 

The proof of the Theorem is easily completed using the formulas presented 

above, except for the residue calculation 

(8.16) Resc-i(lJ) = c(DE)~lc(DF)-\ 

In order to prove this it is convenient to use an alternate to the residue formula 

(8.15). 
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Remark 8.17. Alternate formulas for Res (D) . First note that 

-L- Q 
2TT " 

m 
- -L- Q 

2TT " 

m 
- [X]Resm(Z)) = dR3 on Kom(E,F) 

def 

where Resm = Res0m. Assume that x  1S  a compactly supported approximate 

one (i.e. x ( 0 = 1 for £ large). Then Rs  and ft™ — ft™ vanish for large. 

Consequently we may use IT  : Hom(i£, F ) —> X to push forward this current 

equation on r!om(E,F)  to a current equation on X.  Since 7r*(i?a) = 0 and 

7r*([X] R e s m ( D ) ) = Resm(D) we obtain the following alternate formula for the 

residue form 

Resm(D) = 7T* -L- Q 
2TT " 3 

m 
-

-L- Q 
2TT " 3 

m 
. 

Using the fact that 
TP"* 

¿ " 0 
772 

= 0, we can rewrite this in terms of fibre inte­

gration as 

Resm( D ) = 

7T-1 

-L- Q 
2TT " 

m 

Actually, this alternate description is equallv valid for anv approximate one 

X- One must verify that the fiber integral of 2TT *£ 3 

m 
2 ^ 0 

m 
converges 

at infinity in H o m ( £ , F). 

Let U  denote the tautological line bundle over P(E  ®  F). Since E,  D  3 and 

U, Du  are isomorphic over Hom(£ , F) C P(E  ©  F) as bundles with connections 

(see 1.6.14), 

— ft m -L- Q 
2TT " 

m 

extends as a smooth form to all of P(E © F) and 

Resm(D) = Tr.idiDu)"1). 

where TT : P(E © F) -+ X . 

Combining this formula and Proposition 7.14 yields the residue formula 8.16, 

and completes the proof of Theorem 8.3. • 
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Corollary 8.18. For m  <  n,  the  residues  ResM(D)  =  0 and,  for  m  =  n,  the 

residue R e s n ( D ) = (—1)" so  that 

(m<n) c1(Z)E)m-c1(tT0)m = dTm, 

and 

(m = n) aiDEr-diSlor-i-iyiX} =  dTn, 

as equations  of  currents  on  Hom(F, F). Moreover,  for  all  m >  0, 

T —  - — 7 
J-m — 2TT7 

lm - em 
l - e . 

Proof. Resm(D) is equal to (—l)m times the degree 2m — 2n  part of C{DE) 1 

c(DF)-\ for all m  =  0, 1 , . . . , by (8.16). The formula for Tm  is just (8.11). • 

Appendix A The Bochner-Martinelli Kernel and Chern-Weil Theory. 

Suppose u  = (u\,...,  un)  G Cn are coordinates for Cn  and let A(u) = 

T^dui A dui A • • • A ^dun A dun denote the standard volume form on Cn. The 

Bochner-Martinelli potential or kernel is defined to be 

(A.l) B  = (n-l)\ 
7T" 

« | l A ( u ) 
|u|2n ' 

If n  = 1 this is just the Cauchy kernel 277^f. 

Suppose u  = ( u i , . . . , un)  is a smooth function on a manifold X  with values 

in Cn.  The pullback of B  via u  will be denoted by B(u),  or sometimes simply 

by B  as well. This will also be called the Bochner-Martinelli potential (or 

kernel). Note that if u  is atomic, then B(u)  G L\QC(X), i.e., B(u)  has a unique 

extension across the zero set of u  as an L\QC  form. 
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Alternate Expressions for Bochner-Martinelli Related 

to the nth Power of the First Chern Form c1 

Consider the pullback case of Section 8. Suppose DF  and Dp  are flat, i.e., 

there exist local frames which are parallel. In these frames we have 

(A.2) u a  = Xs dn.ii* 
u2 

Let 

/3 = duu* 
u2 

so that 

d/3 = - dud u* 
l«l2 + duu*udu* 

u4 = - dudu* 
u2 

(mod /3). 

Then tJ3  = XsP, ùs =  and 

fia = Xsd/3 + dxsfl = Xsd/3 (mod ùa). 

Therefore the transgression T3  for the nth power, is given by 

Ts = (2u) n 
oo 

3 

ws Dn-1 ds = I 
2TT 

n 
Xs B(dB)n-1 

and 

T = 2?r n P(d(3)n-1. 

Definition A . 3 . Suppose h is a smooth function on X which takes values in the 

set of positive definite hermitian n x n matrices. Define u*  = hu1 and |u|2 = uu*. 

The transgression obtained above, 

(A.4) B(u,u*) = j 
2TT 

r e m *-1, 

will be called the Bochner-Martinelli kernel based on the metric h. 

If the metric h  is the identity matrix, so that u* = uf  we define 

a — duu 
u2. 
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Lemma A . 5 . The Bochner-Martinelli  kernel  B(u)  can  be  written  in  the  form 

i J ^ u * ) , i.e., 

B(u) = - г 
2тт 

n du^tdudu1)71 1 

\u\2n 
= l 

27Г1* 
"aida)"'1. 

Proof. First note the standard fact 

n\X(u) = ^dudu* n 

This implies 

B(u) = 
1 

n 
и 

д 
du 

L г 
2тг 

du du 
\u\2 

n 
; 

and the Lemma follows since da  =  - dudti} 
W2 

(mod a).  • 

Remark. Utilizing the complex structure on Cn, the Bochner-Martinelli kernel 

B can also be written as 

(A.6) В = 2tt nd\og\u\2 (ddiog\u\2)n-\ 

since a  = dlog \u\2. Note that ^ddlog  \u\2  = ^rdoj is real. 

Remark A . 7 . The Solid Angle Kernel. If u  = x + zy 6 Cn has real and 

imaginary parts x and y, then 2Re*l^r = x ^ + y ^ is the real euler vector field 

on R2n = Cn. Consequently (A.l) implies that the real part of the Bochner-

Martinelli potential is equal to the normalized solid angle kernel 

Re S = vo l (5n"1) -10 . 

Here 

0 EE 
2n 

7-1 
( - 1 Г 1 

tjdti A  • • •  A dtj A  • • • Л dtn 
\t\2n 

defines the solid angle kernel in real coordinates (¿1,.. •, ¿2«) € R2n. The 

imaginary part of the Bochner-Martinelli kernel is exact. That is 

ImB = -d 1 
47Г log Iu I2 г 

,2тг 
ддlog \u\2 n-l = -d 1 

47Г 
log |u|2 2 

27Г 
da n-l 

. 
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Because of Corollary 8.18, if we assume X  is point then 

(A.8) dB(u,u*)  =  [01 on Cn 

or if we assume that u(x)  is an atomic function then B(u,u*)  £  L^QC(X)  and 

(A.9) dB(u,u*)  =  Div(u) on X 

In particular, B(u,  u*)  — B(u), considered as an Lloc(Cn)  form, is d-closed. There­

fore, it is d-exact. There is an explicit formula for a form whose exterior derivative 

is B(u,u*)  —  B(u). Before exhibiting this formula we make an important gener­

alization. 

The Bochner-Martinelli kernel can be replaced by other kernels such as the 

Cauchy-Fantappia kernel. This fact is of considerable importance in complex 

analysis. 

Let v*  G (Cn)* denote a column vector whose transpose is ( v * , . . . , v*) . Let 

(A.10) B{u,v*)  = (n-l)\ 
7TN 

v* av L y (u, v*) 

(uv*)n 

and let 

A(w,i>*) = 
i 

2 
i 

dui A dv* A • • • A -dun A dv^. 
We have simply replaced ul  by v*  in the Bochner-Martinelli kernel. (Here v* 

is an independent set of variables, however, v*  may also be considered another 

n-vector valued function.) 

Remark A . 1 1 . Formulas for B(u, v*). The various alternate expressions for 

B(u,u*) have counterparts for B(u,v*). 

The expression 

n\\(u,v*) — 
i 
2 

iudv* 
n 

for A(u, v*)  yields 

(A.12) B(u,v*) =  - i 
K 2TT 

n duv*(dudv*)n-1 
(uv*)n 

It follows that 

(A.13) B(u,v*)  = 1 
(27T»)N 

a(da)n 1 with a  = 
duv* 
uv* , 
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since 

da = — 
dudv* 
uv* 

(mod a). 

The next lemma and it's corollary provide the foundation for the kernel 

approach to the study of several complex variables. See, for example, Harvey-

Polking [HP]. 

Lemma A.14 . Suppose  a  and  f3  are  arbitrary  smooth  one  forms.  Then  the 

following fundamental identity holds: 

(A.15) 

a{da)n-l-ß{dß)n-1 = d aß 
j+k =n-2 

(da)Hdßf -(ß -  a) 
j+k=n-l 

(da)j(dß)k. 

This can  be  written  symbolically  as: 

(A.15) ' 

aida)71'1 -  ß(dß)n~l = d aß 
(da)11-1 - (dß)"-1 

da-dß 
~(ß -  a) 

(da)n - (dß)n 
da -  dß 

First Proof. Note that 

d a Aß A 
j+k=n-2 

(da Y {dßf 

= d a Aß A ((day-2 + (da)n~3(dß) + ··· +  (dß)"~2) 

= ßA (da)""1 + (da)n-2(dß) + ··· +  (da)(dß)n~2 

— a A (da)"-2dß+--- +  (dß)n-1 

= a(da)n~l - ß(dß)n~l +(ß-a) 

j-r-k—n—1 
(da Y (dß)k. • 
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Second Proof. Let at  = (1 - t)a  +  t3.  Then 

d 
dt 

(it(dat)"-1) =  àtidat)71-1 + (n -  l)atdàt(dat)n-2 

= nàt(d(Jt)n~l - ( n - l)d atàt (dat)n-2 

= n(/3  - a)(dat)n-1  - (n  -  l)d a A (3(dat)n-2 

Now integrate both sides using 

1 

0 
m(d<jt)m-ldt = 

(d/3)m - (da)m 
d[3 -da 

. f 

Third Proof. The identity 

d aP (da)71'1 -  (dp)71-1 

= (B - a) (da)" -  (dpy + (da  -  dP) a(da)71-1 -  P(dP)71-1 

can be divided by da  —  dp to yield (1.15'). ' • 

Corollary A .16 . A n Algebraic Identity Fundamental for 9. Suppose  u, 

v*, and  w*  are  arbitrary  n-tuples  of  functions  with  u  a  row and  v*,  w*  columns. 

Set 

a = 
duv* 

uv* 
and p  — 

duw* 
uw* 

Then 

(A.17) a(da)71-1  -  P(dP)71-1  =  d a A3  A 
j+k = n-2 

(daV A  (dp)k 

on the  set  where  uv*  and  uw*  are  non-zero. 

Actually, to obtain the usual formula take the bidegree n, n  —  1 part of this 

formula, or equivalently, replace the exterior derivative d  by d  wherever d  occurs 

in the formula. 
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Proof. It remains to show that 

(A.18) (ß -  a) A (da)j A (dßf = 0, i f j + fc = n - l . 

The complex euler vector field 

6 EE U 
E 
du 

has the property that 

0i_a = = 1, and 6t.da = 8[_dß =  0. 

Now 

a A ß A ( d a ) ' A = 0 

since it is of degree n  + 1 in du! , . . . , dun. Contracting this equation with the 

euler vector field 6 yields (A.18). 

Alternatively, note that 

6\_(da)n = 0 implies (da)n  = 0 

since (da)n  is of top degree n  in du  and apply (1.15'). • 

This Lemma A. 14 can be used to give an alternate proof that the notion of 

divisor of a section is independent of the choice of frame, at least when the bundle 

is complex. First we repeat some definitions in slightly altered form to suit the 

complex bundle case so that what follows may be considered as an independent 

second approach to divisors. 

Suppose fi  is a smooth section of a complex vector bundle F  of rank n. 

Definition A.19. The section \i  is said to be atomic if, for each local frame / , 

the vector valued function г¿, defined by \x  = uf is an atomic function. 

Remark A.20. One can easily show that if u, defined by fi  =  u / , is atomic then 

u defined by fi  =  uf  under a change of frame / = gf  is also atomic. 

Definition A.21. Suppose that ¡1 is an atomic section of a complex vector 

bundle F.  The zero divisor, or zero current of ^ , denoted by Div(/z), is 

locally defined to be the zero divisor of the vector valued function u  determined 

by a local frame / , i.e., Div(/i) = dB(u). 
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Because of Remark A.7, concerning the real and imaginary parts of the 

Bochner-Martinelli potential, this notion of divisor is the same as that in Defini­

tion A.21, so that the independence proof in [HS] is applicable. 

Proposition A.22. Suppose  p  is  an  atomic  section.  The  zero  divisor  of  p  is 

independent of  the  choice  of  local  frame. 

A lemma is needed before proving this Proposition. 

Lemma A.23. Suppose  u  is an atomic function  and  that  h,  g  are GLn(C) valued 

smooth functions  with  h  positive  definite.  Then  each  of  the  three  potentials 

i) B(u) = 1 
2ni 

\n a(da)n 1 where a  — 
duu1 
\u\2 

ii) J5(tx,u*) = l 
27T2 

n P(d(3)n-1 where  /3 = 
duhu1 
uhu1 

= 
duu* 

uu* 
and u*  = hu 

iii) B(v) = l 
27T2* 

"7(^7)™ 1 where 7 = 
dvv1 
\v\2 = 

d(ug)gtut 
uggi'U1 and v  = ug, 

belongs to  Lloc and  has  the  same  exterior  derivative,  namely,  Div(u), the  divisor 

of u. 

Proof of Proposition A.22. Suppose / is a local frame and / = gf is a change 

of frame. Then p  = uf defines u  and /i = vf defines v  — ug. Lemma A.23 says 

that B(u) and B(v) have the same exterior derivative. • 

Proof of Lemma. First note that, since u  is atomic, 

a A /3 

j + k=n-2 

(day(d/3)k e Llc(X), 

a{da)n-' e Llc(X),  and ^(d/S)-1 € tfoc{X). 

To show that a{da)n~l  and (3(dfl)n  1 have the same exterior derivative it suffices 

to verify that 

(A.24) a{da)n'1  - 0(dl3)n-1 = d a3 
j + k=n-2 

(da)j (d/3)k 
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holds as an equation of currents on the entire manifold X.  Of course, outside the 

set u = 0, this is just equation (A.17). 

Choose an approximate one, say \ - Since u is atomic, the Lebesgue domi­

nated convergence theorem implies that 

lim v 
ŝ O 

M l 
s2 

n a(da)71-1 =  a(da)71-1  in LÌoc(X) 

lim x 
s->0 

\u\2 
s2 

" / W ) n _ 1 =j3(dP)n-1  in Lloc(X) 

lim x 
3—0 

kl2 
32 

n 
a(3 

j+k=n-2 

(da)}(d/3)k = a/3 

j+k=n-2 

(day(d/3)k inLlc(X). 

Therefore, if we can show that 

(A.25) lim d X 
M2 
32 

aB 

JJrk=n-2 

(day(d(3)k =  0 in Llc(X\ 

then (A.24) is valid. However, the equation d X 
u2 
32 = x' 

kl2 
32 

\u\2 d\u\2 

32 |tt|2 ' 
implies that the limit (A.25) is zero a.e. (since lim t\'(t)  —  0), as well as implying 

t—+oo 

that the convergence is dominated. 

To show that 

P(d0)'-1 eL{oc(X)  and tidjr-1  e LUX) 

have the same exterior derivative we must use the full formula (A.15) with a 

replaced by 7. Exactly as in the above proof one can establish this as an equation 

of currents 011 the entire manifold A'. Note that 

7 =  i  + 
udgg^u* 

ail u* 
if h  =  ggl. 

In this case the error term 

<r = ( / * - 7 ) 
j+k=n-l 

( < / 7 ) W ) f c € LUX) 

does not vanish. However, 

d i ^ r V ^ W r 1 ) = da 
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so it suffices to prove that da  =  0. Again, using an approximate one \i an(i the 

fact that ß —  7 = udaa ü 
uhu1 

one can show that 

da € LUX). 

However, outside the set of measure zero {u = 0 } , 

da = (d7)n - {dß)n. 

Finally, outside u  — 0, both 

(dß)n =  0 and (d7)n = 0, 

because, for example 

v -
d 

dv 
L (dy)n = 0, 

where v  = ug. • 

Alternate Expressions for Bochner-Martinelli 

Related to the Top Chern Form cn. 

Recall that 

det (A ; B) = 
d 
dt 

det(*A + B) 
\t=o 

= n det( A, £ , . . . , £ ) 

where d e t ( A i , . . . , An) is the completely polarized determinant. 

Lemma A . 2 6 . The  Bochner-Martinelli  kernel  may  be  expressed in  the  form 

(A.27) B = l 
2ir« 

n 1 

n 
det 

trdu du  du> 
\u\2 ' |u|2 . 

Proof. The volume form may be expressed in terms of the matrix duldu  by 

(A.28) n\\(u)  = det duldu 
2 

7 

and we have 

u 
d 

du 
L det (duldu) = det (w^du ; du du) . 

Hence, formula (A.27) for I? is a consequence of the definition ( A . l ) . • 
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In a similar fashion the expression 

n!A(u,t>*) = det — ^dv*du 

for A(u, v*) yields 

(A.29) B(u,v*)  = i 
(27T2')n 

1 

n 
det 

v*du dv*du 
uv* uv* . 

In particular, the Bochner-Martinelli kernel based on the metric 

{ , )F can be written as 

(A.30) B(u,u*) = l 
(27Ti')n 

1 

n 
iet 

u*du du*du 

M2 M2 
. 

Compare this with Theorem 4.22 and its proof to see that —JB(г¿,u*) is the 

transgression potential for cn  in the flat case. 
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This chapter is the analogue of Chapter III for the case of real vector bundles 

with orientation. Given such a bundle V  —  X  and a choice of approximation 

mode, we associate to each orthogonal connection on V  a canonically defined 

family of Thorn forms rs, s  >  0 such that 

Ts X = 
XyDy) when rank(V) is even 

0 when rank(F) is odd, 

and 

l imr , = [X]. 
s—>0 

As in Chapter III there is a family of Lloc transgressions rs such that Ts  — [X] = 

drs and rs — 0 as s  — 0. When rank(V) is even, the form rs is constructed via 

the Pfaffian. When rank(V) is odd the construction is more subtle. 

As in Chapter III, our methods produce explicit formulas for universal Thorn 

classes in the equivariant de Rham complex £som(^-m)- ^or eacn choice of an 

orthogonal connection on a bundle V  as above, these classes map to our Thom 

forms under the equivariant Chern-Weil homomorphism. The formulas for these 

classes are simple and quite pretty. 

An interesting fact concerning approximation modes emerges in this Chapter. 

For real orthogonal bundles, the "most natural" choice of approximate one is 

x(t) =  1 -
1 

1 + * 

This mode has several nice features. Let \x  be a section of V and suppose Dy 

is Riemannian. Then the family of pushforward connections D 3 in this approx­

imation mode is Riemannian for all s.  Furthermore, we have D = 0  i.e., |u| 
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is parallel in its singular pushforward connection. It is also this approximate 

one which allows us to make the link between Thorn forms in even and odd 

dimensions. Finally, this approximate one is related to the Grassmann graph 

construction just as x(t)  =  t/(l  +  t)is'm the complex case. 

In Section 5 we establish the Atiyah-Hirzebruch "Differential Riemann-Roch" 

Theorem canonically at the level of differential forms. In this formulation the A-

form drops straightforwardly out of the calculations. The result is extended to 

singular subcomplexes with "spin normal bundle". 

1. The Pfaffian and a Universal Thorn Form. 

Suppose 7r : V —  X  is an oriented real rank m vector bundle with metric 

compatible connection Dy,  ( , ) • The purpose of this section is to describe a 

method of constructing a family of Thorn forms for V  which only depends on 

the metric connection Dy, ( , ) (cf. [MQ]); and then to show that the pullback of 

this family of Thorn forms by an atomic section has initial value the divisor of 

the section and terminal value the Chern-Euler form associated with the metric 

connection Dy,  (,)• 

To begin we recall some definitions. For each local oriented orthonormal 

frame e for V  the local gauge ujy  determined by Dye  =  cjye  and the local 

curvature fiy, determined by Qy  =  duoy  — ujy A u)y, are both skew matricies. 

Also note that 

(1.1) e^ye  is a globally defined section of the bundle A2V®  A2T*X on X, 

In fact, et£lye  is just the curvature operator Ry  =  Dy  if the metric is used to 

identify A2V  with the skew part of End V. 

Consider the even case m  —  2n. Suppose A  is a skew 2n  X 2n matrix. Let 

^i7---7^2n denote an oriented orthonormal (local) frame for V  and let A = 

e\ A • • • A t2n € A2nV  denote the unit volume element. Recall the definition of 

the pfaffian of A 

(1.2) Pf(A)A = 
1 
n! 

±e*Ae 71 
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Since V  is oriented the unit volume form À for V  is globally defined, and hence 

Pf(A) is globally defined independently of the choice of oriented orthonormal 

frame e. 

The Chern-Euler form of the orthogonal connection Dy will be denoted 

by x(Dv))- When m = rank V = 2n, it is defined by 

(1.3) x(Dv) = Pf 2u Db or equivalently x(Dy)X = n! 4uey Dve n 

For m = rank V =  2n  —  1 we set x ( ^ V ) = 0. 

Normalization is different in the real case. Here, we let Pf = x, i.e., the 

normalized Pfaffian is defined to be the Euler polynomial. 

A Thorn form r on the total space of V is conventionally defined to be any 

smooth form of degree m  which is d-closed, has compact support in the fibers of 

V, and satisfies 

(1.4) 7T*r = 

TT"1 

T = 1. 

We find it convenient to relax the condition of compact support in the fibers 

of V  and only require that 

(1.5) 

Along each fiber 7r the form r  belongs to L1 (-k 1(x)) and 

ir-i(x) 

t = 1. 

The Thorn form r restricted to the base X  = Z C V, is denoted by x and called 

the euler form for V determined by r. 

Let s  denote the homothety by s  £ R in the fibers of V . Each Thorn form 

r determines a family of Thorn forms by (s  > 0) 

(1.6) Ts = 
1 
s 

* (t) 

This is a global geometrization of the notion of an approximate identity (or 

approximate point mass) in the fibers of V. 

We will construct such a family of Thorn forms r3  whose associated Euler 

form is exactly the Chern-Euler form of Dy. 

Now suppose that p is a global section of V.  The formula for the singular 

connection D in Section 2 of Chapter III becomes D = Dy —  A with Av  = 
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(v,u) 
M2 

Dyfi. This connection is not metric compatible. The skew symmetrization 

Dy — TJ(A — A) is metric compatible. However, we will consider the singular 

connection Dv —  (A—AT) which has the property that it is both metric compatible 

and has a parallel section, namely -A. Specifically, we define the Riemannian 

singular pushforward connection on V  by setting 

(1.7) Dv  ee Dvv- (v,u) 
M2 

Dvfi + (Dvu,v) 
H2 u. 

One easily checks that D(/i/|/i|) = 0 outside the zero set Z  =  {x  :  fJ-(x) = 0 } . 

Consequently, the Chern-Euler form satisfies 

(1.8) X(0)) = 0 outside Z. 

If e is a local orthonormal frame for V, then the singular gauge a;, defined outside 

Z , is given by 

(1.9) to  =  ujy  — ulDu 
u2 + 

DN1 II 
u2 , 

where \i  =  ue  defines the Rm-valued function u  —  (ui , . . . ,um), ul  denotes the 

transpose, and 

Du =  du  -f uuoy and Du  =  du  —  ujyu . 

Let x(t)  De anv approximate one (see Definition 1.4.1) and let Xs = X \u\2 
s2 

Then for 0 < 5 < + o o , 

(1.10) D3v  =  Dyv -Xs 
(v,u) 

M2 
Dyfi + Xs (Dvv,u) 

H2 1*1 

with gauge 

(1.11) ~u  s =  ujy  -  Xs ulDu 
M2 - Du1 u 

H2 , 

defines a family of connections on V  which are smooth across the zero set Z.  The 

family is also smooth across s  •=  oo with D^  =  Dy. 

The standard transgression formula applied to this smooth family now says 

that 

(1.12) x(Dv)-x(D.)  =  do. 
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where 

(1.13) a, = ( - 1 ) " 

CO 

S 

Pf 1 DOR, 
27T Us 

5 2u Ds ¿5. 

Let V denote the pullback of the bundle V  over itself. All of the formulas 

above remain valid with u  now interpreted as a linear fibre coordinate on the 

total space of V. 

Definition 1.14. (m = 2n even). The forms rs = x ( D s ) on the total space 

of V  defined by 

(1.15) rsA = n! 
- 2u Ds Ds 71 

will be referred to as the family of Thorn forms associated with the metric 

connection Dy,  ( , ) on V. 

Theorem 1.16. The Thorn Form. Consider  the  total  space  V  as  the  base 

manifold of  the  bundle  V obtained  by  pulling  V  back  over  itself.  The  family, 

ts, of  Thorn  forms  associated  with  the  metric  connection  Dy,  (,)  on  V  is  given 

explicitly by: 

(1.17) rsA = ±(=l)n(l-Xs) et 2u Ds - 2Xs 1 _ X*. 
1 2 

{Due)2 
\u\2 

71 
+ 

2 
(n-l)! 

-1 v 
4TT 

n 
xs(1-Xs) 1-

xs 
2 

-I \u\2 
3* 

d\u\2 (ue)(Due) 
|«|2 |„|2 

[etQve-2X, 1- xs 
xs 

(Due)2 
u2 

N-L 

Note that  Ts  is  compactly  supported  in  the  fibers  of  V  if  x  1S chosen to  be  a 

compactly supported  approximate  one,  i.e.,  if  x(t)  = 1 for t  >t0. 

The solution to the differential equation 

(1.18) , r ( l - T ) ( l - f ) = x'-t 

given by 

(1.19) x(t) = 1 -
1 

/t +  1 
= 

t 

t + 1 + t + 1 

is an approximate one which will be referred to as the real algebraic approxi­

mation mode. This choice has three different motivations. The first motivation 

is formula (1.17). The second and third motivations will be discussed later. 
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Corollary 1.20. Real Algebraic Approximation Mode . If  \  1S  given by 

(1.19), then  the  Thorn  form  is  given by 

(1.21) rsA = n! ' -1 
^ 47T 

n .S 
V | 2 + S2 

etDve - (Due)2 
|u|2 + s2 

n 

The family of transgression forms as  defined by (1.13) in the universal case 

will be called an approximate spherical kernel and the limit or  = lim crs 

(which will be shown to exist) will be called the spherical kernel. 

Theorem 1.22. (ra = 2n even). Each form  rs has the  properties  of  a Thorn 

form, in  fact 

(1.23) ts is  d-closed  and 

7T-1 

Ts = 1, 

and the  Euler  form  associated  with  rs is  the  Chern-Euler  form  x(Dy) of  Dy. 

The approximate  spherical  forms  crs  converge in  Lloc(V)  to  a  and 

(1.24) da  =  x(Dv)-[X) on  V 

is the  limiting  form  of  the  equation  (as  s  — • 0) 

d<rs = x(Dv)  -  Ts  on  V. 

In particular, 

d((T —  crs) —  Ts  — [X] and  lim a  —  as =  0 in L\oc(V) 
s—»-0 

so that 

(1.25) l imrs = [X]. 
S—+0 

Before proving the previous two Theorems we explicitly compute the spher­

ical kernel. 
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Lemma 1.26. (m = 2n even). The  transgression  form  as  is  given by 

(1.27) <rs\ = 2 
(n-l)! 

-1  
4TT 

n (ue)(Due) 
u2 

XS 

0 

elÇlye —  2x 1 - -
(Due)2 

\u\2 

n-l 
dx. 

Proof. Since Pi(n 3)X = l 
2nn! 

e* Ü 3e n 
1 

(1.28) Pf u2 
ds 

1 ^ s A = 1 
2n(n-l)! 

c1 u2 
u2 e e* fi 3e n-l 

Therefore, the transgression form crs given by (1.13) equals 

(1.29) <7SA = (-1)71 l 
2n-2n(n-l)!7rn 

oo 

s 

u2 + u2 e* ae~ n_1ds. 

Now the formula (1.11) for To s implies 

(1.30) 
dio s 

ds 
= -

ulDu 

M 2 
+ 

Du*u 
u2 

0x 
03 

so that 

(1.31) et 
aw s 

ds 
e = -2 

(we)(2?we) c?x 

aw s aw s 

Consequently, we need only compute el  SI 3e modulo the 1-vector ue.  Direct 

calculation yields 

(1.32) etd~uäe = etduove-2xs 
(due)(Due) 

M 2 

mod ue 

and 

(1.33) e*"ü?5Aü?5e = e ^ y A w y e -
2x^o;v*e(Z)ue) 

\u\2 
+ 

X2 

\u\2 
(Due)2 mod ue, 

so that 

(1.34) e ' f t . e = e * f ì v e - 2 x ( l - f ) ) 
(Z?ue)2 

|u|2 
mod ue. 

Inserting (1.31) and (1.34) into the equation (1.29) for crs and then using the 

substitution x =  x u2 
d2 

in the integral (1.29) yields the Lemma. • 
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Since 1 
0 2x (1 - f ) D dx = 22P (v\)2 

(2p+l)P 
Lemma 1.26 has the following corol­

lary. 

Corollary 1.35. The Spherical Kernel, lim <rs  — a  converges  in  L\oc(V 
s—»-0 

with the  spherical  kernel  <J  given  explicitly  by 
(1.36) 

o^ = 
1 

7Tn 

n-1 

p=0 

(-1)n - p p! 
(n-p-l)!(2p+l)!2-!n--'P-1 

(ue)(Due)2P+1 
|w|2p+2 

( e ' ^ v e ) " - ^ 1 . 

Thus the  part  of  tr  of  top  degree  2n  —  1 in the  1-forms  dui,...,  du2n is 

(1.37) o-2„-i = vol(52n-1)-1Ö(u) 

where 

o(u) = 
2n 

k=l 

(-1)k-1 Ukdui A • • • A duk A • • • A du2n 
\u\2n 

denotes the  solid angle kernel on  R2n. 

Moreover, the  potential  a  —  as (as  well  as  r3)  is  compactly  supported  in  the 

fibers of  V  if  X iS chosen to  be  a  compactly  supported  approximate  one. 

Proof. Note that 

vol(52n-1) = 
27Tn 

( n - 1 ) ! 

and that 
(ueMdue)271-1 

\u\2n = ( 2 n - l ) ! 0 ( u ) A . 

Since a — as  is an integral from 1 - ^s to 1 it follows that a  —  a3 is compactly 

supported in the fibers of V.  • 

The homogeneous form cr  was discovered by Chern [Cl, 2]. Note that a  is 

independent of the choice of approximate one x-

Let pe  :  S€(V)  —*  X denote the e-sphere bundle contained in the vector 

bundle 7r : V —•  X. Corollary 1.35 implies the first half of the next result 
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Lemma 1.38. 

(1-39) ( * ) . ( * ) = 

PT1 

<r =  - l 

(1.40) 7T.(Ts) = 
7T-» 

ts = 1 

P roof . The second equation follows from the first as in Remark 2.24 of Chap­

ter III. • 

Proof of Theorem 1.22. The previous Lemma shows that rs has the properties 

of a Thorn form. Since D  s  restricts to X  C V  to be the connection Dy, the form 

TS = \(  D  s) restricts to A' C V  to be x(Dv)-

As noted in Corollary 1.35, the explicit formula (1.20) for <rs  implies that <rs 

converges in L\oc(V)  to a.  The remainder of the proof of Theorem 1.22 is similar 

to previous proofs in Chapter III and is omitted. • 

In preparation for proving Theorem 1.16 we compute the curvature of the 

connection D  s. 

Lemma 1.41. Tlic  curvritmv  12 ,s of  the  connection  D3  is  given by 

(1.42) 
TT, = I W - \ , ut u 

u2 
Dv = Db ut u 

« 2 + 2 Xs 1 - Xs 
2 

u Du 
u2 - Dulu 

u2 
2 

- xs M2 dUif 
M2 dUif 

nf Oil 
u2 - Du u 

M2 . 

P roof . The gauge ^ s of D  s is given by 

(1.43) a; tS = wo'v* — \(T where or  = ut D 
u2 - Dm.' j/ 

l«l2 • 

Therefore, 

(1.44) ft3 = n v-Xs(d(T-[u}V,er])-xW-dXs<r. 
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Now 

(1.45) dXs = Xs lui2 d\u\2 
|u|2 • 

To complete the proof of (1.42) we must show that 

(1.46) da  -  [uoVla]  = utu Dv 
I«I2 

+ Dvut u 
M2 

-la1. 

Since dDu  =  uCly  +  Duu\r  and dDu*  =  - f ì y u ' + ujyDu1,  we have 

da —  u>ya —  au>v = 

= -
DLUL2 

L«L2 
a + du'Du 

L«L2 
+ Dut du 

Dut 
+ 

ul (uQv + Duurv ) 
M2 -

(-Qvii'+uiv Du')u 
u2 

- u Du 
lEui + u/v Du u 

M2 - IO Duujv 
u2 + Du uwv 

u2 

- ul u£2v 
u2 

+ 
Dut du 

u2 -
rflul2 
IH2 a +  2 Du'Du 

u 2 = u ufty 
u2 + ft v U* it 

u2 
-2ira. 

To verify the last equality note that d\u\2  =  duu1  =  udu1  =  Duu1  =  uDu1  sine 

ucoyu* =  0, and use the fact that DuDu*  = 0. • 

Corollary 1.47. 

(1.48) 
el £1  se =  é^ìye — 2\3 (ue)(uft v e) 

u 2 
- 2 X * x 2 

(Due)2 
u2 

+ 2 Xs 1 _ Xi. 
x 2 ~XS 

lul2 
s2 

dlul2 (uei(Due) 
M2 M2 ' 

Proof. Use (1.42) and 

e*(w*Z?u - I?u'u)e = 2(ue)(£>ue), 

and 

eHulDu -  DiSufe  =  d\u\2(ue)(Due)  -  \u\2(Duef.  • 

Proof of Theorem 1.16. Let 

(1.49) A  =  e * $ V e - 2 x a 1 - Xs (Due)2 
M2 * 
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The previous corollary implies that 

(1.50) e* 3e  = A mod ue. 

Now 

(et Dse)n = ue 
u2 (ueL_(e'fise)n) = n ur 

nan 
(ue L et Sse) (ue L et Sse) n-1 

= 77 UE 
M2 

(ue L et Sse) An-1. 

The proof is completed by verifying that 

UE 
u2 

(ue Le^fi 3e)  = UE 
M2 

(ue[_A) + 2 (ue L et Sse) i _ X«. 
2 , 

i 
-Xs 

\u\2 
3* 

d\u\2 
u2 

(ue)(Due) 
\u\> • 

A section ¡1 of a real vector bundle is said to be atomic if, for each local 

oriented frame e, the Rm valued function u(x)  defined by \i  =  ue  is atomic, i.e., 

if du1 
lull'l 

6 L\QC for each / with \I\  < m. The divisor of \x,  denoted Div(//) , is 

defined to be the exterior derivative of the L\  potential cmu*(0), where 6 = 

771 

j=1 
( - 1 V - 1 DU\A---ADUI A-'-AdUm 

\U\™ is the solid angle kernel and cm is the volume of 

the unit sphere in R . In [HSJ it is shown that this is a meaningful notion o: 

divisor, i.e., Div(/j) is independent of the choice of oriented frame e. Note thai 

the frame e  is not required to be orthonormal (cf. Remark 1.52). 

Theorem 1.51. (m = 2n even). Suppose  fi is  an  atomic  section  of  a  real 

vector bundle  V of  rank  m  = 2n.  For  each choice  of  metric  and  metric-compatible 

connection Dy  the  associated  Chern-Euler  current  \([D))  =  ^mx (-^s) exists 

s—+0 

and equals  Div(/i). For  each  s,  x(Ds)  —  H*(Ts) is  the  pullback  of  the  Thorn 

form by  the  section  /i. Moreover,  the  transgression  currents  fi*((TS)  converge  in 

Lloc(X) to  //*(<r) and  the  equation 
(1.52) v ( Z V ) - D i v ( / j ) = du*(v) on  X 

is the  limiting  form  of  the  equation 

(1.53) x(Dv)-x(Ds) = dn\vm) on  X. 

The proof of this Theorem is similar to earlier proofs and hence is omitted. 
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Remark 1.54. Divisors and Chern-Euler Currents. Let fi  be an atomic 

section of a real oriented bundle V  with metric ( , )y  and metric-compatible 

connection Dy.  Then (without using the results of the paper [HS]) one can use 

the formulas above to show that with respect to an oriented orthonormal frame 

the Chern-Euler current exists and equals 

(1.55) \imX(D3)  =  cmd(u*{9)). 

However, given another pair Dy,  (  , )'v  it is not automatic that the Chern-Euler 

current of the family Ds  is the same. 

Pick g  € r (Hom+ (V, V)) a global section so that ( , )y  =  (g(  ) ,#( ))'v.  Then 

Dy =  g~xDvg  is compatible with the original metric ( , ) y and the gauge Coy 

for Dy  in the frame e is exactly the same as the gauge ujy  for Dv  in the frame 

e' =  ge.  Consequently, \{Dy)  —  x(Dv)-  However, the family g~lD3g  is not 

the same as the family Ds  except at s  =  + o o . The construction of the family 

of connections depends not only on the metric (which is the same for Dy  and 

Dy) but also on the section p.  Consider the section v  =  g~x¡1 as well as ¡1. One 

can check that the family for Z?y, based on v  and ( , }v", is the same as the 

family g~xD3g,  where D3  is the family for Dv,  based on fi  and ( , ) v . Hence 

lim x(  D  3) — nm x(D3)  if and only if 
s—+0 s—+0 

(1.56) d(u*(6))  =  d(v*(0)) 

where v  =  uG,  and g  le  =  Gf  defines the matrix G.  This equality is precisely 

the result proved in Section 1 in [HS]. 

Remark 1.57. Real Rank Two Bundles/Complex Line Bundles. Let 

UJy = 
0 - P 

p 0 
. Then Du  =  du  + uuy —  (dui +  u2p,du2 —  ̂ i p ) , and hence 

ul Du 
M2 - Du'u 

u2 
= 0 e-p 

p-e 0 
. 

Therefore, if To  3 — 0 -p3 
Ps 0 

defines pa, we have that 

(1.58) p3  =  (1-Xs)p + Xs6 
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since ~UJ s = UJV — Xs ulDu 
m - Dulu 

ma 
. Let Çï s = 

0 —K3 

K3 0 
and Çly — 

0 -K 

K 0 

define K3  and /c, i.e., K 3 = dp3  and K  — dp. Note that x(Dv) =  j£K-  Now (1.58) 

implies that the Thorn form r3  = J^K3  is given by 

(1.59) r3 = (p-0). (p-0). (p-0). (p-0). \u\2 1 d\u\2 
s2 2?r |u|2 

(p-0). 

The equation (1.58) can be rewritten in terms of the spherical kernels 

(1.60) as = 1 
2TT 

Xs(P - 0)  and a = l 
2TT 

(p-0). 

which are globally defined. Namely 

(1.58') p3 = p-Xsd. 

The equation (1.59) becomes 

(1.59') ts = (1 - x.)x(Dv) - dX.a 

with all entries globally defined. Of course, each oriented real rank 2 bundle V 

with an inner product is naturally equipped with a complex line bundle structure 

J. Note that Je\ — e2, Je2 = — e\ or J = 
0 - 1 
1 0 

so that the above formulas 

can be reinterpreted as exactly those occuring in the complex line bundle case. 

Now we present the second motivation for the real algebraic approximation 

mode x ( 0 = 1 — i 
(p-0) 

Note that in this case 

Xs = 
\u\2 

|u|2 + 32 + s /|„|2 + 52 

so that the connection D  3 defined by (1.10) is given by 

(1.61) D3 = Dv- Daa* —qDq* 
|a|2+52 + Sv/|a|2+52 

where R V  is defined by a ( l ) = p  and R V  is the adjoint map. Recall 

that 7(1;) = (—a*(u), sv) defines a bundle isomorphism 7 : V —• over the 

set V  = Hom(R, V ) . Here U3  is the homothety of the universal line bundle over 

P ( R © V ) defined by (1.8.8) and is the orthogonal hyperplane bundle. Let 

(1.62) g  =  (aa*+s2)>. 

In the next theorem and its proof let U1'  abbreviate US,  U^~. 
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Theorem 1.63. Relation to the Grassmann Graph Construction. Over 

the open  chart  V  =  Hom(R, V)  C P ( R © F ) the  bundle  map  yog'1  : V -> U1-  is a 

bundle isometry  which  pulls back  the  projected  connection  Dv±  to  the  connection 

~D s given  by  (1.61). That  is 

(1.64) D3 = gy-^Du^jg-1. 

Proof. First note that 

19 1(v) = (-a*(aa* + s2) *v,  -s(aa*  + s2) *v)eR®V 

has norm squared equal to \v\2  so that jg  1 is an isometry. Recall from Chapter I 

that 

gif-'Du^g-2 = Dv- Daa* 
|a|2 + *2 ' 

Therefore, since Daa 
|a|2+s2 = Da(a*a +  s2)~la* = Daa*(aa* + s2)'1 = Daa*g~2, 

(1M) 

gy 1Du±1g  x=g  lDvg-g  lDaa*g  1 =  Dy + g 1Dg-g 1Daa*g  K 

Next we calculate that 

( i .66) 

g-lDg-g-lDaa*g-1 = -
Daa* — aDa* 

H2 + s 2 ( v V I 2 + s2 + s) 

+ 
1 
2 

a(a*Da — Da*a)a* 

(|a|2 + s 2 ) ( v V l 2 + s2 + sf 

and that 

(1.67) a*Da-Da*a = 0. 

These equations, (1.66) and (1.67), combined with (1.65) immediately imply that 

(1.68) g-y-^Du^-yg-1 = Dv-
Daa* — aDa* 

<\a\2 +  s2(y/\a\2  + s2 +s) 

as desired. 

The matrix form of the expression a*Da  —  Da*a is Duu1  —  Dufu =  (du  + 

uuy)^ —  u(du* —  cjyu1) =  duu1  —  udu1 —  2uuvut, and we have that duu1  =  udu1 

and UUJYU1  =  0. This proves (1.67). 
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To prove (1.66) first note that aa*  +  s2 =-  s2 1 - aa* 
a2 + \a\2+s2 rvrv* 

F F so 
that 

(1.69) 9 = s 1 - rvrv* 
M2 4 |c|2 + 32 era' 

a2 
= s+ 1 

'|a|2 + s2 + s 
aa*. 

Therefore 

(1.70) 

Dg = Daa* + aDa* 

\a\* +s* + s 

1 
~ 2 

s |a|2 aa * 

'|a|2 + s2{^\a\2 + s2 + sf 

= 
Daa* + aDa* 

'\a\2 + s2 + s 
1 

~ 2 
s |a|2 aa * + s |a|2 aa * 

qa|2 + 32(A/|o;|2 + 5 2 + 5 ) 2 

By (1.69), 

(1-71) «T1 = 
1 
5 

1 - rvrv* 
a2 + 1 

|a|2 + s2 
aa* 
a2 = 

1 

s 
-

(VOL* 

s^\a\2 +  s2(^\a\2+s2 + s) 

Therefore, by direct calculation 

(1.72) Daa*g~1 = 
Daa* 

\a\2 + s2 

Finally, using (1.70), (1.71) and (1.72) a tedious direct calculation verifies (1.66), 

completing the proof of the Theorem. • 

2. Odd Rank Real Vector Bundles. 

Now consider the case of an oriented real vector bundle V of odd rank m  = 

2n — 1. The PfafBan no longer exists, and it is natural to define the Chern-

Euler form x(Dv) of any connection to be identically zero. Nevertheless, for 

each orthogonal connection Dy on V there does exist a canonically constructed 

family of Thorn forms rs as in the even-rank case above. The purpose of the 

section is to construct this family. 

Consider the bundle V = R © V equipped with the direct sum metric and 

connection. Let eo denote the global parallel frame 1 for R . Consider the spher­

ical potential cr for V  (of even rank 2n).  Since V  has the global section eo, 

the Chern-Euler form x(Dy) = 0 so that a  is d-closed outside of the zero set 

I C R f f l F . Moreover, the fiber integral of cr over the e-sphere bundle contained 

in R © V is —1. Let seQ  denote a general point in the fiber of R . 
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Definition 2.1. (m = 2n — 1 odd). Suppose s  > 0 is fixed. First restrict —2a 

as a differential form to the affine subbundle {s}  xVcV. Then pull back to V 

using the obvious identification of {s}  x V with V. Let TS  denote this smooth 

2n —  1 form on V. This family {Ts} will be called the family of Thorn forms 

on V associated with the metric connection Dy. 

This terminology is justified by the next result. Recall that P(V") is oriented 

since the fibres are odd dimensional projective spaces. 

Lemma 2.2. rs extends  to  be  a smooth  d-closed  form  on  the  compactification 

P ( E © V)  ofV.  Moreover,  with  n  :  V X  extended  to  n  : P(Rffi V)  ->  X, one 

has that 

7r*(rs) = 
vx 

r8 = l. 

Proof. The transgression form —2a  on V = R © V is homogeneous of degree 

zero in the fiber and even, i.e., fixed by the antipodal map. Therefore —2a  is the 

pullback of a smooth d-closed form T\ on P(V). 

In the affine chart {s  = 1} x V C P ( V ) , the form rx is obtained by restricting 

the homogeneous form —2a  to the hyperplane s  =  1, so that this rx is just the T\ 

of Definition 2.1. Thus Ti has a smooth enclosed extension to the compact ificat ion 

P ( R © V) of V. The integral of T\ over the fiber of V, or equivalently over the 

fiber of P ( R © V ) , equals | the integral of T I , over the fiber of the sphere bundle 

in V. Finally, in homogeneous coordinates, ^Ti = — cr, and —a  has integral one 

over the sphere in the fiber of V. • 

Now, we define a spherical potential a  for the family rs. Let R5 denote the 

submanifold (with boundary) consisting of all te0  with s  <  t.  Let p3  : R 3 © F —• V 

denote projection onto the second factor V  of R5 © V.  Define as  by the fiber 

integral 

(2.3) CTS -  - 2 
- 1 Pa 

a =  -2 (p3)*(a), 
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and define the spherical kernel a  based on the metric connection Dv  by 

(2.4) cr = -2 I 
Po 

CT = - 2 ( / 9 o ) . ( f l r ) . 

We shall see that this integral converges in L\  (V),  i,e  ^m crs  = a \n  Lloc\  (V). 
s -+0 

Theorem 2.5. (m = 2n — 1 odd). The  family  of  forms  rs and  <rs  defined 

above satisfy: 

( i ) Ts I v = x(Dv)  d=  0 or equivalently  lim TS = y(DV) DEF = 0 
5—>00 

(2) lim rs 
s—>-U 

= LX1 since U 
vx 

r. = l 

(3) c?crs = x ( £ V ) — Ts on F 

(4) lim <7S 
0 

= converges in Li (V). 

The limiting  form  of  equation  (3) is 

(5) da = x(Dv)-[X] on  V. 

Also note  that 

(6) d(cr — as) — Ts — [X] on  V. 

Proof. Inspection shows that TS  is odd, i.e., TS  pulls back to — Ts under the map 

minus the identity on the fibers of V. Thus, the euler form rs \z  associated to TS, 

vanishes, or equivalently, lim Ts vanishes. This proves 1). Condition 2) follows 
S—'OO 

from Lemma 2.2 and the fact that lim TS = 0  outside X  C  V. 
s -+0 

Condition 3) is immediate from the definitions of cr3 and rs (and x(Dv)  — 0) 

and Stokes theorem applied to the fiber, s  < t < oo, of ps. 
Consulting the formula (1.34) (or 1.20) for <7, the Lebesgue dominated con­

vergence theorem implies that <rs = — 2 [ 
P7l 

G converges to —2 [ 
- 1 

Po 

*mtinp(V). • 
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Now we explicitly compute rs and a.  With u  replaced by (s,u)  = 

(s, t*i,..., i t 2 n - i ) and e replaced by the column obtained by transposing (eo, e) = 

(eo, e i , . . . , C2n-i) the formulas (1.27) and (1.36) for a become 

(2.6) aX  = 

2 
(n -1 ) ! 

( - 1 
4TT ) 

n ( 3 e o + t t e ) ( r f 3 e o + D u e ) 
| u | 2 + 5 2 

u 
( 
( 
0 

( e f f i v e ~ 2 x ( 1 - f ) 
(dsep + Due)2 

|a| 2 + s2 )! 
n - 1 

dx 

= 
1 

7 T N 

n - 1 

E 

p =0 

( _ 1 ) » - F . 1 
( n _ p _ l ) i ( 2 p - f i ) ! 2 2 n - 2 P - i 

( 3 e o + i f e ) ( d 3 e 0 + D u e ) 2 p + 1 
( | « | 2 + 5 2 ) p + l ( e e Q v e ) " - ' > - 1 . 

Restriction of - 2 a to wo = 5 constant yields two formulas for Ts. Let À = 

t\ A • • • A e 2 n - i denote the unit oriented volume element for V. Then À = eoÀ is 

the unit oriented volume element for V. 

TsA = — 4 
(n -1 ) ! ( 

- 1 
4TT ) n sDue 

\u\* +  S* 

1 

H 
0 

( e ' î î v e - 2x ( l - f ) 
(Due)7 
\u\2 + s2 

) 
) 

n-1 
dx 

(2.7) 

= 1 
7 T N 

n-1 

£ 
» = 0 

( _ l ) n - p - l z 
(n_p_l ) l (2p-f l ) ! 2 2 n - 2 p - 2 

s ( Dic) 2 p +1 (ettQve)n-p -1 

( l u i 2 + 3 2 > + 1 . 

Setting u0  = s and integrating over the fiber 0 < s < + o o of po by using the 

formula (2.6) for a yields 

(2.8) crX = - 2 
) 
) 

PÔ1 

aX = 

- l 
7 T N 

n - 1 

E 

/>=0 

( - l ) n - p 
2 p ! ( 2 p + l ) ( - l ) 

( n - p - l ) ! ( 2 / > + l ) ! 2 2 " - 2 p - i 
(ue)(Due)2p 

|M|2P + I (et Qve) n—p—1 

oo 

' 
' 
0 

| ^ | 2 p + 1 ^ e 0 
( | M | 2 + 5 2 ) P + I . 

Since ' 
' 

oo 

0 
d 

(t2 + i)P + i = 0 
3 
(q- 1/2...1/2 

p! = 
(2P)I* 

(p!)222''+1 equation (2.8) implies that the 

spherical kernel for odd rank m = 2n — 1 is given by 

(2.9) q Y = 
- 1 / 2 

(n -1 ) ! ( - 1 
4 7 T ) 

n-1 se 

M ( e 'Q^e — 
(£>ue)2 

|u|2 

) 
) 

n-1 

Again, for odd rank, this kernel a  was discovered by Chern [C2]. 
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Example 2.10. Real Line Bundles. 

2d = 
1 

7T 

uds — sdu 
\u\2 + s2 

TS = -25 | 
S 

= 
1 

7T 

sdu 
\u\2 - f s 2 

a — — 
( 
( 

0 < s < o o 

To = = 
1 

2 
2 
I « I 

2 

7T 

oo 

( 
( 
n 

\u\ds 
\u\2+s2 = -

1 

2 
2 

l«l 
. 

Remark 2.11. Compactly Supported Thorn Forms. As noted in the last 

Section, for even rank bundles, the spherical kernel a is independent of the choice 

of approximation mode \ , but the Thorn form T3  depends on the choice of the 

\ . In particular, a choice of compactly supported \ gives a compactly supported 

Thom form (see Theorem 1.16). In this Section, there is no reference to an 

approximation mode \ . The Thom form T3  of Theorem 2.5 does not have compact 

support in the fibers of V.  (However, note by Theorem 1.63 that T3  extends to 

the bundle P ( R e£ V) obtained by compactifying the fibers of V.) 

A new Thorn form with compact support can be constructed as follows. 

Choose ih(t)  £ C'r^t(R). ir(t)  >  0, and 0 ( f ) = 1 in a neighborhood of zero. Define 

a = e s ( Hi 
s 2 

•) = 
Then (T'S  = <;\s<7s + ( 1 — ip3)(T is smooth. Since or — <r's = ij )3{a — a's) 

has compact support the new Thom Form T's  —  —dcr's has compact support. Note 

that a  —  lini a'  and that 
s — - U 

,H<r-<r's) = T's -[X]. 

So if we replace cr.  cr*.  r.s by rr.  a's.  r's  in Theorem 2.5 the Theorem remains 

valid. 

Remark 2 .12. Al te rna te A p p r o a c h to Compactly Supported Thom 

Forms. Choose \ to be a compactly supported approximate one, i.e. \{t)  = 1 

for t  >  t0.  If Vr is of odd rank, consider Vr = RO V  of even rank and the formula 

(2.13) d(à-à3) =  T s - [ X ] 

on the total space of V.  Let n  :  V —>  V  denote the natural projection. Push 

the current equation (2.13) forward to V.  That is if we define 

r3 = 7T*(<7 - a3) and r3  = TT*(T3). 
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Then 

(2.14) dr3 =  Ts  — [X] on V 

as desired. The explicit calculation of TT*(T3)  as a fiber integral using formula 

(1.17) for f3  yields a formula for rs  similar to the Thorn form r's  obtained in 

Remark 2.11, but not with \ — 1 ~ V7 as one might hope but with a complicated 

expression for ip. Since 7 r * ( f s ) yields a complicated explicit formula for r3  we 

have emphasized the approach of Definition 2.1 and Remark 2.11 in this Section 

on odd rank. 

Remark 2.15. A third justification for distinguishing the real algebraic approx­

imation mode is provided by the inductive procedure of this section. Suppose V 

is of even real rank 2n  with metric connection Dy- Then the  spherical  kernel  for 

R © V of odd rank given by (2.9), restricts  to  the  hyperplane  u0  =  s  to  yield  a 

Thorn form  in  even  rank.  This  Thorn  form  is  precisely  the  real  algebraic  Thorn 

form of  Corollary  1.20. 

General SOm Invariant Polynomials 

For the sake of completeness the remainder of this section is devoted to 

briefly examining the </> Chern current for a general S0m -invariant polynomial <f> 

(m even or m odd) . As a corollary of Lemma 1.41 we have 

Corollary 2.16. If'  <j> is  any  S0m-invariant  polynomial  onsOm, then 

(2.17) ¿(12.) = 4>(A(xs))-x's |u| 
2 

dUA* 

ma 4> ( !Du 
l"l2 = 

Du'u 

|µ|2 5 A(Xs) 
) 
) 

where 

(2.18) A(x)  =  Q v - x i u Q v 
ma + Qv ul u 

M ) + 2x ( 1 -
X 

7] ) ( 
a'Pi t 

N2 = 
Du'u 

l«l2 

) 
) 

2 

. 

As a consequence of Corollary 2.16, we have that 

(2.19) u - 2 
du L 4 > ( as ) = -2x'3 l«l2 

2 4> ( ulDu 

|a- = 
Dulu 

IBM 5 A(Xs] ) 
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because 

(2.20) u • q 
du L_ A(x) = 0 and u • 

d 
du = ( u1 Du 

M 2 = 
Dulu 

m a ) = o. 

Since 

(2.21) u • 
_d_ 
du = q il s 

ds2 
32 = 

d~Zo s 

ds as 

the transgression integrand satisfies 

(2.22) u1 
a 
a 

dZjs 
d3 

ds . q q ) = 2x; 
|u| 

S 2 <t> 
) 
) 

ulDu 

1 0 J -
Du t u 
|u|2 5 A(xs) ) ds2 

3 * . 

Therefore, using the change of variables x = x ( |u| 
«2 

) 
) 

the transgression T5 can be 

expressed as follows. 

Proposition 2.23. 

T3 = - 2 

Xs 

j 
0 

4> ( ulDu 

M2 
u' Du 

IBH 5 A ( x ) ) dx 

Using this formula for the transgression T3  it is easy to verify that lim Ts  =  T 

converges in Iqoc(X)  if the section ¡1  of V is atomic, and to deduce other results 

paralleling the results for a section of a complex bundle which were described 

before. The statements and proofs are left to the reader. 

However, the next related result will be used to prove the second version of 

the rectifiable Grot hen dieck-Riemann-Roch theorem presented in Section 5. 

Theorem 2.24. Suppose  (j)  and  ifr are  S02n-i nvari3nt polynomials  on  s(*2n,  re-

lated by  <f)  = xj) - x, where  x(£l)  = Pf = 1 
2TT 

fi ) is the  Euler  polynomial.  Then 

(2.25) Resti Q D) = ip(Dv), 

(2.26) the L\oc{X)  part  of  <f>((D])  vanishes,  and 

(2.27) </>0.) -  t / , ( D v ) B i v ( n ) = d(rl>0,)r,) 

where R 3 = ip(D3)r3 = ip(D 3)(cr  — a 3 ) converges  to  zero  in  L l o c ( X ) as  s ap-

proaches zero. 
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Proof. Note first that by Theorem 1.22 with rs = a — *rs, one has 

q( Ds) = Y(Ds) X ( Ds) = Y (Ds) Ts 

= V(DS)[X] + d (4>( Ds)rs) = ^ p ] + ^ ( D s ) r s ) . 

Then note that rs, and hence also rs0 (Ds) , converge to zero on V  ~  X. 

Inspection of the formula (1.27) for crs  and cr shows that rs is of odd degree in 

Dui , . . . , Du2n.  Inspection of the formula (1.42) for Qs shows that each entry 

in this matrix is of even degree in Dui,...,  Du2n.  Thus 0 (DS) is of even degree 

in -Dui , . . . , Du2n. Therefore, rs0 (Ds) is of odd degree in Du\,...  ,Du2n.  In 

particular, rs0 (Ds) is of degree < 2n  in Du\,...,  Dun.  Thus by atomicity, 

rs0 (Ds) is L\oc{V)  dominated and therefore converges to zero in L1loc(V). 

This proves that the Chern current 

d>((D)) = Um6(Ds)  =  ib(Dv)\X]. 
s 0 

Now the Theorem follows. • 

3. Universal Thom Forms in Equivariant de Rham Theory over SOm. 

The formulas derived above can be reinterpreted as determining universal 

equivariant forms in £som(-^m) (as m Chapter III.4). These results improve on 

[MQ] in that they apply to all dimensions, not just even ones, and they natu­

rally give forms with compact support. The terminology and derivation which 

follow are in strict analogy with those of the development in Remark III.4.30 and 

Remark III.4.38, and so we shall pass rapidly to the statements. 

Let W  =  (Ag*) ® (S\l*) denote the Weil algebra of £0m with standard gen­

erators LOjj = —ujji and Qij  =  —Fiji  for 1 < i  <  j  <  n. Let u  =  ( u i , . . . , u m ) 

denote the standard coordinates on Rm. Let SOm  act from the right by u  »->  ug 

and ul  —• flf"1г¿t. Set 

Du —  du  +  uuo. 

Then given an approximate-one \ and a number s  > 0, we define 

w s = w - x ( 31 
6 ) 

{ 
{ 
{ 

u*Du 
\u\2 -

Dulu 
\u\2 

1 

1 
€ W®S*(Rn) 
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and define 

£1 s =  d ~U 3 — 1/2 [ w s, w s "¡3a\-

Proposition 3.1. (m = 2n). Ifm  =  2n,  then  for  each  \  and s  > 0 the Pfaffian 

of Q 3 gives  an  equivariant  cocycle 

qd 
def 

Pf ( 1 
2TT 

Sq 
s ) = S In 

so2n ( R2n ? 

These forms  are  mutually  cohomolos:ous.  In  fact  = Pf ( d 
i 

2TT = ) — do3 where 

fd 
def 

( - 1 ) " 

oo 

df 
df 

3 

Pf ( 
1 

2TT 
dfdf i 

2?r ft* fd fdg € •2n-l 

so2„ ( 
R2n 

) 

with ujt — duot\dt. Explicit  formulas  for  ^s and os  in  terms  of  fi, u; and x are given 

in 1.17  and  1.27.  These  forms  have  the  following  properties.  Let  i  : pt »—> R2n 

and 7r : R2n —> pt be  the  obvious  equivariant  maps  and  consider  the  induced 

maps 

** = £so2„(R2n) —> ^50Jn(Pt) = ^ and TT. : S*S02n(R2n) — S *-2n 

so2n (pt) = w. 

lhen 

(i) Z«Ja = Pf ( 
( 

= 
1 

2TT gh ) for aii 5, 

(") hm %s 
qd = [0] in  equivariant  currents  on  R2n7 

(hi) T T ^ S = 1, 

(iv) lim 
s -+0 

^3 
def 

a exists  in  equivariant  forms  with  L1 loc-coeSicients. 

Proof. The proof that %s is an equivariant cocycle follows exactly the lines of 

the proof of Proposition III.4.31. The properties ( i)-( iv) are translations of the 

properties established in §1. The proofs given there carry over directly. • 

Notice that the equivariant form a  is smooth outside the origin in R2n. It 

is given succintly by 

(3.2) a = - 1 " 

O O 

H 
n 

Pf ds 1 
2TTFD fd 5DF 

1 
2TT 

fd fd 
df 

df 
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and explicitly by formula 1.36 reinterpreted in this universal context. We have 

that 

da = Pf ( i 
2w 

d 
0 - [ 0 ] in S*so,n (R2n). 

Proposition 3.3. (m = 2n — 1) . If m = 2n — 1 consider the  embeddings 

js : R2n_1 R2n given  by  ja(x)  = (s,x) and  define 

qsd 
def 

M*) e s >2n-l 

S02n-i 
(R 2n-1) 

where o  is  the  spherical  kernel  in  R2n given  by  3.2  or  explicitly  by  1.36.  Then 

ts is a  family  of  mutually  cohomologous  equivariant  cocycles.  In  fact,  let  p3  : 

[s. oo) X R2n_1 —• R2n_1 denote  projection  and  set 

qq 
del 

- 2 ( p a ) . ( a ) e = 2 n - l 

O2n-1 
(R2n_1). 

Then do3  =  -<JS for  all  s  > 0. Furthermore  if  i  : pt R2n_1 and TT : R2n_1 -> 

pt are the obvious equivariant maps,  then 

(i) i*(<Js) = 0 for all a, 

(ii) lim 
ssd 

s s= fOl in equivariant  currents  on  R2n 1. 

(ni) 7T*^S5 = 1, 

(iv) hm (js — cr0 exists  in  equivariant  forms  with  L1loc-coefficients . 

Proof. One argues as in the proof of 3.1. • 

We now fix m (even or odd) and consider some special choices of X-  K 

X(t) = 1 for t  > 1, then sp t ( î s ) Ç B â = { u Ç R m : M < 1 } . Furthermore, the 

smooth forms r3it  — &t — &s for 0 < t < s, and the Lj^-forms r3  — <70 — <rs each 

have support on B3.  Note that dr3^t  = *îs — *ït a*id drs = Ts — [0]. In particular, 

we have the following 

Proposition 3.4. Suppose x(t)  — 1 for t  > 1 and ieè m be arbitrary.  Then  the 

forms 1S  from  Propositions  2.1 and 2.3 each determine  an  equivariant  cocycle 

Ts E E m 

soù 
( R m , R m - £ 3 ) 

202 



UNIVERSAL mOM FORMS IN EQUIVARIANT DE RHAM THEORY OVER SOm 

where B3 = \v £ R : \v\ < s\. furthermore, given  an oriented, real  m-plane 

bundle V —y X  with an orthogonal  connection,^ the  Weil homomorphism 

£\ 
* 
qs (Rm, Rm - Bs) — • 5*(V, V - Ba(V)), 

where B3{V)  =  {v  £  V  :  \u\  <  s},  carries  %s  to  the  Euler  Thorn  forms  of  1.16 

and 2.5,  which  represent  the  Thorn  class 

[T.] €  Hm(V,V - B,(V)). 

Similarly the  Weil  homomorphism  carries  the  spherical  transgression  forms  aa  € 

£ m — 1 
SOm 

(Rm) over  to  the  corresponding  forms  in  £m  (V). 

Proposition 3.5. Let  x(t)  = 1 — 1 / V 1 +T- Then  the  equivariant  cocycle  %s  £ 

£sbm(Rm) extends  to  an  equivariant  cocycle  on  P (R © Rm) = Rm U P(Rm) 

which vanishes  on  P(Rm). It  thereby  determines  a  relative equivariant  cocycle 

qsds £ m 

SOm ( P ( R © R m ) , P(Rm)). 

For a  bundle  V  with  connection  as  above,  the  Weil  homomorphism  carries  *ïs to 

a cocycle 

r3 < E £ m ( P ( R ® n P{V)) 

which represents  the  Thorn  class 

[T3]€Hm(PCRQV\ P(V)). 

When m =  2n, each  TS IS given  explicitly  by  the  formula 

(3.6) sdqfg ( - 1 
2TT 

s n S 

sqfdfefvsfs Pf ( Ü -
Du*Du 
\u\2 + s2 ) 

Proofs of 3.4 and 3.5 are straightforward and details are omitted. 

Note. With a proper choice of embedding V  B\(V)  C V  the Thorn form 

corresponding to any approximate-one \ extends to a closed form on all of V 

with support in Bi(V). 
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4. Thom Isomorphisms and Gysin Maps. 

The Thom forms constructed in §§1 and 2 produce canonical representations, 

at the level of differential forms, of various forms of the Thom isomorphism for 

a real oriented m-plane bundle n  :  V  —>  X  with an orthogonal connection. As 

noted in 3.4, if x ( 0 = 1 for ^ > 1, then spt(rs) C B3(V)  and we have a Thom 

map 

(4.1) ilt. : £'(X) ^  r+m(V,V  - Bs.(V)) 

given by 

i, s (cp) = r* (cp) A Ts 

which induces the Thom isomorphism 

(4.2) ti : H*(X) H*(V, V  - B,{V)). 

Integration over the fibre n„  inverts this map since 7r„(rs) = 1. Letting s  —• 0 

gives the canonical version of this map 

(4.3) I,,0 : S\X) <- £*+m(V, V  - X)' 

defined by 

(4.4) »! ,0(V>) = c p f [ X ] -

If we choose x{t)  — 1 — V V l + t, then we get a Thom map 

(4.5) >'. :  £*{X) £*+m ( P ( R © V),  P(V)) 

defined by i\(<p)  ~ 7r*¥' A Ta where TS  is the extended Thom form defined in 3.5. 

It induces the isomorphism 

(4.6) i, : H*(X) —» Hm+m (P(R © V), P(V)) . 

Suppose now that j  :  Y X is a compact oriented manifold Y  embedded 

into an oriented manifold X.  and let 

j , : S*(Y) —. £ * + m 
cpt [X)' 
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be the Gysin map defined as in III.4.11 by j\(tp)  =  <p\Y].  Then just as in III.4.11 

we can: identify the normal bundle to Y  with a tubular neighborhood of Y in X, 

transplant the tautological cross-section, choose \ with x(t)  —  1 f°r ^ > 15 and 

obtain a smooth Gvsin map 

ji , s : E*(y) S * + m 
cpt 

(x) 

which converges to j , as s  — • 0. Each element of the family induces the Gysin 

homomorphism 

j! ; H* (y) H s+ m cpt (X). 

Just as in III.4.12, this discussion of Gysin maps generalizes to a current 

which can be written as the divisor of an atomic section of an oriented real 

m-plane bundle defined in some neighborhood of its support. 

5. The Rectifiable Grothendieck-Riemann-Roch Theorem—Version 2. 

In this section we use our construction of the Thorn form to prove the gen­

eral version of the Grothendieck-Riemann-Roch Theorem [AH] at the level of 

differential forms. More specifically suppose j'  :  Y c—•  X  is a proper smooth em­

bedding of real manifolds such that j *W2(X) = W2(Y) (where W2 = the second 

Stiefel Whitney class). Then for any complex bundle E  with connection over K, 

our methods directly produce a family of smooth, d-closed forms Ks, 0 < s  <  1, 

which represent ch(j\(E)).  Furthermore the family spt(K3) forms a shrinking 

system of neighborhoods of Y  in X  and 

lim 
n 0 

Ka = chiDE^-'iDN([Y] = j!(ch(DE)A(DN)) 

where N is the normal bundle to Y in À . Thus Ks  gives a homotopy through 

cohomologous closed forms from the Chern character of j\(E)  to the canonical 

representative of j\(ch(E)A(N)). The residue C\I(DE)A(DN)  falls automatically 

out of the calculation. 

The process is sufficiently natural that it generalizes to embeddings of com­

plexes into X  with "spin normal bundle". 
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To begin, let it  : F  —»  X be a 2n-dimensional Riemannian vector bundle 

with spin structure. Assume F  is provided with a compatible (orthogonal) con­

nection D  with curvature R  =  D2.  Let fi(F)  denote the complex spinor bundle 

canonically associated to F  and let Dp  be the connection on JS induced from the 

one on F  (cf. [Hi, [LMl). Via the metric and spin structure, we have 

SkewEnd(F) = A2F  AqF  <->  C£(F) =  E n d c ( £ ( F ) ) . 

That is, any skew-symmetric endomorphism R  :  F —>  F  canonically determines 

an endomorphism R : ¿5 —• ¿5 via Clifford multiplication by the corresponding 

2-form. Then the curvature R?  =  (Dp)2  of in its induced connection is given 

by the formula 

(5.1) Rs = 1/2 R 

(cf. [LM, pg 110]). 

We now present an identity which is contained in [MQ]. A proof will be given 

at the end of the section. To state it we need the following definition. Let V  be an 

oriented real inner product space of dimension 2n.  To each A  £ SkewEnd(F) = 

A2y , there is an oriented, orthonormal basis e i , . . . , e2n with respect to which A 

can be diagonalized as 

A = 
2 

E 

qd 
ajt2j-\ A e2j 

where dj 6 R for each j . Then 

Pf (A)  = ai . . . an 

and we define 

(5.2) A(A) = 
n 

n 
qd 

GU/47T 

sinh(ay /47r) 

This function can be rewritten as a power series of Ado2n -invariant polynomials 

on Skew End(V), and thereby extends to all of End(V). Let C£(V)  be the Clifford 

algebra of V  and denote by JS(V) the irreducible complex "spinor" module over 

Ci(V) of complex dimension 2n. There is a canonical decomposition 

(5.3) $(V) =  s + © s -
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where the complex volume form 

to = {-i)ne1 . . . e 2 „ 

acts bv 

u) ^+ = Idß+ and cu|s- = —Idp-. 

Note. This splitting differs from the one in [LM] where u  is chosen to be 

inei . . .e2n. 

Using the canonical identification A*V  =  C£(V),  we associate to each A  € 

SkewEnd(F) = A2F, the endomorphism A : ¿5 —> }S as above. 

Lemma 5.4. Set A0(A) = A ( - 2 7 i \ A ) . Then for each A  £ SkewEnd(V) we have 

that 

(5.5) t r g + ( 1/3 A ) - trg- ( 
- I R A ) 

) = Ä o - ^ ^ P f ^ ) 

Corollary 5.6. Let (F, 23) and (JB(F), Dp) be  as above. Then the  curvature  W 

respects the  splitting  fi(F) =  J5+ © £~ determined  as  in  (5.3), and we have the 

identity 

(5.7) tr«+ { fmkie ) 
) 

- trg-
) 
) 

sqggfge } = Ä ^ ( Ä ) P f ( Ä ) . 

In particular,  we  have  the  following  identity  of  characteristic  forms: 

(5.8) ch(Dp+) - ch(Dp-) = Ä " 1 ( ö ) x ( ö ) . 

Furthermore if E is  any  complex  vector  bundle  with  complex  connection  DE,  we 

let Dp^E  d=  Dp ® 1 + 1 ® DE denote  the  tensor  product  connection  on  ® E. 

Then the  following  identity 

(5.9) ch(Dß+0E)-ch(Dp-®E) =  ch(DE)A-1(D)x(D) 

holds in  the  space  of  differential  forms  on  X. 
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Proof. Plugging (5.1) into (5.5) gives the first equation. Replacing R  by —  j^R 

gives the second equation. For the third we simply recall that for the tensor 

product connection we have ch (Dp± ®  DE) = ch (Dp±)  ch(DE).  • 

We can now apply our theory of Chern currents to derive a generalization of 

the DifFerentiable Riemann-Roch Theorem for embeddings. 

Theorem 5.10. Rectifiable Grothendieck-Riemann-Roch—Version 2. 

Let 7r : F  —> X  is  a  smooth  real  vector  bundle  of  rank  2n  provided  with  a  spin 

structure and  an  orthogonal  connection  D.  Let  J S ^ denote  the  canonical  complex 

spinor bundles  associated  to  F  and  provided  with  the  induced  connections  Dp±. 

Let a  be  any  atomic  section  of  F.  Then  for  any  complex  vector  bundle  E  with 

connection over  X,  the  following  identity  of  d-closed  forms  and  currents  holds  on 

X: 

(5.11) ch(D«+®E) -ch(D«-®E)  = ch(DE)A-1(D)DW(a)-j-dT 

where T  is  a canonically  denned  Lloc-iorm on  X. 
—> 

Furthermore, fix  any  choice  of  approximate  one  x and  let  D  3 denote  the 

family of  Riemannian  pushforward  connections  on  F as in  (1.10). Let and 

D~ denote  the  connections  induced  on  J5+ and J5- respectively  by  D3,  and  set 
T)fE = ~Df ®  DE on  £ ± (G) E. Then 

(5.12) ch(D^E)-ch(D-E)-ch(DE)A-1(D)D Div W(a) = dR3 

where R3  is  a family  of  L}nr(X)-forms  such  that 

lim 
w 

Rs =  d0 and lim 
s—>-oo 

Ra = T  in  L\oc{X). 

In particular, 

(5.13) lim 
dfd { ch(Dt)-ch(D:s) 

) 
) = A - 1 ( Z ? ) D i v ( a ) . 

If x(t)  is  chosen  so  that  x(t)  = 1  for all  t  > 1,  then 

(5.14) spt { ch(DtE)-ch(Ds,E) 
) 
) cu3 

and spt(R3)  C U3,  where  U3  = {x  e  X : \a(x)\ < s} for  all  s >  0. 
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Proof. Applying (5.9) to the connection D  3 gives the equation 

(5.15) ch(Z?+ ) - c h ( D - E ) = ch  {DE)l-\Da)X(Da). 

By Theorem 1.51 we can write 

(5.16) x(Da) =  BW(a)  +  dr3 

where r3  is an L ^ - f o r m on X with 

lim 
5 ^ 0 

r3 = 0 and lim 
s —•oo 

r3 = a in Lloc(X). 

where a  denotes the pullback by a of the singular Chern-Euler transgression form 

a. Substituting (5.16) into (5.15) gives equation (5.12) with 

R3 def c h p ^ A - 1 ^ ) ^ . 

A s 3 oo, we know that A~1(D3)  -> A~\D) in the C°°  topology. Hence 

lim 
3—>-oo 

R3 = ch(DE)A-1(D)a  =  T. 

On the other hand by Theorem 2.21 we know that 

lim 
l 0 

A-\Ds)rs =  0 in L1loclc(X) 

and so Rg —+ 0 as ^ —• 0 as claimed. Finally, if \(t) — 1 for all t > 15 then 

s p t ( x ( £ > 3 ) ) C f/s 

for all 5 > 0 and therefore 

spt { ch(Z3 + ) - c h ( U 7 ) 
] 
] C Udsf 

for all 5 > 0 by (5.15). Multiplying by chfZJ^) gives (5.14). • 

Note that for each choice of approximation mode, we have produced a smooth 

familv 

KJs) 
def 

ch(DJ) -  ch(D~),  0<s<oo 
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such that 

Ka(oo) = ch(D^) - ch(D~) and lim Ka(s) = Arx(D) Div(a) . 
P P s—•O 

That is, Ka(s) gives a canonical homotopy from the fixed Chern-Weil represen­

tative of the Chern character of J5+ — ¿5" to the canonical residue A_1(D)  times 

the divisor of a. 

This homotopy is compatible with multiplication by ch(DE) for any complex 

bundle E  with connection DE  over X.  In particular, the family ch(DE)Ka(s), 

0 < s  <  oo, gives a homotopy through smooth forms on X from the fixed Chern-

Weil representative of the Chern character of E  ® (£>+ — JS~) to the residue 

ch(Z?£;)A~1(D) times the divisor of a. 

Remark 5.17. Localization at Div(a ) . Choose an approximate one x ( 0 

such that x(*)  = 1 for * > 1. Then by (5.14) 

spt { ch(Dt)-ch(D:s) 
) 
) C U s 

for all s  > 0. In other words the family Ka(s) is supported in smaller and 

smaller "tubular neighborhoods" of spt Div(a) . This allows us to localize the 

construction as follows. 

Suppose that Z  is an integral current on X  with the property that Z  = 

Div(a) for an atomic section a of a spin bundle F  defined only over some 

neighborhood U  of spt(Z) in X. Choose a metric on F so that U3  C U for all 

s <  1. Then the family of forms 

Ka(s) 
d e l 

c h ( D + ) - c h ( D 7 ) 

has support in Ui  and extends by zero to a family of smooth d-closed forms 

defined on all of X. It has the property that 

lim KJs) = k~\D)Z. 

Suppose now that there exists a neighborhood 

\z\ 
j 

u c x 
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oi\Z\ = sptZ in X  which admits a retraction p  :  U —•  \Z\. Then we can define a 

map 

j , :  Kcpt(\Z\) —-  Kcpt(U)  C Kcp t ( ^ ) 

by 
j 5 E° = ( p* E=. (S+ - S-= 

where and p  are identified over (7 — \Z\  by a. Recall that we have a natural 

generalized Thom homomorphism 

3\ : ^ d e R h a m ( l ^ l ) > H *+2n 
deKham' (X) 

from the cohomology of forms germed an \Z\  to the cohomology of currents on 

X, given by 

j! (cp) =Z. 

From the preceeding discussion and 5.10 we have the following 

Corollary 5.18. Let  Z be  a  current on  X which  arises  as  the  divisor  of  a  section 

of a  spin vector  bundle  F  defined  in  a neighborhood U  of\Z\ =  sptZ  which  admits 

a retraction p  :  U —+  \Z\.  Fix  D  and  \ as above. Then 

ch(j,(l)) =  [ch(Df)-ch(D;)] 

for all  s  <  1 (where  [ 7 ] denotes  the  cohomology  class  of  j).  Furthermore,  for 

any complex  bundle  E  on  \Z\,  pulled  back  over  U  and  endowed  with  a  complex 

connection, we  have 

chU<(E)) =  [ch(D+B)  -  ch(D-E)]. 

Taking the  limit  as  s — • 0 of this family  of  d-closed  forms  in  X  gives  the  equation 

(5.19) ch(j,(E)) =  j . ( ch(E)A-\F) 
) 
) . 

To relate this to the more classical result, suppose that Z  =  [Y]  is the current 

associated to a compact oriented submanifold j  :  Y <—>  X  whose normal bundle N 

carries a spin structure. Fix a tubular neighborhood U of Y and an identification 
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U =  N  p  Y.  Then the tautological cross-section a  of p*N over N  =  U  has 

Div(a) = [Y]  and the theory applies. In this case ( 5 . 1 9 ) in the Atiyah-Hirzebruch 

formula for embeddings j  :  Y <—•  X  with j *W2(X) =  W2(Y) [AH]. Note that we 

have obtained this formula at the level of differential forms. 

In this case of a spin embedding j  :  X <-*  Y  (w2(N)  —  0) the formula can 

be rewritten slightly. Choose a Riemannian direct sum connection on TX  |y  = 

TY ©  N and extend to a connection on TX  over all of X. Then we have that 

A(DTX)[Y] =  A(DTX)  | [Y]  =  A(DTY)A(DN)[Y}. 

Hence, multiplying ( 5 . 1 2 ) by the form A(DTX)  and passing to cohomology gives 

the equation 

ch(j,E)A(X) =  j . sd •hE •  A(Y) ) . 
This can be rephrased by saying that the diagram 

K(Y) 
j : 

Kcpi(X) 

ch( - )A(V; c h ( - ) A ( X ) 

H2*(Y) 
ssdf 

H2* cpt(X) 

commutes. 

Remark 5.20. If in all of the above we assume that dimi F  = 0 (mod 8), then 

fi^ are complexifications of real spinor bundles }§j^ and [̂ Sj] — [fi^]  represents 

the Thorn class for KOcpt(F).  One can tensor by real bundles with connection 

and everything goes through. However, at the level of real cohomology little is 

gained. 

Remark 5.21. The Spinc case. Suppose we are given an oriented real 2n-

dimensional bundle F  with Spinc-structure, and let fi(F)  = £>+ © J5~ be the 

associated complex spinor bundle. Associated to fi(F ) is an auxiliary complex line 

bundle A —> X  with 102(F) =  Ci (A) (mod 2 ) . Choosing an orthogonal connection 

on F  and a hermitian connection D\  on A canonically determines a hermitian 

connection on fi(F).  Given an atomic section a  of F and an approximate-one x? 

we obtain the family of connections D  3  on F.  With fixed jDa? we get a family of 
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connections Df  on JS^. Applying the arguments as above leads to the following 

analogue of (5.12). Let E  be any complex bundle with connection over X  and 

let Dgs  be the tensor product of Df  and DE on fi^  ® E. Then we have 

(5.22) c h ( ö + E ) - c h ( ^ ; E ) - c h ( ö E ) c h ( | ö A ) A - 1 ( ö ) D i v ( a ) = dR3 

where R3  is a family of Lioc-forms on X such that lim R3 = 0. 
s—»-0 

Proof of Lemma 5.4. Write V  as an orthogonal direct sum V  = 
n 

® Vj, of 

oriented 2-dimensional subspaces, each invariant under A  and such that with 

respect to an oriented orthonormal basis (e2j_i,e2y) of Vj we have A(e2j-i)  = 

ajC2j and A(e2j) =  —aje2j-i.  It is a standard fact that 

ß(V) = 
n e 

j )= 

S(vi) 

and also that 

t r ß + ( e A ) - t r p - ( e A ) = n 
7=1 

) 
) 

r sij +( e Aj) - trsj) ( eA' ) 
] 
] 

where Aj  =  A \^v.^  and fi(Vj)  =  ft*  © ¿5" is the canonical decomposition with 

respect to the volume form e2j-\e2j.  (See [LM]). Hence it suffices to consider the 

2-dimensional case. Now if V has oriented bases (el5e2), then Clifford multipli­

cation by u) = —ze1e2 is +1 on J§+ and —1 on jS~. Hence, 

(ei Ae2) g + = i and (ei A e2) g _ = — 

Writing A  — E CLje2j_i A e2j and applying the above, we see that 

tr^+ 
ds -*-A 

6 2i ) - tr?- ( ^-A 
e 2i* ) = 

df n 
¿=1 

{ e2 aj - e - 1/2 aj 

= 
n n { sinh(aJ/2) 

aj/2 0 a i . . . a n = A - ^ ^ P ^ A ) . 
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V . Cases of Basic Interest 

In this chapter we focus attention on some cases of special importance. These 

include quaternion line bundles, where the theory is in striking analogy with that 

of Chapter II, and the case of generalized spinor bundles, with homomorphisms 

given by Clifford multiplication. This latter case gives a different perspective on 

work in Chapters III and IV. In particular, the natural construction of the Thorn 

class (via the pushforward connection) will extend directly to give an alternate 

proof of the DifFerentiable Riemann-Roch Theorem at the level of differential 

forms. 

All the cases considered here fall under a general umbrella of hypotheses 

which are presented in Section 1. The consequences of these hypotheses are also 

established there. The subsequent sections then specialize to the diverse cases of 

interest. 

1. The General Rubric. 

Throughout this section we shall operate under a set of standing assump­

tions. The cases of real and complex bundles are parallel here, and our discussion 

will largely apply to either case. As always, we fix vector bundles E  —•  X and 

F —>  X  with connections DE  and Dp  and with metrics, over a manifold X. 

When E  and F  are complex, the connections are assumed to respect the 

complex structures but not (necessarily) the hermitian metrics. When E  and F 

are only real, the connections are assumed to be orthogonal, i.e., to be compatible 

with the given bundle metrics. 
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We assume that rank(£!) < rank(F) and set 

IC(E,F) = {a £ H o m ( £ , F ) : a*a = \a\2ldE}. 

This is a bundle whose fibre over x  £ X  is the quadratic cone of injective con-

formal (linear) maps Ex  —*  Fx. We are interested in studying the following 

situation. 

Basic Assumption 1.1. We suppose that there exists an oriented vector sub-

bundle V  C Hom(i?, F) of real dimension m with the property that 

V C  IC(E,F). 

(In the complex case we assume that V  is a complex  subbundle of rank n  =  ra/2.) 

The given metrics on E  and F  determine a companion subbundle V*  = 

{v* £ Hom(F, E) :  v £ V } of Hom(F, E). Furthermore the connections on E  and 

F canonically determine connections on Hom(l?, F) and on Hom(JF, E). Recall 

that a vector subbundle V  C H  of a vector bundle H  with connection DH is said 

to totally geodesic if for all a  £  T(V)  C T ( # ) , we have DHa  £  T(T*XO.V ) C 

T(T*X Cg) H), i.e., if covariant differentiation in H  maps sections of V to sections 

of V. 

There is an important family of cases for which the embeddings of V  and 

V* are totally geodesic, namely those with Property 1.2 which is defined below. 

All the results of this chapter will be shown to have a particularly beautiful form 

whenever this property holds. 

Property 1.2. The  embeddings  V  w Hom(E, F) and  V*  <-+  Rom(F,E)  are 

given by  a  universal  construction. 

By a universal construction we mean the following. Consider, for sim­

plicity of notation, the case where V, E  and F  are  real bundles of ranks m, M 

and N  respectively. (The complex case is analogous). The data for a universal 

construction consists of a linear embedding A : Rm <-* Hom(RM, R N ) and a Lie 

group homomorphism 

ip = (77, £) : GLm — • GLM x GLN 
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so that the diagram 

Rm 
A 

Hom(RM,RAr) 

9 cp g 

R"1 A Hom (RM,RN) 

commutes for all g £ GLm (where <pg acts in the standard way on Hom(R , R )). 

From this data we associate to any ra-plane bundle V  with connection Dy, a pair 

of bundles with connection: 

E = P(V) xv  RM and F  =  P(V)x*RM 

where P(V)  denotes the frame bundle of V. The equivariant embedding A deter­

mines a totally geodesic, linear embedding V  <—• Hom(£ , F).  Whenever (£7, DE) 

and (F,Dp)  are determined by (F, Dy) in this manner, we say that they are 

given by the universal (A,<£>) construction. 

Note that under our general set-up a cross-section of V determines a bundle 

map E  —>  F.  Maps occuring in this fashion are well adapted to atomic theory 

[HS], and many cases of interest do occur this way. 

Suppose now that a  G T(V) is a smooth cross-section of V.  We consider a 

as a bundle map a  :  E —>  F  and let a* : F  —>  E  denote its adjoint. Then by 

Assumption 1.1 we have 

(1.3) a*a — |o |2Id je: 

and consequently 

(1.4) (Da*)a +  a*{Da) = d\a\2IdE, 

where Da  = Dp o  a — ao DE  and Da* = DE o a * - a * o Dp  are the canonically 

determined connections on Hom(J5, F) and Hom(F, E) respectively. 

We want to consider the pullback and pushforward connections on E  and F 

given respectively by the formulae: (cf. 1.2.7) 

(1.5) D =  DE  4 
a*Da 

\a\2 
and D  — Dp — 

(Da)a* 
lai2 
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Let x ( 0 De a general approximate one. As before we set Xs  = X ( .92 / 
and 

x i = x' ( H I 
S 2 ) The approximating families of smooth connections are then 

given by 

( 1 . 6 ) Da =  DE  +  Xs 
a*Da 

a\2 
and D 3 — Dp - Xs 

(Da)a* 

M 2 
. 

Theorem 1.7. Suppose  V  satisfies  Assumption  1.1.  Fix  a G r (V) as above and 

let x  De  &ny approximate one.  Consider  the  pull-back  family  D  s of  connections 

on E  and  the  pushforward  family  D  3 of connections  on  F.  Then  the  associated 

curvatures R3  =  D2S  and  R3  =  D23  are  given by  the  following  formulae: 

(1 .8) 

RA = (I-Xs)RE +  X sRO +  x's 
\q\2 (Da*)aa*(Da) 
s2 |a |4 

-
' 
' Xs(l ~  Xs)  ~  X's 

M 2 

s2 ) 
a*(Da)a*(Da) 

l«l4 

where 

( 1 . 9 ) Ro — RE+ 
a*RH(a) 

\a\2 + 
(Da*) (1- aa* 

M2 ) (Da) 
— — — — \a\2 

and 

Rs = (1-Xs)RF+XsRO +  x' s 
|a| 

s2 
{Da)(Da*)aa* 

[a| * 
( 1 . 1 0 ) 

( Xs(l - Xs) - x' 
\a\2 
s2 ' ) 

(Da)a*(Da)a* 
lai4 

where 

( 1 . 1 1 ) R 0 = Rp — RH(U)<** 

\a\2 + 
(Da)(Da*) 

\a\2 ( 1 -
aa* 
\a\2 ) 

and where  RH{&)  = RF& — C*RE denotes  the  curvature  of  the  bundle  H = 

H o m ( £ , F). 

Proof. Equations (1.8) and (1.10) follow from 1.6.3 and 1.6.5 by using the rela­

tion 1.4 above. Equations (1.9) and (1.11) come from 1.6.18 and 1.6.23 respec­

tively. • 
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Observation 1.12. 

(a) If V  has Property 1.2, then Da  and Da*  use the connections on V 

and F*, and 

RH = Rv' 

(b) I fx(*) = t 
1+t 

(algebraic approximation mode) then 

Xs(l - Xs) - Xs 
\a\2 
s2 

= 0. 

(c) Ii rankü; = rank F, then aa  = \af and we have 

R o = 
a*Rpa 

\a\2 = R o = 
aRpot* 

\a\2 . 

Note 1.13. Via (1.4) the equations (1.8) and (1.10) are equivalent to the fol­

lowing. (This is the form in which they appear in 1.6.2.) 

(1.14) 

fi, =0--Xs)RE +  XS*RO  +  X'. 
'al 
s2 

d\a\2 
\a\2 

a*{Da) 
H 2 

- Xs»(l - Xs) 
a*(Da)a*{Da) 

|a|4 

(1.15) 

Ra={\-x,)RF +  x,Ro +  x',-
a\2 
s2 

d\a\2 
\a\2 

(Da)a* 
\a\2 - -  Xs) 

(Da)a*(Da)a* 
\<x\* 

We can now begin our study of characteristic forms and currents in this context. 

For the moment we restrict attention to the pull-back case. 

Let <f> be an Adjoint-invariant polynomial on gln(K)  where n  =  rank(2£) 

and K  = R or C depending on whether the bundles are real or complex. We 

want to study the characteristic form <f>(DS)  and transgression forms T'S  with 

dT'3 =  <j){Ds)  —  cj>{DE)- To do this we shall first pass to the "universal case" 

by pulling back over V.  Then before computing transgressions we shall replace 

our connection family D  S  by a gauge equivalent family D'S  which, of course, 

leaves (f>(D  G)  unchanged but produces a better behaved transgression, denoted 

T's rather than T3. 

We now pass to the total space of the vector bundle n  :  V  —•  X. Set 

E = TT*£, F = TT*F, V = ir*V  C Hom(E,F) and furnish these bundles with 
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the pullback connections and metrics. Let v G T(V) denote the tautological 

cross-section defined by vv  =  v.  Note that if a  :  X — » V  is a cross-section of 

V, then 
a*(v) = a. 

We let Ds denote the pull-back family of connections on E associated to the 

tautological cross-section v by the approximate one x ( 0 - Note that 

(Lie) Ds = De + Xs v*Dv 
|v|2 

where Dv denotes the covariant derivative of v as a section of Hom(E, F ) . By 

(1.4) we have the equation 

(1.17) d|v|2 = ( D v * ) v + v * D v . 

We now perform, for each s  > 0, a global scalar gauge transformation of 

the bundle E by multiplication by a function of the form er*  for r3  E C°°(V). 

This gives a transformed family of connections 

(1.18) Ds = er' o Ds o t~r'  = Ds - dr„, 

and of course 

(1.19) R s =f (Dg)2 = (Ds)2 = Rs 

for all s.  We set 

r3(v) = r(\v\2/s2) 

where 

r(t) = I 

t 

u 
0 

r 
X(r)dr. 

Note that if x(t)  = < / ( ! + 0 5 then e^ = 7\/lv|2 +52-
A straightforward calculation using (1.17) shows that 

(1.20) Ds = VE +  X* 
1 

2|v|2 
(v 'Dv - (Dv*)v). 

Lemma 1.21. The  family  of  connections  D'S  which  is  conformally  gauge  equiv-

alent to  the  pull-back  family  Ds (and therefore  has  the  same  curvature  tensor), 

has the  following  property.  H&E  AND  D p are metric  compatible  connections, 

then Dg is aiso a metric  compatible  connection  for  every  s  > 0. 
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Proof. Under this assumption we have that Dv* = (Dv)*. Therefore by (1.20) 

we have that D'3 — D # is skew-adjoint. • 

We now consider the (real) Euler vector field 6 on F which generates the 

scalar multiplication flow y>t(v)  =  etv.  If e  is a local framing for V  over R and 

v = ( v i , . . . , v m ) are the linear fibre coordinates with respect to this framing, 

then e — v - dv = E vj e 
dvj . 

Lemma 1.22. 

eL_(Dv) = v and 6 L ( D v * ) = v*. 

Proof. Fix a local real orthonormal framing e = ( e i , . . . , e m ) of V, and let 

v =  ( t>!, . . . , vm) be the linear fibre coordinates on V  with respect to this fram­

ing. Extend the framing e 2 , . . . , em  to a local orthonormal framing t\ ,..., ejw* of 

Hom(£ , F)  D  V.  Let Wjj = (Z)e2, ej)R be the matrix of connection 1-forms for 

Hom(£ , F)  on X  with respect to this framing, and let W{j  = n*Wij  denote the 

lift of these forms back over V.  Let e? = 7r*e2 for all z, so that v = Ylvi&i>  Then 

Dv = D 
( 
( 
( 

m 

E 
i = l 

Vjëi 

) 
) 
) E 

m 

E 
¿ = 1 

dviëi -+• 
m 

E 
¿=1 

M 

e 
7 = 1 

V ì UJ ìj G j . 

Recalling that e = v  • d 
dv sd ) 

) 
Vi d 

dvi we see that e i _ 1 3 v = v . 

For the second equation we consider the R-linear (C-antilinear) identifica-
( )* • 

tion V  •  V*  which is the restriction of the adjoint map (•)* : Hom(£ , F)  —> 
Hom(F, E). Then el7 • • • , eM is a local orthonormal frame field for Hom(F, E) 

such that e* , . . . , spans V*  pointwise. Let w*-  = De * 
i 
= 3 > , and set = ccb 7T ei 

and Wtj = 7T*W*j as betore. Then v = E qdd and 

Dv* = D ( 
m 

e 
i = l 

Vie* 

) 
= 

m 

E 
2 = 1 

dvië* + 
m 

E 
¿=1 

M 

E 
df 

vi wij e*j 

and we see that ei_Dv* = v* as claimed. • 
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It follows immediately from (1.9), with a*  replaced by v*, that ei_ R 0 = 0. 

Note also that e |_ (v*(Dv)v*(Dv)) = 0 and that ei_d|v|2 = 2|v|2. Set 

A(x) 
def (1 — x)Rjç; + x R 0 — x(l — x) 

v*(Dv)v*(Dv) 
|v|4 

for an indeterminate x, and note that 

e\_A(x) = 0. 

From (1.14) and (1.4) we have 

(1.23) 
R s = A(Xs) + x ; 

d\v\2 

|v|2 

1 
s2 

v*(Dv) 

= A(Xs) +  x's 
d\v\2 

2|v|2 
1 

s2 
{ v * ( D v ) - ( D v * ) v } . 

We now define 

w, = B's-BE =  Xs 
1 

2|vP 
{ v * ( D v ) - ( D v * ) v } 

and note that 
e\_u>3 = 0. 

From (1.23) we see that 

(1.24) EL Rs = Xs 
1 

s2 
|v*(Dv) - (Dv' )v ) = s 

d 
ds 

(w s). 

Consequently 

(1.25) (1/s E L q( Rs) = Q ( ( 
du)s 

ds 1 R s ) . 
the standard transgression integrand. In part, we have the transgression form 

(1.26) ó(R3)-<t>(RE) = d 

OO 

J 
s 

EL q (Rt° dt 
y . 

We now make an important simplification 
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Lemma 1.27. Set 

e = = 
ì 

2|v|2 
{ v * ( D v ) - ( D v * ) v } . 

Then 
i_ 
s ^L^(RS) = c/)(e;A(Xs)) 

d 
ds (Xs). 

Proof. Note that Rs = A ( \ „ ) -1/2 X's D |v| Q and since d\v\ is a scalar 1-form 

<p(Rs) = 0 ( A ( x , ) ) -
1 

qs • X ' . d v ' A 0 ( 0 ; A ( x , ) ) . 

Contract this equation with e. Noting that eLA(x») = e l 6 = 0 and that 

e L_ e/1v12 = 2|v12 gives the lemma. • 

Proposition 1.28. For  ench  s  > 0, the  smooth  form 

(1.29) qds CLEF 

r 
s 
s 

(J 

0 ( 0 ; A(x))dx 

on \ satisfies the etiiiHtiou 

(1.30) dT[ = o( R , ) - 0(RE). 

The limit 

(1.31) 
T- def lim 

S — o 

T', 

exists in L{()C(  V ) and satisfit-* the t ({nation 

(1.32) </T' - o( Ro ) - o( R / R ) + Res(T)[A'] on V 

where Res^ 
clef Res(T' ) is defined ri.s in JJJ.1.9. 

When restricted  to  the  subset  V  — X, each  of  T ' , c/T' and  (f)( Ro) is a smooth 

form which  is  homogeneous (i.e.,  invariant  under  multiplication  by  positive scalars 

on V)  and  has  degree  < m — 1 in the  fibre  differentials. 
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Proof. Note that T'5 can be written as 

Tsr; = -

oo 

( 
( 
s 

<t>(Q;A(Xa))(&Xs)ds. 

Applying (1.26) and 1.27 gives the first assertion. 

It is evident from the definitions of A and 0 that the integrand ^>(0; A ( x ) ) 

in (1.29) is a polynomial in x  whose coefficients are homogeneous forms on V. 

Hence T'3  can be written as a finite sum 

T ' = 
N 

sddg 
k=l 

sdgghsghg 

where each ipk  is a homogeneous form (which is smooth on V  —  X). Furthermore, 

by 1.27 we see that 

(1.33) 6 L < H 0 ; A ( x ) ) = 0. 

Hence, each coefficient iftk  is of degree < m  — 1 in the fibre differentials. In 

particular, ipk  is in Lloc  (cf. III.1.5). Note that 0 < Xs  < 1 and \s  —» 1 a.e. 

on V.  Therefore by the Lebesgue Dominated Convergence Theorem, the limit 

lim T'a = T' exists in L,1 on V. 

s—>-0 

Observe that T'3  -+  T ' and R3  ->  R 0 in the C°°-topology on V-X.  Hence 

we have the equation 
dT' = ^ ( R q ) - ^ ( R e ) 

of smooth forms on V  —  X. Now from (1.9) we see that ^ > ( R 0 ) is homogeneous 

and (since e i _ ^ ( S 0 ) = 0) has degree < m — 1 in the fibre differentials. Of 

course </)(RE)  also has these properties since it is the pull-back of a form on X. 

Consequently T ' satisfies the hypotheses of Theorem III.1.10, and equation (1.32) 

follows from part a) of that result. • 

Proposition 1.34. The  smooth  form  <^(So) on  V  —  X has  an  L\1loc-extension 

across X  which  satisfies 

d(j)(K0) = 0 on V 

Consequently, the  smooth  form  Res^ satisßes 

(1.35) d Res,* = 0 on X. 
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Proof. Since <^(R0) is homogeneous and of degree < m  —  1 in the fibre differ­

entials, we know from III. 1.5 that it extends across X  as an Lj^-form on V.  We 

denote this L\oc -extension by ( / > ( R Q ) ~ . Of course s</> (R0) = 0 on V  —  X, so to 

prove that d ( < ^ ( R 0 ) ~ ) = 0 it suffices to prove that the residue of <J)(Hq) is zero 

(cf. III.1.10). 

We first suppose that V  is complex of dimension n  = ra/2. Fix a local frame 

field for V  and let (Dv)j,  (Dv*)j,  j  = 1,. . . ,rc denote the scalar 1-forms on the 

total space of V  which appear as the components of Dv and Dv* with respect 

to (the pull-back of) this frame field. Then at each point of V  —  X the < ^ ( R 0 ) 

can be written in the form 

c ^ R n ) = E 

\I\,\J\<n 
|J | + | J | < 2 n - l 

rIjJ(Dv)I(Dv*)j 

where the sum is over strictly ascending multi-indices and where each rj?j is a 

polynomial in QE, £lp.  Observe that since deg^(Ro) , degf i^ , and degtlp  are 

all even integers, we must have r/?j = 0 whenever | / | + \  J\ is odd. In particular, 

</>(Ro) is of degree <  2n  —  2 =  m  —  2 in the fibre differentials. It now follows 

from III.1.8 that d(<?!>(Ro)~) = 0. This completes the argument in the complex 

case. 

The argument for real bundles of even rank is similar. Note that metric 

compatibility implies that Dv* = (Dv)* = (E(Dv°jEj)* = E(Dv)jEj*, and so 

(Dv*)j =  (Dv)j  for j  = 1 , . . . , m.  Consequently <j>(  R Q ) has an expansion 

0 ( R o ) = E 
| / | < m - l 

ri(Dv)i 

analogous to the one above, where each r j is a polynomial in ilp  and Sip.  Again 

for reasons of parity we must have rj  = 0 for | / | odd. Hence if m is even, then 

0 ( R o ) is of degree < m — 2 in the fibre differentials, and III.1.8 applies as above. 

It remains to consider the case where V  is of real and of odd rank. (Here the 

argument must be different.) Let S(V)  = ^ 6 ^ : \v\  =  1} denote the sphere 

bundle with projection p  :  S(V) —•  X.  Then by III.1.10 it will suffice to prove 

that 
( 
( < A ( R o ) = 0. 
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This follows from the fact that ^*<^(R0) = 0 ( R o ) , where p  :  V —•  V  is given 

by p(v)  = —and the fact that p  reverses the orientation of the fibres of p. 

In this last case an alternative argument can be given by observing that, 

when lifted to the blow-up / : V  —•  V  of V  along the zero-section, 0 ( S Q ) 

extends to a smooth, d-closed form, say </>. (See 1.3.) Since V  is orientable 

when d i m F is odd, we can then apply Proposition 1.3.12 to conclude that df*<f>  = 

d ( 0 ( S o ) ~ ) = O. • 

Remark 1.36. We introduced the conformal gauge change above precisely in 

order to prove that T' is homogeneous and of degree < m  — 1 in the fibre 1-

forms. This fact enabled us to apply the general residue theorem III. 1.10 for 

atomic sections. 

This brings us to the main result of this section. 

Theorem 1.37. Suppose  IT  :  V —•  X is  a bundle  which  satisfies  Assumption  1.1. 

Let a  £ r (V) be  an  atomic  section  ofV,  and  let  (j)  be  an  invariant  polynomial  as 

above. Let  A(x)  =  a*A(x)  and  0 = a*(0) be  the  forms  obtained  by  substituting 

a for v in  the  universal  expressions  above,  and  for  each  s  >  0 define 

T's = 

Xs 

I 
0 

cf)(Q'A(x))dx. 

Then 

dT's=</><KR,)-<KRE). 

Furthermore T'  = lim T' exists  in  L1loc (X) and  is  given by  the  formula 
3—>-u 

(1.38) T' = 
( 
( 

1 

0 

<t>{Q',A(x))dx = a*(T') 

which is  independent  of  v. in particular,  the  characteristic  current  d>\ [(D)) = 

lim <f>(R  3) = dT  +  <I>(RE) exists and  is  independent  of  the  choice  of  the  approxi-
3—>K) 

mate-one \  used  m  the  limiting  process,  rurthermore, 

1.39) 6( Ro)  - <t>(RE) +  ResóBiv(a) = dT 
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where 0 ( i ? o ) is in  Lloc(X)  and  where  Res^ is the smooth,  d-closed  differential 

form on  X  given  as  follows.  Set 

(1.40) T' = 
( 
( 

d 

o 

(¿(0; A(x))dx, 

and let  p  :  S(V) —>  X  be  the  projection  of  the  unit  sphere  bundle  S(V)  =  {v  G 

V : Ilull = 1 } . Then  the  residue  is  given by  the  fibre  integral 

(1.41) Res^ = 
( 
( 

E 

T'. 

in the  special  case  where  rank(E') = rank(F), we have the  equation  of  cur-

rents and  forms  on  X 

(1.42) MRF) - M RE) + Res<,Div(a) = dT. 

Proof. Proposition 1.28 and the hypothesis that a  is atomic together imply 

that T'3  is a polynomial in \s  —  x(\a\2/s2) whose coefRcients are Lj^-forms on 

X. Since Xs  is bounded and converges to 1 almost everywhere, we have that 

T's —• T' in L}oc  as s  —> 0 by the Lebesgue Dominated Convergence Theorem. 

This establishes the first assertion. 

We now recall that the universal form <^(S0) on V  —  X is homogeneous and 

of degree < m  — 1 in the fibre differentials on V.  Since a  is atomic, it follows that 

</>(*RQ) = a*<j)(  R0) is an Z ^ - f o r m on X  (cf. III.1.5). Furthermore by (1.35) and 

(1.39) we conclude that d</>(*R0)  =  0. 

The remainder of the theorem now follows directly from 1.28 and III. 1.10. • 

Observation 1.43. The residue Res^ given in (1.41) is a smooth, d-closed dif­

ferential form which is given pointwise on X  by a universal invariant function 

applied to the curvature and connection of V.  Specifically, at each p  €  X 

(1.44) (Res^)^ = 
( 
( 

M = i 
vevx 

i 
( 
( 
n 

0 ( 0 ; A(x))t0pdx 
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where <f>(@]  A(x))t0p  denotes the coefficient of eL (dv\  A - • • Advm) in ^ ( 0 ; A(x)). 

This residue defines a linear map 

(1.45) T* 
ZGLM 

Res 
• EX 

from the A c / G L M " m v a r ^ a n ^ polynomials on the Lie algebra §\m  (where M  = 

rank(£')) into the closed differential forms on X.  We have the following fun­

damental result. 

Theorem 1.46. The residue  (1.41) is  a Chern-Weil  characteristic  form  associ-

ated universally  to  the  bundle  E  ©  F with  its  given  connection.  In  fact  there 

exists a  linear  map  of  degree  —m  : 

P : ^ G L M ¥ ^ G L M ® JGhM,  J 

where M  = rank(f ) , such that  the  residue  map (1.45) is given as  the composition 

(1.47) IGLM pI*GLMO*IGLMO 
WEQF 

> 
E*X 

where WE®F  is  the  usual  Chern-Weil  homomorphism. 

Furthermore, if  the  embedding  V  C Hom(£ , F) comes  from  a  universal 

construction (i.e.,  if  Property  1.2  holds),  then  the  residue  is  a  Chern-Weil  char-

acteristic form  for  V,  i.e.,  the  residue  map  (1.45) factors  as  above 

(1.48) T* 
i G L M 

P 
sd T* 

GLm 

sdf 
qsg Ex 

where W  is  the  Chern-Weil  homomorphism  for  V. 

The linear  maps  p  and  p'  are  topologically  determined,  and  so  therefore  is 

the residue  map  itself. 

Proof. Suppose that V  is complex of dimension n  =  m/2  and that the connec­

tion respects the complex structure. Fix a local frame field for V  and let (Dv)j, 

(Dv*)j, j  =  l , . . . , n denote the scalar 1-forms on the total space of V  which 

appear as the components of Dv and Dv* with respect to (the pull-back of) this 

frame field. Then at each point of V  —  X the integrand in (1.44) can be written 

in the form 

(1.49) 0(0: A(x)) = 
EEsdqs 

m . | j | < » 
cItj(Dv)r(Dv*)j 
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where the sum is over strictly ascending multi-indices and where each c j ? j is a 

polynomial in Qe ; QF ,and x.  By (1.33) the coefficient C ( 1 ? . . . . . > n ) of top 

degree is zero. Consequently, the fibre integral 

(1.50) 

' 
' 
' | « | = X 

0 ( 0 : A(x))dx = E 
|J| + | J | < m - l 

( 
( 

[vrt=1 
cit(Dv)i(Dv*)j 

= E 
|J| + |J| = m - l 

( 
( 

v |=l 
cI)J(dv)I(dv*)j. 

contains no terms involving UOE  or &F-  I*1 other words the fibre integral (1.44) 

is a universal Ad-invariant function in HE  and fi^- Hence it is produced in the 

standard way from a series of homogeneous Ad-invariant polynomials on the Lie 

algebra glm x £iIm ' - We have now established the existence of the linear map 

p. This map is topologically determined since the universal Weil map / g l m ® 

IQLM, —* H*(BGLM  x BGLM1)  is injective. This completes the argument in 

the case of complex connections. 

The argument for the case of real bundles with metric-compatible connec­

tions is similar. To begin we note that metric compatibility implies that Dv* = 

( D v ) * = (EiDv^ej)* =  E(Dv)je*, and so (Dv*), = (Dv)j for j  =  l , . . . , m . 

Consequently we have an expansion 

* 6 ; A ( i ) ) = 
E 

\I\<m 
cI(Dv)I 

analogous to (1.49) above. Proceeding from this point the argument is completely 

analogous. • 

Theorem 1.6 asserts that the residue form (1.44) is uniquely determined by 

a topological determination of class cit the universal level. In subsequent sections 

we shall carry this out explicitly for a number of important cases. 

We observe now that in the universal case (over the total space of V) equation 

(1.39) can be rewritten as 

(1.51) <f>(%)-<t>(RE) +  'Re8*[X]  = dT'. 

Using the equation dT's  = 0 ( R 3 ) — </>(Re) from 1.28 gives 

(1.52) 0(R"â) - <?KR0) = Res^-X] + d(T'a - T ' ) 
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where T'3 — T' —• 0 in L\oc  as s —> 0. We now observe that the forms <^(RS) — 

(f){ R0) and T'S — T' can be integrated over the fibres of n : V —• X. This follows 

from Corollary 1.6 .17 by restricting to the compactification of V C Hom(fî, F) 

in GP(E  © F). Applying 7r* to (1.52) gives the following. 

Proposition 1.53. Alternative Formula for the Residue. The  residue form 

in the  universal  case  can  be written as 

Res^ = 7 T , { ^ ( R 5 ) - ^ ( R o ) } -

Proof. Note that 7r*d(T'3 - T') = d7r*(T's - T'), and that TT*(T's - T') = 0 

because T'3  — T' is of degree < m  in the fibre 1-forms dvi ,..., dvm. • 

This Proposition has an important interpretation at the cohomology level. 

Let H*cpt(V  ; R) denote the deRham cohomology of V with compact supports in 

the fibre directions. If V is oriented, there is a Thorn isomorphism 

u : H*(X ; R) — • H*+m{V ; R) 

whose inverse 

( i t ) " 1 = 7T! : H*+m(V ; R ) — > H * ( X ; R) 

is given by integration over the fibre. Suppose now that rankl? = rank F and 

choose an approximate-one \ so that x(t)  =  1 for t >  1. Then Y>  3 is a connection 

on E = n*E  with the property that 

D5 = D0 = v_1 o(DF)o v 

outside the ^-neighborhood (X)s 
dei. {v G V : \v\ < s] of the zero section. 

Consequently 

^ ( R 5 ) - 0 ( R F ) = O on V-{X)9 

and thereby determines a class 

[ 
[ 
[ 

</> ( RS) - </>(RF) ) 
) 
)I 

effc*pt(V;R). 
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This class is an invariant of the triple (tt*E,  tt*F]  v ) in the following sense. Sup­

pose w : n*E —• n*F  is a bundle isomorphism defined in V  —  (X)t for some t >  0, 

and homotopic over V  —  (X)t to the map v. Suppose D'  and D"  are connec­

tions in 7r*E and 7r*.F respectively with the property that D'  —  w-1 o D" o w in 

V -  {X)t.  Let R(k)  =  (Z>W)2. Then the standard Chern-Weil argument shows 

that 

[MR') - MR")] = U(R3)-4>(RF)} in H*AV  ; R). 

We denote this class simply by [ 0 ( R , £ ) — 0 ( R p ) ] . 

Proposition 1.53 has the following important consequence 

Corollary 1.54. The  cohomology  class  of  the  residue  form  on  X  is  given by 

[Res^] = 7 r i [ 0 ( R E ) - 0 ( R F ) ] . 

If furthermore  Property  1.2  holds,  then  both  E  and  F  are  associated  to  the 

bundle V,  and  the  class  <J)(Re)  —  ${Rf) Is  universally  divisible  by  the  Euler  class 

x(V) ofV.  In  this  case,  the  residue  form  is  given precisely  by  the  formula 

Res0 = 
cj>(RE) - <f>(RF] 

X(V) . 

where the  right  hand  side  denotes  the  Chern-Weil  representative  of  this  universal 

class for  the  connection  on  V. 

Proof . The first assertion follows immediately from 1.53. To prove the second 

assertion we consider the case of the universal bundle with some connection Vq  —> 

X0 ~ B G L M over a finite-dimensional approximation to the classifying space (i.e., 

the tautological m-plane bundle over the Grassmannian of oriented m-planes 

in Rm+n for n  large). The universal construction comes from an embedding 

Rm <̂-> RM x HN  equivariant with respect to a homomorphism y  =  (rj^)  : 

G L M —* G L M x G L t v - We define the associated bundles £"0 = P(Vo)  xv  RM and 

F0 —  P(Vq) xV  HN  with connections determined by the one already chosen on 

the frame bundle P(V0)  of Vq. 

Now over the total space of Vq  we have already established the formula 

[<f>(REO) - <f>(RFO)] = i,[Res0] 
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where i\  =  (tt\)  1 is the Thom isomorphism and i  :  Xq <—• Vq  denotes the inclusion 

of the zero section. A basic formula for the Thom isomorphism is that 

i*ii[Res^] = x (Vb) [Res^] . 

Hence 

[<j>(REo) - <f>(RFo)} = x(Vo)[Res,] 

in H*(Xq  ;R) . Since iJ*(BGLm ; R) is a polynomial algebra, and since the 

inclusion Xq  <—• BGLm can be assumed to be fc-connected for k  arbitrarily large, 

we conclude that there is a universal class 

[Res^Jo = 
[<KRf0)-<KREo)] 

X(V0) 
G ff*(BGLm ; R)=I*GLm(Jglm). 

Any embedding of bundles V  <—• Hom(Ê, F) which comes from the y>-

universal construction is topologically a pull-back of the one given by the bundles 

Vo, Eq  and Fq  over BGLm by the map fy  : X —• BGLm which classifies V. 

Hence the associated residue has cohomology class /y[Res^]o- By Theorem 1.46 

we know that Res^ is actually given pointwise on X  by the Chern-Weil represen­

tative of this class, i.e., by applying the Ado\Jrn -invariant function corresponding 

to [Res^Jo to the curvature of the connection on 7 . • 

Remark 1.55. The non-orientable case. Suppose that V  is not orientable 

and let p  : X —• X be the 2-sheeted covering space corresponding to the first 

Stiefel-Whitney class 

w1(V)G H1(X',Z2) = Hom(7r1(X),Z2). 

The pull-back bundle V  = p*V on  X  is  orientable and the deck transformation 

g : X —• X lifts to a bundle map 

V 
9v 

V 

X 
9 

X 

which is orientation-reversing on the fibres. 
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Any smooth cross-section a G r (V) lifts to a ^-invariant cross-section â G 

r (V) , and it is easy to see that 

(1.56) g* Div(â) = - D i v ( â ) . 

We can now apply Theorem 1.37 to the pull-back bundles p*E  and p*F  to obtain 

an equation of currents 

(1.57) 4>CRO) ~  4(RE) + Res0Div(5) = dT' 

on X.  For any <f>  € ^GLm *ne forms <f>(Ro)  and 4>{RE) are constructed without 

regard to orientations on either X  or V.  Hence, 

g*<f>(R0) = 4>{Ro) and g*<f>(RE)  = <t>{RE), 

and tor similar reasons 
g*T' = T'. 

Consequently, we have that 

(1.58) g* (Res0 Div(a)) = Res^ Div(a) 

and in particular by (1.56) that 

(1.59) g* Res^ = — Res^ . 

It follows that the formula 

(1.60) 0 ( i ? o ) - 0 ( ^ E ) + R e s ^ D i v ( a ) = dT' 

holds down on J\T, where the term Res^Div(a) is defined via the g-

invariance (1,58) . 

Remark 1.61. It should be noted that the transgression forms T3  in Theo­

rem 1.37 are produced out of the canonically modified family of connections D'3. 

Let us consider the transgression T3  given by the unmodified family D3.  Since 
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R'3 =  R3  and D'3  — D3 = —dr3, we see directly from the standard formulas 

(e.g., 1.1.18) that 

(1.62) T'3-T3 = 
oo 

/ 
3 

Udrt ; Slt)dt = d 

oo 

( 
( 
s 

(f)(rt ; Qt)dt. 

Since dr3  = xsdlog \v\  this can be rewritten as 

(1.63) T'3-Ts = 
oo 

( 
( 

3 

d log |v| </>(1 ; qt) Xt dt. 

From (1.63) we see that 

(1.64) T' = T3 if ^(1 ; ilt) = 0. 

We also conclude that if a  is atomic then T  = lim T3 exists and, since d  has 
s—0 

closed range, there exists a current R  with 

(1.65) T'-T = dR. 

2. Quaternionic Line Bundles. 

In this section we consider the quaternionic analogue of the case discussed 

in Chapter II. The results are in striking parallel with those of the complex case. 

Throughout this section we suppose that E  and F  are quaternion line bundles 

over a smooth manifold X  (with scalar multiplication from the left) and that E 

and F  carry connections, DE and DF  respectively, with respect to which scalar 

multiplication by any quaternion is parallel. 

We consider the bundle 

V D=  H o m H ( Ê , F)  C H O H I R ( £ , F) 

of quaternion-linear maps from E  to F. V is a real bundle of rank 4. However 

it does not in general carry a quaternionic structure, nor even a natural complex 
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structure. Note that for a G T(V) , we have that Da  = Dp o  a — a o DE is also 

a section of V by our assumption of quaternion compatibility for DE and Dp. 

Suppose a G T(V) is an atomic section, i.e., E -—*> F  is an atomic quater-

nionic bundle map. Consider the L\oc(X) one form with values in EndH(#) given 

by 

(2.1) T = a 1 o Da. 

Similar to the complex line bundle case we may consider 

Da = ar 

as denning r. However, in the complex case Endc(-E) is canonically isomorphic 

to C. 

If E  and F  are furnished with metrics with respect to which scalar mul­

tiplication by unit quaternions is a pointwise isometry then one easily checks 

that 

(2.2) o*a = |a|~Id£ and a  a* — \a\ Idp, 

so that a  -1 — a * \ a \ ~.  Thus 

(2.3) T = 
a* o (Da) 

H 2 . 

For some cof the results \ vc must assume that the connections Dp  and Dp  are 

metric compatible. The1 pull back family of connections on E is given by 

(2.4) Ds =  DE+  \ ST. 

Note that for each fixed 0 < .s < oc the connection D  3 is quaternionic. 

For the sake of simplicity we shall only consider the pullback family. The 

pushforward family is defined by D3  —  Dp —  \sr' where r' is defined by r' = 

(Da)a-1 = ssgfgh 
sdfd i 3T Da = r 'a, and is a one form with values in EndH^). 

For quaternion line bundles there is essentially one topological invariant. 

The classifying space is BHX = P°°(H) = lim Pn(H), the infinite-dimensional 
sdfg 
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quaternion projective space (with the weak limit topology). The cohomology is 

a polynomial ring 

i r ( P ° ° ( H ) ; Z) = Z[u] 

where the generator u G i f4 (P°° (H) ; Z), called the instanton class, arises as 

(2.5) u = x ( £ h ) = c 2 ( 6 0 = - i P i ( ^ h ) , 

the Euler, second Chern, and — ̂  (first Pontrjagin) classes respectively of the 

universal quaternion line bundle £ h —* P ° ° ( H ) . Now Chern-Weil theory gives 

an explicit isomorphism of J?*(P°°(H) ; R ) = R[u] with the Ad^x -invariant 

polynomials on HomH(H, H ) = H. The integral generator above corresponds to 

the polynomial 

(2.6) u(Y) = 1 
16TT2 

t r ( l ^ ) 

for Y G HomH(H, H ) . 

The standard transgression applied to the family D  3 on E  yields 

(2.7) U(rs)-U(RE) = dTs 

where 

(2.8) 8TT2T3 = -
) 
) 

» O C 

S 

tr(Dt] Rt)dt 

Theorem 2.9. Let E  and  F be quaternionic  hermitian  line  bundles  over  a  man-

ifold X,  furnished  with  quaternionic  hermitian  connections  DE and Dp.  Let 

e = U(RE) and / = u(Rp) be  the  Chern-Weil  representatives  of  the  instanton 

classes of  these  bundles.  Suppose  a : E —* F  is an atomic  section  of  HomH(-B, F). 

Then T  = lim T3 converges  in  LLOC(X).  The  instanton transgression T 
s—•() 

satisfies 

(2.10) / - e - D i v ( a ) = dT, 

and is  independent  of  Y and the  metrics. 
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Fix any  polynomial  <j)(u)  G H[u]. Then  the  <f>(u)-characteristic  current of  the 

pullback connection  exists  and  equals 

(2.11) lim 
s->Q 

<t>(u(R3)) = (j>(f)  — Div(a) A 
( 
( 
( 

*(/) - № 
f-e 

) 
) 
) 

where the  limit  exists  in  the  Federer  Eat  norm  topology  and  is  independent of  the 

function x  as well as the metrics  ( , ) e and (, ) f used  to  define  this  approximating 

family D  s. Furthermore, 

(2.12) lim 
s ->0 

(t>(u(R3))-(t>{e) =  dTj, 

where T&  is the  L\-form  on  X  defined  by 

(2.13) T</>= 
</>(f) - </> (e) 

/ - e 
r 

In particular,  we  have  the  current  equation 

(2.14) <Kf) ~  <t>(e)  -  Div(a) A { ~ <t>{e) 
f-e 

) 
) 
) 

= dT <h. 

Remark 2.15. Quaternionic Poincare-Lelong. If E  is trivialized and given 

the corresponding flat connection, then H o m n ( £ , F) =  T(F).  In this case, for 

a given section a  G F(F),  Equation (2.10) gives a quaternionic analogue of the 

Poincare-Lelong Formula, namely, 

/ - D i v ( a ) = dT. 

Proof. Once we have verified that the general rubric of Section 1 applies then 

by Theorem 1.37 

(2.16) lim 
s^Q 

<f>(u(Rs)) =  0 ( / ) - D i v ( a ) R e s 0 . 

In particular, with 6(u)  =  u 

(2.17) / - e + Div(a)Resu = dT 
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where Resu is (locally) constant. We shall give three different proofs that the 

instanton residue equals minus one, 

(2.18) Resu = — 1. 

This will verify equation (2.10). 

Differentiating (2.13) and using (2.10) immediately yields (2.14). The equa­

tion (2.11) follows from (2.16) and the fact that 

(2.19) Res^ = _ 
4>U) - fle) 

f - e . 

If T c/) denotes the Chern-Weil transgression of Section 1 then by equation (1.42) 

(2.20) 0 ( / ) - ^ ( e ) + Div (a ) r t eu = dT' 

Comparing (2.14) and (2.20) yields that Res^ and — Q(f) - Q(e) 
f-e 

belong to the same 

cohomology class. Because of Theorem 1.46 this is enough to prove (2.19). 

Consequently, the proof will be complete once we have verified that Section 1 

applies and that the instanton residue equals minus one. 

As noted above if a  £  r(V) then Da  6 r(V) is also a section of V  = 

Homn(£, F)  C HomR(£, F).  Consequently, V  is totally geodesic in HomR(£, F). 

Since a*a  = |a|2Id£ and aa*  = |oj|2IdF, our Basic Assumption 1.1 is satisfied. 

In fact we have the following. 

Lemma 2.21. The universal construction. Property  1.2  holds  under  the 

hypotheses stated  above. 

Proof. Let H denote the quaternions and take the standard identification H = 

R4 by the basis ( l , i , j , k).  Let H act on itself by scalar multiplication from the 

left. Define 

(2.22) A : H — • Hom(R4,R4) 

by associating to q  £  H the linear map Yq : H —> H given by Xq(r)  =  r  •  q. This 

identifies H with HomH(H,H) C Hom(R4,R4). 

238 



QUA TERNI ON UNE BUNDLES 

The restriction of A 1 = 1/À to the multiplicative group H* def = H - {0} 

gives a Lie group homomorphism A-1 : Hx G L i ( H ) C GL4(R) . Considei 

the product homomorphism 

(2.23) <p = (A"1, A"1) : Hx x Hx —+ G L i ( H ) x G L i ( H ) . 

The natural action of G L i ( H ) x G L i ( H ) on H = Homn(H, H ) induces a homo­

morphism 

i/j : Hx x H x — • GU 

given by 

Y : H* * H * GL 4 

for q  G H = R4. This action factors through an embedding 

j> : Hx x H x / R x <-+ GL4 

whose image is the conformal group in 4-dimensions. 

It is easy to check that for any g  = (qi,  q2)  G Hx X H x , the diagram 

H 
A 

Hom(R4,R4) 

Y9 $9 

H 
A 

c—• Hom(R4,R4) 

commutes, where <p(J{T) = A"1 o T o Xqi is the induced action on Hom(R4,R4) . 

Hence, the embedding (2.22) and the homomorphism (2.23) constitute the data 

for a. universal construction. 

Suppose now that we arc1 given a. principal Hx x H x bundle with connection. 

Then E  ::  F is the1 bundle associated to the representation ip  and V  C Hom(£ , F) 

is the bundle associated to n\  Similarly, the bundle V*  =  HomH(F, £ ) is associ­

ated to the opposite representation <\ Hence, our set-up comes from a universal 

construction as claimed. • 

Because of Lemma 2.13 the results of Section 1 are applicable. Our first 

proof of the remaining lemma is topological. 

Lemma 2.24. Kesu — — 1. 
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Proof. Since Property 1.2 is satisfied, this lemma follows directly from the uni­

versal topological formula 

( 2 . 2 5 ) X(V) = [f] - [e]. 

This formula is rather well-known (See [BL] for example). It follows from the 

observation that up to homotopy equivalence we may replace the homomorphism 

ift : Hx x Hx — • GL^ by its restriction 

0o ' Spi x Spi = Spin4 — > SO4. 

(This is the usual 2-fold covering). Restricting further to the maximal tori yields 

the map 
yo( ei0 , ei cp) = 

( 
( 

ei (0+cp), e i (0- cp) ) 
) . 

One now considers the induced map Bipo  :  BS1 X BS1 —>  BS1 X BS1 and the 

pullback in cohomology to complete the calculation of ( 2 . 2 5 ) , which comes down 

essentially to: 

x(V) = 
1 

16TT2 
X1X2 = 

1 

16TT2 
(x1 + x2)(xi - x2) = 

1 

16TT2 
[x\ x\) = [/] - [c]. 

This proves the lemma and completes the proof of the Theorem if the trans­

gression T  is interpreted as the transgression T'  of the modified family D'3  of 

Section 1. However, Remark 1.61 and equation ( 1 . 6 4 ) are applicable so that the 

transgression T'3  of Section 1 equals the transgression T3  defined by ( 2 . 8 ) . Note 

that if 4>(n3) = (tr(fi2))^ then 0 ( 1 ; Sls)  = 2p trfia(tr(fi2))/p-1 which vanishes 

since trfis = 0 by metric compatibility. • • 

In order to explicitly describe the instanton transgression T  it is convenient 

to use the form r'  =  (Da)a~l  as well as r = a~1(Da). 

Theorem 2.26. The Instanton Transgression Form. For  any atomic  quater-

nionic line  bundle  map  E  -^->  F, the  instanton  transgression  form  T  is  given  by 

the formula 

( 2 . 2 7 ) 16TT2T = -tr(rRE) - tr(r'RF) +1/3 ±tr(T3). 
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Proof. We must compute 

(2.28) 16TT2T. = -

O O 

= 
= 
3 

2tr DTRtdt. 

Obviously D  S  =  x3r, and by 1.6.3 (or VI.15 and VI.12c) the curvature R3  is 

given by 

(2.29) R . = (1-Xs)RE +  X s 
a*Rpa 

\a\2 
- Xs(1- xs) T2 + X s 

l « | 2 d i a l 2 

S 2 | a | * r. 

To complete the proof we need a lemma-

Lemma 2.30. Suppose t is  an  arbitrary  Endn(E)-valued  1-form. Then 

tr{r2) = 0. 

P roof . Locally, we may assume that r is an H-valued one form since, locally, 

Endnli?) = H as algebras. Also, the trace equals four times the real part. Now 

r —  T0 -f ir\  + JT2 + kr%  with r(), Ti,  r2, r3 one forms implies that Rer2 = 0. • 

Computing (2.28) directly, using (2.29) and D  =  \ s r , gives 

I G t t X = 2 

d 

J 
o( 

tr 
( 
( = ( 
(( 

( 1 - x)Rp + xa -1 RFa - x(l - x ) t 2 ) 
) 
) 
) 

IX 

(2.31) 

= 2( \ , - ^xiìti'irRfr) + v ; t r ( r a - l R F a ) _ 2 ( I 
2 

X 
2 
5 = 

1 

3 = 3 
3 
)tr(r3). 

The t r \ s r \ ' s 
er 

ettry 
M 2 

r term drops by Lemma 2.30. The term tvira  1 Rpa) can 

be rewritten as ti'(r'Rp). 

The atomic hypothesis implies that T3  converges, in Zqoc(.Y), to T  defined 

by (2.27). • 
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Second Proof of Lemma 2 . 2 4 . Consider the total space of V = H O H I H ( £ , F). 

Let p  denote projection from the unit sphere subbundle of H O I I I H ( £ , F)  to the 

base manifold. Because of the formula ( 2 . 2 7 ) for the instanton potential T3 

( 2 . 3 2 ) Resu{D) = J 
2 

T = 
2 

48TT2 

( 
( 

\a\ =  l 

tr(r3). 

Here T  =  v_1Dv is the form corresponding to the tautological section v of the 

pullback bundle V of V  = HomH(£ , F) over itself. 

The form tr(r3) has a particularly nice expression. Let e  and / denote frames 

for E  and F  and let a (e) = vf  define v  G H. This gives the local identification 

V = HomH(^,ir) = H. Note that o T ^ / ) =  v~le.  Let ai(e) = / , a2(e) = » / , 

Q /3(e) = j / and a ^ e ) = kf  be the basic associated orthonormal frame for V. 

Lemma 2 . 3 3 . Let  e  = v-J^  be  the  Euler  vector  field  on  the  total  space  ofV,  and 

let T = v 1Z?v be the  form  corresponding  to  the  tautological  section  v = 
4 

E 
¿=1 

Vidi. 

Then Dv  = 
4 

E 
2 = 1 

(Dv)2aî defines local  1-forms  (Dv)i  = dvi +EVk-Wki, and 

24 
tr(TS) = e\_ ( 

(Dv)! A (Jh;)2 A (£>»)3 A {Dv)4) 
\v\4 ) 

Proof. In replacing endomorphism-valued forms by matrix-valued forms, minus 

signs are sometimes introduced. For example, dvv~l  is the matrix form of r while 

—(dvv~1)2 is the matrix form of r2. Also, r3 has matrix form —(dvv-1)3  (cf. 

1.6.3 and 1 .6 .8) . For the sake of convenience, but only in this proof, we shall let 

r =  v_1Dv denote the operator version and let r = Dvv~l  denote the matrix 

version. In addition, for the sake of clarity, we shall give the proof with (Dv)i 

replaced by dv{.  In fact, as a slight digression we shall describe several quaternion 

valued differential form identities on H. Define r = dvv~l  for v  £ H. Since trace 

equals four times the real part we must show that 

( 2 . 3 4 ) 
1 

6 
Rer3 = - 6 L ( 

dvi A dv2  A dv3  A dv4 

M4 ) . 
where r is the matrix version r = dvv  1.  Now R e r = l 

2 ( r + f ) = 
1 
2 

dvv-\-vdv 

M2 = 

dlog \v\  is exact. Define a  = I m r = 1 
2 

(r — r ) , or equivalently r = dlog \v\ + o. 

242 



QUATERNION LINE  BUNDLES 

(The reader may wish to verify that da  =  dr  =  a1  —  r1 =  rz  and that dvAdv 
ma = 

tt = — 2dlog \v\  A a — a2, r r = 2dlog \v\ A a — a2.) 

Direct calculation yields 

dv A  dv A  dv A dv = —24dvi A dv<i A dv  ̂ A dv±. 

(Use that fact that e,e7 + e^e,- = 2e^ with t\  = 1, e2 •= z, e3 = e4 = A:. Also 

note that dvdvdvdv  is real.) However, 

- e i _ ( rfy A dv A  dv A  dv 

\vr ) = T T T — T T + r(r) — TT7 

= 4a3. 

This proves that 

(2.35) 
1 

6 
( 1 

—6 l A?i A c/t?2 A di;3 A cfo4 

M4 . 

Finally, note that a  —  tr(r ) since cr~ — da is purely imaginary. • 

The proof that Res„( D )  = —1  can now be completed using this lemma. 

Res µ( D) = - 1 
4 S t 2 J 

|a|=1 

tr(r-1) = -
1 

2tt2 / 
| r | = l 

e |_ (dui A • • • A ch^) 

M4 
= - 1 , 

because of (2.32). Lemma 2.33. and the fact that vol(S3) = 2TT2. • 

N o t e . Each choice of frames (  . f induces a local isomorphism V  =  H via oj(e) = 

vf, r  G H. This local isomorphism is easily seen to be unique up to a conformal 

map of H to H. Thus V  is naturally equipped with n,  conformal structure. 

Moreover, for each choice of metrics ( . ) / : , { . ) f , compatible with the quaternion 

structures, the induced metric on V C H o i i i r ( £ \ i*1) is always in this conformal 

class. The form tr(r*). restricted to the fibers of V is conformally invariant. 

The metrics on E  and F  are necessary in order to define the pullback family 

D 3  = DE  + Xsa~lDa  because the norm |q|2 in the expression \s  = x(la|2/52) 

depends on the metrics. However, the assumption that the connections DE  and 

Dp are metric compatible is not needed in the proof of Theorem 2.26. That is, 
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lims_0 T3 =  T  converges in Lloc(X)  to the instanton transgression T  given by 

(2.27). Since r and r'  are well defined without the use of metrics, the instanton 

transgression T  is also metric independent. 

The next result is in complete parallel with the complex case. In particular, 

it is metric independent. 

Theorem 2.36. Suppose  E  and  F  are  quaternionic line  bundles  over  a  manifold 
a 

X furnished  with  quaternionic  connections  Dp  and Dp.  Suppose  E  —•  F is  an 

atomic section  of  H O H I H ( £ , F). Then  the  instanton  transgression  T  defined  by 

(2.27) satisfies 
u{RE) - u{RF) - Div(a) = dT, 

as an  equation  of  currents  on  X. 

Proof. Because of the results of Chapter III.l, it suffices to calculate that the 

residue of T is -1 directly from the formula for T. This was done in the second 

proof of Lemma 2.24 presented above. • 

Remark 2.37. Twisted Quaternionic Scalars. Motivated by examples such 

as the tangent bundle to PX(H) = S4 it is natural to weaken the definition of 

quaternionic line bundle by replacing H by a bundle A of H-algebras, which is not 

necessarily trivial. An A-quaternionic line bundle E  is a real rank 4 vector 

bundle E  equipped with an action of A, i.e., A is embedded as a subbundle 

of algebras of the endomorphism bundle End^E1). Consider a pair E,  F  of 

A-quaternionic line bundles. The subbundle of HomR(£, F)  consisting of A-

quaternionic linear maps (on each fiber) will be denoted 

V =  EomA(E,F). 

The natural invariant to use in extending the previous results is the Euler form. 

Consequently, we must assume metric compatibility. That is assume E  and 

F are equipped with A-quaternionic metric compatible A-quaternionic connec­

tions DEI  ( ,  )E and Dp,  ( , ) F - Moreover, assume that the embeddings 

A C EndR(£') and A C Enda(F) induce the same connection DA  on A and 

induce the canonical metric ( , )A on  A  determined by the algebraic struc­

ture of A. Let Dy,  ( ,  )v denote the induced metric compatible connection 

on V  = HomA(£ , F) C  HomR(£ , F). 
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Theorem 2.9 remains valid if the standard notion of quaternionic is replaced 

by the twisted notion of A-quaternionic and the compatibility described above is 

valid. The instanton forms must, of course, be replaced by the Euler forms, i.e., 

e = X(DE)  and / = X(DF)-  In particular, the formula 

(2.38) X(DF)-X(DE)-Div(a) = dT 

extends the quaternionic Poincare-Lelong formulas in Equation (2.7) and Re­

mark 2.15. 

Actually, for the parts of the statement of Theorem 2.9 involving the family 

of connections D3,  it is natural to replace the family (2.4) by a metric compatible 

family, as was done in Chapter IV. 

Because of the similarities with the standard quaternionic case the details 

of the A-quaternionic case are omitted, except for a discussion of a key fact. 

Namely, the Euler class of V  is just the difference 

(2.39) X ( V= = X (F) - X (E) 

in the A-quaternionic case. The topological argument used to establish (2.25) 

can also be used to verify (2.39). In fact, this result is true on the level of forms, 

yielding a direct proof of (2.38) and a third proof of Lemma 2.24. 

Proposition 2.40. Suppose E  and F are A-quaternion  line  bundles  equipped 
with metric  compatible  A-quaternionic  connections.  Then 

;2.41) Pl\nv) = Pf{QF)-P1{QE). 

Proof. It is convenient to have matrices acting on the left of frames, so we assume 

that the A-quaternions act on E  and F  on the right. Choose a local orthonormal 

frame / , J, K  for Im A A fibre of E should have the orientation induced by the 

complex structure I.  Consequently, we choose oriented orthonormal frames e, 

e l , eJ,  -eK  for E;  and / , / / , / J , -  fK  for F.  Note that I{eJ)  =  eJI  =  -eK. 

Set 

Q A = 

V 

O n \ Çl\ 
-Q3A 0 

-it A  » 4 0 ) -) 
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i.e., 

RA{I) = Çl3AJ  + ii2AK etc. 

Let 

RfÍ = rtpfl +  QlfJ -tt3FfK 

define the first row of the curvature matrix fijr. The remaining rows are deter­

mined by using the fact that 

Ra(cl) = RF o a - ao RF  for a £  T(A). 

For example, with a  = I we have 

RF(fI) = (Ra(IW) + I(Rpf) = fi 3 

s 
fj + fi .2 

A 
f K+1 ( 1 1 

2 fl + fi 2 

F f j - ü Kl 
F ( K) I 

= -fi i F. 
f + (Q) 

4 
- il 3 

F 
) f j + ( Q l2 

A = fi 
2 
F ) F k 

Similarly, one computes RF(fJ).  Therefore, 

fiF = 

( 
( 
( 

0 A i 
F 

fi 2 
' IT A + 

p 

A ,1 
° 

0 fi >3 
+ + f i 

3 
F A ( fi 2 

° ° fi A 
A ) 

-fi; 
,2 
F + ( e 

»3 

S 
+ fi S 

F 
S 0 fi 1 

S + fi 1 
S 

S fi' 
.3 
F fi1 2 

A S Sfi 2 
F S ( f i ,1 

'A S fi 
,1 
F ) U 

° 
° 
° 
° 

; 

The curvature fi# is exactly the same as fip except filF should be replaced by 

filE i = 1, 2, 3. 

Now we calculate fiy. Consider the local oriented orthonormal frame q 0 , 

oji , a2, <*3 for V =  E.omA(E,F)  defined by aQ(e) = / , a i ( e ) = / / , a2(e)  =  fj, 

a3(e) = fK.  Again, recall that Rv(a)  =  RF o a —  a o rE Therefore, 

(Rv(a0))(e) = RFf-a0(REe) 

S D i 
F 

[ t + a >2 
F 

F j 6 a S 
S fK - a0 (fi Z 

E el + fi 
,2 
'F - fi ,3 

E eK ) 

S ( 
I 

F S fi 
IS 

E ) fI+( il 
2 
F S fi 

,2 
1 )S fJ-( fi 

3 
F S fi 

a 

S ) F k; 

Similarly, 

Rv(oii) = -( fi i 
F S fi S 

S ) f+ kl fi 3 
A 

- \l ,3 
F S fi 3 

1 ) OLÍ + ( -fi S 4- fi v2 
S + fi 

.2 
5 S 

C*3, 

and Rviao)  = ••• + (- fi SS 
DS 

+ fi i ] 

D 4- fi S ) » 3 . Thus 
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qV + 

I 
5 
5 
5 
5 
5 
5 

0 1 
F + D 1 

E 
E |2 

F D E 2 fi D 
1 DF FE k3 

£7 

6 (q1F- Q1E) 0 A3A- Q3F-Q3E - ( n i - n j , - n | ) 

- ( n 2 F - n | ) - ( t $ - n * . - n | ) 0 Aq- Q1F- Q1 E 

(Q3F - Q3E ) Q2A - Q2F - Q2E - ( Q1A - Q1f - Q1 E ) 0 J 

. 

If 

o = 

V 

0 Hi ih ih 
- f i i 0 s 3 - s 2 

- f i 2 - S 3 0 S i 

- f i , S 2 - E , 0 ) 
then 

Pf(îî) = ftjS! +f i2S2 + fi3S3. 

Consequently, 

Pf(î îv) = (fijr - fife) ^ — fîjp — îîfe) H 

= Q1F (Q1a - Q1 e ( Q1A- QA1 ) + ........ 

= Pf(SÎF)-Pf(SÎE). • 

3 . Dirac Morphisms. 

In this section we shall examine the important family of bundle morphisms 

which arise from Clifford multiplication. They appear naturally in various con­

structions of the Thom isomorphism in A'-theory, and they arise as the principal 

symbols of the standard families of elliptic operators. In this context, our theory 

is particularly nice. The formalism is elegant. The results are canonical and the 

limit currents are independent of any choice of approximation mode. 

Given a vector bundle n  : V —» A" which is, say, complex or spin, there are 

Thom isomorphisms i\  : A'(A") — • Kcpi(V) and it  : H*(X) — • H*pi(V), and a 

diagram 

K(X 
it 

Kcpi(V) 

ch ch 

H'lX) 
2* 

^ c ' p t ( ^ ) 
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which commutes up to a factor. In our study of the Euler class we established a 

canonical "Chern-Weil" representation of this diagram with AT-Theory replaced 

by bundles-with-connection and cohomology replaced by closed differential forms. 

(See III.5 and IV.5.) However, in that approach the theorems and their proofs 

were pulled magically out of a hat. 

In this section we shall derive these results as a natual consequence of our 

philosophy, by looking at the Chern character of the pullback connection under 

Clifford multiplication. The commutativity factor in the diagram above will come 

out as a fundamental residue. 

We begin with some definitions. Throughout this section n  :  V —•  X will 

denote a smooth, real vector bundle of rank m  equipped with a metric (•, •) and an 

orthogonal connection D.  We shall denote by C£(V)  —•  X the associated Clifford 

bundle of V with its induced metric and connection (cf. [LM]). Let 5 = 5+ © S~ 

be a bundle of Z2-graded modules over G£(V), and assume S  is furnished with a 

direct sum metric and connection D$+  ® -Ds-. 

By definition of C£(V)  we have 

v • v = — M 2 1 

for all v  e  V  C C£(V).  Hence the composition V C C£(V)  — • Hom(S+, S~) sat­

isfies Assumption 1.1. We should assume further that the metric and connection 

on S  are adapted to this Clifford multiplication as follows. 

Definition 3.1 . The bundle S  is called a Dirac bundle if 

(a) (vs,s'} + {s,vs') = 0 Vu 6 F and V s , s ' e S , 

(b) Ds (cp a) = ( D cp) a + cp ( D sa) 

for all ip  € r(C£(V)) and a G T(S). (See [LM] for more details.) 

Example 3.2. Let S  =  C£(V)  with its metric and connection, and with the 

standard even-odd grading C£(V)  =  Ctven(V)  © Cfdd. 

To begin we shall work on the total space of V.  As in section 1 we set 

V = TT*V  and = 7r*5±, and we let D, Dg± denote the pullback connections 

on these bundles. Note that there is a canonical embedding 

(3.3; V C TV 
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as the subbundle tangent to the fibres of n  : V —• X. The connection on V 

determines a complement to this, i.e., a splitting 

(3.4) TV = V ffi H 

Let v £ T (V) denote the tautological section as in §1, and consider the V-

valued 1-form Dv. As a linear map, Dv : TV —• V is just projection along H 

onto V , i.e., 

[3.5) Dv v = Idv and kerDv = H. 

If we choose a local orthogonal normal frame field ( e i , . . . , em) for V and lift it 

to a frame field (ei ,..., em) for V , then v = ^ Vjej  where (vi ,..., vm) are the 

linear fibre coordinates. Writing Dtj  = ^2ujjkek, we ge^ the expression 
k 

;3.6) Dv = 
m 

E 
k = l ( dvk + 

m 

E 
7 = 1 

VjUJjk 

/ 

ek def 
m 

E 
k =1 

Dvkek 

in terms of the local gauge u . Of course, by definition we have 

(3.7) D2v = R(v) 

where R is the (pullback) of the curvature of V. In terms of the local frame 

above 

(3.8) D2v = 
m 

E 
i .Jfc=L 

Vj\ljkek. 

We recall that V  C C£(V)  is totally geodesic. Hence, by assumption 3.1.b 

the inclusion 

;s.9) V f-> Hom(S+, S ) is totally geodesic. 

From assumption 3.1.a we have that 

13-10) V = — V . 
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Hence we have canonical connection-preserving identification V — • V * given by 

—Idv, and in particular, 

(3.11) ( D v ) * = Dv*. 

Whenever our map v : S+ —• S~ is given by a standard Clifford constructions, 

Property 1.2 will hold. 

We now fix an approximate 1 and consider the families of connections 

(3.12) D3 = D5+ + x . v -1(Dv) and Ds  = D s - - x , (Dv)v_1 

where v — — l 
•v. The corresponding curvatures are given by 

(3.13) 
R s = R + + x - v - ^ v ) - x , ( l - Xs)T2 + X'T 

d\x\2 
s2 

T 

Rs = R - - x , R ( v ) v - 1 - X . ( l - X . ) ( r - 1 ) 2 + x', 
d| v |2 

s2 
r"1 

where R ^ =f R c i and where 

(3.14Ì TA£-
1 

|vl2 
v( Dv) = v-1 (Dv ) and T-1 def = - 1 

|vl2 
(Dv)v = (Dv)v-1 . 

The expressions (3.13) can be rewritten using the equation 

(3.15) R ( v ) = R " o v - v o R + . 

We now consider the expressions in the indeterminant x  given by 

[3.16) { 
A+(x) = R + + x v _ 1 R ( v ) - x(l - X)T2 

A~(x) = R " - x R ( v ) v _ 1 - x(l - X)T-\ 

These can be rewritten via (3.15) as 

(3.17) { 
A+{x) = (1 - x ) R + + X V " 1 o R ~ o v — x(l — X)T2 

A~(x) = (1 - x)R- + xv o R + o v"1 - x(l - X)T~2. 

Note the close relationship between A + ( x ) and v *A (x)v  since r = v 1T  1V. 

From the main results in 51 we have the following. 
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Theorem 3.18. Let n  :  V —>  X  be  an  oriented  Riemannian  vector  bundle  with 

connection and  suppose  S  = S"1" ® 5~ is a Dirac  bundle  for  V  as  above.  Fix  an 

approximate-one \  and  consider  the  families  (3.12) of  pullback  and  pushforward 

connections associated  to  Clifford  multiplication  v : S+ —> S~ (where  = 

7r*5:t) by  the  tautological  section  defined  over  the  total  space  of  V.  For  each 

Ad-invariant polynomial  <j>  defined  on  glpj  (where  N  = rank5+ = rank5~j7 the 

characteristic currents  lim 0 ( R + ) and  lim 0 ( R j ) exist  and  are  independent  of 
3—+Q s—•() 

y. In  fact  we  have  equations 

(3.19) 

' 
' 
' 

<f>(*Rs)-4>{R-)-ReS4X] = drs+ 

<KR+)-<l>(Ka)--Resé[X] = drs+ 

where 

(3.20) 
4- d e f 

r„ = 

1 
( 
( 

Xs 

^(T*1 ; A=(x))dx 

are Lloc-forms  which  converge  to  zero  in  L\oc  on  V  as  s  —>  0.  In  particular  we 

have the  current  equation 

(3.21) 0 (R+) - 0 (R~) - R e s ^ X ] = dT 

where 

(3.22) T =f 

l 

( 
( 

o 

(f)ÌT ; A(x))dx 

is an  L\oc  form  on  V  which  is  smooth  on  V  —  X. The  residue  is  a  smooth  form 

on X  given  explicitly  by  the  fibre  integral 

(3.23) Res,A = 
' 
' 
p 

T 

where p  :  {v  £ V : \v\  = 1) —» A is  the  bundle  projection.  If  S  is  associated  to 

V by  a  universal  construction  (i.e.. Property  1.2  holds)  then  Res^ is  exactly  the 

Chern-Weil form 

(3.24) Res0 = 
Q (R+) - Q ( R- ) 

X (R) 

representing the  universal  class 

[3.25) 
0 ( 5 + ) - f l S - ) 

X(V) 

defined in  H*(BSOm)-
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Remark 3.26. Suppose x  1S  chosen with the property that X(t) = 1 for t  >  1. 

Then </)(  R3) — ^(R~), ^(R-1-) — (f>(  R5), and all have support in the s-tubular 

neighborhood 

B3(V) =  {veV:  \v\<s}cV. 

Consequently if X  is compact, then (3.19) is an equation between forms with 

compact support. 

Proof. The pullback case is a direct consequence of 1.37 and 1.50, with the 

exception of the formulae (3.20) and (3.22) where 0 has been replaced by r. 

This substitution is permitted because r = 0 ( mod d|v|2). 

By Remark 1.4.28, the pushforward connection on S" corresponds to the 

pullback via the map v* = — v : S~ —• S+. (Note that since our connections are 

orthogonal, the canonical isomorphisms (S1^)* = S^, given by the metrics, are 

connection preserving.) Applying the pullback case to this map gives everything 

but the explicit formula (3.20). For this we observe that 4>{T~1 ; A~(x))  = 

<j)(v~1T~1v ; v_1 A~(x )v ) = (j)(r  ; A + ( x ) ) where A+(;r) denotes the expression 

obtained from A + ( x ) in (3.17) by interchanging R+ and R~~. This completes 

the proof. • 

Theorem 3.27. Let  n  :  V X  and  S  =  S+ © S~ be  as  in  Theorem  3.18,  and 

suppose that  a  is  an  atomic  section  ofV.  Fix  an  approximate-one  x  and consider 

the families  of  pullback  and  pushforward  connections  associated  to  Clifford  multi-

plication a  :  S+ —•  S~ by  a.  For  each Ad-invariant  polynomial  (f)  defined  on  gl^, 

the characteristic  currents  <f>((D  + )) = lim (f>(  i? + ) and <f>((Dj))  = lim </>( R~) 
3— 0̂ s—»-0 

exist, are  independent  of  x,  and satisfy  the  equations 

(f)(R3)-(t)(R-)-Res<t,Div(a) = drf 

(l)(R+)-(l)(R3)-Res(t)Div(a) = dr~ 

where rf  are  L^oc-forms  which  converge  to  zero  in  L\QC  on X  as  s  —> 0. In 

particular we  have  the  current  equation 

^ ( # + ) - ^ ( i T ) - R e s ^ D i v ( o : ) = dT 

where T  = a*T is  an  L[QC-form  on X  and  where  Res^ is  the  canonical  residue 

form defined  in  Theorem  3.18. 
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Proof. This is also a direct consequence of Theorem 1.37. • 

Remark 3.28. If \ nas the property that x(*) = 1 for £ > 1, then <j){R3)  — 

<j)(R~), <t>{R*)  — (f>(R3), and rf  all have support in the ^-neighborhood 

U3(Z) =  {xeX  :\a(x)\<s}. 

We now examine some important cases. 

Corollary 3.29. The Spin Case. Let  n  :  V —>  X  be  an oriented  real  2n-plane 

bundle with  orthogonal  connection.  Suppose  V  carries  a  spin  structure  and  let 

jS^(V) denote  the  complex  spinor  bundles  with  connection  canonically  associated 

to V.  Let  E  be  any  complex  bundle  with  a  unitary  connection,  and  consider  the 

Dirac bundle  S  =  5+ © S~ where  S±  =  ^(V)  ® c E  with  the  tensor  product 

connections. Then  Theorems  3.18  and  3.27  apply.  In  particular,  for  any  atomic 

section a  of  V  we  have  the  current  equation 

(3.30) eh Rs+ c O E 
) 
) — cn 

( 
( 

Rs - c E ) = ch(RE)k-1(Rv)Div(a) +  dT 

on X,  where  ch(u)  = tr(exp ( i u •)) and where  A denotes  the  Â-series (cf.  IV.5). 

Proof. Formula (3.30) is a direct consequence of the standard fact from topology 

that 

ch(ft+(ïQ ® E) - ch(fi-(V) ®  E) 
X(V) 

= ch(E)A-1(V) 

which was established, for example, in IV.5 above. • 

Remark 3.31. Corollary 3.29 is a restatement of the Rectifiable Grothendieck-

Riemann-Roch Theorem proved in IV.5. Notice that in this case the statement 

and proof come naturally from our philosophy of considering the characteristic 

currents associated to pullback connections. By contrast, finding the arguments 

given in Chapter IV required considerable hindsight. 
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Example 3.32. Consider the spin case in the universal setting of 3.18 where 

a =  v. Suppose x(t) = 1 f°r t > 1 and X  is compact. Let <j)  =  ch as above. Then 

by Remark 3.28 each equation (3.19) can be written 

(3.33) chcptjS = c h ( R E ) A - 1 ( R K ) [ A ] + c/rs 

where chcpt 3 
d e l 

c h ( R s ) ~ c h ( R ^ - ) (or c h ( R £ + ) - c h ( R s ) ) and r3 are forms with 

compact support on V.  Thuschcptj5 for s  > 0 is a canonical family of Chern-Weil 

representatives of the class 

ch [JS+ ® E, fe ® E ; v] e JTc*pt(^) 

where [^J ® 1?, J§£ ® E \  vj £ A"cpt(y) is the element determined by the iden­

tifying S+C® £ with J§£ ® J5 outside a compact set via the map v. As s  —> 

0, the forms r5 converge to 0 in LlQC.  Thus we have convergence chcptjS —* 

ch(Rjc;)A_1(Rv")[-X^], as s  —+ 0, in the flat topology on V.  This gives the direct 

proof of the commutativity of the diagram (up to a factor) mentioned at the 

beginning of this section. 

Example 3.34. If x ( 0 = t/(l + t) (i.e., algebraic approximation mode) each 

equation in (3.19) can be written, in analogy with (3.33), as 

(3.35) chz,!^ = c h ( R E ) A - 1 ( R v ) [ X ] + dr5 

where c h ^ I ^ and r3 are integrable when restricted to each fibre. This family is 

absolutely canonical. As shown in Chapter I, the forms in (3.35) extend smoothly 

to the compactification P ( C © V ) D V. 

Example 3 .36. If x(t) = 1 —e~* (i.e., transcendental approximation mode), the 

comments of 3.34 also apply. Here the characteristic forms look "Gaussian" in 

each fibre. This family is closely related to the one constructed by Quillen via 

superconnections [Q]. 

Remark 3 .37. (The real case) Corollary 3.29 could be restated for a bundle 

7r : V  —>  X  of real dimension m, where S  =  5+ © S~ is the real Dirac bundle 

associated to a Z2-graded G£m-module (cf. [LM]) and where E  is a real vector 
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bundle with connection. If m ^ 0(mod 4) the residue term is always zero. If 

m = 4(mod 8), the fundamental real spinor bundles coincide with the complex 

ones. In fact they carry a quaternionic structure. When m  =  0(mod 8), the 

fundamental real spinor bundles complexify to give the complex ones. They 

determine a Thom isomorphism i\  :  KO(X)  —>  KCPT(V)  in A^O-theory which 

under complexification becomes the Thom isomorphism in if-theory. Since the 

Pontrjagin classes are defined in terms of the complexification of the bundle, the 

residues here are computable from the complex case. 

Corollary 3.38. The Spinc Case. Let  tt : V —*•  X  be  an oriented  real  In-plane 

bundle with  orthogonal  connection,  and  suppose  V  carries  a  Spinc-structure. Let 

J5Q(V) denote  the  fundamental  spinor  bundles  with  connection  associated  to  V, 

and let  A denote the  complex  line  bundle  with  connection  associated  to  the  Spinc-

structure (cf.  [LM]). Consider  a  complex  bundle  E  with  unitary  connection  and 

construct a  Dirac  bundle  S  = S+ ffi 5 " with  S±  =  fic(V) ®  E as  in  3-29-  Then 

Theorems 3.18  and  3.27  apply.  In  particular  for  any  atomic  section  a  of  V  we 

have the  current  equation  on  X: 

(3.39) ch ' 
' R s+c OE) ' 

' 
- ch ( Rf5-®E ) = ch(RE)e 

i 
2 21 ( A) A~1 (i? Di v ( a ) + dT. 

Proof. This is proved in direct analogy with 3.29. • 

Remark 3 .40. The complex case. A basic special case of Corollary 3.38 

occurs when tt :  V  —>  X  is a. complex vector bundle with unitary connection. 

The Spinc-structure is then canonical, and we have that 

P c — O 
k>0 

A C k V* dei A e v e n y * 
and S c - = O 

k>o 

A 2 k + l y * del 
= = A£?dF*. 

Clifford multiplication by the complex vector v  is given by 

v - if — v*  A(p  —  vi_(p 

where (•)* : V  —•  V* is the hermitian metric. In this case the residue in (3.39) 

has the special form 

Resch = ch(i?E)Todd"1(i?i/) 
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where Todd denotes the polynomial corresponding to the total Todd class. (The 

derivation of this used the standard identity: A _ 1 ( V ) = exp(c i (V) )Todd_1(V) . 

Hence Corollary 3.38 gives a direct derivation and proof of the Rectifiable G R R 

Theorem II 1.5.9 (in analogy with Remark 3.31 above). 

Theorem 3.18 is equally interesting when the bundle V  is not spin or Spinc. 

Corollary 3.41. The signature case. Let  n  :  V  —*  X be  an  oriented  In-

plane bundle  with  orthogonal  connection,  and  let  UJQ  6 T(Cl(V)®  C) denote  the 

volume element of  V  given  by 

uc = (~i)nei . . .e2n 

where e i , . . . , e2n is  any  local  oriented  orthonormal  frame  field  for  V.  Set 

cfi = (1± u>c)ce(y)®c, 

then ± 1 eigenbundles  for  left  Clifford  multiplication  byu>c-  Then  Theorems  3.18 

and 3.27  apply  to  any  Dirac  bundle  of  the  form  S  =  5+ © S~ where 

S± = Cl*®  E 

and where  E  is  any  complex  bundle  with  unitary  connection.  In  this  case  we 

have that 
Resch = 2nch(RE)L(Rv)A-2(Rv) 

where L represents  multiplicative  series  of  Pontrjagin  classes  associated  to  the 

formal power  series 
x/2 

tanh(x/2) ' 

In particular  for  any  atomic  section  a  of  V  we  have  the  current  equation  on  X: 

ch(Rct+®E)-ch(Rci-®E) = 2nch(RE)L(Rv)&-2(Rv)Div(<*) +  dT-

Note. LJRy)  = ( 4 ) n Ln(Rv) where Ln  is the classical Hirzebruch L-polyno-

mial. 

Proof. This follows directly from 3.18 and the formulae in [LM, 111.12]. • 
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Note. We have changed the convention for the sign of the volume form here 

from that used in [LMl. Specifically, 

u>c = (-l)n£>c 

where uc  denotes the volume form appearing in [LMJ. As a consequence there 

is a change in the sign (by (—l)n) in our residue formulas from the formulas one 

would expect from directly [LM]. 

Recall that Example 3.2 gives a standard construction of a Dirac bundle 

associated to any real m-dimensional bundle V  as follows. We decompose 

C£(V) = C r v e n ( F ) ® C r d d ( F ) = Aeven(F)©Aodd(F) 

where C£even(V)  and C£odd  are the +1 and —1 eigenbundles respectively for the 

automorphism a  :  C£(V) —•  C£(V) generated by —Id : V  —•  V. Let E  be any 

complex bundle with unitary connection over X  and set 

(3.421 5+ = c r v e n o o ® R E ; s-  = ce°dd(v)®KE. 

Corollary 3.43. The even-odd form case. Consider  the  Dirac  bundle  S  = 

5+ © 5 " given  by  (3.42) above. Then  Theorems  3.18  and  3.27  apply  to  this 

bundle. If  V  is  oriented  and  d i m R ( V ) = 2n,  then  Resch is  the  canonical  Chern-

Weil representative  of 

[Rescll] = (-1)"x(V)ch(E)A-2(V). 

If d i m R ( V ) is  odd,  then  Resch = 0. 

In particular  for  any  atomic  section  a  of  V  we  have the  current  equation  on 

X: 

ch(R^eHV)^E)-ch(RAodd(V)^E) = {-l)nch(RE)x(Rv)A-2(Rv)Biv(a)+dT. 

when dimR(V) = 2n, and 

Ch ( # A e v e n ( y ) 0 E ) - Ch (RAodd(V)^E) = dT. 

when d i m a ( y ) is  odd. 
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CASES OF BASIC INTEREST 

Proof. To compute the residue formula we apply the splitting principle and 

formally write V  as a sum of oriented 2-plane bundles V  =  V\  © . . . ffi V„ with 

Xi d=  x(Vi).  Let \-i(V  ®R C ) = C^ven(V) ®R C - C£°dd(V)  ®R C . Then we 

have 

c h ( 5 + ) - c h ( 5 " ) = ch(A_i(V ® R C ) ® c E) 

= c h ( A _ 1 ( F ® R C ) ) c h ( £ ) 

= 
n 

T T ( l - e " ) ( l - < 
1 = 1 

-Xi)ch(E) 

= 

n n 
2 = 1 

(e-«.72 _ c*.-/2> ((e xi/2 - -xi/2 ) c h ( £ ) 

= - (-1) (ari ...xn) 
( 
( 

Tl n 
¿=1 

sinh(xi/2) 

a?j/2 ) 
2 

c h ( £ ) 

= ( - 1 ) " x(VyA-'(V)ch(E). 

We now apply 1.54 to compute the residue form. 

If dima V is odd, we replace V  by V  © R with the direct sum connection. 

The residue is unchanged but can now be computed by the formula above. Since 

x(Ry®c) = 0 we get the result. • 

The residue in 3.43 could be rewritten by using the identity: A2(V)  = 

Todd (F®RC) . 
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V I . Further Applications and Future Directions 

Much of this paper is devoted to quite specialized cases of bundle maps. 

However, these cases have much wider applicability than is apparent at first. In 

this chapter we shall briefly indicate how these applications are made. A full 

development of the resulting geometric formulae is given in a separate article 

[HL1]. A deeper analysis of the general theory for the case of arbitrary bundle 

maps will be done in the sequel [HL2] to this paper. 

1. The Top Degeneracy Current and Chern Classes. 

Here we study the geometry associated to a linear family of cross-sections 

of a bundle. To begin, fix a smooth complex vector bundle F  — • X  of rank n 

with a connection Dp-  Suppose we are given a set of k  + 1 < n  cross-sections 

fio,. .  ., fik  of F. This is equivalent to being given a bundle map 

( l . i ) a : C fc+i —• F 

from the trivial (fc + l)-plane bundle, where fij  =  a(ej)  and ey is the standard jth 

basis element. Let P = P(C*+1) = P(C*+1) x X  be the projectivization of the 

trivial bundle C^+1 over X,  and denote by U  — • P the tautological line bundle 

with its standard connection (pulled back from the case where X  is a point). Let 

(1.2) TT : P — • X 

denote the projection onto the base X.  The bundle map a  determines a bundle 

map 

(1.3) à :  U — • F, 

(where F 
def 

7T*F) by composing a with the canonical inclusion U  —• C ¿ + 1 
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FURTHER APPLICATIONS  AND  FUTURE  DIRECTIONS 

Definition 1.4. The family of cross-sections a  is said to be k-atomic if the 

associated map a  is atomic. Under this hypothesis the associated degeneracy 

current of the family is defined by 

Dfc(a) = 7r* Div(a) . 

Note that 

sptBfc(a) C {x  £ X  :  p>o(x),..., fJ,k(x) are linearly dependent}. 

One considers ID* to be the current which appropriately measures the degener­

ation of linear independence in the family a  (just as Div(/i) is the appropriate 

measure of the vanishing of a section fd). 

Theorem 1.5. Let  a  be  a,  family of  k  + 1 cross-sections of  F  which  is  k-atomic. 

Then there  is  a  L]oc  current  o  on  X,  canonically  defined  for  each  choice  of  her-

mitian metric  on  F,  such  that 

cn_fc(DF)-Bfc(a) = da. 

Moreover for  each  approximation  mode  there  exist  families  of  smooth  forms  ift9 

and o3,  0 < s  <  oo,  with 

Cn-k\(D>F) — ip3 = da3, 

such that 
lim 

s—>-oo 
a* = 0 and lim 

3-^0 
a3 = a in L l 

loc' (X). 

Proof. From equation (6.19) in Chapter III we know that there is a canonically 

lenned E 1 
loc -form T on P.such that 

n 

E 
e 
J = 0 

{-iy c^J  DF)Cl(  Du)j-T)W(a)  = dT. 

Applying 7T* to this equation and using the fact (Proposition 111 3.17) that 

r* {c1(Du)j } = { 
( -1 ) k if j  = k 
C j < k 

gives the first assertion. For the second assertion, one applies parallel reasoning 

to the family of pushforward connections D s  induced by the bundle map U  a  F 

over P. • 
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THOM-PORTEOUS CURRENTS  - GENERAL DEGENERACY CURRENTS 

2. Thom-Porteous Currents — General Degeneracy Currents. 

Let a  : E • F be a map of smooth bundles with connections where 

rank(£?) = m  and rank(ir') = n. For each positive integer k  = 0, 1 , . . . , min{ra, n } , 

let 

7T : Gm-k(E) — • X 

denote the bundle whose fibre at x £ X is the Grassmannian of (m — fc)-planes 

in Ex  (oriented in the real case). Let 

U — Gm-k{E) 

denote the tautological (m — fc)-plane bundle. Note that there is a natural inclu­

sion 

j : U ^ E 

as a subbundle oi E 
del 

7T*E. 

Definition 2.1. Given a bundle map a  : E — • F, let 

à:U —> F 

be the associated map defined by a  =  a  o j. Then a  is said to be k-atomic 

if a  is an atomic section of the bundle Hom(J7, F) over Gm-k(E).  Under this 

hypothesis there is a Thom-Porteous (or degeneracy) current of level k 

defined on X  by 

Bjfc(a) = 7T* Div(d) . 

Note that the support of Dfc(a-) is contained in the fcth degeneracy locus 

Dk(o) 
def 

{x : rank(ax) < k}. 

Remark 2.2. The bundle Horn([/", F) has rank(m — k)n, and so the current 

Div(5) has codimension 2(m — k)n (in the complex case and (m — k)n in the real 

case) on Gm-k{E).  It follows that B fc ( a ) is a current of codimension 

2(m — k)(n —  k) (in the complex case and (m — k)(n —  k) in the real case) 

on X. 
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FURTHER APPLICATIONS  AND  FUTURE  DIRECTIONS 

Remark 2.3. When E  and F  are algebraic bundles over a complex projective 

manifold, and a  is an algebraic bundle map, the current ID*(a) is a positive 

holomorphic chain, and hence an effective algebraic cycle. The class determined 

by Bjt(a) in the Chow ring A*(X)  is exactly the Thom-Porteous class defined by 

Fulton [Fu]. 

Applying the theory in Chapter III to the section 6 l and then pushing forward 

by 7r* gives a geometric formulae down on X.  These formulae are examined in 

detail in [HL1] and [HL2]. 

A case of fundamental interest occurs when one considers a smooth map 

/ :  X —•  Y  between manifolds. Associated to this is the bundle map 

df : TX —• f*TY. 

Suppose TX  and TY  are furnished with connections and let k  be as above. Then 

our formulas are of the form 

<t>(DTX,DTY)-Dk(a) = da 

where 0 is a universal polynomial in the curvatures of TA and / TY  and where 

a is a canonically defined L11oc-form on X.  A special case is given in the next 

section. 

3. Milnor Currents. 

Let / : X — • S be a proper holomorphic map of a complex n-manifold onto 

a complex curve, and consider the complex bundle map 

(df)* : /*T*E — • T*X. 

This map is atomic provided that the zero set Z  =  {x  G X  :  dfx  —  0} has 

dimension zero (cf. Chapter III, Sections 7, 8 and 9). In this case Z  —  {x G X : 

dfx =  0} = { x i , X2, a ? 3 , . . . } is a discrete subset of X and the Milnor current of 

/ is of the form 

M d = Div((df)*) = Xmjlxj] with mjeZ. 
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CR-SINGUIARITIES AND PONTRJAGIN  FORMS 

Suppose now that X  and E are provided with complex connections. Then ap­

plying the theory to the top Chern class gives a canonically defined L ^ - f o r m a 

on X  such that 

(3.1) cn{DT>x) - c „ _ i ( Z ? 7 " j r ) c i ( I > 7 * E ) - M = da 

where cj(Z?r*s) really means /*ci (Z?r*s)- If we choose hermitian metrics on X 

and S, and use them to identify T*X  with TX  and T*£ with T S , formula (3.1) 

becomes 

(3.2) (-l)n{cn(DTX) - Cn -1 (DTX) c1 (DTE)} - M  =  da. 

The integers ra2 are the local Milnor numbers 

m j = dim 
s 

dssf I 
\ 

df 
dti , . . . , 

df 
dt„ ) 

) 
) . 

This discussion parallels Pulton's in [Fu; 14.1.5] for the algebraic case. An im­

portant point is that the hypothesis that / be holomorphic can be considerably 

relaxed here. For example, assume / is C°°  almost complex, then the above 

discussion remains valid if df vanishes to finite order at isolated points. 

4. CR-Singularities and Pontrjagin Forms. 

Let X  be a smooth oriented manifold of (real) dimension rc, and consider a 

smooth map 

f : _Y — • Cfc+1 

into complex euclidean (k  +  l)-space where k  <  n. Suppose X  is provided with 

a metric and a (not necessarily compatible) connection DTX- The differential of 

f gives a bundle map df : TX —• Ck+i which extends naturally to a complex 

linear map 

dfc : TX ® C — • C k+1 

263 



FURTHER APPLICATIONS  AND  FUTURE  DIRECTIONS 

of the complexification of TX.  Via the metric we get an adjoint map 

(4.1) (dfc)* Ç e +1 —> TX ® c . 

We define the complex critical set of / to be the set 

Cr(f) = {x  G X : (dfc)*x is not surjective}. 

If (dfc)*  is fc-atomic, then the degeneracy current 

€r(f) = Bk 

is defined as in Section 1. Note that sp tCr( / ) = Cr(f). 

Theorem 4.2. Let  f  :  X  — • Cfc+1 be  a smooth  map  of  a  real  oriented  ri-

dimensionai manifold where  n —  k = 21  > 0. Suppose  that  the  associated  map 

(4.1) is k-atomic.  Then  for  each  connection  Dtx  on  X,  there  is  a  canonically 

associated L\oc-form  o  with  the  property  that 

Pi(Drx) = (-l)'Cr(f) + da 

where pi(Drx)  is  the  I  Pontrjagin  form  of  the  connection. 

Proof. This follows immediately from Theorem 1.5 and the fact that C21\(Dtx®C) 

= (-l)lPt(DTX).  • 

Example. Consider an immersion j : X — • Cd of an oriented 4-manifold for 

which (dfc)*  is 2-atomic. Then 

Pi(Qtx) = Eni[xi] +  da 

where x 1 , X 2 , . . . are the points of complex tangency of X , i.e., where j*TX  is 

a complex subspace of C3. The integer multiplicities ni are computed from the 

local geometry of the immersion. (See [HL1].) 
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FOLIATIONS 

5. Foliations. 

Let F be a real ra-dimensional foliation of a complex ro-manifold X,  and 

consider the associated bundle injection 

j : TF <-> TX. 

This map extends to a complex linear map 

jn : Tn.F —• TX 

of the complexification TQF =  T F ® C. Suppose that the associated map of line 

bundles 

(5.1) A d= Anjc : A n T c F —-> knTX 

is atomic. Then we have the current 

Cr(F) d= Div(A) 

of complex degeneracies of the foliation F, whose support is 

sptCr(F) = {x £ X : TXF is not totally real} 

= {x  e X : dimc(TxF fi zT^F) > 0 } . 

Theorem 5.2. Let F be  a reai n-dimensional foliation  of  a  complex n-manifold 

X and  suppose  the  associated  map  A in (5.1) is atomic. Then  for  each  complex 

connection on  X  there  is  an L l loc -form a  such  that 

c1ADTX)-<£r(F) = do. 

further formulas can be obtained by considering other Thom-Porteous cur­

rents associated to JQ. 

265 



FURTHER APPLICATIONS  AND  FUTURE  DIRECTIONS 

6. Invariants for pairs of complex structures. 

Let V  —•  X  be a smooth real vector bundle of dimension 2rc, and suppose 

that Ji  and J2  are two almost complex structures on V.  Associated to these we 

have two splittings 

V®c = v i © V i = V 2 ® V 2 

where V* = {v  — iJkV E V  ® C : v  £  V)  tor k  =  1, 2. Consider the complex 

bundle map 

p:V1- ^V2 

given by restricting the projection V2  © V2 — • 2̂ to the subbundle V\.  Let 

(6.1) A = A£p : A£Vk — • A£V2 

be the associated map of complex line bundles. Then assuming that A is atomic 

we can define the characteristic current 

(6.2) Cr(Ju J2)  =  Div(A) 

which is supported in the set 

Cr(JuJ2) = {xeX: ker(7! + J2) é { 0 } } 

of points where there is a non-trivial subspace which is simultaneously ^ -complex 

and J2-anticomplex. Applying the theory in Chapter II gives the following result. 

Theorem 6.3. Let  V  —•  X  be  a,  smooth vector  bundle  with  two  complex  struc-

tures Ji  and  J2. Let  D\  and  D2  be  connections  such  that  Dk(Jk)  =  [Dk,  Jk] = 0 

for k  —  1, 2. Then  if  the  map  X  defined in  (6.2) is atomic, there  exists  a  £ Lloc(X) 

such that  the  following  equation  of  forms  and  currents  holds  on  X 

Cl(D2) - c1(D1) = Cr(JuJ2) +  da. 

Thus given  any  <f>  £ C[t],  there  exists  a cp £ ^loc such that 

<£(e2) - </>(ei) = 
<ft(e2) - 0 ( d ) 

e2 - d 
Cr(Ji, J2) + da<f, 

where ei = d ( ^ i ) and e 2 = c i ( ^ 2 ) « 

Similar formulas can be derived bv considerine higher Thom-Porteous cur­

rents associated to the map p  :  V\ —•  V2. 
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