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GEOMETRY OF g-HYPERGEOMETRIC 
FUNCTIONS, QUANTUM AFFINE ALGEBRAS 

AND ELLIPTIC QUANTUM GROUPS 

V. Tarasov, A. Varchenko 

Abstract. — The trigonometric quantized Knizhnik-Zamolodchikov 
(qKZ) equation associated with the quantum group Uq(sl2) is a system of lin­
ear difference equations with values in a tensor product of Uq(sl2) Verma mod­
ules. We solve the equation in terms of multidimensional g-hypergeometric 
functions and define a natural isomorphism of the space of solutions and the 
tensor product of the corresponding evaluation Verma modules over the el­
liptic quantum group Ep^($l2) where parameters p and 7 are related to the 
parameter q of the quantum group Uq(sl2) and the step p of the qKZ equation 
via p = e2nif> and q = e~27™7. 

We construct asymptotic solutions associated with suitable asymptotic zo­
nes and compute the transition functions between the asymptotic solutions in 
terms of the dynamical elliptic iZ-matrices. This description of the transition 
functions gives a connection between representation theories of the quantum 
loop algebra Uq(gl2) and the elliptic quantum group EPil(sl2) and is analogous 
to the Kohno-Drinfeld theorem on the monodromy group of the differential 
Knizhnik-Zamolodchikov equation. 

In order to establish these results we construct a discrete Gauss-Manin 
connection, in particular, a suitable discrete local system, discrete homology 
and cohomology groups with coefficients in this local system, and identify an 
associated difference equation with the qKZ equation. 
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Résumé. — L'équation de Knizhnik-Zamolodchikov (qKZ) trigonométri-
que quantifiée associée au groupe quantique Uq($l2) est un système linéaire 
d'équations aux différences finies à valeurs dans un produit tensoriel de Uq($l2)-
modules de Verma. Nous résolvons cette équation en terme de fonctions q-
hypergéométriques multidimensionnelles et définissons un isomorphisme na­
turel entre l'espace des solutions et le produit tensoriel des modules de Verma 
d'évaluation correspondants sur le groupe quantique elliptique Epn(sl2), les 
paramètres p et 7 étant reliés aux paramètres q du groupe quantique ellip­
tique Uq(sl2) et p de l'équation qKZ par les relations p = e2lTip et q = e - 2 7™7'. 

Nous construisons des solutions asymptotiques associées à des secteurs a-
symptotiques convenables et calculons les fonctions de transition entre les 
solutions asymptotiques en fonction des i2-matrices elliptiques dynamiques. 
Cette description des fonctions de transition relie la théorie des représentations 
de l'algèbre de lacets quantique Uq(gl2) à celle du groupe quantique elliptique 
Epn{sl2) et est analogue au théorème de Kohno-Drinfeld sur le groupe de 
monodromie de l'équation différentielle de Knizhnik-Zamolodchikov. 

Pour établir ces résultats nous construisons une connexion de Gauss-Manin 
discrète, en particulier un système local discret convenable, des groupes d'ho-
mologie et de cohomologie à coefficients dans ce système local, et identifions 
une équation aux différences associée à ces données à l'équation qKZ. 
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1. Introduction 

In this paper we solve the trigonometric quantized Knizhnik-Zamolodchikov 
(qKZ) equation associated with the quantum group Uq(sl2). The trigonomet­
ric qKZ equation associated with Uq(sl2) is a system of difference equations 
for a function . . . , zn) with values in a tensor product V\® .. ,®Vn of 
E/^sfeJ-modules. The system of equations has the form 

m,n[zm/Zn ,pZm,...,Zn) = Rm,m-lipZm/zm-1)...Rm,l{pZm/zi)K H m X 

X Rm,n[zm/Zn) . . . Ят,т+1(2т/Zm+l) ^{z1Ì • • I zn) ? 

m = 1 , . . . , n, where p and are parameters of the qKZ equation, if is a 
generator of the Cartan subalgebra of Uq(sl2), Hm is H acting in the ra-th 
factor, Rijrn(x) is the trigonometric i?-matrix RviVm(x) ^ End(Vj <g> Vm) 
acting in the Z-th and m-th factors of the tensor product of [^(s^-niodules. 
In this paper we consider only the steps p with absolute value less than 1. 

The qKZ equation is an important system of difference equations. The 
qKZ equations had been introduced in [FR] as equations for matrix elements 
of vertex operators of the quantum affine algebra. An important special case 
of the qKZ equation had been introduced earlier in [S] as equations for form 
factors in massive integrable models of quantum field theory; relevant solutions 
of these equations had been given therein. Later the qKZ equations were 
derived as equations for correlation functions in lattice integrable models, cf. 
[JM] and references therein. 

In the quasiclassical limit the qKZ equation turns into the differential 
Knizhnik-Zamolodchikov equation for conformal blocks of the Wess-Zumino-
Witten model of conformal field theory on the sphere. 

Asymptotic solutions of the qKZ equation as the step p tends to 1 are 
closely related to diagonalization of the transfer-matrix of the corresponding 
lattice integrable model by the algebraic Bethe ansatz method [TV2]. 

We describe the space of solutions of the qKZ equation in terms of repre­
sentation theory. Namely, we consider the elliptic quantum group EPil($l2) 
with parameters p and 7 defined by p = e2lTip , q — e~27™7 and the Epn(sl2) 
modules Vi(z\),..., V^(zn) where V^{zm) is the evaluation Verma module 
over Epn($l2) which corresponds to the Uq(sl2)-mod\i\e Vm . Notice that as a 
vector space the evaluation Verma module V^(z m ) does not depend on zm . 
For every permutation r G S n we consider the tensor product (8)... (8) V* 
and establish a natural isomorphism of the space § of solutions of the qKZ 
equation with values in V\ ®... ® Vn and the space ® . . . ® V* ® F , where 
F is the space of functions of z\,..., zn which are p -periodic with respect to 



2 1. INTRODUCTION 

each of the variables, 

C T : V ^ ® . . . ® V £ ® F -+ S, 

cf. (5.32). Notice that if ^(z) is a solution of the qKZ equation and F(z) is 
a p-periodic function, then also F(z)^(z) is a solution of the qKZ equation. 

We call the isomorphisms C T the tensor coordinates on the space of solu­
tions. The compositions of the isomorphisms are linear maps 

C T > r / (* i , . . . ,ZN) : VT

e, ®... ® VT\ -> VT\ ® ... ® Ve 

depending on zi,..., zn and p-periodic with respect to all variables. We call 
these compositions the transition functions. It turns out that the transition 
functions are defined in terms of the elliptic i?-matrices 

Ryeyei(x,\)eEnd(Vl

e®V¿l) 

acting in tensor products of i? P j 7 (s^-modules . Namely, for any permutation 
r and for any transposition (ra, m + 1) the transition function 

^T,T-(771,771+1) {Zl 5 * ' ' > ZTl) Ve ri O . ® к е

 + 1 ® К е ® ®VT

e VT

e® ®VT

e 

equals the operator 

Tm + 1 L T m 
ell 

jrLVe RM+L 
(«Twi Ar™, (r)H ® . . . ® r?H ® 77~Я ® • • • ® » Г Н ) ?7 _ 1«) 

m-th 
twisted by certain adjusting maps, cf. (5.34) and Theorem 4.16. Here PVeVe 

l m 
is the transposition of the tensor factors. 

We consider asymptotic zones \zTrn/zTrn+11 < 1, ra = 1 , . . . , n — 1, labelled 
by permutations r G S n . For every asymptotic zone we define a basis of 
asymptotic solutions of the qKZ equation. We show that for every permutation 
r the basis of the corresponding asymptotic solutions is the image of the 
standard monomial basis in ® . . . ® V*n under the map 

VT

e® <g>Ke VT

e® ®VÎ (8>1 
1 n 

VT

e® <g>K.e ® F Ct S, 

cf. Theorem 6.2. The last two statements express the transition functions 
between the asymptotic solutions via the elliptic i?-matrices. 

The trigonometric i?-matrix RViV (x) G End(F/ ® Vm) is defined in terms 
of the action of the quantum loop algebra Uq(gl2) in the tensor product of 
Uq(sl2)-modules. The quantum loop algebra U'q(gl2) is a Hopf algebra which 
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INTRODUCTION 3 

contains the quantum group Uq(sl2) as a Hopf subalgebra and has a family 
of homomorphisms Uq(gl2) —> Uq(sl2) depending on a parameter. Therefore, 
each î7g(sl2)-niodule VM carries a L^(0l 2)~m°dule structure VM{x) depend­
ing on a parameter. For Verma modules Vj, Vm over E/^sfe) the quantum 
loop algebra modules Vi(x) <g) Vm(y) and Vm(y) ® Vi(x) are isomorphic for 
generic £,y. Moreover, for irreducible ^-modules Vu VM the quantum 
loop algebra modules Vi{x) ® Vm(y) and Vm(y) ® Vi(x) are irreducible and 
isomorphic for generic x, y. The map 

Pv^RvvJx/y) •• 4х) ® Vm(v) -> Vm(y) <g> Vi(ar) 

is the unique suitably normalized intertwiner [T], [CP]. 

The elliptic ii-matrix RYEVE(x, A) G End(VJe (8) V^) is defined in terms 
l m 

of the action of the elliptic quantum group Epn{sl2) in the tensor product 
of evaluation Verma modules. For evaluation Verma modules Vt

e(x), V^(y) 
over Ep^($l2), the £ p ? 7(5t 2)-niodules Vl

e{x)®Vm(y) and V^l{y)®Vl

e{x) are 
isomorphic for generic x, y. The map 

Pvfv < W e (Ф, A) : Vf{x) ® V£(y) - КД(у) ® V^x) 

is the unique suitably normalized intertwiner [F], [FV]. 

Our result on the transition functions between asymptotic solutions to­
gether with the indicated construction of i2-matrices shows that the qKZ equa­
tion establishes a connection between representation theories of the quantum 
loop algebra Uq(gl2) and the elliptic quantum group Epn($t2) • Our result 
is analogous to the Kohno-Drinfeld theorem on the monodromy group of the 
differential Knizhnik-Zamolodchikov equation [K], [D2], The Kohno-Drinfeld 
theorem establishes a connection between representation theories of a Lie al­
gebra and the corresponding quantum group, see [D2]. Using the ideas of the 
Kohno-Drinfeld result it was proved in [KL] that the category of representa­
tions of a quantum group is equivalent to a suitably defined fusion category 
of representations of the corresponding affine Lie algebra. Similarly to the 
Kazhdan-Lusztig theorem one could expect that our result for the difference 
qKZ equation could be a base for a Kazhdan-Lusztig type result connecting 
certain categories of representations of quantum affine algebras and elliptic 
quantum groups, cf. [KS]. 

In this paper we consider the trigonometric qKZ equation. There are other 
types of the qKZ equation: the rational qKZ equation [FR] and the elliptic 
qKZB equation [F]. Here KZB stands for Knizhnik-Zamolodchikov-Bernard, 
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4 1. INTRODUCTION 

and the difference qKZB equation is a discretization of the differential KZB 
equation for conformal blocks on the torus. 

The rational qKZ equation was considered in [TV3]. It is a system of 
difference equations analogous to the trigonometric qKZ equation in which 
the role of the trigonometric i?-matrix is played by the rational i?-matrix de­
fined in terms of the Yangian representations. In [TV3] we solved the rational 
qKZ equation in terms of multidimensional hypergeometric integrals of Mellin-
Barnes type, introduced asymptotic zones and described transition functions 
between asymptotic solutions in terms of trigonometric i?-matrices, thus show­
ing that the rational qKZ equation gives a connection between representations 
of Yangians and quantum affine algebras. 

The elliptic qKZB equation is an analogue of the trigonometric qKZ equa­
tion in which the role of the trigonometric i?-matrix is played by the dynamical 
elliptic R-matrix [F]. The dynamical elliptic i?-matrix is a matrix acting in 
the tensor product of two evaluation modules over the elliptic quantum group 
£^,7(5(2) 5 a n d the elliptic quantum group is an elliptic analog of the quan­
tum affine algebra Uq($l2) associated with 5I2 [F], [FV]. The elliptic quantum 
group depends on two parameters: an elliptic curve C/(Z + pZ) and Planck's 
constant 7 . The elliptic qKZB equation is considered in [FTV1], [FTV2] 
where we solve it in terms of multidimensional elliptic g-hypergeometric in­
tegrals. We formulate and solve in [FTV2] a "monodromy" problem for the 
qKZB equation analogous to the problem of description of the transition func­
tions for the rational and trigonometric qKZ equations. We describe in [FTV2] 
the "monodromy" matrices of the elliptic qKZB equation associated with the 
elliptic quantum group Epn($l2) in terms of the elliptic i?-matrix associated 
with the elliptic quantum group Ean(sl2) where a is the step of the ini­
tial qKZB difference equation, thus showing the symmetric role of the elliptic 
curves C/(Z + pZ) and C/(Z + aZ) in the story. 

In this paper, in order to establish a connection between representation 
theories of the quantum loop algebra U'q(Ql2) and the elliptic quantum group 
^0,7(3(2) we define a discrete analogue of a locally trivial bundle and a local 
system on the space of bundle. We define a discrete analogue of the Gauss-
Manin connection for the discrete locally trivial bundle with a discrete local 
system and consider the corresponding difference equation. We identify that 
difference Gauss-Manin equation with the difference qKZ equation. To realize 
this idea we introduce a suitable discrete de Rham complex and its cohomology 
group in the spirit of [A], then we define the homology group as the dual space 
to the cohomology group and construct a family of discrete cycles, elements 
of the discrete homology group, using ideas of [S]. We construct the space of 
discrete cycles as a certain space of functions. Having a representative of a 
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INTRODUCTION 5 

discrete cohomology class (a function) and a discrete cycle (a function again) 
we define the pairing (the hypergeometric pairing) between the cohomology 
class and the cycle as an integral of their product with a certain fixed "hyper­
geometric phase function" over a certain fixed contour of the middle dimension. 
We show that there are enough discrete cycles and they form the space dual 
to the quotient space of the space of our discrete closed forms modulo dis­
crete coboundaries. To prove this we compute the determinant of the period 
matrix and get an explicit formula (5.9) for the determinant analogous to the 
determinant formulae for the hypergeometric functions of Mellin-Barnes type 
[TV3] and for the "continuous" hypergeometric functions [VI], cf. Loeser's 
determinant formula for the Probenius transformation [L]. 

The form of our discrete cycles suggests a natural identification of the space 
of our discrete cycles with a tensor product of E'p^s^-inodules and this 
identification allows us to prove the result on transition functions between 
asymptotic solutions. 

The paper is organized as follows. Chapters 2 - 6 contain constructions and 
statements and Chapter 7 contains proofs. We give necessary prelimimnaries, 
proofs of technical results and some applications in Appendices. 

Parts of this work had been written when the authors visited the University 
of Tokyo, the Kyoto University, the Osaka University, the University Paris VI, 
the IHES at Bures sur Yvette, École Normale Supérieure de Lyon, the MSRI 
at Berkeley, the ETH at Zurich. The authors thank those institutions for 
hospitality. 

The authors thank G.Felder, P.Etingof and E.Mukhin for valuable discus­
sions. The authors also thank the referee for important comments. 

A.Varchenko was supported in part by NSF grant DMS-9501290. 
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2. Discrete flat connections and local systems 

In this chapter we recall basic notions introduced in [TV3]. 

Discrete ñat connections 

Let Cx = C \ {0} . Consider a complex vector space Cn called the base 
space. Let CXn be the complement of the coordinate hyperplanes in the base 
space. Fix a complex number p, such that p ^ 0 , 1 , which is called the step. 
The lattice Zn acts on the base space by dilations: 

I : (zi,...,zn) (phzu...,plnzn) l G Zn. 

Let B c C x n be an invariant subset of the base space. Say that there is a 
bundle with a discrete connection over B if for any z G B there are a vector 
space V(z) and linear isomorphisms 

Am(z\, . . . , Zn) V(zlj...,pzm,...,zn) V(zu...,zn) m = 1 , . . . , n . 

The connection is called flat (or integrable) if the isomorphisms A i , . . . , An 
commute: 

(2.1) Ai(zu ..., zn)Am(zi,... ,pzh ...,zn) 

Am(zi,..., zn) Ai(z\,... iPZmi. • • ? Zn) 

Say that a discrete subbundle in B is given if a subspace in every fiber is 
distinguished and the family of subspaces is invariant with respect to the 
connection. 

A section s : z i—> s{z) is called periodic (or horizontal) if its values are 
invariant with respect to the connection: 

(2.2) Am{z\ i ' ' ' i Zn) «s(̂ l i ' ' ' 5 V^mi • • • ? %n) s(zu...,zn), 

m = 1 , . . . , n. A function f(zi,..., zn) on the base space is called a quasi-
constant if 

f(zi, . . . ,pZmi • • • i Zn) f(zi, ...,Zn), m = 1 , . . . , n . 

Periodic sections form a module over the ring of quasiconstants. 
The dual bundle with the dual connection has fibers V*(z) and isomor­

phisms 

Am^li - - - i zn) V*(zu...,zn) V*(ziì...ìpzm,...ìzn) 



8 2. DISCRETE FLAT CONNECTIONS AND LOCAL SYSTEMS 

Let s i , . . . , sjy be a basis of sections of the initial bundle. Then the isomor­
phisms Am of the connection are given by matrices : 

Am(Zi, . . . , Zn) Sk\Z\, . . . iPZm, . . . , Zn) 
N 

1=1 

A)^l)(zu...,zn)si(zu,..,zn). 

For any section ip : z »-> of the dual bundle denote by * : z >—• Sb(z) 
its coordinate vector, ^k(z) = . The section ip is periodic if and 
only if its coordinate vector satisfies the system of difference equations 

* (2 l , . . . ,P*m, . . . , 2n) A(m)(z1,...ìzn)*(zu...ìzn), m = 1,... , n . 

This system of difference equations is called the periodic section equation. 

Say that functions <pi,..., cpn in variables 2 1 , . . . , £n form a system of 
connection coefficients if 

(pi(zu . . . ,pzmì... ,zn)(pm(zi, . . . , zn) = 

<PM(zi, . . . ,pZU . . . , Zn)<pi(zi, ...,Zn) 

for all Z,ra = l , . . . , n . These functions define a connection on the trivial 
complex one-dimensional vector bundle. 

The system of connection coefficients is called decomposable if it has the 
form 

^m(^l 5 • • • 5 Zn) — Km 
l<Z<m 

<t>lm{p Zi/Zm) 
-1 

m<l^n 

4>ml(zm/zi) , 

m = 1 , . . . , n, for certain functions 0/m , / < m, in one variable and nonzero 
complex numbers ttm. The functions </>/m are called primitive factors and 
/sm are called scaling parameters. 

A function $(zi,..., 2n) is called a p/iase function of a system of connection 
pnpffir.ipnt.s if 

§(zi,...,pzrn,...,zn) Vrn{z\, • • • , Zn) <&(zi, ...,Zn), m = 1 , . . . , n. 

Similarly, a function $(x) is called a phase function of a function (j)(x) in 
one variable if $(px) = <p(x)^(x). Notice that the phase functions are not 
uniaue. 
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DISCRETE GAUSS-MANIN CONNECTION 9 

For any function / ( 2 1 , . . . , zn) define new functions QIF,..., QNF and 
£>i/ , . . . ,£>„/ by the rule: 

(QMF)(zU...,Zn) <PM(zi, • • • ,ZN)F(zi, . . . ,pzm, . . . ,Zn) , 

and DMF = QMF — F, m = 1 , . . . , n . The functions . . . , £>n/ are the 
discrete partial derivatives of the function / . We have that DiDmf = DmDif 
for any Z,ra = 1 , . . . , n . 

Let F be a vector space of functions of z\,...,zn such that the operators 
Qi> • • • 5 Qn induce linear isomorphisms of F : 

Qm : F —> F . 

Say that the space F and the connection coefficients </>i,..., <pn form a one-
dimensional discrete local system on Cxn. F is called the functional space of 
the local system. 

Define the de Rham complex (fi*(F), D) of the local system in a standard 
way. Namely, set 

Üa w 
k\,... ,/ca 

fklt...,kaDzkl A...ADzka 

where Dzi,... ,Dzn are formal symbols and the coefficients fku...,ka belong 

to F . Define the differential of a function by Df n 

m=l 
DMF Dzm and the 

differential of a form by 

Duo 
k\,... ,fca 

DFklì...,ka A Dzkl A . . . A Dzka . 

The cohomology groups i J1 , . . . , ii/"n of this complex are called the cohomology 
groups of Cxn witft coefficients in the discrete local system. In particular, the 

top cohomology group is Hn — F/DF where DF = ^ m F . The dual 

spaces Ha = (ifa)* are called the homology groups. 

Discrete Gauss-Manin connection 

There is a geometric construction of bundles with discrete flat connections, 
a discrete version of the Gauss-Manin connection construction. 

Let 7r : C£+n —> Cn be an affine projection onto the base with fiber C^. 
C£+n will be called the total space. Let z±1..., zn be coordinates on the base, 
t\,..., ti coordinates on the fiber, so that t\,..., ti, z\,..., zn are coordinates 
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10 2. DISCRETE FLAT CONNECTIONS AND LOCAL SYSTEMS 

on the total space. When it is convenient, we denote the coordinates z\,..., 
zn by U+i,... ,^+n . 

Let F , (pi,..., <PE+N be a local system on C x ( £ + n ) . For a point z G C x n 

define a local system F(z) , </?a(-; , a = 1 , . . . , £, on the fiber over z. Set 

F(z) f *-\z) 
/ € F and <Pa{-\z) = <Po 7T-1(Z) 

The de Rham complex, cohomology and homology groups of the fiber are 
denoted by (P,'(z), D(z)), Ha(z) and HA(z), respectively. 

There is a natural homomorphism of the de Rham complexes 

(ü-(C^e+n\F),D) -> (íT(z),D(z)), w -> w 7T-1(Z) 

where the restriction of a form is defined in a standard way: all symbols Dz\, 
..., Dzn are replaced by zero and all coefficients of the remaining monomials 
Dt^ A . . . A Dtka are restricted to the fiber. 

For a fixed a the vector spaces Ha(z) form a bundle with a discrete flat 
connection. The linear maps 

-¿4-771 (^1 5 * • • 7 Zn) H
a(zU...,pZm,...,Zn) Ha(zi,... ,zn) 

are defined as follows. Define Q m 
Nu (C x (l+n) F) fia(Cx<'+n\F) by 

OU 

ki,.. .,ka 

Qmfku.^ka Dzkl A . . . A £>zfca . 

Then Q m induces a homomorphism of the de Rham complexes 

(Í2 (zu...ìpzrn,...,zn) £>(2 l , . . . ,pZ m , . . . , 2 n ) ) 

(^•(zi , . . . ,2: n ) , D ^ i , . . . , z n ) ) 

We set i4m(2?i,... ,2 n ) to be equal to the induced map of the cohomology 
spaces. This connection is called the discrete Gauss-Manin connection. 

The Gauss-Manin connection on the cohomological bundle induces the dual 
fiat connection on the homological bundle: 

Am(zi, • • • 7 Zn) Ha(Zi,. . . , 2 n ) Ha(z\,...,pzm, • • • 5 Zn) 
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CONNECTION COEFFICIENTS OF LOCAL SYSTEMS 11 

Connection coefficients of local systems 

In this paper we study the Gauss-Manin connection for a class of local 
systems with decomposable connection coefficients, namely for trigonometric 
sfe-type local systems [TV3], for the rational case see [TV3] and for the elliptic 
case see [FTV1], [FTV2]. 

Primitive factors and scaling parameters of a trigonometric s^-type local 
system have the following form: 

(t>ab{X) X — 7} 
TjX — 1 

for a < b ^ £, 

(t>ab(X) 
£b-iX - 1 
X ~ £b-£ 

for a ^ £ < b, 

(/>ab(x) = 1 for £ <a <b. 

к>а — к for a ^ £, 

Ka = 1 for £ < a. 

Such a system of connection coefficients depends on n + 2 nonzero complex 
numbers £1 , . . . , £ n , 77, K. The connection coefficients of a trigonometric SI2 
type local system have the form 

(2.3) <Pa(t,z) = K 
n 

ra=l 

sra^a Zm 
ta £,m %т a<b^£ 

ta - RÌTH 

Via - TB 
l^b<a 

PTA ~ Vh 
PVta - h 

a= 1, ...., l, 

IPE+M(T,Z) 
1 

a=l 

ta P£,m zm 

ta £,m %т 
m = 1, . . . , n . 

Let <P{X\ a) be a phase function of the function (XA — — 1). Then 
a phase function of the system of connection coefficients is given by 

(2.4) Ф(*1,...,**,21,...,2П) = 

= , • • • , ti, Zi, . . . ,Zn) Ф(*1, . . . , í¿, Zi, . . . , Zn) 

where 

(2.5) $(tU...,ti,Zi,...,Zn) = 
n 

m=l 

i 

a=l 
&(ta/Zyn \ £ra) 

l^a<b^E 
Ф(МЬЬ;Л~1) 
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12 2. DISCRETE FLAT CONNECTIONS AND LOCAL SYSTEMS 

and / ( t i , . . . , z\,..., zn) is an arbitrary function such that 

(2.6) /(¿1, . . . ,p* a , . . . ,¿¿,21, . . . ,Zn) = 

£-2a+l n 

771=1 
£m /(*Ъ • • • . . . ,Zn) , 

/ ( t i , . . . ,t¿,2l, . . . , p z m , . . . ,2Jn) £m/(*b • • • 5*¿>2b • • • ,zn) • 

Later in this chapter we will describe a convenient space of such functions 
called the elliptic hypergeometric space. 

The function 3>(£i,..., t^, z i , . . . , zn) will be called a short phase function. 

Example. Let 0 < \p\ < 1. Let (u)^ 
oo 

k=0 
[1 — pku) We can take 

<?>(#; a) 
(XA ^ 

M o o 

Then the phase function <P(x; a) has a symmetry property 

Ф(—х;а) = Ф(х;а) 
(xa — 1) 
(x — a) 

0(XA) 

a9(x/a) 

where 6(u) = (г¿)00(pг¿ 1 ) 0 0 ( p ) 0 0 is the Jacobi theta-function. The symmetry 
property for <P(x; a) leads to a symmetry property 

(2.7) Ф(£ь . . . , í a + i , í a , • • • ,t¿,zi, • > • iZn) — 

$(* ! , . . . , t*,*l , . . . ,Z n ) 
(fig -Tjtg+i) 

(Vta - *a+l) 

TlOiri-Ha/ta+x) 

0(rita/ta+l) 

of the short phase function of the system of connection coefficients. This prop­
erty motivates definitions (2.9) and (2.29) of certain actions of the symmetric 
group. 

The functional space of a trigonometric s^-type local system 

Define the functional space T of a trigonometric s[ 2-type local system as 
the space of rational functions on the total space C ^ + n with at most simple 
poles at the following hyperplanes: 

(2.8) ta P .8+1 Sm Zm ta — P £,m Zm 5 ta=ps+1ritb, tb = psr)ta, 
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THE FUNCTIONAL SPACE OF AN *l2-TYPE LOCAL SYSTEM 13 

1 ^ a < b ^ £, ra = 1 , . . . , n , s E Z^o ? and any poles at the coordinate 
hyperplanes • ta = 0, a = 1 , . . . , £, and zm — 0, m = 1 , . . . , n. It is easy 
to check that the functional space is invariant with respect to all the shift 
operators QF1,..., QT1-

Define an action of the symmetric group on the functional space: 

(2.9) a : T —> T, F —> [f]a, a E Sl, 

[f]a(tu...,t£,zu...,zn) f(t(T\ 5 • • • 5 t(JE 5 Zl 7 • • • ? Zn) 
l^a<b^£ 
<Та>0'Ъ 

t(Tb r]t(ja 
Ntab - ta A 

The operators Q i , . . . , Qt+n and Z?i, . . . , £^+n commute with the action of 
the symmetric group. 

We extend the S^-action to the de Rham complex assuming that it respects 
the exterior product and 

a : Dta I-> Dt(7a , er : Dz m i-> L>zm , a E S l 

The same formulae define an action of the symmetric group on the de Rham 
complex of a fiber. The homomorphism of the restriction of the de Rham 
complex of the total space to the de Rham complex of a fiber commutes with 
the action of the symmetric group. The action of the symmetric group induces 
an action of the symmetric group on the homology and cohomology groups. 
The Gauss-Manin connection commutes with this action. 

If a symmetric group acts on a vector space V, we denote by Vs the 
subspace of invariant vectors and by VA the subspace of skew-invariant vectors. 

In this paper we are interested in the skew-invariant part H£(z) of the top 
cohomology group of a fiber. This subspace is generated by forms fDti A. . . A 
Dte where / runs through the space J^(z) of invariant functions. 

Introduce an important trigonometric hyper geometric space T C as the 
subspace of functions of the form 

(2.10) P(tu...,t£,zu...,zn) 
l 

a=l 
ta 

n 

m—1 

l 

a=l 

1 

ta Cm Zm 
l^a<b^£ 

ta — h 
Vta - tb 

where P is a polynomial with complex coefficients which is symmetric in 
variables and has degree less than n in each of the variables t i , 
..., ti. The restriction of the trigonometric hypergeometric space to a fiber 
defines the trigonometric hypergeometric space T{z) C ÏFs(z) of the fiber 
which is a complex finite-dimensional vector space. If required, we will write 
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14 2. DISCRETE FLAT CONNECTIONS AND LOCAL SYSTEMS 

down explicitly dependence of the trigonometric hypergeometric spaces on z\, 
• • •, 2 n , fi , • • •, in and ^, that is 

T = J7[zi,...,zn;£i,...,£n;£] 
and 

T{z) = T[zu ... ,zn\iu ... ^n\£]{z). 

A form fDti A . . . A Dtt with the coefficient / in the trigonometric hyper-
geometric space of a fiber is called a hyper geometric form. The subspace 
T~C(z) C H^(z) of the top cohomology group of a fiber generated by the hyper-
geometric forms is called the hyper geometric cohomology group. 

The union of the hyperplanes 

(2.11) ilirnZllZrn = P8rf , r = 0 , . . . J - l , s € Z, 

Z,ra = l , . . . , n , Z ^ ra, in the base space C n is called the discriminant. The 
complement to the discriminant in C x n will be denoted by B . 

(2.12) Theorem. [V3], [TV1] The family of subspaces {H(z)}z& is invari­
ant with respect to the Gauss-Manin connection and, therefore, defines a dis­
crete subbundle. 

This subbundle is called the hyper geometric subbundle. 

Later on we make the following assumptions. We always assume that the 
step p is such that 0 < \p\ < 1, and the parameters 77, K, £ i , . . . , £n j z\-> 
..., zn are nonzero. We often assume that the parameter 77 is such that 

(2.13) Nr # ps , r = i,...,e, SEZ, 

the parameters £1 , . . . , £ n are such that 

(2.14) £=1 # ps Nr m = 1 , . . . , n , r = l-L...,£-l, s € Z, 

and the coordinates zi,...,zn obey the condition 

(2.15) £+1 $+1 z1/ Zm # ps nr l, m = 1, .... , n, I ^ m, SEZ, 

for any r = 1 — £, . . . ,£ — 1 and for an arbitrary combination of signs. 
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BASES IN THE TRIGONOMETRIC HYPERGEOMETRIC SPACE OF A FIBER 15 

(2.16) Theorem. Let Ac 7̂  psr) 
n 

m=l 
£m and K^p s lfrjr 

n 

m=l 
f- 1 г = О 

. . . , £ - 1, s € Z^o • Let 0 < |p| < 1. Let (2.13) - (2.15) hold. Then 

dim ft (2) dim T{z) 'n + £-l 
n-1 

This means that 

(2.17) H(z) ~ T(z). 

In what follows we will consider in detail only two of the special values of 

the scaling parameter K mentioned in Theorem 2.16, namely K = rj1 e n 

m=l 
Cm 

and K = p 1r)£ 1 n 

771=1 
£ _ 1 

Sm ' 
which correspond to the values r = £ — 1 and 

5 = 0. In principle, all other special values of the scaling parameter K can be 
considered similarly. 

(2.18) Theorem. Let either K = rj1^ n 

771=1 
Cm Or K — p V 1 

n 

771=1 
£-1m . Let 

0 < |p| < 1. Let (2.13) - (2.15) hold. If n 

m=l 
& ^ P V for all r = £ - l , . . . , 

2 ^ - 2 a i i d s E Z < 0 , then dim H(z) = 
n + E-2 

n-2 

Theorems 2.16 and 2.18 follow from Theorems 5.9 and 5.10, 5.11, respectively, 
and Lemma 7.7. 

Theorem 2.16 means that if the value of the scaling parameter K is not 
special, then every nonzero hypergeometric form defines a nonzero cohomology 

class. If either K = rj1 e n 

m=l 
Cm Or K=p V 1 n 

771=1 
£ m \ then Theorem 2.18 

says that there exist exact hypergeometric forms. We describe them in Lemma 
2.23. 

Bases in the trigonometric hypergeometric space of a fiber 

The finite-dimensional trigonometric hypergeometric space T{z) of a fiber 
has n\ remarkable bases. These bases will allow us to identify the geometry of 
an s^-type local system with representation theory. The bases are labelled by 
elements of the symmetric group S n . First we define the basis corresponding 
to the unit element of the symmetric group. 
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16 2. DISCRETE FLAT CONNECTIONS AND LOCAL SYSTEMS 

Let 

(2.19) Znl = { I E Z n> 0 
n 

m = 1 
m = l}. 

m 
Set l m = £ h . In particular, 1° = 0, P = For any I G define a 

k=l 

rational function W[ G T as follows: 

(2.20) W[( t i , . . . ,*£ ,z i , . . . , z n ) = n ik 

k=l s=l 

1-77 

1 - r ? s 

cr£S£ m=l a£r m 

t a 

ta sm^m 
1< l < m 

6 ta - ^ 
ta — £,lZl cr 

where T m = {1 + l m 1 , . . . , l m } , m = 1 , . . . , n. The functions w\ are called 
the trigonometric weight functions. 

(2.21) Lemma. Let I G <Z£. Then 

ttfi(ti, . . . ,**,*i, . . . ,Z n) = 
1 < a < b < l 

ta - *6 
Nta - tb 

ri,...,rn 

n 

m=l aGfm 

ta 
ta sra 1 < l < m 

Elta - Z l 

ta — ÇlZl 1<l<m<n 
аег^ъеГт 

r)ta - h 
ta — h 

where the summation is over all n-tuples . /" i , . . . , 1"̂  of disjoint subsets of 
{1, . . . , ^} such that R M has LM elements. 

The lemma is proved in Appendix A. 

Example. For £ = 1 the trigonometric weight functions have the form 

We(m)(*l>2l> • • • ,Zn) 
*1 

tl Cm ̂ 777 1< l w <m 

&*1 - zi 

*1 - 6*1 

where e(m) = (0 , . . . , 1 , . . . , 0), m = 1 , . . . , n . 
M-TH 

Example. For ra = 1 the function has the form 

w(l) ( t1, ... , tl , Z1) 
E 

a=l 

ta 
ta - E1 Z1 

l^a<b^e 

ta — th 

, ?7ta - *6 
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Example. For i = 2 and n = 2 the functions have the form 

W(2,o) (h,h,zi,z2) 
*1*2 

(*i - 6 * i ) ( * 2 ~ 6 * i ) 
*1 "*2 

*7*1 ~ *2 

W(l,l)(*l,*2,*l,22) 
*1*2 

(*1 -^l^l)(*2 - 6 ^ 2 ) 
6*2 ~ *1 
*2 - 6*1 

*1*2 
(*2 - 6 * l ) ( * l - 6 ^ 2 ) 

6*1 ~ Zl *i - ?7*2 
*1 - 6*1 7̂*1 ~ *2 

W(0,2)(*l>*2,2i,22) 
*1*2 

(*1 -6*2)(*2 - 6 ^ 2 ) 
(6*1 ~^ l ) (6*2 ~ Zi) *1 ~*2 
(*1 ~ 6^ l ) (*2 - 6* l ) *7*1 - *2 

(2.22) Lemma. The functions w\, I G restricted to a fiber over z form 
a basis in the trigonometric hypergeometric space F(z) of the fiber provided 
that ii imZm/zi 7̂  rf , 1 ^ Z < m < n for any r = 0 , . . . , I — 1. 

Lemma 2.22 is proved in Chapter 7. 

Let e(ra) = ( 0 , 1 , . . . , 0 ) , m = l , . . . , n . 

(2.23) Lemma. Let ft = r?1"* 
ra=l 

n 
Em Then for any l G the following 

relation holds: 

n 

m=l 
tOi + e ( m ) (1 - 77 l m + 1 ) (Cm - V m £ m r 

l^t^ra 

N-L El 

: ( l -r?) 
L 

a=l 
i ? a M * 2 , . . . , * ^ ) ] ( l j a ) , 

where (l ,a) G are transpositions. Moreover, if TZ(z) is the subspace in 
T(z) generated by the elements in the left hand side of the relations, then 

dim f(z)/1l(z) 
n + l - 2 

n-2 

provided that 6 £mzm/zi ^ rf , 1 ^ I < m ^ n , for any r = 0 , . . . , I — 1. 
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18 2. DISCRETE FLAT CONNECTIONS AND LOCAL SYSTEMS 

(2.24) Lemma. Let —l i—i K = p Lrf Ti. 

771=1 

f"1. Then for any l G Z^_x the fol­

lowing relation holds: 

n 

m=l 
U>l+e(m) (1 - V m ) (Cm - V ™C ) *m 

1 < l < m 
Nli El-1 

(1 - n) 
l 

a=l 
DA[*itt;i(*2,...,^)] +(lja), 

where ( l ,a) G are transpositions. Moreover, if VJ{z) is the subspace in 
T(z) generated by the elements in the left hand side of the relations, then 

dim ?\z)/n'{z) = 
71 + £ - T 

n-2 

provided that imZm/zi Vr > nl™+1)(U - V-^m1) for any r = 0 , . . . , £ — 1. 

Lemmas 2.23 and 2.24 are proved in Chapter 7. 

The subspaces lZ(z),1Z'(z) C T{z) are called the coboundary subspaces. 

For K = rj1 ^ 
n 

771=1 

£m relations (2.23) induce the relations 

n 

771=1 

Lwi+e(TO)D*i A . . . A Dt/J (1 - nl™+1)(U - V-^m1) 
1 < l <m 

rf~Hl = 0, 

i E Z nl -1 

in the cohomology group Hz(z), where [a J denotes the cohomological class 
of a form a. Under assumptions of Theorem 2.18 we have 

(2.25) H{z) ~ T{z)in{z). 

Similarly, for K — p xrf 1 
n 

771=1 

£mx relations (2.24) induce the relations 

n 

771=1 

[Wt+^Dt! A . . . A DU\ (1 -nl™+1)(U - V-^m1) (Cm - ïï[mCm) *r 
l^/<777 

V 'Cr1 = o, 

i E Z nl -1 
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in the cohomology group He(z), and under assumptions of Theorem 2.18 we 
have 

(2.26) H(z) ~ T{z)/K'(z). 

For any permutation r e S n we define a basis {wl}iezp i*1 trigono­
metric hypergeometric space of a fiber by formulae similar to (2.20). Namely, 
set 

(2.27) wj(ti,... ,te,zi>... , 2 n ; f i , . . . , f n ) 

Wr{(t\,..., Ì£, zTl,..., zTn ; £Tl,..., £Tn) 

where Tl= ( t T l , . . . , lTJ . 

Example. For I = 1 and a permutation r = (n, n — 1 , . . . , 1) the trigono­
metric weight functions have the form 

< ( m ) ( * l , 2 l , . . . , 2 n ) : t1 
t\ £ra Z"m 

m<l^n 

6*1 -zi 
t\ - £izi 

The elliptic hypergeometric space 

In our study of the Gauss-Manin connection for the discrete local system 
(2.3) an important role is played by the following elliptic hypergeometric space. 
The elliptic hypergeometric space is an elliptic counterpart of the trigonometric 
hypergeometric space introduced above. 

All over this section we assume that 0 < |p| < 1. Let 

9(u) (u;p)OQ(pu 1;p) 0 0(p;p) 0 0 

be the Jacobi theta-function. 

The elliptic hypergeometric space £ u is the space of functions of variables 
¿1, . . . , ti, z\,..., zn spanned over C by functions which have the form 

Y(zi, ...,zn) 0(ti, ...,tt,zu..., zn) 
n 

m=l 

£ 

a=l 

1 

@{£m ta/Zm) ì^a<b^e 

0(ta/tb) 

ewa/tb) 

Here Y is a meromorphic function on C x n and 0 is a holomorphic function on 
£x(e+n)^ Symmetric in the variables t i , . . . ,£g; we assume that the functions 
Y and 0 have the properties 
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20 2. DISCRETE FLAT CONNECTIONS AND LOCAL SYSTEMS 

0(*l , . . . ,P*a , . . . ,** ,2 l , . . . ,2n) = (~*o) "h 
n 

m=l 
Zm 0(t\, ...,te,zi,...,zn), 

Y(Zl,...5Putrii • • • ? Zn5Putrii • • • ? Zn 
, Z\, . . . ,pZm, . . . , 

= (~P/Zm)n 
L 

a=l 
ta Y(zi,. . . , 2n)(9(ti, . . . ,¿¿,21, . . . ,2n) . 

The restriction of the elliptic hypergeometric space to a fiber defines the elliptic 
hypergeometric space Jiu{z) of the fiber. The elliptic hypergeometric space 
Jiu(z) is a complex finite-dimensional vector space of the same dimension as 
the trigonometric hypergeometric space of the fiber, see Appendix B. 

All elements f(t,z) of the elliptic hypergeometric space satisfy the period­
icity conditions 

(2.28) /(¿1? • • • ,Pta, • • • J*€»2i, . . . ,2n) = 

l^a<b^l^a<b£ n 

m = 1 
d 1 ••• . . . ,Zn) , 

/(¿1,. . . ,¿¿,21,.. . ,p2m,. . . ,2n) = £^/(¿1,. . . ,¿¿,21,. .. ,2n) . 

(cf. (2.6)). Therefore, if $(¿,2) is a short phase function given by (2.5) and 
/ ( t , 2) is any element of the elliptic hypergeometric space, then $(t, z)f(t, 2) 
is a phase function of our discrete local system. 

Transformation properties (2.28) also mean that the elliptic hypergeometric 
spaces of fibers over z and z' are naturally identified if the points z and z' 
lie in the same orbit of the Zn-action on the base space. 

We give basic facts about the elliptic hypergeometric space in Appendix B. 

If required, we will write down explicitly the dependence of the elliptic 
hypergeometric spaces on K , z\,..., zn , £1 , . . . , £n and £, that is 

and 
Jin — J~e.11 [ft; 2 i , . . . , zn; £1 , . . . , £n! £ ] 

Jin{z) = ^Jft;2i , . . . ,2n;6, . . .54n;^](2) . 

Introduce a new action of the symmetric group on functions, 

(2.29) / - Uh, 
l^a<b^£ 

I/I,,(*1> * * * • • • >*n) = /(*<ru • • • J*<T*J2I, . . . ,2n) 
l^a<b^£ 
^a<b^£ 

0(vab/tatabb/ta/taa) 

0(vtabvta/taa) 
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The elliptic hypergeometric space is invariant with respect to this action. The 
action commutes with the restriction of functions to a fiber. 

The elliptic hypergeometric space of a fiber has n\ remarkable bases. The 
bases are labelled by elements of the symmetric group Sn. First we define 
the basis corresponding to the unit element of the symmetric group. For any 
[ G Z™ define a function W[(t, z) as follows: 

(2.30) W{(tu...,U , Z\,..., zn ) — 
n h 

k=l s=l 

O (N) 

O (Ns) 

n 

aeSe m=l aeTm 

ae m=l aSe m=l aeTm 

$(£ra ta/zm) 1< l <m 

O(El ta/ zl) 

O(El ta-1/ zl) a 

where Tm = {1 + I "1-1 , . . . , \m\ and Km = K 
l^l<m m<l^in 

£l Zi1, m = 1 , . . . , 

n. The functions Wi are called the elliptic weight functions. 

(2.31) Lemma. Let I € Zf. Then 

WI(TI,...,TE,ZI,...,ZN) = 

1< a<b <l 

0(tjtb) 
0(VTA/TB) 

r1 ..., Rn, 

n 

m=l aerm 

0("í,mW*m) 
ö(£m ta/Zm) 1< l< m 

O^ltal'Zi) 

O^lta-1l'Zi) 
1 <m<Cn 
aeri,berm 

0(vta/tb) 
0(ta/tb) 

where ft[,m — ft 
1<i<m 

t 1 ^ 
m<i<n 

N E -1 

and the summation is over all n-tuples ri,...,rn of disjoint subsets of 
{1, . . . ,^} such that rm has lm elements. 

The lemma is proved in Appendix B. 

Let Y[(z) be any meromorphic function such that 

(2.32) l i ( z i , . . . 5 Porrti * • • 5 zn) = a[ìmYl(zll...ìzn) 

where ^[,m — ft^m 
1^.1 <m 

4 S/ Srr, 
im < l< n 

Ч Ы Sm > 
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m = l , . . . , n . Then the product Yi(z)W[(t,z) is an element of the elliptic 
hypergeometric space. The function Y[ will be called an adjusting factor for 
the weight function W[. The adjusting factors can be chosen to be meromor-
phic functions in parameters 77, £1 , . . . ,£n and K . 

Example. Let c i , . . . , cn be arbitrary nonzero complex numbers. Let a^i, 
..., OL\ N be the same as in (2.32). Then the function 

Yi(zi,...,zn) 
n 

m=l 

0(CrnZrn/a\,rn) 
QiCmZm) 

is an adjusting factor for the weight function W\. 

Notice that an adjusting factor is not unique. In what follows we never need 
to know the adjusting factors explicitly. 

Example. For £ — 1 the elliptic weight functions have the form 

We(m)(*l>*l> . . . ,2n) 
OÍK^tl/Zm) 
Oi&h/Zm) 

l^Km 

вШи/zu 

0 6" *i/*0 

where = K 
1^1 < m 

ti 
m<l<n 

er1. m = 1 , . . . , n . 

Example. For n = 1 the function has the form 

Ww(tu...,ti,z1) = 
£ 

a=l 

e{K-Ha/Zl) 

Oi^ta/Z,) l^a<b^e 

0(ta/tb) 

0(vta/tb) 

Example. For £ = 2 and n = 2 the functions W[ have the form 

W(2,0)(*l,*2,2l,Z2) OIK-^Í , /г,)eíK-^oto/zi) в(и/и) 
e(^1h/z1)9(^1h/z1) 0(vti/t2) 

Wii!i)(ti,t2,z1,z2) e(ri-1K-1Ç2ti/zi)e(TiK-1t71t2/z2) 0( W-Zi) 
e(^1t1/z1)e(C21t2/z2)9(^1t2/z1) 

e(rjK-1çr1t1/z2)e{rì-1K-li2t2/zl)e{^hiz1) vöiv^hfo) 
O(^H1/zl)9(t2-H1/z2)0(^H2/zl) Oirih/h) 

Wr(o,2)(*l,*2,«1.̂ 2) 

o(K-1er1tl/22)o(«-1$r1*2/̂ 2)ô(eitl/zi)Ô(elt2M) ô(t!/t2) 
^21h/z2)e^21t2/Z2)9(^1t1/z1)9(^lt2/z1) Obhfo) 
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(2.33) Lemma. The functions W{, I G Z™, restricted to a fiber over z form 
a basis in the elliptic hypergeometric space Jiu(z) of the fiber, provided that 
6£,<mZm/zi 7̂  PsVr > 1 ^ I < m ^ n, for any r = 0 , . . . , ^ - 1, s £Z, and 

KJ 
1 <<l << m 

6 
m<Z^n 

Л"1 ф vSTÌT for any m = 1 , . . . , n — 1 and r = l — — 1, 

s G Z . 

Lemma 2.33 is proved in Chapter 7. 

Let Q(z) be the space of functions of the form 

eres* 

W(t2,...,t£) 
cr 

where W e £u[r] 1K\ Z\, . . . , 2n; &,...,Cn5^ — 1](^) • Let Q'(£) be the space 
of functions of the form 

m=l 
W(tu...,ti-1)t71 tl-1 

n 

m=l 

O^mU/Zm) 

Q(£rn U/z m a 

where W G T&ll [r]K\ Z\,..., zn\Ci,..., Cm ^ — 1](z) • In general, the spaces Q(z) 
and Q!{z) are not subspaces of the elliptic hypergeometric space of the fiber 
Jlu (z), because their elements do not have the required quasiperiodicity prop-

erties. However, if K — r?1-^ f| Cm ? then the space Q(z) is a subspace of 
m=l 

Jzu(z), and if K = p~lrrf~x n Cm1? then the space Q'(z) is a subspace of 
m=l 

^Tfi(z). The spaces Q(z)? Q!(z) are called the boundary subspaces. 
For any function /(¿1, ...,£*) and a point t* = (£J,. . . , t\) we define the 

multiple residue Res /(£)|t_t* by the formula 

(2.34) Res f(t) 
t=t* 

R e s ( . . . Res /(*i , ...,**) 
t¿=t¿ ti=tj ' 

For any I G 2™ define the points x > I , y < [ G C x ^ a s follows: 

(2.35) X>l=(r)1 h^lZUTJ2 ilÇlZi,...,ÇiZi,ri1 l2C2̂ 2,...,C2̂ 2, , 

7̂ n Cn ̂ n ? • • • > Cn Zn ) 5 

у<1 = Wr-íe7ízurill-¿e7Lz1,...,£71zuril2-l£Zíz2,...,e7Lzo, ... , 

V n Cn n̂j • • • ? Cn * 
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Example. Let £ = 1 and [ = (О,... , 1 
M-TH 

. . . , 0). Then x > I = £mzm and 

У<1 = t^Zrn. . 
(2.36) Lemma. Let rf ^ ps for any r = 1 , . . . , ^ — 1, s G Z . Assume that 
Z^^rnZ^Zm ^ psrf , I, m = 1 , . . . , n, I ^ m, for any r = 0 , . . . ,1 - 1, 

seZ. Then Res /(*)|tqshkliuyu = 0 for any f G Q(z) and m G Moreover, if 

K = 7] 
n 

m=l 
£m and r]£^ ps, s eZ, then 

Q(z) = {fe&(z) I Res / ( t ) 
t=x>M 

0 for any m G Z™} . 

(2.37) Lemma. Let r/r ^ ps for any r = 1 , . . . , ^ — 1, s G Z . Assume that 
fz&rT1^"1*™ ^ p V > Z,ra = l , . . . , n , ! ^ m , for any r = 0 , . . . J - 1, 

5 G Z . Then / (y<m) = 0 for any / G Q'(z) and m G Z%. Moreover, if 

к = p А7Г 1 n 

m=l 
£m* and rfj^ps, s eZ, then 

Q'{z) = { / G ^ ( z ) I / (y<m) = 0 for any m G . 

Lemmas 2.36, 2.37 are proved in Appendix B. 

Example. Let £ = 1. Then the spaces Q(z) and Q!(z) are one-dimensional. 
The space Q(z) is the space of constant functions in one variable, and the 

space Q!{z) is spanned by the function W(t\) = t-,1 
n 

m=l 

Q{£»rntl/ Zm) 

0{Çm h/Zrn) 

Let k 
n 

m=l 
Then functions of the elliptic hypergeometric space of a 

fiber J^u(z) are p-periodic. The space T&u{z) has a one-dimensional subspace 
of constant functions which is the boundary subspace Q(z). The constant 
functions are the only functions in TeVL{z) which are regular in Cx. The 
regular elliptic weight function is Wem = 1, e(l) = (1 ,0 , . . . , 0) . 

Let k, = p 1 
n 

771=1 
£mx. Then the elliptic weight function W(o,...,o,i) equals 

~~£n znW and generates the boundary subspace Q!(z) C £u(z). The function 
W is the only function in Jiu(z) which vanishes at all the points £jf ^ I , . . . , 

(z)/Q(z) 

(2.38) Lemma. Let k = r)1'1 
n 

771=1 
£m . Let rf ^ p8 for any r = 2 , . . . , £, 

s G Z. Then 

dim fell(z)/Q(z) = 
n + £-2 

n- 2 
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Moreover, the equivalence classes of functions Wi, h = 0, I G Z™, restricted 
to a fiber over z form a basis in the space £u(z)/Q(z), provided that 
^i^mZm/zi ^ psrjr, l^l<m^n, for any r = 0, — 1 , seZ, and 

I I €?^PsVr, m = l , . . . , n - l , forany r = 0 , . . . ,2* - 2, s G Z . 
1 <<l<<m 

(2.39) Lemma. Let « = p " V " 1 
n 

m=l 
Em -2 Let r/r^ ps for any r = 2 , . . . 

sGZ. Then 

dim.&(z)/ö ,(z) 
n + ^ - 2' 

n - 2 

Moreover, the equivalence classes of functions W\, ln = 0, I G 2™, restricted 
to a fiber over z form a basis in the space £u{z) / Q! (z), provided that 
ilimZmlzi 7̂  Psff, l^l<m^n, for any r = 0, . . . , £ - 1, s € Z , and 

I ! €iztPsr)r, rn = l,...,n- 1, for any r = 0 , . . . , 21-2, s G Z . 
m<Z^n 
Lemmas 2.38, 2.39 are proved in Appendix B. 

For any permutation r G Sn we define a basis {Wf}ieZn in the elliptic 
hypergeometric space of a fiber by formulae similar to (2.30). Namely, set 

(2.40) ИТ"(ti,... ,t¿,zi,... ,3n;fi , . . . ,£n) 

WrC(*i,... ,U,zTl,... ,2Tn;£rij • • • >£rn) 

where r[ = (lTl,... , lTn). 

Example. For I = 1 and a permutation r = (n, n — 1 , . . . , 1) the elliptic 
weight functions have the form 

W;(m)(t1,zl9...,zn) 0(aJ-ti/zm) 
0{£rnt\/Zm) 7П< 1^.71 

eidiu/zù 
0(0.1 h/z<) 

where £m — K. 
1^1 <m 

G-1 
m<l^n 

fz, m = l,...,n. 
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3. R-matrices and the qKZ connection 

Highest weight Uq(sl2)-modules 

Let q be a nonzero complex number which is not a root of unity. Con-
sider the quantum group Uq($l2) with generators E,F,q±H and relations: 

qHq-H = q~HqH = 1, 

qHE = qEqH , qHF = q~1FqH , 

[E,F] 
g2H _ g-2H 

q-q-1 

Let the coproduct A : Uq(sl2) —> E/^sfe) ® ̂ (^b) be given by 

A(qH) = qH®qH, A(g"H) = q~H ®q~H, 

A(E) = E ® q~H + qH ® E, A (F) = F ® + qH ®F. 

The coproduct defînes a £7̂ (5 ̂ -module structure on a tensor product of 
E/9(sl2)-modules. 

For a [^(s^-module V let F = 0 V\ be its weight décomposition. Let 

V* = 0 V£ be its restricted dual. Define a structure of a t/̂  (s ̂ -module on 

V*byA 

(E(p, x) = (<p, Fx), (F<p,x) = fa Ex), (q±Hip,x) = faq±Hx). 

This f/g(s[2)-niodule structure on F* will be called the cfazaZ module structure. 
For any £/g(j0l2)-modules Vi, V2 , the tautological map Vi* ® V2* —> (Vi ® V2)* 
is an isomorphism of £/g(j5l2)-modules. 

Let V be the [/^(st^-niodule with highest weight qA. Let V 
00 

z=o 
VA-i 

be its weight décomposition. For any nonzero complex number u define an 
operator uA~H G End ( V) by uA~Hv = ulv for any v G VA-I . 

Let Vi,. . . , Vn be [7g(sl2)-niodules with highest weights gAl,..., çAn, re-
spectively. We have the weight décompositions 

Vi ® ... ® Vn = 
00 

£=0 
(Vi ® ... ® Vn)£ 
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and 
(V1®...®Vn)* 

oo 

1=0 
(Vi ®. . . ® vnyt 

where Q£ dénotes the eigenspace of qH with eigenvalue gm = l 
n 

Am-£ 

Let F(Vi ® .. . ® V^)J_! C (Vi ® ... ® V )̂J be the image of the operator 

F . Let (Vi ®. . . ® Vn)fng C.Vi® ...®Vn be the kernel of the operator E. 
There is a natural pairing 

(3.1) (vi ®. . . ® v ^ f * ® (vi ®. . . ® vg;/F(Vi ® . . . ® ̂ n)|_i -+ c . 

Let 21,. . . , 2n be nonzero complex numbers. Set 

Ez 
n 

m=l 
q~H ® ... ® ZmE 

ra-th 
qH 

and 

Fz 
n 

m=l 

q-H ZmF 
m-th 

qH 

Let Fz(Vi ® . . . ® Vrn)|_1 C (Vi ® .. . ® Vn)*è be the image of the operator Fz . 
Let (Vi ® .. . ® Vn)l™9 C Vi ® ... ® Fn be the kernel of the operator . 
There is a natural pairing 

(3.2) (Vi ®. . . ® vn)%9 ® (Vi ®.... ® vn)i/Fz{vx ®. . . ® yn)|_x c . 

Let Vi,...,V^ be Verma modules, then pairings (3.1) and (3.2) are nonde-
generate provided 

n 

m=l 

f-1 

s=0 
(1 - q4A™~2s) ^ 0 . 

The trigonométrie R-matrix 

Let Vi,V2 be Verma modules for Uqfak) with highest weights qAl, qA* 
and generating vectors vi, V2 , respectively. Consider an End(Vi ® V^-valued 
meromorphic function i2v y (x) with the following properties: 

(3.3) Rv^(x){F®q-H +qH®F) (F®qH+ q~H®F)RViV2(x), 

RViV2(x)(F®qH+xq-H®F) (F ® g-H + xqH ® F) iîVly2 (s) 

ASTÉRISQUE 246 



THE TRIGONOMETRIC iî-MATRIX 29 

in End(Vi ®V2) and 

(3.4) RVi V2 (x) vi®v2 = v1®v2. 

Such a function RViy2(x) exists and is uniquely determined. RViV (x) is 
called the sl2 trigonométrie R-matrix for the tensor product V\ (G) V2 . 

The trigonométrie i?-matrix RViy2(x) also satifies the following relations: 

(3.5) RViV2{x){E®q-H+qH®E) = (E ® qH + q~H ® E)RVly2{x), 

i?Vly2(x) (x£ ® gH + g-H ® £) = (x£ ® q~H + qH ® E)RViy2(x), 

RViV2 (x) qH®qH =qH® qHRVly2 (x). 

In particular, Rvv (x) respects the weight décomposition of Vi ® Vi. 

RVi V2 (x) satisfies the inversion relation 

(3.6) Py^Ry^ix) = (Ry^iX-1))'1 PViy2 

where PVly2 V\ ® V2 —> V2 (G) V\ is the permutation map. 
oo 

Let V\ (G) V2 = 0 be the décomposition of the Uq(sl2)-module V\ ® 
z=o 

V2 into the direct sum of irreducibles, where the irreducible module is 
generated by a singular vector of weight qAi+A2-i Lê  jj(0 \ye projector 
onto along the other summands. Then we have 

00 l — l 2s—2Ai— 2A2 
(3.7) rViV2(x), = rViV2(oo) Y: n « • n 1 : l1+2a2-2s 

1=0 S=0 H 
where 

00 k 
rViV2(oo) = q^iA2-2H®H ^(q2 -i)2fc n a - ^ r 1 ^ ® ^ * -

Let Vi, V2, V3 be Verma modules. The corresponding iî-matrices satisfy 
the Yang-Baxter équation: 

(3.8) RViV2(x/y)RViV3(x)RV2V3(y) = RV2y3(y)RViV3(x)RViV2(x/y). 

Ail of the properties of Rvv (x) given above are well known (cf. [T], [Dl], 
[J], [CP]). 
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The quantum loop algebra Uq(gl2) 

The trigonométrie iî-matrix is connected with an action of the quantum 
loop algebra U'q(gl2) in a tensor product of {7g(sl2)-niodules. The quantum 
loop algebra U'q(Ql2) is a Hopf algebra which contains Uq(sl2) as a Hopf 
subalgebra. We give the necessary facts about Uq(gl2) in this section. 

Let q be a complex number, q ̂  ± 1 . The quantum loop algebra Uq(gl2) 
is a unital associative algebra with generators , L^J0^, 1 ̂  j * ^ i ̂  2, 
and Z^s), i, j = 1,2, s = ±1, ±2 , . . . , subject to relations (3.9) [RS], [DF]. 

Let eij;, i, j = 1,2, be the 2x2 matrix with the only nonzero entry 1 at 
the intersection of the i -th row and j -th column. Set 

R(x) = (xq - q-1) (en (g) en + e22 (g) e22) + (x - 1) (en (2) e22 + e22 ® en) + 

+ s(« - g-1) ei2 ® e2i + (g - g-1) e2i <8> ei2 . 

Introduce the generating séries Lfj(u) = L^0>} + X] ^!^5^±s- The relations 
in Uq(gl2) have the form s=1 

(3.9) 4+0)4-0) = i. 4-0)4+0) = i, < = i,2, 

RixML+^L+fo) L^2){y) = L^2) L+^L+^Rix/y), 

R{x/y)L^){x)L^2){y) L^2){y) = L^2)(y)L^x)R(x/y), 

Rix^L^fâL^iy) = Lç^L^fâRix/y),Lç^L^fâRix/y) 

where Lfa (u) = £ ey ® 1 ® L£ («) and Lfa («) = Ç 1 ®ey ® L£ (M) , 1/ = ± . 

Eléments 4 î 0 ) 4 t 0 ) , 4+0)4+0), L J ^ L ^ , L&0)L<70> are central in 
Uq(gl2). Impose the following relations: 

r(+o)r(+o) _ - r(+o)r(+o) _ -, 
•̂ 11 ^22 ~~ 1 » ^22 ^11 ~~ 1 ' 
r(-0)r(-0) _ -, r("0)r(-0) _ -
•̂ 11 -̂ 22 ~~ 1 ' ^22 ^11 "~ 1 ' 

in addition to relations (3.9). Dénote the corresponding quotient algebra by 

u'M2)-
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The quantum loop algebra U'fgl^) ls a Hopf algebra with a coproduct 

A : U'(gl2) Uq(9l2)®Ug(gl2): 

A : LUu) 
k 

L»k(u)®L"kj(u), u = ±. 

There is an important one-parametric family of automorphisms px U'q (Gl2) 
U'q (Gl2) 

Px : L^iu) Lïj(u/X), V = + 

that is 

n • 7-(±0) Px • •L'ij r(±0) and Px • ^ij Px • ^ij s € Z ô • 

The quantum loop algebra Uq(gl2) contains Uq($l2) as a Hopf subalgebra; 
the embedding is given by 

E -L^/(q-q-i) F L^/lq-q-1), qH r(-0) 
-̂ 11 

There is also an évaluation homomorphism e : Uq(gl2) Uq(sl2) : 

e : L+2 (u) >-* q H — qHu, e : Lf2(u) H+ -F(q-q ^u, 

e : L+Au) i-» -Eiq-q-1), e : L%2(u) ^ qH -q Hu, 

e : L^u) H-*• qH — q Hu 1 , e : L12(u) F(q-q x), 

e : L21(u) i-» E(q-q x)« 1, e : L22(u) H-> q H - qHu \ 

that is 

e : Lit ~ <T* e : L<V ~ -g*, , . r(i) -Fiq-q-1), 

f • T{+0) e . L,2X -E(q- q-1), f • L(+0) 
C • -̂ 22 

qH , e • Li22 - q - H 

f • T{-0) e . L>n qH e • Li22 e • Li22 e . L,12 Fiq-q'1), 

€ . L,21 Eiq-q'1), e • -̂ 22 
-q -H 

e • -̂ 22 -qH 

and e : L$ \-> 0 for ail other generators . 
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Both the automorphisms px and e restricted to the subalgebra Uq(sl2) 
are the identity maps. 

For any Uq(sl2)-module V dénote by V(x) the L^(gl2)-module which is 
obtained from the module V via the homomorphism e o px. The module 
V(x) is called the évaluation module. 

Let Vi,V2 be Verma modules for Uq($l2) with générâting vectors ^1,^2, 
respectively. For generic complex numbers x,y the i7g(gl2)-modules V\{x) ® 
V^y) and V^y) ® Vi(:r) are isomorphic and the trigonométrie iî-matrix 
PViy2iîyiy2(x/2/) intertwines them [T], [CP]. The vectors v\®v2 and v2®v\ 
are respective generating vectors of the {7g(gl2)-modules Vi(x) ® V2(y) and 
V2(y) ® . The trigonométrie i?-matrix RViy2(x/y) can be defined as the 
unique élément of End(Vi ® V2) with property (3.4) and such that 

(3.10) PViV2RViV2(x/y) : V^x) ® V2{y) - Va(y) <g> V^x) 

is an isomorphism of the l^(gl2)-modules. 

The trigonométrie qKZ connection associated with sl2 

Let Vi,. . . , Vn be [/g(s[2)-modules. The qKZ connection is a discrète con­
nection on the trivial bundle over Cxn with fiber Vi ® ... ® Vn . We define it 
below. 

Let Vi,. . . , Vn be Verma modules with highest weights qAl,..., qAn, re­
spectively. Let RViVj(x) be the trigonométrie R-matrices. Let Rij(x) G 
End (Vi ® .. . ® Vn) be defined in a standard way: 

(3.11) R%j(x) = ^ i d ® . . .®r(x)®. . .®r ' (x )®. . .®id 
i-th j-th 

providedthat Rv.v.{x) = ^2r(x)®r'(x) G End(Vi®V^). For any X G Uq(sl2) 
set 

Xm = id ® ... ® X ®.. . ® id. 
m-th 

Let p, k be complex numbers. For any m = 1, . . . , n set 

(3.12) Km(Zl,...,zn) = Rm,m-i{pzm/zm-l)...RmA(pzm/z1)KA'n-Hm X 

X -Rm,n(̂ m/Zn) • • • ̂ M,M+L(̂ M/̂ M+L) • 
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(3.13) Theorem. [FR] The linear maps Km(z) obey the ûatness conditions 

Kl(zi, . . . ,pZm, • • • , Zn)Km(zU . . . , Zn) = 

= Km(zu ... ,pzu.. •, zn)Kt(zu ...,Zn), 
l,m = 1,.. . ,n . 

The maps Ki(z),... ,Kn(z) defîne a flat connection on the trivial bun­
dle over Cxn with fiber V\ ® ... ® Vn. This connection is called the qKZ 
connection. 

By (3.5) the operators Km(z) commute with the action of qH in V\ ®...® Vn: 

[Km(zi,...,zn),qH] = 0, ra = l , . . . , n , 

and, therefore, préserve the weight décomposition of Vi ® ... ®Vn. Hence, 
the qKZ connection induces the dual flat connection on the trivial bundle over 
Cxn with fiber (Vi ® . . . ® Vn)* . This connection will be called the dual qKZ 
connection. 

(3.14) Lemma. For any z G Cxn such that q2Kl+2h™-2r zt / Zm / ps for ail 
r = 0, . . . , £ — 1, and Z, m = 1,. . . , n, l ^m, s G Z, the linear maps Kl (z), 
..., K*(z) deûne isomorphisms of (Vi® ...® Vn)\ . 

This statement follows from formulae (3.7) and (3.12). 
2E Am-2£+2 

If K = q m=i ^ then the dual qKZ connection admits a trivial discrète 
subbundle with fiber F(V\ ® ... ® Ki)£_i and, therefore, it induces a flat 
connection on the trivial bundle with fiber (Vi ® ... ® Vn)}/F(Vi ® ... ® 
vn)u-

-2E Am + 2̂ -2 
If K = p Lq m=1 , then the dual qKZ connection admits a discrète 

subbundle with fiber Fz(Vi ® ... ® Kl)|_1 and, therefore, it induces a flat 
connection on the discrète vector bundle with fiber (Vi ® . . . ® Vn)^/Fz(Vi ® 
. . .®K) |_1 . 

Let Vi,. . . , Vn be [/^(s^-niodules. The qKZ équation for a V\ ® ... ® Vn 
valued function \I/(zi,..., zn) is the following System of équations 

ty(zu...,pzm,...,zn) Km(zi,...,zn)V(z1,...,zn), m — 1,... ,n . 

The qKZ équation is a remarkable différence équation, see [S], [FR], [JM], 
[Lu]. 
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Modules over the elliptic quantum group Epn(sl2) and 
the elliptic R-matrices 

In this section we recall the définitions concerning the elliptic quantum 
group Epn($l2), J^Pj7(5[2)-niodules and the i?-matrices associated with tensor 
products of £,p57(sl2)-niodules. For a more detailed exposition on the subject 
and proofs see [F], [FV]. 

Fix two complex numbers 7 such that Im p > 0. Set p = e2™9 and rj — 
e-47T27. Let O (u) = (u]p)00(pu~1]p)00(p;p)00 be the Jacobi theta-function 
and 

a(x, À) 
ne(x)e(X/ri) 

e(rjx)d(\) P(x,\) 
0(rj)e(x\) 
0{rix)6(\) 

Let dj , i, j = 1,2, be the 2x2 matrix with the only nonzero entry 1 at the 
intersection of the i -th row and j -th column. Set 

R(x, A) en <g> en + e22 ® z-ii + ot(x, A) en <g> e22 + 

+ a(x, A 1)e22 ®en + A)ei2®e2i+ /?(a;,A 1)e2i<8>e:L2. 

Remark. In [FV] the elliptic quantum group .^^(s^) is described in ternis 
of the additive theta-function 

0(«) 
OO 

m= — oo 
exp(7ri(m + l/2)2p + 27ri(ra + 1/2)(ix + 1/2)) , 

which is related to the multiplicative theta-function 6{x) by the equality 

e(u) i exp(7rz/9/4 - mu)6(e2lziu). 

Let f) be the one-dimensional Lie algebra with the generator H. Let V 
be an f)-module. Say that V is diagonalizable if is a direct sum of finite-
dimensional eigenspaces of H : 

V 

u 
Vu Hv = fiv for v G Vfj,. 

For a function X(/x) taking values in End (V) we set X(H)v — X(JJL)V for 
any v E VP . 
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Let Vi,. . . , Vn be diagonalizable ^-modules. We have the décomposition 

Vi ® . . . ® Vn 
Ml,-,Mn 

(Vi)Ml ® • • • ® (FnW • 

Set iîm = id ® . . . <g> H ® • • • ® id. For a function X(ni,...,/xn) taking 
m-th 

values in End(Vi ® ... ® Vn) we set X(Hi,..., Hn)v =X(Hi,..., Hn)v ..., fin)v for 
any v G (Vi)Ml ® ... ® (Vn)Mn . 

By définition [FV], a module over the elliptic quantum group EPil(sl2) is 
a diagonalizable l)-module V together with four End (Vr)-valued functions 
Tij(u,À), i,j = 1,2, which are meromorphic in w,A G Cx and obey the 
following relations 

[!;,•(«, A), H ] (i-i)H, *,j = l ,2 , 

*(s/v, 771<gll®2HA) T(1) (x, A) T(2) (y, r,2"® ̂ 1 A) 

r(2) (y, A) T(1) (x, v10™®1 A) *(*/y, A). 

Here T(1)(it,A) 
ij 

ey ® id ® Ty («, A), T(2) (u, A) 
ij 

id® ey ®Tij(u, A), 

and if acts in C2 as (en — e22)/2. 
Example. Fix a complex number A. Consider a diagonalizable h-module 
VA 

kez>c 
C v [k] such that 

H v k (A-k)vW. 

Let x be a nonzero complex number. Set 

Tn(u,A)t;[fc] 
6(r)A-ku/x)6(n-k\) 

9{r)Au/x)9{\) 
vkv[k)} 

T12(u,\)vW 6(r]A-k-1\u/x)9(ri) 
0(r)Au/x)9(\) 

v[k+i] > 

T2i(u,X)v[k] ue(nA-k+l\xlu) 9(ri2A-k+1)0(rik) 
x9(rlAu/x)9(X)9{rj) 

vk-i-Av[k-i] f 

T22(u,X)v[k] 
9(rik-Au/x)9(r]2A-k\) 

9(r)Au/x)9(\) v [k] 
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Thèse formulae make VA into an Ep^(sl2)-module VA{x), which is called 
the évaluation Verma module with highest weight A and évaluation point x 
[FV]. 

For any complex vector space V dénote by Fim(V) the space of V-valued 
meromorphic functions on Cx. The space V is naturally embedded in Fun(V) 
as the subspace of constant functions. 

Let Vi, V2 be complex vector spaces. Any function cp G jFlzn(Hom(Vi, V2)) 
induces a linear map 

Fu\ : Fun(Vi) - ffcn(F2), Fu> : /(A) ^ y>(A)/(A). 

For any Ep^(sl2)-module V we define the associated operator algebra act-
ing on the space Fun(V). The operator algebra is generated by meromorphic 
functions in À, rjH acting pointwise, 

(3.15) <p(\,r1H):f(X)^ip(X,r,H)f(X), 

and by values and residues with respect to x of the operator-valued meromor­
phic functions Tij(x), i,j = 1,2, defined below: 

Ta Or) : /(A) » Ta(x, A)/(r?A), fi2(x) : /(A) ~ Ti2(x, A ) / ^ " ^ ) . 

The relations obeyed by the generators of the operator algebra are described 
in détail in [FV]. 

Let Vi,V2 be J5Pj7(sl2)-niodules. An élément (p G Fun (Hom(Vi, V2)) such 
that the induced map Fun(p intertwines the actions of the respective operator 
algebras is called a morphism of Epn(sl2)-mo<hAes Vi, V2 . A morphism </? is 
called an isomorphism if the linear map </?(A) is nondegenerate for generic À. 

Example. Evaluation Verma modules VA(x) and VM(x) are isomorphic if 
<qA = r/M with the tautological isomorphism. 

The elliptic quantum group Epn(sl2) has the coproduct Aen : 

Aell:H h-> # ® 1 + 1 ® 

Ae": Tij(u,X) » Z^^Tik(u,r,2H^X))(Tkj(u,X)®l). 
k 

The précise meaning of the coproduct is that it defines an Epn(sl2)-module 
structure on the tensor product Vi ® V2 of EPjl(sl2)-modu\es V\,V2. If 
Vi, V2, V3 are i?P)7(,st2)-niodules, then the modules (Vi ® V2) ® V3 and V\ ® 
(V2 ® V3) are naturally isomorphic [F]. 
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Remark. Notice that we take the coproduct Ae" which is opposite to the 
coproduct used in [F], [FV], [FTV1]. The coproduct Ae" is in a sence opposite 
to the coproduct A taken for the quantum loop algebra U'q(gl2). 

(3.16) Theorem. [FV], [FTV1] Let VA(x), VM(y) be évaluation Verma 
modules. Then for any A, M and generic x,y there is a unique isomor­
phism R{x,y) of EPjJ(sl2)-modules VA{x)®VM{y), VM(y)®VA(x) such 
that JR(X?2/)(A)Î;[()] (g>v[0l= v[0] ® v[0]. Moreover, R(x,y) has the form 

R(x,y) (̂ ) — PyAyM RyAyM (x/Vi X) 

where RyAyM^^ X) is a meromorphic function of -u, À G Cx with values in 

End (VA ® VM) and PvAyM : VA ® VM -> VM ® FA is tiie permutation map. 

(3.17) Corollary. The function RyAyM(x1X) satisfies the inversion relation 

PyAyM RyAyM^') X) = (^RyMyA^ > ^)) -PyAyM • 

The function i2yAvM0£> A) is called the sl2 dynamical elliptic R-matrix for 
the tensor product VA ® VM. 

(3.18) Theorem. [FV], [FTV1] For any complex numbers A,M,N the cor-
responding elliptic R-matrices satisfy the dynamical Yang-Baxter équation in 
the space End(VA ® VM ® VN) : 

<ivM (x/y, i;1®1®2^) < iyN (x, À) RyMVN (y, V2H®^\) = 

— RyMyN {yy X) RyAyn (#> 77 i®2̂ ®1RyAyM (x/y, À) . 

One can associate a discrète flat connection with the dynamical elliptic 
.R-matrix. This connection is studied in [FTV1], [FTV2]. 
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4. Tensor coordinates on the hypergeometric spaces 

In this chapter we identify the Gauss-Manin connection and the qKZ con­
nection. 

Tensor coordinates on the trigonométrie hypergeometric 
spaces of fibers 

Let Vi,. . . , Vn be Uq(ôl2) Verma modules with highest weights qAl,..., qAn 
and generating vectors v\,..., vn , respectively. Consider the weight subspace 
(Vi ®.. . 0 Vn)e with a basis given by monomials Fllv\ <g).. .<8>Finvn , l € Z™. 
The dual space (Vi ® .. . ® Vn)| has the dual basis denoted by (F[l v\ ® ... ® 
F ^ n ) * , ( € 2 ? . 

Consider the trigonométrie s [2-type local System with connection coeffi­
cients (2.3) where the parameters £1,... ,£n and 77 are related to the param-
eter q and the highest weights qAl,..., gAn as follows: 

V = Q i ù _ a2Am m = 1,... ,n . 

Let .F = , . . . , zn\ £ i , . . . , £n; £] be the corresponding trigonométrie hyper­
geometric space. For any z G Cxn and for any r G Sn dénote by BT(z) the 
following linear map: 

(4.1) BT{z):{VTL®...®VTN)} - ^ (z) , 

BJz) : (Fl^vT, ®...®Fl^vTY ^ blWUt,z), 

where F(z) is the trigonométrie hypergeometric space of the fiber and 

61 
n 

m=l 

(tm-l)/2 + [mAm 
H 1 

(cf. (2.20), (2.27)). The linear maps BT(z) are called the tensor coordinates 
on the trigonométrie hypergeometric space of a fiber. The composition maps 

BTtTl(z) : (VT, ® . • • 0 Vr;)? - (FTl ® • • • ® K-JJ , 

BT,T>(Z) B;\Z)OBT,(Z), 

are called the transition functions, cf. [V3], [TV3]. 

(4.2) Lemma. Let q2Al+2Am~2rzi/zm ^ 1 for any r = 0 , . . . , ^ - 1, and 
/,m = 1,...,n, l ^ m. Then for any permutation r the linear map BT(z) : 
(Ki ® ... ® Kn ) | —• ^(^) is nondegenerate. 
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The statement follows from Lemma 2.22 since Çi€mzi/zm ̂  rf for any r = 0, 
...,£— 1, and Z, m = 1, . . . , n, Ij^m. 

Consider a tensor product Ki(̂ ri) ® .. . ® Kn(̂ rn) of évaluation modules 

over C/̂ (fll2) coinciding with ® .. . ® Kn as a [^(s^-module. 

(4.3) Lemma. For any <p E (Ki ® • • • ® ̂ rn)2 hâve 

(y, L+(ti) • •. Lf2(tt) vTl ® • • • ® vTn) (BT(z)<p)(ti,...,tj) x 

x ( ç - ç - 1 ) ^ 
l(l-£)/2-t n 

m = l A m 
l 

a=l 

n 

m=l 
VS m ta/ Zm) 

l^a<b^i 

r?ta - t& 
ta — h 

(<£>, L12(ti)... L12(tj)Vn ® • • • ® vTn) (BT{z)<p){tu...,tt) x 

x (q-q-'Yq 
e(i-£)/2-e n 

ra=1 
Am £ 

a=l 

n 

m=l 
( 1 Cm ̂ m l^a ) 

l^a<b^£ 

Wa - th 
ta — tb 

It is easy to see that the right hand sides of the formulae above are polynomials 
in il , . . . ,** and t j^1, . . . ,^1, respectively, cf. (2.10) and (4.1). So both the 
formulae make sensé without additional prescriptions. 

Lemma 4.3 is proved in Chapter 7. 

(4.4) Theorem. [V3] For any r G Sn and any transposition (m, m + 1), 
m = 1, . . . , n — 1, the transition function 

BT,r.(m,m+l){z) {VTl <8> . . . ® VTm+1 ® VÇm ® . . . ® KJ* 

(vTl®...®vTnye 

equals the operator (P^mvvm+1 /2vTmvTm+1(̂ -m /̂ rm+1 )) acting in the m-th 

and (m + l)-th factors. 

The theorem follows from Lemma 4.3 and formula (3.10). 

Each BT(z) induces a linear map (VTl ® ... ® VTn)} —> H(z) which also 
will be denoted by BT(z). 

(4.5) Theorem. Let K / psrj~r H £m and « ^ p~s_1r?r Cm1 for W r = 
m=l m=l 

0,.. . - 1, s e Z ) 0 . Let 0 < |p| < 1. Let (2.13) - (2.15) hold. Then for 
any r e Sn the map BT(z) : (Ki ® • • • ® VTri)} —• H (2) is an isomorphism. 
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This statement follows from Theorem 2.16 and Lemma 4.2. The assumption 
2E Am-2r -2E Am + 2r 

of the theorem means that K ^ psq m=1 and K ^ p s q m==1 for 
any r = 0, 1, sG Z^0 • 

It is easy to see that for any r G Sn the images of F(VTl ®.. .®Kn)2-i and 
•fi(Ki ® • • • ® Kn)J_i under the map BT(z) coincide respectively with the 
coboundary subspaces TZ(z) and 7?/(z) in the trigonométrie hypergeometric 
space of the fiber T{z). 

(4.6) Theorem. Let 0 < \p\ < 1. Let (2.13) - (2.15) hold. Let ft & ^ 
771=1 

psr/r for any r — t — 1, . . . , 2^ — 2 ? sG Z<o . If K — r\L~SL \\ £m , that is k = 

2E Am-2̂  + 2 
ç m=1 , then for any r G Sn the map BT(z) induces an isomorphism 

(Ki ® • • • ® K J | / F ( K i ® • • • ® KJ |_ ! - «(*) . 

* -2E Am + 2̂ -2 
Similarly if K = p ^ f| £m , that is AC = p xç m=1 , then for any 

m=l 
r G Sn the map BT(z) induces an isomorphism 

(vT1 ® . . . ® K J ; / ^ ^ ® • • • ® -> . 

The statements follow from Theorem 2.18 and Lemmas 2.22 - 2.24. The as-
4E Am-2r 

sumption of the theorem means that q m=1 ^ ps for any r = £ — 1,. . . , 
2£ - 2 , 5 G Z<0 . 

Taking into account formulae (3.1) and (3.2) we get an isomorphism 

{{VTl®...®VTn)tn9Y ^H{z) 

for K = r)1-1 Yl £m and an isomorphism 
m=l 

{{vT1®...®vTn)77Y -«(*) 

for K = p~1i1e-1 n Cm1-
m=l 

(4.7) Theorem. [V3], [TV1] For any m = 1, . . . , n, the following diagram is 
commutative: 
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{vTX®...®vTn)i ^(Zri'-'ZrJ> (vTl®...®vTnye 

BT(Z1,. . . ,pzm, • • • ,Zn) BT(z\, . . . , Zn) 

H(zi,... ,pzm,... ,zn) 
AM (ZI, . . . ,Zn) 

H(zi,... ,zn) 

Here Am(z) are the operators of the Gauss-Manin connection, K^{z) are the 
operators dual to Km(z), and Km(z) are the operators of the qKZ connection 
in (VT1 ® .. . (g) VTn)l deûned by (3.12). 

(4.8) Corollary. The construction above identifies the qKZ connection and 
the Gauss-Manin connection restricted to the hypergeometric subbundle. 

Tensor coordinates on the elliptic hypergeometric spaces of 
fibers 

Let Vi(zi),... , V^(zn) be évaluation Verma modules over Epn(sl2) with 
highest weights Ai , . . . , An and évaluation points z\,..., zn , respectively. Let 
V^,..., V„ be the corresponding f)-modules. The weight subspace (Vf ®... ® 
V£)t has a basis given by the monomials ® ... ® , [ G Z™ . 

Let Jiu = Jiu \K\ zi,..., zn; £ i , . . . , £n; £] be the elliptic hypergeometric space 
where the parameters £i , . . . , £n and the highest weights Ai , . . . , An are re-
lated as follows: 

£m =rçA™, m = l , . . . , n . 

For any z G B and for any r G Sn dénote by CT(z) the following linear map: 

CT(z):(VT\®...®VTeJ£ - Feu (Z) 

CT(z) : v ^ i ] ® . . . ® v ^ ] ^ cJW?(t,z). 

Here Jîu(z) is the elliptic hypergeometric space of the fiber and c[ = cT[(£Tl, 
. . . ,£TJ where Tl = (tTl,..., lTn) and 

(4.9) Cr(fl,...,fn) 
n 

m=l 

lm 

S=l 

CT(z) :v^i]®...® 
Ôri) 

1<l<m<n 
'I S m 

h 

8=1 
6(ï]S~ K~ 

n 

m=1 
s m 

ln 

s=l 
O( nl-sK-1 n 

m=l 

E-1m 

n-1 

m=l 

lm+2 

S— ïm 
<M0 

O(nsK-1 
1^1 

Nl E-1l 
m<L^n 

Nl E-1l -1 
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The linear maps CT{z) are called the tensor coordinates on the elliptic 
hypergeometric space of a fiber. The composition maps 

CT,Az) : (VTE, ® ... ® VT\)E - (VT\ ® ... ® , 

CT,T,(z) = C-\z)oCAz), 

are called the transition functions, cf. [V3], [TV3]. 

Example. For l = 1 the coefficients Q have the form 

ce(m)(£lî • • • jfn) = 

= 0(&) (o^-1 
1^1^. m 

C 1 
m<l^n 

El ) O (k-1 
1^1 <m 

C 1 
m<l<n 

6 ) 
-1 

m<l<n 

where e(m) = (0,. . . , 1 , . . . , 0), m = 1, . . . , n. 
m-th 

Example. For t = 2 and n = 2 the coefficients c< have the form 

C(2,0)(£l,6) E42 
O(N2) 

077 
O(E21)O(N-1E21 

x (e(K-i6e2)e(i7-1«-^i6)^(«-^r16)^«-^r1&)) \ 

c(i,i)(6.&) n-1&0(&)9(&) 

x (^-1«-1çi6)<?(»7«-1çr16)e(i7-1«-1$r16)(9(»7«-1€r1C2"1)) \ 

C(0,2)(£li6) 
%2) 

0(7?) 
O(E21)O(N-1E21 

x (« (« -1c16)^-1K-1er16)«(«-1rV)»( ' /«"1r l&1)) 

(4.10) Lemma. Let 77R 7̂  ps for any r — 2, s G Z . Let 

n 
r]Al+Arnzi/zm ^ psrf and K±1 Yl VArn PsVr 

m=l 

for any Z, m = 1,...,n, and r = 0, 1, s e Z. Assume that for a 

permutation r we have n 
m<l^.n 

NAr1 
m<l^.n 

rj An ̂  psrf for any m = 1,. . . , 
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n-1, and r = !-£,...,£-1, s eZ. Then the map CT(z) : (V% ® ... ® 
V^n)£ —> Tell(z) is an isomorphism. 

The statement follows from Lemma 2.33. 

Remark. The map CT(z) considered as a function of K has a simple pôle at 

K = r\L~i n £m because of the factor 0{rj1~£K~1 Yl £m) in formula (4.9) for 
m=l m=l 

the coefficients c{, and 

(4.11) Ker (Res+ CT(z)) = v[0] ® (V£ ® .. . ® , 

Im(Res+Cr(z)) = , 

n 
where Res+CT(z) is the residue of CT(z) at K = rj1~£ Yl €m and Q(z) is 
the boundary subspace. m=1 

Similarly, the map Cr(z) has a simple pôle at K = p~xrf~x Yl m̂1 because 
n 771=1 

of the factor 0(7/~1Kf~1 ^~x) in formula (4.9) for the coefficients c{, and 
m=l 

(4.12) Ker (RaT CT(Z)) = (VT\ ® . . . <g> FT^_1 )€ 0 «l0', 

Im(Res-CT(2)) = , 

where Res~ CT(z) is the residue of CT(z) at « = p~1rf"1 Yl and Q;(^) 
is the boundary subspace. 771=1 

(4.13) Lemma. Let «; = r/1-^ n r?Am. Let rf ^ ps for any r = 2, 
m=l 

s e Z. Let rjAl+Arnzi/'zm ^ psr?r for any Z,m = 2 , . . . ,n , and r — 0 , . . . , 

^ - 1, s e Z. Let r)2Al / psrf for any r = 0,. . . J - 1, s G Z. Let 
J-J r?2Am _̂  ŝ̂ r ^ any r — £ - _ ^2£ - 2, s e Z. Assume that for a 

permutation r we have Yl 7?2ARI PsVr f°r anY m = 2 , . . . ,n — 1 , and 

r = 0 , . . . , 2^ - 2 , s e Z. Then the linear map CT(z) : ® (V£ ® ... ® 
V*)t —• £u(z)/Q(z) is an isomorphism. 

The statement follows from Lemma 2.38. 
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(4.14) Lemma. Let K = p~xrf~x Yl rj~Am. Let rf ^ ps for any r = 2, 

... l, s G Z . Let rjAl+Arnzi/'zm ^ psrf for any Z, m = 1,. . . , n - 1, and 
r = 0, . . . , l - 1, s G Z . Let r/2A- ^ psr/r for any r = 0, 1, 5 E Z . 

Let f] ?72Am + PSVR for any r = £-l,...,2£-2, s e Z. Assume that 

for a permutation r we have Yl V2ATI PSVR f°r ANY M — 1,. . . , n — 2, 
m<l^n 

and r = 0,...,2^ - 2, s G Z . Tien the iinear map Cr(z) : (l̂ f (8) . . . <8> 

V*n_1)£ <8> —> fiu(z)/Q'(z) is an isomorphism. 

The statement follows from Lemma 2.39. 
Consider a tensor product V^(zTl) ® . . . ® V^n(zTn) of évaluation Verma 

modules over J5Pj7(sl2) coinciding with (8)... ® as an ^-module. 

(4.15) Lemma. Let A = K U . Then for any v € (V£ ® . . . ® we 
have m=1 

T21(t1,A)...T21(W-1A)i; (CV(z)t>)(ti,...,**) 
e-i 

s=0 

6{TJS n 

m=l 
C1) 

l 

a=l 

n 

ra=l 

ea-Ha/Zm) 

(̂Cm â/̂ m) 
l<a<b<£ 

Oivtjtb) 
0{ta/tb) 

vM®...®vM 

The lemma is proved in Chapter 7. 

(4.16) Theorem. For any r G Sn and any transposition (m, m+l)? m — 1, 
..., n — 1, the transition function 

cTfT.(m,m+1) (z) : Ve 71 ®. . . ® Ve n+1 ® K l ® • • • ® t?B - ®. . . ® 

equals the operator 

PVe 
Tm + 1 

Ve 
• m 

ell 
riVe 

Vf 
rm 

{ZTm + l/1 ZTm1 (NHO ONHON 
m-th 

-H (8)7? H)n XK 

The theorem follows from Lemma 4.15 and Theorem 3.16. 

Remark. The elliptic i?-matrix in Theorem 4.16 has an operator 

K = (r)H ® ... ®r]H ®Ï] 

m-th 
H ®...®r)-H)r)-lK 

at the place of the second argument, and ell -TtT/e 
Tm + ] ^T m (x, À) commutes with K 
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for any values of À. The opérât or Ry re ye 
Tm+1 Tm 

(x,K) is understood in the 

standard way: 
Rmh+ e ye 

rm + l Tm 
(X,K)V = Ry( 

Tm + 1 Tm 
= .£zz[/s; 

for any v eV± ® . . . ® _L1 ® V? ® . . . ® Kf such tha t if?; = Ài>. 
" '1 'm + l ' m ' n 

Tensor products of the hypergeometric spaces 

Let ^ [ 2 i , . . . , * m ; f i , . . . , f m ; Z ] and ^ [ a ; * i , . . . , s m ; £ i , . . . ,fm; Z] be re-
spectively the trigonométrie and the elliptic hypergeometric spaces defined for 
the projection C'+m—> Cm. In particular, in our previous notations we have 

T = T\z\,..., zn\£1,...,£n;^] and ^ = .£zz[/s; . . . , zn; f i , . . . , f n ; ^ ] . 

There are maps 

(4.17) x. : ^ z i , . . . , 3 f c ; £ i , . . . , & ; j ® 

T\z\,... ,Zfc+m;£i,... ,£.k+m',3 + 1]-> 

T\z\,... ,Zfc+ m ;£ i , . . . ,£.k+m',3 + 1] 
and 

fc+mî&c+lj 
m 

i=l 

1 
1 ; * i , • • • f̂c ; & , • • • > 6 ; ù \ ( (*i > • • • > ) ) 

fc+mî&c+lj 
k 

i=i 
I ^iî^fe+lj • • • j^fc+mî&c+lj • • • )£fc+m;']((2fc+lj • • • î^fc+m)) " 

-> ^fl[ûf;^i, . . . ,Zk+m',£l, • • • iÇk+m'J + l]((zi,. . . ,Zfc+m)) 

which are respectively defined by X:f®9v~~*f*9 and Xcu : / ® 9 f* 9 
where 

(f * 9)(h, • • • ,tj+i) = 

1 

iÇk+m'J 
iÇk+m'J 

f{ti,..., tj ) g{tj+i,..., tj+i) 

iÇk+m'J 

iÇk+m'J 

iÇk+m'J - zi 

iÇk+m'J - zi 

and 

T = T\z\,..., zn\£1,...,£n;^] 

1 

iÇk+m'J iÇk+m'J 
/(*!>• • • itj)9(tj+li • • • 

fc z 

1=1 CL—1 

0(€ita+i/Zi) 
0(€ita+i/Zi) 
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We have the next lemmas. 

(4 .18) L e m m a . Assume that £i£j+kZj+k/zi i1 Vr f°r ai2J i = 1 , . . . , fc, j = 

1 , . . . , m, r = 0 , . . . , Z — 1. Then the map 

X 

i+j=l 
T\zx,..., zk\ Ci, • • •, i] ((*i, . . . , zk)) ® 

® ^[^fc+l, • • • , ̂ fc+m; £fc+l> • • • ,Çk+m', j] {(Zk+1, • • • , ^fc+m)) 

F ( z1, .....5 Zk+m] £ l 5 • • • >£fc+ra; l ] ((^1? • • • 5 ^/c+m)) 

deûned by linearity is bijective. 

k m 
(4 .19) L e m m a . Assume that ÇiÇj+kzj+k/zi ^ psrjr and a H £a [ ] Ç~+k ^ 

a=l a=l 
psî]±r for any i = 1 , . . . , A;, j = 1 , . . . , m , r = 0 , . . . , Z — 1, s G Z . Then the 
map 

XeZZ * 
i+j=l 

Feu[aNj 
m 

a=l 
Ca+fcî*1> *fcî Él, •••>&; *] ((*1, • • • , ® 

O Feu[ aN-i 
a=l 

Caî ^fc+l> • • • > Zk+m'i Cfc+lî • • • 5 C/c+m5 j ] ((^fc+1? • • • 5 ^fc+m)) 

^ [ # 5 ^1? • • • 5 Zk+m') Cl5 • • • 5 £/c+ra5 Z ] ( ( ^ 1 , • • • , ^fc+m)) 

deûned by linearity is bijective 

Lemmas 4.18 and 4.19 are proved in Chapter 7. 

It is clear that for any functions / , g, h we have ( / * g) • h = f * (g * h) 
and for any functions / , g, h we have ( / * g) * h = f * (g * h). Lemmas 4.18, 
4.19 can be extended naturally to an arbitrary number of factors. 

The map xeii admits the following generalization. Fix a nonnegative integer 
k. Let n o , . . . , nk be integers such tha t 

0 = no < n i < . . . < nk . 

Fix nonnegative integers Z i , . . . , lk . Let 

*^eU ~ V^i't Zrii-x + li - ' • 5 ZUi ; Cni_i + 1) • • • 5 Cn* 5 Ẑ ] 
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where a; = arj 3>i 
h-

3<t 
lj 

i<ni-1 
Ej 

j>Tli 
Ej-1 Let h(zi,..., znk) be a meromor-

phic function on Cxnfc such that 

h(z1,...,pzi,...,znk) Si 
li-

3>i 
lj 

h(zi,...,zn.) 

for any i = 1,..., nk • Then we have a well defined map 

(4.20) # ® . . . ® . # Jïu[ot;zi,...,znk;Ç1,...,t;nk;li + ... + lk], 

J i ® . . . ® / * / !*•••* fk)n 

of the elliptic hypergeometric spaces. We call the function h(zi,..., znk) an 
adjusting factor for the tensor product of the elliptic hypergeometric spaces 
# ® . . . ® 3 * . 
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5- The hypergeometric pairing and 
the hypergeometric solutions of the qKZ équation 

In this chapter we define the main object of this paper, the hypergeometric 
pairing. We define a pairing between the trigonométrie and the elliptic hyper­
geometric spaces of a fiber. 

The hypergeometric intégral 

For any functions w G T{z) and W G T&Vi{z) we define the hypergeometric 
intégral by 

(5.1) I(W,w) = 

=1 

$(t)w(t)w(t) (dt/ty 

where (dt/tY = 
e 

a=l 
dta/ta, $(t) is the short phase function defined in (5.2) 

and is a suitable déformation of the torus 

Je = {teCe\ \h\ = l, ... , fc | = l } . 

Recall that we always have 0 < \p\ < 1. Let (u)^ = oo 
1 — vru). We 

take $(x;a) = 
XOL X 

(cxx) 
in (2.5) so that the short phase function has the 

form 

(5.2) $ ( £ i , . . . , ^ , 2 n ) z1........ zn 
n i 

m=l a=l 

(Cm ta/zm)oc 
\^rnt a / Zrn) oo l^a<b^£ 

(vta/tb)ao 

We define the hypergeometric intégral as follows. Assume that \q\ > 1 and 
\zm\ = 1, iCml < 1, m = l , . . . , n . Set 

(5.3) I(W,w) = ${t)w(t)W(t) (dt/t)£. 

je 

Notice that the integrand has simple pôles at the hyperplanes 

(5.4) ta/zm — (p Cm) » 
««/*6 = ( P V 1 ) ± 1 , 

1 €a<b€£,l 

1 €a<b€£, 

m = 1,... ,n , 
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for s G Z^o and essential singularities at the coordinate hyperplanes. The 
set of hyperplanes (5.4) could be decomposed into subsets corresponding to 
couples {a, m} or {a, 6} . Under the above assumptions for each subset of the 
hyperplanes the torus T£ séparâtes the hyperplanes corresponding to différent 
choices of the sign. 

The hypergeometric intégral for generic fi , . . . ,fn > • • •, zn and arbi-
trary 77 is defined by analytic continuation with respect to £i,...,£n> Z\, 
..., zn and 77. This analytic continuation makes sence since the integrand is 
analytic in £i,...,£n> z\,...,zn and 7/, cf. (2.5), (2.20), (2.30). More pre-
cisely, first we define the hypergeometric intégral for basis functions W[, Wm 
and then extend the définition by linearity to arbitrary functions w G T{z), 
W G Jiu (z). The resuit of the analytic continuation can be represented as an 
intégral of the integrand over a suitably deformed torus. Namely, the pôles 
of the integrand of the hypergeometric intégral I(W\,wm) are located at the 
hyperplanes 

(5.5) ta = P^mZrn , ta = p~a(^Zm , ta = pST)~lth , ta = p~STjtb , 

1 ^ b < a ̂  £, m = 1, . . . , n, s G Z^o • We deform £1,..., £n , z i , . . . , zn 
and 77 in such a way that the topology of the complément in Cx£ to the 
union of hyperplanes (5.5) does not change. We deform accordingly the torus 
T£ so that it does not intersect the hyperplanes (5.5) at every moment of 
the déformation. The deformed torus is denoted by T£ . Then the analytic 
continuation of the intégral (5.3) is given by formula (5.1). 

(5.6) Theorem. For any [, m G Z™ the hypergeometric intégral IÇWi^Wm) 
can be analytically continuée as a holomorphic univalued function of complex 
variables 77 , £1,..., £n ? ^ i , . . . , 2n to the région: 

T/T^O, £ m ^ 0 , zm^0, ra = l , . . . , n , 

Vr+1ÏPs, &nÏParf, m = l , . . . , n , 

Cĵ ÉmW^m + p V > Z, m = 1,..., n, l ^ m, 

where r = 0,,....... l- 1 1, s G Z, and the combination of signs ±1 can be arbi­
trary (cf. (2.13) -(2.15)). 

The proof of the theorem is the same as the proof of Theorem 5.7 in [TV3]. 

Let TZ(z), VJ[z) C T(z) be the coboundary subspaces and let Q(z), Q'(z) C 
J^u(z) be the boundary subspaces. 
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(5.7) Lemma. Let K = r?1-* f[ £m • Let (2.13) - (2.15) hold. Then 
771=1 

a) For any w G T^(z) and W G J^u(z) the hypergeometric intégral I(W,w) 
equals zéro. 

b) For any w G T(z) and W G Q(z) the hypergeometric intégral I(W, w) 
equals zéro. 

Example. Let £ = 1 and K = Yl Cm • Then the space Q(z) is one-dimen-
m=l 

sional and is spanned by the function W{t\) = 1. Assume for simplicity that 
\zm\ = 1, |£m| < 1 for any m = 1, . . . , n. Then the hypergeometric intégral 
/(W, w) is given by 

I(W,w) 

\ti\=i 

W il 
n 

m=l 

(Cm h/Zm) oo 
Vsm l̂/̂ mjoo 

dt1 

t21 

Since w(0) = 0 for any w E T(z), the integrand is regular in the disk ^ 1. 
Hence, I(W, w) = 0 for any w € T(z). 

(5.8) Lemma. Let K = p" V"1 ft C1- (2.13) - (2.15) hold. Then 
m=l 

a) For any w G 7?/(z) and W G ^(2) tie hypergeometric intégral I(W,w) 
equals zéro. 

b) For any w G T(z) and W G Q'(^) the hypergeometric intégral I(W,w) 
equals zéro. 

Example. Let £ = 1 and K = Yl Cm1 • Then the space Q!(z) is one-dimen-

sional and is spanned by the function W(t\) = tjf1 TT ^^1/2?m) Assume 
#(Cm l̂/̂ m) 

for simplicity that |^m| = 1, |Cm| < 1 for any m = 1,. . . , n. Then the hyper­
geometric intégral I(W, w) is given by 

J ( W » 

l*i 1=1 

w (t1) 
n 

m=l 

(Cm h/Zm) oo 
(Cm h/Zm) oo 

dt1 

t21 

Since w(*i) = 0(1) as t\ —> 00 for any w G .̂ "(2), the integrand is regular in 
the domain ^ 1 and behaves as 0(t^2) as t\ —> 00. Hence, J(W,w) = 0 
for any w G T{z). 

Lemmas 5.7 and 5.8 are proved in Chapter 7. 
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52 5. THE HYPERGEOMETRIC PAIRING 

Déterminant formulae for the hypergeometric pairing 

The hypergeometric intégral defines the hypergeometric pairing 

I : £u(z) <8> F(z) C 

which induces the hypergeometric pairings 

I°:Zu(z)/Q(z)®r(z)/K(z) C 

for n = rj1 i n 

m=l 
Cm and 

Ï '•Za(z)/Q!(z)®r(z)/'Rf(z) C 

for K — p 1rf 1 n 

m=l 
É"1. According to (2.17), (2.25) and Lemmas 2.38, 2.39 

this can be respectively written as 

I :TAz)®H(z) C, 

I°:Zu(z)/Q(z)®H(z) C and I'•&{z)IQ!{z)®H{z) C. 

Set d(n,ra,^, s) 
i,j>0 
i+j<£ 
i-j=s 

m — 1 + C 
m — 1 

'n — m — l+j 

n — m — 1 

(5.9) Theorem. Let K ± psr}-r f[ Cm and K + p'^if f[ Cm1* r = 0, . . . , 
ra=l m=l 

£ — 1, s G Z->o • Let (2.13) - (2.15) hold. Then the hypergeometric pairing 
I : Jiu (z) ® F{z) —> C is nondegenerate. Moreover, 

det[I(Wuwm)\. ln m E z nl (27Ttf 
n+l-1 

n-1 l! 
<n+̂ -l> 

n-1 *7 —n n+l-1 
n+1 

n 

m=l 

(n-m) 
Sm 

n+ -̂l> 
n 

l-1 

s=l-£ 

n-1 

m=l 

O(Nsk-1 

1̂ /̂ 771 
C 1 

m<Z$Cn 
6 ) 

d(n,m.£,s) 

£-1 

s=0 

or1)» (r?^1-^-1 n em)oo ( P ^ + I - < K n Em) 00 
N-s-1 (P) 2n-l (N-s E-2m)00 

1<l<m<n 

(V% lZm1ZllZm)00-
(r)~S£lÇmZl/Zm) oo 

(n+e-s-2 
n-1 
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(5.10) Theorem. Let K = r}1'* ft U • Let (2.13) - (2.15) hold. If ft Cm ^ 
m=l m=l 

psrf for ail r = £— 1, . . . , 2£—2 and 5 G Z<o , then the hypergeometric pairing 
1° - £u(z)/Q(z) <g> T{z)/TZ{z) —> C is nondegenerate. Moreover, 

det[l(Wuwm)] l,mEZnl 
r1=mi=o 

(27Ti)" 
n+l-2 
n-2 l! 

n+̂ -2> 
n-2 *7 

1-n) n+^-2\ 
n 

n 

m=l 
Em 

n—m fn+£-2' 
n-1 

£-1 

s=l-£ 

n-1 

m=2 

O(Ns +l-1 

1<l<m 
c 2 ; d(n—l,m—1,l,s 

£-1 

s=0 

( T 1 : n-1 s+2-2^ ' E2m) (Ns E-21) 

(»7-S-1) in—1 (p) >2n-3 
Km^n 

(Ns E2m) 

l̂ Z<m n̂ 

(V% limlzl/Zm)oo 
(V8£l€mZl/Zm)oo 

n+£-s-3\ 
n-2 

(5.11) Theorem. Let K = p~1r]£-1 U£m- Let (2.13) - (2.15) hold. If 
n 171=1 
Il ^ ^ for ail r = £ - 1, . . . , 2£ - 2 and s G Z<0 , tien the hyper-

ra=l 
géométrie pairing V : Telx{z) j Q! {z) (g) T(z)jVJ{z) —> C is nondegenerate. 
Moreover, 
det[l(Wuwm)] l,m EZnl 

ln=mn=0 

(27Tif 
fn+̂ -2>i 

n-2 l! 
n+ -̂2 
n-2 N (1-n) "n+l-2\ 

n 

n-1 

m=l 

Em 
(n—m—1) n+£-2\ 

n-1 
£-1 

s=l-£ 

n-2 

ra=l 
O(PNs+1-l 

m<l^n 

En d(n—l,m,£,s) 

£-1 

s=0 

(N-1) n-1 
[PV s+2-2l £2 ) (V£~2) 

Sm/oo V'/ Sn /oo (N-s-1) in-1 i (p) »2n-3 
l̂ ra<n 

(T*a)oo 

l̂ /<m^n 

(î?S6 lim1Zl/zm)00-
(V~SÇlÇmZl/Zrn) oo 

<n+ -̂s-3̂  
n-^ 

In Theorems 5.9-5.11, the product T7 without limits stands for 
n 

m=l Theorems 5.9 - 5.11 are proved in Chapter 7. 
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Example. Theorem 5.9 for n = 1, £ = 1 gives 

0(ct) dt = ^.(pa/c^bc)^ 

(a*)oo(V*)oo ' (aft)oo 
c 

Here C is an anticlockwise oriented contour around the origin t = 0 separat-
ing the sets {ps/a \ s E and {psb \ s G Z^o} • 

Example. Theorems 5.10 and 5.11 for n = 2, t = 1 give particular cases of 
the Askey-Roy formula [GR, (4.11.2)] 

(5.12) 
/* 9{pt/c)0(abct) dt _ {abaf3)ooe{ac)e(bc) 

J (û*)oo(6*)oo(a/*)oo()9/*)oo * " " (P)ooNooMoc(Hoo(Woc 
c 

Here C is an anticlockwise oriented contour around the origin t = 0 separat-
ing the sets {ps/a, ps/b | s G Z<-0} and {psa, ps/? | 5 G Z->0} • 

Example. There are p-analogues of the gamma-function and the power func-
tion: 

TP(X) = (1 - p ^ - ' O O o o / f c ^ o o , (1 " « ) ? = (P-^)OO/(PX«)OO • 

Introduce new functions { — u}px = 9{p~xu)/6{pxu) and 

7T 7T0(pX) 
slUp[7rx) ~ rp{x)rp(i-x) - (i-p)(p)l • 

We have (1 - u)jx = { - u}2px (1 - pur1)**. 

Theorems 5.10 and 5.11 for £ = 1 give respectively the following formulae: 

det 
r r)2A' - 1 n/hpé n (i(-p •«»•- E Ai E Ai E Ai 2 S A,-

/ h p é n ( i ( - p • « » • ' « / * > ; « " * 
J 1 P H m=l 

C 
T-T R 1-2Ai n t-p A*ZJ dt ]n 

x ïl{-t/Zj}p > l l — — — L — 
l^j<k 1<I<T * P 3ZJ P 1 Jfc,Z=2 

= Tp(l + 2 £ A™)"1 Tp(l + 2Am) J I (! - V * » ) ? ' m) x 
m~1 m=l l̂ Z<m n̂ 

n-1 
X Y l 2ISINP(-27R £ AJ) 

m=l l^j^m 
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and 

det 

c 

pAt _p-Ai 

t/zi -p** 
n 

m=1 
(1 - t/zm) 2AM P k<j^.n 

A,-
t/Zk}p 

-2 
k<j<n 

A,-

l^j<k 
{-t /Zk} -2Aj 

1P 1<j<l 

t-p-^Zj i zi 
t-p^Zj i z y 

dt 

t ( p - i ; 

n-1 

k,l=1 

r J i + 2 n 

m=l 
Am - î n 

m=1 
rp(i + 2AM) 

l̂ J<m n̂ 
(1 - *j/*m) 2(AZ+AM) 

p 

n-1 

m=l 
2i sinp (2n 

m<j^n 
Ai) 

where C is an anticlockwise oriented contour around the origin t = 0 sepa-
rating the sets {ps~Amzm |m = l , . . . , n , sG Z^0} and {ps+Am2:m | m = 1, 
..., n, 5 G Z^o} • Thèse formulae are analogues of the next formula [VI] : 

det 
Zk + l 

Zk 

Xi 
t - Zi 

n 

m=l 
{t ~ Zm) Ym dt 

n-1 

k,l=l 

r ( i 4 
n 

m=l 
Ym -1 

n 

m=l 
r ( i + Am) 

l#m 
(zi - zmy A TH. 

Example. Theorem 5.9 for n = 1 and arbitrary £ gives the following ç-beta 
intégral 

(5.13) 

Tl 

£ 

k=l 

0(ctk) 

h (a**)<x> (&/**) oo 

l 

j=1 

£ 
•—r 
fc = l 

j#k 

(*i/*fc)oo 
(xtj/tk)oo 

dlt 

(2mY£\ 
£-1 

s=0 

(x ™ x 6cL, (pxsa c ^ 
(*S+1)oo(*S^)oo 

where |a| < 1, |b| < 1, < 1. In Chapter 7 we use this formula to prove 
Theorems 5.9-5.11. We give a proof of the formula in Appendix D and show 
there that the calculation of the intégral by residues inside the torus implies 
the formula for the ç-Selberg intégral proved by Aomoto [AK, Theorem 3.2], 
see formula (D.9). 
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E x a m p l e . The formulae of Theorems 5.10 and 5.11 for n = 2 are particular 
cases of the following formula 

(5.14) 
l 

Tl (x +1) 

0(ptk c)0{3*-labctk) 

t k i a t k ^ C b t ^ i a / t k ^ œ / t k ) / t k ^ œ / t k ) 

e i 

= (2 xi )2 l l ! 

(*i/**)oo 

(*i/**)ooks 
et = 

£-1 

s=0 

(x)^ (xt+s^abafi)^ 6{xsac) 6(xsbc) 

(x ' +^oo ( x - a a ) ^ ( z - a j Ë ^ {x^ba)^ {x'bp)^ (p )^ 

where |a| < 1 , |6| < 1, |a | < 1 , \/3\ < 1 , \x\ < 1 . This formula is a mul-
tidimensional generalization of the Askey-Roy formula (5.12). In Appendix E 
we give a proof of this formula and show t h a t the calculation of the intégral 
by residues outside the torus implies the formula for the most gênerai 
multidimensional g-beta intégral conjectured by Askey [As, Conjecture 8], see 
formula (E.8). 

Remark. It is plausible tha t the assumptions on p , £i> • • • >£n > z\,..., zn of 
Theorems 5.9 - 5.11 as well as of Theorems and Lemmas 2.16, 2.18, 4.5, 4.6, 
5.7, 5.8, 6.2, 6.5, 6.6 could be replaced by the following weaker assumptions: 
the step p and the parameter rj are such tha t (2.13) holds, and the parameters 
£i ? • • • > £n and z\,..., zn are such tha t 

(x)^ (xt+s^abafi)^ 6 l.m = 1 , . . . , n , 5 G Z , 

for any r = 0 , . . . , £ — 1 and s G Z . 

The hypergeometric solutions of the qKZ équation 

Let W be any élément of the elliptic hypergeometric space Jîu . The re­
striction of the function W to a fiber defines an élément W\z G T&ll{z) of the 
elliptic hypergeometric space of the fiber. The hypergeometric pairing allows 
us to consider the élément W\z G TeVL{z) as an élément sw(z) of the space 
7i*(z) dual to the hypergeometric cohomology group H(z). This construction 
defines a section of the bundle over Cxn with fiber H*(z). 

There is a simple but impor tant s ta tement . 

(5 .15) T h e o r e m . Let £ i , . . . , £ n obey (2.14). Then the section sw is a 
periodic section with respect to the Gauss-Manin connection. 

The theorem is proved in Chapter 7. 

Consider the hypergeometric pairing as a map ï(z) : J^u(z) —• ÇF(z))* SO 

t h a t for any W G we have sw = ï(z)W\z . Let V i , . . . , V n be Verma 
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Let Sm,r{zu...,zn):VTl®...®Vrn -+ ® ... ® VTrn+1 ® V̂-m ® ... ® V̂-n 
equal the operator Pv v i?y v (zm/zm+i) acting in the ra-th and 

Tm Tm + 1 Tm Tm + 1 
(m + l)-th factors. Define operators STyT> acting on functions of z i , . . . , zn 
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modules over Uq($l2) with highest weights çAl,... , </An. Recall that 

q2 VArn = Cm, m = l , . . . , n . 

The map ï(z) and the tensor coordinates BT(z) induce a map 

(BT(z))*oï(z) : TM{z) - (FT1 0 . . . ® K J , . 

(5.16) Lemma. Let « = T/1-* f] Cm • £et (2.13) - (2.15) hold. Then for any 
771=1 

W G Ha{z) we have that (BT(z))*o ï(z) • W € (VTl ® ... ® K-Jf 

(5.17) Lemma. Let K = p'W1 fi tm - Let (2-13) ~ (2-15) AoW- Then for 
m=l 

any W G we have that (BT(s))*o /(*) • W € (V^ ® ... ® Vrw)^. 

Lemmas 5.16, 5.17 follow from Lemmas 5.7, 5.8, respectively. 

A section sw and the tensor coordinates BT induce a section 

(5.18) 9îy:z~ B;{zT~1)sw{zT~1)e{VTl®...®VTri), 

of the trivial bundle with fiber (VTl ®. . . ® VTn)i . Here za = , . . . , zan). 
If r is the identity permutation, then we write S&w instead of . 

Theorems 5.15, 4.7 and Lemmas 5.16, 5.17 imply the following statement. 

(5.19) Corollary. The section tyyy is a solution of the qKZ équation with 
values in (VTl ® ... ® VTn)e . Moreover, 

i) if K = r]1"1 Y\ £m , then taices values in (VTl ® ... ® ̂ rn)|m̂ ; 
m=l 

ii) if K^p'1^-1 f] fm1» tien *w taies vaiues in (Vn ® • • • ® ̂ r„)J"9-
m=l 

We call solutions the hypergeometric solutions of the qKZ équation. 
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by the following formulae: 

(5.20) •(Sr ra,raH-l),Tf)(zi,...,Z„,) 

= *Sm,r (̂ 1 •>•'•') Zm+11 Zmi • • • 5 n̂) /(̂ l Zmi • • • 5 ^n) 

SR R' STr T" — ST T" 

where (ra, m + 1) is a transposition, m — 1, . . . , n — 1, and r, r7, r" G Sn are 
arbitrary permutations. The operator Sry acts on a function taking values 
in VTi ® . . . (8) and the resuit is a function taking values in VTl ®... ® T̂-n . 

(5.21) Lemma. Formulae (5.20) deûne operators STy selfconsistently. 

The statement follows from the inversion relation (3.6) and the Yang-Baxter 
équation (3.8). 

The qKZ équation has the following important property. 

(5.22) Theorem. The qKZ équation is functorial. Namely, for any permu­
tations r, r' G Sn and any solution \t of the qKZ équation with values in 
VT^ ® ... ® VT'n , the function 5T)T/* is a solution of the qKZ équation with 
values in VTl ® ... ® VTn . 

(5.23) Theorem. The hypergeometric solutions of the qKZ équation 
are functorial. Namely for any permutations r, r' G Sn and any function 
W G we have that ST,T>^W = ®w • 

The statement follows from Theorem 4.4. 

The hypergeometric map 

Let Vi(zi),..., V^(zn) be évaluation Verma modules over Epn(sl2) with 
highest weights Ai , . . . , An and évaluation points z\,..., zn . Let Vic,..., 
V* be the corresponding f)-modules. The tensor coordinates BT(z), CT\z) 
induce the hypergeometric map 

(5.24) IT,T,(z) : (VTe, ® .. . ® - (FT1 ® ... ® K-J, , 

JT>T,(*) = (BT(z))*oï(z)oCT,(z). 

(5.25) Theorem. Let (2.13) - (2.15) hold. Let K±X f[ r?A- ̂  psr?r for 
m=l 

any r = 0, — 1, s G Z . Assume that for a permutation r' we have 

K f| 77^ fj r/ ATI ^ psryr for any m = 1, . . . , n — 1, and r = 1 — £,..., 
l<Z<ra m<l<n 
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£ — 1, s G Z . Then the hypergeometric map ITiT/ (z) is well deûned and 
nondegenerate. 

The statement follows from Lemmas 4.2, 4.10 and Theorem 5.9. 

(5.26) Theorem. Let (2.13) - (2.15) hold. Let fl r]2A™ ^ psrjr for any 

r — £ — 1, . . . , 2^ — 2, s G Z . Assume that for a permutation r' we have 

Y\ r] TJ ̂  Ps?7r for any m = 1, . . . , n — 1, and r = 0, . . . , 2^ — 2, s G Z . 
l̂ Ẑ m 
Then the hypergeometric map Iry (z) is well defined and nondegenerate for 
any K in the punctured neighbourhood of r]1~e Yl VArn • Moreover, ITiT>(z) 

771=1 n 
considered as a function of K has a ûnite limit as K —• rj1~£ Yl VArn and the 

771=1 
limit lim JTjT/ (z) is nondegenerate. 

Define the hypergeometric map ITiT*(z) at K = r)l~£ Yl VArn by the ana-
771=1 

lytic continuation with respect to K . Notice that the restriction of the map 
IT,T'(Z) to the subspace v^®(V*, ®.. .®V*, )£ is regular at K = r]1'1 Yl WAM > 

2 71 771=1 
since in this case ail the maps involved in définition (5.24) are well defined at 
K = r)l~£ Yl VArn • 

771=1 
(5.27) Corollary. Let K = rj1^ Yl VArn and the assumptions of Theo-

771=1 
rem 5.26 hold. Then 

Ir,r>(z)(vW ® (VTe, ® . . . ® VT\)e) — (VTl ® . . . <8> Vrjtn9. 

The statement follows from Lemma 5.16. 

(5.28) Theorem. Let (2.13) - (2.15) hold. Let f[ n2A™ ^ jfiif for any 
771=1 

r — £ — 1,... ,2£ — 2, s G Z . Assume that for a permutation r' we have 

FI Tf 7̂  PsVr f°r anY = 1, . . . , n — 1, and r = 0, . . . , 2^ — 2, s G Z . 

Then the hypergeometric map ITjT>(z) is well defined and nondegenerate 
for any K in the punctured neighbourhood of p~xrf~x Yl r)~Arn . Moreover, 

77i=l n 
JTjT/ [z) considered as a function of K has a ûnite limit as n —> p~xrf~x Yl V~A' 
and the limit lim Iry(z) is nondegenerate. 771-1 
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60 5. THE HYPERGEOMETRIC PAIRING 

Define the hypergeometric map ITjT'(z) at K, = p xrf 1 f| rj Am by the 
771=1 

analytic continuation with respect to K. Notice that the restriction of the 
map ITiT/(z) to the subspace (Vf ® ... ® Vf )̂  ® is regular at K = 

71 1 n-1 
p-i^i-i J-J -̂Am ^ since in ĥj[s case an the mapS involved in définition (5.24) 

77i=l n 
are well defined at K = p~xrf~x \\ ^-Am 

771=1 
n 

(5.29) Corollary. Let n = p_1r/-1 J] rj~Arn and the assumptions of Theo-
771=1 

rem 5.28 hold. Then 
IT,T>(Z)((K ®. • • ® K^)t ® u[0]) = ® • • • ® 

The statement follows from Lemma 5.17. 

Theorems 5.26 and 5.28 are proved in Chapter 7. 

Therefore, we constructed the hypergeometric maps 

IT,T,{Z) : V%(zTi) ® . . . ® K ; ( ^ ) - Kx^rJ ® . . . ® Kn(*rJ 

from modules over the elliptic quantum group to modules over the quantum 
loop algebra. The maps have the following properties: 

(5.30) IT'{m,m+l)y(z) = Py y RyT yT (zTrn /ZTVN+1 ) IT,T' (Z) , 

' TI m-)-1 ' 'm-)-l 

Ir,rf-{m,m+l)(z) — IT,T'(Z) X 

X PyGf y&i Ry[ y ̂  {z^Jz^ (ïf ® . . . ® TJH ® 7/"^ ® . . . ® 7]~H)Ï]~1K) 
Tm + 1 Tm Tm + 1 Tm 77l-th 

where (m, m + 1) is a transposition. 
For any elliptic weight function W{(t,z) let Y{T(z) be the corresponding 

adjusting factor. Recall that this means that the product Yf(z)W{(t, z) is an 
élément of the elliptic hypergeometric space. Define a map YT(z) G End (Vfx ® 
... ® Vfn) by the rule: 

YT(z) : v ^ i ' ® . . . ® ^ " ] -> y ^ ) ^ 1 ® . . . ® ^ 1 . 

The map FT (2;) is called an adjusting map for the tensor product Vfx ® ... ® 

' n 
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If v G Ve, (g) . . . ® V5 , then the hypergeometric map Ir T> (z) and the 

adjusting map YT (z) define a section 

, : z K-> ITfT, )YT\zr~1) .veVTl®. . .®VTn 
V, I 

where za = {zai, . . . ,zGn) . 

(5.31) Theorem. For any adjusting map YT\z) and any v G (VTe, (g) . . . (g) 

Vf, )̂  the section yr, is a solution of the qKZ équation with values in 

(VTl ® .. . ® VVn)€ . Under assumptions of each of the Theorems 5.9-5.11 ail 
solutions are constructed in this way. 

The theorem is proved in Chapter 7. 

Remark. Theorem 5.31 can be reformulated as follows. For a given adjusting 
map YT(z) the assignment v i—> ĵfyr defines an isomorphism of the space 
S of solutions of the qKZ équation with values in V\ (g) ... ® Vn and the space 
V̂f ® .. . ® Vf (g) F, where F is the space of functions of zi,...,zn which are 
p-periodic with respect to each of the variables, 

(5.32) CT : ® ... ® Vfn (g) F —» S. 

The compositions of the isomorphisms: CTjT/ = C"1 CT/, define linear maps 

(5.33) CTy(z) : Vf, ® ... ® VT\ —> V£ ® ... ® V£ 

depending on z\,..., zn and p-periodic with respect to ail the variables. We 
call thèse compositions the transition functions. Theorem 6.2 in the next chap­
ter shows that CTjT/ (z) is a transition function from the asymptotic solution 
of the qKZ équation in the asymptotic zone Ar to the asymptotic solution in 
the asymptotic zone AT>, cf. (6.1). 

Notice that CTjT>(z) differs from the transition function CTjT'(z) defined 
in Chapter 4, namely 

(5.34) CTtT,(z) = (YT(z)y1CT,T>(z)YT'(z). 

Let STyT' be operators defined by formulae (5.20). We extend their action 
to matrix-valued functions in a natural way. 

The maps îT{z) = JTjr(zr 1)YT(zr 1) satisfy the qKZ équations with val­
ues in VTl (g) . . . ® VTn , respectively. The following theorem describes their 
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62 5. THE HYPERGEOMETRIC PAIRING 

"monodromy" properties with respect to permutations of the variables z±, 
..., zn in terms of the elliptic jR-matrices. 

(5.35) Theorem. For any permutation r G Sn and any transposition (ra, 
m+1), m = 1 , . . . ,n — 1, we have that 

(^r,r.(m,m+l)Â-.(m,m+l))(^) = ïT(z) (YT(zT ) ) 1 X 

X Pye ye Rye ye (zm+l / Zm , (7/^ ® . . . ® 7/^ ® Tj~H <G> . . . <G> 7?"^ ) T?""1 «) X 
Tm + 1 Tm Tm+1 Tm m-th 

x yr-(m,m-fl)^(m,m+l)-r_1^ 

The statement follows from formulae (5.30). 
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6. Asymptotic solutions of the qKZ équation 

One of the most important characteristics of a differential équation is the 
monodromy group of its solutions. For the differential KZ équation with values 
in a tensor product of représentations of a simple Lie algebra its monodromy 
group is described in terms of the corresponding quantum group. This fact 
establishes a remarkable connection between représentation théories of simple 
Lie algebras and their quantum groups, see [K], [D2], [KL], [SV2], [V2], [V4]. 

The analogue of the monodromy group for différence équations is the set of 
transition functions between asymptotic solutions. For a différence équation 
one defines suitable asymptotic zones in the domain of the définition of the 
équation and then an asymptotic solution for every zone. Thus, for every pair 
of asymptotic zones one gets a transition function between the corresponding 
asymptotic solutions, cf. [TV3]. 

In this chapter we describe asymptotic zones, asymptotic solutions, and 
their transition functions for the qKZ équation with values in a tensor prod­
uct of [/g(£l2)-niodules. A remarkable fact is that the transition functions are 
described in terms of the elliptic jR-matrices acting in the tensor product of 
the corresponding Epn(sl2)-mod\ûes. This fact establishes a correspondence 
between représentation théories of quantum loop algebras and elliptic quan­
tum groups, since the qKZ équation is defined in terms of the trigonométrie 
i?-matrix action in the tensor product of 1^(5 ̂ -modules (and, therefore, in 
terms of the quantum loop algebra action), and the elliptic iî-matrix action 
in the tensor product of ^^(s^-modules is defined in terms of the action of 
the elliptic quantum group. 

Consider the qKZ équation with values in {V\ <g) .. . 0 Vn)z • For every 
permutation r G Sn we consider an asymptotic zone Ar in Cxn given by 

(6.1) Ar = {zeCxn\ |*rm/*rm+1|«l, m = l , . . . , n - l } . 

Say that z tends to limit in the asymptotic zone, z =3 AT , if zTrn/zTrn+1 —> 0 
for ail m = 1,... , n — 1. 

Say that a basis . . . , of solutions of qKZ équation form an asymp­
totic solution in the asymptotic zone AT if 

^j(z) = M*) fa + *(1)) , 

where h\(z),..., 1IN{Z) are meromorphic functions such that 

hj (̂ 1 •>'''•> V^mi • • • ? Zn) — Qjm hj (z\, . . . , ZN) 
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for suitable numbers ajm , . . . , VN are constant vectors which form a basis 

in (Vi 0 . . . (g) Vn)£ , and o( l ) tends to 0 as z =4 AT . 

For every permutation r G Sn we constructed the functions Wf , l G £™ , 
whose restriction to a fiber gives a basis in the elliptic hypergeometric space 
of the fiber. Let Y{T , [ G 2 J 1 , be the corresponding adjusting factors so tha t 
the functions YtTW[ are in the elliptic hypergeometric space. Thèse functions 
define a basis ^Y^W? , I G 2 ^ , of solutions of the qKZ équation, cf. (5.18). 

Recall tha t rl = ( lT l , . . . , \Tn) for any \ G Z™ . For l,m e Z™ say tha t 

[ <C m if l ^ m and X) ^ ^ S m* f°r any m = 1 , . . . , n — 1. 

(6 .2) T h e o r e m . Let the parameters £ i , . . . ,fn obey condition (2.14). Then 
for any permutation r G Sn the basis ^Py^w^ , l G £™, is an asymptotic 
solution in the asymptotic zone Ar . Namely 

*Y?WT(Z) = Y?(z){ni + o(l)) 

as z tends to limit in the asymptotic zone, z =4 AT , so tha t a t any moment 
assumption (2.15) holds. Here 

ni = EjFhv1 ®... ® F^vn + NLFmivi ® . . . ® r » ^ 
Tm»Tl 

for suitable constant coefficients N[m and SJ~, and the constant EJ is given 

by 

ET = (2m)t£l 
n 

m=l 

( i - iM)/2 + rmAm 

l^l<m 
cri<crrr, 

Eij 

1^1 <m 

77 £z m x 

r _i 
*m J x 
s=0 

FA X)OO(»7 *(«F.M) ^M)OO(P»? ' 4 M ^ ) O O ' 

(n-1-3) ÔÔ -O.JOOU'JOO 

where a — r and K,JM = K 
^CTi<<Tm 

^CTi<<Tm 
crTn<<Tl^:/n> 

^CTi<<Tm 

The theorem is proved in Chapter 7. 

Remark. The trigonométrie i î -matr ix R(x) has finite limits as x tends to 
zéro or infinity, cf. (3.7). Thus, the qKZ operators Ki(z),..., Kn(z) have 
finite limits as z tends to limit in an asymptotic zone: 

Km(z) = K^{l + o(l)), ^CTi<<Tm m — 1 , . . . , n . 
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where K ^ are some operators independent of z. The vectors fl\ form an 
eigenbasis of the operators K ^ with eigenvalues a\m , cf. (6.3). 

Remark. Recall tha t the adjusting factors Y{T(z) have the following proper-
ties: 

(6.3) Y[T(z i , . . . , p zm, . . . , zn)o{Y[(z ) ) aï,mYl'(zli ' ' ' ->Zn) J 

at,m — n o{Y[(z)) 1 1 V Q Sm 1 1 V SJ W J 
l^ai<(Tm l^ai<(Tm 

for any r G ,o{Y[(z))o{Y[(z)) m = 1 , . . . , n . Here a = r 1. 

Remark. If the absolute value of n is sufficiently small, then the relation 
Y£(z) = o(Yrr (2)) as 2 tends to limit in the asymptotic zone, 2 =4 AT , implies 
that T m » T [ , cf. (6.3). Similarly, if the absolute value of K is sufficiently large, 
then the relation Y£(z) = o{Y[(z)) as z tends to limit in the asymptotic 
zone, 2 =4 AT , implies that Tm <C Tl. 

For example, assume that |ry| = 1, |£m| = 1, m = 1 , . . . , n, \K\ < 1 , and 
ail the adjusting factors Y£(z) are regular at point ( 1 , . . . , 1 ) G Cxn. Let 
2 = (pSl,... ,p5n) where s i , . . . , sn are integers. Then the relation Y£(z) = 

n 
o(YiT(z)) as 2 =4 Ar implies that the sum si(mi — U) ls large positive 

i=l 
if ail the différences sTrn— sTrn+1, m = 1 , . . . , n — 1 are large positive. Since 
n n 

^2 U — X) m* we ^ave ^hat 
i=l i=l n 

2 = 1 
Si(mi - k) 

n-1 

2 = 1 
(sTi sT.,1) 

2 

3=1 
(mTj- lTj). 

i i 

Therefore, J2 mrj ^ S ^ for any i = 1, . . . , n — 1 , and m ^ I, that is 

T m » T L 
Remark. The qKZ équation dépends meromorphically on parameters /s, £i, 
. . . , £ n . Let the adjusting factors Y{T dépend meromorphically on K , £ i , . . . , 
£n . Then the basis of solutions ^ y ^ v ^ l G iJ™ also dépends meromorphically 
on K, f i , . . . , f n - The asymptotics of the basis ^y^v^r, l G , described 
in Theorem 6.2 détermine the basis uniquely. Namely, if a basis of solutions 
meromorphically dépends on the parameters £i5---?£n and has asymp­
totics in Ar described in Theorem 6.2, then such a basis coincides with the 
basis ^lyry/T. In fact, éléments of any such a basis are linear combinations 
of the functions ^yrwf with coefficients meromorphically depending on K, 
£b • • • ? £n and p-periodic in z±,..., 2n . To préserve the asymptotics one can 
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add to an élément ^Y^W? any other functions ^Y^w* having smaller asymp-
totics. If the absolute value of K is sufficiently small, then one can add only 
the functions ^YTWT with rm ^> rL and if the absolute value of K is suffi-
ciently large, then one can add only the functions ^Y^W* with rm TI, see 
the previous Remark. Since the coefficients of added terms are meromorphic 
they have to be zéro. 

Remark. The asymptotic solution ^Y^W? > I G Z™, in the asymptotic zone 

Ar of the qKZ équation with values in (Vi (8 ) . . . (8) Vn)e , cf. Theorem 6.2, is 

an image of the monomial basis i^nl ® ... ® v^-n] ? [ £ , of (V^ (g)... (g) 

Vfn)£ under the composition Ll^T(z)YT(z) of the hypergeometric map and 
the adjusting map, cf. Theorem 5.31. The transition functions between the 
asymptotic solutions are linear maps CTjT/, see (5.33). Formula (5.34) and 
Theorem 4.16 show that the transition functions between asymptotic solutions 
corresponding to neighbouring asymptotic zones are given by the dynamical 
elliptic iî-matrices twisted by the corresponding adjusting maps. 

Example. Theorem 6.2, formula (5.34) and Theorem 4.16 allow us to write an 
elliptic iî-matrix as an infinité product of trigonométrie iî-matrices. Namely, 
consider the qKZ équation with values in the tensor product of two Uq{sl2) 
Verma modules V\ ® V2 with highest weights qAl, qA<2, respectively. Then 
there are two asymptotic zones \z\jz^\ » 1 and \z\jz*^ <C 1. Our resuit on 
the transition function from the first asymptotic zone to the second one is the 
following statement. 

Let Vi,V<2 be the évaluation Verma module over Epn(sl2) with highest 
weights Ai, A2 , respectively. Then we have 

00 

(6.4) (Re;'ey.ix))-1 = H (O xd) n K-HWARVIV&X), 

s= — oo 

provided the infinité product in the right hand side is suitably regularized and 
the factors of the product are ordered in such a way that s grows from the 
right to the left, see the example below. The restriction of formula (6.4) to 
the weight subspace (Vi (g) V2J1 of weight gAi+A2-i can be transformed into 
the infinité product formula for 2x2 matrices, which looks as follows. 

Let a, 6, c, d, a,5,p be nonzero complex numbers such that \p\ < 1 and 

a/6 + ps, a/d / ps, bc + (1 - ps) {p~sad - 6a) 

for any s G Z . Set A(u) a — au bu 
c d — 6u 

Let À, ji be two solutions 
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of the quadratic équation det A(u) = 0. Then 

lim 
s—>-oo 

'a 0> 
c d 

—s s 

r= — s 
A(pTu) —a b 

0 -S 
—s 

u-sps(s+l)/2 

1 0 

c 
a — d 

1 

ad(au/a) (pXô/a)^ {p/iS/a)^ 
(pd/a)^ (pô/a)^ (p) OO 

c9(au/d) (pXS/d)^ (pfiô/d)^ 
(a/d)^(vô/a)^ (p)^ 

bu6(u 1a/ô){p\a/a)00(pfia/a)00 
(pd/a)^ (al 6)^ (p)^ 

deiôu^iXa/d^ina/d)^ 
(ald)^(alô)^ (p) 

oo 

1 
6 

5 — a 

0 1 

where the factors of the product are ordered in such a way that r grows from 
the right to the left. 

Theorem 6.2 admits the following generalization. Fix a nonnegative integer 
k not greater than n. Fix nonnegative integers no,. . . , such that 

0 = TIQ < ni < ... < rik = n 

and consider an asymptotic zone in Cxn given by 

A = {zeCxn | \zmi/zmi+1\ < 1 for ail mu...,mk 

such that rii-i < rrii ^ , z = 1,. . . , k} . 

We say that z tends to limit in the asymptotic zone, z =4 A, if z\ jzm —y 0 for 
ail Z, m such that n^_i < Z ^ < ra < n^+i for some i = 1,. . . , k — 1, and 
\zi/zm\ remains bounded for ail Z,ra such that n^_i < Z,m ^ for some 
i = 1, . . . , k . 

Fix nonnegative integers £i,..., £k such that U ~ ^ • Let 
2 = 1 

J^l^i] — J~[zTli_l+i, . . . , 2ni; £ni_i+lî • • • ? £riii A] 
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and 

A ®. •. ® A ^ (A *... * A)yA ®. •. ® A ^ (A *... * A)y 

where K{ — KT] j>i 
l + l+ 

1 <<1 6 S"1 Let Y(zi,..., zn) be an adjusting 

factor for the tensor product ^ [ ^ 1 ] ® . . . <8> ^if [ 4 ] , cf. (4.20). Then we have 
linear maps 

/i (8)... ® A ^ /i * ... • fk -> F 

/ i ( 8 ) . . . ® A ^ / i * . . . • fk 
and 

A ®. •. ® A ^ (A *... * A)y 

A ® . •. ® A ^ (A * . . . * A ) y 

with respect to the tensor products introduced in Ohapter 4. 

Let m G Z™ . Say tha t m » ( 4 , . . . , 4 ) if 
ru 

1=1 
1=11=1 

1=1 

1=11=1 
£7 for any i = 1 

. . . , A; — 1, and at least one of the inequalities is strict. 

For any W G J£[ti] let (^ni_i+i5 • • • , ^ n j be the solution of the qKZ 

équation with values in (VTli_1+i®...®Vni)ii corresponding to W (cf. (5.18)). 

(6.5) T h e o r e m . Let the pammeters £ i , . . . , £ n obey condition (2.14). Let 

wi € FJMi] > < = 1 , . . . , * . Let W = Wi* ... *Wk and let Y be an adjust­
ing factor for the tensor product ^ [ ^ i ] ® • • • ® ^ïiïi^k] • Then the solution 
^Yw(zii • • • ? ^n) of the qKZ équation with values in (Vi ® . . . ® has the 
following asymptotics as z tends to limit in the asymptotic zone, z =3 A , so 
that a t any moment assumption (2.15) holds: 

i=l l^j^Ui-! 
l1 

li\...£k\ 

k 

i=l l^j^Ui-! 
F? Y z (Qw) ) iSiwlz)+oil)) 

where 

f2w (*!,..., Zn) = l̂Vi(̂ l,.--̂ ni)®.-.®*Wfc(̂ nfc-i + l5...^n) + 

m>(£i,...,4) 

k 

i = 2 
N (i) W, mS*»,-, +1, • • • , Zni F M I VL ® . . . ® 

for suitable coefficients N^/m(zni_1+i,..., zni). 

Theorem 6.5 follows from Theorem 6.6 below which describes asymptotics of 
the hypergeometric pairing. 
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Let l\,..., ik be nonnegative integers such that 2-, ™i ~ ° • Say that 
i=l 

( n , . . . , 4 ) » ( 4 , . . . , 4 ) if 
i 

3 = 1 
"3 * 

i 

1 = 1 
£j for any i = 1 , . . . , A; — 1, and (£[, 

.... l) # (l1 ............, lk) if 

(6.6) Theorem. Let the parameters £ i , . . . ,£n obey condition (2.14). Let 
Wi G J^li'i] and GWi G J^li'i] , i = 1 , . . . , A;. Let w = w\ • . . . • Wfc and W = 
Wi * . . . * Wifc • Then the hypergeometric intégral I(W, w) has the following 
asymptotics as z tends to limit in the asymptotic zone, z =4 A, so that at 
any moment assumption (2.15) holds: 

I(W,w) = 
il 

I(W,w) = 

k 

i=l l^.j^m-i 
Em1 

k 

i=l 
I(Wi,Wi) + o(l)) 

for (£'...,£') = (h,...,£k) and 

I(W,w) = 0(1) 

I(W,w) = o( l ) , 

for ( ^ i , . . . , ^ ) » ^ ! , . . . , ^ l k ) , 

otherwise. 

The theorem is proved in Chapter 7. 
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7. Proofs 

This chapter contains proofs of the statements formulated in Chapters 2-6. 
Basic facts about the trigonometric and elliptic hypergeometric spaces are 
given in Appendices A and B, respectively. In particular, we give there proofs 
of Lemmas 2.21, 2.31, 2.36-2.39. 

Proof of Lemmas 2.22, 2.33. The statements immediately follows from 
Theorems A.7, B.8, respectively. • 

Proof of Lemmas 2.23, 2.24- The first claims of the lemmas are respec­
tively equivalent to the first and second formulae in (A.5). The second claims 
of the lemmas are the same as Corollary A.8. • 

Lemma 4.3 follows from formula (A.3) in [IK] and the definition of the 
evaluation modules by induction with respect to the number of factors in the 
tensor product. Nevertheless, we give here an independent proof of Lemma 4.3 
which is similar to the proof of Lemma 4.15 in the elliptic case. 

Proof of Lemma 4-3. Without loss of generality we can assume that r is 
the identity permutation. We give a proof of the second formula of the lemma. 
The proof of the first formula is similar. 

It suffices to prove the formula for generic values of parameters 77, £1,. . . , 
£n , z\,..., zn , since both sides of the formula are analytic functions of the 
parameters. 

Define functions Xi(t±,..., U), I G Z™ , by the rule: 

L12(ti). ..L12(tt)vi <g>... ®vn 

lez? 
Xï(ti,... ,tf) 

1 ̂ CZ<m̂ n 
ï̂mAj — li Am — li ím 

£ 

a=l 
te(i-n)FhVl0 <g)FinVn. 

The claim of the lemma means that for any I G Z™ the function X[ coincides 
with the polynomial P\ defined by formula (A.9). 

m ra 
For [, m G Z™ say that I <C m if ^ U ^ X] m* f°r any m = 1,. . . , n — 1. 

i=i i=i 
Say that I < m if I ^ m and I < m. 

By the definition of functions X\, they are symmetric polynomials in £ 
variables of degree less than n in each of the variable. Hence, they are linear 
combinations of polynomials P\: 

Xi(t) = (q-q-'f 
mE zln 

U[mPm(t), í e Z?. 



72 7. PROOFS 

By Lemmas 7.1, A. 12 the matrix U is upper triangular: U[m — 0 unless 
[ C m, as a ratio of upper triangular matrices, and simultaneously lower 
triangular: U[m = 0 unless [ » m, as a ratio of lower triangular matrices. 
Therefore, the matrix U is diagonal. Moreover, by the same lemmas Uu = 1 
for any I G Z™ . Hence, U is the unit matrix. Lemma 4.3 is proved. • 

For any [ G Z™ let x > I, y < I G Cx^ be the following points: 

X>[= (fi1 l4l«l,^",4l2l,...,Çl«l>»71"l4222,...,to, ••• , 

TIС nZm С TI Ziri ) . 

у<1 = (vh-4iZuVh~4iVl2-42Z2,...,^1Z2Zu...,^Zi,Vl2-42Z2,...,^1Z2,... , 

V ПCri.Zn J 5 Í ri Zn ) î 
cf. (2.35), (A.ll). 

(7.1) Lemma. Xi(x>m) — 0 unless I <C m. X[(?/<im) = 0 unless I » m. 
Moreover, 

Xi(z>I) = (q-q-1)' x 

n 

m=l 

lm -1 

s=0 l<Z<m 
(7? ^m^m - 6 1Zi) 

m<l^.n 
(vil S£,rnZrn-£lZl)) 

Proof. The proof is given by the straightforward calculation based on the 
definition of the coproduct in the quantum loop algebra Uq(gl2) • We illustrate 
the calculation by the following example. 

Let n = 3. Let A(3) = (A ® id) o A : U'q(&2) -> U'q(gl2)®3 be the iterated 
coproduct. We have that 

(7.2) A ( 3 t o t ) ) Lñ(t) ® L¡i(í) ® ХГ2(*) + Lñ(t) ® Lr2(í) ® ¿¿( i ) + 

+ L12(i) ® L22(i) 0 L22(t) + L12(t) ® L21(t) ® L12(t). 

Let £ = 4, m = (1,1,2). Recall that rj = q2 and £m = q2Am . 
We have to calculate the following expressions 

(7.3) L12(£iZi)L12 (6^2) L12(rj 1Ç3Z3)L12(Ç3Z3)vi®v2®v3, 

(7.4) L12^1 ^ O ^ f ô ^2) £12(^3 1 «3)^12(^3 1Z3)V1®V2®V3. 
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To compute L^2{jl~l ̂ zz3) ̂  12(£3^3)v1 ® V2 ® v3 we need only the first term 
in the right hand side of formula (7.2), since all other terms vanish. Then to 
compute ^2(^2^2)L^iv'1^^)^12(L3z3)v1 ® V2 ® 3̂ we need only the first 
and second terms in the right hand side of formula (7.2) for the same reason. 
Finally, at the last step we have to use all four terms in (7.2) and we find tha t 
expression (7.3) is a linear combination of vectors 

Fvi ® Fv2 R F2v3 , Fvi ® v2 ® F3v3 , 

vi ® F2v2 ® F2v3 , vi ® Fv2 ® F3v3 , v\ ® v2 ® F4V3 . 

The coefficient of vector Fvi 0 Fv2 ® JF2V3 can be easily calculated and it 
has the prescribed form. 

To calculate expression (7.4) we first use the commutativity of the factors 
in the product and transform the expression as follows: 

Lr2(^^3"1^3)^r2(^1^3)^r2(^1^)^r2(^r1^l)^l ® 2̂ ® ^3-

Then to compute L^^1 z\)v\ ®V2®v3 we need only the third term in the 
right hand side of formula (7.2), and to compute L^i^1 z%) L^^i1 zi)vi ® 
v2 ® 3̂ we need only the second and third terms. The rest of the calculation 
is clear. 

The general case can be considered similarly. • 

Proof of Lemma 4.15. The proof is similar to the proof of Lemma 4.3. So 
we give only the main points of the proof. 

Without loss of generality we can assume that parameters 77, £1,... ,£n , 
z1,...,zn are generic, and r is the identity permutation. Define functions 

leZ?, by the rule: 

(7.5) T2i(ti, A)... T2i(U,rf~lX)v^[m1] ® ... ® u[ln]= 

= -((*!,..., t,) n W ^ f i C 1 ) I I f [ 0(emta/Zrn)vW®...®vl°K 
s=0 M - 1 a=l 771=1 

n 
Here A = K [ ] L-1m . We have to show that E\ — c{ J\ for any I £ Z™ , where 

771=1 
the constant c{ and the function J\ are given by formulae (4.9) and (B.9), 
respectively. 

By the definition of functions Si, they are holomorphic function on Cx£ 
having the property 

Si(£i,... ,ti), 

•Sríti, . . . ,Vta, . - - ЛР) 
n 

m=l 
Zm \ ta) —n *1? • • • M. 
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Therefore, they are linear combinations of the functions J\ : 

S, t) 
mez? 

Ulm Jm(t), íeZ?. 

Lemmas 7.6 and B.10 imply that the matrix Uel1 is diagonal and Uellll= ct, 
I G Z™ . Lemma 4.15 is proved. • 

(7.6) Lemma. S[(x>xn) — 0 unless I ̂  m. S[(y<m) = 0 unless I » m. 
Moreover, 

Ei(x>t) 
1<l<m<n 

'I S m 

n 

ra=l 

ïm-1 

S=0 

0(vs) 0(^-^1) 
eMeírf+i-K-1 

l^l^rr, 
v4r 

m<l^.n 
v-4i) 

l^Km 
0{r] SilimZm/zi) 

m<l^n 
e(vll-4r4mZm/zl 

Proof. The proof is similar to the proof of Lemma 7.1 and is given by the 
straightforward calculation based on the definition of the coproduct in the 
elliptic quantum group Epa{si2). Two remarks on the calculation is to be 
done. 

The calculation becomes more transparent if it is done in the dual picture, 
that is if we replace formula (7.5) by the dual one 

(T21(tux)... T21{urf-'\))* («m ®. . . ® «m)* 

lez? 
SAU,... Ар) 

£-1 

s=0 
й(п к.~ 

n 
?7l=l 

S m 

a=l 

n 

771=1 
0(CX/¿m)Kl J®- - -<^ ln J • 

The factors in the product in the left hand side of this formula should be 
put in the suitable order, which can be done using commutation relations in 
the elliptic quantum group Epn{sl2) • For instance, if £ = 4 and m = (1,1,2), 
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then for the point x > m the suitable form of the corresponding product is 

Î21 (&z3, A) T2i ( t T ^ s , r? A) T21 (Ç2z2, V2X) T21 (ÇlZl, T73A) 

2̂1 (£121, A ) T 2 I (£2¿2, A ) T21 (77 £323, A ) T21 (£3z3,77 A ) 

and for the point y < m the suitable form of the corresponding product is 

T2i(^1z1,X)T21^21z2,VX)T21(^1z3,V2X)T21(r,^1z3,r,3X) 

T2i(C1 ,̂A)T21(e2-122,r7A)r21(r?C3-^3,r?2A)r21(e3-^3,r73A) 

The necessary transformation of the product in the general case is similar. • 

Proof of Lemmas 4-18, 4*19- The statements follow from the definition of 
the weight functions, cf. (2.20), (2.30), and Theorems A.7, B.8, respectively. 

• 
We extend the notion of the hypergeometric integral J( W, w) and consider 

the hypergeometric integral for any function w in the functional space T[z) 
of a fiber. Namely, let wit, z) G Tiz) be a function of the form 

P(h,... ,t£, z±,zn,E1,...£n,r]) 

r 

s=0 

n 

m=l 

e 

a=l 

1 
(pSta Cmzm) (̂ râ a PS^^Zm) 

l^a<b^£. 

1 
(p8Vta-th)(ta-p8+1Vtb) 

where P is a Laurent polynomial. If \zm\ = 1 for any m = l , . . . , n , the 
absolute values of the parameters £1,..., £n are small and the absolute value of 
the parameter 77 is large, then we define the hypergeometric integrals I(W[, w) 
by formula (5.3). For generic 77, £1,... ,£n , z1,...,zn we define the hyper­
geometric integrals I(W[,w) by the analytic continuation with respect to 77, 
( i , . . . , (n , z\,..., zn . Similar to Theorem 5.6 one can show that this hyper­
geometric integrals can be analytically continued as holomorphic univalued 
functions of complex variables 77, £1,. . . , £n , z\,... ,zn to the region described 
in Theorem 5.6. For arbitrary functions w G T{z), W G T^{z) we define the 
hypergeometric integral I(W, w) by linearity. 

Let DT(z) = {Dw \ w G F{z)}. 
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(7.7) Lemma. Let 0 < \p\ < 1. Let (2.13) - (2.15) hold. Then the hyper­
geometric integral I(W, w) equals zero for any function w G DT[z). 

Proof. The claim is clear if \zm\ — 1 for any m = 1, . . . , n, the absolute values 
of the parameters £i , . . . , £n are small and the absolute value of the parameter 
rj is large. For general 77, £1,. . . , £n , 21,. . . , zn the claim is proved by the 
analytic continuation. • 

Proof of Lemma 5.7. The first claim of the lemma follows from Lemma 2.23 
and 7.7. 

It suffices to prove the second claim under the assumptions that \zm\ = 1, 
m = 1,. . . , n, 1171 > 1 and the absolute values of £1,..., £n are small, when 
the hypergeometric integral I(W,w) is given by formula (5.3). 

Let W G Q(z), that is 

W(t1,...TL) 
aESl 

W'(t2i...,U) 
a 

for a suitable function W' G T&ìl ir* 
n 

m=l 
£ra î 1̂ ? • • • j i £l j • • • ? £n î ^ 1 Z 

Due to formula (2.7), we have that 

(7.8) I(W,w) = l\ 

je 

Ф(*ь.. . , te)w(h, ...,te) W'(í 2, ...,U) (dt/t)1 

because the torus T£ is invariant under permutations of the variables ¿1,..., 
tl 

Since w(0,£2,... ,t^) — 0 for any w G ^"(2:), the integrand $(t)w(t) W'(t) 
considered as a function of t\ is regular in the disk \t\\ ^ 1. Hence, I(W, w) = 
0 for any w G T(z). • 
Proof of Lemma 5.8. The proof is similar to the proof of Lemma 5.7. For 
the proof of the first claim Lemma 2.23 is to be replaced by Lemma 2.24. In 
the proof of the second claim the corresponding integrand is regular outside 
the disk |tl|>1 decreasing as 0(tj2) at infinity. • 

The hypergeometric integral defines linear functionals I(W, •) on the func­
tional space of a fiber. Lemma 7.7 means that these linear functionals can 
be considered as elements of the top homology group He(z), the dual space 
to the top cohomology group of the de Rham complex of the discrete local 
system of the fiber. 

Proof of Theorem 5.15. Recall, that in general the definition of the hyper­
geometric integral depends on z . In this proof we will indicate this dependence 
explicitly as a subscript: /(•,•) = Iz(v) • 
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The section sw is defined by sw(z) = IZ(W\Z,-) where W\z E J^u(z) 
denotes the restriction of the function W G Jin to the fiber over z. The 
theorem is a direct corollary of the quasiperiodicity of the function W with 
respect to each of the variables z\,..., zn : 

W(t,Zi,...,pZm,...,Zn) ^rnW{t,z1,...,zn) m = 1, . . . , n. 

Namely, the periodicity of the section sw with respect to the translation 
Zm pzm means that 

(7.9) Iz>(W\z;w) Iz(W\z,((pi+m)\zw) 

for any w G T{z!). Here z' = (zi,... ,pzm,..., zn) and Yl+m is the corre­
sponding connection coefficient of the sfe-type local system, see (2.3). 

Without loss of generality we can assume that both w and W are mero-
morphic function of the parameters £i, . . . , £n and rj. So it suffices to prove 
(7.9) under the assumption that the absolute values of £i,... ,£n are small 
and the absolute value of r? is large. Then, the hypergeometric integral is 
given by formula (5.3) and we have 

Iz>(W\x>,w) 
Tl 

$(t,z')w(t)W(t,z') {dt/tf 

je 
$(*, Z) <p£+m(t, Z) W(t) W(t, Z) {dt/tf Iz(W\z,(<pe+m)\zU)) 

The middle equality reflects the fact that the product $W isa phase function 
of system of connection coefficients (2.3). • 

Proof of Lemmas 5.16, 5.17. We give here a proof of Lemma 5.16. The 
proof of Lemma 5.17 is similar. 

Without loss of generality we can assume that r = id. Let 

v[ = Filv1 <g>... ® Finvn bi n 
m=l 

qlm(1 т-1)/2 + 1 т Л т 

EE(t,z) = (q-q-1) 
lez? 

b{w{{t, z)Ev{ G T(z) ® (Vi ® ... ® Vn) 
£-1 

Here E is a generator of Uq{sl2) acting in V\ ® ... ® Vn . 
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By the definition of the tensor coordinates B\&(z), cf. (4.1), and the map 
I(z), the claim of Lemma 5.16 is equivalent to the following statement: 

I(W,BE) = 0. 

Let e(ra) = (0, . . . , 1 , . . . , 0), ra = 1, . . . , n. Since 
m-th 

(q-q-1)^Ev1 
n 

m=l 

íJ-rn _ Q-[rn\ í 2Am-ím+l _ -2Am + lm-l\ 

l<Z<m 
qAi-h 

m<Ẑ n 
q-Ai + h vl-t(m)^ 

and recalling that 77 = q2 , £m = g2Am , ra = 1,. . . , n, we obtain 

BE = -q 
i-i- n 

m = l 
Am 

162," 

n 

m=l 
Wl+.(m)(l-»?U+1)(em-Vmem1) 

1<1<т 
тГ1'6 b{vl 

Therefore, BE G T (̂̂ ) ® (Vi ® ... (8) Vrn)̂ _1, see Lemma 2.23, and applying 
Lemma 5.7 we complete the proof. • 

Our further strategy is as follows. First we prove Theorem 6.6 which, to­
gether with formula (5.13), implies Theorem 6.2. Using Theorem 6.2 we prove 
that the hypergeometric pairing is nondegenerate, cf. Theorems 5.9-5.11. 
At last, we prove Theorems 5.26, 5.28. 
Proof of Theorem 6.6. To simplify notations we give a proof only for the 
case k = n, so that nm = m, ra = 1, . . . , n . The general case is similar. 

Let wffi G ^[zm^m'J] and wffi[a] G TeVL\ot\ zm;£m;/] be the following 
functions: 

(7.10) w m 
[1 И tl.Zm.) 

I 

s=l 

l-r, 
1 -77s o-es' 

i 

o=l 

ta 
ta £>m Zm O 

w. m 
I a t\^ • • • 5 tl-) Zm 

I 

S = l 

0(77) 
0(rìs) 

a€Sl 

I 

a=l 

e,2a-l-la-lta/Zm) 
шшшш a 
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cf. (2.20), (2.30). We have the equalities 

W[ w l l1 w n 
In and Wi W l 

ii «i,i W n 
in «1,71 

where Kiim K, 
1̂ г<га 

r,-{% 
т<г^.п 

n11 fr1 Therefore, we have to study the 

asymptotics of the hypergeometric integrals I(W[,wm). 
Consider the hypergeometric integral I(Wi,wm). Due to property (2.7) all 

the terms in formula (2.30) for the function W\ give the same contribution to 
the integral. So we can replace the integrand $(£) wm(t) W\{t) by the following 
integrand 

F(t) = £\ wm(t) 
l<a<b<£ 

(Vta/tb)oo 
(̂ -1*o/*6)oo 

71 

m=l 

Im 

S = l 

dir,) 
e(vs) aETm 

0("[.mW*n) 
(P)OO ijlmkalzm)oo {P£mzm/ta)oo 

1</<га 

(P& *l/*a)oo 
(P&V*a)oo m<l^.n 

(6 Ita/Zl)00 
(&W*0oo 

where rm = {1 + F""1 , . . . , P1} , m = 1,... ,n . 
Assume that 77 > 1 and |£m| < 1 for any m = 1,... , n. If |zm| = 1 for 

all m = 1, . . . , n, then we have 

JW,ti;m) 

je 

F(t) (dt/tY 

The analytic continuation of I(W{, wm) to the region \z\\ < ... < \zn\ is given 
by 

IWuwm) 

T̂1 x...xTin 

F i (dt/t)1 

where 

11 ra {(*l + rm-i,...,i[m) G CU I |ia| = |zm|> r - ^ a ^ T } 

since the integrand has no poles at the hyperplanes ta = p~s^f1zi, 5 G Z, for 
[ra-i < 0 <lm, m > l, has no poles at the hyperplanes ta = ps£izi, s G Z, 
for [m_1 < a < lm, ra < /, and has no poles at the hyperplanes ta = ps^^, 
5 G Z, for a > b. 
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Let z tends to limit in the asymptotic zone, z =4 A, that is 

\zm/zm+i\ —• 0 for all ra = l , . . . , n - 1 . 

Consider the case [ = m. Transform the hypergeometric integral I(W{,w{) 
as above and replace the integrand by its asymptotics as z =4 A. Since 

(7.11) wiíti,...,**) 
l̂ Z<m n̂ 

Am 
n 

771=1 
W 771 t[m — l-j-lj • • • 5 o 1 

as z =4 A and £ G T l T In 71 we obtain that 

I(Wuwi) £\ 
71 

771=1 

I m 

S = l 

077 
0(77«) 

Tm1 

w 771 
I m £[m-l+1, . . . ,£[m 

a G Г™ 
£mta/Zm)oo (p£mZm/ta)oo -1 

6<a 
ьеГт 

(*7V*a)oo 
(í7_1ífe/ía)on 

dta 
ta 

1 + 0(1) 

as z =4 A. Due to (2.7) the integrals over Timm are the hypergeometric in­
tegrals -ir(W^m)[/q,m])w^n )̂ up to simple factors. Hence, we finally obtain 
that 

I{Wuw{) 
£\ 

ti!...tn! 
l̂ Z<77l̂ n 

$1 
71 

m=l 
I(W ra 

I m «1,771 W m 
, Im o(l) 

The hypergeometric integral J(Wi,wm) for [ ^ m can be treated similarly to 
the hypergeometric integral I(W[,W[) considered above. The final answer is 

I(Wuwm) 0(1) for i « n i , 

I(Wuwm) o(l) otherwise 

which completes the proof if rj > 1 and |£m| < 1 , m = l , . . . , n . 

For general £1,..., £n and r? the proof is similar. The analytic continuation 
of I(W[,wm) to the region \z\ \ <C . . . <C \zn\ is given by 

I(Wuwm) 

Ti1 x...xTin 

F(t) dlt 
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where Tjjj1 is the respective deformation of T[™ . On every contour Timm the 
quantities ta/zm remain bounded and separated from zero as z tends to limit, 
z =t A, for all a such that [m_1 < a ^ V71, and the rest of the proof remains 
the same as before. 

Theorem 6.6 is proved. • 

(7.12) Theorem. Let the parameters £i , . . . ,£n obey condition (2.14). Then 
for any permutation r G Sn the hypergeometric integral I(Wf, wm) has the 
following asymptotics as z tends to limit in the asymptotic zone, z =3 Ar , so 
that at any moment assumption (2.15) holds: 

I(WLwm) 

l! 
li!...ín! 

1^1 <m 
Cri<CTm 

ûlm 

l^Km 
<7l>Crm 

ч s/ 
n 

ra=l 
I{W m 

im .лГ,т] w m O(l) 

I(W[,wm) 0(1) for rKTm 

I(W?,wm) o(l) otherwise 

Here (7 — T 1, the functions w m 
im and W m 

lm KTrrA are denned by formulae 
(7.10) I — (ITI ч • ' • Лтп, ESQ 4 m — ^ 

1̂ 0-i<<7rr 
v~4, 

Ут<^1^Г1 
Г7ЧГ1 

The proof is similar to the proof of Theorem 6.6. 
Proof of Theorem 6.2. The statement follows from Theorem 7.12 and for­
mula (5.13). • 
Proof of Theorem 5.9. Since both sides of formula (5.9) are analytic func­
tions of £i , . . . , £n and 77, it suffices to prove the formula under the assumption 
that M > 1 and |fm| < 1 , m = 1,... ,n . 

Denote by F(z) the determinant det [l(Wt, wm)] { meZn and by G(z) the 
right hand side of formula (5.9). Let Y| be an adjusting factor for the elliptic 
weight function W\ and a[?m be the corresponding multipliers defined by 
formulae (2.32). 

Since for every I E Znl the section ^Y{WX is a (Vi ® .. . ® Vn)£-valued 
solution of the qKZ equation, F(z) solves the following system of difference 
equations: 

F(z1,...,pzm,...,zn) det Km(zuzn) 
lez? 

(*rmF(z1,...,zn). 
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Here detKm(z) stands for the determinant of the operator Km(z) (3.12) 
acting in the weight subspace (Vi ® . • • ® Vn)£ . Using either formula (3.7) or 
Theorem A.7 we see that 

(£) 
det Km(zuzn) 

lez? 
ai,m 

£-1 

s=0 l<l<m 

PZm - V4l 1£m1Zl 

PZm -V~S£lÂmZl m<l^.n 

Zi - TI titmZm 
Zl - 1131, Em. Zm 

n+£-s-2 
n-l 

Therefore, the ratio F(z)/G(z) is ap-periodic function of each of the variables 
Zl 5 • • • 5 Zn '. 

F 
G Zl ? • • • 5 PZm 5 • • • ? Zn 

F 
G Zl5 • • • 5 Zn 

Theorem 6.6 implies that the ratio F(z)/G(z) tends to 1 as z tends to limit 
in the asymptotic zone, z =4 A. Hence, this ratio equals 1 identically, which 
completes the proof of the determinant formula. 

Let functions G[, I G Z™ , be defined by formula (B.3). They form a basis 
in the elliptic hypergeometric space of the fiber J^u(z). Using Theorem B.8 
we have that 

det[l(Guwmj\ i,mez? 
77-1 2m £ n+e-i 

n-l l! 
n+e-r 
n-l V —n n+t-V 

71+1 

71 

771=1 
Zm 
(n—m) n+£-V 

71 
£-1 

S=0 

( r1)"(T+M«-1IIU )oo(P7 ,+W«n6»)oo 
(„-.-1 n p 2n-l Пп-«£2m)oo 

l̂ Z<77l̂ 7l P oo V~SÙ^mZl/Zm oo PV'^l^mZm/Zl)^ 

n+£-s-2 
71-1 

where 3 is the constant given in Theorem B.8. Under the assumptions of 
Theorem 5.9 we have that det j/(£n, wm)] { meZn ̂  0 which means that the 
hypergeometric pairing I: Telx{z) <g> T{z) —> C is nondegenerate. Theorem 5.9 
is proved. • 

Proof of Theorem 5.10. Since both sides of formula (5.9) are analytic func­
tions of £ i , . . . , £n and rj, it suffices to prove the formula under the assumption 
that \rj\ > 1 and |£m| < 1 , ra = 1,... ,n . 
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Consider the determinant det [/(W[,u;m)] 
l,m E Zm as a function of K and 

denote it by Detfai). Set e = (l - KT1^1"1 n 

771=1 
Cm We will show that 

(7.13) Det(K'J) 
£-1 

s=0 

2m e £ 

1 - r?-s£í 
1-^7 

l - ^ + i 
0(7?) 

eina+í) 

n+e-s-3 
n-2 

Det(r)-£ n 

771=1 
Em;l-l)det[l(W^ti;m)l l,m E Znl 

ï1=mi=0 
+ 0(1)) 

n 
as e —> 0, that is K —> r/1-^ Cm • This equality and the determinant formula 

m=l 
(5.9) imply the determinant formula (5.10). 

Let e(m) = (0, . . . , 1 , . . . , 0), m = 1, . . . , n. Introduce a new basis w[, 
m-th 

I G -2", of the trigonometric hypergeometric space of a fiber by the rule: 
w[ = w{ for li = 0 and 

tt^ = «;I(l-»/Il)(l-»?1-11^) 

n 

m=2 
^ï-e(l)+e(m) 1 - 77U+1 Cm 7̂ mCm 

l̂ Ẑ m 
гГ"£/ 

for [i > 0. We have that 

Det(K'J) 
£-1 

5=0 
((l-r,a+1)(l-V-'&)) 

'n+£-s-& 
n-2 det[l(Wuw'J l,m E Z nl. 

The main property of the new basis follows from Lemma 5.7. Namely, we have 
that I(W[,wm) = 0(e) as e —• 0, if either li > 0 or mi > 0. Therefore, 

det[I(Wuw'J] 
i,mez? 

det[l(Wuwm)] 
i.mez? 
l1=mi=0 

detfJ(Wr,ti;L)" i,mez? 
Ci>0,mi>0 

ole 
n+£-2 
n-l 
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If mi > 0, then by Lemmas 2.23 and A.5 

Wm(ti,...,t¿) 

e 
l 

a=l 
Wm-e(l)(*2, ...,**) (l,a) (1 -6 ) 

l 

a=l 
Da и>т-е(1НЬ2> • • • , H) (l,o) 

where (l,a) G are transpositions. Then using Lemma 7.7 we see that 
I{Wuw'J = eI(Wuw''m-e(1)) where 

(7.14) гМ*1,...,Ы 
l 

a=l 
wn{t2, ...,U) (l,a) U G 2 n l-1 

The next step is to calculate the hypergeometric integral I(Wuwm-t(i)) 
n 

at K = r)1"^ Yl Cm • We will indicate explicitly the dependence of the ellip-
m=l 

tic weight functions on K . Namely, the elliptic weight function W\ [K] is an 
n 

element of the elliptic hypergeometric space of a fiber J~U[K, ^m](z) • 
m=l 

If [1 > 0, then 
WW n 

m=l 
£т](*Ъ •••>*€) 

ем 
0(r?'1) a E Sl 

vVi_.m V * 
n 

m=l 
Cm] (¿2, • • • 

a 

and due to formula (2.7) we have that 

UWÁTÍ1-1 n 

m=l 
Em],w''m) l 

ем 
em 

it 
*(*!,..., tt)wl (¿1,. . . , i*) W,_e(i) [ff1 

n 

m—1 
Cm](t2,...,^) (<tt/t)' 

because the torus Tl is invariant under permutations of the variables t\,..., 
tt. Substitute formula (7.14) into the above integral. Similar to the proof of 
the second claim of Lemma 5.7 we obtain that 

Tl 

Ф(<1,...,Ы tüm_em(*2,...,*£) (l,a) ̂ - e ( l ) [ ^ 
n 

m=l 
Cm](t2,...,^)(dt/t)l 

27TÌ ^la^W-e(l)^m-e(l)) • 
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Hence, 

iiwW[n1-l n 
m=l 

€m], ^m-e(l) 2m £ ем 
9пЧ J(Wi_e(1) »г ' n 

m=l 
Cm], ^m-e(l)) 

and finally 

d e t [ / ( ^ , O l i,mezv-
[i>0,mi>0 

1-1 

s=0 

2me£e(ri) 
в(п*+1) 

n+£-s-3' 
n-2 

Det(n~* n 

771=1 
Cm \£ 1 > o l 

as £ —> 0. Formula (7.13) is proved. 

The rest of the proof is similar to the end of the proof of Theorem 5.9. 
Consider the space Feu[kE1;z2,... , zn\^2, • • • ,£>n'A](z) • It has a basis given by 
functions G{(t), ( G Zn-1l defined similarly to formula (B.3). Set 

G\(t) = G,(t) 
l 

a=l 

0(6 V* l ) 
eiert* zi) 

l G Z;-1 

The functions WI[K] such that li = 0, I G -2", axe linear combinations of the 
functions G'm, m G -Z"-1. Formula 5.10 and Theorem B.8 imply that 

det [I(G[, W(0,m))] mE Zn-1l 

A"(27r»6) 
'n+̂ -2̂  

n-2 ¿1 
<n+̂ -2' 

n-2 —n n+̂ -2̂  
n 

n 

m=2 
Zm 
(n—m) <n+£-2 

n-l 

€-1 

s=0 

77-1 n-l 
OO PN l +2-2£ Sm oo NsE-z1 

oo 
N-1-s n-l 

/oo 
P |2n-3 

'OO l<m<n 
rj~s :2 

m oo 

n 

771=2 

yCl Cm^lMOoo 
W"SClCm l̂/̂ m) oo 

2̂ /<m^n (P)oo (V~SÙÇmZl/Zm)oo (W~SCj Cm W^Joo 

'71+̂ -3-3' 
n-2 

where If (P)°° n(n-2) 
n-2 

m=l 

g27rim/(n—1) 2 
(̂e27rtm/(n-l)) 

n—m—1 n+ -̂2' 
n-l 
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Under the assumptions of Theorem 5.10 we have that 

det [J(G{,w(0,m)) l,m E Zn-1l 0 

which means that the hypergeometric pairing 

/ : %u(z)/Q(z) ® T(z)/K(z) - C 

is nondegenerate. Theorem 5.10 is proved. • 
Proof of Theorem 5.11. The proof is similar to the proof of Theorem 5.10. 

• 
Proof of Theorem 5.26. Under assumptions of the theorem, for any K in 

n 
the puctured neighbourhood of r)1~£ Yl VAm the assumptions of Theorem 5.25 

771=1 
are valid. Therefore, the hypergeometric map IT,Tr(z) is well defined and 
nondegenerate for any such K , 

Introduce a matrix X by the rule: 

IT9T'(Z)V К: ® . . . <g> v lr'n 
mEZnl 

Xlm Fm-i vTl <g>... ® Fm^ vTn lEZnl 

n 
We have to show that the matrix X has a finite limit as K —TJ1~£ Yl VArn 
and l imde tX^O. 171=1 

Consider the hypergeometric integral I(W[ , w^). It is a holomorphic func­
tion of n since the corresponding integrand is a holomorphic function of K and 
the integration is over a compact contour. Hence, Lemmas 5.7 and 2.38 imply 

n —i / n 
that (ft — r]l~£ n VArn) , w^) has a finite limit as K, —• r/1-^ n VArn 

771=1 771=1 
if li > 0. Therefore, the entries X[m with l\ > 0 have finite limits and the 

n 
entries X\m with l\ = 0 are regular at K — r]L~i Yl VArn • That is the matrix 

71 771=1 
X has a finite limit as K —> r]1~£ Yl 7?Am • 

771=1 
The explicit formula for the determinant det X for general n can be easily 

obtained using Theorems 5.9, A.7, B.8, formula (4.9) and the definition of the 
hypergeometric map JTjT/ (z). It follows from the obtained expression that 
under the assumptions of Theorem 5.26 the limit of the determinant det X as 

71 
K —> 771-̂  Yl VArn is n°t equal to zero. The theorem is proved. • 

771=1 
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Proof of Theorem 5.28. The proof is similar to the proof of Theorem 5.26. 
• 

Proof of Theorem 5.31. Without loss of generality we can assume that the 
adjusting map YT (z) analytically depends on K. Hence, the same do the 
section ^JJyr'. The qKZ operators analytically depend on n as well. 

For general K, the section $Jyr' solves the qKZ equation with values in 
(VTl ®. . . <g> VTn)£ due to Corollary 5.19. For special values of K : 

к = ri1-* n 
m=l 

7?Am and — 1 £—1 K = p T] n 

771 = 1 
ri m, 

the qKZ equation remains valid by the analytic continuation. 
Theorems 5.25, 5.26 and 5.28 imply that under the assumptions of each 

of Theorems 5.9-5.11 the sections \I/T ? v £ (VIe, ® .. . (8) V5 )ff, span the 
v,YT v Ti Tn/t 

space of solutions of the qKZ equation over the field of p-periodic functions 
(quasiconstants). Theorem 5.31 is proved. • 
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A . B a s i c f a c t s a b o u t 

the trigonometric hypergeometric space 

Let T = T\z\,..., zn; £ 1 , . . . , £n; * J be the trigonometric hypergeometric 
space. 

By construction, the trigonometric hypergeometric space of a fiber has the 
same dimension as the space of symmetric polynomials in £ variables of degree 
less than n in each of the variables, tha t is 

W(i)(tiW(i)(ti n + Z-1 

n-1 . 

( A . l ) L e m m a . For any I E Z™ the trigonometric weight function w\ is in 
the trigonometric hypergeometric space T. 

Proof. It is clear from definiton (2.20) tha t the function wi(t, z) has the form 

Q(ti,... ,ti,zi,... ,zn) 
d 

a=l 
d 

n 

m=l 

£ 

a=l 

1 

ta sra Zm l<a<b<£ 

1 

Vta - h 

where Q is a polynomial which has degree less than n + £ — 1 in each of 
the variablest1,....,tl Furthermore, by construction the function W[ as 
a function of ¿ 1 , . . . , ^ is invariant with respect to the action (2.9) of the 
symmetric group S^, which means tha t the polynomial Q is skewsymmetric 
with respect to the variables U,..., to. Hence, the polynomial Q is divisible 

by 
l^a<b^£ 

(ta-th) and the ratio is a polynomial which is symmetric in variables 

¿ 1 , . . . , ta and has degree less than n in each of the variables t i , . . . , U ; tha t 
is the function w\ is in the trigonometric hypergeometric space. • 

(A .2 ) Corollary. Let n = 1. Then 

W(i)(tiJ...iti,Z1) = 
£ 

a=l 

ta 

ta - ClZl l<a<b<t 

ta — tb 

Vta - h . 

Proof. Denote by / ( t , z i ) the ratio 

wmfazi) 
£ 

a=l 

ta. 

ta - t\Z\ l^a<b^£ 

ta — h 

Vta - h 

-1 
. 
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Since for n = 1 the trigonometric hypergeometric space of a fiber is one-
dimensional, f(t,zi) does not depend on t. Let t* =(t1 ^7—1*i,. • • ,771-^i) • 
Only the term corresponding to the identity permutation in the right hand 
side of (2.20) contributes to w(t*, z\) and by a straightforward calculation we 
get f(t*,z1) = 1. 

(A .3 ) L e m m a . Let n = 1 . Then 

( i - î / W - ' f c - É r 1 ) ta Cm Zmta Cm Zm 

= 1 - 1 7 
d 

a=l 

çi*l - *1 
ta Cm Zm 

f 

6=2 

T] 1ti - tb 

ta Cm Zm 
- 1 ta Cm Zmta Cm Zmv 

(l,a) 7 

ta Cm Zm ta Cm Zmta Cm Zm (¿1,.. .,t£,Zi) = 

= 1 - 1 7 

x 

a=l 

ta Cm Zm 

ta Cm Zm 

x 

b=2 

*1 - ^ 6 

*1 - V'^b 
- 1 xvcvbfdgh*1 wxvvv(*2, • • • 

(l,a) ; 

ffere ( l , a ) G sl are transpositions. 

Proof. Similar to the proof of Lemma A. l one can show tha t the right hand 
sides of the both above formulae are elements of the trigonometric hyper­
geometric space. The rest of the proof is similar to the proof of Corollary A.2. 

( A . 4 ) L e m m a . Let n = 1 . Then 

W(0 (*!>•••>**> *i ) = 
<rese 

d 

a=l 

d 

ta - rjta-1 I cr 

Here to — rj 1£iZi . 

Proof. The right hand side of the above formula is an element of the trigono­
metric hypergeometric space. Comparing residues of both sides at t = e1z1, 
...,71n-l ÇiZij completes the proof. 

Proof of Lemma 2.21. Let Sl1 x . . . x Slfl C sl be the subgroup of permu­
tations preserving the subsets Tm = {1 + lm_1 , . . . , Im} , m = 1 , . . . , n . The 
coset space S£/(S[l x . . . x S[n) is in one-to-one correspondence with the set of 
all n-tuples r i , . . . , Tn of disjoint subsets of {].,...,<£} such tha t rm has lm 
elements. Namely, a permutation a £ S£ corresponds to an n-tuple t r (r i ) , 

ta Cm Zm and the n-tuple depends only on the coset or the permutat ion a. 
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Perform the summation in the right hand side of formulae (2.20) in two 
steps. First take a sum over the subgroup S*1 x . . . x Siri. This can be 
done explicitly using Corollary A.2. The remaining sum over the coset space 
S^/ (S [ l x . . . x Siri) is equivalent to the right hand side of formula (2.21). The 
lemma is proved. 

(A .5 ) L e m m a . For any l G fgggv the following relations hold: 

n 

m=l 

ta Cm Zm ( 1 _ U + l) ta Cm ZmE-1m 
l̂ Z^ra 

ri-ll£i = 

ta Cm Zm 
£ 

a=l 

n 

m=l 

Sm4 Z"m 
ta Cm Zm 

£ 

b=2 

ta Cm Zm 

rjti - tb 

- 1 w1(t2 ,v tl 
(l,o) 5 

n 

xvcv 

ta Cm Zm ( l - ^ m + l) ccxta Cm Zm cbvc 
l̂ Z<m 

V ^ r 1 = 

ta Cm Zm 
£ 

a=l 

n 

m=l 

t\ Cm zm 
t\ Cm^m 

£ 

b=2 

*i - Vh 
h - r]~lth 

- 1 ta Cm Zmxccx 
(l,a) 

where ( l , a ) G Sl are transpositions. 

The proof is similar to the proof of Lemma 2.21 using Lemma A.3 instead of 
Corollary A.2. 

For any I G Z? denote by <2r(£i, . . . , tA the following symmetric polyno­
mial: 

(A.6) ta Cxccccm Zm 1 
xvta m Zm 

xccvc 

n 

m=l xcxcc 

j.m—1 

where T m = {1 + lm 1 , . . . , [ m } , m = 1 , . . . , n. Consider a basis in the space 
T(z) given by functions 

ta Cm Zmta Cm.....; tl 
e 

a=l 
ta 

n 

771=1 

x 

a=l 

1 

t a - Cm Z"m l^a<b^£ 

ta — h 

rjta - h 5 

ta Cm Zm 
Define a matrix M(z) by the rule: 

ta Cm Zm 
cxcvc 

Mim(z)gm(t,z), cvvwcvv 
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(A.7 ) T h e o r e m . 

dei M = 
xc 

s=0 ta Cm Zm 
[V zl -ÇlÇmZm) 

n+i-s-2 
n-1 . 

The theorem is equivalent to Lemma 2.2 in [T]. Nevertheless, we give below 
another proof of Theorem A.7 which is similar to the proof of Theorem B.8 
in the elliptic case. 

(A .8 ) Corol lary. Let TZ(z), VJ(z) be the coboundary subspaces. Then 

dim T(z)/n(z) = dim?(z)IK\z) xw 
ta Cm Zm 

n-2 

provided that & ZmZm/zi ^ rf , 1 < I < m < n, for any r = 0 , . . . , £ — 1. 

Proof. Under assumptions of the corollary, both spaces Jr(z)/TZ(z) and 
Jr(z)/TZ/(z) have bases induced by the set {wi(t, z) \ I £ Znl ln = 0} . • 

Proof of Theorem A. 7. For any I G Z? define a symmetric polynomial Prfti, 

..., ti) by the rule: 

(A.9) wifaz) = Pi(tu...,ti) x 

x 
x 

a=l 
ta 

ta Cm Zm 
si 

n 

m=l 

9 

a=l 

1 

ta- Em Cm Zm l^a<b^£ 

ta — tb 
Tita - th . 

Introduce new variables X\,..., xn , yi,..., yn '. 

%m — s m Zm 5 y m — £>m Z"m •> m = 1, . . . , TI. 

Then the polynomial P\(t) has the form: 

Pi{h,...,U) = 
i~i,...,.rn ta Cm Zm 

sfffff 

(ta-Xi) 
ta Cm Zm 

wcxc 

(ta-Vi) 
ta Cm Zm 
aer z ,&er m 

Tjta - h 

ta — h 

where the summation is over all n-tuples / \ , . . . , j T n of disjoint subsets of 
{ 1 , . . . , ^ } such tha t fm has lm elements. 

Define a matr ix N by the rule: 

W) = 
mezp 

NimQm(t), I € 2%. 
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Then the claim of the theorem takes the form 

(A.10) detiV = 
£-1 

5=0 <m) = 0 unless [» 

<m) = 0 unless 
n+£-s-2 

n-1 / 

For l , m G 2 " say tha t I < m if 
m 

i=i 
ccv 

771 

1=1 
mi for any m = 1 , . . . , n — 1 . 

Say tha t I <C m if [ ̂  m and l <Ç m. 

For any x,y eCn and t G Z £ set 

(A.11) <m) = 0 unless [»<m) = 0 unless [» zi<m) = 0 unless [»<m) = 

ta<m) = 0 unless [» 

yA1 = (n51-1y1,n(1-2 ] yi,---,yi,n(2-1 î/2,---,î/2, ••• > 

V" V , .- . ,yn) • 

(A .12 ) L e m m a . Pi(x>m) = 0 unless l < g m . P[(y<m) = 0 unless [ » m . 
Moreover, 

Pi(x>l) = 
n 

771=1 

r —1 

s=0 1̂ /<771 
(t? SXm-yi) 

m<l^n 

(rj 1 SXm - Xi) 
1 

ta Cm Zm 
n 

xwcc 

im-l 

5=0 wccccc 
(VSym-VUyi) 

m<l^.n 

(VSym - Xi) ? 

The proof is straightforward. 

Set D(n,e,s) = 

cvvbvb 
2r^£-\s\-l 

n +£ - \s\ - 2 r - 3 
n-2 . 

(A .13 ) L e m m a . 

det[Pi(x>m)]iimeZln = 

wx 

£-1 

s=0 ym-VUyi) 
(Vi - V sXrn) 

(n+£-s-2> 
n-1 

£-1 

s=l-£ l̂ /<77l̂ 7l 
risxm - Xi) D(n,£,a) 

xx 
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de t [ f l (y«m) ] I Meznl n = V xxcn(n-l)/2-
n+e-r 

n+1 X 

X 
£-1 

wxwx v<m) = 
v<m) =xcc 

wcxcccccn+^-S-^ 
n-1 

1-1 

s=i-e l$CZ<râ n 
(VSym-yi) 

D(n,£,s) 
. 

Proof. Lemma A. 12 implies tha t 

det[P[(wxx>m)l = 
[Eznl, 

P i (x>[) and det [Pi(y<m)J = 
wccc 

Pi(y<l)-

The rest of the proof consists of several applications of identity (G. l ) . 

Consider two more determinants, 

let [Qt(x>m)][mez? and det [Qi(y < m) wvxcvv 

Since 

det[P[(a;>m)] = det N • det [Qi(x>m)] 

and 

det [P[(y<m) = det iV-det[Q[(?/<m)J , 

we have 

det [P[(a;>m)] 

det [Pi(y <m)] 
= 

det [Qi(x>m)J 

det [Qi(y<m)} 1 

and by standard arguments of the separation of variables we obtain tha t 

(A.14) det \Qi(x>m) °,mEznk wx 

w< Crjn(l-n)/2- n+l-1 
n+1 

£-1 

s=l-£ ! l^l<m^.n 
(T]SXm - Xi) 

D(n,£iS) 
5 

det[Qr(y<m)] n = 

= Uri 
n(n-l)/2- (n+£-l 

n+1 
£-1 

s=l-£ l̂ Z<ra^7i 
[V Vm-Vi, 

D(n,£,s) 
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where C is a nonzero constant which does not depend on # 1 , . . . , xn , y i , . . . , 
yn . Formulae (A. 13), (A. 14) imply formula (A. 10) up to a factor: 

(A.15) det AT = C " 1 

i-i 

s=0 v<m) = 
[V Vl - Xm) 

v<m) = 
n-1 . 

To calculate the constant C we consider its dependence on rj. The left 
hand side of formula (A.15) is a polynomial in r) of degree 

n ( n - l ) / 2 - n + Z-1 
n + 1 . 

the same as the double product in the right hand side. Thus, C is a rational 
function in rj with no pole at infinity. Moreover, since C does not depend on 
# 1 , . . . , xn , y i , . . . , yn , it has no zeros as a function of rj. Hence, C does not 
depend on 77 at all. 

Let 77 = 1, x m = # 1 , y m = 0 , m = l , . . . , n , and consider the limit 
#1 —>• 00 . In this limit 

PAt) = (-xi, 
n 

m = l 
(n—m)lrn ( Q ( ( * ) + o ( l ) ) . 

Therefore, C = 1. The theorem is proved. 
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B . Basic facts about 
the elliptic hypergeometr ic space 

Let LJ = exp(27rz/n) all over the appendix. Fix a complex number a 
such that an = p. Let 9(u) = (u,p)00{p/u,p)Q0(p,p)0Q be the Jacobi theta-
function. 

Let A — K 
n 

m.=~\ 
Zm . Fix a complex number C such that en = (-1) n -1 A -1 

Let £[A] be the space of holomorphic functions on Cx such that f(pu) = 
A(-u)-nf(u). It is easy to see that dim £[A] = n, say by Fourier series. Set 

M*) = u i-i 
n 

sdd 

A(-u)-nf(u).ccc I = 1, . . . ,72. 

( B . l ) Lemma. The functions v1 . . . , #n form a basis in the space E [A]. 

Proof. Clearly, i?j G e[A] for any Z = 1 , . . . , n . Moreover, 

A(-u)-nf(u). A(-u)-nf(u). 

that is the functions $ i , . . . , $n are eigenfunctions of the translation operator 
with distinct eigenvalues. Hence, they are linearly independent. • 

Let £e[A] be the space of symmetric functions in variables t i , . . . , tt which 
are holomorphic on Cx£ and have the property 

/ ( t i , . . . , p * a , . . . > < * ) A(-u)-nf(u).A(-u)-nf(u).xv 

In particular, £i[A] = £ [A]. The space £e[A] has dimension 
n + i - 1 

n - 1 
. A 

basis in the space £e[A] is given by functions QiCbi,..., t^ ) , le cvcvv 

(B.2) A(-u)-nf(u). 1 

*!• • • • vn- sdsd 

sn 

sds sdsd 
#rn(taa). 

Here {l + r-1 { l + r - 1 , . . . , ! ™ } , m = 1 , . . . , n . 

Let ^M = ^ [«; z\,..., zn; £ i , . . . , £n; £ ] be the elliptic hypergeometric space. 
The elliptic hypergeometric space J^u (z) of a fiber is isomorphic to the space 
St[A] by definition. Therefore 

dim TAz) 
ii • I 1 

n - 1 . 
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Set 

(B.3) Gi(t,z) {l + r-1{l + r-1 
n 

m=l 

I 

a=l 

1 

0{£>mta/Zm) {l + r-1 

0(ta/tb) 

0(vta/tb) . 

The functions Gx, l G sd 
d 

form a basis in T&ll[z). 

(B . 4 ) Lemma. For any I G Znl and z G Cxn the elliptic weight function 

W[(t, z) is in the elliptic hypergeometric space Jiu(z) of the fiber. 

Proof. It is clear from definiton (2.30) that the function WAt, z) has the form 

Q {l + r-1{l + r-1{l + r-1 
71 

771=1 

i 

a=l 

1 

{l + 1{l + r-1 
l^a<b^£ 

1 

e(r¡ta/tb) 

where Q is a holomorphic function on C x ^ + n ' with the properties 

Q(*i> • • • >P¿a, • • • ,te,zi,... ,zn] = 

{l + r-1 -i-n 
i 

6=1 
{l + r-1 

n 

m=l 
lr-1{lr-1{lr-1Zm{lr-1{ldfzn), 

a = 1 , . . . , l . Furthermore, by construction the function W\ as a function 

of ¿ 1 , . . . ,t£ is invariant with respect to the action (2.29) of the symmetric 

group S^, which means that the holomorphic function Q is skewsymmetric 

with respect to the variables t i , . . . , tp . Hence, the ratio © of the function Q 

and the product 

l^a<6^ 

0{ta/th) is a holomorphic function on Cx^+n) which 

is symmetric in the variables ¿ 1 , . . . , tt and has the properties 

O (t1 ,Pta, . . . , Í£ ,2 i , . . . ,2n) = s d ( - t a ) - " * 
n 

m=l 
0 ( í l , . . .tl, z1 . . . ,Zn) , 

a =1 , .....,l; that is the function Wi is in the elliptic hypergeometric space 

of the fiber. 

(B.5) Corollary. Let n = 1. Then 

WU)(tll...,U,z1) = 
e 

a=l 

{l + r-1xxv 

e ^ h j z , ) 
l<a<b<£ 

0(ta/tb) 

{l + r-1 c 

The proof is similar to the proof of Corollary A.2. 
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(B.6) Lemma. Let n = 1. Then 

W(i)(tu...,tt,z1) x 

£-1 

s=0 

{l + r-{l + r-1 
xc{l + r-1{l + r-1 

X 

{l + r-1 

x 

a=l 

{l + r-1wxxx [a-l-£) {l + r-1wxwx ta-l/ta) 

0(vta-l/ta) cr 

Here to = r] ^1^1 

The proof is similar to the proof of Lemma A.4. 

Proof of Lemma 2.31. The proof is similar to the proof of Lemma 2.21. 

The summation over the subgroup S l l x . . . x S l n c S ^ can be done explicitly 

using Corollary B.5. • 

Let W[, I G Z% , be the elliptic weight functions. Define a matrix Mel1 by 

the rule: 

(B.7) {l + r-{l + 

{l + r-

M c 
Im [z)Gm(t,z), l€2 71 

x 

Set d(n,m,(,,s) = 

{l + r-
i+j<£ 
i-j=s 

m — 1 + % 

m — I 

n — m — 1 + j 

n — m — 1 
c 

(B.8) Theorem. 

det M (z) = S 

£-1 

s=l-£ 

n-1 

771=1 

{l + r-
{l + r-

C1 

m<l^n 
6 

d(nim,£,s 
X 

X 
n 

771=1 

(£771 Zm 
(m—n n+£-l 

n 

£-1 

s=0 L̂ Z<771̂ 71 

{l + r-{l + r-{l + r-
n+£-s-2S 

n-1 

where 

{l + r- (?) 
l-n2 
'oo 

n-1 

771=1 

fl(o;m) 

CJm - 1 

71 — 771 . {l + r-
71 

. 

Proof. For any I G >Z™ define a function J [ ( i i , . . . , t^) by the rule: 

(B.9) {l + r-{l + r-{t1,....tl) 
n 

771=1 

d 

a=l 

1 

$(£m ¿0/zm, {l + r-

0(ta/tb) 

OWa/tb) 5 
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so that Jïlt.z) = 

{l + r-

x ell 
im 

(z)9m(t,z), le 2 n 
x In t roduce n e w variables 

{l + r-{l + r-{l + r-{l + r-yn. 

A = K 
n 

1 = 1 

{l + r- {l + r-{l + r- c c 
x - 1 

{l + r-
m — 1, . . . , n , 

and tor any £ , y G C , I G Z™ , define x > I, y < I b y formulae ( A . l l ) . 

( B . 1 0 ) L e m m a . J\(x>xa) = 0 unless I <g m . J [ (y <im) = 0 unless I » m . 

Moreove r , 

xx{l + r-
n 

m=l 

{l + r-

s=0 

{l + r-{l + r-
1^/<7TI 

{l + r-
{l + r-

r? kXi X 

X 

{l + r-

{l + r-{l + r-

m<l^n 

{l + r-{l + r- . 

{l + r-vcv 
v{l + r-

{l + r-
n 

m=l 

im-l 

s=0 

{ l + r - e i n - ^ A - 1 
l^Z^m 

{l + r-
m<l^n 

{l + r- X 

X 

{l + r-

{l + r-{l + r-

m<l^n 

0(VSym/xi) . 

The proof is straightforward. 

T h e rest o f the p r o o f is similar t o the p r o o f o f Theorem A . 7 . Using 

L e m m a B .10 we calculate the determinants de t [ j [ (# > m ) ] , det [Ji(y < m ) ] , 

cf. L e m m a A . 13. T h e n b y the separat ion of variables we obtain the fo l lowing 

formulae 

( B . l l ) d e t [ 0 [ ( a ; > m ) ] 
{l + r-

xc 
K n(l-n)/2. <n+£-l 

71 + 1 
71 

771 = 1 
( %m) 

(m-1) n+£-1 
71 X 

X 

£-1 

s=0 

xc{l + r- 71 

771 = 1 
#771 

71 + S —T 
n-1 

£-1 

s=l-£ {l + r-

0(rjSXl/Xm) 
D(nAs) 

, 

d e t [ @ c ( y « m ) ] 
i,mez? 

{l + r-{l + r- n+£-l> 
71 + 1 

71 

771 = 1 

(n—m) 
Vm 

n+t-1 
71 X 

X 
£-1 

s=0 

{l + r-x 
71 

771 = 1 
Vm 

71+S-l^ 
71-1 

£-1 

s=l-£ {l + r-
0(risym/yi) 

D(n,^,s) 
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as well as the required formula for det Mell(z) with the constant S replaced by 
K~x. Here functions &\ are given by formula (B.2), K is a nonzero constant 
which does not depend on x\,..., xn , y\,..., yn and 

D(n,e,s) = 

{l + r-
2r^£-\s\-l 

'n + e - \ s \ - 2 r - 3 

n - 2 

To calculate the constant K we consider its dependence on 77. Any of 

formulae ( B . l l ) shows that K is a holomorphic function in 77 on Cx and 

K(prj) = K(rj). Hence, K does not depend on 7? at all. 

Let u> = exp(27rz/n). Take rj = 1, xm = ym = um~1xi, m = 1 , . . . , n . In 

this case we have 

0 [ ( x >m) = Qi(x>m) 
n 

m=l 

X 
1 
1 —m {l + r-

d 

for any I, m G 2™, where the function is defined by (A.6) . Hence, com­
paring formulae (A.14) and ( B . l l ) we find that K — E -1 . In calculations we 
use Lemma B.12 and the equality 

£-1 

s=l-£ 

D(nJ,s) = 
n + e - i 

n 

following from ( G . l ) . The theorem is proved. 

(B.12) Lemma. Let an = p. Then 
n 

1=1 

n 

m=l 

0(alumu) = (pfoo 10(un). 

The proof is straightforward using the definition 6{u) — (u)OO(P/u>)OO(P)OO' 

Proof of Lemma 2.38. We will indicate explicitly the dependence of the 

elliptic weight functions on K. Namely, the elliptic weight function Wi\K] is 

an element of the elliptic hypergeometric space of a fibei {l + r-
x 

771=1 
lm](z). 

Under the assumptions of the lemma, the functions {l + r-
71 

771=1 
Cm] 5 I € -2-™, 

form a basis of the space {l + r-{l + r-{l + r-
71 

771=1 
{l + r-x and the functions 

W i f e " ' 
71 

771=1 
Cm] 5 I ^ ^£-1 5 form a basis of the space {l + r-

71 

771=1 
Em?*-11 (2 ) . 
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Since 
{l + r- n 

711:— 1 
£.m\(tl, . • . ,tp) = 

o 
1 

{l + r-
9M 

9(r,h) 
wcc 

{l + r-{l + r-
n 

m=l 
€ m ] ( * 2 , . . . , * / ) L , 

for any [ G Znl such that li > 0 , the functions W^t?1 1 Yl Cm], li > 0 , 
ra=l 

[ G Znl , form a basis of the boundary subspace Q(z) C £u(z), and the equiv-
n 

alence classes of the functions W[[r?1-^ J] f m ] , li = 0 , I e Znl , form a basis 
of the quotient space {l + r-{l + r-

Recall that the space T&VL\a\ l](z) is naturally isomorphic to the space £i[A] 
of symmetric functions in variables t i , . . . , £/ which are holomorphic on Cx/ 
and have the property 

{l + r-{l + r-{l + r- = A ( - t a ) - / {l + r-{l + r-

where A = a 
n 

m=l 
sd Using this isomorphism we observe that the rank of the 

map 

{l + r- n 

771=1 
£m 5 %1 ? • • • 5 5 {l + r-{l + r-v ee 

wcxc xcc n 

m=l 
£m 5 Z\, . . . , £n 5 b 1 ? • • • > £n 5 ^] 

W(t1,......tl -1 

vcvb 
[ w ( t 2 ) . . . , ^ ) J C T , 

does not depend on £ i , . . . ,£n . Therefore, dim Q(z) = n + £ - 2 
n - 1 

and 

dim FeU(z)/Q(z) = n + l - 2 
n - 2 

provided that rf ^ ps for any r = 2 , . . . , £, 

s G Z . Lemma 2.38 is proved. 

Proof of Lemma 2.39. The proof is similar to the proof of Lemma 2.38. 

Proof of Lemma 2.36. Let f(t) = 
xvxc 

{l + r-{l + r-{l + r- be an element of 

the boundary subspace Q(z). One can see that the term of the sum corre­
sponding to a permutation a does not contribute to Res / ( t ) | t _ >m unless 

{l + r-{l + r- <7mfc+i > 1 , k = 0 , . . . , n — 1. 
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Here xti1 = 
i 

3=1 
; rrij . Since no permutation satisfies above conditions, the first 

claim of the lemma is proved. 

Consider the determinant detlRes G[(t)\t=x Am lr /I,mEznl_crn where functions G[ 

are given by (B.3). Under assumptions of the lemma the first of formulae 

( B . l l ) implies that the determinant as a function of K is not zero for generic 

K and it has a zero ot multiplicity 
n + l - 2 

n - 1 
at K = T) l-e n 

sdq 
Cm • Hence, 

for n = rj1 £ 
n 

m=l 

£m we have 

dim { f E Feu (z) R e s / ( t ) 
t=xD>rri 

{l + r-xvv d n 
d } df 

n + £-2 

n - 1 df 

Let K = ri1 e 
n 

in = I 
£m . We have proved already that 

Q(z) c { f e & ( z ) d f I R e s / ( t ) | 
ft=x>m 

= 0 , meZ?} f 

Since dim Q(z) = 
{l + r-sd 

n - 1 
by Lemma 2.38, the second claim of Lemma 

2.36 is proved. 

Proof of Lemma 2.37. The proof is similar to the proof of Lemma 2.36. 
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C . T h e S h a p o v a l o v pa ir ings o f t h e h y p e r g e o m e t r i c 

s p a c e s o f fibers 

In this appendix we define pairings of the hypergeometric spaces of fibers 
which provides a geometric interpretation for the coefficients cj, cf. (4.9), 
used in the definition of the tensor coordinates on the elliptic hypergeometric 
space of a fiber, see formula (C.5). 

In this appendix we always suppose that assumptions (2.13) - (2.15) hold. 
Set 

(C.l) 0\€mta/Zm)xcv 

dx 
£ 

a=l 
t -1 
a 

n 

m=l 

£ 

a=l 

0\€mta/Zm) 
0\€mta/Zm) l^a<b^£ 

0(vta/tb) 
vOiv^ta/h) . 

Let x > I and y < I, I G if", be the points defined by (2.35). Recall that we 
define the multiple residue Res /(£)|t_t* by formula (2.34). 

Consider the elliptic hypergeometric spaces of a fiber J^u(z) — T&\K\1\{Z) 
and %u(z)=Jb[K-1',e](z). For any functions W 6 £u(z)A and W € T^iz) 
set 

C.2 Sell(W,W) = 
mezp 

Res (Oa (0 W(t)W(t))\ t=x>m 

(C.3) Lemma. For any functions W G Jiu(z) and W G Jitt{z) we have that 

SeU(W,W) = (-1Y 
m€Z? 

Res(neU(t)W(t) W(t))\ 
t=y<m n 

The statement follows from Lemma C.ll . 

The pairing Seu : (z) ® Jiu (2) —• C is called the Shapovalov pairing of 
the elliptic hypergeometric spaces of a fiber. 

We will indicate explicitly the dependence of the elliptic weight functions 
on K . Namely, the elliptic weight function Wtj [K] is an element of the elliptic 
hypergeometric space or a hber Za[K\t](z). 

(C*4) Theorem. Let UJ G Sn be the permutation of the maximal length. Let 
(2.13) - (2.15) hold. Then for any permutation r G Sn and any l,m G Znl we 
have that 

Sell (w T s a/Zm) TTUJ 
m K 1) = 6im e 1 ; 
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Here 6{m is the Kronecker symbol and N[ = NTi(ÇTl, • • • > £rn) wiere T[ = (lTl, 
*2 = r]U3 and 

*2 = r]U3*2 = r]U3 
n 

m=l 

X 

S = l 

9(n) 
x e vsx e vsx e vsx e vs X 

x e vs K-1 

x e vs 
x e vs -1 

x e vs 
x e vsx e vs X 

ft 
x e vs 

x e vs C 
m<l^n 

x e vs 
5 

x e vs 
X 

XX 
9(u)\ 

U=l 
x e vs (P) 3 

CO * 

Proof. For [ , t n G 2 ; say that I <g m if m 

¿=1 
li < 

m 

i=l 
xtii tor any m = 1,..., 

n - 1 . Formulae (2.31) and (2.40) for the elliptic weight functions imply that 

Res a « ( t ) ^ t T W « ) W TUJ 
m 

Cx e vs 
t=x>n 

= o , 

Res(a«(*)W T 
m 

x e vs ra; x e vsx e vs 
x e vs 

= o , 

unless l <|Ç n ^ m, and 

Res (0«( t )W7 [«](*) W X x e vsXCC 
x e vs 

X X X 
X 

Therefore, by formula (C.2) we have that SEU(W[{K},W™[K-i]) = 0, unless 
I <C m and 

x e vs W i x e vs TO; 
C 

x e vs X X r X 

Similarly, by formula (C.3) we have that SAWTH.W^K'1]) = 0, unless 
l > m . The theorem is proved. 

Remark. The coefficients Cj(£i,..., £n) defined by formula (4.9) are inverse to 
the coefficients NAÇi,..., £n) defined in Theorem C.4 up to a common factor. 
Namely, 

(C.5) x e vsx e vsx e vs 
1(1-1)12 Kl 

(p)SSW(£i,.-.,£n) 

n 

CX 
S m * 

The Shapovalov pairing of the trigonometric hypergeometric spaces of a 
fiber is defined similarly to the Shapovalov pairing of the elliptic hypergeomet­
ric spaces of a fiber. Assumptions (2.13) - (2.15) can be replaced by weaker 
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assumptions 

C.6 Zl/Zm ± r = I,...,e, 

d m Zl/Zm ± m = 1,..., n, r = 1-1,...,1-1, 

w ±i w ±1 
m 

Zl/Zm ± rf , l, m = 1, — , n, Z ra, r = l - f , . . . , ^ - l . 

Let 

(C.7) Zl/Zm ± x 
x 

wxx 
t -2 
a 

xT7. 

xm=l 

x 

a=l 

£mZm 
£,mta Zm 

Zl/Zm ± 

Via - h 
ta - r)tb 

For any functions w, w in the trigonometric hypergeometric space of a fiber 
T{z) set 

S(w,w) = ResQ(t)w(t)w(t))\ 

Zl/Zm ± 
t=x>m 

(C.8) Lemma. For any functions w,w G T{z) we have that 

S(w,w) = (- 1)l 
wxxxw 

Res (n(t)w(t)w(t)) 
\t=y<m 

Proof. Due to Lemma 2.22 it suffices to prove the statement if both functions 
w, w are trigonometric weight functions. Moreover, since S(wi,wm) depends 
analytically on parameters rj, £ i , . . . , £n , z\,..., zn , it is enough to prove the 
lemma under the assumptions: \rj\ > 1 and \zm\ = 1, |£m| < 1, m = 1,..., 

n. 

Consider the integral 

xw 

n(t)w(t)w(t) <tt where Tl = (teCe\ |*i I = 1, 

••• , \te\ = l} Similarly to Theorems F.l and F.2 one can show that under 
the above assumptions 

je 

Q(t)w(t)w(t) d£t Zl/Zm ± 
xcccc 

Res (ft(t)w(t)w(t)) 
t=x>m 

and 

xw 

Œt)w(t)w(t) ét = (-2m)e£\ 

xcvvxc 

Res (Q(t)w(t)w(t)) 
t=y<m 

The lemma is proved. 
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(C.9) Theorem. Let u G Sn be the permutation of the maximal length. Let 
assumptions (C.6) hold. Then for any permutation r G Sn and any I, m G Z™ 

we have that 

S(w T 
I 

W m ) = Qm 
n 

sdd 

d 

S = l 

1-7? 

ZM (1 - VS) \€mta\€mta 

where 6[m is the Kronecker symbol. 

The proof is similar to the proof of Theorem C.4. 

The pairing S : T(z) ® T[z) —> C is called the Shapovalov pairing of the 
trigonometric hypergeometric spaces of a fiber. 

The trigonometric Shapovalov pairing S can be considered as a degenera­
tion either of the elliptic Shapovalov pairing SeU or the hypergeometric pairing 
I :£n(z)®F(z) -> C . Namely, let p —* 0 and after that K —> oo. Then in 
this limit we have that 

\€mta\€mta 9{u) ^ 1-u, (P)oo- 1, 

the elliptic weight functions tend to the respective trigonometric weight func­
tions: 

Wi[n](t) Mt) ( - i f 
P. 

a=l 
t -1 
a 

n 

m=l 

sds 

l</<m<n 

s s 
I 5 

K-lWi[K-x){t) wt(t) 

1 $C/<m<Cn 
S m 5 

the function fleU defined in (C.l) and the short phase function $ defined in 
(5.2) turn into the function fi given by (C.7): 

\€mtav\€mta 
s 

a=l 
ta 

s 

m=l 

s s 
m ? \€m \€m „'(*-l)/2 

sd 

a=l 
d 

n 

sdd 

d —I 
m 5 

and both the elliptic Shapovalov pairing and the hypergeometric pairing be­
come the trigonometric Shapovalov pairing: 

\€mta\€mta\€mtavv S(wuwm)(-1)£ 
n 

m=l 

dsd 

\€mta\€ 

s qsddd 
m 

I{Wi[K],wm) \€mta\€mta\€mtav 
n 

m=l 

cxc 

\€mta 
s m * 
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In the rest of the appendix we formulate and prove Lemma C.ll which 
implies Lemma C.3. 

Let UI,...)UK be nonzero complex numbers. Consider a function jP(*i, 
..., tp) which is quasiperiodic with respect to each of the variables £1, . . . , in : 

F(*i , . . . ,pta,... ,*/) \€mta\€mtav\€mta 

and which has the torm 

(CIO) xxx\€mta 
K 

3=1 

t 

a=l 

a 
e(tk/uj) 

w 

a=l 

t 

6=1 
ww 

0(ta/tb) 
0(T)ta/tb) 

where / ( t i , . . . ,tp) is a symmetric holomorphic function on C . We call the 
points t/i,..., Uk the "root" singularities of the function F. 

For any v\€mta 
K 

3 = 1 
lm =l introduce the points u>l, u<l £ Cxè by 

the rule: 

u>l = (ri1'iluu7i2-'il \€mta\€mta u2,...,u2, . . . ,r?1 1 KUK, . . . ,UK) , 

\€mta\€mta\€mta h 2Wl,...,Wi,7/1 2 W2,...,U2, \€mta\€mta 

cf. (2.35). For any i = 1,..., fc let 

2 2 x {i e ZI. I [¿-1-1 = - • • = h = 0, 
x 

3=1 
\€mta 

and 

\€mta { < € Z | 0 I [1 = . . . = I i = 0 , 
wx 

j'=i 
\€mta 

In particular, 2 + 
o q Zk = 0 and 2 q 

q \€mtavvcx k 
20 

k 

3 = 1 
U=t\. 

(C. l l ) Lemma. For any i = 1,..., k we have that 

mez+ 

ResF(i ) | 
t=ut>m 

) ( - i r 
sqsqs 

Res F(t) 
t=u<m ' 

provided that the singularity hyperplanes 

ta — UJ , a = 1,...,^, SQSQSDDD3 = 

\€mta W<WWXXXXXa CVVX 
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have no multiple intersections at the points u>m, m G Zf, and at the points 
u < m, m G Zi . 

Proof. We prove the lemma by induction with respect to £. For £ = 1 the 
statement is standard, which provides the base of induction. 

Let £ > 1. To avoid complicated notations we first give the idea of the 
proof in the general case and then explain technical details for the example 
£ — 3, k — 3, % — 1. 

The function F considered as a function of £2, • • •, U for a fixed t\ has a 
form similar to (C.10) with the "root" singularities at the points r/ti, r/_1ti, 
u\,..., Uk • Using the induction assumption we apply the lemma in this case 
taking in the left hand side of the formula the sum of residues corresponding 
to the "root" singularities U\,... ,Ui, ry_1ti and taking in the right hand side 
of the formula the sum of residues corresponding to the "root" singularities 
i^+i,. . . , Uk, r)t\. To complete the proof we apply the lemma to the function 
of t\ given by the sum of residues in the left hand side of the formula obtained 
at the previous step. 

Consider the example £ — 3, k — 3, % — 1. At the first step we get 

Res (Res F(t) t3=ui' \t2=ri 1u1 + Res ( Res F(t) \€mta\€mta + 

+ Res(ResF( t ) \€mta |t2=77-2ti + 

= Res(ResF(t ) | t3=U-y \t2=T)U<2 •f Res Res Fit) 
t3=U3 t2=rjU3 + 

+ Res (Res F(t)\ 
t3=u3 t2=u2 

+ Res(ResF( t ) | 
t3=u2J 1*2=77*1 + 

+ Res (Res F(t) 
t3=U3' lt2=T?tl 

+ Res (ResF( t ) | 
•3=Vti' lt2=T72*r 

Denote by G(t\) the sum of residues in the left hand side of the above 
formula, or equivalently, the sum of residues in the right hand side of the 
above formula. The function G can have poles only at the following points: 
psrj~rui, psrfu2, psrjrus , r = 0,1,2, s G Z , because at any other point at 
least one of the defining expressions for the function G has no pole. Hence, 
we have that 

W 
2 

s=0 

WXXWRes Iti =77 sui W< 
2 

5=0 
(Res G(t i) | 

|ti=77su2 
4- Res G{h)\ 

tl=T) U3 N 
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Substituting respectively the left (right) hand side definition of the function 
G into the left (right) hand side of the above formula, we obtain that 

+ 

¿3 = u>i 
t2 = rj 1ui 
ti=T] 2Ui 

+ 

t3 = Ui 
¿2 = V~ltl 
ti = ÏJ LUi 

+ 
t3 = TT1*! 
¿2 - V~2h 
h = Ui 

+ 

+ 
t3 = u2 
t2 = r)u2 

*1 = V2U2 
+ 

H = u2 
t2 = T)U2 

*1 = U3 
+ 

t3 = u3 
t2 = r)u3 
tx = u2 

4-
¿3 = u3 
*2 = r]U3 
*2 = r]U3 

4-

•f 
t3 = u3 
t2 = u2 
U = TÌU2 

+ 
t3 = u3 
t2 = u2 
ti = r]u3 

4-
t3 = u2 
t2 = r/*i 
*1 = ^ 2 

+ 

¿3 = u2 
t2 = i7*i 
¿1 = 3̂ 

+ 

4 
t3 = г¿з 
¿2 = 
¿1 = 2̂ 

^ 
*3 = 3̂ 
¿2 = r/*l 
*i = ^ 3 

4-
¿3 = *7*1 
¿2 = V'tl 
ti = u2 

+ 
t3 = rjti 
*2 = V2tl 
ti = г¿з 

where we use the notation 

t3 = c 
U = b 
t\ = a 

= Res (Res ( Res F(t) 
lt3=C t2=b' t\=a 

To complete the proof we have to transform the multiple residues to the 
form (2.34). This is straightforward under the assumptions of the lemma 
because at each step we have to calculate residues only at simple poles and 
the function F is symmetric. The transformation can be done term by term, 
for instance, 

Res ( Res (Res F(t) 
t3=U2 t2=rjti ti=u3 

§ 

= Res (Res (Res F(t) 
t3=u2/ lti=u3y t2=rju3 

. 

= Res (Res (ResF( i ) | 
t3=u3 \t2=rj U3J tl=U2 

The lemma is proved. 
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D. The q-Selberg integral 

In this appendix we give proofs of formulae (5.13) and (D.9). The last for­
mula is equivalent to the formula for the g-Selberg integral, see [AK, Theorem 

3.2]. 
Denote by F ( t i , . . . , ti\ a, 6, c) the integrand of the integral (5.13): 

( D . l ) F(h,... ,t¿;a,b,c) S 

S 

fc=i 

0(ctk) 

tk (atk) oo (&Afe) 

£ 

7=1 

£ 

k=l 
M i 

(ti/**)oo 

(^*j/*fc)oo 
S 

Proof of formula (5 .13) . Consider the integral in the left hand side of 

(5.13) as a function of c and denote it by 5 ( c ) . Let / ( c ) be the ratio of 5 ( c ) 

and the right hand side of formula (5.13). 

The function 5 ( c ) satisfies a difference equation 

(D.2) S(pc) = 5 ( c ) 
e-i 

s=0 

1 — xsa/c 

L — xsbc S 

cf. Corollary D.6. The right hand side of formula (5.13) solves the same 

difference equation with respect to c . Therefore, / ( c ) is a p-periodic function: 

f(pc) = f(c). 

S(c) is a holomorphic function of c on C x , since the integrand F ( t i , . . . , 
t^;a,6, c) is a holomorphic function of c on Cx and the integration contour 
is compact. So, the function / ( c ) is regular in the annulus \pa\ < \c\ < 

of width greater than \p\. Hence, / ( c ) is a holomorphic function of c on C x , 
and therefore, / ( c ) is a constant function. 

We will show that / = 1 by induction with respect to £. We will indicate 
the dependence of £ explicitly, that is 5 ( c ) = Se(c) and f = fe- The trivial 
case £ = 0 provides the base of the induction. 

Formulae (2.30) and (B.5) after a suitable change of notation give the fol­

lowing identity: 

S 

QS 
O(ctk) = 

i 

s=l 

0(x) 

9{xs) 
<rese 

t 

k=i 

<rese<rese<rese 

<rssese 

<rese<rese 

<reseVVV 

Replace the product 
£ 

k=l 
9(ctk) in the integrand F{tu...,tl) by the right 

hand side of the identity. Since the rest of the integrand is a symmetric 

function in £i , . . . t l and the integration contour is invariant with respect to 
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permutations of the variables t i , . . . , tt , we can keep in the sum only the term 
corresponding to the identity permutation and then multiply the result of the 
integration by £\. Therefore, we have that 

St(c) = £\ 
w 

s=l 

0(x) 
6(xs) 

X 

X 

xw 

xw 

k=l 

e(x£-2Mctk) 

tk (atk)^ (b/tk) 
e(x£-2M 

e(x£-2Me(x£-2/ tk )8 

e(x£-2M 
St. 

Let c — px1~£b~1. Then the integrand of the above integral is regular in 
the punctured disk 0 < |*i| < 1 and has a simple pole at t\ = 0. Perfoming 
the integration with respect to t\ we obtain 

e(x£-2Mvvxv 2nit(p)00 
9(x) 

xcv 
St-ïipx-'b-1). 

The right hand side of formula (5.13) satisfies the same recurrence relation 
with respect to £. Hence, ft = fe-i, which completes the proof. • 

(D.3) Lemma. Let Xk = 

x 

* i . . .*fcF(ii, . . . , ^ ; a , 6 , c e(x£-2Me(x£-2M 

The following recurrence relation holds: 

Xk = Xk-i 
k(l-xe-k+1) [p — xk 1bc) 

(£-k + l)(l-xk) (px£~ka — c) 5 k — 1,..., £. 

Proof. Consider the integrals 

(D.4) cvvcv 

xc 

(1 -0ti)*2,...,*fc 
IL 

3=2 

Xt\ — tj 
¿1 - tj 

F ( t i , . . . , ^ ; a , ò , c ) dlt, 

k — 1..... £. Notice that the integrands are regular on since F e(x£-2M 
a, 6, c) vanishes at all diagonals t% — tj . 

Replacing; U by U/v in the integrand and using; the explicit formula for 

F (* i , . . . , ^ ; a ,6 , c) we obtain that 

Xk = 

e(x£-2M 

p 1c(b-t1)t2,...,tk 
w 

3=2 

t\ — Xtj 

*1 ~ t3 
F( t i , . . . , ^ ; a ,6 , c)det 
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where Tp — {t\ G C | \ti\—p}. The integrand considered as a function of 
t\ is regular in the annulus p ^ |*i| ^ 1. Therefore, we can replace the 
integration contour Tp x T^_1 in the above integral by Tl without changing 

the integral: 

(D.5) Xk = 

je 

p C(b-*l)*2, - - - , *fc 
e 

3=2 

ti — Xtj 

ti - tj 
F(ti.....te:a.b. c)d£t. 

Since the integration contour Tr is invariant with respect to permutations of 
the variables ¿ 1 , . . . , tt, we can symmetrize the integrands in the formulae for 
X o , . . . , Xn and Xi,...,X£. Then formula (D.4) and the first two identities 
(D.7) imply that 

(l-x)Xk = 
1 - x£-h+1 

e-k + i 
Xk-i -

xe k - x£ 

k 
aXk , k — 1, • • •, £, 

and formula (D.5) and the last two identities (D.7) imply that 

(l-x)Xk = 
xk 1 - x£ 

e-k + i 
p bcXk_i -

l-xk 

k 
P 1cXk, k — 1,..., £, 

because the function F( t i , . . . , ti\ a, 6, c) is symmetric in the variables £ 1 , . . . , 
ti . The rest of the proof is obvious. The lemma is proved. • 

(D.6) Corollary. The difference equation (D.2) holds. 

Proof. The statement is clear since S(c) = X0 and S(c/p) = (-c/pYxt. 

(D.7) Lemma. The following identities hold: 

k(l-x) 

wx<w 
t(Tl . . . tGk 

x 

7=2 

Eteri <wt<jj 
w<xwxx x x£-k-x£) 

wxx 
t(Tl . . . tak , 

(£ - k) (1 - x) 

<rese 
tai •••tGk 

£-1 

3=1 

xtcr1 tfJ-J 

e(x£-2M 
= (1 - xl~k) 

xcwc 
t(T1 • • • tak ? 

k(l-x) 

aese 
ten ' ' ' t<Tk 

£ 

3=2 

t(j1 xta. 

e(x£-2M 
c (l-xk) 

aes* 

tax • • • t(jk , 

(£ - k) (1 - x) 
aCSe 

tai ' ' ' 
£-1 

3=1 

t(Tl Xtfjj 

tax ^aj 
= (xk - Xe) 

aGS* 

tax ' ' ' ĉTfc • 
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Proof. The left hand sides of the above formulae are homogeneous symmetric 
polynomials in the variables ¿1 , . . . , t l of the homogeneous degree k and of 
degree one in each of the variables ¿ 1 , . . . , ti. Hence, they are proportional to 

vwx 
t<ri • • • tak . 

Restrict the polynomials in question to the line tj = xj-1t1, j = i,...,e, 

and use the following identity 

(D.8) 

0<ri<...<rfc<4 

r̂i+...+7-fc _ 
k-1 

s=0 

Xs — X1 
1 -Xs*1 ' 

Then the calculation of the proportionality coefficients is straighforward. Iden­
tity (D.8) can be proved by induction with respect to £. • 

Let 

S(tu...,tt) = 
i 

k=l 

[ptk)oo 

(ûrf*)oo 
e(x£-2M 

e(x£-2M [PX ̂ k/trfoo 
(Xtk/tj)^ 

(D.9) Theorem. Let \u\ < min (1, K " 1 ! ) . Then 

s 

k=i 

oo 

rk=0 
U 

s 

i=l 
(l-i+i)n 

X 
d 

f 

1=1 
(i-l)(£-i+l)n 

S(pr\pr^x,..., pri+...+r*x/-l) d 

sd 
i-1 

s=0 

(g)oo (xSau)oo (P)oo 
(^S+1)oo(^S«)oc(^"^)oo 

provided the parameters a and x are such that all the terms of the sum are 
regular. 

Proof The sum in the left hand side of the formula is absolutely convergent 
and, hence, defines an analytic function of the parameters a, u, x. Therefore, 
it suffices to prove the formula under the assumption |a| < 1, |x| < 1. 

Under this assumption formula (D.9) follows from formula (5.13) and 
Lemma D.10, since the sum in formula (D.9) is proportional term by term 
to the sum in formula (D.10) if we identify a = ab, u = pb~1c~1 and the 

proportionality coefficient equals 
£-1 

s=Q 
((p)2J0(x-*u)). 
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(D.10) Lemma. Let lai < 1, |6| < 1, \x\ < 1 and ix^bc] > \p\. Then 

ds 

F(* i , . . . , *£ ;a ,6 , c)dH = (2m)1 il x 

x 
t 

k=i 

CO 

rk=0 

Res ( Res ( . . . Res F ( t i , . . . , t £ ; a ,6 , c ) | 
te=pr'xte-i 

c;;;;;) 
xt2=pr2 Xti lti=pr16 

Proof. We begin the proof with the next identity which follows from formulae 

(B.5), (B.6) after a suitable change of notations: 

£ 

k=i 

0{ctk) 

0(tk/b) 
x 

£-1 

s=0 

6(pxsbc) 

e(x*(s-t)(bc)s-t) 
X 

X 

wcc 

£ 

k=l 

Q(xl + (k-l)(k-l-£) i b c f - ' - H ^ J t ^ ) e ( x £ - 2 M 

Ofa^/tak) 
l^j<k^£ 

0{xtViltak) 

Oitaó/tak) 

where cfq = 0 . Here and below we set to = x-1b. Using the identity we obtain 

that 

fD . l l ) 

sd 

F ( t i , . . . , ^ ; a , 6 , c) dH = l\ 

je 

F{tu...,u)dlt, 

F(tu...,tl) e(x£-2Mc £ 
co 

£-1 

s=0 

6{pxsbc) 

0(xs(s-£)(bc\s-£\ 
X 

X 
£ 

k=l 

e(x£-2Me(x£-2M ( te )* -1-^- ! /**) [Ptk/b)^ 

9(xtk-1/tk)(atk) 
CO 

X 

X 

e(x£-2M 

e(x£-2Me(x£-2Me(x£-2M 

( * W * j ) o o 

This step is similar to the transformation of the integral in the proof of formula 

(5.13). 
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Suppose that the variables t1, ....., tl are fixed and |£d = 1, k — 1, 
....... l -1 Then poles of the function F(U,..., £/) in the punctured disk 
0 < < 1 form the following set: {prb | r G Z ^ o } • Hence, 

d 

F(tu...,t£)dlt = 

e(x£-2M 

F( tu . . . , t e )d l t + 

+ 2m 
s-l 

r=0 je-i 

Res F{tu...,te) 
t£=prXt£-l 

e(x£-2M 

where Ty = {te G C | |t |̂ = y} , e is an arbitrary positive number between 
\p\ and 1, and the residues are calculated with respect to the variable ti, all 
other variables being fixed. Due to the functional relation 

e(x£-2Me(x£-2M 

F{tu...,tl) 
x 

e(x£-2M 1 — ate 
l - p b - 1 t l 

£-1 

k=l 

(tk -pU){tk - Xtj) 
(tk -tl)(tk -px~HA 

we see that F( (*i, • . . , * * ) - OUx^bc)-8) uniformly at Tl 1 x TpsX€ and 

Res F(tu...,tt) 
t£=prxt£—l 

= 0{ps{x^1bc)-s) 

as s —> oo. Iheretore, 

je 

F(tu...,t£)dlt = 2m 
oo 

sd je-i 

ResF(*i,...,t€) 
te=p xte-i 

de~H. 

Similarly to the previous consideration we transform the integrals in the 
right hand side of the above formula and obtain that 

je 

F(t1,...,U)dlt = (2m)2 x 

x 
oo 

re=0 

oo 

e(x£-2M je-2 

Res(Res F(tu... ,tt)\ 
t£=p txt£ — l t£-1=pr£~1 Xt£-2 

e(x£-2M 
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It is clear that the order of summation is irrelevant. Repeating the procedure 

£ times we get the following formula 

qs 

F ( t u . . . t l ) d l t = 

e(x£-2M 
£ 

k=l 

oo 

ri.=0 

R e s ( R e s ( . . . Res F(ti,...,tl) 
e(x£-2M 

sdd 
\t2=pr"2xt1< sdsdsdds 

which is equivalent to formula (D.10) because of relation ( D . l l ) and the equal­

ity 

Res ( Res ( . . . Res F(t\,..., ti ; a, b, c) I 
t£=pr*xte-i 

d t2=pT2xti ltl=pr16 

= R e s ( R e s ( . . . Res F(tu ... ,U)\ 
te=pT£xte-1 s ) t2—pV2xt\ ds t1 = p 

The lemma is proved. 
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E- T h e multidimensional Askey -Roy formula and 

Askey's conjecture 

In this appendix we give proofs of formula (5.14) and Askey's conjecture 
[As, Conjecture 8], see formula (E.8). 

Proof of formula (5.14). Let n = 2 and K = p - 1 ^ - 1 ^ 1 ^ 1 . Assume 
that parameters £i, £2^15 22 and rj are generic. Consider formula (5.11). It 
takes the form 

(E.l) I(W0,w) = 
£-1 

s=0 

(E.l) I(W0,w) = = = = •2 
2 = 

oo ( f = = 
2 ) 'OC 

1op = -1 
Ü 

p -1 
2 2l/*2)oo 

W — 1 )oo№)ooW"a-p p p 
00 (E.l) I(W0 /¿2)00 

Here and after we use the simplified notations: w0 = w(e,o) > Wfc = W(£-k,k) 5 
fc = 0 , . . . , * , and J denotes the hypergeometric integral (5.1) as usual. 

In the case in question the quotient space £u(z)/Qf(z) is one-dimensional 
and is spanned by the equivalence class of the function Wo , see Lemma 2.39. 
Let y € Cx£ be the following point: 

y = (IT1*!-1*!, (E.l) I(W0,w) =vxvv 

Lemma 2.37 means that for any element W(t) of the elliptic hypergeometric 
space £u(z) of a fiber the function W(t) Wo(y) — Wo(t) W(y) is an element of 
the boundary subspace Q!(z). Therefore, by Lemma 5.8 for any W £ T&VL(z) 

we have that 

(E.2) I(W,w0) = I(W0,w0) 
W(y) 

W0(y) 

Let £ be a nonzero complex number. The next function is an element of 
the space T&VL (z) : 

(E.3) W(h,...,te) = 

p 
e 

a=l 

e(pv1-%b<;-1ta/z1)9(cta/z2) 

ô(C71ta/z1)e(^1ta/z2] (E.l) I(W 

0(tq/tb) 

Kvta/tb) c 

In particular, for Ç — £2 1 we ëe^ the function Wo . 
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Let |*i | = | * 2 | = l , | £ i | < l , | p & | < l and | r ? | > l . Under these assump­

tions for any function W G T&Az) the hypergeometric integral I(W,wn) is 
given by formula (5.3): 

I(W,w0) = 

x 

Q(t)wJt)W(t) (dt/tY. 

Calculating the hypergeometric integral I(W, w0) for a function W of the 
form (E.3) via formulae (E . l ) and (E.2) we obtain formula (5.14) for generic 
values of parameters a, 6, c, a, /3, x up to a change of notations: 

E.4 I(W,w0) = I(W,w0) = c = pz2/C 

I(W,w0) = /3 = p & * 2 , x — r\ 1 . 

Formula (5.14) extends to arbitrary values of parameters a, 6, c, a, /3, x by the 
analytic continuation. 

Formula (5.14) admits the following; modifications. 

(E.5) Lemma. Let \a\ < 1, |6| < 1, |a| < 1, |/3| < 1, \x\ < 1. T i en 

sdd 

ds 

k = l 

0(ptk/c)0 [x abctk) 
I(W,w0) =xcccv № ) o o ( № ) o o № ) o o ( № ) o o l^j<k^£ 

Oitj/tk)^ 
№)oo(№)oo (pxtk/tj)^ 

dh = 

= (2™Y(P) 
£(£-3)/2 

'oc 

£-1 

s=0 

(px)^(xe+s 1aba8) 'CO 0(xsac)0(xsbc) 

(pxs+1)oo ( ^ s « a ) o o 
№)oo(№)oo 

( x S b a ) o o W ) o o 
. 

(E.6) Lemma. Let \a\<l, \b\ < 1, | « | < 1, | / ? | < 1 , Id < 1. Then 

je 

a 

k=i 

o(ptk/c)d ( a r abctk) 

tk (a*fc)oo (btk) («c)oo(№)№)oo(№)oooo i^j<k^e 

Oitklh)^ 
{Xtk/tj)^ cxc№)oo(№)oo dH = 

№)oo(№)oowxx £(£-3)/2 
'oo 

£-1 

s=0 

( p x ) 0 0 ( ^ + s - 1 a 6 a / 9 ) 0 0 0(xsac)0(xsbc) 

lPXS+1)oo(xSaa)oo (xsa/3)00 (xsba) oo (xSb(3)oo 
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Proof of Lemma E.5. Denote by / ( ¿ 1 , . . . , te) the integrand in formula (5.14). 
Then the integrand in the first formula of the lemma equals 

№)oo(№)oo№)oo(№)oo 6(€-l)/2 
oo 

l^j<k^£ 

tj Xt]ç 
tj — tk 

Since the integration contour is invariant with respect to permutations of 
the variables t i , . . . ,tl the first formula follows from formula (5.14) and the 

next identity: 

aese l^j<k^£ 

№)oo(№)oo 

№)oo(№)oo cc 
£ 

xc 

1 -Xs 
l-X . 

The identity is equivalent to Corollary A.2 up to a change of notations. 

The proof of Lemma E.6 is similar. 

Introduce points D S G C , s G Z , by the rule: 

(E.7) vs = Psb for 5 ^ 0 , v8 = V s a for s < 0. 

Set 

A(uu...,u£;x) = 
w< 

k=i 

o(№)oo№)oo(№)oo №)oo(№)oo 

№)oo(№)oo (^fc)oo №)oo(№)oo 

[px luk/uj)00 
(pXUk/Uj)^ . 

(E.8) Theorem. Let m be a nonnegative integer. Then 

e 

k=i rkez 
sgn(rk) A(vri,... ,vre;pm) 

p. 

k=i 
v 2m(£-k) 

x xc 

= tra(S)-(?)G) 
e-i 

s=0 

(Pm+1)oo(Pm(£+s_1 №)oo(№)oo (-ab)msb6{a/b) 
№)oo(№)oovxvvwc (pmsaa)0O (Pms^)cc 

№)oo(№)oo№)oo(№)oovvxd 

provided the parameters a, b, a, /3 are such that all the terms of the sum are 
regular. Here sgn(r) = 1 for r ^ 0, and sgn(r) = — 1 for r < 0. 

Remarie. The above formula was conjectured by Askey [As, Conjecture 8]. 
There is the following correspondence of notations: 

№)oo(№)oo a = — c , b = d, a = -qx/c, (3 = qy/d, m — A:, t = n 
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where notations in the left hand side are from this paper and notations in the 

right hand sides are from [As]. The above formula differs from the conjectured 

formula in [As] by the factor 
ta=tl-l)ltl=ta=tl-l)ltl= 

Remark. After this paper was written we found out that formula (E.8) was 

proved in I El. 

Proof of Theorem E. 8. The sum in the left hand side of the formula is abso­

lutely convergent since 

A ( v r i , . . . , ? ; r £ ; p m ) 

s 

k=i 
v: 

2m(£-k) 

c 
2m(£-k)= 0 ( p | r i | + - + | r £ | ) 

as |ri | + . . . + | | —• o o . Hence, the sum defines an analytic function of the 

parameters a, 6, a, /3. Therefore, it suffices to prove the formula under the 

assumptions |a| < 1, |6| < 1, |a| < 1, |/3 < 1|. 

Consider the integral in the left hand side of formula (E.6) for x — p™ , and 

denote the integrand by / ( t i , . . . , te). The poles of the integrand are located 

at the hyperplanes 

tj = p sa 1 , tj=p-sb~\ tj = psa, tj=psP, 

j = 1 , . . . , ^ , s G Z ^ o Due to Lemma E.6 the formula (E.8) is equivalent to 

the next formula 

(E.9) 

d 

2m(£-k)2m(£-k)2m(£-k)2m(£-k)2m(£-k) 

x 
x 

k=i rkez 

Res ( Res ( . . . Res f(ti,..., ti) 2m(£-k)xcvvv 
t a = t l - l ) l t l = f , - l ' 

since the sum of residues in the right hand side coincides with the sum in 

the left hand side of formula (E.8). Formula (E.9) can be proved by standard 

arguments, cf. definition (E.7) of points vs, s G Z . The theorem is proved. 

Theorem E.8 admits the following generalization. Set 

A(ui.....U£:x) = 

s 

t 

k=i 

2m(£-k)2m(£-k)2m(£-k)vvx 

(<*uk)oo ( ^ f c ) o o 2m(£-k) 

(1-Uk/Uj) (px 1Uk/Uj)OQ 

(xUk/Uj)^ c 
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(E.10) Theorem. Let {px1'1] < 1. Then 

£ 

3=0 

£ 

k=l 

oo 

rk=0 

(-1)J X 

X X 
1 

-1 — 1 
(̂ _i)(£_i+l)ri _ (^_i)(^_j)(i + 2 3 

i-l 
n)/2 l-i-l 

s=0 

0(xi+sa/b] 

9{xi-salb) 
x 

x Â(pria,pri+r2 xa,...,pri+-+r* x3 a,prj+1b,... ,p 2m(£-k)2m(£-k) 2m(£-k)2m(£-k) 

s 
£-1 

s=0 

Woo (X +S" ah<XP) xb9{xsa/b) 

( ^ + i ) o o F ^ ) o o (xsaf3)OQ (xsba) o c W ) o o 

provided the parameters a, 6, a, p, a: are suci tAat all the terms of the sum 
are regular. 

Proof. The proof is similar to the proof of the previous Theorem. The terms 
of the sum behave as 0{{pxl~l)ri+•*'+r£) for n + . . . + rt going to infinity. 
Hence, the sum is absolutely convergent and defines an analytic function of 
the parameters a, 6, a, /3, x. Therefore, it suffices to prove the formula under 
the assumptions |a| < 1, |b| < 1, |a| < 1, |/3 < 1|, \x\ < 1. 

Consider the integral in the left hand side of formula (5.14) and denote 
the integrand by / ( ¿ 1 , . . . , U). The poles of the integrand are located at the 

hyperplanes 

tj = p 8 a 1, tj=P-*b-^ tj = psa, tj=ps(3, 

j =1, ....,l s G Z ^ o , and at the hyperplanes 

tj = psxtk , 2 m ( £ - k ) j , k — 2m(£-k) s G Z^o • 

Moreover, the integrand vanishes at the hyperplanes 

tj =Psh, j,k — 1,..., I, 2m(£-k) 5 e z , 

and it is a symmetric function of the integration variables ¿1,...tl Using 
these properties of the integrand by standard arguments we obtain the follow­
ing formula 
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(E.11) 

s 

f(tu...,ti)(ft = (2m)ee\ x 

x 
£ 

3=0 

£ 

k=l 

oo 

rk=0 

Res ( . . . Res ( Res ( . . . Res , . . . , * * ) | 
t£=p-r*x-1te-i 

2m(£-k)2m(£-k)2m(£-k) 2m(£-k)2m(£-k)2m(£-k) 2m(£-k)2m(£-k) 

Formula (E.l l) is a particular case of formula (F.2). We will give a detailed 
proof of a more general formula in Appendix F. 

Due to formula (5.14) the formula (E.10) is equivalent to formula (E.ll) 
since the sum of residues in the right hand side of formula (E.ll) coisides with 
the sum in the left hand side of formula (E.10). • 
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F . T h e J a c k s o n integrals v i a t h e h y p e r g e o m e t r i c 

in tegra l s 

In this appendix we present two theorems which connect the hypergeometric 
integrals described in this paper with symmetric A-type Jackson integrals. 

Let s = ( s i , . . . , st) be a vector with integer components. For any [ G Znl 
define the points x > (L s), y< (L s) G Cx£ as follows: 

(L s), y< (L s) G Cx£ xcxc (L s), y< (L w 2-ilÌizlì...ìpa^1zu 

ai1+i + ...+«Il + i2 ] (L s), y< (L s 11 + 12 6^2, . . . , 

pS£_in+i+...+s*^ (L s), y< (L P ££nZn)5 

(L s), y< (L s) G Cx£ ,ti-i x -1 
1 

(L s), y< (L s Ii-2 x -1 
1 (L s), y< ( i -1 

1 xx 

3[1+i+...+si1+i2 *7 
xwx x -1 

2 ¿2,• • • , xxvvvv c -1 
z Z2i .•. 5 

pS€_In+i+...+s* [n-l c -1 
c 

n+i+... e -1 
d d 5 

cf. (2.35). In particular, for s = (0, . . . , 0 ) we have # > ( l , s) = x>l and 
y< (I, s ) = y < l . 

Recall, that the short phase function &(t,z) is given by formula (5.2) and 
we define the multiple residue by formula (2.34). Set 

$(t,z) = ^ 1 . . . t 7 1 $ ( t , z ) . 

(F.l) Theorem. Let \pn 
n 

sqdq 
d d ^ ^ m i n C l . ^ l 1 - ' ) . Let (2.13) - (2.15) hold. 

1 hen lor any lunctions w e J-{z) and w e J-eU \z) we have that 

I(W,w) = (2iri)eei 
mez? sdsdd 

Res ($(t)w(t)W(t)) 
t=x>(m,s) 

(F.2) Theorem. Let k 
n 

sdqsd 
U >max (1, r? ' -1) . Let (2.13) - (2.15) hold. 

Then for any functions w 6 T(z) and W € TM (z) we have that 

I(W,w) = (-2m)ee\ 
sdsds sdqdd 

Res ($(t)ttf(t)W(t)) lt=j/<(m,s) ' 
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Proof of Theorem F.l. We prove the theorem assuming that the functions w 
and W are the trigonometric and elliptic weight function, respectively. For 
arbitrary functions w and W the statement holds bv linearitv. 

Let C — max ( M t ï M I p k 
n 

777.= 1 
-l 
w 

, that is 0 < C < 1 under the assump­

tions of the theorem. Using the functional relation 

(F.3) 
(MtïMIpkvv(MtïMIpk W(ti,...,pta,...,te) 

(MtïMIpkxx W(ti,. . . ,fc) . 

= ft 
n 

m=l 

(MtïMIpk 

(MtïMIpk 
a<6^ 

(MtïMIpk 

(MtïMIp 
l<b<a 

(MtïMIpk 

(MtïMIp . 

a = 1,....,l,we estimate the residues: 

Res ($(t)w(t)W(t)) 
t=x>(m,s) 

(MtïMIpk(MtïMIpk 

and obtain that the sum is absolutely convergent. Therefore, the sum defines 
an analytic function of the parameters rj, £ i , . . . , £n , z\,..., zn , and it suffices 
to prove the formula under the assumptions that I77I > 1 and \zm\ = 11 l£™ I < 
1, m = 1,... ,n . 

Under these assumptions the hypergeometric integral I(W, w) is given by 
formula (5.3) and the claim of the theorem is equivalent to Lemma F.4 for 
/ = i . rheorem F.l is proved. 

(F.4) Lemma. Let \q\ > 1 and \&zi\ < l ^ ^ m l for all l,m = l , . . . , n . 

Let \pn n 

ra=l 
s —i 

m 
I < 1. Let (2.13) - (2.15) hold. Let a be a real number such 

that max (l^i^il,.. . ,|̂ n^n|) < a < min (|^ ^ x l , . . . , I ^ ^ n l ) . Then, 

sq 

$(t)w(t)w(t)f(t) (dt/tY = 

= (2m)ee\ 
mezp sEZl>o 

Res($(t)w(t)W(t)f(t))\ 
t=x>(m,s) 

for any symmetric function f(t) regular inside the torus 

Ti = {teCe I |ti| = a, . . . , \tt\ = a}. 
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Proof. We prove the lemma by induction with respect to l the number of 
integrations. 

Notice that the integral does not change if we replace the integration contour 
in the integral by Tai x . . . x Tae, where a i , . . . , at are pairwise distinct real 
numbers close to a. 

Similar to the proof of Theorem F.l we see that the sum of residues is 
absolutely convergent. Hence, the sum defines a holomorphic function of the 
parameters 77, £1, . . . , £n , z\,..., zn , and the same does the integral in the 
left hand side of formula (F.4). Therefore, without loss of generality we can 
assume that all the numbers |psam|, |ps£m2m|, ra = 1,..., n, s E Z^o , are 
pairwise distinct. 

Replace the integration contour in the integral by Teotl x . . . x T£ae for 
real e, so that at e = 1 we have the initial integral. If e is decreasing 
starting from 1, the integral is not changing until the integration contour 
touches one of the hyperplanes where the integrand has a pole. And every 
time when the integration contour crosses the singularity hyperplane we pick 
up the integral of dimension t — 1 of the corresponding residue. Notice that 
during the described deformation the integration contour can touch only the 
singularity hyperplanes of the form ta — ps€mZm , s G Z^o • Finally, for any 
positive integer r we get 

ri 

Q(t)w(t)W(t)f(t) (dt/ty = 

pra 

$(t)w(t)W(t)f(t) (dt/ty + 

+ 2m 
(r) 

Res t -1 
2 

$(t)w(t)w(t)f(t)) 
ta—P £m zm 

{dt/ty-1, 

where each term of the sum ]C(r) corresponds to a passing of the integration 
contour through a singularity hyperplane when e goes from 1 to / . 

Using relation (F.3) it is easy to show that 

p' oc 

9(t)w(t)W(t)f(t) (dt/ty = 0(\pK 
n 

771=1 
C T r ) 

as r —> 00 . Hence, the integral disappears as r —> 00 . 
All integrals of smaller dimension in the sum J2(r) are of the same form as 

the initial integral and can be replaced by the sums of residues according to 
formula (F.4) because of the induction assumption. Since $(i)w(t)W(t) f(t) 
is a symmetric function of t\,..., ti, it is straightforward to show that the 
resulting sum of residues can be transformed to the sum in the right hand side 
of formula (F.4). The lemma is proved. • 
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The proof of Theorem F.2 is similar to the proof of Theorem F.l. 

The sums of residues in formulae (F.l) and (F.2) coincide with symmetric 
A-type Jackson integrals, see for example [AK]. This means that the tran­
sition functions between asymptotic solutions of the qKZ equation coincide 
with the connection matrices for symmetric A-type Jackson integrals. The 
Gauss decomposition of the connection matrices studied in [AK] is related to 
Lemmas B.10 and 7.6 in this paper. 
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G . O n e usefu l ident i ty 

Particular specializations of the following identity: 

(G.l) 
D 

a=0 

j+ a 

J 
sj +k + d 

k 

7 + m — a 

m 
d 

sd 
sqdsqd 

k 
j +k + l + m + l 

j + k + m + 1 5 

are often used in the paper. The identity can be proved by induction with 
respect to I and m. 
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