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RINGS OF SEPARATED POWER SERIES

1. Introduction

Let K be a field, complete with respect to the non-trivial ultrametric absolute
value |- | : K = Ry. By K° denote the valuation ring, by K°° its maximal ideal, and
by K the residue field K° /K°°. Let K' be an algebraically closed field containing K
and consider the polydisc

A = ((KN)°)™ x ((K')*°)".

In 1961, Tate [39] introduced rings T, of analytic functions on the closed polydiscs
Ap, 0. These rings lift the affine algebraic geometry of the field K. In particular, the
Euclidean Division Theorem for K[¢] lifts to a global Weierstrass Division Theorem
for T,,. The basic properties of T, that follow from Weierstrass Division include
Noetherianness, Noether Normalization, unique factorization, and a Nullstellensatz.
These results pave the way for the development of rigid analytic geometry (see [6]
and [10]).

Because in its metric topology K’ is totally disconnected and not locally compact,
to construct rigid analytic spaces one relies on a Grothendieck topology to provide a
suitable framework for sheaf theory. For example, the basic admissible open affinoids
of rigid analytic geometry are obtained by an analytic process analogous to localiza-
tion in algebraic geometry (see [6, Section 7.2.3]). The resulting domains, rational
domains, satisfy a certain universal property (see [6, Section 7.2.2]) and therefore give

a local theory of rigid analytic spaces. The local data are linked together with a no-
tion of admissible open cover and Tate’s Acyclicity Theorem. This makes it possible,
for example, to endow every algebraic variety over K with an analytic structure, that
of a rigid analytic variety.

The representation
Am,n = lm((K")°)™ x (e(K)°)",

€



4 RINGS OF SEPARATED POWER SERIES

where ¢ € (K')°°, yields a ring of analytic functions on A,, , by taking a corre-
sponding inverse limit of Tate rings. This gives the polydisc A, , the structure of
a rigid analytic variety. But its global functions are, in general, unbounded. Even if
one restricts attention to those functions with finite supremum norm, the geometric
behavior can be pathological. For example, let {a;};en C (K')°° be a sequence such
that lim;_, |a;| = 1. Put

flp) = aip'.
Then f converges and has infinitely many zeros on Ag ;. This follows by restricting
to the closed subdiscs € - A; o and applying Weierstrass Preparation.

The rings Sy, n, defined below, represent Noetherian rings (often, K-Banach alge-
bras) of bounded analytic functions on A, ,, with a tractable algebraic and geometric
behavior. We address the issue of the corresponding sheaf theory in [22].

These rings have been used in various contexts. In [16], where the Sy, , were
first defined, they were used to obtain a uniform bound on the number of isolated
points in fibers of affinoid maps. This result was strengthened in [2] to give a uniform
bound on the piece numbers of such fibers. In [11], rings So, were used to lift
the rings K [o] in order to obtain analytic information about local rings of algebraic
varieties over K. In [17] (and later in [21]), the Sy, , were used to provide the
basis for a theory of rigid subanalytic sets; i.e., images of K-analytic maps. This
theory of rigid subanalytic sets was developed considerably further in [21], [19], [18],
[20]. The manuscript [21] (unpublished) contains a quantifier simplification theorem
suitable for the development of a theory of subanalytic sets based on the Tate rings.
That manuscript was produced in 1995, well before the completion of this paper,
and hence it was written to be self contained. As a result the proofs were rather
ad hoc. In the paper [23] we give a smoother and more general treatment of that
quantifier simplification theorem, based on some of the machinery developed in this
paper, specifically the Weierstrass Division and Preparation Theorems (Theorem 2.3.8
and Corollary 2.3.9) and the concept of “generalized ring of fractions” developed in
Section 5.

(The theory of the images of semianalytic sets under proper K-analytic maps
was developed by Schoutens in [32]-[36]. Recently in [12], [37] and [13] Gardener
and Schoutens have given a quantifier elimination in the language of Denef and van
den Dries [9] over the Tate rings T),, using the results of Raynaud-Mehlmann [27],
Berkovich [3], and Hironaka, [15]. The proof of their elimination theorem also depends
on the model completeness result of [21], see [23, Section 4].)

The theory of the rings S,,, was not developed systematically in papers [16],
[17], [18], [19], [20] and [21]. Instead, partial results were proved as needed. The
accumulation of these partial results convinced us that a systematic theory of the rings
Sm,n would be possible and would provide a natural basis for rigid analytic geometry
on the polydiscs Ay, . The theory developed in this paper has been applied in [23]
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1. INTRODUCTION 5

to prove a quantifier elimination theorem which provides the basis for the theory of
rigid subanalytic sets based on the Tate rings, and in [22] which treats the basic sheaf
theory of quasi-affinoid varieties and proves the quasi-affinoid acyclicity theorem. The
theory has also been applied in [31] to yield a global Artin Approximation Theorem
for the pair of rings Hp, n < Sm,n, Where Hy, 5 is the algebraic closure of T,y in
Sm,n- Here the Sy, ,, play the role of a kind of completion of Tate rings.

The goals of this paper are (i) to develop the commutative algebra of the power
series rings Sy, (Section 4) and (ii) to develop the ingredients of sheaf theory for
Sm,n-analytic varieties; in particular to show that rational domains in this setting
(which we term quasi-affinoid) satisfy the same universal property as affinoid rational
domains. This provides a foundation for a relative rigid analytic geometry over open
polydiscs.

In the next few paragraphs we outline the contents of this paper.

In Section 2, we define the rings Sy, , of separated power series, prove that they
are Noetherian and prove two Weierstrass Preparation Theorems as in [16], [17]
and [2], one relative to the variables ranging over closed discs, the other relative
to the variables ranging over open discs. These Weierstrass Preparation Theorems
were crucial in the applications mentioned above. But, because there are two types
of variables, a suitably large collection of Weierstrass automorphisms does not exist.
Thus these Weierstrass Preparation Theorems do not yield Noether Normalization for
quotient rings of the Sy, ,, (see Example 2.3.5), making the basic theory considerably
more difficult to establish than in the affinoid case.

We are interested in studying properties of quotient rings Sy, n/I. In affinoid
geometry, the key technique is Noether Normalization. The difficulties stemming
from the failure of Noether Normalization for S, , are overcome in Section 3 by a
careful analysis of the behavior of restriction maps from A, , to closed subpolydiscs
and to certain disjoint unions of open subpolydiscs.

Section 4 contains the Nullstellensatz and results on flatness, excellence, and unique
factorization. The Nullstellensatz yields a supremum seminorm on the maximal ideal
space of a quasi-affinoid algebra (i.e., a quotient ring of Sy, ).

In Section 5, we relate the behavior of the supremum seminorm to the residue norm
derived from the Gauss norm on Sy, ., patching together uniform data that hold on
affinoid algebras induced by restriction maps. The results are used to show that
K-algebra homomorphisms of quasi-affinoid algebras are continuous, that all residue
norms on a quasi-affinoid algebra are equivalent (i.e., the topology of a quasi-affinoid
algebra is independent of presentation), and that quasi-affinoid rational domains sat-
isfy an appropriate Universal Mapping Property. We prove when Char K = 0, and
in many cases also when Char K = p, that on a reduced quasi-affinoid algebra the
supremum norm and the residue norms are equivalent.
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6 RINGS OF SEPARATED POWER SERIES

Section 6 contains some finiteness theorems, in particular it contains a weak ana-
logue of Zariski’s Main Theorem for quasi-finite maps, which is applied to show that
quasi-affinoid subdomains are finite unions of R-subdomains.

We employ three different sorts of argument in this paper. The first sort of ar-
gument, “slicing”, combines a generalization of the notion of discrete valuation ring
(DVR) and a generalization of the notion of orthonormal basis. Each “level” of a for-
mal power series ring over a DVR projects to a formal power series ring over a field,
whose algebraic properties can often be lifted. Similar arguments were employed in
[14] and in [4]. The second sort of argument exploits the relation between residue
order and restrictions to closed polydiscs. A special case of this type of argument was
used in [5]. To treat the case of a discretely valued ground field we must understand
how generating systems of modules behave under ground field extension. Here we use
the notion of stable fields (see [6]). The third sort of argument uses techniques of
commutative algebra to extract information from completions at maximal ideals.

Following is a telegraphic summary of the principal results of this paper.

Theorem 2.1.3. — If K is algebraic over E then
Smun(E,K) = KéEE(f)[P]I
Corollary 2.2.4. — Sy, ,, is Noetherian.

Theorem 2.3.2 and Corollary 2.3.3. — Weierstrass Division and Preparation Theorems
for S n.

Theorem 2.3.8 and Corollary 2.3.9. — Weierstrass Division and Preparation Theorems
for A(&)[pls-
Theorem 3.1.3. — Submodules of (Smyn)‘ are v-strict. In particular, ideals of Spm n

are strictly closed.

Theorem 3.2.3. — Strictness of a generating system is preserved under restriction to
suitably large rational polydiscs.

Corollary 3.3.2. — For a submodule M C (Sp,n)¢, and € large enough
Le_l(LE(M) “Tinn(e)) = M.

Theorems 3.4.3,3.4.6. — The restriction of a quasi-affinoid algebra to a suitably cho-
sen finite union of open polydiscs is an isometry in residue norms.

Theorem 4.1.1. — The Nullstellensatz for Sp p.

Corollary 4.2.2. — Sy, », is a regular ring of dimension m + n.
Proposition 4.2.3. — If Char K =0, Sy, », is excellent.

Proposition 4.2.5. — S, ,, is often excellent when Char K = p # 0.
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2. RINGS OF SEPARATED POWER SERIES 7

Theorem 4.2.7. — Sy, is a UFD.

Theorem 5.1.5. — For a quasi-affinoid algebra, the ring of power-bounded elements is
integral over the ring of elements of residue norm < 1.

Corollary 5.1.8. — Characterization of power-boundedness, topological nilpotence and
quasi-nilpotence in terms of the supremum seminorm.

Theorem 5.2.3, Corollary 5.2.4. — Quasi-affinoid morphisms are continuous. In par-
ticular all residue norms on a quasi-affinoid algebra are equivalent.

Theorem 5.2.6. — Homomorphism Extension Lemma.

Proposition 5.3.2. — Generalized rings of fractions are well-defined.

Theorem 5.3.5. — Quasi-rational domains satisfy the appropriate universal mapping
property.

Proposition 5.4.3. — Tensor products exist in the category of quasi-affinoid algebras.
Theorems 5.5.3,5.5.4. — In characteristic zero, and often in characteristic p, the

residue norm and the supremum norm of a reduced quasi-affinoid algebra are equiva-
lent.

Theorem 6.1.2. — A quasi-affinoid map that is finite-to-one is piecewise finite.
Theorem 6.2.2. — A quasi-affinoid subdomain is a finite union of R-subdomains.

Corollary 6.2.3. — Quasi-affinoid subdomains are open.

2. Rings of Separated Power Series

In this section, we define the rings Sy, ., = Smn(E, K) of separated power series,
prove that these rings are Noetherian (Corollary 2.2.4) and that they satisfy Weier-
strass Preparation and Division theorems (Corollary 2.3.3 and Theorem 2.3.2), but
not (Example 2.3.5) Noether Normalization.

2.1. Definitions. — Let K be a field, complete with respect to a non-trivial ul-
trametric absolute value |- |: K — Ry, let K° denote the valuation ring of K, let
K°° denote its maximal ideal and let ~: K° — K := K° /K°° denote the canonical
residue epimorphism. Throughout this paper, we will be concerned with power series
whose coefficients lie in certain subrings B of K° called quasi-Noetherian rings.

Let B be a valued subring of K° such that each z € B with || =1 is a unit of B
(such rings are called B-rings.) It follows from the ultrametric inequality that B is
a local ring. The ring B is called quasi-Noetherian iff for each ideal a of B there is
a zero-sequence {z;}ien C a (called a quasi-finite generating system) such that each
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8 RINGS OF SEPARATED POWER SERIES

a € a can be written in the form a = }_ b;z; for some elements b; € B. However, not
i>0
all such sums need belong to a. (See [6, Section 1.8] and [14].)
We will make use of the following properties of quasi-Noetherian rings without
further reference. Clearly, any subring B C K° which is a DVR is quasi-Noetherian,
since it is Noetherian. Let B C K° be quasi-Noetherian. For any zero sequence

{a;}ien C K°, the local ring

A = B[ao,al, .o ’]{Q«GB[ao,aly...]leﬂ:l}

is quasi-Noetherian (|6, Proposition 1.8.2.4]). The completion of B is itself quasi-
Noetherian ([6, Proposition 1.8.2.2]). The value semigroup |B\ {0} C R} \ {0} is
discrete ([6, Corollary 1.8.1.3]). Therefore, there is a sequence {b;};en C B\ {0} with
|B\ {0}| = {|bi|}ienw and 1 = |bg| > |b1]| > - --. The sequence of ideals

Bt={b€B|b|S|b,|},ZEN

is called the natural filtration of B. Note that B; is the unique maximal ideal of
B. By B denote the residue field B /B of B. For i € N, put ]§, = B; / Bi+1; then
B= 1§0 c K. Since B; - B; C B;41, the B-modules Ei can be viewed in a canonical
way as B-vector spaces. Each B vector space B, is finite-dimensional; in fact, this
property characterizes the class of quasi-Noetherian rings ([6, Theorem 1.8.1. 2]) For
1 € N we may identify the B-vector space B; with the B-vector subspace (b !B; )
of K via the map

i : (@ + Bip1) — (b;'a)”

When 7 > 0, this identification of B; with a B-vector subspace of K is not canonical;
it will, however, be used frequently.

Let R be aring and let {ay}xer be an inverse system of ideals of R. When we endow
R with the topology induced by taking {ay}xcs to be a system of neighborhoods of 0,
R is said to be a ring with a linear topology. In this subsection, we will assume that
R is complete and Hausdorff in this linear topology. For example, let R be a subring
of K°; then the topology induced on R by the absolute value |- | is a Hausdorff linear
topology.

Let £ = (&1,--.,&m) be variables. A formal power series Y a,&* with coefficients
in R is called strictly convergent iff {a,},enm is a zero-sequence in R. By R(¢),
we denote the collection of all strictly convergent power series; it is a subring of the
formal power series ring R[€]. The ring R(¢) is complete and Hausdorff in the uniform
topology; i.e., in the linear topology given by the system of ideals {ay - R({)}rer. In
case R = K°, by K(£), we denote the K-algebra K ®g R({) of strictly convergent
power series over K.

Let p = (p1,.-.,pn) be variables. Then

R(&) (o] = R[p[(&)

ASTERISQUE 264



2. RINGS OF SEPARATED POWER SERIES 9

when we endow R[[p]] with the product topology; i.e., the topology induced by the
inverse system of ideals

()¢ + “ - ax, [o]
{ |l§<:dp * }dEN

In case R carries the discrete topology, R{¢) = R[{] and

R[]l = R[pIE)

where R[[p] carries the (p)-adic topology. If R C K° then the absolute value || or
R induces a linear topology, and |-| extends to an R-module norm on R(£) [p]] callec
the Gauss norm, given by

Z f;wgupu
nv

These definitions will be used in Subsection 2.3 where we discuss Weierstrass Divisior.
Theorems.

= sup | fuu| -
pv

Definition 2.1.1. —Fix a complete, quasi-Noetherian subring E C K° and, if Char K =
p > 0, assume in addition that F is a DVR. Let £ = (&1,...,&n) and p = (p1,.- ., Pn)
be variables. We define a K-subalgebra Sy, »(E, K) of K[&, p], called a ring of sepa-
rated power series.

Let B be the family of quasi-Noetherian subrings of K° which consists of all loca
rings of the form

(E[a07 ai,... ]{aGE[ao,a1,...]:|a,|=1}) s

where ~ denotes completion in | - |, and where {a;}ien C K° is a zero-sequence. Then
put

Sm,n = m,n(E»K) = K®K° (lﬂB(g)[[p]]> 3

Be®B
S2n = limg B(&)[4],
BeB
S,‘;zn = K°° ~anyn,
S = lim BIEI[o].
Be®B

For f =" au,&*p” € Sm,n we define the Gauss norm of f by
I £1I == sup |ay,v|-
W,V
Note that Sp, » contains the Tate ring Tmin(K) = K(, p) and Sy, ¢ coincides with

Tn. In case K = Qp, the field of p-adic numbers, we have Sp,n = @ ®2z, Zp(€) [p]],
where Z, denotes the ring of p-adic integers. When K is algebraically closed and E

SOCIETE MATHEMATIQUE DE FRANCE 2000



10 RINGS OF SEPARATED POWER SERIES

isa DVRwith EC K°and E = K , the rings Sy, »(E, K) are the rings defined in
[17]. Following the usage in [17], when E is understood, we may write
K(&) [pl, := Smn(E, K).

(The subscript s stands for “separated”.) In the case that E = K the rings So,, and
their quotient rings are the formal completions considered in [11, Section 2.3.2,], and
used to derive properties of the formal localizations. The description of these rings
given in Definition 2.1.1 is due to Bartenwerfer [2].

The family B, described in Definition 2.1.1, satisfies the following properties, which
we use without further reference.

(a) B forms a direct system under inclusion,
(b) lim B = K°,
BeB
(c) for each B € B and b € B there is some B’ € B with (b~'BN K°) C B,

and
(d) for any B € B and any zero-sequence {a;}ien C K°,
(B[G/O» aty ... ]{aGB[ao,al,...]:la]:l})’\E B.
If EC E' and K C K' then
Smn(E,K) C Smn(E',K'").
If K' is a finite algebraic extension of K then Sy, »(E,K') = K' @k Smn(E, K).
Remark 2.1.2. — The following are easy consequences of the properties of B-rings
(cf. |2] and [17]).
(i) I f=> ayu&tp¥ € Sm,n then
“f” = sup |auul = ma»xlauulv
I™R% v

i.e., the supremum is attained.
(ii) We have the following characterizations of the subring S¢, .., the ideal S2°. , and

m,n’ m,n’

the residue ring gm,n:
S:n,n {f € Sm,n : ”f” < 1}7
Sﬁfm = {fe€Smn:lfll<1}and
Smn = S5 a/5% ..

Asin [6, Corollary 1.5.3.2], the Gauss norm ||-|| is an absolute value on Sy, ,, extending
that on K.

The canonical residue epimorphism ~: K° — K extends to the residue epimor-
phism ~: S5, . — Smm @ Y au€hp — Y a,,E#p". Let I be an ideal of Sy, ., and
put I° := S7, , NI. Since ~: S;, |, — gm,n is surjective, the image of I° under ~ is
an ideal of gm,n, which we denote by I.

ASTERISQUE 264



2. RINGS OF SEPARATED POWER SERIES 11

In general the Sy, n(E K) are not complete in Il - ||. However, for many choices of
E C K they are. When K is algebraic over E we will show that

Sm,n(E’ K) = K®EE(§>I[p]I7

where ®g denotes the complete tensor product of normed E-modules (see [6, Section
2.1.7]). This situation is clarified in the next theorem. Observe that the natural map

o K@pE@O] — KI&p: D ai® fir— > aif;

is injective. Indeed, it is easy to see that the field of fractions Q(E) of E is a flat
E-algebra. Hence, K[¢, p], being a Q(E)-vector space, is also a flat E-algebra. It
now follows from |25, Theorem 7.6], that Kero = (0). The image of ¢ is contained
in Sy, n(E, K). Moreover, since ¢ is contractive, it extends to a map

¢ : K®pE()[p] — K[&, ]

It is not hard to see that the image of & is contained in Sy, »(E, K), when Sp, (E, K)
is complete (see below).

Theorem 2.1.3. — Letn > 0.

(1) Sm n(E,K) is || - ||-complete if, and only if, K has finite transcendence degree
over E. In that case let E' C K° be a finitely generated extension of E such that K
is algebraic over E'. Then

Smn(E, K) = Smn(E',K) = K&p E'(€)[],

where ®p: denotes complete tensor product of normed E'-modules (see [6, Section
2.1.7]). ‘

(ii) There is a quasi-Noetherian ring E', E C E' C K°, such that S, ,(E',K) is
|| - ||-complete (and contains Sy n(E, K)).

(iii) gm,n(E, K) is (p)-adically complete if, and only if, Kisa finitely generated
field extension of E.

(iv) Sp n(E, K) is (p)-adically complete if, and only if, K is a finitely generated
field extension of E and K is discretely valued. (In which case we may take E = K°.)

Proof
(i) Suppose that K has infinite transcendence degree over E. Let t; € K°,i €N,
be such that the #; are algebraically independent over E. Let f; = Z‘;‘;l t{ Pl €801 C
Sm,n (n > 0). Choose a € K°° (i.e., |a| < 1). The series f = Y2, a'fi is Cauchy in
|| || but does not belong to Sy, n- Indeed for any B € B, B is a finitely generated field
extension of E and for i > 1, B is a finite dimensional vector space over B. Hence
f & Bl 5 B
For the converse, assume that K is of finite transcendence degree over E. Note
that if E' € B then Sy n(E,K) = Spmn(E',K). Hence we may assume that K is
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12 RINGS OF SEPARATED POWER SERIES

algebraic over E. Let f; € Sp.n With || fi]| = 0. There are a; € K° with |a;| = || fil
and B € B such that i€ B[], i.e., f; € a;BD(€)[p]. Let

B® =B 5BY 5

be the natural filtration of B®. Since K is algebraic over E, each field BS" = B,
and hence each B(’), is a ﬁnite—dimensional E-vector space. Let §](') be generated

over E by the residues modulo B +1 of bix € B](i), k=1,...,dim ﬁj(') Let {ci}ien
be a rearrangement of {a;b;x : 4 € N,j € Nk =1,...,dim EJ(’)} in non-increasing
size. (Recall that a; — 0.) Putting

= (Elcosc15 - - -J{aeE[corcr,... ]Jaj=1}) € B
yields a; B® C B for all i and ¥, f; € B(€)[p]- Hence Sy n(E, K) is complete.
As we observed above, there is a map 7 : K QEEE)[p] = Sman. If K is algebraic
over E then for every B € ‘B, B and the B are all finite-dimensional E vector spaces.
Hence for each B € B, there is a map

7: B(€)[o] » K®eE(€)[p],
which is a left inverse of 7.

(ii) Repeated use of [6, Proposition 1.8.2.3 and Theorem 1.8.1.2], shows that there
is a quasi-Noetherian ring E/, E C E' C K°, such that K is an algebraic extension
of E'. Hence S,, n(E,K) C Snn(E', K) and by (i) Sm (E', K) is complete.

(iii) If K is a finitely generated field extension of E then replacing E by a suitable
finitely generated extension we may assume that E = K. But then

m,n = E[&]I[p]l,
which is (p)-adically complete.
If, on the other hand, there are ¢; € K such that %41 & E(f1,...,1;) then f :=
S tipt & Sm n, since for every B € B, B is a finitely generated field extension of E.
(iv) If K is not discretely valued there are a; € K° with |a;| < |aj+1| < 1 for
i=0,1,2,.... Then }, a;pt & Sm.n. On the other hand, if Kisa finitely generated
extension of E and K is discretely valued, then K° € %B. O

Remark 2.1.4

(i) Suppose Char K = p # 0. In this case we require E to be a complete DVR.
By the Cohen Structure Theorem (|25, Theorem 29.4]), E has a coefficient field (i.e.,
an 1somorphlc copy of EC E) which we also denote by E.Ifrisa prime of E then
ECE= E[ﬂ'] . Thus Smn(E,K) = Sm,n(E, K). Hence we could have required in
the equicharacteristic p case that E C K be a field, without loss of generality.

(ii)) Let K be a perfect field of characteristic p, and let E C K° be a subfield.
Then there is a field E', E C E' C K°, with E' perfect and K algebraic over E'.
Hence, using (i) above, for any DVR E C K° there is a field E' C K° such that
Smm(E,K) C Spmn(E',K), Smn(E',K) is complete in || - || and Sy, n(E',K) is a
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2. RINGS OF SEPARATED POWER SERIES 13

finite Sy, n(E', K)P-module. (The monomials &p” with 0 < p; < p, 0 < v; < p, form
a basis.)

By definition, Sy, , is the direct limit of complete rings (the B{(£)[p]). Next we show
that while Sy, , may not be a complete K-algebra it is the direct limit of complete F-
algebras for some complete, nontrivially valued subfield F' of K. This decomposition
will be used in Subsection 5.2.

Let F be a complete subfield of K such that F*° is a DVR and Fis finitely generated
as a field. (For example, in the mixed characteristic case let F' = @y, the field of p-
adic numbers, and in the equicharacteristic case let F' be the fraction field of Q[t] or
F,[t], depending on the characteristic of K, where t € K°°.) Let B' € B. Thereis a
B € 8 such that B’ U F° C B. Consider the F-algebra

F®r-B(&)[p].

By the definition of the complete tensor product ® this is an F-Banach algebra (i.e.,
is complete in || - ||). In general there is no B" € B such that (F&p-B(£)[p])° C
B"{¢)[p]- However, the natural map

0 :F @po BO[] — S D 0i® fi — > aifi

is an isometry because F° @ o B({)[p] = B(£)[p]- The next proposition shows that
o extends to F®p- B(€)[p].

Proposition 2.1.5. — With the above notation,
F&reB©)Ip] C Smn(B,K).
Indeed

Smn=lim F&pBOl/)
FeCBe®B

Proof. — Tt is sufficient to show that if f € F®p.B(£)[p] and ||f]] < 1 then there
is a B" € B such that f € B"(€)[p]. Let f € F&p.B(£)[p] with ||f|| < 1. Then
there are f; € B(£)[p] and m; € N such that f = > 7~ ™if;, where 7 is a prime
of F°, and ||[7~™: f;|| — 0. Hence for each ¢ there is a nullsequence {a;;};en with
n~™i f; € B'(€)[p], where

B := (B[a’ij 1j € N]{aEB[a;j :j€N]:|a|=1})
and |a;;| < ||7=™: ;]| for all ¢ and j. Since ||[7~™: f;|| — 0, any rearrangement of the

double sequence {a;;}i jen as a sequence will be a null-sequence. Let {c;};cn be such
a rearrangement. Then if

~

B" .= (B[C{), C1,- - ']{GGB[CO,CLW]:I“I:I}) ’
f € BOL] o
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14 RINGS OF SEPARATED POWER SERIES

In general the F-Banach Algebras F®p. B(¢)[p] C Sm,n constructed above are not
Noetherian and the Weierstrass Preparation and Division Theorems need not hold in
them. An argument similar to the proof of Proposition 2.1.5 shows that we can write

~

Smn(E,K) = ling (K - B)[o])

Be®
as the direct limit of K-Banach Algebras. These K-Banach algebras likewise may fail
to satisfy the Weierstrass Preparation and Division Theorems of Subsection 2.3.

Remark 2.1.6

(i) The rings Sm.n = Smn(E, K) can have quite different properties depending on
the choice of E. As we saw in Theorem 2.1.3, if E is large enough the Sm.n(E, K) will
be complete and the §m,n may even be (p)-adically complete. On the other hand if
ECKis small, the Sy, ,, will be far from complete and the §m,n far from (p)-adically
complete. Nevertheless, for all choices of E, Sy, ,, is, by definition, the direct limit
of the || - ||-complete and (p)-adically complete rings B(¢)[p], and this key property
allows the development of the theory.

(ii) There is a larger class of power series rings in which many of the results and
proofs of this paper remain valid. This larger class is defined as follows. Fix a family
B of complete, quasi-Noetherian subrings B C K° that satisfy the properties (a), (b),
(c) and (d) listed after Definition 2.1.1, and put

~Sm,n = m,n(%’K) = K Qo llg B(f)'[ﬂ]l
Be®
Example 2.1.7 shows that this definition is more general.

(iii) If we wished to work over complete rings we could also have proceeded as
follows: Form the rings Sy, n(F, K) as in Definition 2.1.1, or the rings Sy, (3B, K)
defined above, and then take their completions S,;, n=Smn(E, K )Aor Sm.n(B, K )A.
In general the rings Sy, »(E, K ) would be different from the rings Smn(E', K) for
any E'. However all the results of the paper are true for these rings S,,: n- The
proofs that use “slicing” arguments may be modified as follows. Though an arbitrary
fe (S,,: n)° need not belong to B(¢)[p] for any B € B, there is an increasing sequence
B c BM c ... from B and f® € B®(£)[p] such that ||f — f@| = 0.

Example 2.1.7. — We give an example of a B, as in Remark 2.1.6(ii), such that
there is no E with Sy, n(B,K) C Smn(E, K). Consider F = Fp(t1,t2,...)(z) with
absolute value derived from the (z)-adic valuation and let K be the completion of
the algebraic closure of F. Let {;} be a sequence of positive rationals converging to
zero, and define inductively

Ey = Fp(tz +2z% 1€ N)
E,' = (Ei_l[tf_n

~

tn e N]{a,GE'.‘—l [t?7": neN]: |a|=1})
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2. RINGS OF SEPARATED POWER SERIES 15

Let B; be the family of all quasi-Noetherian rings of the form

~

(Eilao, a1, - - - {acEifao,a1,... lal=1})
where {a;}icn is a null sequence from K°, and let
B = U;B;.
We will show that for n > 0 there is no complete DVR E C K° such that
Smn(B,K) C Smn(E, K).

Suppose that Spm n (B, K) C Smn(E, K). Since K is algebraically closed, by Remark
2.1.4 we may assume that £ C K° is a field and that E = K.
Note that E; has a countable dense subset {co,c1,...}. Hence

S ciph € Spn(B,K) C Spon(E, K).
Therefore for each ¢ € N there is a zero sequence {aj,az, ...} from K° such that
E; C (E[alva27~'~]{aeE[al,az,...]:|a|=1})A =: Ej.

Since E = K we may assume that laj| < 1 for all j. Since tf—n € E;, there are
en;j € E; with eno € E such that

00
p—n
t; =éno+ E €nja;.
Jj=1
Then

oo
Y p" _p"
t; =epo + E €nia; -
j=1

Since |a;| < 1 for all j, we see that the sequence ef;(; converges to t;. Since E C K°
is a field the absolute value is trivial on E and hence t; € E. The quasi-Noetherian
ring E, contains both F and FEy. Thus it contains the elements 2%, 4 € N. Since
|z%| = p~* this contradicts the discreteness of the value semigroup of Ej. One can
construct a similar counterexample in characteristic zero.

Remark 2.1.8. — We will use the term affinoid to refer to objects defined over the
Tate rings and the term quasi-affinoid to refer to objects defined over rings of sepa-
rated power series. Hence, for example, an affinoid algebra is a quotient of a T,,, and
a quasi-affinoid algebra is a quotient of an Sy, .

2.2. Noetherianness. — In this subsection, we lift the Noetherian property of the
residue rings §m,n to the Sp, » by lifting generators of ideals. This also yields the
property that ideals of Sy, , are strictly closed in || - ||, a property that will be further
analyzed in Subsection 3.1.

Lemma 2.2.1. — Suppose A = lllgA,\ is a Noetherian ring which is the direct limit
of the rings Ax. Put A :=lim Ay [el € Allp]l- The following are equivalent:
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16 RINGS OF SEPARATED POWER SERIES

(i) A is Noetherian.
(i) A[p] is a flat A-algebra.
(i) Aflp] is a faithfully flat A-algebra.
(iv) Each ideal of A is closed in the (p)-adic topology.
If each Ay is Noetherian and if for every X\ there is some u > X such that A is a flat
A, -algebra, then A[[p] is a flat A-algebra.

Proof. — Tt is no loss of generality to assume that each Ay C A. We first show (i) =
(i) = (iii) = (@iv) = ().

(i) = (ii). Let I be the ideal of A generated by the variables pi,...,p,. Since
A[lp] is Noetherian and since I - A[[p]} is contained in the Jacobson radical of A[[p],
A[[p] is I-adically ideal separated as an .4-module. Since for every ¢ € N

AT = Ael/ (p)",
(ii) follows from (i) by the Local Flatness Criterion ([25, Theorem 22.3]).

(ii) = (iii). Let I be any ideal of A; then I - A[[p] is the unit ideal if, and only if,
for some f1,...,fe € I and a1,...,as € A, the constant term of Y a; f; is a unit. The
latter condition holds if, and only if, I generates the unit ideal of .A. Therefore (iii)
follows from (ii) by [25, Theorem 7.2].

(iii) = (iv). Since A[p] is Noetherian and since (p) - A[[p] is contained in the
Jacobson radical, each ideal of A[[p] is closed in the (p)-adic topology by the Krull
Intersection Theorem ([25, Theorem 8.10 (i)]). Let I be any ideal of A; then the
(p)-adic closure of I in A is equal to I - A[[p] N A. Hence to prove (iv), we must
show that I = I - Af[p] N A. If A[[p] is faithfully flat over A, this follows from [25,
Theorem 7.5].

(iv) = (i). Let I be an ideal of A. Since A[[p] is Noetherian, there are finitely
many elements fi,..., fo of I which generate the ideal I - A[[p]. Let J be the ideal
of A generated by fi,..., fi. To prove (i), we show that J = I. If each ideal of A is
closed in the (p)-adic topology, then, as above,

I = ANI-Afp]
AnJ-Alp]
J,

proving (i).

Now suppose that each Ay is Noetherian and that for every A there is some g > A
such that A is a flat A,-algebra. We show that A[[p] is a flat .A-algebra.

If Ais a flat A,-algebra then

Alp] = A®a, Aulp]

is a flat A, [p]-algebra. Since, in addition, A is Noetherian, by the Artin-Rees Lemma
([25, Theorem 8.6]), the A, [p]-module A[p] is (p)-adically ideal-separated. Since
A, [p] is Noetherian, by the Local Flatness Criterion ([25], Theorem 22.3), for every
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2. RINGS OF SEPARATED POWER SERIES 17

¢ € N, Alp]/(p)* is a flat A,[p]/(p)‘-algebra. Since A[p]/(p)* = Alp]/(p)® and
AullPl/(p) = Aulpl/ (p)%, and since py, ..., pn are contained in the Jacobson radical
of A[[p]], by another application of the local flatness criterion, A[[p] is a flat A, [p]-
algebra. To show that A[[p] is a flat A-algebra, we use [25], Theorem 7.6. Suppose
fi,-.., ft € A; then for some p such that A[[p] is a flat A,[[p]-algebra, f1,..., fe €
A,[pl. Suppose, furthermore, for some gy,...,g¢ € A[p] that Y g;f; = 0. Since
Aflp] is a flat A,[[p]-algebra, there are r € N, ¢;; € Au[[p]] and v; € Aflp], 1 <3 < ¥,
1 < j < r, such that
Zfi(pij =0for all j, and g; = Zgoij'yj for all 4.

g J

Since A, [[p] C A, it follows immediately that A[[p] is a flat A-algebra. O

The following is an immediate consequence of Lemma 2.2.1, taking the Ay to be
the B[¢], B € B.

Corollary 2.2.2. — The residue rings gm,n are Noetherian; each ideal of gm,n 18
closed in the (p)-adic topology.

The next lemma allows us to lift generators of an ideal T of §m,n to generators of
the ideal I of Sy p-

Lemma2.2.3. — Let I C Spn be an ideal and let g1,...,9r € I° be such that
{d1,.--,9r} generates I. Let f € Sy and choose B € B such that f,g1,...,9r €
B(&)[[pll. Suppose that ||f — k|| < ||f|| for some h € I. Then there are f1,..., fr €
B(&) (o] with

(2.2.1) Hf = > fig| < IfIl

i=1

and ||fIl = max I

Proof. — Let B = By D B; D --- be the natural filtration of B, and suppose

f € Bp(&) [Pl \ Bp+1(£) ] -

Find b, € B with B, = {b€ B : |b| < |by|}, let 7, : B, = B, C K be the B-module
residue epimorphism a + (b,'a)™, and write

for some B-vector space V. This implies that

(222) (€]l = By el el @ VIl ]
as B[€][[o]-modules. (This useful decomposition can be found in [14].)
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18 RINGS OF SEPARATED POWER SERIES

Since ||f — k|| < ||f|| for some h € I, we have wp(f) € I. Since gy, ...,Jr generate
1, we have

mp(f) = Zfz@ € Ep[f]l[/’]l

for some fi,...,f, € K[¢][p]. By (2.2.2), we may assume :fvlL...,f, € §p[§]ﬂp]].
Thus there are fi,..., fr € Byp(£)[p] corresponding to fi,..., fr under the residue

map 7p. Clearly, [|f = 3_ fig;|l <[]l a

Since each B € B has discrete value semigroup and since B(¢)[[p] is complete in
[|]l, Lemma 2.2.3 implies that the separated power series rings are Noetherian.

Corollary 2.2.4 (cf. [17, Proposition 2.6.2]). — The rings Sp, n are Noetherian. Indeed,
let I C Si,n be an ideal and suppose the residues of g1, ..., g, € I° generate Iin Sm n-
Then for every f € I there are f1,..., fr € Sp,n with

F=> figi
i=1

and ||f|| = maxi<i<r ||fill. Moreover, if for some B € B, f,g1,...,9, € B(§)[pl,
then fi,..., fr may also be taken to lie in B{£)[p].

In fact, Lemma 2.2.3 yields the slightly stronger result, Corollary 2.2.6.

Definition 2.2.5 (cf. [6, Definition 1.1.5.1]). — Let (A,v) be a multiplicatively valued
ring. An ideal I of A is called strictly closed in v iff for every f € A there is some
g € I such that v(f —g) <v(f —h) for every h € I.

Corollary 2.2.6. — Ideals of Sy n are strictly closed in ||-||. Indeed, let I C Sy, n be
an ideal and suppose the residues of g1,...,9, € I° generate I in Sm n- Then for
every f € Sy, n there are fi,...,fr € Sm,n with

”f - Zfigi

=1

<|IF = Al

for every h € I, and || f|| > maxi<i<, || fil|. Moreover, if for some

BE%» fagla"'agT€B<€)[[p]]1
then fi,..., fr may be taken to lie in B(£)[p].

Taking n = 0 in the above, we obtain [6, Corollary 5.2.7.8].
In Subsection 3.1, we will be interested in some refinements of Corollary 2.2.6.

Definition 2.2.7. — Let I be an ideal of Sy, . For f € Sp, n, we define the residue
norm

flly = inf{||f — Al : h € I}.
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From Corollary 2.2.6, it follows that there is some h € I such that ||f||, = ||f — hl|.

The direct sum (Sy, /)¢ is a normed (Sy,/I)-module via

- Nlr: (Smn/D)® = Ry : (fu,-.., fo) = max ||fillr.

1<i<e

We will be concerned with submodules M of (S, /1), which will be endowed with
the norm || - ||;. Residue modules play an important role.

Definition 2.2.8. — Let (M,|-|) be a normed K-module. By M° and M°° denote,
respectively, the K°-modules

M°:={feM:|f|<1} and
M :={feM:|f|<1}.
We define the residue module M by
M := M°/M°°.
It is a K-module.

From Corollary 2.2.6, it follows that
(Smn/1)° = Sﬁz,n/P and (Sm,n/I1)~ = ~m,n/f~

2.3. Weierstrass Division Theorems. — We recall in Theorem 2.3.2 the Weier-
strass Division Theorems for the rings Sp, » (see [16] and [17]) in the form given in
[2, Section 1.2]. These will be used in Section 4 and extensively in Section 5. In
Theorem 2.3.8, we prove an extension of these division theorems to handle Weier-
strass divisors with coefficients in a quasi-affinoid algebra. The statement and proof
of Theorem 2.3.8 rely on results of Sections 4 and 5, but the theorem itself is only
used in Section 6 and in [23].

Definition 2.3.1 (cf. [17, Sections 2.3 and 2.4]). — An element f € §m,n is regular in
&m of degree s iff for some ¢ € K, cf is congruent modulo (p) - §m,n to a monic
polynomial in &, of degree s. An element f € §m,n is reqular in p, of degree s iff
f(&,0,...,0,p,) = ps - g(&, pn) for some unit g € IN{[§]|[pn]| An element f € Sy, ,\ {0}
is regular of degree s in &, (respectively, p,) iff for some ¢ € K, (cf)~ € gm,n is
regular of degree s in &, (respectively, pp).

The formal power series ring B[¢][p], whence S, , has the usual local Weierstrass
Division Theorem for elements regular in p, as in [41, Theorem VI.1.5]. As in [1,
Section 2.2] or in [17, Proposition 2.4.1], this lifts to the complete, linearly topolo-
gized ring B(£)[p]. As explained in Subsection 2.1, B[¢][p] is equal to the > strictly
convergent power series ring B[p](€). The Euclidean Division Theorem for B[¢] lifts
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20 RINGS OF SEPARATED POWER SERIES

to a Weierstrass Division Theorem in B [p](€) for elements regular in &, as in [6, The-
orem 5.2.1.2]. This may be lifted to B(£)[p] as in [17, Proposition 2.3.1], or as in
[2, Section 1.2], using the Hensel’s Lemma of [8, Section 4]. This yields the following
theorem.

Theorem 2.3.2 (Weierstrass Division Theorem, cf. [17, Propositions 2.3.1 and 2.4.1])
Let f,g € Sy, , with || f|| = 1.

(i) If f is regular in &y of degree s, then there exist unique ¢ € Sy, , and r €
S—1,n[€m] of degree at most s — 1 such that g = qf +r. Ifg€ I-8Sy,,, for
some (closed) ideal I of Sy,_, ,,, then g, € IS5, ..

(ii) If f is regular in p, of degree s, then there exist unique q € S and T €

Sm.n—1lpn] of degree at most s —1 such that g = qf +r. Ifg € ISy, , for some
(closed) ideal I of Sy, ,,_;, then q,r € I- Sy, ..

Moreover, if f,g € B(§)[p] for some B € B, also, q,7 € B(&)[p]-

Dividing &5, (or pf,) by an element f € Sy, ,, regular in &, (or p,) of degree s, we
obtain the following corollary.

Corollary 2.3.3 (Weierstrass Preparation Theorem). — Let f € S, ,, with ||f|]| = 1.

() If f is regular in &y, of degree s, then there exist a unique unit u of Sy, ,, and
a unique monic polynomial P € S5, _; . [&n] of degree s such that f =u - P; in
addition, P is regular in &, of degree s.

(i) If f is regular in p, of degree s, then there ezist a unique unit u of Sy, ., and
a unique monic polynomial P € Sy, ,_1[pn] of degree s such that f = u - P; in
addition, P is regular in p, of degree s.

Moreover, if f € B{&)[p] for some B € B, also u, P € B{¢)[p].

Unlike the rings B[, p]] and B(&, p), there may be no automorphism of Sy, ,, under
which a given element f with ||f|] = 1 becomes regular (see Example 2.3.5).

Definition 2.3.4 (cf. [17, Section 3.12]). — An element f = > fu.(p)¢* € gm,n is pre-
regular in & of degree o iff f,,, # 0 modulo (p) ~§myn and f, = 0 modulo (p) 'gm,n
for all u lexicographically larger than po. An element f =Y f,(§)p” € gm,n is pre-
regular in p of degree vy iff f,, € K \ {0} and for all lexicographically smaller indices
v, f, =0. An element f € Sy, , \ {0} is preregular in £ of degree po (respectively, in
p of degree vp) iff for some ¢ € K, (cf)™ € gm,n is preregular of the same degree.

If f is preregular in ¢ (respectively, p) then after an automorphism of the form

p > p, m > Em, & > & + E5 (respectively, £ — &, pn — pn, pj &> pi+pr) f
becomes regular in &, (respectively, p,) of some degree s. Such automorphisms are
called Weierstrass automorphisms.
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Example 2.3.5. — The element £-p € S; 1 is not preregular. Indeed, there is no finite
monomorphism Sy, , = S1,1/(p) for any m,n € N. Since the map

S1,0® S0 = S11/(Ep): (f,9) = f+yg

is surjective and dim S; o = dim Sy ;1 = 1 (see Corollary 4.2.2), we must have
dim(S1,1/(6p)) = 1.

Thus, if there were a finite monomorphism

@0 Smmn = Sl,l/(EP)a
either m=1and n=0,orm =0 and n = 1. We treat the case m =1 and n = 0.

Let
a:S11/(Ep) = Soq = S11/(Ep,€)

be the canonical projection. Since « is surjective,
aow:S10— So1
is finite. Since dimSp; = 1, a o ¢ must be~injective. By [6, Proposition 3.8.1.7], we
can reduce modulo K°° to obtain a finite K-algebra homomorphism
(@op)™: K[€] = Sou.
But such a map cannot exist, since the transcendence degree of §0,1 over K is infinite.

Remark 2.3.6. — For every nonzero f € Spn, there is a Weierstrass automorphism
of Sp,n under which f becomes regular in p,, of some degree. Therefore, arguing as in
[6, Theorem 6.1.2.1], one proves the following version of Noether Normalization: Let
d be the Krull dimension of Sp ,/I; then there is a finite K-algebra monomorphism
@ Soyd — Soyn/I.

In Definition 5.2.7, we will define the ring A(¢)[p]s C A [¢, p] of separated power
series with coefficients in a quasi-affinoid algebra A. Using the results of Subsec-

tion 5.2, we state and prove here relative Weierstrass Division Theorems for such
rings. These theorems will be used only in Section 6 and in [23].

Definition 2.3.7. — Let A be a quasi-affinoid algebra. By the Extension Lemma,
Theorem 5.2.6, for each € Max A, there is a unique homomorphism

&zt A(fla ce 75m)|[p1a cee 7pn]|s — Sm,n(Ea A/(E)

extending the map A — A/z and preserving the variables £ and p. An element
f € A(©)]p]s is regular in &, (respectively, pm) of degree s iff for each x € Max A,
ex(f) € Sman(E,A/z) is regular in &, (respectively, p,) of degree s. Preregular
elements are defined similarly.

Theorem 2.3.8 (Weierstrass Division Theorem). — Let A be a quasi-affinoid algebra,
and let f,g € A(§)[p]s-
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(i) If f is regular in &, of degree s, then there exist unique ¢ € A(£)[p]s and
r € A(E)Pls[ém] of degree at most s — 1 such that g = qf +r (where £ =
(61? e 7€m——1)')

(ii) If f 4s regular in p, of degree s, then there exist unique ¢ € A(£)[p]s and
r € A(E)p']slpn] of degree at most s — 1 such that g = qf + r (where p' =

(b1, +,pn-1).)

Proof
(i) Existence. Write

F=Yauttp’ = filh.
v i20
Since f is regular in &, of degree s, £,(fs) is a unit of S;,_1 ,(E,A/z) for each
z € Max A. It follows by the Nullstellensatz, Theorem 4.1.1, that fs; is a unit of

AE)[p]s- Since e-(f;1) - ex(f) is regular in &, of degree s for each x € Max A, we
may therefore take f; = 1. It follows that

€z(fi) € Sp1 (B, Alz), i<s,
and
€x(fi) € ()81, (E, A/T) + 5571 n(E, Afz), >3,
for every ¢ € Max A. By Corollary 5.1.8, f; is power-bounded for i < s and f; is
quasi-nilpotent for ¢ > s.
Write A = Sy, /I and consider the canonical projection
® t Smm i = A [P]s
modulo I - Sy’ ntns- Let
F=) Fé&,
be a preimage of f, where each F; € Sp,_14m/ ntn’- By Lemma 3.1.6, there is an r
so that for 7 > s,

,
Fi =) Hi;Fyy;,

=1

where ||Hall,. .-, ||Hi|l < 1.
By the Extension Lemma, Theorem 5.2.6, there is a K-algebra homomorphism
such that

Sm+m’,n+n' — Sm+m’+s,n+n’+r
7

APl
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commutes, and

P(&) =&, 1<i<m Y(émti) = @(mti), 1<i<m;
w(£m+m’+i) = fi—la 1 S ] S s,

and

V(i) =pi, 1<i<n;  P(pnti) = P(onti), 1<i<n;
Y(Pntn+i) = fopi, 1<i <

Note that f is the image under ¥ of

=0 i>8 j=1

s—1 T
f* = Z €m+m’+i+1€:n + 51871 + Z E:—n (Z Hijpn+’n'+j

and f* € Smtm’+s,ntn+r 18 regular in &, of degree s.

Let G € Sptm/+s,n+n'+r be a preimage of g under ). By Theorem 2.3.2, there are
unique Q € Smim'+s,ntn'+r Ad R € Spm_14m'+s,n+n'+r[€m] Of degree at most s — 1
with

G=Qf" +R.
Putting ¢ = ¢¥(Q) and r = ¥(R) satisfies the existence assertion of part (i).

Uniqueness. Let g € A{¢)[p]s and let r € A(&')[p]s[ém] be of degree at most s — 1.
Suppose

0=gqf+r;
we must show that ¢ =r = 0. Let
Q € Smimtsntn+r and R € Sm_1imita,ntn/+r[ém]
with deg R < s — 1 be preimages under ¢ of ¢ and r, respectively. Then
G:=Qf" +ReKery =1 Smim+sntn+r-

The ideal I is closed by Corollary 2.2.6; hence by Theorem 2.3.2 (i), Q, R € Ker %, as
desired.
(ii) The proof of this part is entirely analogous to the above. O

The corresponding Weierstrass Preparation Theorem follows in the usual way.

Corollary 2.3.9 (Weierstrass Preparation Theorem). — Let A be a quasi-affinoid al-
gebra, and let f € A(€)[p]s-

(i) If f is regular in & of degree s, then there exist unique unit u € A(€)[p]s and
monic polynomial P € A(E')[pl[€m] of degree s such that f = uP. Furthermore
P is regular in &, of degree s.
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(if) If f is regular in p, of degree s, then there exist unique unit u € A{¢)[p]s and
monic polynomial P € A(€)[p']s[pn] of degree s such that f € uP. Furthermore
P is regular in p, of degree s.

3. Restrictions to Polydiscs

In this section, we study the restriction maps from A, , (see Introduction) to
“closed” (and to “open”) sub-polydiscs, and show how to transfer information from
their (quasi-)affinoid function algebras back to Sy, -

The closed subpolydiscs with which we are concerned in this section are Cartesian
products where the first m factors are closed unit discs and the next n factors are
closed discs of radius € € /|K \ {0}|. Such products are K-affinoid varieties, and we
denote their corresponding rings of K-affinoid functions by Ty, (g, K).

To transfer algebraic information from the affinoid algebras T, »(¢) to Sm n, we
analyze the metric behavior of the inclusions ¢, : Sy, < Ty n(€) as € = 1. We carry
out our computations by reducing to the case that ¢ € |K'\ {0}|. In the case that K is
discretely valued, this entails working with certain algebraic extensions K' of K and
understanding the inclusion Sy, n(E, K) < Sy, n(E, K'). The reader interested only
in the case that K is algebraically closed may omit the complications arising from
field extensions.

We are interested in studying properties of quotient rings Sy, n/I. We study such
quotient rings by studying metric properties (e.g., pseudo-Cartesian and strict) of gen-
erating systems of submodules of (S,, )¢, and how they transform under restriction
maps to rational sub-polydiscs.

In Subsection 3.1, we introduce metric properties of generating systems of submod-
ules of (Sp )¢ and of (S )¢, In particular we introduce a valuation, the total value
v, on Sy, » which lifts the (p)-adic valuation on gmn and refines the Gauss norm on
Sm,n- This allows us to formulate the “slicing” arguments whereby (p)-adic properties
of gm,n are seen to lift to Sp, ,. The valuations || - || and v induce norms || - ||as and
vy on a quotient module (Sp n)¢/M. We prove a number of estimates.

In Subsection 3.2, we study restrictions to closed subpolydiscs. The main result is
Theorem 3.2.3, which says that if € is suitably large, then a strict generating system
remains strict under restriction.

In Subsection 3.3, we transfer information from T, ,(€) back to Sy n. The main
results are Theorem 3.3.1 and its corollaries, which show, roughly speaking, how to
replace powers of ¢ with powers of (p) for € near 1. More precisely, they establish a
key relation between vy and ||-||,, ()., .. () uniformly in ¢ for € suitably large, which
is used extensively in the rest of this paper. This is how we overcome the difficulties
stemming from the failure of Noether normalization for Sy, 5.

In Subsection 3.4 we study restrictions from A, ,, to certain disjoint unions of open
subpolydiscs. When the centers of the polydiscs are K-rational, these maps have the
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form ¢ : Spn = @7-0S0,n+m- In the case of non-K -rational centers, the restriction
maps are only slightly more complicated. We show in Theorems 3.4.3 and 3.4.6 that
such restrictions are isometries in the residue norms derived from || -|| and respectively
I and ¢(I), provided the finite collection of open polydiscs is chosen appropriately.
Theorems 3.4.3 and 3.4.6 will be used in Subsection 5.5 to derive the fact that on
certain reduced quotients Sy, /I, the residue and supremum norms are equivalent
from the simpler case of reduced quotients So n4m/I.

3.1. Strict and Pseudo-Cartesian Modules. — We introduce metric properties
of generating systems of submodules of (Sy,n)¢ and (Spm,»)¢ and their quotients. We
introduce a valuation, the total value v, on Sy, ,, which lifts the (p)-adic valuation on
gm,n and refines the Gauss norm on Sy, ,. The lemmas of this subsection show how
certain metric properties of generating systems of modules lift from residue modules
and transform under maps and ground field extension.

Let (A4,v) be a multiplicatively valued ring, and let (N, w) be a normed A-module;
ie.,

w(an) < v(a)w(n)

for alla € A, n € N. Let M be an A-submodule of N. A finite generating system
{91,.--,9r} of M is called w-strict iff for all f € N there exist a;,...,a, € A such
that

w(f) > maxv(a)u(g), and

(3.1.1) r
w (f - Zaig,) <w(f—nh)forall he M.
i=1
The generating system {g1, ..., g} is called w-pseudo-Cartesian iff (3.1.1) is only
.j«.mssumed to hold for all f € M; i.e., iff for all f € M there exist a4,...,a, € A such
that

w(f) > lfgfgrv(ai)w(gi), and
f= Zaz-gi.

1

-
Il

An A-module M C N is called w-strict (w-pseudo-Cartesian) iff it has a w-strict
(w-pseudo-Cartesian) generating system. Usually, N will be a quotient of the ¢-fold
norm-direct sum of Sy, .

Along with the Gauss norm, we will be interested primarily in two other valuations.
One, the residue order, is a rank-one additive valuation on §m,n. The other, the total
value, is a rank-two multiplicative valuation on Sy, ,. These valuations are defined
below.
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Assume n > 1, and define the map © : §m,n — ZU{oo} as follows. Put 5(0) := oo,
and for f € Spn \ {0}, put 3(f) := £, where f € (p)¢\ (p)**'. It will not lead
to confusion if we also define the map 6 : Sy, = Z U {00} by 6(0) := oo, and for
f € Smn\{0},0(f) :=3((cf)™), where ¢ € K satisfies ||cf|| = 1. The map G is called
the residue order. The residue order is an additive valuation on §m,n.

Consider (R; \ {0})? as an ordered group with coordinatewise multiplication and
lexicographic order. Define a map v : S, — (R4 \ {0})2 U {(0,0)} as follows. Put
v(0) := (0,0), and for f € Sp, \ {0}, put

o(f) = (I£11,27°9) .

Then v is a multiplicative valuation on Sy, n, called the total value. Note that v
extends the absolute value on K in an obvious sense.

The total value yields information on elements f(§,p) € Sm,n as |p| = 1, in a
sense to be made precise in Subsections 3.2 and 3.3. Our aim in this subsection is
to establish an analogue of Corollary 2.2.6 for the total value. This analogue will be
established by lifting a similar result for the residue order from the residue ring gm,n.

Let M C (Sm,n) be a submodule. Put M° := (53, )N M and let M be the
image of M° under the canonical residue epimorphism ~: (an’n)‘ — (§m,n)[.

The next lemma establishes a basic lifting property of 6-strict generating systems.
The lemma ensures that the lifting behaves well with respect to restrictions. More
precisely,

llai(€, ¢~ p)IIl = lef*@)]a]

for any ¢ € K°\ {0} and any a; € Sy, , that satisfies condition (i). Condition (ii)
stems from the definition of strictness. And condition (ii) says that we’ve done the
whole slice.

Lemma 3.1.1. — Let M be a submodule of (Sm,n)l. Let B € B and let {g1,...,9-} C
(B[N M satisfy |lgsll = 1 for i =1,...,r. Suppose {91,-..,9r} is an O-strict
generating system of M. Let B = By D By D --- be the natural filtration of B and

suppose f € (Bp()[[p]])*\ (Bp+1(E)[P])*. Then there are as,...,a, € Bp(&)[[p]] such
that

() fori=1,...,r if a; #0 then a; € (") By(&)[[ol] \ Bypsr (O[],

(ii) v(f) > maxi<i<rv(aig;), and

(iti) if v(f — h) <o(f — i) aigi) for some h € M, then ||f — 3°0_; aigill < || fII-
(When condition (i) holds, to verify (ii), it suffices to verify
(i)’ o(f) < minmi<i<r 6(aigs),

since ai,...,ar € Bp(&)[p].)
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Proof. — Let mp : Bp — B, C K be the B-module residue epimorphism a (byta)™
and write K = B, ® V for some B-vector space V. Then

(3.12) K[E]le]] = Byl€]llo]] @ VIElllel]

as B[¢][[p]]-modules, and 3(a + b) = min{5(a),5(b)} when a € B,[¢][[p]] and b €
V[€lllpll Since {§1,...,dr} is O-strict, there are &, ..., & € Sm,n S0 that

1<i<

613) () < min 5EG) and 5(m() - Yaa) 25 -h)
- =1

forall h € M. B B N
By (3.1.2), we may write & = @; + b; where @; € Bp[¢][[o]] and b; € V[¢][[0]],
1<i<r. Since i, ..., 9 € (BE][N), by (3.1.2)

(el - @) 2 5(m() - D) and

20 5(aig:) > min 5(¢:gi)-
Thus, (3.1.3) holds with @; in place of ¢;. Now for any a € Ep[ﬂ[[p]], if @ # 0 then
@ € (p)°@B,[¢]([p]]- Hence there are a1, ...,ar € By(£)[[p]] such that for 1 <i < r,
mp(ai) = @, a; = 0 if @ = 0 and a; € (p)°@)B,(€)[[p]] if @ # 0. It is clear that
ai,...,a, satisfy the lemma. O

We show in Theorem 3.1.3 that every submodule of (S, )¢ is v-strict. In light
of~ Lemma 3.1.1, the next lemma reduces this to showing that every submodule of
(Sm,n)® is O-strict.

Lemma 3.1.2. — Let M be a submodule of (Sm)¢ and suppose {gi,...,9r} C M°

satisfies G1,...,9r Z 0. Then {g1,...,9-} is a v-strict generating system of M if and
only if {G1,...,9r} is an O-strict generating system of M. Moreover

() if{g1,---,9r} isv-strict and f, g1, ...,gr € (B({&)[p])¢ then there are hy, ..., h, €
B(&)[p] such that

i=1

v (f - zhi9i> <vu(f-h)
for all h € M and

v(f) > max v(h;g:),

m

1<ilr
and

(ii) ¢f {g1,.--,9r} isO-strict and f,G1,...,9r € (E’[ﬁ][p]l)e then there are b, . .., hy €
B[¢][p] such that

i=1

5 (f - Z%i@;) >35(f - h)
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for all heM and

o(f) < lréliIgO(higi).

Proof
(=) Let f € (Sm.n)t\ {0} and lift f to an element f € (8%, Find ay,...,a, €
Sm.n such that v(f) > max;<;<, v(a;g;) and

(3.1.4) v (f - iz—:;aigi) <wv(f-h)

for every h € M. Since ||f|| = 1, we must have that
o(f) < min {6(aig:) : llaigill = 1}

Thus 3(f) < mini<i<, 0(@§:). If |If — i, aigill < 1then f = ¥7_ @G € M
and we are done. Otherwise, assume ||f — >°7_; a;gs|| = 1. Let h € M and lift h to
h € M°. Hence, by (3.1.4), ||f — h|| =1 and

a(f— §:j~§) - a(f - ;g) >5(f — h) =3(F - ),

and we have proved that {gi,...,gr} is G-strict.

(«=) Parts (i) and (ii), as well as (<) follow immediately from Lemma 3.1.1 using
the facts that ||Sp || = |K]|, |B\ {0} C Ry \ {0} is discrete and B(£)[[p]] is complete
in || - || for every B € B. O

Now the proof of Theorem 3.1.3 reduces to a computation involving the Artin-Rees
Lemma for the (p)-adic topology on (S, ).

Theorem 3.1.3. — Each submodule of (Sm. )¢ is v-strict. Each submodule of (gm,n)z
is O-strict.

Proof. — By Lemma 3.1.2, we need only prove the last assertion. Let M C (S"m,n)’
be a submodule.

Claim (A). — If {g1,...,9r} is an O-pseudo-Cartesian generating system of M then
it is O-strict.

The ideal (p) is contained in the Jacobson radical of S, = h_n;g[f][[p]] Hence

by the Krull Intersection Theorem ([25, Theorem 8.10]), the 5-topology on (gm,n)‘
is separated and M is a closed set.

Let f € (Spm.n)t. Since M is closed and since 3((Sm,n)¢) = NU {oo} there is some
fo € M such that

o(f — fo) 20(f = h)
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for all h € M. Putting h = 0 in the above we have 6(fo) > o(f) by the ultrametric
inequality. There are ay,...,a, € Sy, such that

T
) = min Slaig) and fo= 3 aig.

Thus, we have that 6(f) < 0(fo) = 112121 6(aig;) and
SISTr

’6(f - gaigi) >3(f - )

for all h € M. This proves the claim.
For i € N, put

M; = {f € M:5(f) >i}.
We have M = My D M; D ---. By the Artin-Rees Lemma ([25, Theorem 8.5]) there
is some ¢ € N such that for all ¢ > ¢

(3.1.5) M; = (p)"°M,.

Each quotient M;/M;, is a finite module over §m,n /(p) = Tm. Find r € N sufficiently
large so that each M;/M;;1 can be generated by r elements for 0 < ¢ < ¢. By
m; « M; = M;/M;1;, denote the canonical projection. For each 1 < i < ¢, choose
9ij € M;\ Miyq, 1 < j < r, so that m;(gs1),...,7(gir) generate the T,n-module
M;/Miy1.

Claim (B). — {gi;j} is an O-strict generating system of M.

By Claim A, it suffices to show that {g;;} is an G-pseudo-Cartesian generating
system.
Let f € M, and let B € B be such that {f}U{g:;} C (B[¢][[o]])¢. Write K = B&V

for some B-vector space V. Then

(3.1.6) KElllell = Bélllell @ VIEllle]

as B[¢][p]-modules, and 5(a+b) = min{5(a),5(b)} when a € B[¢][p] and b € V[¢][[¢]].
Put N := (B[¢][[p]])¢ N M; and for i € N, put

N; = {h € N :5(h) > i} = (Blelllol) N Ms.

It follows from (3.1.6) that m;(gi1),. .., 7i(gir) generate the §[§]—m0dule Ni/Nit1 for
0 < i < c. Furthermore, by (3.1.5), {m;(pgcj)}1<j<r,|v|=i—c generates the B[¢)-
module N;/N;y; for i > c. Since 6(g;;) = ¢ and since B[¢][[p]] is complete in 3, the
claim follows. O
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Lemma 3.1.4. — Let M be a submodule of (Sm )¢ and suppose that {g1,...,9-} C
M?° satisfy g1,...,9r # 0. Then {g1,...,9-} is a ||||-strict generating system of M
if, and only if, {¢1,...,gr} generate M. In particular, since gm,n is Noetherian, each
submodule of (Spm.n)¢ is ||-||-strict.

Proof. — As in Lemmas 3.1.1 and 3.1.2. O

It follows from Theorem 3.1.3 and Lemma 3.1.4 that we may make the following
definitions.

Definition 3.1.5 (cf. Definition 2.2.7). — Let M be a submodule of (Sm,n)‘. For f €
(Sm,n)l we define the residue norms

vm(f) = inf{o(f —h): h€ M}, and
1 ne inf{||f — hl|: h € M}.

There is some h € M such that var(f) = v(f — h) and ||f||,; = ||f — h||. Let M be a
submodule of (S, )¢. For f € (Spm )¢ we define

om(f) :=sup{o(f —h): he M}.
There is some h € M such that oa(f) =0(f — h).

It follows from Lemma 3.1.4 that || - ||p is a norm on (Sm,»)¢/M. If E is such
that Spmn = Sma(E, K) is complete in || - || (see Theorem 2.1.3) then (Spm,n)*/M is
complete in || - || a-

The following lemma is an application of Theorem 3.1.3. It is used in Theo-
rem 2.3.8. In the statement of the lemma, the set A will usually consist of the
coefficients f; of a power series

F =Y fi(¢&p)\" € B(& N[p] (respectively, B(€)[p, A])-

i>0

The lemma allows us to write all the coefficients of F' as linear combinations of the
first few:

T
F=Y "> hijfi\
i>0 j=1
in such a way that each power series
Fj = Z hij)‘i € Bl(&» A>|[p]| (respeCtiveIY7 Bl(é)l[pi ’\])a
>0

for some B C B' € B. Although B(£)[p] is not in general Noetherian, we are still
able to do this. The estimate in the lemma is sufficient to guarantee convergence of
F; in the (B; + (p))-adic (respectively, (B + (p, A))-adic) topology.
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Lemma 3.1.6. — Let B € B and A C B(§)[p]. Then there are
fl,...,freA, lo,c,e €N, and BC B'€'B

with the following property. Let B' = By D B} D --- be the natural filtration of B'.
For each f € A there are hy,...,h, € B'(£)[p] such that

f= }3 hifi.
If, in addition, -
f € B&)el + (0)*****B'()lr]
for some £ > Ly, then we may choose hy,...,h, such that
his.. he € BYE)lpl + (0)“B'(€) o]

Proof. — Put I := A-Sp, pn, and let {g1,...,94} C Sm,n\ {0} be a v-strict generating
system of I. Since Sy, , is Noetherian, there are fi,..., f; € A and h;; € Sy n such
that

8
9= hif;, 1<i<d
=1

Without loss of generality, we may assume that all g;, h;; € Sy, , and

llgill = --- = llgall = e,

for some a € K°\ {0}. Find B C B’ € B such that

1
Z91.-0s 202 € B Q)]

Let B' = By D Bj,... be the natural filtration of B’ and find ¢, so that

a € By, \ By 1.
Put

€= lfgfgdo(gi)-
To find a suitable ¢ € N, consider the ideal

J:= A (B'/By,)E]lr]:

The ring (B'/ By, )[¢][p] is Noetherian, so the Artin-Rees Lemma, [25, Theorem 8.5],
yields a ¢ € N such that for all ¢ > ¢,

JNn(p)* C(p)?c-J

Find fe11,..., fr € A so that the images of fi,..., fr in (B'/By )[¢][p] generate J.
Let f € A with

f € B©)lel + (p)***°B'(&)[pl-
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There are Hy,...,H, € B'(£)[p] such that
f=)_Hifi = f' € By (&)[ol.
i=1

By choice of ¢, if £ > ¢y, we may assume that

Hy,... 7H1‘ € (p)2le : BI(&)I[p]I
We have

f' € By, (9ol

and if £ > £y, we have moreover that

' € By(&)lpl + (0)** By, (6ol
Let

Teo: By, — E}O cK
be any residue epimorphism. Note, by choice of B’, that

{(atg1)™, ..., (@ ga)~} C B'[E][p]

is an O-strict generating system of I. Thus by Lemma 3.1.2, there are
Hy,,Hy,.. ~7FI1,11 € g‘.’o[f]llp]l
such that
d
e (f) =Y Hjy(a'g:)™.
i=1
If £ > ¢y, we have, moreover, that

Hiy,... Hiy € (0) 7By [€]lel.
Lift H),...,H',; to elements H},,..., H} € By, (€)[p] such that for each i,

H}y € (o) #) By (£)[0].
Put
d
ff=f- ZHz{lgi € B20+1<§)|[P]|,
=1
and observe that if £ > ¢,
£ € By&)lol + (0)*** By 11 ()0l

Iterating this procedure £ — £o times, we obtain sequences

Hj; € (p)** 7By, 4;(6)lr]
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such that
d €—4o
f"i=f=30 > Hizgi € Byl
i=1 j=1
Finally, since {g1,...,94} is a || - ||-strict generating system for I, by Lemma 3.1.2,

there are H',..., H} € By(§)[p] such that

III Z Hu gi.

;= H; +Z (H,; + H})h

Put

a

The next five lemmas give criteria under which a generating system of a module
is strict and under which strictness is preserved by contractive homomorphisms and
field extensions. For technical reasons, we work over a quotient ring Sy, n/I. The
modiles M we consider will carry the residue norm || - |[|;. We will also consider
residue modules M (see Definition 2.2.8).

Lemma 3.1.7. — Let M be a submodule of (S n)¢/N and suppose that g1,...,9, €
M° satisfy g1,...,9r # 0. Then:
) {91,---,9r} is a||-||N-strict generating system of M if, and only if, {g1,...,9r}
generates M.
(i) {91,-.-,9r} is a un-strict generating system of M if, and only if, {¢1,...,9r}
is an Opn-strict generating system of M.
Hence each submodule of (Sm »)¢/N is || -||n-strict and vy -strict. Each submodule of
(Sm,n)t/N is &5-strict.
Proof
(i) (=) Lift an element f € M \ {0} to an element f € M with ||f||x = 1. Since
{91,...,9r} is || - || v-strict, there are hy,...,h, € Sy, With

f=i-19ih; and
1= il = ma ol = ma il
Hence f = S Gihi; ie., {G1,...,r} generates M.
(<) Put
M:={fe€ (Sm,n)gz f+NeM}

Find A;,...,A; € N° and G4,...,G, € M such that {Zl, LA, } generates N and
=G; +N 1<i<r By Lemma3 1.4, we may assume that ||G I=lgilln =1,1<

1 < r. It follows that {Al, As, Gl, G } generates M hence by Lemma 3.1.4,

{A1,...,44,G1,...,G,} is a || - ||-strict generating system of M.
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Let f € M. By Lemma 3.1.4, there is a F € M such that f = F + N and
IF]l = |Iflln. We may write

T 8
F= Z Gih; + Z Aihryi
i=1 i=1

for some hy, ..., r4s € Sy pn With
Il = 11fly = a1l
Hence
”,
f=3ohi and flly = max lodln i)
as desired.

(i) (=) Lift an element f € M\ {0} to an element f € M with ||f||y = 1. Since
{91,.--,9r} is un-strict, there are hy,...,h, € Sm.n such that

on(f) > lf%l?grvN(gi) -v(h;) and

UN (f - Zgihz) <on(f—h)

i=1
for every h € M. Since vn(f) = (||flln,27°% ) and || f||v = 1, we have
05 (f) < min{S5(g:) +0(ha): [[hill = 1}

Thus, oN(f) < mini<i<r (65 (@) + 0(h)). I ||f — Xi, gshilly < 1 then f =
Sia g,h € M, and we are done. Otherwise, IIf = >i_; gihill = 1. Let heM
and lift % to an element h € M° with ||k||y = 1. By (3.1.7), ||f — hllx = 1 and

6ﬁ<f—Z§iEi)—oN(f 2g1> 5(f —h) =05(f - h),

and we are done.
(<) Put

(3.1.7)

M :={f €(Smn)': f+Ne M}

Find A,,...,A; € N° and Gy,...,G, € M such that {Xl,...,gs} is an O-strict
generating system of N and gi =G;+ N,1 < i <r. By Theorem 3.1.3, we may
assume that v(G;) = vn(gi), 1 < i < r. Asin part (i), it suffices to show that
{A1,...,As,G1,...,G,} is a v-strict generating system of M. By Lemma 3.1.2, this
reduces to showmg that {Al, A,, Gl, G } is an O-strict generating system of
M. LetF e (Sm,n) and put f := F+N. Smce {1, --,9r} is an G-strict generating
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system of M , there are hy,...,h, € gm,n such that

o5(f) < migr(ﬁﬁ(gi) +0(h;)) and

1<i
-
Oy (f - Zgihz) >0x(f—h)
i=1
for every h € M. Since {El,...,gs} is an O-strict generating system, there are

hrt1y--oyhrys € gm,n such that

(F ZG, ,) < min o(A hry;) and

1<i<s
r - s -
Oy <f - zgihz’> =0 (F - ZGihi - ZAihrH) )
i=1 =1 =1
Let H € Mv, and put h := H + N. We have

T s
0 (F - Z Gihi — Zgihr+i)
=1 =1

Oy (f - Zw’n)
i=1

Sx(f —h)
5(F — H),

v v

as desired.

To prove the last assertions of the Lemma, observe that by part (i), each submodule
of (Sm,n)¢/N is || - || n-strict because (Sp )¢/ N is Noetherian (Corollary 2.2.2). The
fact that each submodule M of (S, »)¢/N is O -strict follows from the fact that we
may include in an G-strict generating system of the inverse image submodule M of
(Sm n)¢ an O-strict generating system of N (use Theorem 3.1.3). Finally, to see that
each submodule of (Sy, ,)¢/N is vn-strict, we apply part (ii). O

Lemma 3.1.8. — Let M be a submodule of (Sm.»)¢/N and let g1, ..., gr be generators
with |lg1llv = - - = |lgrlln = 1. Put

= {(hla' .. ’h'l‘) € (Sm,n)r : igihi = 0} and
W :={(h1,..., k) € (Sm.n)" Zg,h =0}.

Then {g1,...,9-} is a || - || n-strict generating system of M if, and only if, =1
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Proof
_ (=) Assume {g1,...,9-} is a || - || n-strict generating system of M. Let h =
(h1,...,h;) € ¥\ {0} and find h € (Sp,»)" that lifts h. We have:

T
> gihi
i=1

Since {g1,...,9r} is || - || n-strict, there is an h' = (h{,...,h)) € (Sm,n)" such that

Z gihi
=1

Put H := h — b’ € ®, and note that H = h. This proves ® = .
(<) By Lemma 3.1.4, there are G1,...,Gy € (Sm ) with ||G;|| = 1 and g;
Gi+ N,1<i<r. Put

< max Ihl.
N

T T
h., — h! ! —_ . —
;gzhz = ;g@hi and max |[hil] = i} < max ||| = 1.

M :={f € (Smn)t: f+Ne M}

Let {A1,...,A;} be a || - ||-strict generating system of N with ||4;]] = --- =
||As]| = 1. Since M has a || - || y-strict generating system by Lemma, 3.1.7, it suffices
to show that {g1,...,9,} is || - || n-pseudo-Cartesian. Indeed, since for any f € M
there is an F € M with f = F + N and ||F|| = ||fl|n, it suffices to show that
{G1,...,Gr, A1,..., A} is a || - ||-pseudo-Cartesian generating system of M.

Let FF € M and write

T 8
(3.1.8) F = Z G;h; + Z A,‘hr+,‘
=1 =1
for some hyq,...,hyts € Sy Since {A1,...,As} is || -||-strict, we may always assume
that
(5.19) e lhal < maxFI] [l e ).

If | F'|| > max;<i<r ||hs||, then by (3.1.9) we are done. Therefore, assume that

(3.1.10) 0 [|F|l < max [[hi]| <1.
1<ilr
Let {C1,...,Ct} be a||||-strict generating system of ® with ||C|| = --- = ||C¢]| = 1.

Find B € ‘B such that

hl»---ahr+s € B(f)l[pﬂv
G1,..-,Gr, Ar, ..., Ag € (B(E)[0]),
Cy,...,Ce € (BEID"

ASTERISQUE 264



3. RESTRICTIONS TO POLYDISCS 37

Using (3.1.9) and the fact that |B\ {0}] is discrete, it suffices to find h} € B(§)[p]
with
F= ZGH+ZAmHam

IMXMW<mMHM|
1<i<r 1<i<

(3.1.11)

Let B = By D B; D --- be the natural filtration of B, and suppose
(h1, ..., he) € (Bp(&)[eD)" \ (Bp+1(€)[P])"
By (3.1.9),
hi,..., hets € Bp(§)[p].
Let
Tp: By = By = (b;'By)™~ C K

be the projection.
Write K = Bp @ V for some B-vector space V. Then

(3.1.12) K[&)p] = B,l¢llo] @ VIElLo]
as B[¢][p]-modules. By (3.1.8) and (3.1.10),

mp((ha,... b)) €T =&,
Thus for some &, ..., & € K[¢][o],

t
p((hy,.. . k) = Ci&;

By (3.1.12), we may assume €i,...,& € By[¢][p]. Find ei,...,e; € By(£)[p] with
7r,,(e,-) =¢;, 1<i<t Put
¢

Z ie; € D,

and
(hll,,h;‘) = (h],..‘,hr) — €.
Note that (3.1.11) is satisfied because mp(e) = mp((h1,...,hr)). d

Lemma 3.1.9. — Let M be a submodule of (§m,n)[ /N and suppose g1, ..., g, generate
M. Put

= {(hl,...,hr) € (Smm)": Zgihi = 0},

i=1
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and for each i € N, put
M; = {feM:on(f)>i}and

¥; = {(h17 .y he) € (gm,n)r 10N <Zgihi> >e+ Z}
=1

where

e = max on(gi)-

Then:
(i) If {91,---,9-} is an On-strict generating system of M, then
T
Jj=1
for all 1.

Conversely:

(ii) By the Artin-Rees Lemma (|25, Theorem 8.5]) there is some ¢ € N such that
for alli>c,

M; = (P)i_CMc'
I
T . _ -
q"i = q’ + @(p)z-'-e_ON(gj)Sm’n
=1
for1<i<c—e, then {g1,...,9r} is an On-strict generating system of M.

Proof

(i) Assume {g1,...,9-} is an Gy-strict generating system of M. Clearly, ¥ +
@5y (p) e NG, . C U;. Let h = (ha,...,hs) € ¥;; we wish to find H € ¥ and
K e @), (p)ite—on (gf)gm,n such that

(3.1.13) ’ h=H+H.

Since h € ¥;, we have
T
oN Zgjhj >e+i.
i=1
Since {g1,...,gr} is On-strict, there is an h’' = (h},...,h]) € (gm,n)’ such that

T T
Zgjh;' = zgjhj and
j=1 j=1

T
. i~ -~ , — ~ . ) .
(2in (On(g5) +0(hj)) =0n j§_1ﬁ gihj | Ze+i.
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Thus h} € (p)i+e’5N(91)§m,n. Put H := h— h' € ¥. We have

h=H+h €+ @)+ ves,, .,
Jj=1
satisfying (3.1.13).
(ii) Since M is On-strict by Lemma 3.1.7, it suffices to show that {gi1,...,9,} is
on-pseudo-Cartesian. Let

s
f=Y gihie M.
i=1

Case (A). — on(f) <ec.

By assumption,

(hla ceey hr) € 'I’GN(f)—e =T+ @(p)aN(f)_aN(gj)gm,nQ

Jj=1
ie.,
(h1,...,hy) =H+H

for some H € ¥ and h' € ®;=1(p)3~(f)—3N(9f)§m,n, Write ' = (h},...,h.). Since
Hev,

— B! .~ ) <1 _
f = ;gzh, and llélilélr(oN(gz) + O(hz)) > ON(f),

as desired.
Case (B). — on(f) > c.
By choice of ¢,
f € May(p) = (0"~ M, ;
ie.,

f= Z P’ fu, fv € M.

lv|=5n (£)—c
Now apply Case A to the f,. O
Let K' be a complete, valued field extension of K, write Sy, , := Sp n(E, K) and
Sl

e *= Smi . (E', K'), and suppose I is an ideal of Sy, , and J is an ideal of S,
Put

,n’ .

A = Sm,n/I and B = S,’.nl,nl/J,

and by || - ||; and || - ||; denote the respective residue norms on A and B, as in
Definition 3.1.5. Suppose

p:A—> B
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is a K-algebra homomorphism such that
le(Hlls < I fllx
for all f € A. Then ¢ induces a K°-algebra homomorphism
¢°: A° > B°,
where
A° =85 /I° and B° = (S, .)°/J°.

In addition, ¢ induces a K -algebra homomorphism

3:A—- B,
where
A=5pn/T and B=5 /7
Lemma 3.1.10. — With notation as above, let M be a submodule of A* and put N :=

o(M) - B C Bt. Suppose § is flat. Then:

(i) If {g1,-.-,9r} s a || - ||1-strict generating system of M, then {©(g1),--.,¢(9r)}
is a || - ||s-strict generating system of N.

(ii) ¢ is flat.
(iii) ¢° is flat.

Proof
(i) We may assume that ||g1]lr = --- = ||g-||1 = 1. Put

T
4= {(hl,...,hr)eA’:Zgihizo},

i=1

QB = {(hla'“ah?‘) €B": Z‘P(gz)hz = O}a

i=1

Uy = {(hl,...,hr) er:Zg,»hFo},

i=1

¥p:= {(hla-~-7hr) €B = ZSZ(ﬁi)hi =0}~

i=1

By Lemma 3.1.8, &4 = U,4. Since @ is flat, by [25, Theorem 7.6}, ¥p = B- P(P4).
We have:

Up =§¢(‘I’A) =§¢(&;A) cdpcC ¥p;

ie., g = Up. Part (i) now follows from Lemma 3.1.8.
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(ii) Let a be an ideal of A. By [25, Theorem 7.6], we must show that the canonical
map
(3.1.14) a®4B—> A®4 B
is injective.

Let {g1,...,9r} be a||-||1-strict generating system of a with ||g1|| = --- = ||g-|| = 1.
Define ® 4, &5, ¥4, ¥p as in part (i). To prove that (3.1.14) is injective, it suffices to
show that #p = B-¢(®4). By Lemma 3.1.7, it is enough to show that dp is generated
by 3(®4). By part (i), and Lemma 3.1.8 &5 = . Since $ is flat, ¥5 = B - 3(¥ ).
Finally, by Lemma 3.1.8, ¥ 4 = ® 4. This proves part (ii).

(iii) Let g1,...,9» € A° and define 4 and ®p as in part (i). By [25, Theorem 7.6],
we must show that

B =B ¢°(2%).

This follows immediately from parts (i) and (ii) since there is a || - || ;-strict generating
system of the A°-module ®%. O

It is often convenient to work over an extension field of K. The next lemma shows
that Sy, , and the total value v behave well with respect to ground field extension.

Lemma 3.1.11. — Let K' be a complete, valued field extension of K, let E' C (K')°
be a complete, quasi-Noetherian ring, and put

Smn = Smn(E,K), Sy p:=Smn(E K').
Assume Sy, D Smn; e.g., take E' D E. Let M be a submodule of (Spm )¢ and put
M =M. S:n,n'
(i) §;nn is a faithfully flat gm,n-algebm.
(i) Suppose {g1,...,9-} C M is av-strict generating system of M, then {g1,...,gr}
is also a v-strict generating system of M', and for every f € (Sm.n)%, vm(f) =

vpe (f). In particular || flla = || fll e -
(iii) Sm,n(E',K') is a faithfully flat Sy n(E, K)-algebra.
(iv) Smn(E',K')° is a faithfully flat Sy n(E, K)°-algebra.

Proof
(i) By Corollary 2.2.2, both §m,n and §§nn are Noetherian. Since (p) C rad S’v;nn,

Spu.n 18 (p)-adically ideal-separated. For each £ € N,

Sl (0)t = K[€ 0}/ (p)* = K'[, 01/ (p)* = i/ (p)*

is flat. Hence by the Local Flatness Criterion [25, Theorem 22.3], §,’nn is a flat §m,n—
algebra. Let m be a maximal ideal of S, . By [25, Theorem 7.2], to prove that g;nn
is faithfully flat over gm,n, we must show that m - g;nn # §1,1m Since (p) C m, this
follows from the faithful flatness of K'[¢] over K[¢].
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(ii) We may assume that ||gs|| =1,1 < i < r. Put

N = {(hl,...,h,.) € (Smn)" : zr:g}h,- = 0} :
=1

N' = {(hl,...,hr)e(S':n,n)':ZzithO
and for each i € N, put

Ny = {(hl,...,hr)e(gm,n)’":ﬁ( ﬁihi)26+i},
Nl = {(hl,...,hr)E(S;;n’n)riAO’< gihi>26+i},
1

where e := maxi<i<,0(g;). By Lemma 3.1.2, {g1,...,§,} is an O-strict generating
system of M. Hence by Lemma 3.1.9(i),

N, =N+ @(p)i+e_6N(gi)§m,n

i=1
for all i € N. By part (i),
N{ = §"l"'l«,n ®§m n Ni and N/ = Si;nvn ®§m n N‘

Hence,

r
N =N+ P(p)*eons,
j=1

for all ¢ € N. Finally, by applying Lemmas 3.1.9 and 3.1.2 again, we see that
{91,...,9r} is a v-strict generating system of M'. The last assertions of part (ii)
follow from Lemma 3.1.1 as in the proof of Lemma, 3.1.2.
(iii) First we prove that Sy, , is a flat Sy n-algebra. The faithful flatness will
follow from part (iv) by faithfully flat base change; i.e., S;, , = (51, ,)° ®s2 . Smn-
Of course, the proof of part (iv) makes use only of the assertion that Sy, , is flat over
Smn-

Let I be an ideal of Sy, . By [25, Theorem 7.7], we must show that the canonical
map

(3.1.15) I1®5,,. Smn = Smn ®Spmn Sman

is injective.
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Let g1,- .-, 9r € Sm,n be a v-strict generating system of I with ||g1|| =--- = ||g-|| =
1. Put

N = {(hla'“ah’?‘) € (Sm,n)" ¢ Zgihi B 0}
=1

r

N' = {(h],...,hr)E(S,’,n,n)rizg,‘hi=0}
’ i=1

P = {(h],‘ . .,hr) (S (gm’n)r : Zgihi = 0}
i=1
~ r

P = {(hl""ahr)e(S;n,n)rzzgih'i:o}~
i=1

To prove that (3.1.15) is injective, it suffices to show that N' = S}, , - N. By
Lemma 3.1.8, N = P, by part (ii) and Lemma 3.1.8, (N')~ = P’, and by part
(i), P' =S}, - P. Hence
P =8, P=8, . N=({N").

After an application of Lemma 3.1.4, one sees that N' = S, . - N, as desired.

(iv) Let g1,...,9r € Sy, , and define N, N’ as in the proof of part (iii), above. We
must show that

(N')° = (Spn)®  N°.
This follows immediately from the existence of a v-strict generating system for N, from
part (ii) and from the fact that S, ,, is flat over Sy, ». Since K°°, (p) C rad Sy, ,,
the faithfulness follows from that of
Klg] — (&) /K> - (K')°)[g)-
O

3.2. Restrictions to Rational Polydiscs. — Let ¢ € 1/|K \ {0}| with 1 > ¢ > 0.
Put

Tmn(€) = Tmn(e, K) := {Zau,,ﬁ“p” € K[¢,p]:  lim 5|”||a,,.,| = O} .

[u+|v| =00
By [6, Theorem 6.1.5.4], Try n(€) is K-affinoid. Define a modified Gauss norm |||,

on Ty, n(€) by
“Z au € p”

(see [6, Proposition 6.1.5.2]). By [6, Proposition 6.1.5.5], ||-(|, = ||'lls,p 00 Tm,n(€). In
this subsection we make extensive use of || - ||syp on affinoid algebras. Quasi-affinoid
algebras also possess supremum seminorms, but we will not make use of them until
after we prove the quasi-affinoid Nullstellensatz, Theorem 4.1.1.

:= maxe|a,,|
I3 12214
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By tc denote the natural inclusion
te : Smpn = Tmn(€),

which corresponds to the restriction to the rational polydisc Max Ty, n(¢). In the case
that € € |K| with 1 > ¢ > 0, fix ¢ € K with |c| = ¢. Then the K-affinoid map

Pe : Tmn(€) = Tingn

given by { = £ and p = ¢ p identifies Ty, ,(g) With Tpyqp, and for f € Ty, n(e), we
have || f|lsup = |l¢e(f)||. By ¢. we denote the inclusion

1 . .
be = Qe O le : Smun = Ttn;

thus o, (f) = f(&, ¢ p) for f € S, n. Note that the morphisms ¢, and ¢. depend on
the choice of c.

We are interested in the uniform behavior of the inclusions ¢, as € — 1. In partic-
ular, we show in Theorem 3.2.3 that the image under ¢, of a strict generating system
remains strict for e sufficiently large.

For this purpose we define a map o : Sp, , & R4 as follows (assuming that n > 1).
Let f =3 fu(€)p” € Smn and put i :=0(f). If i = 0,00 put o(f) := 0. Otherwise,
put

e 1)
n=me (i)

Note that 0 < o(f) < 1. The number o(f) is called the spectral radius of f.
The following observations are useful in computations involving the spectral radius:

llee (Hllsup = I NI
with equality when 1 > ¢ > o(f), and
o(f) = inf{|c| : c € (K')* and 5(f (£, ¢~ p)) =0(f)},
where K’ D K is algebraically closed. Hence if f-g # 0,

o(f - 9) = max{o(f),a(¢9)}-

It is suggestive to compare the spectral radius with the spectral value of a monic
polynomial defined in [6, Section 1.5.4].
We define the spectral radius of a submodule M of (Sp )¢, n > 1 by
M) = inf max{o(g1),...,0 ,
o(M) o 0 {o(g1) (gr)}

where M is the collection of all v-strict generating systems {gi,...,gr} of M.

Remark 3.2.1
(i) Let € € |K| with 1 > € > 0. We have the following commutative diagram
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Timn(€)

Sm,n 7 > Lm4n
LE
and ¢, is an isometric isomorphism. Since ¢, is an isometry, this yields an identifi-
cation of T, n(e) with K[€, p| = Trnin, where Trm.n(€) is the quotient of the subring
of power-bounded elements of Tp, »(¢) modulo its ideal of topologically nilpotent ele-
ments (see [6, Section 6.3]).

(ii) Let € € \/|K \ {0}| with 1 > € > 0. Let K’ be a finite algebraic extension of
K and suppose {ci,...,cs} is a K-Cartesian basis of K’ (see [6, Definition 2.4.1.1}).
Then {ci,...,¢s} is also a ||-||,,-Cartesian basis for the Tp, 5 (¢)-module Ty, ,(¢) :=
Tmn(e, K'). This is easily seen using the modified Gauss norm ||-||,, as follows. Let
f € Ty, n(e); then f = Z;ci fi with each f; € Tm,n(e) and [|fll, = max leil Il

(iil) Using the notatiz)n of part (ii), observe that {c1/c1,...,¢s/c1} is a K-Cartesian
basis of K'; hence we may assume that ¢; = 1. Let M be a submodule of (Ty,,n(¢))*
and put M’ := T}, .(¢) - M. Let f € (Trmn(e))%; then ||f]ly, = |Ifllpy (see Defini-
tion 3.1.5). This is proved as follows. By Lemma 3.1.4, there is a g € M’ such that

. 8

1 = gll = | fllp;- We may write g = Zcigi with each g; € M. By part (ii),
i=1

max {||f — g1ll. , le2| lg2ll. 5 - - - les| llgsll. }
If = gl
A1l as -
Since [|fllyy < [1fllas we have [|fllys = [1llap-

Our immediate goal, Theorem 3.2.3, is to show that a strict generating system
remains strict upon restriction to a suitably large rational polydisc. Lemma 3.2.2 is

the inductive step of the slicing argument involved. It makes special use of condition
(i) of Lemma 3.1.1.

I - glle

vV IV

Lemma 3.2.2. — Let M be a submodule of (Sm.n)¢, let g1,...,9, € M with ||g:|| =
-+« = |lg#|l = 1, and suppose that {g1,...,gr} is an O-strict generating system of
M. Suppose B € B satisfies {g1,...,9r} C (BE[[pI)E N M, and let B = By D
B; D --- be the natural filtration of B. Let € € \/I_KW be such that 1 > ¢ >
max{a(g1),...,0(gr)}. Suppose

F € M ((Bp(&lel)* \ (Bp1(E)I[eI))°) -
Then there are a1, ...,a, € {0} U (Bp(&)[[p]] \ Bp+1(&)[[p]]) such that
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) e (F)llgup > 125 lle (@190) gy (recall | lup = 1| le 0n T (<)) and
(i) If = Xizy @igill < IIfII-
Proof. — Choose ay,...,a, € {0}U (Bp(&)[[p]] \ Bp+1(€)[[r]]) as in Lemma 3.1.1. By
Lemma 3.1.1 (i), o(a;9;) < ¢, so
llee (aigi)llgup = %99 [laigsll < 59| £]].

By Lemma 3.1.1 (ii)’, we get

llee (@igillgup < @91 £1l < DN < Hee (Hllgup »
which yields (i). Since f € M, (ii) follows from Lemma 3.1.1 (iii). O

Theorem 3.2.3. — Let M be a submodule of (S n), n > 1, with v-strict generating

system {g1,...,9-} C M°. Lete € \/|K\ {0} with 1 > ¢ > max;<i<,0(g;), and
assume either that K is a stable field (see |6, Definition 3.6.1.1]) or that ¢ € |K]|.

Then {te(91),---,te(gr)} 15 a |||l -strict generating system of the Tp n(e)-module
te(M) - Trnn(€) C (Tin,n(€))"

Proof. — Suppose first that ¢ € |K|. Then by Remark 3.2.1 (i), we have the following
commutative diagram,

T n(€)

7N
Sm,n J

Tm+n

€

where @, is an isometric isomorphism. We will therefore show that {¢.(g1),-.-,¢.(gr)}
is a ||-||-strict generating system of the Ty, n-module ¢ (M) - Trnin C (Trntn)t

By Lemma 3.1.4 (applied t0 Trptn = Sm+n,0), it suffices to show for each f €
tL(M) - Ty \ {0} that there are ai,...,a, € Typin such that

(3.2.1) Il = max llasez(g:)ll and ||f = aiel(9:)
i=1

1<i<r

<A1

T
Write f = Z fit(g;) for some fi,...,fr € Typyn. Find polynomials fi,..., f, €

=1
K¢, p] such that each ||f! — fill <||f|l. Then

T

D fullgi) = firi(gs)
=1

=1

<|I71l

since [|¢L(g:)|| < 1 for all 5. Put f':=3"_, fli'(g;). It suffices to prove (3.2.1) for f'.

i=1Ji
Since the f; are polynomials, f' = (. (F) for some F' € M. We wish to apply
Lemma 3.2.2. Since ||Sm || = |K|, we may assume ||F|,||g1ll,.-.,|lgr|| = 1. Hence
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by Lemma 3.1.2, {g1,...,gr} is an o-strict generating system of M. Choose B € 8
such that F,g,...,g, € (B{¢)[[0]])¢ N M. By iterated application of Lemma 3.2.2
(recall that € € |K|, hence T, n(¢) and T r, are isometrically isomorphic) we obtain
a sequence {a;;} C B(£)[[p]] such that aio,...,a,0 = 0 and for every s € N,

0 e - 3 asa] 2 il and
1<i<r
05535
(ll) IF— Z ai;jgi|| > “F— Z ai; 9i|-
1<i<r 1<ilr
0<5<s 0<7<s+1

Since B{(£)[[p] is complete in ||| and |B \ {0} C Ry \ {0} is discrete, by (ii),

F— E a;g; =0, where aq;:= Zaij.
=1 7>0
Hence ||f' — 37, ¢z (ai)ee(90)ll = 0 <[ f']|. It follows from (i) that [|f']| = [lec(F)Il =
max; ; ||¢.(as;9:)|| and hence that

1/l = max [l (aigo)l-

This concludes the proof in case € € |K \ {0}|.

It remains to treat the case that K is a stable field. Let K’ be a finite algebraic
extension of K with ¢ € |K'|. Let S}, ,, := Sma(E,K') and let M' :== M - S, .. By
Lemma 3.1.11, {g1,...,9r} is a v-strict generating system of M'. Therefore, by the
preceding case, {tc(91), - - -, te(gr)} is a |||l ,-strict generating system of the Ty, ,(€)-
module ¢ (M) - T}, ,.(¢)-

Let {1 = c1,...,cs} be a K-Cartesian basis of K', and let f € (Tinn(€))® C
(T}, o(€))t. By the previous case there are ay,...,a, € Ty, ,(€) such that

f- Z a;te(9:)
i=1

[l > 5 llaste (9l -

= [1fll..car)-1, . (e) » and

sup

Fori=1,...,r, write

£
a; = Z CjQij with QA € Tm,n(s)'
i=1

Then as in Remark 3.2.1 (iii),

|

= “f”[,s(M)’Tm,n(e) » and
sup

f=Y aaw(g)
i=1

”f”sup 2 llgiag(‘r IlaiILE(gi)Ilsup .
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Thus {te(g1),---,t(9r)} is a |||, -strict generating system of the Tr, »(g)-module
te(M) - T n(€)- O

Let M be a submodule of (S, ,)¢. Lemma 3.2.5 uses Theorem 3.2.3 to relate the

structure of M to that of (te(M) - Tpn n(€))™ for € large enough. Lemma, 3.2.6 will be
used in Section 4 to prove that Sy, , is a UFD.

Definition 3.2.4. — Let M be a submodule of (S, )¢ n > 1, and consider MC
(Sm.n)t. Note that each f € (gm,n)‘ can be written uniquely as f = ZIVIZG( 5 fv(€)p,
where each f, € (K [€])¢. Define A(M), the uniform residue module of M, to be
the K [€, p]-submodule of (K [€,0])¢ generated by the elements ZIVI=5( 5 fv(€)p” for
feM.

The name uniform residue module is justified by the following lemma.

Lemma 3.2.5. — Let M be a submodule of (Smn)t, n > 1, and let K' be a com-
plete extension field of K. Suppose € € |K'| with 1 > ¢ > o(M). Put N :=
te(M) - Tran(e,K") C (Trm(e, K")t. Then N = K'- A(M), where we have iden-
tified fm,n(s,K') with K'[€, ol

Proof. — Let Sy, ,, *= Smn(E,K') and let M' := S, , - M. Choose a v-strict gen-
erating system {gi,...,g-} of M with ¢ > max;<i<,0(g;). By Lemma 3.1.11 (ii),
{91, --,9r} is a v-strict generating system of M’'. Hence by Theorem 3.2.3,

{ee(91), -, te(gr)}
is a ||"||y,p-strict generating system of . (M) Ty n(e, K') = N. Put G; := %9, (gs)
where ¢ € K' is chosen with |c| = . By Lemma 3.1.4, {G1,...,G,} generates N. O

Lemma 3.2.6. — Let I C Sp,, be an ideal. Suppose A(I) is principal; then I is
principal.

Proof. — For h € §m,n, let h° denote the leading form in p of the power series
h. Note that (hg)® = h°g°. Choose hy,...,hs € I such that {hS,...,hS} gen-
erates A(I). Suppose g € K (&, p] generates A(I). Since each hj is a multiple of
g, deg,g < minj<i<s(deg, h;) =: d. Since g is a linear combination of the h7,
6(g) > min;<i<s6(h{) = d. Hence g is homogeneous in p of degree d, and g = G° for
some G € I. By Corollary 2.2.4, it suffices to show that G generates I.

Let J be the ideal of §m,n generated by G. Clearly I D J; we will show that I=1.
Suppose there is some f € I \ J. By Theorem 3.1.3, we may assume that

(32.2) o(f —h) <o(f)
for all h € J. Since f° € A(I), there is some a € K[¢, p] such that f° = ag = (ag)° =
a°G° = (aG)°, contradicting (3.2.2). O
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3.3. Contractions from Rational Polydiscs. — In this subsection, we transfer
information from T}, ,(g) back to Sm,». The main results are Theorem 3.3.1 and its
Corollaries, which show, roughly speaking, how to replace powers of ¢ with powers of
(p) for € near 1. Of course, when K is discretely valued, € cannot, in general, belong
to |K|. It is therefore sometimes necessary to extend the ground field as we did in
Subsection 3.2.

For f € K(£,p) = Tp4n, n > 1, let d(f) := oo if f = 0. Otherwise, write
F(&) = Zf,(€)p” and let d(f) be the largest £ € N such that for some v with |v| = £
we have ||f]| = || f.||- We call d(f) the residue degree of f. Note that if ||f|| = 1, d(f)
is the total degree of f~as a polynomial in p.

Let (A,v) be a normed ring and let f = Xf,p", g = Eg,p” € A[[p]. We say g is a
magjorant of f iff v(f,) < v(g,) for all v.

Let ¢ € A with v(c) < 1, and suppose

z ,DV+ Z c|u|—apu

lv|<a lv|>a

is a majorant of f and
> 3 iy
|v|<b |v|>b

is a majorant of g. Put e := max{a, b}. Then
Z P’ + Z c¥1=¢p” is a majorant of f + g, and

lv|<e lv|>e
(ii) z o+ Z c¥I1=(e4b) p¥ is a majorant of fg.
lv|<a+b lv|>a+b

Note, for any f € S, with ||f|| = 1 and any ¢ € K°, that f(,c- p) is majorized
by S_cl¥lp¥. This fact will be used in the proof of the next theorem, which, for
f € (Sm,n)t and M a submodule of (Sm,n)*, relates vas(f) and ||ec (£l (M)-Ton ()
when ¢ is sufficiently large. The proof shows, via the concept of majorization, that if
the “slicing” in (Tpn n(€))¢ is done carefully, then it pulls back to (Sym,n)*.

Theorem 3.3.1. — Let M be a submodule of (Smn)%, n>1, let e € \/|K \ {0}] with
1> ¢ > o(M). Then for every f € (Smn),

m(f) < (IF11,27

where o € NU {00} is the least element such that €*||f|| < |lec(f)|lec(rr)-Tm.n(e)- If
a = 00, then vy (f) = (0,0).

Proof. — Let K' be the completion of the algebraic closure of K, and put ‘S"l,'n,n =
Smn(E,K'), Ty, n(€) :=Tun(e, K') and M' := S, ,-M. By Lemma 3.1.11, s(M') <
(M) and v (f) = vm(f). Certainly,

”Le(f)”Le(Ml).T;n,n(e) < ”Ls(f)”L;(M).Tmm(s) .
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Therefore, we may assume K = K', so that, in particular, ¢ € |[K| and Tp, »(€) is
isometrically isomorphic to Tp,+n. Choose ¢ € K with |¢| = e. We may replace ¢. by
¢, as in Remark 3.2.1 (i).

Since 2 £I] < 1L, (F)ll, i (AN = 1)l (a1) o there is nothing to show.
Therefore, we may assume that

(3.3.1) llee (Flez (1) Tomgn < Nlec(HII-
We may further assume that || f|| = 1.

Let o € NU{oo} be the least element such that €* < ||¢, (f)|l. (m) Ty - BY (3:3.1),
a>0. Fix g €N, 8 < a. We must show that

vm (£) < (I1F11,277).

Let {g1,...,9r} be a v-strict generating system of M with ||g1]| = -+ = ||lg-|| = 1
and € > maxi<i<r0(g;). For 1 <i <r, put G; := 0‘3(9‘)L’5(gi), where ¢ € K with
lc| = €, and find B € B such that «.(f), G1,...,Gy € (B{£,p))t. Let B= By D B; D
--- be the natural filtration of B.

Claim (A). — Let F € (By(£,0))* \ (Bp+1(&,0))¢ and suppose for some h € 1.(M) -
Trm4n that ||F — h|| < ||F||. Then there are polynomials h; € Bp[€, p] such that

Q) ‘F - Z hiGi
i=1

(ii) max{3(Gs) + deg,(hs) : h; # 0} = d(F).

< ||F|l, and

Let mp : Bp — Ep C K' denote a residue epimorphism (of B-modules), and write
K = B, @V for some B-vector space V. Then

(3.3.2) Tontn = KI€,0) = Bplé, )] @ V¢, ]
as B¢, p| modules. Since |F — k|| < ||F||,
WP(F) € (L;(M) : Tm+n)~'

Since T, n (€) is isometrically isomorphic to Ty, 4p, by Theorem 3.2.3 and Lemma 3.1.4,
{G1,...,G,} generates (tL(M) - Tpyn)~. Thus there are h; € K[, p] such that

(3.3.3) mp(F) =Y hiGi.
=1
By (3.3.2) we may assume that hi,... ke € gp[é ,p]. Furthermore, since each com-

ponent of each G; is either 0 or a sum of monomials of total p-degree equal to 6(5,')
we may assume that

max{0(G;) + d(hs) : h; # 0} = d(F).
Find hy,..., h, € By[¢, p] with
max{3(G;) + deg, (k) : hi # 0} = d(F)
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and mp(h;) = hi, 1 <i <r. Now by (3.3.3),

ﬂp(F - ih,G,) =0
i=1

This proves the claim.
By (3.3.1) and Claim A, there are polynomials hi € B¢, p] such that

max ||l = Iz (H)II;

1<ilr
te(f) - Z hioG;
i=1

max{5(G;) + deg,(hio): hio # 0} = d(.L(f)).

Moreover, since Y, c!’lp” majorizes each component of ¢.(f),

<lee(HIl and

[lhiol| < A () < 8(Gi) | cdeg,(hio)
In the next claim, we iterate this procedure.

Claim (B). — There is a ﬁm’te sequence {hi;} C BI[&, p] such that

s—1 r

(i) for each s, ||LL(f) — Z Z hiiGi|| < ||ee(f) — Z ZhijGi ,
j=0 i=1 §=0 i=1
s—1 r
(i) for each s, max [lhis|| = - JZ);huGi ,
(iii) for each i, s, Z hij is majorized by (Go) Zc“"p nd
=0
(O AGEDYS Z hi;Gi|| < €P.
§>0 i=1

Note that the sum in (iv) is a finite sum.

Assume h;j, 1 <i<r,0<j<s, have been chosen so that conditions (i)‘, (ii) and

(iii) are satisfied, as they are by hig, ..., hr. Assume condition (iv) is not satisfied,
and find p € N so that
(3.3.4) () = 303 G € (Bylé )\ (B ).

_O =1

Since condition (iv) is not satisfied and since €# > ||cL(f Mo (M)-Tpnsn » We may apply
Claim A to F := tL(f) — 3}_¢ 1=y hsjGi- This yields polynomials his41 € Bpl[€, p]
such that

s+1 r
(3.3.5) )= DY hiyGi E Z hi;Gi
j=0 i=0 j=0 i=1
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and

(3.3.6) 1n<1?gcr{6(G,~) +deg, hist1 @ hist1 # 0} = d,

where d := d| (L’e(f) — Yjm0 Li=1 h,'jG,'>.

By (3.3.5), condition (i) is satisfied for s + 1. Since h;s41 € Bp[¢, p], by (3.3.4),
condition (ii) is also satisfied for s + 1. To prove (iii) for s + 1, it suffices to show,
for each 1 < i < 7, that [|hisyq|| < e0(Gitdeg,(hists)  If b, 1 = 0 we are done.
Otherwise, by (3.3.6),

deg, (hiss1) < d—(Gy).
By (iii), each component of ¢_ ( f )—E;ZO Sor_1 hijGi is majorized by 3~ cl*lp¥. There-

fore, ”L;(f) YL YL hz-,GiH <et,
Since (ii) is satisfied for s + 1, the above yields

w(f) =D hiGs

=0 j=1

lhissall <

&.d

63(Gi)+(d—3(Gi))

IN

< 85(G'i)+desp(his+1)’

proving that (iii) is satisfied for s + 1. The claim now follows from the fact that
|B\ {0}| C Ry \ {0} is discrete.
For1<i<r, put

hi = C—a(Gi) Z h”
Jj>0
Since h; is a polynomial (recall that the above sum is finite), there is some h} € Sp
so that h; = [ (h}). By Claim B (iii), max;<i<, ||R}|| < 1. Write

w(f) =D hiGi =) Cul(&)p”

§>0 i=1
Then
r
f=Y higi=3 M, ()"
=1 v
Note that

<t=|fll.

”f -3 K
=1
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< 1 we are done. Otherwise, =1, and we want

It Hf S f-S0 hig:

5(f -3 h;‘gi) > . Put v:= 6(f -3, h}‘gz). Then

max ||c77C,|| = 1;
lvl=>

ie., &g’ = max|y|= ”CV” <

l(f) = X0 izt hq‘,jGi“ < B, Therefore, v > 3.

Finally, in the case that a = 0o, we must show that va(f) = (0,0). By Theo-
rem 3.1.3, we may assume that v(f) = vp(f) and hence ||f|| = ||f||,,;- By the above,
we have

o(f) < (IF11,277)
for all B € N. Hence f = 0; i.e., vp(f) = (0,0). a

Corollary 3.3.2. — Let M be a submodule of (Sm)¢, n > 1, and let € € \/|K \ {0}|
with 1 > ¢ > o(M). Then M = 17 (te(M) - Ty n(€))-

Proof. — Let f € 172 (te (M) - Trn,n()). Since te(f) € te(M) - Trn,n(e), Theorem 3.3.1
with o = oo yields vp(f) = (0,0). Hence by Theorem 3.1.3, f € M. O

Corollary 3.3.3. — Let M be a submodule of (Smn)¢, n > 1 and let f € (Sm.n)t
Then

Ifllae = lim Al (H)llec (M) Tom,n(e)-
e—1
e€r/|K]|

Indeed, find h € M so that vy (f) = v(f — h), and let F := f — h. Then for every
g € I|K|, if1 >¢e>o0(M), we have

(3.3.7) £ llar = NEN 2 lee (Dlleept) T e) = N
Moreover, when in addition € > o(F), equality holds in the rightmost part of (3.3.7).
Proof. — The only assertion that needs proof is
(3.3.8) llte (E)lee(b)-Ton () = EENIF-
Let @ € NU {00} be the least element such that

EXNFI < llee (FMloe (1) T (e) = e (P e (M) Tom () -
If (3.3.8) does not hold, @ > 6(F) + 1. So by Theorem 3.3.1,

vm(f) = o(F) = (|F1,27°F)) < (I1F]}, 27207,

If F # 0, this is a contradiction. The additional assertion in the case that ¢ > o(F)
follows from [te (), () Ty n(e) < [l (F)llggp = 75 - [l O
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Corollary 3.3.4. — Let I be an ideal of Spm,, and M a submodule of (Sym n/I). Let
¢ (Smn)t = (Smn/I)¢ denote the canonical projection and put N := o~ 1(M).

Let e € \/|[K\ {0} with1 > & > o(N), and let f € (Sm.n/I)®. Then vy (f) <
(1l 7-(Sm.)e: 27%) where o € NU {oo} is the least element such that

EN N1 (Smn)e < Nee (I)lec(M)-(Tnom () /16 (1) T () -
In particular, if @ = oo then vp(f) = 0.

Proof. — By Lemma 3.1.4, there is some F € (Sy,,)° such that (F) = f and
”F“ = “f“[.(smm)t. Since

lee (Fee(M)- (T m (€) /06 (1) T (€)) = Nt (F)lua (N)-Tom ()

and

vm(f) = on(F),
the conclusion follows from Theorem 3.3.1. O
3.4. Restrictions to Open Polydiscs. — In previous subsections, we studied

properties of the restriction maps
te: Smn — T n(€)
to the closed polydiscs Max T, n(€). As in [6, Section 9.3], the collection

{Max T n(e): € € V|K \ {0}[}

is an admissible open cover of U, Max T, »(€). In fact, as we will see in Subsection 4.1,
Ue Max Ty, n(€) = Max Sy, . Properties of the restriction maps ¢, gave us information
about residue norms vy.

In this subsection, we study properties of restrictions from Max Sy, , to finite
unions of disjoint open polydiscs. When the polydiscs have K-rational centers, these
restriction maps take the form ¢ : Spn = @7_1S0,m+n. Such restrictions are not
related in any natural way to admissible covers of Max Sy, ,,. Nonetheless, as we show
in Theorems 3.4.3 and 3.4.6, such restrictions are isometries in the residue norms
derived from || - || and, respectively, I and ¢(I), provided that the finite collection of
open polydiscs is chosen appropriately.

In Subsection 5.5, we prove that for certain reduced quotients Sy, /I, the norms
[|-|lr and || - ||sup are equivalent. In that subsection we use Theorems 3.4.3 and 3.4.6
to reduce this to the much simpler case of reduced quotients Sp m+n/I.

We first treat the case of a restriction to a finite union of disjoint open polydiscs with
K-rational centers. The extension to the case of non-K-rational centers is explained
in Definition 3.4.4, Lemma 3.4.5 and Theorem 3.4.6.
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Definition 3.4.1. — Let ¢1,...,¢, € (K°)™ with |¢; —¢;| =1,1<i < j <r. For
j=1,...,r, consider the ideal I; of Sy ntm given by
Ij = (& = ¢j1 = P41y €m — Cjm — Pntm) * Smntm-
Put I :=Nj_;I; and define
Dpn(c) := Smntm/I.
Let
we : Smn — D n(c)
be the K-algebra homomorphism induced by the natural inclusion Sy, n = Sm ntm.

For ¢y,...,c, as above, consider the open polydiscs
Amn(c;) == {(a,b) € (K")™": la—cj| <1 and |b] < 1},
where K' D K is complete and algebraically closed. Put

-
Amn() = Aman(c)).
j=1

It is a consequence of the results in Subsection 5.3 that D, ,(c) is the ring of K-quasi-
affinoid functions corresponding to the quasi-rational domain A, ,(c), and that w,
is an inclusion. This justifies regarding w, as a restriction to A, ,(c). However, we
make no use of the results of Subsection 5.3 here.

It is also a consequence of the results of Subsection 5.3 that D, »(c) is isomorphic
to @7_,S0,n+m- The next lemma gives a proof of a sharper result.

It is easily checked that the assignments

pi"—_)(pi,“-vpi)a ISiSn'l‘m»
& > (Pnti + Ciiy -+ s Prti + Cri), 1<i<m,

induce a K-algebra homomorphism

(s
Xe : Dmn(c) — €D Sontm-

i=1
Lemma 3.4.2. — x. is an isometric isomorphism; in particular,
lIxe (AN = 11£1lz

for every f € Dy, n(c).
Proof. — Note, by the Weierstrass Division Theorem, Theorem 2.3.2, that

Sm,n+m/Ij = SO,n+m’ 1 S] <r.

The fact that x. is an isomorphism is now a consequence of [25, Theorem 1.4], and
the fact that the ideals I;,..., I, are coprime in pairs.
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Since the map Dy, n(c) = Dmn(c)/Ij - Dmn(c) is a contraction, 1 < j < r, it
follows that Xe is a contraction. Thus we may define a K. -algebra homomorphism

jfvc: 5m,n(c) — @ §O,n+ma
j=1
as in the paragraph preceding Lemma 3.1.10. To show that x. is an isometry, it
suffices to show that X, is injective.
By Lemma 3.1.4,

Dpn(c) = gm,n+m/f'
It is not hard to see that
Tj = (61 - Ejl — Pntir-e s €m — jm pn+m) . gm,n+my

1 < j < r. (Indeed, there is a linear isometric change of variables under which the
image of each ideal I; is generated by &1, ...,&m.) Because |c;—cj| =1,1<i<j <,
the ideals I1, I are coprime in pairs. Hence by [25, Theorem 1.3],

N5-=110

We have:
- T ~ T - T - T ~ T ~
I={NL| cNL=1ILc|{II&]) <|NL
Thus I = ﬂ;=1fj. By [25, Theorem 1.4], X, is an isomorphism. O

From now on, we will also denote by w, the map

-
We : Smn = D n(c) Xey @ So,n+m-
=1
Observe that

r
wc(f(g’p)) = @f(ﬂn+1 + Cjly- -y Pntm + Cim, P1y- - ~apn)‘

Theorem 3.4.3. — Let M be a submodule of (Smn)¢. Suppose there are c, ... sCr €
(K°)™ with |¢; —cj| = 1, 1 <4 < j <, such that for every p € Ass((Smn)t/M),
there is an i, 1 < i <r, with

m; = (€ _Eup) D p,

(e.g., suppose K is algebraically closed). Consider the Sp, n-module homomorphism

£
r
P (Sm,n)l — @ SO,n+m
Jj=1
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induced by we. Put N := o(M) - (®-1S0,n+m). Then:

() If {g1,---,9s} is a || - ||-strict generating system of M, then {p(g1),...,¥(gs)}
is a || - ||-strict generating system of N.

(i) fllm = llp()lln for every f € (Sm,n)°-
(iii) o }(N) =M.
In particular, under the above assumptions on K, given an ideal I of Sy n, there is

an isometric embedding ¢ : Spmn/I — A, where A is a finite extension of Soq and
d=dim Spn/I.

Proof

(i) This follows from Lemma 3.1.10 (i) once we show that &, is flat. Applying
[25, Theorem 7.1}, to each of the r maximal ideals of &7_; So,n+m, We are reduced to
proving that each map

(Smon)m; = Sontm: F(&P) = F(Pnt1 +Cjts- s Prtm + CjmyP1y- - -1 Pn)

is flat, 1 < j < r. The flatness of these maps is a consequence of the Local Flatness
Criterion ([25, Theorem 22.3]), because

gm,n/mﬁ = S;O,n+m/()01a T I?[P]/(P)Z

and m; is mapped into rad(§0,n+m).
(ii) Let f € (Sm,n)¢. By Lemma 3.1.4, we may assume that

WAl =11fllm =1,
and we must prove that

lle(Hllv = 1.

In other words, we may assume that f ¢ M and we must prove that (ﬁ(f) ¢ N. By
part (i) and Lemma 3.1.4, it suffices to show that

&(f) ¢ F(M) - (GB §o,n+m) :
j=1

Put
P = (Smn)t/M,

T

A=8nn B=PGnnm;, C:= @50n+m
j=1

Jj=1
Consider the sequence

P—P®sB— (P®4B)®pC.
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We wish to show that the composition is injective. The injectivity of P ® 4 B —
(P ®4 B) ®p C is a consequence of [25, Theorem 7.5], because C is a faithfully flat
B-algebra (see proof of part (i)). It remains to show that the map

P— PPn,=PcsB
j=1
is injective.
Let € P\ {0}. We must show for some j, 1 < j < r, that
Ann(z) == {a € Sppn: ax =0} C m;.

By [25, Theorem 6.1], there is some associated prime ideal q € Ass(P) such that
Ann(z) C q. But we have assumed that ¢ C m; for some j, 1 < j < r. This completes
the proof of part (ii).

(iii) This is an immediate consequence of part (ii), above.

The last assertion is now a consequence of Remark 2.3.6 and the observation that
69;:150,,,+m is a finite So n+m-algebra. O

In what follows, we treat the case that the centers ¢ may be non-K-rational. Notice
that even in the rational case, because K is non-Archimedean, discs do not have
uniquely determined centers (indeed, every point of the disc is a center). Hence
the rational “centers” actually correspond to points of K™ x {0}™. In the non-K-
rational case, they correspond to maximal ideals of §m,n. In other words, for ¢, ¢’ €
(Kag)™, the rings of K-quasi-affinoid functions on the open unit polydiscs Ay, n(c)
and Ay, n(c') coincide precisely when there is an element y of the Galois group of
Kajg over K such that |c—~(c’)| < 1. This occurs if, and only if, mg = mz, where mz
is the maximal ideal of elements of §m,n vanishing at (¢,0). (The reader may wish to
refer to Subsections 4.1 and 5.3.) This motivates the following definition.

Definition 3.4.4. — Let c1,...,c, € (Kg,)™ satisfy
mg #Amg, 1<i<j<r, and [K(c):K]=[K(@:K]

For j =1,...,r, write ¢; = (¢j1,...,¢jm) and let fje(&1,...,&) be the polynomial
monic and of least degree in & such that fje(cji,...,cje) = 0. We may choose

fie € K°[&1, .., &l
Consider the ideal I; of Sy nym given by

I = (fi1(&) = pn+1y- -, fim(&1s - - - €m) = Prtm) - Smntm.
Put I :=Nj_,I; and define
Dpon(c) := Smptm/I.
Let '

We : Smpn — Dmn(c)
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be the K-algebra homomorphism induced by the natural inclusion Sy, n <+ Sm ntm-

As we remarked above, D, »(c) is again the ring of K-quasi-affinoid functions on
Am,n(c). When c is non-K-rational, the structure of Dy, »(c) is only slightly more
complicated.

For i # j, mg, # mg,. It follows from the Nullstellensatz for K[T] that mg, + mg =
(1). Since I+ I~j + (p) D mg, + mg;, I+ TJ contains a unit of the form

1+f,  f€(PSmnim.

This implies that the ideals I; are coprime in pairs. By [25, Theorem 1.4], the induced
map

r
Xe : Dmn(c) — @ Sm,n+m/1j

=1
is a K-algebra isomorphism.
Since Spm n+m/Ij = Dm.n(c)/I;, the map X, is a contraction. To see that it is an
isometry, we show that the induced map

Xe : 5m,n(c) — @ gm,n+m/fj
Jj=1

is an isomorphism. This is a consequence of the above-noted fact that the ideals I~,
are coprime in pairs.

Each element fj¢(&1, .. .,&¢) — pn+e is regular in & in the sense of Definition 2.3.1.
Therefore, by the Weierstrass Division Theorem 2.3.2, each Sy, n4m/I; is a finite, free
So,n+m-module.

We have established the following generalization of Lemma 3.4.2.

Lemma 3.4.5. — With the above notation, x. is an isometric isomorphism; in par-
ticular,

IxXe(HI := max ||fllz; = [Ifllz

1<j<r
for every f € Dy, n(c). Furthermore, there is a finite, torsion-free monomorphism
SO,n+m - Dm,n(C).

The generalization of Theorem 3.4.3 is

Theorem 3.4.6. — Let M be a submodule of (Sm ). Choose ci,...,cr € ( )™
with mg, # mg;, 1 <1 < j <r, such that for every p € Ass((gm,n)l/ﬁ) there is an 1,
1<i<r, with

mg O P,

where mg, is the mazimal ideal of elements of gm,n that vanish at (¢;,0).
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Consider the Spm n-module homomorphism
. ¢
P (Sm,n)e - @Sm,nﬂn/Ij
i=1
induced by Xc owe. Put N := (M) - (®}_;Sm,n+m/I;). Then:
(i) If {g1,...,9s} is a || - ||-strict generating system of M, then {¢(g1),...,¢(gs)}
is a || - ||1-strict generating system of N.
(i) Ifllar = lle(H)lln for every f € (Smn)*.
(iii) o~ '(N) = M.
In particular, for any quasi-affinoid algebra B = Sy, /I, there is an isometric em-
bedding ¢ : B — A, where A is a finite extension of So 4 and d = dim B.

Proof. — The proof is nearly identical to that of Theorem 3.4.3. Note that each
Smntm/Tj = Sonim(B, K (c;)™
by the Cohen Structure Theorem [25, Theorem 28.3]. a

Remark 3.4.7. — By Corollary 5.1.10, the K-algebra homomorphisms ¢ of Theo-
rems 3.4.3 and 3.4.6 are isometries in || - ||sup-

4. The Commutative Algebra of S, ,,

In this Section, we establish several key algebraic properties of the rings of sepa-
rated power series. The rings Sy, , satisfy a Nullstellensatz (Theorem 4.1.1), they are
regular rings of dimension m+n (Corollary 4.2.2), they are excellent when the charac-
teristic of K is zero (Proposition 4.2.3), and sometimes when the characteristic of K is
not zero (Example 4.2.4 and Proposition 4.2.5), and they are UFDs (Theorem 4.2.7).

4.1. The Nullstellensatz. — Let A be a K-algebra. We make the following def-
initions (see [6, Definition 3.8.1.2]). Let Max A denote the collection of all maximal
ideals of A, and put

Maxg A := {m € Max A : A/m is algebraic over K } .

For m € Maxg A and f € A, denote by f(m) the image of f under the canonical
residue epimorphism 7 : A & A/m. Since A /m is an algebraic field extension of K
and since K is complete in |-|, there is a unique extension of |-| to an absolute value
on A/m, which we also denote by ||. Now define the function |||l : 4 = Ry U{co}
by

0 if Maxg A = @,
1 fllsup == sup  |f(m)| if MaxxA # @, f(MaxkA) bounded,
sup meMaxx A
00 otherwise.
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If f(MaxgA) is bounded for all f € A, then [|-l;,, is a K-algebra seminorm on A,
called the supremum seminorm (|6, Lemma 3.8.1.3]). We denote the nilradical of an
ideal I by M(I) := {f : f™ € I for some n € N}.

Theorem 4.1.1 (Nullstellensatz)
(i) Let I be any proper ideal of Sm n, then M(I) = {m € MaxgSm,n : m D I}.
(if) Max Sm,n = Maxg Sm,n.
(i) Put

U= {m e MaxK[€,p] - max [6:(m)] <1, max |p;(m)] <1}.

1<j
Then the map m — m - Sy, is a bijective correspondence between U and
Max S n-

Proof. — Since Smo = T, if n = 0 we are done by [6, Theorem 7.1.2.3, Proposi-
tion 7.1.1.1 and Lemma 7.1.1.2]. Assume n > 1.

(i) Let I C Sm,n be a proper ideal and let ¢ € \/|K \ {0}| with € > o(I). By
Corollary 3.3.2, f¢ € I if, and only if, t.(f)¢ € te(I) - Tr,n(€). Hence N(I) =
Smn N N(te(I) - Trn,n(€)). Therefore (i) follows from the Nullstellensatz for Tr, n(€)
(|6, Theorem 7.1.2.3]).

(ii) This is an immediate consequence of (i).

(iii) In case K is algebraically closed this follows immediately from (ii). Otherwise,
it follows from (ii) by Faithfully Flat Base Change (Lemma 3.1.11(iii)). Alternatively,
(iii) follows immediately from (ii) and the Weierstrass Preparation and Division The-
orems as follows.

Let m € U. Since K[¢, p]/m is algebraic over K, there are polynomials f;(§;) and
gj(pj) € m, 1 <i<m,1<j<n. By[6, Proposition 3.8.1.7], we may assume that
each f; is regular in ; and each g; is regular in p; in the senses of Definition 2.3.1.
Applying the Weierstrass Division Theorems (Theorem 2.3.2) yields

K[f, p]/m = Sm,n/m : Sm,n?
hence m - Sy, , € Max Sy, .

Conversely, let m € Max Sy, ,,. By (ii), m € Maxg Sp . Since Sy, n/m is algebraic
over K, we obtain polynomials f;(&), g;(p;) € m, 1 <i<m, 1< j <n. By the
Weierstrass Preparation Theorem (Corollary 2.3.3) we may assume that all f;(¢;) and
gj(p;) are monic polynomials, regular in the senses of Definition 2.3.1. Euclidean
Division in K[¢, p] and Weierstrass Division in Sy, ,, yield

K&, pl/(mN K[E, p]) = Sm,n/m.
The fact that m N K€, p] € U follows from the facts that no f; nor g; is a unit. O
Since ||-lg,, coincides with || - || on Tm,n(e) ([6, Corollary 5.1.4.6]), it follows

immediately from Theorem 4.1.1 that |||, coincides with ||-[| on S, . A K-algebra

A is called a Banach function algebra iff ||-[|,, is a complete norm on A. Hence
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when Sy, ,, is complete in ||| (¢f. Theorem 2.1.3), it is a Banach function algebra. In
Subsection 5.5, we show that in many cases, reduced quotients of the S, , are also
Banach function algebras.

Proposition 4.1.2. — Let A = Sy, /I and m € Max A. Consider the field K' :=
A/m, which is complete since it is a finite K -algebra. Then for each representative
=Y au&"p” € Smn of an element of A:

(i) fm):=f4+m=Y0a, &7 €K', where £ :=€+m, p:=p+m.

(i) [f(m)] < |Ifllr- Indeed

IF) < P fore=1,2,....

(i) If f = (i + 1) + (fo + I) where fi,fo € Smqn, 1ill < 1, |2l £ 1 and
f2 € (p)Sp, 1, then |f(m)| < 1.

Proof. — (ii) and (iii) follow immediately from (i) and Theorem 4.1.1(iii). (i) is
immediate if K’ = K, since f(&,p) — f(€,7) belongs to the maximal ideal

{9 € Smn 19(3?) =0},
which must contain the polynomial generators of m. Now note that there is a natural
inclusion Sy n(E,K) <= Smn(E, K'). O

In the affinoid case, the supremum seminorm behaves well with respect to extension
of the ground field. This follows from the Noether Normalization Theorem for affinoid
algebras [6, Corollary 6.1.2.2], from [6, Proposition 6.2.2.4], from [6, Lemma 6.2.2.3],
and from the fact that ||f|lsup cannot decrease after extension of the ground field
(ground field extensions of affinoid algebras are faithfully flat: see Lemma 3.1.11 (iii)).
The supremum seminorms on quotient rings of the Sy, ,, also behave well with respect
to ground field extensions, even though, unlike in the affinoid case, the supremum
need not be attained.

Proposition 4.1.3. — Let K' be a complete, valued field extension of K, let E' C (K')°
be a complete, quasi-Noetherian ring (in characteristic p, let E' be a complete DVR)
and put Sy n = Sma(E,K), Sy, := Sma(E',K'). Assume Sy, , D Smn. Let I be
an ideal of Sy and put I' :=1-S;, . Then for any f € Smn/1,

sup{|f(z)| : * € Max Sy n/I} = sup{|f(2)| : ¢ € Max S, ,/I'}.

Indeed, for any f € Smn/I and for any c € R, if |f(z)| < ¢ for all z € Max Sy, n /1
then also |f(x)| < c for all x € Max Sy, ,,/T'.

Proof. — Assume |f(x)| < c for all z € Max Sy, /I and let zp € MaxS;, ,/I'. Let
e € y/|K \ {0}] be such that 1 > ¢ > max{o(I),0(I'),0(zo)}. By the Maximum
Modulus Principle [6, Proposition 6.2.1.4], we have: ||tc(f)||sup < ¢, where the supre-
mum is taken over the affinoid variety Max(Tm n(€)/te(I) - Tm,n(€)). By the above
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observation, it follows that ||¢c(f)|lsup < ¢, where this time, the supremum is taken
over Max Ty, ,(¢)/I' - Ty, ,(¢). Thus |f(zo)| < c. O

Remark 4.1.4. — The Maximum Modulus Principle holds for quotients of T, =
Sm.o (see [6, Proposition 6.2.1.4]), but not, in general, for quotients of Sy, n, n > 0.
Nevertheless, for f € Sy n/1,

1 fllsup € VIK]-

This is a consequence of the quantifier elimination (c¢f. [17, Corollary 7.3.3]), and
Proposition 4.1.3. It also follows from the results of this paper (see Corollary 5.1.11).
The following weak form of the Minimum Modulus Principle is an immediate con-
sequence of the Nullstellensatz (Theorem 4.1.1). Let A = Sy, /I and let f € A. If
inf{|f(z)| : ¢ € Max A} = 0 then there is an z € Max A such that f(z) = 0.

Remark 4.1.5. — Here we give a second proof that Max S, n, = Maxg Sm p-

We begin by defining an additive valuation w on Sy, ,. Consider R x N* as an
ordered group with coordinatewise addition and lexicographic order. We define a
map w : Sy = R x N* U {00} by putting w(0) := oo and, for f € Sy, \ {0},
w(f) := (o, 1), where o € R and vy € N* are determined as follows. Write f =
Yo auhp” =32, fu(§)p”. Then put o := min,, orday, (where ord : K — R
is the additive valuation corresponding to the absolute value |-| : K — Ry ) and let
Vo € N* be the element uniquely determined by the conditions

Il Fvoll = 11 £1l, and
1 foll < || f]| for all v < vy lexicographically.

We call the multi-index vy the total residue order of f, and we call the coefficient
fuvo (&) the leading coefficient of f. It is not difficult to show that w is an additive
valuation on Sy, .

Proposition. — FEach ideal of Sy, p, is strictly closed in w.

Proof. — This is proved analogously to Theorem 3.1.3 using the facts that

I1B(E)PD \ {0}
is discrete and that N* with the lexicographic order is well-ordered. We leave the
details to the reader. (See also [17, Section 2.6].) |

Note that if I is an ideal of Sy, ,, and if 0o # w(f) > w(f — h) for each h € I, then
there is no element h of I with the same total residue order vy as f and such that

hwoll = N fuoll > 11 fvo = huo l-

Theorem. — Max Sy, n, = Maxg Sm .
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Proof. — If there is some f € m which is preregular (in the sense of Definition 2.3.4)
in € (or p) then, after a change of variables among the £’s (or p’s), we may assume
that f is regular in &, (or in p,). If f is regular in &, (the case that f is regular
in py, is similar), then by Weierstrass Division, the map Sm—1,n = Sm,n/m is finite.
Thus m’ := mN Sy,_1,, is maximal, and we are done by induction on the number of
variables. We henceforth assume that m contains no element which is preregular in
any variables.

For each v € N*, let m, be the set in S, o of leading coefficients of those elements
of m with total residue order v. If py < v4,...,4n < v, then my, C m,. Let
m, = (m, NS5, 0)/(m, NS5yy), if my # @ and M, = (0) otherwise. Then M, is
an ideal of gm,0~ Note that none of the ideals m, can be the unit ideal since then
there would be an element of m which is preregular in p. Since m # (0), at least one
m, # (0). Moreover, if A is any Noetherian ring and {I, },en» is a family of ideals
of A such that I, C I, whenever py < v1,...,un < vy, then the family {I,},en» is
finite (induct on n).

We can therefore find some a(§) € Sy, 0 with ||a|| = 1 such that @ € m, for each
m, # (0). Put

(4.1.1) c:=a+ 1

Since ||al]| = 1 and a is not a unit of Sy, 0, it follows that ||c|| = 1 and that ¢ is not
a unit. Furthermore, ¢ ¢ m since clearly c is preregular in £&. Thus there is some
f € Sm,n such that ¢f — 1 € m. By the above Proposition, we may assume that for
each hem

(4.12) w(f) 2 w(f - h).

Write f = > f,(£)p", and let f,, be the leading coefficient of f. By (4.1.2), there is
no h € m,, of total residue order vo with ||h|| = ||f|| and || fos — huwell < || fusll-

Claim. — ||f,,|| > 1 and vp # 0.

If ||fll <1 then c¢f — 1 is a unit, contradicting the fact that m is a proper ideal.
Hence ||f|| > 1. If vy = 0, then since c is not a unit, ¢f — 1 is preregular in &, which is
a contradiction. Hence ||f|| > 1 and vy # 0. If || f|| = 1 and || fo|| = 1, then the total
residue order of f is 0, a contradiction. If ||f|| =1 and ||fo|| < 1 thencf —1 Emisa
unit, also a contradiction. This proves the claim.

Let ||fs,ll = [b]. By the claim, §(cf — 1) has total residue order vy and leading
coefficient £f,, € my,. But by (4.1.1), cf,, € my, implies (}f,)~ € iy, contradict-
ing (4.1.2). ]

4.2. Completions. — One of the main applications of the Nullstellensatz is to give
us information about maximal-adic completions of the Sy, ,. In this subsection, we
prove the following facts: Sy, , is a regular ring of dimension m + n, restriction maps
to closed subpolydiscs are flat, Sy, is a UFD, Sy, ,, is excellent in characteristic 0

ASTERISQUE 264



4. THE COMMUTATIVE ALGEBRA OF Sn,n 65

and sometimes in characteristic p > 0, and, when Sy, is a G-ring, radical ideals of
Sm.n stay radical when they are expanded under restriction maps to closed polydiscs.

Proposition 4.2.1. — Lete € \/|K\ {0}, 1 > ¢ >0, let M € MaxTp n(e), put m :=
K[, p]NM, and N := 171 (M) € Max Sm n. Then ¢, induces K -algebra isomorphisms
0 SN 2 Ty (&) /M = K¢, p] /"

for every £ € N.
Let I be an ideal of Smpn. Suppose M € MaxTp, n(c) with M D . (I), and put
N := 171 (IM). Then i, induces K -algebra isomorphisms

(ii) (Smn/D) gy = (Tmn(€)/te) - Trn(€)) g
where ~ denotes the mazimal-adic completion of a local ring.

Proof
(i) is immediate from the Weierstrass Preparation and Division Theorems, and
Theorem 4.1.1(ii).
(ii) By part (i), ¢ induces a K-algebra isomorphism
% (Smn)ot — (Tmn(€))an.
Part (ii) now follows immediately from [25, Theorem 8.11]. O

Corollary 4.2.2. — For each m € Max Sp n, (Sm,n)m is a regular local ring of Krull
dimension m + n; moreover, Spm n i a regular ring.

Proof. — By Hilbert’s Nullstellensatz, each Mt € Max K [£, p] can be generated by
m + n elements and dim K [, P]m = m + n; in particular, K[¢, /’]m is a regular local
ring. By Theorem 4.1.1, there is some € € /|K \ {0}|, 1 > € > 0, such that

M := te(m) - Tip n(€) € Max T, n(€).
Now by Proposition 4.2.1,
(Smn)m = (Tm,n(€))on = (K€, p]) ke sl

S0 dim(Sm,n),: = m + n. It follows that (Sm,n)m is a regular local ring of Krull
dimension m + n. Moreover, by [25, Theorem 19.3], Sy,  is a regular ring. O

Proposition 4.2.3. — Assume Char K = 0. Then Smn is an excellent ring; in par-
ticular, it is a G-ring.

Proof. — In light of Theorem 4.1.1 and Corollary 4.2.2, this follows directly from [26,
Theorem 2.7]. O

The next example and proposition show that the situation in characteristic p is
more complicated.
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Example 4.2.4. — 1If Char K = p # 0, then Sp,, , = Sm (K, E) may fail to be a
G-ring. Assume, for the moment, that we have found an element g € K[p] \ So.1
such that gP € So1 (cf [28, Section Al, Example 6]). Put m := (p) - Sp1 and put
R := (So0,1)m[g); if So, is a G-ring, so is R (see [25, Section 32, p. 260]). Since
R C K[p], it is reduced. Put 9 := mR, and let R denote the IM-adic completion of
R. Since Sp,; is a UFD, X? — g? is irreducible in (So,1)m[X]; hence

R = (So.1)m[X]/(X? = g7) and R = K[X][p]/(X? - ¢°) - K[X][6]-

So X — g is a non-zero nilpotent element of ﬁ, which is the direct sum of finitely

many maximal-adic completions of R ([25, Theorem 8.15]). Thus, some maximal-

adic completion of R is not reduced. It follows from [25, Theorem 32.2 (i)], that R,

and hence Sy 1, cannot be a G-ring. An example of K, E and g can be constructed

as follows: let K := T, (t1,t2,...)((2)), E:=F,(t},t5,...) and g := Ztipi. In fact,
i>0

a similar example can be constructed whenever [E'/? N K : E] = co.

Proposition 4.2.5. — Assume Char K = p. Then:
(i) if Sm,n is a finite extension of (Sm )P, then Sp. n is excellent;
(it) of [K : KP] < 00 and if E C K° is a complete DVR which is a finite extension
of EP (e.g., take E =T, C K°), then Sp, ., is excellent;
(iii) of E C K° is a DVR and if K' is a complete, perfect, valued field extension
of K, then there is a field E' with E' C (K')° such that Sy, n(E',K') is an
excellent and faithfully flat Sy, n(E, K)-algebra.

Proof

(i) By [38, Théoréme 2.1], it suffices to show that Sy, is universally catenary.
But this is an immediate consequence of [25, Theorem 31.6 and Corollary 4.2.2].

(if) Put Sm,n := Smn(E,K) = Sy n(EP,K). Then, Spn = K ®kr Smn(EP, KP)
is finite over Sy, »(E?, KP) and by the Weierstrass Division Theorem 2.3.2, Sp,  is
finite over (Sp, n)P. Now apply part (i).

(iii) Lift K’ to (K')° by extending the lifting of E given by E (see Remark 2.1.4 (iv)).
By part (ii), Spm,n(E', K') is excellent, and by Lemma 3.1.11 (i), it is faithfully flat
over Sy, n(E, K). O

A useful property of reduced G-rings is that they are analytically unramified in
the sense of [28]. The next proposition shows that reduced quotients of S, are
analytically unramified in a different sense, when Sy, , is a G-ring. Example 4.2.4
shows what goes wrong if Sy, » is a not a G-ring,.

Proposition 4.2.6. — Let I be an ideal of Spn, n > 1, and let € € /|K \ {0},
1>e>0. Ife > o(I) and Trn,n(€)/te(I) - Trnn(€) is reduced then Sp /1 is reduced.
Suppose Smn is a G-ring (e.g., use Proposition 4.2.3 or Proposition 4.2.5 (i)). If
Sm,n/I is reduced then T, n(€)/te(I) - Trn,n(€) is reduced.
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Proof. — Suppose Tm,n(€)/te(I) - Tm,n(€) is reduced and suppose f" € I for some
f € Sm,n; then to(f) € te(I) - Tm,n(€). Hence by Corollary 3.3.2, f € I. Therefore,
Spm,n/I is reduced.

Suppose Sm.n / I is reduced and that Sy, ,, is a G-ring; we must prove that

Tonin(€)/1c(1) - Trnin(e)

is reduced. For this, it suffices to prove that (Tmn(¢)/te(I) - Tmn(€)),, is reduced
for every m € Max(Tm,n(€)/te(I) - Tn,n(€)). Indeed, let A be a ring such that Ap
is reduced for every m € Max A, and suppose f* = 0. Then f € Ker(A — Ay) for
every m € Max A. Consider the ideal a:= {a € A:af =0}. If a = (1), then f =0,
and we are done; otherwise, a C m for some m € Max A. Hence f ¢ Ker(A — An), a
contradiction. Furthermore, by the Krull Intersection Theorem (|25, Theorem 8.10]),
Ker(A — E) (O) for any Noetherian local ring A. Hence it suffices to prove that
(Trn,n(€)/te(I) - Trn,n( ))‘: is reduced for every m € Max(Tpm n(€)/te(I) - Trn,n(€))-
Let m € Max(Timn(€)/te(I) - Trn,n(€)), and put N := Sppy MM € Max Sp /1.
Since Sy, /I is reduced 80 i8 (Sm,n/I):m. Indeed, let A be a reduced ring and let
m € MaxA. If f7 € Ker(A — Ay) then for some a € A\ m, af” = 0; whence
(af)" = 0. But A is reduced, so af = 0; i.e., f € Ker(A - An). Now any quotient
or localization of a G-ring is again a G-ring, s0 (Spm,n/I)m is a reduced G-ring. Thus

(Sm,n/I)‘JI - (Sm,n/I)‘;f

is regular; in particular, it is faithfully flat. By [25, Theorem 32.2], (Spm.n / I ‘Jt is
reduced. Then (T, n(€)/te(1) - Tm,n(s))m is reduced by Proposition 4.2.1. Since this
holds for every m € Max(Tm,n(€)/te(I) - Trn,n(€)), we have proved that Tp, n(e)/te (1)

T n(€) is reduced. O

Theorem 4.2.7. — Sp, n, 15 a UFD.

Proof. — A Noetherian integral domain is a UFD if, and only if, every height 1 prime
is principal ([25, Theorem 20.1]). Let P be a height 1 prime ideal of Sy, ,; we must
prove that P is principal. By Lemma 3.2.6, it suffices to prove that the uniform
residue ideal A(P) is principal. Let K' be a finite algebraic extension of K such
that K' = K, let Smn = Sma(E,K') and let P' := P- S}, .. By Lemma 3.1.11,
P =P. .S','n,n = P; hence A(P') = A(P). It suffices to prove that A(P') is principal.

Fix a finite algebraic extension K’ of K such that for some ¢ € |K'|,1 > ¢ > o(P),
and K' = K.

Claim. — For every n' € Max S, ,,, P'- (S;n,n); is a principal ideal.

Let n' € Max S,, , and put n := n' N Sy, ». Since Sy, , is finite over Sy n, n €
Max Sy n. By Corollary 4.2.2, Sy, ,, is a regular ring. Hence by [25, Theorem 20.3],
(Smn)nisa UFD. If n D P then ht P-(Sp, n)n =1, and if n 2 P then P-(Spm n)a = (1).
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Thus, the ideals P - (Sm,n)n, P' - (St n)w and P’ - (S., ,)w are all principal. This
proves the claim.

Let Ty, ,(¢) := Tmn(e,K'). By the Claim and by Proposition 4.2.1, t.(P') -
(T,Qm(s)); is a principal ideal of (T,'n,n(s)); for every m € MaxT;, ,.(¢). By [25,
Exercise 8.3, te(P') - (T, »(€))m is a principal ideal, hence a free (T}, ,,(€))m-module
for every m € MaxTy, ,(¢). By [25, Theorem 7.12], «.(P) - T,, ,(€) is a projective
ideal. But T}, ,(¢) is isomorphic to Tynyn(K'), which by [6, Theorem 5.2.6.1], is a
UFD. Hence by [25, Theorem 20.7], ¢.(P)-Ty, ,(¢) is principal. By Lemma 3.2.5, this
implies that A(P') is principal, as desired. O

In the next lemma we collect together some facts on flatness.

Lemma4.2.8. — Lete € \/|K \ {0}] with 1 > ¢ > 0. Let K' be a complete, valued
field extension of K, let E' C (K')° be a complete, quasi-Noetherian ring, and put
Smn = Smun(E,K), Sy n = Smn(E',K'). Assume Sy, , O Smn; €.9., take E' O E.

(i) The inclusion te : Sp.n = T n(€) is flat

The following inclusions are faithfully flat:

(i) Smn(E,K)° = Smn(E',K')°

(ili) Sm,n(E,K) = Sma(E',K')

(iv) Smn(E,K)~ = Spa(E' K"~

(v) Tnnl(e) = T}y n(e) ‘

Proof

(i) Consider the map te : Smn = Tm,n(€). Let 9 be a maximal ideal of T, n(€),
put m := (Z1(M), A := (Smn)m and B := (Tnn(e))m. By [25, Theorem 7.1], it
suffices to show that the induced map ¢ : A — B is flat. Let A B be the maximal-
adic completlons respectively, of the local rmgs A B. By Pr0p051t10n 4.2.1 (ii),
A =~ B, and by [25, Theorem 8.14], A — A =~ B and B — B are faithfully flat.
Part (i) now follows by descent.

(i), (iii) and (iv) are Lemma 3.1.11 (iv), (iii) and (i), respectively.

(v) For some s € N, € € |K|. Let ¢c € K with |c| = €°, and let I be the ideal of
Tr+2n generated by pf — piync, 1 <i <n. By [6, Theorem 6.1.5.4],

Tinn(€) = Tmyan/I and Ty, . (€) = Tngon/I - Tyt gy
It therefore suffices to show that the inclusion Ty, — Ty, is faithfully flat. But this is
Lemma 3.1.11 (iii) with n = 0. O
Note that the inclusion Sy, ,, < T n(€)° is not flat. Indeed, find c € K and £ € N
such that |c| = %. Let

M
N

{(f,9) € (Spu.n)?: cf + p'g =10}, and
{(f’ g9) € (Tm,n(5)0)22 cf +peg = O}
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If S, < Tm,n(e)° were flat, then N = 1.(M) - Tin n(€)°. But (%e, ~1) € N\ (M) -
Tmn(€)°.

5. The Supremum Semi-Norm and Open Domains

In this section, we investigate algebraic and topological relations between residue
norms and the supremum seminorm on a quasi-affinoid algebra (i.e., a quotient ring
Sm,n / I). The key topological concepts are power-boundedness and quasi-nilpotence
(see Definition 5.1.7). The first main result is Theorem 5.1.5, which asserts that
each h € Spyn/I with ||h|lsup < 1 is integral over the subring of all a € Sy /I
with ||al|; < 1. Moreover, if |h(z)| < 1 for all z € Max Sy, /I, then h is integral
over the set of all a € S, /I with vy(a) < (1,1). It then follows (Corollary 5.1.8)
for f € Smn/I that f is power bounded if, and only if, ||f|lsup < 1, and that f
is quasi-nilpotent if, and only if, |f(z)] < 1 for all ¢ € Max Sy, n/I. These are
the quasi-affinoid analogues of well-known properties of affinoid algebras. In Subsec-
tion 5.2 we use the results of Subsection 5.1 to show that K-algebra homomorphisms
are continuous (Theorem 5.2.3). Hence all residue norms on a quasi-affinoid algebra
are equivalent (Corollary 5.2.4); i.e., the topology of a quasi-affinoid algebra is in-
dependent of presentation. We also prove an Extension Lemma (Theorem 5.2.6) for
quasi-affinoid maps. The results of Subsection 5.1 also lead, as in the affinoid case,
to a satisfactory theory of open quasi-affinoid subdomains. In particular, in Subsec-
tion 5.3 we define quasi-rational subdomains (Definition 5.3.3), and show, using the
Extension Lemma (Theorem 5.2.6), that they are quasi-affinoid subdomains. Sub-
section 5.4 contains the definition and elementary properties of the “tensor product”
in the quasi-affinoid category. In Subsection 5.5 we show when Char K = 0 and in
many cases when Char K = p, that if Sy, /7 is reduced then the residue norm || - ||;
and the supremum norm || - ||sup are equivalent. If in addition E is such that Sy, is
complete then Sy, /I is a Banach function algebra.

5.1. Relations with the Supremum Seminorm. — The first step towards prov-
ing Theorem 5.1.5 is an analogue of that theorem for Ty, n(€)/te(I) T n(€) uniformly
in €, where ¢ is a sufficiently large element of /|K \ {0}|.

Let A be a Noetherian ring and let I C A be an ideal. For r = 0,1,..., let I,
denote the intersection of all minimal prime divisors of I of height r (if there are none,
put I, := (1).) Clearly, %(I) = Ny>ol, where N(I) denotes the nilradical of I, and
each I, is a radical ideal. The ideals I,. are the equidimensional components of the
ideal I.

In Lemma 5.1.1 we show that the ideals ¢, (I;)- T, (€) generate the equidimensional
components of the ideal ¢, (I) - Ty n(€), in the case that Sy, , is a G-ring. This is
important in applying [6, Proposition 6.2.2.2], in a uniform way.
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Lemma 5.1.1. — Let I be an ideal of Smpn, n > 1, andlete € \/|K \ {0}|,1>¢ > 0.
Put J := 1.(I) - Trun(€). Then Jp = N(te(ly) - Tmn(€)), v > 0. Thus, if Spmn is a
G-ring, then J, = tc(I;) - Ty, 7 > 0.

Proof. — Since J, is a radical ideal, by the Nullstellensatz (Theorem 4.1.1), it suffices
to show, for each m € Max T, (), that m D J, if, and only if, (7(m) D I,.

Let A be any Noetherian ring, let I C A be an ideal, and let m € Max A. By [25,
Theorem 6.2], m D P D [ is a prime divisor of I if, and only if, P - Ay is a prime
divisor of I - Ay,. Thus, m D I, if, and only if, I - A, has a minimal prime divisor of
height 7.

Claim. — Let I C A be an ideal, and let m € Max A. Then m D I, if, and only if,

~

I-(An) has a minimal prime divisor of height r.

By the foregoing, we may assume that A is a local ring with maximal ideal m, and
we must show that I has a minimal prime divisor of height r if, and only if, I - A has
one. (As usual, A denotes the maximal-adic completion of A.)

Let p € Spec A and let P € Spec A be a minimal prime divisor of p - A; we will
show that ht§3 = htp. Since A is flat over A ([25, Theorem 8.8]), this follows from
[25, Theorem 15.1 (ii)], if we can show that p = PN A. By the Going-Down Theorem
(125, Theorem 9.5]), there is some £ € Spec A such that 9 C B and QN A = p;
hence OO Dp- A. Since B is a minimal prime divisor of p - A 90= PB. Therefore,
p=PNA, as desired.

Suppose p € Spec A is a minimal prime divisor of I of height r, and let P € Spec A
be a minimal prime divisor of p - A. Then ht'B = htp = r. We will show that P is a
minimal prime divisor of I - A. If BPOADI- A for some 9 € Spec A, then

p=PNADAOANADI

Since p is a minimal prime divisor of I, p = QN A4; ie, Q D p- A. Since P is a
minimal prime divisor of p- A, Q = PB. Thus P is a minimal prime divisor of I - A.
Suppose P € Spec A is a minimal prime divisor of I - A of height r, and put
p:=PNA Then P is a minimal prime divisor of p - A, so htp = r. We will show
that p is a minimal prime divisor of I. If p D q D I for some g € Spec A, then by the
Going-Down Theorem ([25, Theorem 9.5]), there is some 9 € Spec A with P D Q
and ¢ = 2N A. Since B is a minimal prime divisor of I - A, Q = B, so q = p.
Therefore, p is a minimal prime divisor of I, proving the claim.
Let m € Max T, »(¢) and put n := ¢! (m). By the Claim, and by Proposition 4.2.1,
mD>J, < J: (Tm,n(s)); has a minimal prime divisor of height r
= I (Sm,n)§ has a minimal prime divisor of height r
<= nDI,,

as desired. The last assertion of the lemma follows from Proposition 4.2.6. O
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Let A(I.) be the uniform residue ideal of an equidimensional component I.. The
next proposition allows us to lift a Noether normalization map Ta = T JA(L)
to affinoid algebras corresponding to the restriction of Smn/I to closed polydiscs
Max Ty, n(€), uniformly in € for € large enough.

Proposition 5.1.2 (cf. [4, Satz 3.1]). — Let ¢ : Ty = Ty, be a K-algebra homomor-
phism, let I be an ideal of Tp,, and let ¢ : Ty = Ty, / I be the composition of © with
the canonical proyectzon Ty = T /1. Now by [6 Section 6.3], ¢ induces a K -algebra
homomorphism @ : Ty = Tpn. Let 7 Ty — T, / I be the composition of ¢ with the
canonical projection Ty — Tm / 1. Suppose that T is a finite monomorphism and that
the T4-module T /f can be generated by r elements. Then ) is a finite monomor-
phism and the Tg-module T, /I can be generated by r elements.

Proof. — Put J := Kery C Ty; we will show that J = (0). Let f € J, ||f|| < 1.
Since f € J, ¢(f) € I; hence cﬁ(f) =p(f)~ € I. This implies J C Ker7 = (0). Thus
by Lemma 3.1.4, J = (0); i.e., ¥ is a monomorphism.

Find Gl, Gr,gl,.. ,gs € T°, with gq,. 9s € I, such that the images of
Gi,...,G, in Tm / I generate the T;-module Tm / I, and {¢1,...,9s} generates the
ideal T. We will show that the i images of G1,...,G, in T, / I generate the Tz-module
Tm/I. Indeed, let f € T,,; we will find Hy,...,H, € T4 and hy,...,hs € T,, such
that

r s
= e(H)G; =Y hjg;.
j=1 j=1
We may take ||f|| < 1. Let B € B with

o), .-, 9(6a), Gy, Gryg1,-- -, 9s € B(E) C T
Let B = By D B; D --- be the natural filtration of B.

Claim. — Let F € By(§) \ Bpt1{§) C Trn. There are Hy,...,H, € By(€) C Ty and
hi,...,hs € Bp(§) C Ty, such that

F - Zgo(Hj)Gj - Zhjgj € Bpt1(§) C T,
j=1 j=1

Let 7, : B, = B, C K denote a residue epimorphism, and write K = B, @V for

some B-vector space V. Then
Tm=Kl[t,...,tn] =B

(5.L.1) In = I (&, 6m) 5 p[El @ V[E] and
Td:K[gl"'wgd]=BP[£]€BV[§]
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as B [(]-modules. Furthermore, since @(&1),...,2(&q) € ]§[§],
(B, l€]) C Byl¢] and
e(VI[E) cVIg.

Since the images of @1, Gr in T, / I generate the Td-module T / I and since

{~§1, ., gs} generates the ideal T in Tm, there are Hl, ,H € Td and hl, h €
T, such that

(5.1.3) mp(F) = Y @(H;)G; — > h;G; =0.
Jj=1 j=1

(5.1.2)

By (5.1.1) and (5.1.2), we may assume
Hi,...,H, € B,[¢] c T; and
hiy... hs € Byl€] C Trn.
Find Hy,...,H, € Bp(€) C Ty and hy,...,hs € By(£) C T}y, so that

mp(H1) = Hy,...,7p(H,) = H, and
mp(h1) = ha, ..., mp(hs) = hs
By (5.1.3),

T s
F =Y @(Hj)Gj =Y hjg; € Bpr1(£) C Tm.
j=1 Jj=1
This proves the claim.
Now, |B\ {0} € Ry \ {0} is discrete, and B(£) is complete. Thus since ¢ is
continuous ([6, Theorem 6.1.3.1]), iterated application of the Claim yields the desired
result. O

The following lemma is a key step towards proving Theorem 5.1.5.

Lemma 5.1.3. — Assume Sy, n, is a G-ring (e.g., use Proposition 4.2.8 or Proposi-
tion 4.2.5 (i)), and let I be an ideal of Sp,n. Then there is an e € N such that for
everye € |K| with1 > |e| > o(I) and for every f € Smn/I, t.(f) € Tmtn/te(I) Trmsn
satisfies an equation of the form

t4+ait '+ +a =0

where the a; € Trpyn/t.(I) - Trnyn sotisfy maxi<i<e ||az||L (I) Ty = = ||et (F)lsup-

Proof. — Let A(I) be the uniform residue ideal of I as in Definition 3.2.4. By
Noether Normalization, there is a K -algebra homomorphism ¢ : Td — Tm_m such
that 7: Ty = Trnin /A(I) is a finite monomorphism where 7 is the composition of ¢
with the canonical projection Ty qn — Tm+n/A(I ). Let Iy, I1,..., be defined as in
Lemma 5.1.1. Since I C I for 7 > 0, A(I) C A(I;) C Tmsn, 7 > 0. Thus by Noether

ASTERISQUE 264



5. THE SUPREMUM SEMI-NORM AND OPEN DOMAINS 73

Normalization, for r > 0, there is a K -algebra homomorphism &, : fd, - fd such
that 7, : Td, — Tm+n /A(I;) is a finite monomorphism, where 7, is the composition of
@ o @ with the canonical projection Trngn = fm.m /A(I;). Suppose the Td,-module
Tymtn/A(I) is generated by e, elements, r > 0, and find « € N such that ®(I)* C I
(where 91 denotes the nilradical). Put
m+n
e:=a Z €.
r=0
We will show that e is the exponent sought in the lemma. Fix ¢ € |K|,1 > ¢ > o(I)
By [6, Proposition 6.1.1.4], there are K-algebra homomorphisms ¢ : Ty = Ty,
and ¢, : Ty, = T4, 0 < r < m + n, that correspond modulo K°°, respectively, tc
3 :Tqg = Tomon and @, : Ty, = Ty, Put J := oL(I) - Tynyn. Let ¢ : Ty = Tonyn/e
and ¥, : Ty, = Tmyn/ti(Ir) - Tmin, 0 < r < m + n, be defined, respectively
by composing ¢ with the canonical projection Ty n — Tpmyn/J and by composing
o, with the canonical projection Tpnn = Tmin/tt(Ir) Tmin. Since T, To, ..., Tmts
are finite monomorphisms, by Proposition 5.1.2, each of ¥, 9o, . .., ¥m+n is a finite
monomorphism, moreover the Ty -module Tpyin/ti(l;) - Tmtn is generated by e,
elements, 0 < r < m +n. By Lemma 5.1.1, J. = ¢/(I;) - Tn4n. Since each J, i
a radical ideal and since htp = r for every prime divisor p of J,, each 9, is a finit«
torsion-free monomorphism.
Fix f € Smn/I with ||fllsup < 1, and put F := o (f). For 0 <7 < m +n, le
Q. € Ty [t] be the monic polynomial of least degree such that Q,(F') vanishes i1
Trtn/Jr. Write

Qr =t +ant" ™+ +a,.
Since v, is a finite, torsion-free monomorphism, by [6, Proposition 6.2.2.2],

2 Jlarill'/ = | Flloup-

Furthermore, by the Cayley-Hamilton Theorem [25, Theorem 2.1], £, = deg Q. < €.
We may regard each @, as an element of Ty[t] via the K-algebra homomorphism
@r. Put

m+n [e3
Q= ( I1 Qr) =t'+ it +- tap
r=0

By [6, Corollary 3.2.1.6], max; <;<¢ ||ai||*/* = ||F|lsup, £ < e, and by Proposition 4.2.6,
Q(F) vanishes in Ty /J. It follows that ¢ (f) satisfies the equation

e+ arte 4+ tagt® =0,
as desired. O

In Lemma 5.1.3, we assumed that ¢ € |K| and that Sy, ,, is a G-ring in order to
make some computations. Under these assumptions we obtained monic polynomials
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of degree e over T, (¢) satisfied by h € Sy, »/I. The coefficients of these polynomials,
in addition, satisfy certain estimates depending on ||A||syp. In Lemma 5.1.4 we show
that the computations of Lemma 5.1.3 are not affected by ground field extensions;
i.e., they remain valid for € € \/|K \ {0}| and whether or not Sy, ,, is a G-ring. This
allows us to transfer the data back to Sy, , by examining the module M of relations
among h®,h*"1,.. ., 1. ’

Lemma 5.1.4. — Let I be an ideal of Sm,, and let M be a submodule of (Sm /1)t
Let K' be a complete, valued extension field of K, let E' C (K')° be a complete,
quasi-Noetherian ring with E' O E (recall, if Char K = p > 0, we assume E' is also
a DVR), and put

Smn = Smn(E',K') D Smn,
I''=1-8,, ., and
M' =M (Spn/I') C (S /T
By ¢ denote the canonical projections
(Stmn)® = (Spn/ T, and
(Sm,n) — (Smn/D)".
Put
N := ¢ Y (M), and
N':=@ (M) = N - S,
and let € € |K'| with 1 > e > o(N'). Put
Trin = K'(¢,p).
By m denote projection of an £-tuple on the first coordinate. Suppose there is some
fewM) (Tnin/te(I')  Trpn)
with ||f||L;€(p).T7:n+" <1 and n(f) = 1. Then there is some F € M with ||F||; <1 and
m(F)=1.

Proof. — 1t suffices to show that 7(IV) is the unit ideal; indeed, by Lemma 3.1.11,
it suffices to show that 7(N') is the unit ideal. Let A(N') be the uniform residue
module of N’ as in Definition 3.2.4. It suffices to show that w(A(N')) is the unit
ideal. Denote also by ¢ the canonical projection

(Trln+n)£ - (Trln+n/bls(I,) : T;n+n)£‘

By Lemma 3.1.4 with n = 0, there is some

F e (M) (Tnyn/eI)  Thyn)
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with || F|| = [Iflly )1, <1 and 7(F) = 14 h for some h € J[(I') - T}, Since
(h,0,...,0) € Keryp, we may assume that 7(F) = 1. Since

( (M) ( +n/l’ (I') +n)) - l’e(N) m+na
by Lemma 3.2.5, F € A(N"). O
Theorem 5.1.5. — Let I be an ideal of Spn. There is an e € N such that each
h € Smn/I with ||h||lsup < 1 satisfies a polynomial equation of the form

t*+ait* '+ +a. =0,

where aj,...,ae € Smn/I and each ||as|lr < 1. Moreover, if |h(z)| < 1 for all
x € Max Sy, /I then each vi(a;) < (1,1).

Proof. — Write Sppn := Sma(E,K). Let K' be the completion of the algebraic
closure of K. If Char K = 0, let E' := E and if Char K = p > 0, we use Remark 2.1.4
to find E' D E as in Proposition 4.2.5 (iii). Hence Sy, ,, := Spmn(E', K') is a G-ring
by Proposition 4.2.3 or Proposition 4.2.5 (iii). Let I' := I-S], ,,. By Proposition 4.1.3,
[|hllsup < 1, where the supremum is computed in Max S;, ,/I".

Applying Lemma 5.1.3 to Sy, ,,/I' yields an integer e. Put

M = {(ao,...,ae) € (Smn/I)t: Zaihe"i = 0},

=0

M = {(ao,. ..,0¢) € (S;n’n/I')e+1 : Zaihe_i = O} ,

i=0
Mo := {(ao,...,a.) € M : ap =0}, and
My := {(ao, .. .,ae) € M' : ap = 0}.
Choose ¢ € |K'| with 1 > ¢ > 0 and ¢ suitably large, as in Lemma 5.1.3, and put

={<bo,.., ) € (T L) - Thp) = 3 b —o}

=0
Ly == {(bo,-..,be) € L' : b = 0}.
Since T}, ,, is isometrically isomorphic to T, »(¢, K'), by Lemma 4.2.8 (i) and (ii),
we have:
M'=M-(Sp, /1),
Mg = Mo (Sp /1),
L'=u (M) Ty, p/ee(I") - Tppyr), and
0= t(Mg) - (Trnin/ee(I') - Trin)-
Lemma 5.1.3 yields

b b € T11n+n/l' (Il) m+n

SOCIETE MATHEMATIQUE DE FRANCE 2000



76 RINGS OF SEPARATED POWER SERIES

such that
max (1l 17,0 = W ()l < 1, and
(1,b1,...,be) € L'.
Lemma 5.1.4 implies that there are a1,...,ae € Sy n/I such that
lallr <1, 1<i<e, and
(1,a1,...,a¢) € M.

This proves the first assertion.
Suppose now that |h(z)| < 1 for all # € Max Sy, »/I; then the same inequality
holds for x € Max Sy, ,,/I' by Proposition 4.1.3. Hence ||¢,(h)||sup < 1. Since

e ((1,a1,...,ae)) — (1,b1,...,be) € Ly,
we get
e (0, a1, ae))lley <10, b1, b)), < 1.
By Corollary 3.3.4, this yields
opy((0,a1,. .. ,ae)) < (1,1).
Hence by Lemma 3.1.11(ii),
M, ((0,a1,...,ae)) < (1,1),

as desired. O
Remark 5.1.6. — Let I be an ideal of Sy,,, and define the seminorm vsyp : Spmon/I —
Ry xRy by

Vsup(h) := (l|hllsup, 27%),
where
a:=inf{B € Ry : Jgg € \/|K \ {0}| Ve € V|K \ {0} with 1 > ¢ > ¢,
&°|Ihllsup < llee (A)llsup}-
In fact @ € \/|K \ {0}]. Indeed if ||h||sup # O, the function

€ = [lte () llsup /[l Allsup
is a definable function of €, in the sense of [17] and [23]. By the analytic elimination
theorem of [23, Corollary 4.3] it follows immediately that a € y/|K \ {0}| and that
e¥||hllsup = ||te (R)||sup for € < 1 but sufficiently large.
There is an e € N such that each h € Sy, /I satisfies a polynomial equation of the
form
te+art*t+-4+a. =0

where a1,...,ae € Spm,n/I and max;<i<e v1(a;)'/* < vsyp(h).
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Definition 5.1.7. — Let I be an ideal of S, ,. An element f € Sp, /1 is called
power-bounded iff the set {||f¢||; : £ € N} C R is bounded. By b(Sm,n/I) denote the
set of all power-bounded elements; it is a subring of Sy, n/I. An element f € Sy, /1
is called topologically nilpotent iff {||f¢||; : £ € N} is a zero sequence. By t(Sm n/I)
denote the set of topologically nilpotent elements; it is an ideal of b(Sy,n/I). An
element f € S, /I is called quasi-nilpotent iff for some £ € N, f¢ € t+ (p)b. By
q(Sm,n/I) denote the set of quasi-nilpotent elements; it is an ideal of b(Sy, n/I).

Note that, even in the case n = 0, i.e., the affinoid case, the set {||f¢||;: £ € N}
appearing in Definition 5.1.7, while bounded, may not be bounded by 1. The element
p € Sp,1 is quasi-nilpotent, but not topologically nilpotent.

Corollary 5.1.8. — Let I be an ideal of Smpn and let f € Spn/I. Then f is power-
bounded if, and only if, || fllsup < 1, f is topologically nilpotent if, and only if, || f|lsup <
1, and f is quasi-nilpotent if, and only if, |f(z)| < 1 for all x € Max Sy, /1. Hence,
in the notation of Theorem 5.1.5, each a;f¢~% € q(Sm.n/I).

Proof. — The ‘only if’ statements are immediate consequences of Proposition 4.1.2.
Suppose || f|lsup < 1. By Theorem 5.1.5

(5.1.4) fe = alfe_l + -+ ae

for some ai,...,ae € Smn/I with each ||la;||; < 1. Then for every ¢ € N there are
b1,...,be € Sm.n/I with each ||b;||; < 1 such that

Fo=bf b

Thus {||f¢|; : £ € N} is bounded by max{||fi||; : 0 < i < e — 1}, and f is power-
bounded.

Suppose in addition that |f(z)| < 1 for all z € MaxS,,,,/I. Then by Theo-
rem 5.1.5, in (5.1.4) we may take each vs(a;) < (1,1). By Theorem 3.1.3 each
a; € t(Smn/I)+(p)b(Sm,n/I). To conclude the proof note that since each || f¢||sup < 1,
each f¢ € b(Spm,n/I). Hence each a;f*~¢ € q(Sm,n/I). O

Remark 5.1.9. — The result of Corollary 5.1.8 is much easier to prove if one makes
the strong additional assumption that ||f||; < 1. In particular:

Lemma. — Let I be an ideal of Sy, . There is an £ € N such that for all f € Sy,
with || f|| <1 and |f(z)| < 1 for all z € Max Sy, 5, /I, we have:

(i) for alle € |K| with 1 > & > o(I), ltL(f)l.. (1) Tnsn <1, and

(i) vr(f) < (1,1).
Proof

(i) Let A(I) C Trmsn be the uniform residue ideal of I. Let 9t := NAUT)) C Trngn
be the nilradical of A(I). Then there is some £ € N such that 9 c A(I). By
~ T, = Trmin denote the canonical residue epimorphism. It suffices to show that
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te(f)~ € M. Fix e € |[K| with 1 > ¢ > o(I), and by F denote the image of :_(f) in
Trtn/te(I) - Trnin; then |Fllsup < 1. By [6, Proposition 6.2.3.2], F' is topologically
nilpotent; i.e., imy o0 [|t{(f)" |, (1)-T,nr. = 0. Hence ¢((f)~ € .

(ii) By Proposition 4.1.3 and Lemma 3.1.11(ii) we may assume that |K]| is not
discrete. Let £ be as in part (i) and put F := f¢. If 5(F) > 0 or ||F|| < 1, we are
done. Therefore, assume that ||F|| = 1 and 6(F) = 0. Let {g1,...,9-} C I be a
v-strict generating system with ||g1|| = --- = ||lgr|| = 1, and let € € |K| satisfy 1 > & >
max; <;<, 0(g;). Since 3(F) = 0, it follows that ||¢(F)|| = 1 and d(:.(F)) = 0. By the
choice of ¢, ||¢;(F)|.:(1)-Tpnyn < 1. So by Claim A of the proof of Theorem 3.3.1, there
are polynomials Ry, ..., h, € K°[€] such that ||/ (F) — 3i_, hie 2099 (g;)|| < 1, and
such that h; = 0 for all ¢ with 6(g;) > 0. This implies that v(F — Y_|_, hig;) < (1,1);
ie, v(F) < (1,1). O

Corollary 5.1.10. — Let I be an ideal of Sy, , and let f € Sy n/I. Then
. enl/e g 1/t
1 flloup = inf [0}/ = Jim (171}

In particular if ¢ : Spmn/I = Smi . /I' is a K-algebra homomorphism which is an
isometry with respect to ||-||1 and ||- ||/, then ¢ is an isometry with respect to || -||sup-

Proof. — The last equality is given in [6, Section 1.3.2]. We prove the first equality.
Let m € Maxg Sp,,n/I. By Proposition 4.1.2

IF(m)] < 1F41Y°
for £ € N. Hence ||f|lsup < infren || f]I3%. Suppose that ||f|lsup < infeen ||F413/%.

Then for some N € Ny a€ K andall /€ N
1N lsup < lad < ILFVEIY,
since v/|K]| is dense in Ry . Put F := 1 f¥_ Then for all ¢ € N
1/¢
1Fllsup < 1< IFYIF".

This contradicts Corollary 5.1.8 since F' is not topologically nilpotent though || F||sup <
1. O

Corollary 5.1.11. — Let f € Spn/I. Then ||f||sup € /|K].

Proof. — If m = 0, the result follows from Noether normalization for quotients of
So,n (Remark 2.3.6) and [6, Proposition 3.8.1.7]. We reduce to this case.

By Theorem 3.4.6, there are m’,n’ € N, an ideal J of Sy and a K-algebra
homomorphism

@ :Smn/I — Smip/J

ASTERISQUE 264



5. THE SUPREMUM SEMI-NORM AND OPEN DOMAINS 79

such that (i) ¢ is an isometry with respect to || - || and || - ||s, and (ii) Sy nr/J is a
finite So 4-algebra for some d € N. By (i) and Corollary 5.1.10, ¢ is an isometry in
I - llsup- Now (ii) permits us to reduce to the case above. |
5.2. Continuity and Extension of Homomorphisms. — In this subsection we

prove that K-algebra homomorphisms between quasi-affinoid algebras are continuous,
i.e., bounded (Theorem 5.2.3). It follows that all residue norms on a quasi-affinoid
algebra are equivalent (Corollary 5.2.4). We also prove an Extension Lemma (Theo-
rem 5.2.6) for quasi-affinoid maps.

Depending on the choice of E, Sy, », may not be complete in ||-|| (see Theorem 2.1.3).
Hence the results of this subsection do not follow from [6, Theorem 3.7.5.1]. Never-
theless Sy, , is the direct limit of rings B(£)[p] that are complete both in || - || and
(p)-adically. Furthermore (Corollary 2.2.6 and Theorem 2.3.2) the operations of fac-
toring Sp,., by an ideal and Weierstrass Division respect the decomposition of Sy, »
as the direct limit of the B(&)[p].

We first establish the continuity of K-algebra homomorphisms from quasi-affinoid
algebras to affinoid algebras.

Lemma5.2.1. — Let ¢ : S/l = Smio/J =: A be a K-algebra homomorphism.
Then ¢ is continuous with respect to || - ||1 and || - ||s, and is uniquely determined by
its values on &+ 1 and pj +1,1=1,...,m;j=1,...,n.

Proof of Continuity. — It is sufficient to consider the case I = (0). Since ¢ is a
K-algebra homomorphism it follows from [6, Propositions 6.2.3.1 and 6.2.3.2] that
the ¢(&;) are power-bounded and the ¢(p;) are topologically nilpotent (i.e., the set
llo(€)¥|ls is bounded and for each 7, ||¢(p;)¥|l; = 0 as k — oc). Therefore we may
put

M = max{||p(¢*p")|ls : p € N",v € N"}.
Claim (A). — Let M' € R, BeB. If
lle(Hlla < M|IFII
for all f € B(&)[p], then in fact
le(Hlls < MIFI
for all f € B(&)[p].

Choose a € N so that for |v| = a we have |[p(p*)||ls < M/M'. Let f € B{¢)[p]
and write

F=pEp)+ fol&p)+ Y pfil¢ p)

|vi|l=a
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where the p, fo, fi € B()[p] satisfy

* pis a polynomial and ||p|| < [|£[],
o llfoll < (57) £, and
o |Ifill <1l for all 4.
(In other words choose a polynomial p such that f —p € (B; + (p)*)B(£)[p] for some
i with |B;| C [0, M/M'].) Then
o(f) = p(p(&),0(0)) + (fo) + Y b))
[vi|=c

and

A

el < max{ ol ol 3 M1
Ml

IN

Claim A is proved.
By Proposition 2.1.5 there is a complete, discretely valued subfield F C K such
that
Sm,n = llﬂ F®F°B<€)|[p]]
FoCBe®B
Once we prove that each map

¢|F®F°B<€>EP]I : F®F°B<§>I[p]] —+A

of F’-Banach Algebras is bounded, it will follow from Claim A that ¢ : Sp.n — Ais
also bounded. It remains to prove

Claim (B). — The restriction ¢|pz : F®po B(&)[p] — A is bounded.
F®po B(€)[r]

Since it is affinoid, A is certainly also an F-Banach Algebra. By the Closed Graph
Theorem ([6, Section 2.8.1] or [7]) it is thus sufficient to prove that if the v, €
F®peB(£)[p] satisfy limv, = 0 and lim ¢(v,) = w € A, then w = 0. We follow the
proof of [6, Proposition 3.7.5.1]. Let b = m¥ for some maximal ideal m € Max A and
N e N. Let a= ¢ !(b) C Sim . Consider the commutative diagram

Spn—2 A

where 7 and (3 are the canonical projections, @ is the induced map and 9 is ponw. Note
that 7 and B are contractions, and that @ is continuous since by Proposition 4.2.1,
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Sm,n/a and A/b are finite dimensional K-algebras. Hence ¢ is continuous and B(w) =
0. Since this is true for all m € Max A and all N € N, by the Krull Intersection
Theorem, w = 0. (Suppose w € m? for all m € Max A, and let J be the ideal of all
z € A such that zw = 0. Fix m € Max A. By the Krull Intersection Theorem [25,
Theorem 8.10(i)], the image of w in the localization Ay, is zero. Thus, J ¢ m. Since
this holds for all m € Max A, J = (1); i.e., w = 0.) This proves Claim B and hence ¢
is continuous.

Proof of Uniqueness. — This follows directly from Claim A: suppose ¢ and 1 agree
on the & +1 and p;j + 1. Put ® := p—1. Now apply Claim A, with M =0,to ®. O

Next we show that there are continuous K-algebra homomorphisms
Sm.n — Smr ot [T

sending the &; (respectively p;) to any specified power-bounded (respectively quasi-
nilpotent) elements of Sy, n/ /1.

Lemma5.2.2. — Let f; € Sy /I', i = 1,...,m, be power-bounded and let g; €
S [I', 5 =1,...,n, be quasi-nilpotent. There is a K -algebra homomorphism,

©:Smn — Smrnr /T,
continuous in || - || and || - |1, such that (&) = fi and p(p;) = g; fori=1,...,m;
j=1,...,n.
Proof. — Since the f; are power-bounded, by Theorem 5.1.5, there are a;; € Sp o /1,
1<i<m,1<j<e, with each ||a;j||; <1 such that
ff+ai1ff“1+~~+aie=0, 1<i<m.

Similarly, there are b;; € Sy ' /I', 1 < i < n, 1< j <e, with each vy (bi;) < (1,1)
such that

9f+bingi 4+ +bie=0, 1<i<n.
By Theorem 3.1.3, there are A;j, B;j € Sm/,n such that v(A;;) = vp (aij), v(Bij) =
vp (b,‘j), aij = Aij + I, and bij = Bij + I. Put
Pilm i) = Ei + Anbirbi o+ Aoy i=1,m,
Qi(prr+i) = p&rys + BupSli + -+ + Bie, i=1,...,n

Note that each P; is regular in &, 1; of degree e and each @; is regular in pn/4;
of degree e. Let 4o : Smn <> Sm/tm,n'+n be the inclusion defined by & — &nryy,
pi P Puiyj, i =1,...,m;j =1,...,n. By Weierstrass Division (Theorem 2.3.2) there
is a unique K-algebra homomorphism

Y1t Sm'+m,n’+n — Sm’,n’ [ﬁm'+la o & ms Prig1y - - apn’+n]/(Pv Q)
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with Ker¢y = (P,Q) - Sm/+n,n'+n. Furthermore, by Weierstrass Division, 1 is con-
tinuous and the range of 9, is a Cartesian Sy,/ »-module (see [6, Definition 5.2.7.3]).
Let

Y2 0 S [€mi 1, - Emitmy Pty -+ s Pr4n] /(P Q) — Syt /1!
be the unique K-algebra homomorphism that sends Sy s 3 f = f+ I, i — fi
and ppyj—gj,i=1,...,m,j=1,...,n.

Since g is an isometry in || - ||, ¥1 is a contraction and
Sm’,n’ [fm’+1, oo »fm’+ma Pn'41y--- ,Pn'+n]/(P7 Q)
is a Cartesian Sy’ ps—module, 1) is continuous. Take ¢ := 13 0 ;1 0 ¥p. O

Theorem 5.2.3. — Let ¢ : Sppn/I = Sy e /1I' be a K -algebra homomorphism. Then
@ 1s continuous with respect to || - || and || - |11, and is uniquely determined by the
values (& + 1), o(p; +1),i=1,...,m;5=1,...,n.

Proof. — 1t is sufficient to take I = (0). Let ¢’ : Spy n = Sy .o /I’ be the continuous
K-algebra homomorphism provided by Lemma 5.2.2 with ¢'(&) = ¢(&) and ¢'(p;) =
w(pj),i=1,...,m; j=1,...,n. By Corollary 3.3.2, there is an ¢ € \/|K \ {0}| such
that

St [T — Tonr e (€)/te(I') * Tyt e (€)
is an inclusion. By Lemma 5.2.1, ¢, 0 ¢ = ¢, 0 ¢'. Since ¢, is an inclusion ¢ = ¢', and

thus ¢ is continuous. O

In general a quasi-affinoid algebra has many representations as a quotient of an
Sm,n- The residue norms corresponding to different representations may be different.
However all these norms are equivalent, i.e., they induce the same topology.

Corollary 5.2.4. — If Spon/I ~ Sy /I' as K-algebras then the two norms || - |1
and || - || are equivalent; i.e., they induce the same topology.

Remark 5.2.5. — Let ¢ € K°°. The (c¢) + (p)-adic topology on Sg, .. induces a

m,n
topology on Sy, , and on any quotient. A K-algebra homomorphism

$: Sm,n - Sm’,n’/I,

is also continuous with respect to such topologies. In other words, if f = >~ a,,£#p” €
Sp.n» then by the above arguments, 3 a,, p(§)*¢(p)” converges to (f).

Theorem 5.2.6 (Extension Lemma, cf. Remark 5.2.8). — Let ¢ : Spyn/I = Sy /I
be a K -algebra homomorphism, let fi,..., far € Smini/I' be power-bounded and let
91,y 9N € Sp /1" be quasi-nilpotent. Then there is a unique K-algebra homo-
morphism

Y SmyMantN/L SmiyMantN — Spr e /1!
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such that Y(Emyi) = fi, 1 < i < M, ¥(p;) = gj, 1 < j < N, and the following
diagram commutes:

S]] —L+ Syt T

R

SmaMnt+N/I - SmtMn+N
Proof. — By Lemma 5.2.2 there is a K—algebra homomorphism

(g Sm+Mnt+N = Sm’,n’/I'

such that
( i) = (§,+I), i=1,...,m,
z/)(gm_,,,): i=1,..., M,
1/J(Pm+)= j=1,...,N.
By Theorem 5.2.3,
V'lsn. =pom,

where
7 Smpn — Sman/l

is the canonical projection. Hence I C Kerty)' and ' gives rise to a K-algebra
homomorphism

¢ : Sm+M,n+N/I * Sm+M,n+N — Sm',n’/Il‘
That 9|s,, /1 = ¢ and that ¢ is unique follow immediately from Theorem 5.2.3. [

For notational convenience we make the following definition:

Definition 5.2.7. — Fix the pair (E,K) and let A be a quasi-affinoid algebra, say
A= Sy o (E,K)/I. We define

Al mlors - pals = Smitmonitn/I - S gmni4n
where we regard
S =K, ym )11, e ]ls
and
Smitmmi+n = KM,y oo smy &1y oo Em)my - Tty P15 -+ -5 Pl

By the Extension Lemma, Theorem 5.2.6, A{({1,...,&m) 01, -, pn]s is independent
of the presentation of A.
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We will show that that
A©)rls C AL, 0]

via the K-algebra homomorphism
@ Sm'+m,n’+n — A[fap]] : quu&upu — Z(f/.w + I)'S”py'
Indeed, it suffices to verify

Kercp cr- Sm’+m,n’+n-

Let f = Y fu&"p¥ € Kery; without loss of generality ||f|| = 1. Hence f €
B(n,&)[r,p] for some B € B. By Lemma 3.1.6, there are s € N, B C B' € B

and hy, € B'(n,&)[r, p] such that
f= Z f;wh;w-

lul+|v|<s

Since each f,,, € I, it follows that f € I - Spy/4m n'4n, as desired.

Let ¢ : S ne — A[€, p] be the composition of ¢ with the obvious inclusion

Sm' .0t < Smitm,n+n- Since Kerty = I, it follows that

A= AOlls

is injective.

Remark 5.2.8. — Here we rephrase the Extension Lemma (Theorem 5.2.6) in terms

of the notation introduced in Definition 5.2.7.

Let ¢ : A = B be a K-algebra homomorphism of quasi-affinoid algebras A and B.
Suppose fi,..., fm € B are power-bounded and ¢i,...,g, € B are quasi-nilpotent.
Then there is a unique K-algebra homomorphism ¢ : A(£)[p]s — B such that ¥(&;) =

fi and ¥(p;) = gj, 1 <i<m, 1< j<n, and the following diagram commutes:

A—% . B

A)]rls

In particular, it follows that there are m,n € N and a surjection of A-algebras

A(&,.--,fm)ﬂpl,u-,pn]ls — Ba

and hence for some ideal I,

B~ A(fl,...,fm)I[pl,...,pn]IS/I.
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5.3. Quasi-Rational Domains. — By analogy with [6, Section 6.1.4], we de-
fine generalized rings of fractions in the quasi-affinoid setting. This leads, in Defini-
tion 5.3.3, to the construction of quasi-rational domains and, by iterating, R-domains.
Example 5.3.7 shows that R-domains are more general than quasi-rational domains,
in contrast to the affinoid case. Nevertheless the Extension Lemma (Theorem 5.2.6)
shows that generalized rings of fractions are well-defined and that the association of a
generalized ring of fractions with a quasi-rational domain provides it with a canonical
ring of quasi-affinoid functions. Thus quasi-rational subdomains (and by iteration,
R-subdomains) are examples of quasi-affinoid subdomains (the formal generalization
to the quasi-affinoid category of the notion of affinoid subdomains). This provides a
foundation for a theory of quasi-affinoid varieties (see [22]). We end this subsection
proving in Proposition 5.3.8 that a quasi-affinoid algebra is affinoid if, and only if, it
satisfies the Maximum Modulus Principle.

Definition 5.3.1. — Let A be a quasi-affinoid algebra, say A = S, /I, and let
fiyo-os fa 91,---,9n; b € A. Define the generalized ring of fractions A{f/h)[g/h]s

to be the quotient ring
TYCAY G E—

where J is the ideal of Sp4pn+ N generated by the elements of I and the elements
Hémyi— Fiy, Hppyj—Gj, 1<i<M, 1<j<N,

where the F;, Gj, H € Spnsatisfy fi=F;+1,9; =Gj+I,h=H+1,1<i< M,

1 < j < N. By Theorem 5.2.6 any isomorphism Sy, n/I = Sy ns/I' extends to an

isomorphism Sy M.n+N /L SmaMan+N = Smis M +N /I Smit M+~ sending Em4i
t0 &mr+i and ppyj t0 prryj. It follows that A(%)[%]Is is well-defined.

Let f,g,h be as in Definition 5.3.1. In general, Max A(%)[%]]s is neither open in
Max A nor does it satisfy the Universal Property of [6, Section 7.2.2] (see Defini-
tion 5.3.4 below). With the additional restriction that f, g, h generate the unit ideal
of A (see Definition 5.3.3, below) the following Universal Property is satisfied.

Proposition 5.3.2. — Let A be a quasi-affinoid algebra, let f1,...,frm; 91,---,9N;

h € A, and put
Al ::A<£> [[%]]

Suppose ¢ : A — B is a K-algebra homomorphism into a K -quasi-affinoid algebra B
such that

(i) ¥(h) is a unit,

(if) ¥(f:)/v(h) is power-bounded, 1 < i < M, and

(iil) ¥(g;)/¢(h) is quasi-nilpotent, 1 < j < N.
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Then there is a unique K -algebra homomorphism ' : A' — B such that

AI

A B
Y

commutes. In particular, if {f,g,h} generates the unit ideal of A and if MaxB C
Max A’ (as subsets of Max A) then by Corollary 5.1.8 and the Nullstellensatz, Theo-
rem 4.1.1, conditions (i), (ii) and (iii) are all satisfied.

Proof. — Immediate from Theorem 5.2.6. O

Definition 5.3.3. — Let A be a quasi-affinoid algebra and put X := Max A. A quasi-
rational subdomain of X is a subset U C X of the form

v=vex(4(5) [

where fi,...,fm; 91,-..,9n; h € A generate the unit ideal. The class of R-sub-
domains of X is defined inductively as follows. Any quasi-rational subdomain of X
is an R-subdomain of X. If U C X is an R-subdomain of X and if V C U is a
quasi-rational subdomain of U, then V C X is an R-subdomain of X.

Suppose U = Ma.x(A(%)I[ﬂ s) is a quasi-rational subdomain of X = Max A. Then
U={zeX:|filz)] <|h(z)], |gj(x)| <|h(z)|, 1<i<M, 1<j< N},
To see this, write A = Sy /I and A(£)[£]s = Sm+m,nin/J, Where J is generated
by the elements of I together with the elements of the form
H&myi— Fi, Hpnyj—Gj, 1<i<M, 1<j<N,

where the F;, Gj, H € Sy, satisfy f; = Fi+1,9; =Gj, h=H+1,1<1i<
M, 1< j < N. The elements of U correspond naturally to the maximal ideals of
Sm+M,n+N that contain J. Let z be such a maximal ideal. By the Nullstellensatz
(Theorem 4.1.1), '

|€m+i(z)| < 1 and |pn+j($)| <L

The description of U above then follows immediately from h(z)&n,+:(z) — fi(z) =0
and h(z)pn+;(x) — gj(z) = 0 and from the fact that h(z) # 0. The fact that h(z) # 0
for all x € U also guarantees that U is an open and closed subset of X when X is
endowed with the canonical (metric) topology (see [6, Section 7.2.1]).

As in the affinoid case, one easily proves (cf. [6, Proposition 7.2.3.7]) that the
intersection of quasi-rational domains is a quasi-rational domain. In contrast to the
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affinoid case, the complement of a quasi-rational domain is a finite union of quasi-
rational domains. To see this, consider the quasi-rational domain

- ANIE
U= Max (A<E [[h]]s ’
where the f,g,h generate the unit ideal of A. Note that h is a unit of A(L)[£],.

Choose 1/c € K with
1
c

> |12
—lh

le| < |h(z)|, for all z € U.

; l.e.,
sup

Then

U = {z € Max A: |fi(z)| < |h(z)], |g;(z)| < |h(z)],
lef < |h(z)], 1<i< M, 1<j< N}
Hence
MaxA\U = {z € MaxA: |h(z)| <|c|}U
(U{e € Max 4: [h(z)| < [fi(@)], le] < |fi(z)I} U

Utz € Max 4: |n(2)| < lg;(@)], lel < lg;(@)I}-

J
By induction, a finite intersection of R-domains is an R-domain and the complement
of an R-domain is a finite union of R-domains.

Definition 5.3.4. — Let A and B be K-quasi-affinoid algebras. A K-quasi-affinoid
map
(®,p) : (Max B, B) - (Max A4, A)

is a map ® : Max B — Max A induced by a K-algebra homomorphism ¢ : A — B
via the Nullstellensatz, Theorem 4.1.1. Let U be a subset of Max A. Following
[6, Section 7.2.2], and suppressing mention of ¢, we say that a quasi-affinoid map
® : Max A’ — Max A represents all quasi-affinoid maps into U if #(Max A') C U and
if, for any quasi-affinoid map ¥ : Max B — Max A with ¥(Max B) C U, there exists
a unique quasi-affinoid map ¥’ : Max B — Max A’ such that ¥ = & o ¥’; i.e., such
that

Max A’

R

v ®

Max B » Max A
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commutes. A subset U C Max A is called a quasi-affinoid subdomain of Max A if
there exists a quasi-affinoid map ¢ : Max A’ — Max A representing all quasi-affinoid
maps into U.

Asin [6, Section 7.2.2], the above universal property has useful formal consequences
which are proved in Proposition 5.3.6. In addition it allows us to associate to every
quasi-affinoid subdomain U of Max A a canonical A-algebra of quasi-affinoid functions
O(U). Indeed if ® : Max A’ — Max A represents all quasi-affinoid maps into U, then
O(U) := A’. Reversing the arrows in Proposition 5.3.2 yields many examples of
quasi-affinoid subdomains.

Theorem 5.3.5. — Let A be a quasi-affinoid algebra and let U C Max A be a quasi-
rational subdomain, U = Max A(%)l[%]ls, where the f,g,h generate the unit ideal of

A. The inclusion
s (4 () [4,) =

represents all quasi-affinoid maps into U. Thus every R-subdomain is a quasi-affinoid
subdomain.

To every R-subdomain U of Max A, we have thus associated the canonical A-
algebra of quasi-affinoid functions O(U) such that Max O(U) — Max A represents
all quasi-affinoid maps into U. In particular, if U C Max A is the quasi-rational
subdomain defined by

U= {zeMaxA:|fi(z)| < |h(@)], |g;(@)| <|h()], 1 <i< M, 1<j <N},

where {f, g, h} generates the unit ideal of A, then O(U) = A(%)[%]s is independent of
the above presentation. In other words, if U C Max A is a quasi-rational subdomain,
f',¢',h' € O(U) have no common zero and

@I < B @),  1g'@@)] <K ()]

awr-a ()],

By induction, the same holds for R-subdomains of Max A. This fact is a key step
in developing a natural theory of quasi-affinoid varieties, as will be seen in [22]. A
special case of this result was proved in [18, Theorem 3.6]. The proof of the main
result of [18] can be simplified considerably using Theorem 5.3.5.

for all x € U, then

Proposition 5.3.6 (cf. [6, Proposition 7.2.2.1]). — Let A be a quasi-affinoid algebra, let
U C Max A and suppose (®,¢) : (Max A', A’) —» (Max A, A) is a quasi-affinoid map
representing all quasi-affinoid maps into U. Then

(i) ® is injective and satisfies ®(Max A') = U;
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(ii) for x € Max A’ and n € N, the map ¢ : A — A’ induces an isomorphism
A/®(z)™ — A’ /2",
(iii) for z € Max A, z = p(®(x)) - A"

Proof. — Let y € U and consider the commutative diagram
A 14 A
IS
Ay —Ye w/plr) - A

where m and 7' denote the canonical projections and 9 is induced by ¢. Since @
represents all affinoid maps into U, there exists a unique homomorphism ¢ : A" —
A/y™ making the upper triangle commute.

Thus both maps 7’ and ¥ o 0 make

A'lp@y™) - A’

‘:

Yorm

A A
¥

commute. Due to the universal property of ¢, they must be equal; i.e., the lower
triangle in the above diagram commutes.

Since 7’ is surjective, so is ¥. Furthermore, o is surjective because 7 is. Since the
upper triangle commutes, Kern’ = ¢(y™ - A’) C Kero. Hence ¢ must be bijective.
Taking n = 1, we see that ¢(y) - A’ must be a maximal ideal of A’. Thus ®~'(y)
consists precisely of one element, ¢(y) - A’. This proves (i) and (iii). Moreover (ii)
must hold because 2™ = y" - A’ where y = ®(z), and because ¥ is bijective. a

Example 5.3.7. — In the affinoid case, a rational subdomain V of a rational subdo-

main U of an affinoid variety X is itself a rational subdomain of X (see [6, Section

7.2.4]). This transitivity property is not in general true in the quasi-affinoid case.
First note that the quasi-rational subdomains U of the affinoid variety Max Sy, o

are all of the form
v =vaxsno( ) [7],

where fi,...,fMm, ¢1,-..,9Nn, h are polynomials. That is because h is a unit of
Sm,o0f *,é)l[a,";]]s (recall that the ideal generated by f,g and h contains 1).
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Let K = G, the completion of the algebraic closure of the p-adic field Q,. Note
that K and K° /aK ° are countably infinite for every a € K°°\ {0}. Let E C K° be
a DVR such that E = K and put Spmpn = Smn(E, K).

We will show that every quasi-rational subdomain of Max S, o has a property (see
lemma below) that is not possessed by the set

U={(&p) € MaxSi,1:|€~ f(p)| <€},

for a suitable choice of f € So; and € € |K|\ {0}. The failure of the transitivity
property for quasi-rational subdomains follows, since U is a quasi-rational subdomain
of Max 5,1, which is a quasi-rational subdomain of Max S3 o. By

T MaAXSz,O — Ma.xSl,o

denote the map induced by the obvious inclusion S;,6 = S20.

Lemma. — Let U C Max Sz be a quasi-rational subdomain such that m(U) contains
an annulus of the form
(5.3.1) {r € Max S10: 6 < |z] < 1}, 0<d<l

Then there is a polynomial P € K[£1,&] \ {0} such that
7(UN{z € Max Sy 9: P(z) = 0})
contains a set of form (5.3.1).

Proof. — The set U is definable in the language of valued fields with constants in K.
The statement that 7(U) contains a set of form (5.3.1) is true over any (algebraically
closed) valued field extending K because the theory of algebraically closed valued
fields is model complete [40].

In particular, it is true over the algebraic closure F' of the field K (&), where the
valuation | - | on F' extends that on K C F and

1
1—;<i£1|<1

for all n € N. Hence there is a b € F such that (&,b) € U. Let P(£1,&) € K[é1,&] C
F[&] be any nonzero polynomial that vanishes at b.
It

7(UN{z € Max Sz : P(z) =0})

does not contain a set of form (5.3.1), then by the Quantifier Elimination Theorem
for the theory of algebraically closed valued fields [40],

7(UN{z € Max Sz : P(z) =0}) C {z € Max Sy : |z| < d}

for some 6 € |K|, § < 1. But this is not true over F, contradicting the fact that, by
model completeness, K is an elementary submodel of F'. O
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The following construction completes the example. For every € € |K \ {0}|, e <1,
there is an f € Sp,1 such that for every P € K[, 6]\ {0},

7 ({(§ p) € Max S11 : P(§,p) =0 and [§ — f(p)| <e})

contains no set of form (5.3.1).

Let P; be an enumeration of polynomials in K°[£;, 2] such that for every P €
K°[£,&)] there are infinitely many ¢ € N with ||[P — Pj|| < e. We inductively define
sequences {n;} C N, {p;} C K°° and {a;} C E such that n; = oo and |p;| = 1.

Suppose ag, - ..,a¢—1; N0, - - -, Te—1; Po, - - -  P—1 have been chosen and put
-1
fe:= Zaip"‘.
=0

Choose ng > ny—y such that [p]**| < € for all i < £. Choose p; € K°° such that
|pz¢] > €. Suppose by, ...,b, are all the roots of P;(&2,p¢) = 0. Choose a; € E such
that

>e€

¢
D ainf’ — b
=0

forj=1,...,r.
Put
fi=) aip™,
>0

and let P € K°[£1,&]\ {0}. There are infinitely many ¢ € N such that ||P — B|| < ¢,
and

pi 7 ({(&,p) € Max S1,1: P(§,p) =0 and |§ — f(p)| <¢€})

for each such 3.

We include the next propositions for completeness. Proposition 5.3.8 gives con-
ditions under which a quasi-affinoid algebra is actually affinoid (i.e., is a quotient of
an Spm0). Proposition 5.3.9 gives conditions under which a quasi-affinoid algebra is a
quotient of an Sp p.

Proposition 5.3.8. — Let A = Sy, /1 be a quasi-affinoid algebra. The following are
equivalent:
(i) A is an affinoid algebra,
(ii) A satisfies the Mazimum Modulus Principle
(iii) ||pillsup @s attained for all1 <i<n,
(iv) ||pillsup < 1 for all1 <i < n.
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Proof
(i)=>(ii), (ii)=-(iii) and (iii)=>(iv) are immediate from [6, Proposition 6.2.1.4], and
the Nullstellensatz, Theorem 4.1.1. To see that (iv)=(i) observe that if

llpillsup < e <1foralll1 <i<n

and € € /|K \ {0}, say " = |¢|, ¢ € K°°, then by Theorem 5.3.5

A<p_’f,...,%>=A
c c

(Smn/T) <”—Cl L ﬁ>

T n T ™
sm,n<”—1,...,"—n>/1.sm,n<El,...,”—">.
C C C C

By the Weierstrass Division Theorem, Theorem 2.3.2, Sy, »(p]/c, ..., p%,/c) is affinoid.
O

and

b
S
o |;°ﬁ
o=
~_—
|

Proposition 5.3.9. — Assume that K is algebraically closed and let A = Sp, /I be a
quasi-affinoid algebra. The following are equivalent:

(i) A~ Soe/J for some l, J.

(ii) For every f € A, each set

{z € Max A: |f(@)] = [ fllsup} »
{z € Max A: [f(z)| <||fllsup}

is Zariski-closed; hence is a union of Zariski-connected components of Max A.

(ili) Let m: Smn = Sm,n/I = A be the canonical projection and let N be the number
of Zariski-connected components of Max A. Then there arec;; € K°,1<i<m,
1< j <N, such that each

N
[ (&) - ci)
j=1

is quasi-nilpotent. (In other words, as a subset of Max Sy, ,, Max A is con-
tained in a finite union of open unit polydiscs, namely, those with centers

(cij,...,cmj) X O.)

Proof
(i)=(ii). Let p be a minimal prime ideal of A. By Remark 2.3.6, there is a finite,
torsion-free monomorphism

¢ :S0,a— Alp.
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Let f € A and let ¢(f) be the integral equation of minimal degree for f over Sp g,
where

q= X° + les—l +---+ bs € SO,d[X]a
as in [6, Proposition 3.8.1.7]. Following the argument of [6, Proposition 3.8.1.7], for
every y € Max Sp 4,

P llsup = = ()i
IFyllsup = max |f(z) = max [b:(y)I",
zEMax A

and

»
£ llsup = max [1bilsf,

where 7y is the residue class of f in the quotient of A/y(y) - A by its nilradical. Since
each b; € Sp g, either

(5.32) 16:(y)] < l1sllsup = [1bsll

for all y € Max Sy 4, or

(5.3.3) [6:()] = 1billsup = 11|

for all y € Max Sg 4. If (5.3.2) holds for every ¢ such that
[1B:l1% = 1 sup»

then |f(z)| < ||fllsup for all z € Max A/p. Otherwise, there is some 4o such that

[1Bio 1% = Il fllsup  and  [bi (y)] = [1b3,l
for all y € Max Sp 4. In this case, |f(z)| = ||f|lsup for all z € Max A/p. This shows
that each set
{z € Max A/p: 1£(@)] = flluo}
{o € Max A/p: 1 @)] < flluo}

is Zariski-closed. Taking the union over the finitely many minimal prime ideals of A4,
(ii) follows.
(if)=(iii). Let Xi,...,Xn be the Zariski-connected components of Max A, choose
ijXj,ISjSN,andput
Cij = {,(:c])

Part (iii) follows by applying part (ii) to each & — c;;.
(iii)=>(i). Put

N
gi = [] (& - ciy);

J=1
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then by the Extension Lemma, Theorem 5.2.6, there is a K-algebra homomorphism
¥ : So,m+n — A such that
¢(Pz) = W(pi)v 1 <:<m, and
Y(pn+i) = 7(gi), 1<i<m.

It follows from the Weierstrass Division Theorem, Theorem 2.3.2, that 1 is finite.
Thus, after a homothety, part (i) follows. O

5.4. Tensor Products. — In this subsection we prove that tensor products exist in
the category of quasi-affinoid algebras with K-algebra homomorphisms. These results
will be needed in [22] when we discuss fiber products of quasi-affinoid varieties.

Lemma 5.4.1

(i) If A is a quasi-affinoid algebra and ¢ : A — B is a finite K-algebra homomor-
phism, then B is quasi-affinoid.

(ii) If A and B are quasi-affinoid algebras then so is the ring-theoretic direct sum
A® B.

Proof

(i) We may take A = S, . Let by,...,b; € B be such that B = Zle @(Sm,n)bi.
For each i, let A;j € Smn, be such that b + o(A4;)b ™t + -+ + @(Ain;) = 0.
Replacing b; by cb; for a suitable nonzero ¢ € K° we may assume that ||A;;|| < 1. Let
P; € Sypte,n be defined by

Py(mi) = 0 + Aan !

+ o4 Ay
where Spien = K(&,1)[p]s- Then P; is regular in 7;. Let
T: Smitn — Smien/(Prs. -, Fe)
be the canonical projection, and consider the K-algebra homomorphism
Y : Smn[m, ... el — B funt — To(fu)b".
By the Weierstrass Division Theorem (Theorem 2.3.2),
Smttn/(Piy... Pe) =~ Smalm, ..., ne/(Pr,. .., Pr).
The K-algebra homomorphism
Smttn = Smttn/(Pry- .., Pt) — Smonlm, ... nel/(P1,...,P;) = B

is surjective, as required.

(ii) It is sufficient to consider A = B = Sy, ». The diagonal map Spmn = Smn @
Sm,n is a finite K-algebra homomorphism, so the result follows from part (i). d
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Definition 5.4.2. — Let A, B;, B; be quasi-affinoid algebras and let By, By be A-
algebras via homomorphisms ¢; : A — B;, ¢ = 1,2. By Remark 5.2.8, we can write

Bl = A(fl,. .. ,fml)I[pl, e ,pnl]s/Il and
By = Allmi+15- - > Ematma) [Pra+1s -+ o5 Pratnals/ o
We define the separated tensor product of By and Bs over A by

By ®% By := A&y, -, Emytma)[P1s - - s Prayana]s /(11 + I2).

By the Extension Lemma (Theorem 5.2.6), B; ®% Bs is independent of the presenta-
tions of B; and By. The inclusions

A(€17~ .- 7§m1)|[P1, e »pm]s — A(éh e 7§m1+m2>|[p1a e ,pn1+n2]|s»
§z"—‘)§i, Pj = Py, i=17'~'9m17 j=1"'~7n1;

A(£m1+17 ce 7£m1+m2>|[pn1+17 cee »pn1+n2]|s —
A(fl’ cee a§m1+m2>|[plv s 7pn1+ﬂ2]|87
’£m1+i"_‘)£m1+i, Pri+j 7 Pny+j i=1,...,ma, J= 1,...,n9,

define canonical homomorphisms
o; - Bi — B ®8A Bs.

The next proposition shows that B; ®% B. satisfies the universal property in the
category of quasi-affinoid algebras that justifies calling it a tensor product.

Proposition 5.4.3. — Let p; : A — B;, i = 1,2, be K-algebra homomorphisms of
quasi-affinoid algebras and let 1; : B; — D be A-algebra homomorphisms of quasi-
affinoid algebras. Then there is a unique A-algebra homomorphism v : B1 ®% By — D

such that

B; ®% Bs

\/

commutes, where the o; : B; — By @% By are the homomorphisms given in Defini-
tion 5.4.2.
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Proof. — By the Extension Lemma (Theorem 5.2.6 or Remark 5.2.8) there is a unique
YA, Emytma) P15y - - -y Pratng] = D that extends 91 0 91 = 12 0 g such that
wl(é.i) =¢1(§i)7 i :13'”7m1,
1/)’(/')]):11)1()0])7 j:17~'~7n13
V' (Emiti) = Ya(€myvi)y T=1,...,my,
V' (pn+i) = V2(pny+4), §=1,...,n2.
Since (I; + Ip) C Ker(¢'), the result follows. O
Remark 5.4.4
(i) If A, By, B, are affinoid then it follows from the above Proposition and the
universal property of the complete tensor product ([6, Proposition 3.1.1.2]) that
B; ®% By = BléABg.

(ii) In general, B, ®% By # By ®4Bs. In the case that the Sm,n(E, K) are complete,
we have B; ®% B2 D B; ®4B>. This follows from the universal property of ®4. In
all cases we have Sp 1 ®% So1 ¢ So,léxso,l since

Z(mpz)i € (So,1 ®% S0,1) \ (S0,1®KS0.1)-

The following important examples of separated tensor products are computed di-
rectly from Definition 5.4.2.

Corollary 5.4.5. — We have

s —
Smly"l ®K sz,nz — Imi+ma,ni+n2s

and if A is a quasi-affinoid algebra,
A ®% Sm,n = A [pls-

The following two propositions are easy consequences of the definition and the
universal property of the separated tensor product (c¢f. [6, Propositions 6.1.1.10 and
6.1.1.11}).

Proposition 5.4.6. — Let A', A, By, By be quasi-affinoid algebras and assume that
the B; are both A and A’-algebras via homomorphisms A' - A and A — By, A — Bs.
Then the canonical homomorphism

B ®f4/ By —» B ®f4 B,
18 surjective.
Proposition 5.4.7. — Let A, By, By be quasi-affinoid algebras and assume that B,
B, are A-algebras via homomorphisms A — B;, i = 1,2. Let b; C B;, i = 1,2 be
ideals and denote by (b1,bs) the ideal in By @% B, generated by the images of b;

and by. Then the canonical map 7 : B; % By — B1/b1 ®% B3 /by is surjective and
satisfies Kerm = (by,b2). Hence (B; ®% B2)/(b1,b2) ~ B,/b1 ®% Ba/bs.
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It follows from Lemma 5.4.1 and Proposition 5.4.7 that base change preserves finite
(respectively surjective) morphisms.

Proposition 5.4.8. — Let A and B be quasi-affinoid algebras. Let ¢ : A — B be
a K-algebra homomorphism and let C be a quasi-affinoid A-algebra. If ¢ is finite
(respectively surjective) then the induced map C — B Q% C is finite (respectively
surjective).

Proof. — Suppose B is a finite A-module via ¢. It follows from the right-exactness
of the ordinary tensor product that B ® 4 C is a finite C-module. By Lemma 5.4.1
B ®4 C is a quasi-affinoid algebra. It therefore follows from the universal property
for tensor products that B ®% C = B®4 C. In particular, C = B ®% C is finite.

If ¢ is surjective, then we may write B = A/I, where I := Keryp. Then by
Proposition 5.4.7,

B®j C=A/I®}C/(0)= (A&} C)/,(0),
which is a quotient of C. Therefore C — B ®% C is surjective. O

A small extension of Definition 5.4.2 yields a ground field extension functor for
quasi-affinoid algebras.

Definition 5.4.9. — Let (E,K), (E',K') be such that Sy, n(E,K) C Spmn(E',K')
and let A := S, o(E, K)/I. We say that the K'-affinoid algebra

A' = S00(B' K) 0%, 5,10) A 1= S, K') /1 - S B K')
results from A by ground field extension from (E, K) to (E', K').

Proposition 5.4.10. — The canonical homomorphism
A— Soyo(E', K,) ®§o.o(E,K) A

is a faithfully flat norm-preserving monomorphism both in || - |1 and || - ||;.s,, . (&",k")
and in ” : ”sup-

Proof. — Immediate from Lemma 3.1.11 and Proposition 4.1.3. O

5.5. Banach Function Algebras. — Each representation of a quasi-affinoid alge-
bra A as a quotient Sp, /I yields the K-algebra norm || - ||, which by Lemma 3.1.4,
is complete if S, , is. We saw (Corollary 5.2.4) that even though A may not be
complete, all these norms are equivalent. By the Nullstellensatz, Theorem 4.1.1, if
A is reduced then || - ||sup is @ norm on A. In this subsection we shall show when
Char K = 0 (Theorem 5.5.3) and often when Char K = p # 0 (Theorem 5.5.4) that
if A is reduced, || - ||sup is equivalent to the residue norms || - ||;. It follows that if in
addition F and K are such that A is complete in || - ||; then A is complete in || - ||sup,
i.e., it is a Banach function algebra.
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The obstruction to following the argument of [6, Theorem 6.2.4.1], is, as usual, the
lack of a suitable Noether Normalization for quasi-affinoid algebras. Theorems 3.4.3
and 3.4.6 allow us to reduce the problem to considering quotient rings of Sg p4m, for
which a Noether Normalization is available. The fact that the quotients of Sp p4m SO
obtained are reduced is guaranteed when the Sy, , are excellent.

Lemma 5.5.1. — Suppose K and E are such that the Sp, n, are complete and the fields
of fractions of the So n(E,K) are weakly stable. Let A be a reduced quasi-affinoid
algebra. If there is a finite K -algebra homomorphism Sy /I — A then A is a Banach
function algebra.

Proof. — As in the proof of [6, Theorem 6.2.4.1], we use Noether Normalization for
quotients of Sp , (Remark 2.3.6) to reduce to the case that I = (0) and Sp,, = A is
a finite, torsion-free monomorphism.

Note that Sp 5, is integrally closed (for example, apply Theorem 4.2.7 or use Noether
Normalization as in [6, Theorem 5.2.6.1]). Since, in addition, we have assumed that
Q(So,n) is a weakly stable field ([6, Definition 3.5.2.1]), we may apply [6, Theo-
rem 3.8.3.7]. d

Proposition 5.5.2. — Under any of the conditions

(i) CharK =0,
(ii) CharK = p #0 and Sy n(E, K) ~ ®N 1 (Smn(E, K))? as normed K?-algebras,
(iii) Char K = p #0, [K : K] < 0o and [E : E?] < oo,

the fields of fractions of the rings Smn(E, K) are weakly stable.

Proof. — When Char K = 0, this is [6, Proposition 3.5.1.4]. Note that condition (iii)
implies condition (ii) because K is complete (use [6, Proposition 2.3.3.4]). Thus it
remains only to verify case (ii), which follows from [6, Lemma 3.5.3.2]. O

Note that under any of the conditions of Proposition 5.5.2, the rings Sy n(E, K)
are excellent (see Propositions 4.2.3 and 4.2.5).

In characteristic zero, we show in Theorem 5.5.3 that the supremum norm of a
reduced quasi-affinoid algebra A is equivalent to the residue norm arising from any
presentation of A as a quotient of a ring of separated power series. In some cases this
is an extension of Corollary 5.2.4, which establishes the equivalence of all the residue
norms (whether or not A is reduced and of characteristic zero). In characteristic p,
our results are less complete (see Theorem 5.5.4). The proofs of Theorems 5.5.3 and
5.5.4 rely on restriction to finite disjoint unions of open polydiscs, for which one has
a Noether Normalization. In the proof of Theorem 5.5.3, we reduce to the case of
polydiscs with rational centers. The proof of Theorem 5.5.4 does not depend on the
characteristic.
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Theorem 5.5.3. — Suppose that Char K = 0 and that A = Sy, n(E, K)/I is a reduced
quasi-affinoid algebra. Then |- ||r and || - ||lsup on A are equivalent. If in addition A
is complete in || - ||1, then A is a Banach function algebra.

Proof. — Let E' D E be as in Theorem 2.1.3 (ii) so that the Sy, ,(E', K) are com-
plete. By Propositions 4.2.3 and 4.2.6, A’ = Si, o (E',K)/I - S n(E', K) is reduced,
since Ty n(€) = Tm,n(€, K) does not depend on E or E'. By Proposition 4.1.3 and
Lemma 3.1.11 the map

Sm,n(E7 K)/I — Sm,n(E’aK)/I : Sm,n(ElaK)

is an inclusion which is an isometry in both the supremum and residue norms. Hence
it is sufficient to prove the equivalence of || - ||; and || - ||sup When E is such that the
Sm.n(E, K) are complete.

Let K' be a finite extension of K such that there are c;,...,¢, € ((K')°)™ with
les —cj| = 1,1 <14 < j <r, such that for every

p € AsS(Smn(E, Kaig)~ /T - Smn(E, Kaig)™)
there is an ¢, 1 <1 < r, with
mg;, = (é *&‘»P) op,

where I?alg is the completion of the algebraic closure of K.
Let S, , = Smn(E,K') and I' := I - S}, ,. Observe that S}, ,/I' is reduced.
(Indeed, we may write K' = K (a), so every f € Sy, ,, may be written in the form

d—-1 )
f = Z fjajv
=0

for f; € Smn. Let 09,...,04—1 be the distinct embeddings of K’ over K in an
algebraic closure of K and let «; := 0;(a), 0 <i < d—1. Then
det(a{) = H#j(ai - aj) #0.

It follows that the f; are linear combinations of the o;(f). Hence, if f € VI, so
is each f;. But the map Sp, — S, , is faithfully flat (Lemma 4.2.8(iii)), so each
fi € VI = I. Tt follows that f € I'.) Now, by Proposition 4.1.3 and Lemma 3.1.11(ii),
the map Spn/I = S, ,/I' is an inclusion and an isometry in both the supremum
norm and the residue norm. Since Sy, /I is complete in || - |7, it therefore suffices to
prove the theorem for S, . /I'. Note that all the Sy v (E, K') are complete

By Theorem 3.4.3(ii), the map

¢ : S;n,n/I’ — (®;=156,n+m) /wc(I,) : (@;=1‘S’(l),n+m)

is an isometry in the residue norms. By Proposition 4.2.3 and [25, Theorem 32.2],

(®;=136,n+m) Jwe(I') - (@;=15(,),n+m)
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is reduced. Since ¥ is a contraction with respect to || - ||sup, it suffices to prove the
theorem for this ring. That is Lemma 5.5.1. O
Theorem 5.5.4. — Suppose that the rings Sy n(E,K) are ezcellent (see Proposi-

tion 4.2.3 or 4.2.5) and that at least one of the following two conditions is satisfied:
(i) K is perfect
(ii) There is an E', E C E', such that the fields of fractions of the Son(E',K) are
weakly stable, and the So n(E', K) are complete.

Let A = Sy n(E,K)/I be reduced. Then on A the norms || - |1 and || - ||sup are
equivalent. If in addition A is complete in || - ||1 then A is a Banach function algebra.

Proof. — We may assume (see Remark 2.1.4(i)) that E is a field. We now show that
(i) implies (ii). In the case that K is perfect there is an E' O F such that Sy, n(E', K)
is complete (see Theorem 2.1.3(ii)). Since K is perfect, we may extend further so that
E' is perfect. Then, by Proposition 5.5.2 the fields of fractions of the Sy ,(E’, K) are
also weakly stable.

Choose c1,...,cr € (Kg,)™ with mg, # mg;, 1 <i < j < r, such that for every
peE Ass(gm,n/f) there is some i, 1 < i < r, with

mg; D Pp.

(The mg, are the maximal ideals of §m,n corresponding to ¢; as in Definition 3.4.4.)
By Theorem 3.4.6(ii), the map

Y : Smn/I — Dpn(c)/we(I)

is an isometry in the residue norms ||-||; and ||-||o, (7). Since Spm »(E, K) is excellent, by
[25, Theorem 32.2], Dy, n(c)/we(I) is reduced. Since ¢ is a contraction with respect
to || - |lsup, it suffices to prove the theorem for that ring. Recall that Dy, (c) =
Sm.n+m(E, K)/J for some ideal J. Let

Dy n(€) = Smntm(E', K)[J - Spnim(E' K).

Then Dy, ,.(c)/we(I) - Dy, ,(c) is reduced since the maximal-adic completions of all
its local rings coincide with those of the reduced, excellent ring Dy, »(c)/wc(I). By
Proposition 4.1.3 and Lemma 3.1.11, the map

Din,n(€)/we(I) — Dy, (€) /we(I). iy 1 (€)

is an inclusion which is an isometry in both the supremum and residue norms. Hence
it suffices to prove the equivalence of the residue norm and the supremum norm on
Dy, n(c)/we(I) - Dy, o(c). By Lemma 3.4.5, this ring is a finite extension of a quotient
of a ring Sp 4(E', K). Now apply Lemma 5.5.1. O
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6. A Finiteness Theorem

In Subsection 6.1 we prove a finiteness theorem, which is a weak analogue of
Zariski’s Main Theorem, for quasi-finite maps, and in Subsection 6.2 we apply this
finiteness theorem to show that every quasi-affinoid subdomain is a finite union of
R-subdomains.

6.1. A Finiteness Theorem. — In applications ([2], [16], [17], [18], [19], [20],
[21] and [23]), certain weaker forms of Noether Normalization have proved useful. We
collect two examples here. Recall that we showed in Subsection 5.3 that we associate
canonically with each R-domain U C Max A, the A-algebra of quasi-affinoid functions
o).

We call a quasi-affinoid map 7 : Max B — Max A finite if, and only if, B is a finite
A-module via the induced map 7* : A — B.

Proposition 6.1.1. — Let m : MaxB — Max A be a quasi-affinoid map. Suppose
Ui,..., U, is a cover of Max B by R-subdomains. If each 7|y, : U; — Max A is finite
then 7 is finite.

Proof. — By Proposition 5.3.6(ii) and the Krull Intersection Theorem ([25, Theo-
rem 8.10]), the natural map

n
B [[ow
=0
is injective. Each O(U;) is a finite A-module; hence B, being a submodule of the

finite A-module IIO(U;), is a finite A-module as well. O

Let m : Max B — Max A be a quasi-affinoid map. If U C Max A is an R-domain
defined by inequalities among fi, ..., fo then 77! (U) C Max B is an R-domain defined
by the corresponding inequalities among fy om,..., fpo .

The affinoid analog of the following is false; see Example 6.1.3.

Theorem 6.1.2 (Finiteness Theorem). — Let 7 : Max B — Max A be a quasi-affinoid
map which is finite-to-one. There exists a finite cover of Max A by R-domains U;
such that each map

7T|7r—1(U,-): F_I(U,;) — U;
is finite. (Note: We do not assume that 7 is surjective.)

Proof. — Let ¢ : A — B be the K-algebra homomorphism corresponding to 7. Since
B is quasi-affinoid, there is a K-algebra epimorphism

Sm,n — B.
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The images of &,...,&n (respectively, p1,...,pn) in B are power-bounded (respec-
tively, quasi-nilpotent). By Remark 5.2.8, this induces a unique K-algebra homomor-
phism % such that the following diagram commutes

A<§17' .. ,§m)|[)01»~ .. apnﬂs

U
A B
®
Since Sy, — B is surjective, so is 1.
Let
I :=Kervy;
then

B= A(£Ia°”7§m>[p17'-~>pn]|8/I7

and we may therefore assume that the original map ¢ is of the form
A5 A©)[p)s /1.

The proof proceeds by induction on (m,n), ordered lexicographically. Assume m+n >
0. If m+n =0, then B = K and the K-algebra homomorphism ¢, being surjective,
is finite.)
Let fi,..., fe generate I, and write
fi =Zaiuu§upya 1 57' Sev
where each a;,, € A. Since 7 is finite-to-one, {a;., } generates the unit ideal of A.
Writing A as a quotient of a ring of separated power series and applying Lemma 3.1.6
to pre-images of the f;, we obtain a finite index set J C N™ x N" such that for each
x € Max A there is an 49, 1 <49 < ¢, and an index (o, o) € J such that
|aiouovo (:L’)I > Iaiuv(x)l for all 4, p, v
(6.1.1) |@iopovo ()| > |@iguy ()| for all v < vy and all p
|aioﬂovo ($)| > Iaioul/o (.’17)| for all p > po.

(Note, in particular, that (6.1.1) guarantees that {aju, : 1 < i < ¢,(u,v) € J}
generates the unit ideal of A.)
Fix 49, 1 <9 < ¢, and (po,v0) € J. Let Usypuou, be the set of points x € Max A
such that
|@iguore ()| > |@iny ()] foralll1 <i</fand (p,v)€J
|@igpove ()| > |@iguw ()] for all (u,v) € J with v < 1
|@ionovo (2)] > |@iguu ()| for all (u,v) € J with p > po.
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As in Subsection 5.3, Ujpuow, i @ quasi-rational subdomain of Max A, which is
in fact equal to the set of points x € Max A where (6.1.1) holds. Furthermore, the
Uiopovo cover Max A.

We may now replace A by O(Ujypuou,) and B by

O(Uiouol/o)@)up]IS/I : O(Uio#ovo)<§>l[p]ls'

Replacing f;, by a{oi‘ouo fiy, we may assume that a; ., = 1. Put
fiouo = Zaioullofu;
"
then fi,, is preregular in £ (cf. Definition 2.3.7).
The two quasi-rational subdomains

V= {y € Max B : |figu, (y)| = 1} and W := {y € Max B : | fipuo ()| < 1}

cover Max B, and each restriction |y and w|w is finite-to-one. By Proposition
5.3.6(ii) and the Krull Intersection Theorem (|25, Theorem 8.10]), the natural map

B — OV)s OW)
is injective. Hence it suffices to treat the maps A — O(V) and A - O(W).
Case (A). — A — O(V).

Observe that
OV) = A&, - &mt+1)p1, - - - puls/ J,

where J is the ideal generated by I and the element

F = &my1figny — 1.
Put

G=p"+ Y Gigulmi1£"p’ = émi1fi, mod J;
V;Zuo

in particular, G € J. By (6.1.1), after a change of variables among the p’s, we can
assume that G is regular in p,, (in the sense of Definition 2.3.7). Similarly, after a
change of variables among the £’s, we can assume that F' is regular in &,,+1. Applying
Theorem 2.3.8, first to divide by G, then by F', shows that O(V) is a finite extension
of an A-algebra of the form

B':= A&, . &n)lp1y - - pr—1]s/T'.
Since O(V) is a finite extension of the A-algebra B’, the map
Max B’ — Max A

is finite-to-one. Furthermore, (m,n — 1) < (m,n). We are done by induction.

Case (B). — A — O(W).
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Observe that
O(W) = A(ély e a£m>|[pl’ e 7pn+1]|s/J,

where J is generated by I and the element

F:= fioVo — Pn+1-
By (6.1.1), after a change of variables among the &’s, F' is regular in &, (in the sense

of Definition 2.3.7). By Theorem 2.3.8, O(W) is a finite extension of an A-algebra of
the form

B, = A(gl, e ,§m_1)|[p1, PN ,pn+1:ﬂs/ll.
Since O(W) is a finite extension of the A-algebra B’, the map
Max B’ — Max A

is finite-to-one. Furthermore, (m — 1,n 4+ 1) < (m,n), completing Case B.

To complete the proof, we pass to a common refinement of the covers by R-domains
obtained in the above two cases, observing that the intersection of R-domains is an
R-domain, and that if 7 : Max B — Max A is finite, 50 is 7| z-1(yy : #71(U) — U for
any R-subdomain U of Max A. O

Example 6.1.3. — The affinoid map induced by

@: K(&) - K&/ +n+1)

is finite-to-one. But if Char K # 2, p is not finite. Indeed, if it were, the polynomial
&n? 4+ m+ 1, being prime, would have to divide a monic polynomial in K {(£)[n]. Since
£ is not a unit, ¢ cannot be finite.

Now, suppose there is a finite cover of Max K (£) by affinoid rational subdomains
U such that each induced map

OU) — OU)®xk e K(&m)/(En* +n+1)

is finite. Then the affinoid map induced by ¢ is proper by [6, Proposition 9.6.2.5], and
[6, Proposition 9.6.2.3]. It then follows from [6, Corollary 9.6.3.6], that ¢ is finite, a
contradiction. This shows that the analogue of Theorem 6.1.2 does not hold in the
affinoid case. Indeed the covering obtained is not in general admissible in the sense
of [22].

6.2. An Application to Quasi-Affinoid Domains. — In this subsection we
apply Theorem 6.1.2 to prove that every quasi-affinoid subdomain is a finite union
of R-subdomains. As a corollary we deduce that every quasi-affinoid subdomain is
open.

Lemma 6.2.1. — Let A and B be commutative rings and let p : A — B be a finite
homomorphism.
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(i) Suppose that for every mazimal ideal M of B, the induced map
An — B®y Am

is surjective, where m := ANIM. Then ¢ is surjective and Spec B is a closed
subset of Spec A.
(ii) Suppose that for every mazimal ideal M of B, the induced map

Am — B®4 An
is bijective, where m := ANI. Then Spec B is an open subset of Spec A.

Proof
(i) For every m € Max A the map

An — B®j An

is surjective. This is true by assumption when m = A N9 for some M € Max B. It
only remains to treat the other elements of Max A. Let m € Max A be such an ideal.
By [25, Theorem 9.3], there is an a € Ker ¢ such that a ¢ m. Since a annihilates the
A-module B and the image of a in Ay is nonzero, it follows that B ® 4 Am = (0).
Thus the map A, & B ®4 An, is surjective.

Now let b € B and consider the ideal

I'={a€ A:abe p(A)}.

We will show that I is the unit ideal. Suppose not. Then there is an m € Max A such
that I C m. But Ay, — B®a An is surjective so I Ay, is the unit ideal, a contradiction.
This proves that ¢ is surjective. By [25, Theorem 9.3], Spec B N Spec A = V (Ker ).
Hence Spec B is a closed subset of Spec A.

(ii) Since we are only concerned with prime ideals, it is no loss of generality to
assume that A and B are both reduced, i.e. have no nonzero nilpotent elements. It
suffices to show that B is a direct summand of A.

By part (i), ¢ is surjective, so B = A/I where I := Ker ¢. Since B is reduced, I is
the intersection of some prime ideals of A. Let J be the intersection of the unit ideal
with all the minimal prime ideals of A that do not contain /. We will show that

A=A/I& AlJ.

This is obvious if J = (1). So assume J # (1). By [25, Theorem 1.4], it suffices to
show that I + J is the unit ideal of A. Suppose not. Then there is an m € Max A
such that m D I + J; in particular m O J. Since J is an intersection of minimal prime
ideals of A, at least one such prime must be contained in m. In other words, there is
a minimal prime ideal p of A contained in m that does not contain /. We show that
pAm D TAm. Let a € I\ p; if pAn D IAm, thena=3_;_, £ for some s € A\ m and
g; € p. Thus sa € p and s,a, ¢ p, a contradiction. So, pAy is a minimal prime ideal
of Ay, that does not contain I Ay,. But by assumption Ay = An /I Ay; ie. [Ayn = (0).
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In particular, since A, is reduced, I - A, is the intersection of all the minimal prime
ideals of Ay, a contradiction. Thus I + J is the unit ideal of A. O

Recall that in Subsection 5.3 we showed that every R-subdomain is a quasi-affinoid
subdomain.

Theorem 6.2.2. — Let A be a quasi-affinoid algebra and let U C Max A be a quasi-
affinoid subdomain. Then U is a finite union of R-subdomains of Max A.

Proof. — Let B := O(U), and let 7 : Max B — Max A be the canonical inclusion.
By Theorem 6.1.2 there is a finite cover of Max A by R-subdomains U; such that each
map

7T|,|.—1(U‘.) : ﬂ_l(Ui) — U;

is finite. Thus, without loss of generality, we assume that = : Max B — Max A is
finite.

We will apply Lemma, 6.2.1 to show that U is a Zariski-open and -closed subset of
Max A. Let 9t € Max B, and put m := ANIN. We wish to show that Ay & B®4 Am
is bijective. Since B ®4 An is a finite Ap-module, this follows from Nakayama’s
Lemma [25, Theorem 2.3], once we know that BQ4 (Am/MmAm) = An/mAn. Indeed,

B®j (Am/mAn) =BQsA/m=B/mB=B/M=A/m=An/mA,,

by Proposition 5.3.6 (ii) and (iii).
By Lemma 6.2.1, U is a Zariski-open and -closed subset of Max A, thus there is
some f € A such that fly =0 and f|yaxa\v = 1. So

U={zeMaxA:|f(z)] <1/2}

is an R-subdomain of Max A. O

Note that the covering of U given by Theorem 6.2.2 is not necessarily a quasi-
affinoid covering in the sense of [22]; nonetheless Theorem 6.2.2 does show that quasi-
affinoid subdomains are well-behaved. In particular the following openness theorem
(¢f. [6, Theorem 7.2.5.3]) is an immediate consequence.

Corollary 6.2.3 (Openness Theorem). — Let A be a quasi-affinoid algebra. All quasi-
affinoid subdomains of A are open in the canonical topology on Max A derived from

the absolute value | - | : K — R, .

Proof. — As we remarked in Subsection 5.3 all R-subdomains of Max A are open.
|
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