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LARGE DEVIATIONS FOR THREE DIMENSIONAL
SUPERCRITICAL PERCOLATION

Raphaél CERF

Abstract. We consider Bernoulli bond percolation on the three dimensional cu-
bic lattice in the supercritical regime. We prove a large deviation principle for
the rescaled configuration, from which a picture of the Wulff crystal of the model
emerges.

Résumé (Grandes déviations pour la percolation supercritique en dimen-
sion trois). Nous considérons la percolation Bernoulli sur les arétes du réseau
cubique de dimension trois dans le régime supercritique. Nous prouvons un principe
de grande déviation pour la configuration renormalisée, duquel émerge une image
du cristal de Wulff du modele.
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CHAPTER 1

INTRODUCTION

The ground-breaking monograph of Dobrushin, Kotecky and Shlosman [31] has
initiated in the past years an intense research activity around the study of phase
separation for the two dimensional Ising model (see [21,46,47,48,49,58,59,66,67,68]).
The so—called Wulff construction in this context is now fairly well understood. The
next challenge is to analyze phase separation and coexistence in higher dimensions.
The aim of this work is to propose a way to do that for the three dimensional
Bernoulli percolation model.

We consider Bernoulli bond percolation on the three dimensional lattice Z3. Edges
between nearest neighbours are independently open with probability p and closed
with probability 1 — p. It is known that this model has a phase transition at a
value p. strictly between 0 and 1: for p < p. the open clusters are finite and for
p > p. there exists a unique infinite open cluster C, (see [42]). We focus here on the
supercritical regime where p > p.. Aside from the infinite cluster, the configuration
contains finite clusters of arbitrary large sizes. We wish to understand the geometry
of these large clusters. The presence at a particular location of a large finite cluster
is an event of low probability: for Bernoulli percolation in dimension d, for p > p,,
there exist two positive constants cj, ce such that

VneN exp(—cn@ /%) < P(n < card C(0) < 00) < exp(—cynld=D/d)

where C(0) is the open cluster containing the origin. This is a result from Kesten
and Zhang [50] (It was proved under the assumption that p is strictly larger than
the limit of the slab critical points. Grimmett and Marstrand proved that this limit
coincides with p., see [43] or the second edition of [42]). An historic account of
the successive refinements of this type of bounds is given in [3]. This estimate is
based on the fact that the occurrence of a large finite cluster is due to a surface
effect. Indeed at the frontier of a large open cluster C, there is a set 9,C of closed
edges, called the edge boundary of C', whose macroscopic components look like a
large surface separating the sites of the cluster from the outside world.

Alexander, Chayes and Chayes have obtained much more precise results in the
two dimensional case [3] (which were further refined by Alexander [2]). Let us sum
up the main points of their work. In dimension two, a component of the edge
boundary is a closed curve of the plane. The most likely curves to realize the event
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2 CHAPTER 1. INTRODUCTION

{n < cardC(0) < oo} are close to a very specific deterministic curve, namely the
boundary of the so—called Wulff crystal of the model. More precisely, it is possible
to define an angle dependent surface tension o(v) for the model, which characterizes
the exponential decay of the probability of having a long flat interface of closed edges
orthogonal to the direction v. Consider next the variational problem of minimizing
the o—surface energy of a closed curve «y (that is the linear integral of o(v) along 7,
where v is the normal to ) under the constraint that the curve v encloses an area at
least one. The unique solution of this problem is the boundary of a suitable dilation
of the Wulff crystal of o

W, = {z € R® : z-v < g(v) for all unit vectors v} .

Besides, the probability that the cluster C'(0) has inside the macroscopic components
of 3.C(0) a density larger than the typical density 6(p) of the infinite cluster is of
order exp(—const card C(0)), because this event requires a volume effect. Hence,
up to surface order large deviation events, the area enclosed by the macroscopic
components of 8,C(0) and §~!card C(0) are comparable. Finally,

lim L In P(n < cardC(0) < o0) = —(HareaBWa)_l/z/ o(vw, (z))dz .
n—o0 \/ﬁ W,

Furthermore the solutions of the previous variational problem are stable with respect
to the Hausdorff distance between curves, that is, up to translations, any minimizing
sequence converges towards the boundary of a suitable dilated Wulff crystal. As a
consequence, conditionally on the event {n < card C(0) < oo}, with probability
tending rapidly to 1 as n goes to oo (say faster than any inverse power of n), the
Hausdorff distance between the rescaled curve n~'/2(outer component of 8,C/(0))
and the boundary of the dilated Wulff crystal (0 areadW,) 1/2W, is less than
any fixed positive real number. Alexander, Chayes and Chayes prove also a sin-
gle droplet Theorem, which is close in spirit to the Wulff construction Theorem of
Dobrushin, Kotecky and Shlosman [31] for the two dimensional Ising model: for
A < (diam W, ) ~2area ®W,, for any positive 7, conditionally on the event

{cardCoo N[-L/2,L/2)> < (1= N)OL? },

(Cx is the infinite cluster), with probability tending rapidly to one as L goes
to oo, there is inside [—L/2,L/2]? a finite open cluster of cardinality approxima-
tively 8AL? whose edge boundary is at a Hausdorff distance less than nL from
A/2[ (areadW,)~1/20W,.

Our original motivation was to prove similar results in the three dimensional case.
As noted in [3,31], a new formulation of the results themselves is required in higher
dimension: indeed the Hausdorff distance between the boundaries is not adequate
any more, because very thin and long filaments create insignificant surface energy
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CHAPTER 1. INTRODUCTION 3

while increasing dramatically the Hausdorff distance. However the main obstacle
so far seems to have been the extension of the skeleton coarse graining technique
[49] which relies on the possibility of approximating in a suitable way a polygonal
line on the lattice by a coarser one and on a combinatorial bound for the number of
polygonal lines. The structure of two dimensional surfaces is so rich compared to the
one of curves that it seems hard to find a similar combinatorial argument in higher
dimension (see the introduction of [49]). Therefore a new strategy is needed. A
natural way is to leave the discrete setting and to try to work from the start into the
continuum. The combinatorial argument should then be replaced by a compactness
property. Thus we must embed our objects into a continuous topological space in
which the level sets of the surface energy are compact. If the volume happened to be
continuous, we would have in addition existence of solutions for our variational prob-
lems, a highly desirable feature. This picture has already a taste of large deviations
theory: the surface energy should be a good rate function. Subsequently, why not
seek for a large deviation principle (in this yet undefined ideal space) governed by
the surface energy? The results concerning the Wulff crystal would then be natural
consequences of the large deviation principle; the law of the random objects under a
volume constraint would concentrate exponentially fast around the ones minimizing
the surface energy with respect to this volume constraint. Indeed, whenever a large
deviation principle holds, the random objects solve automatically the variational
problems associated with the rate function. Thus it is very reasonable to think that
the probabilistic results on the Wulff crystal (at least those dealing with rough es-
timates) might be included in a general large deviations setting. Large deviations
theory itself does not provide the required probabilistic tools, yet it suggests efficient
abstract guidelines to attack the problem.

Although there exists a substantial literature devoted to the study of stochastic
geometry, we found no existing result on large deviations for general random sets.
Thus we started by proving the simplest such result, namely the analog of the Cramér
Theorem for random sets [17]. We then tested the feasibility of some aspects of
the large deviations approach to the Wulff crystal in the case of two dimensional
Bernoulli percolation [18]. There we prove large deviation principles for the finite
cluster shape in the Hausdorff and L' metric, but with the help of the skeleton
coarse graining technique, instead of working from the start in the continuum.

To achieve this appealing programme, we should first find the ideal continuous
space to work in. It is clear that this space must contain the smooth surfaces I' and
that the surface energy Z(I') of a smooth surface I' has to be

) = /FT(VF(Z‘))dH2(.’L‘)

where vp(z) is the normal vector to I' at z, 7(v) is the surface tension of the model
in the direction » and H? is the two dimensional Hausdorff measure in R®. The
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4 CHAPTER 1. INTRODUCTION

question of extending surface energy functionals like the above one to more general
non smooth surfaces and to define nice topologies on surfaces has been a long sought
quest. The literature on the subject is very rich and it is still an active area of re-
search (see [4,14,20] and the references therein). It is of course linked to problems
about the existence and the regularity of minimal surfaces, like the Plateau problem
(find the surface of least area among those bounded by a given curve). As far as
we understand, the most satisfactory setting for having nice compactness properties
is the theory of currents and the tools of Geometric Measure Theory (see the mon-
umental book of Federer [35]). Besides, a general proof of the Wulff isoperimetric
Theorem has been achieved by Taylor [69,70,71] in this framework. This Theorem
(originally due to Wulff [75], followed by Dinghas [30]) states that, up to Lebesgue
negligible sets, the Wulff crystal

W, = {z€R®:z-w < 7(w) for all unit vectors w }

is the only solution to the variational problem
minimize Z(E) = / T(ve(z))dH?(z) with volE > vol W, .
OE

Notice here that Dobrushin, Kotecky and Shlosman [31] already mentioned the set-
ting of Geometric Measure Theory for generalizing their Theorem in higher dimen-
sion. Fortunately enough, the objects involved in Taylor’s proof of the Wulff isoperi-
metric Theorem are a restricted class of currents which can be identified with the
Caccioppoli sets, also called the sets of locally finite perimeter. This is a differ-
ent geometric theory which was historically initiated by Caccioppoli [15,16] and
subsequently developed by De Giorgi [24,25,26,27). The goal of Caccioppoli was
to build a general theory of integration for differential forms and to extend the
classical Gauss—Green Theorem to sets whose boundary is not C'. Independently,
De ‘Giorgi was seeking to generalize some isoperimetric problems, starting with the
Gauss—Green Theorem. .This theory lead among other things to the solution of the
general Plateau problem in arbitrary dimension (see the book of Giusti [41] and the
references therein). It is much more accessible to analysts than the general the-
ory of currents. For instance the Wulff isoperimetric Theorem has been reworked
and slightly generalized in this context by Fonseca and Miiller [36,37,39]. Thus we
choose to work within the theory of the Caccioppoli sets. This framework is the
most natural one to analyze geometric interfaces between stable coexisting phases.
As a matter of fact, the phenomenological theory of phase transitions is developed
within this setting (see for instance [38] for a recent paper and some entries in the
corresponding literature).

The fundamental idea of employing this geometric setting to analyze models of
statistical mechanics has appeared for the first time in the context of the Ising model
with Kac potentials, where Alberti, Bellettini, Cassandro, Presutti [5,7] used the BV
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CHAPTER 1. INTRODUCTION 5

setting (the equivalent functional formulation of the sets of finite perimeter) to study
surface order large deviations. The subsequent work of Benois, Bodineau, Butta,
Presutti [9] contains the idea of transforming the configuration on the mesoscopic
level in order to get estimates on the probability of the local presence of an interface
(see the explanation after the central lemma in chapter 8). Finally, Benois, Bodineau
and Presutti [10] provided a relevant exponential tightness argument, which shows
that the random law of the system concentrates very fast near functions of bounded
variations. Although we were not inspired by these works, the historical credit for
introducing the appropriate geometric setting for studying microscopic statistical
models should be given to these works on the Ising model with Kac potentials: the
global philosophy of their approach is indeed quite robust and is similar to ours in
several essential respects. However, these works lose the microscopic structure of
the model: when the range of interactions is finite, the estimates are not precise and
the correct surface tension factor is recovered only in the mean—field limit where the
range of interactions tends to infinity and everything becomes isotropic.

After extensive discussions with Dmitry Ioffe, we believe that two obstacles hin-
dered the completion of the full program in the Kac model (that is, deriving the
macroscopic effects induced by a truly microscopic model). The first one is that the
afore-mentioned works did not have an operational approach to define the surface
tension on fixed finite interaction scales. The second one is that in Ising type models,
it is necessary to control the dependence between events in distant regions (or equiv-
alently the influence of boundary conditions). By working in Bernoulli percolation,
the second obstacle is immediately lifted. And we succeeded here in dealing with
the first obstacle. Namely, we are able to implement the coarse-graining results of
Pisztora [60] in order to recover the exact direction-dependent surface tension fac-
tor in the probabilistic estimates for the local presence of an interface. It should be
stressed that the true hard part of the probabilistic work is contained in the results
of Pisztora.

Recently, the second obstacle has been overcome and the case of the nearest—
neighbour Ising model has been successfully handled in two parallel works [13,19].
While [13] is limited to sufficiently low temperatures, the domain of temperatures
covered by [19] is conjectured to be the whole segment of phase coexistence.

We would like also to mention some possible future directions of research. In
the specific percolation model, one would like to analyze the geometry of the Wulff
crystal and to understand whether it has facets or not throughout the supercritical
regime (see [56] for the corresponding question in the Ising model). The topological
stability of the Wulff crystal is also linked with the delicate questions of the sharp
large deviations and the random fluctuations of the interfaces. Besides the Wulff
crystal, there are numerous issues of the phenomenological theory of phase coexis-
tence which one should try to analyze from a microscopic point of view (see the book
of Visintin [72] and the references therein). Moreover it is possible to refine our large
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6 CHAPTER 1. INTRODUCTION

deviation principles, depending on the amount of information required. Caccioppoli
partitions correspond to a very convenient level of precision to get the single droplet
Theorem. Another very interesting topic is of course the dynamics. It is naturally
expected that several reasonable choices of microscopic dynamics induce the macro-
scopic dynamics associated to the so—called motion by mean curvature. In his last
years, De Giorgi became interested in the problem of the geometric evolution of Cac-
cioppoli sets and he introduced the concept of minimal barriers. Another available
tool is the method of the auxiliary function and the use of viscosity solutions (see
[8] and the references therein).

We next describe more precisely the setting and our results. The chosen con-
tinuous space is the space of the Borel subsets of R? endowed with the L' or L},
topology. We first extract from the Bernoulli percolation model a direction depen-
dent surface tension 7. For a unit vector v, let A be a unit square orthogonal to v,
let cyl A be the cylinder A + Ry, then 7(v) is equal to the limit, as n goes to oo, of
the quantity

inside ncyl A there exists a finite set of closed edges E which cuts
——,In P | ncyl 4 in at least two unbounded components and the edges of E at
n distance less than 5 from dncyl A are at distance less than 5 from nA

This function 7 satisfies an important functional inequality, namely the weak triangle
inequality: for any triangle (ABC) in R3, if v4, vp, Vo are the exterior normal unit
vectors to the sides [BC], [AC], [AB] in the plane containing (ABC), then

|BCla1(va) < |AC|21(ve) + |ABl27(vC) -

By a result of Aizenman, Chayes, Chayes, Frohlich and Russo [1], 7 is positive in
the supercritical regime p > p.. Furthermore it is continuous, invariant under the
isometries which leave Z3 invariant. The Wulff crystal W, associated to T is convex,
closed, bounded and contains the origin 0 in its interior. The surface energy of a
Borel subset A of R? is then defined as

Z(A) = sup {Adivf(z)dx:feCé(R3,WT)}

where C§ (R®, W;) is the set of the C? vector functions defined on R® with values in
W, having compact support and div is the usual divergence operator. The surface
energy Z(A) is infinite unless A is a set of finite perimeter in the sense of Caccioppoli
and De Giorgi. It is very natural that we end up with a quantity like the above
one. Indeed Bernoulli percolation is a model for the microscopic flow of particles
in a random medium and the surface energy Z(A) is a quantitative measure of the
induced macroscopic flow from A to its complement.

We shall first prove a large deviation principle for the rescaled cluster C(0) con-
taining the origin. For r positive, we denote by V(C(0),) the set of the points of R3
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whose distance to C(0) is strictly less than r. If f(n) is a function from N to N such
that n/f(n)? goes to 0o as n goes to oo and f(n) > xlnn for all n, where & is a
sufficiently large constant, then, conditionally on the event {card C(0) < oo}, the
sequence of random Borel sets (n"1V(C(0), f(n)))nen satisfies a weak large devia-
tion principle in (B(R®), L') with speed n? and rate function Z. Unfortunately, the
functional Z is not a good rate function when considered on (B(R*), L) (because R®
is not bounded) and we are not able to prove the full large deviation principle. How-
ever we propose an enhanced large deviation upper bound which is enough for our
applications. Alternatively, we may work with the L], . topology; the functional Z is
a good rate function on the space (B(R®), L}, ) and we get a large deviation princi-
ple with this weaker topology. Under the additional hypothesis that f(n)/lnn goes
to 0o as m goes to 0o, we prove that up to large deviations of order n?, card C(0)
and 0 vol V(C(0), f(n)) are of the same order (6 is the density of the infinite clus-
ter). These results provide a description of the asymptotic shapes of the large finite
clusters. Together with the Wulff isoperimetric Theorem, they imply that, for the
three dimensional Bernoulli bond percolation model on the cubic lattice, for p > p.,

1 z
nll)néo gzln P(n® < cardC(0) < o0) = _w—v(())%vlfl\/)T—)W‘i'
If f(n) is a function from N to N such that both n/f(n)? and f(n)/lnn goto oo asn
goes to 0o, the law of n=1V(C(0), f(n)) conditioned on the event { n® < card C'(0) <
0o } concentrates exponentially fast around a shape which is a suitable dilation of
the Wulff crystal of 7.

The key ingredients of the proof are the results of Pisztora [60] specialized to the
case of percolation, which describe precisely the typical structure of the configuration
on the intermediate mesoscopic scale f(n). These results seem to have been designed
intentionally to perform the type of coarse graining we need. Our philosophy is to
do the coarse graining around the clusters rather than around the interfaces. The
central lemma for the large deviation upper bound gives a uniform probabilistic
estimate for the local presence of a collection of open clusters which create a small flat
interface in the L! topology. The estimate is uniform with respect to the localization,
the size and the direction of the interface. Hence the central lemma provides a
link between the discrete microscopic structure of the model and the continuous
macroscopic effects.

Our final aim is to prove a single droplet Theorem similar to [3]. Let f(n) be a
function from N to N such that n/f(n)? goes to 0o as n goes to oo and f(n) > klnn
for all n, where k is a sufficiently large constant. We consider the collection of
random sets

n~V(C, f(n)) =
{n‘IV(C, f(n)), C open cluster of diameter strictly larger than f(n) }
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8 CHAPTER 1. INTRODUCTION

which lives in the space BC(R?) of the countable collections of non negligible Borel
subsets of R®. Starting with the topology Ll . on the space of the Borel subsets
of R®, we build a metric Dj,c on BC(R®). We prove that the sequence of ran-
dom collections of Borel sets (n=1V(C, f(n)))nen satisfies a large deviation principle

in (BC(R®), Dyoc) with speed n? and rate function Z defined by

I(A) = % 3 7(4)

AcA

if the sets of the collection A form a partition of R®, and Z(.A) = oo otherwise. The
collections of sets which form a partition of R® and whose elements are Caccioppoli
sets have been introduced by Congedo and Tamanini [22,23,53] under the name of
Caccioppoli partitions to deal with image segmentation problems. It is rather natural
to encounter questions common to percolation and image segmentation. Indeed our
rate function Z on the space of the collections of sets is a particular case of the
famous Mumford—Shah functional [57].

Although the previous large deviation principle in the metric Djo is enough to get
a version of the single droplet Theorem inside a bounded set, in order to get a result
which is closer in spirit to the single droplet Theorem of [3], that is involving the
infinite cluster C, we need to work with a stronger metric D. Roughly speaking,
two collections of sets are at D distance less than ¢ if there exists a correspondence
between the sets of the collections having volume larger than § such that two cor-
responding sets are at L' distance less than 6. Let U be a bounded Borel subset
of R®. We consider the random collection of open clusters C(nU, f(n)) which is

{ C finite open cluster of diameter strictly larger than f(n) intersecting nU }

and we define the random Borel collection VC(nU, f(n)) to be

Ve(nU, f(n) =
{ve sy, cecmusmpfu{®\ ) V€ Fm)].

cecC(nU,f(n))

We prove that the sequence of random collections of Borel sets n=1VC(nU, f(n))
satisfies a weak large deviation principle in (BC(R®), D) with speed n? and rate
function Z. Finally we obtain an enhanced large deviation upper bound similar in
spirit to the enhanced upper bound for one cluster.

We state finally our single droplet Theorem. Let A be a cubic box in R® such
that vol A = 1 and let A\ be small enough so that some translate of the dilated Wulff
crystal (A/vol W, )'/3W;, is included in A. Then

lim %2 lnP(card ConNnA<(1- /\)9n3) = —(A/volW,)2BI(W,).

n—o0
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CHAPTER 1. INTRODUCTION 9

Let f(n) be a function from N to N such that both n/f(n)? and f(n)/Inn go
to oo as n goes to oo. Conditionally on the above event, with probability going
exponentially fast to 1 as n goes to oo, there exists one finite open cluster Cy and
z in B3 such that = + (A/vol W,;)/3W, is included in A, n='V(Cy, f(n)) is close to
z+ (A/voIW)Y3W,, A\ n~1V(Cwo, f(n)) is close to A\ (z+ (A/vol W;)1/3W,) and
the total volume of the f(n)-neighbourhoods of the other clusters having diameter
strictly larger than f(n) and intersecting nA is small.

The proof of the large deviation upper bound follows the same line as for the
case of one cluster and it relies on the same central lemma. Here again compactness
plays a crucial role; we rely on a compactness result for Caccioppoli partitions proved
by Congedo and Tamanini [23]. The proof of the lower bound involves a delicate
approximation of Caccioppoli partitions through polyhedral partitions, based on a
result of Quentin de Gromard [61,62].

The large deviation principles are stated in chapter 2, together with their applica-
tion to the Wulff crystal. Chapter 3 is an informal sketch of the proofs for the single
cluster case. The notation and the model are introduced in chapter 4. In chapter 5
we build the surface tension 7 and we study its main properties. In chapter 6 we sum
up the important facts about the theory of Caccioppoli sets and the Wulff Isoperi-
metric Theorem and we build the surface energy 7 associated to the surface tension
of our model. In chapter 7 we state the results of Pisztora (specialized to three di-
mensional Bernoulli percolation) as well as some general coarse-graining Lemmata.
The central Lemma, which is essential for proving the large deviation upper bound
is the object of chapter 8. Chapter 9 is the proof of the large deviation principle for
a single cluster. In chapter 10 we define a metric on the space of the collections of
sets. We build then the surface energy for Caccioppoli partitions in chapter 11 and
we state a Wulff Theorem for Caccioppoli partitions. Chapter 12 is the proof of the
large deviation principles for the whole configuration. We include in the appendix
the basic large deviations terminology which we use to state our results.

Acknowledgements. I thank Geoffrey Grimmett for suggesting me the problem
and for his helpful advice.
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CHAPTER 2

THE LARGE DEVIATION PRINCIPLES

This chapter contains the statements of the main results, that is, the large de-
viation principles and their application to the Wulff crystal. We consider first the
case of one single cluster and then the case of the whole configuration. The proofs
of the large deviation principles are deferred in the remaining chapters. The results
concerning the Wulff crystal are mere consequences of the large deviation principles
and the Wulff isoperimetric Theorem, hence we proved them here.

2.1. The finite cluster shape

We start by describing the topological setting of our first large deviation princi-
ple. We denote by B(R®) the Borel subsets of R® and by £2 the three dimensional
Lebesgue measure. When dealing with topological questions on the space B(R?),
we identify Borel sets whose symmetric difference is Lebesgue negligible, so that the
map (A1, Az) € B(R®) — L3(A;AA) is a metric on B(R?), which we call the L!
metric.

We consider the Bernoulli bond percolation model on Z3 with parameter p, where
p is a fixed value in the supercritical regime p. < p < 1 (see chapter 4 for more
precisions). In chapter 5, we extract from this model a direction dependent surface
tension 7, which is a map from the unit sphere S? of R® to Rt. This function 7 is
positive (because p > p.), continuous, invariant under the isometries which leave Z3
invariant, and satisfies the weak triangle inequality. We denote by W, the Wulff set
associated to the surface tension 7, called also the crystal of 7,

W, = {z€R:z-w< 7(w) for all win §%}.
Since 7 is continuous and bounded away from 0, its crystal W, is convex, closed,

bounded and contains the origin 0 in its interior [37, Proposition 3.5]. The surface
energy Z(A) of a Borel set A is defined as

Z(4) = sup { /A divf(z) dL*(z) : | € CY(E', Wy) }

where C}(R?, W;) is the set of the C! vector functions defined on R® with values in
W; having compact support and div is the usual divergence operator, defined for a
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12 CHAPTER 2. THE LARGE DEVIATION PRINCIPLES

C! vector function f with scalar components (fi, fz, f3) as

f1+3f2 Ofs

lef = 61:2 + 6—11,'3 .

As a consequence of the classical Gauss—Green Theorem, for a set A having a smooth
boundary 0A, the surface energy Z(A) is the surface integral of 7 on the boundary
of A, that is

I(4) = /6 | Ta(@) (@)

where v4(z) is the exterior normal vector to A at x and H? is the two dimensional
Hausdorff measure in R3.

We denote by P the Bernoulli product measure on the set of edges between nearest
neighbour sites of Z3 corresponding to the parameter p. Let C(0) be the open cluster
containing the origin. We set for / in N

Voo (C(0),0) = {z € R®:3y € C(0) |z -yl <1}

where | |oo is the standard supremum norm. We denote by P the measure P
conditioned on the event that C'(0) is finite i.e.

P(:) = P(-/card C(0) < 00).
Let Z be the map from B(R®) to RT U {co} defined by
_ T(A) if £3(A) < oo
VAe B[R Z(A) = {
@) I ={ " L

Theorem 2.1. (The finite cluster shape, topology L)

There exists a constant & = k(p) depending on p such that if f(n) is a function
from N to N such that n/f(n)? goes to 0o as n goes to oo and f(n) > klnn for alln,
then, under P, the sequence of random Borel sets (n_IVOO(C'(O) f(n)))nen satisfies
a weak large deviation principle in (B(R®), L) with speed n® and rate function 7:
for any open subset O of (B(R®), L1),

P PO =
—inf{Z(A):Ae O} < llnn’_l}lo%f EzlnP(n W (C(0), f(n)) € O),
and, for any compact subset K of (B(R?), L),

limsup — 1 lnP( Voo (C(0), f(n)) €K) < —inf{Z(4): A€K}.

n—oo

Remark. Although the random sets V. (C(0), f(n)), n € N, are connected, the
definition of the rate function involves no connectedness condition, because we work
up to Lebesgue negligible sets.
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2.1. THE FINITE CLUSTER SHAPE 13

This first large deviation principle is weak because the upper bound holds only for
compact sets. The usual way to go from a weak large deviation principle to a full
large deviation principle (where the upper bound holds for any closed set) is to prove
an exponential tightness result. We couldn’t do that and we don’t know whether the
full large deviation principle holds. However we are able to get an enhanced upper
bound.

Theorem 2.2. (Enhanced upper bound for the finite cluster shape, topology L')
Let f(n) be a function satisfying the same hypothesis as in Theorem 2.1. For any
closed subset F of (B(R?), L1),

lim sup %211113(11_11)00(0(0),)‘(11)) €EF) < — sup inf {Z(A): A€ Vpi(F,0))}

n—oo

where Vi1 (F,8) = {E € B(R®) : 3A € F L3(AAE) < 6} is the L* 6-neighbourhood
of F.

Was the rate function Z a good rate function, the upper bound of Theorem 2.2 would
imply the full large deviation principle. Unfortunately, the level sets of Z are not
compact and there do exist closed subsets F of (B(R?®), L') such that

sup inf {Z(A): A€ V1 (F,0)} < inf {Z(A): AeF}.
6>0

We illustrate this is the simpler situation where 7 is independent of the direction
and Z becomes the classical perimeter P, which for a smooth set is the H? measure
of the boundary. Consider the family F consisting of the sets A(n), n > 1, defined
by

A(n) = B((0,0,n +1),1) U{ (z1,32,23) € R* : 2] + 23 < 1/n?, |z5| <n}.

The set F is closed with respect to the topology L!'. For each n, the perimeter of
A(n) is H2(0A(n)) = 47 + 2m(2 + 1/n?). Thus inf { P(4) : A € F } = 8. Yet for
any 4 positive, for n strictly larger than 27 /8, the ball B((0,0,n + 1),1) belongs to
Vi1 (F,68) whence inf { P(A) : A € V[1(F,8) } < 4r and

sup inf {P(A): A€V (F,0)} < 4r < 8r=inf {P(4): A€ F}.
6>0

The reason of this defect is that the topology L' on B(R3) is too strong and lacks
compactness. It might therefore be more convenient to work with a weaker topol-
ogy, namely the topology L], ., which is defined next. For K a compact subset of

R?, we denote by L3, the map from B(R®) to Rt which to a Borel set E asso-
ciates the Lebesgue measure of EN K, i.e, L3 (E) = L3(E N K). We say that a
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14 CHAPTER 2. THE LARGE DEVIATION PRINCIPLES

sequence (E,)nen of Borel sets converges in Lj. . towards a Borel set E if for any
compact set K
hm L3 (E,AE) = 0.

This notion of convergence corresponds to the topology on B(R®) generated by the
following system of neighbourhoods: a fundamental system of neighbourhoods of a
Borel set FE is

V(E,K,e) = {FeBR®): L% (EAF)<e}, K compact, ¢ >0.

We may construct a metric dioc on B(R?) corresponding to the topology Li . by using
an increasing sequence of compact sets filling the whole space R%. Let us consider
for instance the balls (B(0,7),j € N) and define 1(4) = 3~ J78L3(B(0,5) N A)
for a Borel set A. The set function ¢ is a finite measure on B(R®) which has the
same null sets as the Lebesgue measure £3. We define next a metric djo; by:

VA, Ay € BR®)  dioc(A1, As) = ¥(A1AA).

The topology generated by dioc on B(IR®) is the topology Li, ..

Theorem 2.3. (The finite cluster shape, topology L}, .)

Let f(n) be a function satisfying the same hypothesis as in Theorem 2.1. Under P,
the sequence of random Borel sets (n~ Vo (C(0), f(n)))nen satisfies a large deviation
principle in (B(R®),L{ ) with speed n® and rate function Z: for any Borel set £
included in B(R3),

—inf{Z(A): A€ mtS} < liminf — lnP( W (C(0), f(n)) € &)

n— 00

< limsup — lnP( 1voo(0(0),f(n)) €€) < —inf{Z(A): A€ clo&}
n—oo
(where int £ and clo€ are the interior and the closure of £ in B(R®) with respect to
the topology Li,.).

If the full large deviation principle would hold in the topology L!, an application
of the contraction principle with the identity map from (B(R?), L') to (B(R®), Li,.)
would yield immediately the large deviation principle in the topology L, .. Yet the
enhanced upper bound of Theorem 2.2 is enough to get the large deviation upper

bound in the L} . topology. More precisely, we have the following implications:

L' lower bound = L lower bound,

L' enhanced upper bound = Llloc upper bound = L' weak upper bound .

We will prove the large deviation lower bound for the topology L!. For the clarity of
the exposition, we will prove first the large deviation upper bound for the topology
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2.1. THE FINITE CLUSTER SHAPE 15

Ll . (at this stage the proof of Theorems 2.1,2.3 will be completed) and we will
finish with the proof of the enhanced upper bound of Theorem 2.2. The proof of
the enhanced upper bound is more involved because the analysis is not confined
to a bounded set: the cluster C'(0) might have a very large diameter, due to the
presence of thin and long filaments having a small surface energy. Let us check the
first implication of the second line, the other ones being more classical. Let £ be a
closed subset of (B(R?), LL .). We must show that

loc

—sup inf {Z(A): A€ Vpi(£,8)} < —inf {Z(4):Ae&}.
6>0

If the left-hand side is equal to —oo, the inequality is certainly true. Otherwise, let
(Ap)nen be a sequence of Borel sets such that —Z(A,) converges to the left-hand
quantity as n goes to oo and A, belongs to Vr1(£,1/n) for all n in N. In particular,
we have

le inf {d|OC(An,E') :E € 8} =0.

Since the level sets of Z on (B(R®), L{,.) are compact, the sequence (A, )nen admits
a subsequence converging towards a Borel set A’ in Lj . Necessarily, A’ belongs to
the L . closure of £, which is £ itself. Because Z is lower semicontinuous, we obtain

inf {Z(A):Ae&} < I(A) < lim Z(An) = sup inf {Z(A): A€ Vi (£,6)}.
n=—>00 §>0

The next result links the cardinality of C'(0) to the volume of Voo (C(0), f(n)).

Proposition 2.4. Let 8 = P(card C(0) = oo) be the density of the infinite clus-
ter. Let f(n) be a function from N to N such that both n/f(n)? and f(n)/Inn go
to oo as n goes to co. Under 13, the two sequences of positive random variables
(n=3card C(0))nen and (In=3L3 (Voo (C(0), f(n))))nen are exponentially contiguous,
i.e., for any positive 4,

lim sup — In P(jeard 0(0) — O£ (Voo (C(0), F(m)))] > 6n°) = ~o0.

n—oo TN

Remark. The hypothesis on the function f(n) is stronger than for the large devi-
ation principles. Indeed it is required here that f(n)/Inn converges to oo as n goes
to oo.

We show now how a picture of the Wulff crystal for three dimensional Bernoulli
percolation emerges with the help of the large deviation principle and Proposi-
tion 2.4.
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16 CHAPTER 2. THE LARGE DEVIATION PRINCIPLES

Theorem 2.5. (Asymptotics of the finite cluster shape)
In the three dimensional Bernoulli bond percolation model on the cubic lattice, for
P > De, ) M)
i it 3 - Nt

Jim nzlnP(n < cardC(0) < 00) = LW, )2/
If f(n) is a function from N to N such that both n/f(n)? and f(n)/Inn go to co
as n goes to 0o, the law of n~Vs(C(0), f(n)) conditioned on the event {n® <
card C(0) < oo} concentrates exponentially fast around a shape which is a suitable
dilation of the Wulff crystal of . More precisely, for any positive 6, if P, is the
conditional probability given by P,(-) = P(-|n3 < card C(0) < 00), then

lim sup —, 1npn(mi&£3 L3 ((z+ (BL2(W2)) " BWr) An~ Ve (C(0), £(n))) > 5) <o.

n—oo N

Proof. Proposition 2.4 shows that, under 13, at the level of the large deviations of
order n?, the event {n3 < card C(0) } is equivalent to the event

{L2(n Ve (C(0), f(n))) 2 1/8}.

Let £ be the set {E € B(R®) : £3(E) > 1/0}. Notice that & is closed for the
topology L'. The interior of £ is the set { E : £L3(E) > 1/8}. The variational
results related to the Wulff crystal (see chapter 6) yield

Z(Wr)

inf{Z(E) : Ecint} = inf {Z(E): L3E) > 1/0} = @BV

and for any positive 4,

inf {Z(E): E €V (£,0)} > inf {Z(E): L3E)>1/0-6}

(/8 =8)\*?
= (‘Gowy) 20w,

Letting 6 go to zero, we see that

sup inf {Z(E): E€Vpi(£,0)} = ( Z0Vy) = inf {Z(E): Ecint€}.
>0

0L3(W,))32/3
The weak large deviation principle of Theorem 2.1 and the enhanced upper bound
of Theorem 2.2 yield that the limit lim, oo n~2In P(n® < card C(0) < co) exists
and is equal to the above quantity.

We turn now to the proof of the second claim of the Theorem. By the Wulff
isoperimetric Theorem (see chapter 6), the Borel sets E minimizing the surface
energy Z(E) under the volume constraint £3(E) > 1/6 are translates of a suitable
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2.1. THE FINITE CLUSTER SHAPE 17

dilation of the Wulff crystal; more precisely, the solutions of this variational problem
are the elements of

S* = {z+@OCW) VW, iz e R}
‘We write

lim sup lzlnPn( igngaﬁ((“(9£3(WT))‘1/3W,) A n"Ve(C(0), f(n)) > 5) =

n—oo T

1 ~
limsup —, In P(n™"Veo(C(0), f(n)) € €\ V11(5",9)) + OL W) 2BIWy) .
n—o0
Applying the enhanced upper bound of Theorem 2.2, for v such that 0 < v < §/4,

lim sup %21n13(n*1v00(0(0), f() € E\ VL1 (5™, 8)) <

n—00
—inf {Z(E): E € Vi1 (E\ V11 (S*,6),7) } -
Yet the set Vi1 (€ \ Vi1(S*,8),7) is included in
[EcB®): L3(E)>1/0—7,YA€S L3(EAA)>5—7}.

1/3

Let A = ((1/6 —v)/£3(W;)) /". If E belongs to the preceding set, then for any =

in R3,
L2(ATTEA(z +W;)) = AL (EA(AZ + AW;))
> AT3L(EAOT + BL2 W) TVAW,)) — AL ((0L3(Wy)) VAW, AMW;)
> 236 -29).
Therefore the preceding set is further included inside the set
{E€BR?), L2(A'E) > L2(W;), Vo e R® LX(AT'EA(@+W:)) > A7%(6-27) }.

We apply now the stability result associated to the Wulff isoperimetric Theorem (see
chapter 6): there exists a non—decreasing function s : R* \ {0} — R* \ {0} such that
the infimum of Z on the above set is larger than A2Z(W,) + A2s(A~3(8 — 2v)). It
follows that

inf {Z(E): E € V1 (E\VL1(S*,6),7) } = NX2Z(W,) + A25(A~3(8 — 27)) .

For v < /4, since s is non—decreasing, s(A73(6 — 27)) > s(60L3(W,)/2), whence,
coming back to the initial inequality,

lim sup 1 lnPn(zi££3£3((w+(9£3(WT))_1/3WT) A "W (C(0), f(n))) > 5) <

n—oo M2

—N2Z(W;) — N25(80.L3(W;)/2) + (0L3(W;) “2BT(W;) .

We conclude by letting v go to 0: the quantity on the right-hand side converges to
—(0L3(W;))~2/33(60.L3(W;)/2) which is negative. O
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18 CHAPTER 2. THE LARGE DEVIATION PRINCIPLES

2.2. The continuum limit

We describe now the topological setting of our second type of large deviation
principles. We denote by BC(R3) the set of all finite or countable collections of
non negligible Borel subsets of R®. An arrangement of an element A of BC(R®) is
a sequence (A(3),7 € N) of sets in AU {&} such that each set of the collection A
appears exactly once in the sequence (A(%),7 € N) and the empty set @ appears
countably many times in the sequence. The metric D on BC(R?) is the following
one:

VA, As € BC(]RS) D(A;, Az) =
inf { sup £3(A1(i)AA2(3)) : (4;(i),i € N) arrangement of A;, j = 1,2} .
i€EN

The surface energy Z(A) of a collection of Borel sets A is defined as

I(4) = 3 Y 7(4)

A€ A

if the sets of the collection form a Borel partition of R?, and Z(.A) = oo otherwise.
We consider the random collection C of the open clusters of the percolation config-
uration,

C = {C : C open cluster of the configuration } .

Remark. The collection C is a partition of Z3 into connected sets.

For U a Borel subset of R® and [ in N, we define C(U, ) as the collection of the finite
clusters of C intersecting U and having diameter strictly larger than I, that is,

CU,l) = {Cel l<diamecC <o0,CNU#2},
and we define the random Borel collection VoC(U,1) to be

Vool (U 1) = {Veo(C,1) : C e CUH FU{R\ ] VeolC,D)}.
cec(U,l)

Theorem 2.6. (Continuum limit around a bounded set, metric D)

There exists a constant k = k(p) depending on p such that if f(n) is a function
from N to N such that n/f(n)? goes to 0o as n goes to co and f(n) > klnn for
all n, then, for U a bounded Borel subset of R®, the sequence of random Borel
collections of sets (n™1VooC(nU, f(n)))nen satisfies a weak large deviation princi-
ple in (BC(R®), D) with speed n? and rate function Z: for any open subset O of
(BO(R®), D),

~inf{Z(4): A€ O} < liminf %2 In P(nWel(nU, f(n)) € 0)

ASTERISQUE 267



2.2. THE CONTINUUM LIMIT 19

and, for any compact subset K of (BC(R®), D),
lim sup %2 In P(n"'Vaol(nU, f(n)) € K) < —inf{Z(A): A€ K}.
n—o0

As previously, a way to get a full large deviation principle is to weaken the topol-
ogy. We define next the metric Djo. on BC(R?). This metric is discussed in chap-
ter 10. For K a compact set and for A;, Az in BC(R?) we define

Dk (A1, Az) =
inf { sup £3, (A1 (1)AAa(i)) : (4;(i),i € N) arrangement of 4;, j =1, 2} .
ieN

We construct a metric Do on BC(R?) by using an increasing sequence of compact
sets filling R?, for instance the closed balls (B(0, j),j € N), and setting

VAi, Ay € BC(R®) Dige(A1,A2) = D i °Dpo,)(A1,A2) .-
Jj21
A sequence (Ay)nen of Borel collections of subsets of R® converges with respect
to Djoc towards a Borel collection A if and only if for any compact set K

lim DK(.An,.A) =0.
n—00

This notion of convergence corresponds to the topology on BC(R?) generated by the
following system of neighbourhoods: a fundamental system of neighbourhoods of a
Borel collection A is

V(A,K,e) = { A € BC(R®) : Dk(A', A) <e}, K compact, € >0.

For A in BC(R®) and / in N, we define the collection Vs (A,!) of the I-neighbour-
hoods of the elements of A having diameter strictly larger than [, i.e.,

Voo (A1) = {Veo(A,1) : A € A, diameoA > 1}

Theorem 2.7. (Continuum limit on R, metric Dioc)

There exists a constant & = k(p) depending on p such that if f(n) is a function
from N to N such that n/ f(n)? goes to oo as n goes to co and f(n) > klnn for alln,
then the sequence of random Borel collections of sets (n™ Voo (C, f(n)))nen satisfies
a large deviation principle in (BC(R®), Dyoc) with speed n? and rate function I:
for any Borel subset E of BC(R®),

~inf {Z(A) : A€ intE} < liminf %2 In P(n"Vau (C, f(n)) € E)

< limsup 121nP(n_1V°o(C,f(n)) €E) < —inf{Z(A): A€ cloE}

n—oo N
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20 CHAPTER 2. THE LARGE DEVIATION PRINCIPLES

(where int E and cloE are the interior and the closure of E in BC(R®) with respect
to the metric Dioc).

Remark. We stress that the large deviation principles of Theorems 2.6 and 2.7
involve different random objects, namely VooC(nU, f(n)) and Voo (C, f(n)).

We show next that the sequence of the collections (n™1V(C, f(n)))nen concentrates
exponentially fast near Borel partitions.

Proposition 2.8. (Concentration near Borel partitions)

There ezists a constant & = k(p) depending on p such that if f(n) is a function
from N to N such that n/f(n)? goes to 0o as n goes to co and f(n) > klnn for
all n, then the sequence of random Borel collections of sets (n Voo (C, f(1)))nen
concentrates near Borel partitions in the following sense: for any compact set K
and for any positive 9§,

1
lim sup —zlnP(EZK( U Ay ﬁA2) > 6n3> = —o00,
n—oco M Al,Azivoo(C»f("))
1 2

1
lim sup —2lnP(£3(nK \ U A) > 6n3) = —.
n—oo N

A€V (C,f(n))

Under the same conditions, for any bounded Borel set U of R® and any positive §,

lim sup lzlnp<c3( U A, ﬂAz) > 5n3> = —co.
nooo T A1,A2€Vea C(nU, £(n))
1#A2

As a consequence of the previous results, we can deduce some information on the in-
tersection of the infinite cluster C, with a box nA from the large deviation principle
on C(nA, f(n)).

Corollary 2.9. There ezists a constant k = k(p) depending on p such that if f(n)
is a function from N to N such that n/f(n)? goes to 0o as n goes to oo and f(n) >
klnn for all n, then for any cubic box A, for any positive 4,

lim sup —1—2 In P(K?,A (Voo(Coo,f(n))A(]R3 \ U VOO(C,f(n)))) > 5n3) = —o00.
oo T cec(nA,f(n))

Proof. We compute

£37 (Voo (Cons FDA® \ | Vol G, 1))

CeC(nA,f(n))

< 234 ( U Ainds) + 22(nA\ | VaelC, f() + n2fn)H2(ON).
Ay sA2§v;oj(lcvf(n)) CecC
1 2
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2.2. THE CONTINUUM LIMIT 21

The result follows from Proposition 2.8. O

The next result links the cardinalities of the clusters intersecting a fixed cubic box
and the volumes of their f(n)-neighbourhoods.

Proposition 2.10. Let f(n) be a function from N to N such that both n/f(n)?
and f(n)/1nn go to oo as n goes to co. For any cubic box A, any positive 6,

lim sup —, lnP(sup [n~3card (ANn~'C) —0L3 (AN~ Ve (C, f(n)))] 26) = —00.

n—o0

Although the previous results are enough to get a version of the single droplet
Theorem inside a bounded set, in order to get a result which is closer in spirit to
the single droplet Theorem of [3] (i.e., which involves the infinite cluster C,), we
need the following enhanced large deviations upper bound, whose proof is more
delicate than the previous upper bounds. Indeed, the analysis is not confined to a
bounded set and we have to track all the open clusters intersecting a fixed bounded
set; these clusters might have a large diameter, because of the presence of thin and
long filaments having a small surface energy.

Theorem 2.11. (Enhanced upper bound around a bounded set, metric D)

There exists a constant k = k(p) depending on p such that if f(n) is a function
from N to N such that n/ f(n)? goes to co as n goes to oo and f(n) > klnn for alln,
then, for U a bounded Borel subset of R?, the sequence of random Borel collections of
sets (N"VooC(nU, f(n)))nen satisfies the following large deviations enhanced upper
bound: for any closed subset F of (BC(R?), D),

lim sup — , 10 P(n YWl (nU, f(n)) €F) < — sup inf {Z(A): A€ Vp(F,d) }
where Vp(F,8) = {£ € BC(R3?) : 3A € F D(A,E) <&} is the d—neighbourhood of F
in (BC(R?), D).

We end with a formulation of the single droplet Theorem. We recall that C'», denotes

the unique infinite open cluster of the configuration.

Theorem 2.12. (Single droplet Theorem)

Let A be a cubic box in R® such that L3(A) = 1. Let X in ]0,1[ be such that some
translate of the dilated Wulff crystal (\/L3(W:))Y/*W; is included in the interior
of A. Then

lim — lnP(cardC NnA < (1 - X)én ) = —(A/L3OV))BI(W,).

n—o0 ’n,2

Let AN) = {z € A: 2+ (\/L2W:)Y3W, C cloA}. Let f(n) be a function
from N to N such that both n/f(n)? and f(n)/Inn go to co as n goes to co. For §
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22 CHAPTER 2. THE LARGE DEVIATION PRINCIPLES

positive, let E,(A, A, 0) be the event: there exist x in A()\) and one open cluster Cop
such that
L3((n Voo (Coo, F()) NA) A (A (z + (A/LEOWV)Y3W,)) < 6,
L3 (n"Woo(Co, f(n)) A (z + A/ LXW))PW,)) < 6,

(U w e fm)) <6
CeC(nA,f(n))\{Co}

Then there exist two positive constants b,c depending on p, )\, such that

P(En(A, A, 68) |cardCoo NMA < (1 = A)0n3) > 1— bexp(—cn?).

Remark. We consider the case where £3(A) = 1 only to simplify the statement.
Otherwise we should replace A and 1 — XA by AL3(A) and (1 — X)£3(A) respectively
in the above statement.

Proof. Let us define
E(\) = {A €BC(R*):VA€ A either £3(A) < ooor L2 (ANA) <1-— )\}
Notice that E()) is closed in BC(R®) for the metric D. For = in R®, we set
Aw, (z,)) = { T+ VLW))YBW,, B\ (z + (VLEW,))Y3W,) } .

Let § be positive. On one hand, by Corollary 2.9, Proposition 2.10 and the lower
bound of Theorem 2.6,

_inf{Z(A): A e int]E()\ +6))
< liminf — lnP( “Weol(nA, f(n)) € E(X + 6))

n—roo

< liminf = lnP([,‘q‘(n_IVoo(Coo,f(n)) NA)<1-X-46/2)

n—oo

< liminf —In P(card Coo NnA < (1 — N)60%) .

n—o0

On the other hand, by Corollary 2.9, Proposition 2.10 and the enhanced upper bound
of Theorem 2.11,

hmsup ,In P(card Coo N A < (1 — X)6n)

n—oo

< limsup %—2lnP(£3(n_1V°°(Coo,f(n)) NA)<1-X+§/2)

n—o0

< hmsup L In P(n™' Voo C(nA, f(n)) € E(A - §))

n—o0

< —mf {Z(A): A€ Vp(ENX-10),8)}.
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2.2. THE CONTINUUM LIMIT 23

We examine first the large deviation lower bound. Let x be such that the translated
and dilated Wulff crystal z + (A/£3(W;))/3W;, is included in the interior of A. We
claim that Ayy_(z, A + 25) belongs to the interior of E(A + §) for § sufficiently small.
Indeed, let & positive be such that = + ((A + 20)/L3(W,))Y/3W; is still included
in int A. Let A be an element of BC(R?) such that D(Ayy, (z, A\ +26),A4) < J. Let A
be a set of A. Three cases can occur.

e L3(A) < 4, then £3(A) < oo.

o L3(AA(z + (A +28)/L3(W;)Y3W;)) < 8, then L3(A) < oco.

o L3(AA(R® \ (z + (A +28)/L3(W:)Y/3W;))) < 6, then

L3(ANA) < L3(A\ (@+((A+28)/ L2V )W) +6 < 1-A=26+8=1-A—4.

Thus { A € BC(R®) : D(Aw, (z, A +25),.A) < &} is included in E(X + §). Therefore
Aw._ (z, A + 26) belongs to the interior of E(A + d) and

inf {Z(A) : A €intE(A +6)} < ((A+ 268)/L3OW,)3TON;).

We examine now the large deviation upper bound. Let § be positive and let A belong
to Vp(E(A — §),d). Suppose that Z(A) is finite. Then A contains exactly one set
Ao such that £3(As) = oo (see chapter 11). By the definition of Vp, there exists
an element 4’ in E(A — §) such that D(A, A") < §. Hence there exists a set A’ in A’
such that £3(AsAA') < §; necessarily £3(A') = oo so that L3(A'NA) <1—-A+6
and A — 2§ < L3(R® \ Aw) < 0o. The Wulff isoperimetric Theorem (see chapter 6)
implies
I(A) > I(R \ Aco) > ((A —26)/L5(Wr))*PZ(Wr).

Letting § go to 0, we see that the large deviation upper and lower bounds coincide.

We turn now to the proof of the second claim of the Theorem. We are going to
prove that the law of the random collection of sets n~1V,C(nA, f(n)) conditioned on
the event { card Coo NnA < (1 — \)fn® } concentrates exponentially fast in the met-
ric D on BC(R?) around an element Ayy_(x,\) for some z in A(\). More precisely,
let £],(A, A, d) be the intersection of the events:

o 2 U ana)<om®, 2na \ [J 4) <o
A1, A2V (C, 1 () A€V (€1 ()
A1#Az
e o U  Ain4) <o’
A1,A26VeC(nA,f(n))
A1#A2

o L0 (Voo(Coos JDAMR \ | VaelC, f(m))) < b0
CeC(nA, f(n))

e there exists z in A()) such that

D(Aw, (2, 2),n™VaulC(n, S(n)) < 6.
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24 CHAPTER 2. THE LARGE DEVIATION PRINCIPLES

Elementary computations show that, for any positive &, the event & (A, \,d) is
included in the event &,(A, A,44). Hence we need only to estimate the conditional
probability of &) (A, A,d). The estimates for the first two points in the definition
of the event &, (A, A, d) are obtained in Proposition 2.8. Corollary 2.9 gives the
estimate for the third point. Hence we need only to estimate the probability of the
fourth point. By the Wulff isoperimetric Theorem for Caccioppoli partitions (see
chapter 11), the Borel collections .4 minimizing the surface energy Z(.A) in E()) are
exactly the elements of

S* = {Aw, (z,)) :x € AN }.

Using the previous result and Proposition 2.10, we have, for any 6, §’ positive,

. 1 . _
lim sup —n—QInP(welf\lf)‘)D(AWT(w, A), n" W (nA, f(n))) > 6

n—00

cardCo NNA < (1 = N)0n3) <
| )

Jim sup %2 In P(n~WeC(nA, £(n)) € EA—8")\Vp(S*,8)) + (\/ L3 W) ST(W;).

n—oo

Applying the enhanced upper bound of Theorem 2.11, for any positive 7,
limsup %2 In P(n~"Val(nA, £(n)) € B — &) \ Vp(S*,6)) <
—inf {Z(A) : A€ Vp(E(A —8')\ VD(S*,6),7) }.
Yet the set Vp (E(A — &) \ Vp(S*,4),7) is included in
{A€EXN -6 —7):VA' €S* DA A)>6-~}.

We apply now the stability result associated to the Wulff Theorem for Caccioppoli
partitions (see the end of chapter 11): for §’,+ small enough, there exists a positive n
such that the infimum of Z on the above set is larger than (A/L3(W;))2/3T(W,) +1.
The desired conclusion then follows from the initial inequality. O
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CHAPTER 3

SKETCH OF THE PROOFS

This chapter is devoted to a sketch of the proofs of the large deviation principles.
To ease the reading, we stay here at an informal level. The details, the precise proofs
and the bibliographic references are to be found in the subsequent chapters. The
order of the presentation is here more natural than logical, hence it does not match
exactly the organization of the main text.

3.1. Surface tension

The first main problem is to extract a surface tension from the percolation model.
We proceed as follows. Given a unit vector v, let A be a unit square in R® with
normal vector v and let cyl A be the cylinder with basis A. The surface tension 7(v)
in the direction of v is defined as

T(v) =
in ncyl A there exists a finite set of closed edges E such that
lim 1 el E cuts ncyl A in at least two unbounded components
n—oo  n? e the edges of E at distance less than 5 from the boundary
of ncyl A are at distance less than 5 from nA

A subadditive argument yields the existence of this limit: given a large square, we
tile it into smaller squares and, supposing that the corresponding event for each
small square occurs, we glue together the associated set of closed edges in order to
obtain a set of edges realizing the above event for the large square. We then apply
the FKG inequality to get an almost subadditive inequality. The condition on the
localization of the set of closed edges near the boundary of the cylinder ncyl A is
crucial to perform the glueing without deteriorating the probabilistic estimates. It
is furthermore possible to localize the set of closed edges E: we obtain the same
limiting value 7(v) if we impose that the edges of E are at distance less than ¢(n)
from the plane containing nA, where ¢(n) is any function going to oo with n.

The function 7 is positive, continuous, invariant under the isometries which
leave Z3 invariant, and it satisfies the weak triangle inequality: for any triangle
(ABC) in R3, if v4, vp, vc are the exterior normal unit vectors to the sides [BC],
[AC], [AB] in the plane containing (ABC), then

|BCl27(va) < |AC|27(vB) + |AB|27(v0) -
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26 CHAPTER 3. SKETCH OF THE PROOFS

c

va

A V B

vc

Figure 1: a triangle

We denote by W, the Wulff set associated to the surface tension 7, called also the
crystal of 7, defined by

W; = {z€R® :z-w < 7(w) for any unit vector w }.

Because of the properties of 7, the crystal W; is convex, closed, bounded and contains
the origin 0 in its interior.

In the next step, we obtain probabilistic estimates for the presence of a separating
set of closed edges but without constraint on the localization of its boundary. We
give first a lower bound: for O a planar set in R® with normal vector nor O and ¢(n)
a function going to co with n,

there exists a set of closed edges in ncyl O
liminf — In P | at distance less than ¢(n) from nO cutting | > —H?(0O) 7(nor O).
n—oo nN .

ncyl O in at least 2 unbounded components

Secondly we have an upper bound: there exists a positive constant ¢ such that, for
any positive p,n with n < p, any unit vector w, any disc D in R® with radius p and
normal vector w,

there exists a set of closed edges in ncyl D
limsup —,In P | at distance less than nn from nD cutting
nree ncyl D in at least 2 unbounded components

< —r(w)mp* (1 = ev/n/p) -

3.2. Surface energy

To the direction dependent surface tension 7, we associate a surface energy Z.
The surface energy Z(A) of a Borel set A of R® is defined as

Z(A) = sup { /A divf(z)dC3(z): f € 03(R3,w,)}
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3.3. PROOF OF THE LOWER BOUND FOR A SINGLE CLUSTER 27

where C}(R3, W;,) is the set of the C! vector functions defined on R® with values in
W, having compact support and div is the usual divergence operator. The surface
energy Z(A) is finite if and only if A is a set of finite perimeter in the sense of
Caccioppoli and De Giorgi and in this case it coincides with the surface integral of
7 along the reduced boundary of the set A, that is,

I(A) = /8*A T(va(z)) dH? ().

The reduced boundary 9*A of a set of finite perimeter A is the set of the points of
the boundary of A where A admits an exterior normal vector v4(z) in a measure
theoretic sense. In case A is a smooth set, the reduced boundary 8*A coincides with
the topological boundary A and va(z) is the usual exterior normal vector to A
at .

3.3. Proof of the lower bound for a single cluster

Let O be an open subset of (B(R®), L'). We have to prove that for any A in O,

s . 1 B —1 T
l%ﬂ_‘l}lorcl)f e In P(n" W (C(0), f(n)) € O) > —I(A).
Because O is open, there exists a positive § such that { E € B(R®) : L3(EAA) < 6}
is included in O. Hence it is enough to prove that

lim inf lzlnﬁ(£3(n_lvoo(0(0), Fm)AA) <6) > ~Z(4).
n—o0 n

We need only to consider the case where A has finite volume and surface energy
(otherwise Z(A) = ). We prove in chapter 6 that a set of finite perimeter can
be approximated in the sense of both volume and surface energy by a sequence
of polyhedral sets. This result, proved in the case of isotropic surface energy (7
constant) by De Giorgi, links our definition of the surface energy with the original
definition of the perimeter proposed by Caccioppoli, as the infimum of the limits of
the surface energies of polyhedral approximations. In case A has finite volume, we
can also impose that the approximating polyhedral sets are bounded and connected.
Therefore we need only to consider the situation where the set A is polyhedral,
its interior is connected and contains the origin. Let Fi,..., F,. be the faces of the
boundary of A (they are planar polygonal sets), let ¢(n) be a function such that ¢(n)
and n/¢(n) go to oo with n, let O,U be open connected sets such that U contains
the origin and U C O C A. Whenever A \ U has small volume and n is sufficiently
large, the event { £3(n™'Vo(C(0), f(n))AA) < 6 } contains the intersection of the
events

{there exists a set of closed edges inside ncyl F; at distance less than

1<i<
¢(n) from nF; cutting ncyl F; in at least 2 unbounded components } P E=tED
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28 CHAPTER 3. SKETCH OF THE PROOFS

{the edges at distance less than ¢(n) from the plane spanned by nF;

1<:<
and at distance less than 5 from the boundary of ncyl F; are closed} P ESEED

for the configuration restricted to nO, the set nU is included in
the f(n) neighbourhood of the open cluster containing the origin |

Indeed, the occurrence of the last event of the above list implies that nU is included in
Voo (C(0), f(n)), while the occurrence of the other events precludes the existence of an
open path starting in nO and exiting from V(nA, ¢(n)), so that Vo(nA, f(n)+¢(n))
contains Voo(C(0), f(n)). Since ¢(n)/n goes to 0 and the set O is at positive distance
from the boundary of A, for n large, the last event of the list is independent from
the other ones; moreover its probability goes to 1 as n goes to oo because we are
in the supercritical regime where, for n large, the open connected domain nO is
likely to be invaded by a huge cluster of density 6 (this is a consequence of Pisztora
results). The other events deal with the presence of sets of closed edges, hence
they are decreasing. The number of edges involved in the second type of events
is of order n¢(n), hence the corresponding probabilities are ruled out at the level
of surface order large deviations. We apply the FKG inequality together with our
surface tension lower estimate to get

lim inf izlnﬁ(cS(n—lvoo(C(O), Fm)AA) <5) > — 3 HAE)r(nor Fy)

n—oo 1N 1 Sier
= —T(A).
3.4. Proof of the weak upper bound for a single cluster

A summary of the basic large deviations techniques and terminology employed
here is given in the appendix. We first prove that the sequence of random sets
("W (C(0), f(n)))nen is Z-tight, namely that there exists a positive constant ¢
such that
. 1 S( - - &

lim sup —, lnP(mf { £3(n"Wao(C(0), f(n))AA) : A € B(R®), T(A) < )\} > 5)

n—oo

< —cA.

For that purpose, we build a random set fifa C(0) having the following properties:
o the sequences of sets (n™1 Voo (C(0), f(n)))nen and (n~*fifa C(0)),en are exponen-
tially contiguous for the topology L!, that is, for any positive 4,

lim sup 711—2ln 13(,63 (n™1Vao (C(0), f(n))An~'fifa C(0)) > 5) = —00.

n—oo

e the law of n~!fifa C(0) concentrates exponentially fast near the sets having finite
volume and perimeter, that is, there exists a positive constant c¢ such that,

VM >0 lim sup lQ In ﬁ(P(n_lﬁfaC(O)) > M) < —cM.

n—ooo N
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The set fifaC(0) is obtained through a deterministic smoothing procedure applied
to the open cluster C'(0). We first fatten slightly C(0) (as was done in [50]) and then
we fill the microscopic holes to get fifa C(0).

We next need a local estimate, like the following one:

VAeB(R), I(A)<oo, Ve>0 38(A,e)>0
lim sup E lnP(L‘3( Ve (C(0), f(n))AA) < 5(A,e)) < —Z(A)(1—¢).

n—o00

Indeed, although the rate function 7 is not good, the f—tightness together with
the local estimate yield the weak large deviations upper bound. To get the local
estimate for a set A having finite volume and perimeter is much more delicate than
to get the fftightness. Indeed we should then recover the surface energy Z(A)
in the probabilistic estimate. At the boundary of the open cluster C(0), there is
a set of microscopic clusters (of diameter smaller than f(n)) which in the limit
n — oo has a positive density 1 — 8 with respect to the Lebesgue measure. These
small clusters do not create any surface energy, because the surface tension deals
with mesoscopic connected sets of closed edges. We must only track these latter
sets at the boundary of C(0) to obtain our estimate. Starting from C(0) and the
random configuration around it, we define a random set aglu C(0) by agglutinating
the clusters of diameter smaller than f(n) at a distance less than 3f(n) from C(0)
and putting a unit cube at each vertex belonging to one of these clusters. A key
point is that the connected components of closed edges at the boundary of aglu C(0)
have a mesoscopic size and do create a surface energy. Furthermore the sequences of
sets (n"1Vs(C(0), f(n)))nen and (n~lagluC(0))nen are exponentially contiguous
for the topology L!, so that we need only to prove that

VA€ B[R, P(A)<oo, L3(A)< oo, Ve>0 36(A,e) >0
lim sup %2 lnﬁ(ﬁ3 (n"tagluC(0)AA) < 6(A,e)) < -I(A) +e.

n—oo

At this stage, we use an approximation result which is the counterpart of the poly-
hedral approximation used in the proof of the lower bound. Let A be a set having
finite perimeter. For z in R®, r positive and v a unit vector, we denote by B_(z,,v)
the half-ball which is the intersection of the Euclidean ball B(z,r) and the half-
space {y: (y —z)-v < 0}. Let &, be positive. There exists a finite collection of
disjoint balls B(z;,r;), ¢ € I, such that: for any ¢ in I, z; belongs to the reduced
boundary 90*A of A, r; belongs to ]0,1[ and

L3((AN B(zs,1:)) AB_ (3,75, va(xi))) <
‘Z(A) zwr T(VA(CUZ))‘ €.

el

~¢o
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30 CHAPTER 3. SKETCH OF THE PROOFS

Here v4(z) is the measure theoretic exterior normal to A at . This approximation
result relies on the description of the reduced boundary and on the Vitali covering
Theorem. Now the event { £3(n~'agluC(0)AA) < 6 } is included in the intersection

N {£3((aglu C(0) N B(nas, nri)) AB_ (nwi, nri, va(zs))) < on® + 5'r§n3} .

il
For i in I, let C(2) be the collection of the open clusters of the configuration restricted
to aglu C(0) N B(nz;,nr;). Because of the definition of aglu C(0), the clusters of C (i)
are open clusters of the configuration restricted to B(nxz;,nr;). For n large enough
and ¢ sufficiently small, the above intersection of events is further included in

N {£3 ((Uceeqp Voo O, 1/2) AB_ (nai, nri, va(e:)) < 35'1~$n3} .

iel
For z in R®, w a unit vector, n in N and r, § positive, we define sep (n, z,r,w, d) to
be the event: there exists a collection C of open clusters in the configuration restricted
to the ball B(nz,nr) such that £3((Ugee Voo(C, 1/2))AB_ (nz,nr,w)) < dorin3.
The balls B(z;,r;) being disjoint, the events sep (n, z;,m;,va(z;),30") are indepen-
dent, thus

ﬁ(ﬂ3 (n'agluC(0)AA) < 5) <(1-6)71 H P(sep (n,z,7i,va(zi),38")) .
el
The central Lemma gives an upper bound on P(sep (n,z,r,w,3d")), which is uniform
with respect to z,w,r, as follows: given a positive €, we may find §p positive such
that for any z in R3, any unit vector w and r in ]0, 1],

1
limsup —, In P(sep (n,z,7,w,8)) < —r(w)rr?(1—¢).
n—oo TN

Let us now build everything in order. We start with a positive €. Let o positive be
associated to ¢ by the central Lemma. We choose a positive ' smaller than dy/3, we
apply the approximation result to find the family of balls B(z;,r;), ¢ € I, associated
to ¢’ and €, then we choose & smaller than the minimum min{4'r : i € '} and we
end up with

lnlfs(ﬁ3 (ntagluC(0)AA) < 6) < —ln(1—0)+ZlnP(sep (n,zi,m5,va(%3),00)) -
i€l

Dividing by n? and taking the supremum limit, we have then
1. =~
limsup —, lnP(£3 (n'aglu C(0)AA) < 5) < =3 r(waz))ari(1 - e)
nooo T i€l

<-IZ(A)(1 —¢€) +e.
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3.5. The central Lemma

Let us recall the result of the central Lemma. For z in R3, a unit vector w
and r,d positive, we define sep (n,z,r,w,d) to be the event: there exists a collec-
tion C of open clusters in the configuration restricted to the ball B(nz,nr) such that
L3((Ucec Vo (C,1/2))AB_(nz,nr,w)) < dr’n®. The central Lemma states that

lim sup limsup (n’mr?r(w))~!InP(sep (n,z,r,w,8)) < —1.
60 z€R3_,r€]O,1[, n—00
w unit vector

The main difficulty is to relate the event sep (n,z,r,w,d) to an event involved in
the definition of the surface tension. Indeed the former event is at first sight quite
different from the latter. Yet suppose that the event sep (n,z,r, w, ) occurs and let
C be a collection of open clusters in B(nz,nr) realizing it. Then at the boundary of
the union of all the clusters of C, there exists a large set of closed edges which almost
cuts the ball B(nz,nr) along the plane {y : (y — nz) - v = 0}. Indeed all the open
paths joining B_(nz,nr,w) and By (nz,nr,w) inside B(nz,nr) must either meet
C\ B-(nz,nr,w) or CN By (nz,nr,w) (such a path is either entirely in C or entirely
in the complement of C) and these paths are therefore located in a set of volume less
than 6r3n3. Our strategy is to perform some surgery to destroy all “large” paths to
get a configuration realizing a typical event related to the definition of the surface
tension. The price we pay while doing the surgery has to be negligible compared to
the surface effect we wish to capture.

The surgery. Let p be strictly smaller than r, but close to r, let n be positive
and small and let D be the disc centered at z with radius p and normal vector w.
To a configuration realizing the event sep (n,z,r,w,d) we associate two random
collections of paths P_ and P4 as follows. Let P_ be the collection of all the
open paths disjoint from C connecting the planes {y : (y —nz) -w = 0} and
{y: (y—nz)-w = —nn } in the configuration restricted to the intersection of cyl (nD)
and {y: —nn < (y — nz) -w < nyn }. Let P4 be the collection of all the open paths
inside C connecting the planes {y: (y —nz) - w =0} and {y: (y —nz) -w=+nn}
in the configuration restricted to cyl (D) N {y : —yn < (y —nz) -w < nn}. The
paths of P_ U P, belong to (Ucee Voo (C51/2)) AB_(nz, nr,w), hence for n large
enough the cardinality of the vertices visited by these paths is smaller than 2673n3.
Moreover each path in P_ UP, has a diameter at least nn. Let [ be an intermediate
mesoscopic scale, that is [ is large compared to Inn and small compared to /n. We
consider the partition of Z?2 in cubic boxes of side length I. By the result of Pisztora,
inside such a box, with probability of order 1 — exp(—const ), there exists a unique
crossing open cluster, this cluster has cardinality larger than 613/2 and all other
open clusters of the box have a diameter less than [/3. We mark as good boxes the
boxes where these events occur. Whenever a path of P_ U P, visits a good box,
it has to include the crossing cluster of the good box (more precisely, whenever it
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32 CHAPTER 3. SKETCH OF THE PROOFS
visits a vertex of the good box at distance [/3 from the boundary of the box). The
number of good boxes visited by the paths of P_ U P, has to be less than

cardinality of the set of vertices visited by P_ UP, 26rm3n3
minimum cardinality of a crossing cluster in a good box — 6I3/2

4
= 557'3 n3173.
For I/Inn large enough, Pisztora’s estimate yields

P (there are more than i bad boxes inside B(nz,nr)) < const exp(—const i) .

We need also to take into account the boxes which intersect the boundary of cyl (nD).
The number of such boxes is (deterministically) bounded by 100nn?/I2. Let a be a
large constant. With probability of order 1 — exp(—const an?), the number of boxes
(close to the boundary of cyl (nD), or bad, or good) visited by the paths of P_ UP
is less than

10002 /12 + an® /1 + (4/0)6r3n3173 .

We partition the boxes according to the position of their centers with respect to the
slabs

{yelZ®: (y—nz) - weli,li+1)[}, i€Z.

Since cyl(nD)N {y : —nn < (y — nz) - w < 0} contains more than nn/(2l) such
slabs, certainly there exists a negative index I_ larger than —nn/l such that the
number of boxes visited by P_ whose center belongs to the I_—th slab is less than

number of boxes n? an? 46r n3 n an  83r3n?
_(00l—2 T )/( _2OOT+27+—P0—TI

number of slabs

Similarly, there exists a positive index I, smaller than nn/l such that the number
of boxes visited by PP, whose center belongs to the I —th slab is less than the above
quantity. The total number of possibilities for I_, I, and the boxes inside the slabs
is less than

(number of slabs)? x (number of choices for the boxes in one slab)? <

2 3,2\ 2 s
() (2001 +2 8‘5;' A ) exp ((4001 +4—— +16 ;l’; )ln(27rr2n2l_2)).

Given a fixed choice of I_, I, and the boxes inside the corresponding slabs, we

transform the configuration w into a new configuration ®(w) by closing all the edges
belonging to the boundary of the boxes. The number of such edges is less than

3,,2
612 x number of boxes < 612 (400E +420 4 wM) .
1 n onl?
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Hence the extra factor in the probability estimate caused by this surgery is bounded
by

2 3,2 1—
exp—((2400nl+24m:]l +96‘5’;9: )1n 2”).

In the new configuration ®(w) restricted to
eyl (nD) N {y: —nn < (y = na) -w <y},

there exists no more paths connecting the planes {y : (y — nz) -w = —nn } and
{y: (y —nz) -w = +nn}. Indeed any such path of the configuration w has to visit
one of the boxes of one of the slabs I_ or I,: if the path is disjoint from all the
clusters of the collection C, then it meets one of the boxes of the I_—th slab, if the
path is included in a cluster of the collection C, then it meets one of the boxes of the
I,—th slab. Therefore there is in ¢(w) a separating set of closed edges in ncyl D at
distance less than nn from nD cutting ncyl D in at least 2 unbounded components.
Combining the previous considerations, we get

P(sep (n,z,r,w,8)) < exp(—const an?) +
2

nn 2 n _an _oérdn?

an 200 42220 4 820

(l) (ool+ 8 ) X

or3n?

n an
exp ((400— + 47 + lﬁw

2,27-2
] )ln(27rrnl )

2 3,2 _
- (2400nl + 242 ggorm ) In u)
n on 2

there exists a set of closed edges in ncyl D
x P | at distance less than nn from nD cutting
ncyl D in at least 2 unbounded components

We work now in the regime where [/ Inn and 1/n/l go to co and we apply our surface
tension upper bound estimate:

limsup (n®mr®7(w))~! In P(sep (n,z,r,w,d)) <
n—oo

— min { const — p_2(1 — const+/n/p) — const or }
r2’ 2 n 1’
We choose now n = \/31“/3, p =7rv/1—0 and we let a go to oo in the preceding
inequality:

limsup (n?7r?7(w))~ In P(sep (n,z,r,w,8)) < —14 &+ const §*/%.

n—oo

This inequality is uniform with respect to = in R3, 7 in ]0,1[, 6 in ]0,6/2[, w a unit
vector.
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3.6. The enhanced upper bound
We define the surface energy Z(A, O) of a Borel set A of R® in an open set O as

I(A,0) = sup { /Adivf(x) dc3(z) : f € Cé(O,WT)}

where C(O,W;,) is the set of the C! vector functions defined on R® with values in
W, having compact support included in O and div is the usual divergence operator.

Let F be a closed subset of (B(R®), L!). Let a,é be positive with § < 1 < a. We
write

P(n™'Ve(C(0), f(n)) € F) <
P(P(EaC(0) 2 an®) + P(L* (Ve (C(0), () A2 C(0)) > 6n®) + P(€),

where £ is the event

{n—lvoo(C(O), f(n)) € F, P(ffaC(0)) < an?,
£3 (Voo (C(0), f(n)) Afifa C(0)) < 6n? } .

The only new estimate we need is for P(£). Whenever £ occurs, the set n~fifa C (0)
is a bounded set belonging to V1 (F,d) having perimeter less than a. By the isoperi-
metric inequality, its volume is less than e¢j0a3/2, where ¢is0 is the isoperimetric
constant of R®. Therefore there exist at most 8cisoa®/?/§ balls B centered on Z3
of radius one such that £3(B N n~'fifaC(0)) > 6. The bound on the perime-
ter of n~1fifa C(0) and the isoperimetric inequality relative to the balls imply that
most of the volume of n~!fifa C(0) is concentrated in these balls: indeed the re-
maining volume of n~'fifa C(0) outside of these balls is less than 8ad'/ 3bi2s/03,
biso is the isoperimetric constant for the balls of R3. Moreover the balls intersect-
ing n~1fifa C'(0) are at distance less than an from the origin, hence the number of
possible integer centers is bounded by a polynomial function of n. By merging some
balls if necessary (that is replacing some balls which are close together by a larger
ball), we obtain a finite collection of balls B(y;,r;), 1 < ¢ < m, such that: the
centers belong to Z* N B(0,an? + 1), the radii r; are positive integers smaller than
exp((8cisoa®/?/6) In 3), the balls B(y;,r; + 1), 1 < i < m, are pairwise disjoint and

where

£3(n " 6faC(0) \ B(y1,71) \ -\ B(¥m,Tm)) < 8a6'/3b2/3.

180

We next look at the configuration inside each ball B(ny;,n(r; + 1)). The pre-
ceding large deviations results show that for a fixed ball B(y,r) centered at y
in Z*® with radius r the law of n™! (Vs (C(0), f(n)) N B(ny,nr) — ny) satisfies a
LDP in (B(B(0,r)),L') with rate function Z. Because of the invariance of the
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model under integer translations, the corresponding large deviation upper bound
is in fact uniform over y in Z3. The m balls B(y;,r; + 1), 1 < i < m, being
disjoint, we get also a uniform large deviation upper bound for what happens si-
multaneously inside these balls, in the following form: for any closed subset F™ of
B(B(0,r1 + 1)) x -+ x B(BO,rm +1)) ,

1
limsup —,In sup P((n‘IVOO(C(O),f(n)) NB(yi,r1+1)—wy,...,
n—ooo M Y1y sYm

"W (C(0), £(7)) N B(ym, T + 1) — ym) €F™) <
—inf {I(Fl,intB(O,rl + 1)+ + Z(Fp,int BO,rm + 1)) ¢ (F1, ..., Fp) € F™ }
where the supremum ahead of P is taken over the points y1,. .., ¥m in Z3 such that
the balls B(y1,71 +1),...,B(Ym,"m + 1) are pairwise disjoint. Since in our case the
number of possibilities for the balls B(y;,r;), 1 < i < m, is bounded by a polynomial

function of n, we can decompose £ according to the possible collections of balls and
use this large deviation estimate to get

1 -
limsup —,In P(€) < —inf {Z(Fl,int B(0,r1 + 1)) + - - + I(Fpm, int B(0, rm + 1)) }

n—00

where the infimum is taken over m, 71, . . ., 7, in a bounded set of integers (depending
on a,d) and over (Fi,...,Fy) in the closure of the set

{(EﬁB(yl,rl +1) =91, s ENBm,Tm +1) —ym) : E€ F,
Y1,---,Ym in Z3 such that the balls B(y;,71 +1),..., B(Ym, m + 1) are disjoint,
£2(E\By1,11) \ -\ Bm,7m)) < 5 +8a5"/26207 1.

Let 7 = 6 + 8adé'/ 3p2/3 Whenever (F1,...,Fy) belongs to the closure of the above

150
set, we are able to reconstruct from Fy, ..., Fy, a set F in Vp1(F, 4n) such that

I(F) < Z(Fy,int B(O,71 + 1)) + - - - + Z(Fpp, int B(0, 7 + 1)) + 29]|7]|oo -

The set F' is obtained as follows: by definition, there exist F in F and y;,...,¥Yn in
73 such that the balls B(y;,r1 + 1),..., B(ym, m + 1) are disjoint and

L(E\ B(y1,r1) \ -\ Bym;,™m)) <,
L2((ENB(yr,m +1)A( +F1)) + -+ + L2(ENBWYm, m +1)) AYm +F)) < 1.

This implies that

L2(FLNBO,ry + 1)\ B(0,r1)) + -+ + L3(Fn N B(0,7m + 1) \ B(0,)) < 27
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and therefore there exists ¢ in 0, 1[ such that
H2(FLNOB(0,r1 +t)) + -+ + H2(Fn NOB(0,rm + 1)) < 21.
The set F' defined by
F=(y+FENBO,r+1)) U - U (Yym + (Fn N B0, + 1))

answers the problem. The difficulty here is to choose t as above, to avoid that too
much surface energy is created on the sphere 0B(0,r; + t) while cutting F; at the
radius r; + t; this is the reason why we work with the balls B(y;,r; + 1) instead of
B(ys, i)

We have now

1 =~ ~
lim sup ;2lnP(€) < —inf {Z(F) : F € V1 (F,4n) } + 2n||7||co -

n—oo

Coming back to the initial inequality,

lim sup L lnﬁ(n_lvoo(C(O),f(n)) €F) <

nooo N2

— min (consta, inf { Z(F) : F € Vp1(F,4n) } — 29||7]]co) -

Sending first § to 0 (so that n goes to 0) and then a to oo, we get the enhanced
upper bound.

3.7. The case of the whole configuration

We first define a metric D which is adequate for working with collections of sets.
Roughly speaking, two collections of sets are at distance less than § if there exists
a correspondence between the sets of the collections having volume larger than §
such that two corresponding sets are at L' distance less than §. Starting with the
surface tension 7, we build a surface energy functional on the set of the Caccioppoli
partitions. We prove that it is a rate function on the space of the collections of sets.
Furthermore, its level sets are compact for the weaker metric Dj,., which is the local
version of the metric D. The proofs of the LDP for the whole configuration rely
on the same probabilistic tools than for one single cluster. The additional problems
are related to topological and geometric issues. Among those, the approximation
of a Caccioppoli partition by a polyhedral partition is quite delicate. Indeed this
question cannot be solved easily with the help of the corresponding approximation
result for one single Caccioppoli set, because there is the additional global constraint
that the approximating collection has to be a partition. Thus we make appeal to a
stronger approximation result due to Quentin de Gromard. Apart from that point,
the main lines of the proofs are quite similar in spirit to the case of one single cluster
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and we use extensively the constructions and the results proved in the first part.
Let us sum up briefly the proof of the LDP upper bound. Starting with the random
collection C of all the open clusters of the configuration, we build the three random
collections

Voo C, f(n)) = { Vo(C, f(n)), C € C, diamecC > f(n)},
fifaC = {fifaC,C€C}, agluC = {agluC,CeC}.

We prove that these three collections are exponentially contiguous. We work with
the collection n~'fifaC to prove that the law of n='V.(C, f(n)) concentrates expo-
nentially fast around the collections which are Caccioppoli partitions of R? having
a finite surface energy. We work with the collection n~!agluC to estimate the prob-
ability of being close to a given Caccioppoli partition of finite perimeter. We finally
prove an enhanced large deviations upper bound for the collection of the open clus-
ters intersecting a fixed bounded Borel set of R®. The spirit of the proof is analogous
to the enhanced upper bound for one cluster, yet it is more involved because we deal
with collections of sets.
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CHAPTER 4

THE MODEL

We start with the notation and the basic definitions. The cardinality of a finite
set A is denoted by card A. The symmetric difference between two sets A1, A, is
denoted by A; AA,. For A a collection of sets, we denote the union of the sets of A

by cup A4, i.e.,
cupA = UAeAA,

and by overlap A the union of the intersections of all pairs of distinct sets of A, i.e.,
overlapA = cup{ A1 N Az : A1, Ay € A, AL # Az } .

If f is a function with values in R, we denote by || f||co the supremum of the values
of | fl.

Constants. A lot of constants appear in the statements of the results and the
proofs. We write in parenthesis the particular parameters on which the constants
depend. We do not keep a precise track of the constants: hence b, ¢ stand for generic
constants and their values differ from place to place.

Topology. Let E be a subset of R®. We denote its interior by int E, its closure
by clo E, its boundary by OE. Whenever A is a subset of R® of linear dimension 2,
that is A spans an hyperplane of R3, we denote this hyperplane by hyp A and we
use the induced two dimensional topology of hyp A to define 9A, int A, clo A. The
collection of all the Borel subsets of a set E of R® is denoted by B(E).

Metric. The standard norms of a vector £ = (z1,z2,z3) in R® are

|zly = |za| + |z2| + |23],  |zlo = /2] + 25 + 25, [2loo = max(|z1], |22, |25]) -

Of course |z]oo < |2]2 < V/3|2|oo for any x in R®. The usual scalar product between
two vectors & = (x1,T2,73) and y = (y1,y2,y3) of R® is -y = z1y1 + Zoys + T3y3.
Until the end of the paragraph, the character * stands either for 2 or for co. We
denote by d,. the metric associated to the norm | |4, i.e., di(z,y) = |z — y|« for any
z,y in R®. The d, distance between two subsets E; and E; of R? is

di(E1,Es) = inf{|z1 — 2|4 : 1 € E1, 22 € En }.
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The d. r-neighbourhood of a subset E of R? is the set
Vu(E,r) = {z€R :du(z,E)<Tr}.
The d, diameter of a subset E of R? is
diam,.E =sup{ |z —y|.:z,y € E}.

We will generally work with the Euclidean distance d2 on the continuous space R?
and with the distance ds on the discrete lattice Z3. By default, when we speak
of the diameter of a set E, without further precision, it means the d,, diameter
diam E.

Geometry. Let z be a point of R® and let r be positive. The closed ball of center
and Euclidean radius r is denoted by B(z,r). The sphere of center = and radius r
is 0B(zx,r). The unit sphere of R® is denoted by S2. The projective sphere PS? is
obtained by identifying opposite points on S2. Let w belong to S%. By hyp (z,w)
we denote the hyperplane containing # and orthogonal to w, i.e.,

hyp (z,w) = {y€ R’ : (y —2) - w=0}.
For r1,r2 in RU {—00, +00}, we define
slab (z,w,r1,m2) ={y e R :r < (y—2)-w<r2}.
Let v belong to S*. We set

B_(z,r,v) = B(z,r) Nslab (z,v,—r,0),
By (z,r,v) = B(z,r) Nslab (z,v,0,+r) .

Figure 2: half-ball
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Let u, v, w be an orthonormal basis of R®. By square (z, u,v,r) we denote the closed
square centered at z of sides parallel to u and v and of side length r. By disc (z,r, w)
we denote the closed disc centered at x of radius r and normal vector w.

v

square (z,u,v,T)

Figure 3: disc and square

By A(z,r) we denote the cubic box of center = (1,22,73) and side length r
defined by

A(z,7) = {y=(y1,¥2,y3) ER® : —r/2 < y; — 2; <7/2}.

Notice that A(z,r) has diameter r and is neither open nor closed. However, if
deo(z,y) > r then A(z,r) and A(y,r) are disjoint. Let A be a subset of R® of
linear dimension 2, that is A spans an hyperplane of R®, which we denote by hyp A.
By nor A we denote one of the two unit vectors orthogonal to hyp A, or equivalently
the element of PS? orthogonal to hyp A. The cylinder of basis A is the set

cylA = {z+tnorA:teR, z€ A}.
We set also
cyl(A,r) = {z+tnorA:|t| <r,z € A} = cylANslab (z,nor A, —r, 7).

Measure. We denote by £2 the three dimensional Lebesgue measure. A Borel set is
said to be negligible if its Lebesgue measure is zero. When dealing with topological
questions on the space B(R®), we consider the equivalence classes of the Borel sets
modulo negligible sets. We denote by #? the standard d-dimensional Hausdorff
measure, for d = 1,2,3. We recall that for any subset A of R?, denoting by a(d) the
volume of the unit ball of R,

H4(A) = sup inf {a(d) g E(diasz,-)d : sup diamyE; <6, A C U E; } :
£ i€l iel i€l

Let E be a Borel subset of R?. A collection of sets U is called a Vitali class for E if
for each z in F and § positive there exists a set U in ¥/ containing z such that 0 <
diam,U < . We will use extensively the following result [34, Theorem 1.10].
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The Vitali covering Theorem for H2. Let E be an H?-measurable subset of R3
and let U be a Vitali class of closed sets for E. Then we may select a (finite or
countable) disjoint sequence (U;)ics from U such that either Yie ;(diam,U;)? = oo
or HX(E\ U;e; Us) = 0. If H?(E) < oo then, given € > 0, we may also require that
H? (E) < w272 z@‘el(diam2Ui)2 +e.

We will only use closed balls to perform our coverings. For Vitali classes which
contain only balls, a similar Vitali covering result holds but for an arbitrary Radon
measure (see for instance [77]).

We now describe the percolation model.

The lattice. We consider the cubic site lattice Z3. We turn Z2 into a graph by
adding edges between all pairs of nearest neighbour sites; if =,y are two points of Z3
such that |z —y|; = 1, we denote by (x,y) the edge joining = and y. The edge (z,y)
can be represented as the unit segment [z, y] joining the sites z,y in R®. We denote
by E? the set of all edges of Z3. Two subgraphs of (Z3E?) are called disjoint if
they have no vertices in common. A path in (Z3,E?) is an alternating sequence
Z0,€0,T1,€1,--.,€n—1,Tn,... of distinct vertices z; and edges e;, where e; is the
edge between z; and z;y1 (we adopt here the definition of [42], which is slightly
different from the one used in [3]). If the path terminates at some vertex z, it is
said to connect ¢ to z, and to have length n. Two paths are disjoint if they have
no edges in common. Let D be a subset of R®. An edge (z,y) of E? is said to be
included in D if both points z,y belong to D. We denote by Z3(D) the set D N Z3
and by E3(D) the set of the edges of E® included in D. For E a subset of E?, a
formula like E C E3 (D) will be abbreviated into E C D.

We will need another graph structure L? on Z3. We say that z,y are L? adjacent if
|z — y|oo = 1 and we denote by L? the corresponding set of edges.

Discrete topology. Let A be a subset of Z3. We define

e its edge boundary: 8.4 = {(z,y) €E2:z g A, yc A},

e its inner vertex boundary: 8iyA = {z € A:3y € Z3\ A, (z,y) € B3},

e its outer vertex boundary: O,wA = {z € Z3\ A:Jy € A, (z,y) € E* }.

These definitions are extended to the subsets of R® by setting, for any E included
in R, 8,F = 8.(Z3N E), where * stands for e, iv or ov. The set A is said to
be connected if the graph (A,E?(A)) is connected. The set A is said to be L3
connected if the graph having for vertex set A and for edge set the edges of L2
whose both endpoints belong to A is connected. A residual component of A is a
connected component of the graph (Z3\ A, E3(Z3\ A)). If R is a residual component
of a connected set A, then its inner and outer vertex boundaries oy R, 8y R are L3
connected (see [45, 64]).

The configuration space. The nearest neighbour Bernoulli bond percolation mo-
del on the cubic lattice at density p is defined by independently choosing each edge
of E® to be open with probability p or closed with probability 1 — p. We denote
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by P the corresponding product probability measure on the configuration space 2
consisting of all functions from E? to {0,1} (where 1 stands for open and 0 for
closed). The restriction w|p of a configuration w of Q2 to a subset D of R3 is the
function from E? (D) to {0, 1} defined by w|p(e) = w(e) for all e in E3(D).

Connection and separation. Two subsets S;, Sy of R® are connected in the con-
figuration w if there is a path of open edges in w connecting a site of Z3(S;) to a site
of Z3(S,). The open clusters in w are the connected components of the graph having
vertex set Z2 and the open edges of w only. We write C(z) for the open cluster con-
taining the vertex z. Let D, A;, A, be three subsets of R®. A set of edges F of E? is
said to separate A; and A, in D if there is no path in the graph (Z3(D),E3(D) \ E)
from Z3(A;) to Z3(Az2). A set of edges E of E? is said to separate oo in D if the
graph (Z3(D),E3(D) \ E) has at least two unbounded connected components.

The supercritical regime. It is known that the Bernoulli bond percolation model
has a phase transition at a value p, strictly between 0 and 1: for p < p. the open
clusters are finite and for p > p. there exists a unique infinite open cluster C
[42]. We work with a fixed value p > p.. The density of the infinite cluster is
0 = P(card C(0) = o0). We denote by P the probability measure P conditioned on
the event that C(0) is finite, that is, P(-) = P(-/card C(0) < c0).

The Harris—FKG inequality. There is a natural order on {2 defined by the rela-
tion: w; < wsq if and only if all open edges in w; are open in ws. An event is said to
be increasing (respectively decreasing) if its characteristic function is non decreasing
(respectively non increasing) with respect to this partial order. Suppose the events
A, B are both increasing or both decreasing. The Harris-FKG inequality [42] says
that P(AN B) > P(A)P(B).
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CHAPTER 5

SURFACE TENSION

In this chapter, we build the surface tension associated to the Bernoulli bond per-
colation model on Z3. We study its properties and we finally prove some probabilistic
estimates for the presence of a flat separating set of closed edges.

5.1. Existence

We will have to work with enlargements of continuous subsets of R® so that
they have a significative trace on the discrete lattice Z3. We fix a real number ¢
larger than 5 and we enlarge a subset A of R® by considering its (-—neighbourhood
V2(A,¢). A minimal requirement to choose ¢ is that, whenever A is an arcwise
connected subset of B3, the graph (Z3(V»(4,()),E2 (V2(4,())) is also connected.
Some of the constants appearing in the statements and the proofs depend on (.
However the large deviation principles and the direction dependent surface tension
are independent of the particular choice of ( larger than 5.

We build now the surface tension in an arbitrary direction.

Definition 5.1. Let A be a closed planar set and let s be positive or infinite. We
denote by W (0A, s, () the event that there exists a finite set of closed edges separat-
ing oo in cyl A, included in V2 (hyp A, s) and whose intersection with V2 (cyl 04, () is
included in V5 (hyp A4, (), i.e.,

W(0A,8,() = {weN:IECE}, cardE < o0,Ve€ E w(e) =0,
E Cc Va(hyp A4,s), ENVy(cyldA, ) C Va(hyp 4, (), E separates co in cyl 4 } .

Remark. The event W(0A, s, () is decreasing. Whenever this event occurs, it oc-
curs inside cyl AN Va(hyp A, s). Indeed, if E is a collection of edges realizing the
event W(0A, s, (), then so does ENE3(cyl AN Va2 (hyp 4, 5)).

Remark. We will only study the event W(9A, s, () for A a rectangle.

Remark. Recall the convention that E C V,(hyp A, s) means E C E? (V,(hyp 4, s))
and ENV,(cyl 94, ¢) C Va(hyp A, ¢) means ENE3 (V,(cyl A4, €)) C E3 (V2 (hyp A4, ().
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Proposition 5.2. Let A be a planar rectangle such that H?(A) is positive. Let ¢(n)
be a function from N to RT U {oo} such that lim, o, ¢(n) = co. The limit

Jim —H?(nA)" ' In P(W(0nA, $(n), <))

exists and depends only on nor A. We denote it by 7(nor A) and call it the surface
tension in the direction nor A.

Remark. This statement tells nothing about the value 7(nor A), which might be 0
or co.

Proof. This result is proved with the help of the same subadditivity argument used
in [1, Proposition 2.4]. The only additional problem is that we work with curves
whose position with respect to the discrete lattice Z3 is arbitrary. Let w be a unit
vector of R® and let A, A’ be two planar rectangles such that nor A = nor A’ = w,
H2(A) and H2(A') are both positive. Let ¢(n),¢'(n) be two functions from N
to Rt U{oo} such that lim,_,o, ¢(n) = 0o, lim, ;0 ¢'(n) = co. Let ¢, (' be two real
numbers larger than 5. Let n,m be two integers such that ndiams A > m diamy, A’
and
min(n diama A, m diame A, ¢(n) — 2) > max(¢, ().

Because we deal with rectangles, certainly there exists a collection of sets (T'(7),¢ € I)
such that: each set T'(¢) is a translate of mA' and d2(T'(3),hypnA\nA) > (+ (' +4;
the sets (T'(z),7 € I) have pairwise disjoint interiors and are included in nA; their
union cup { 7'(¢) : 7 € I } contains the set

D(m,n) = {z € nA : do(z,n0A) > mdiampA' + ( + (' +4}.
Since A is a rectangle, so is D(m,n) and

H2(nA) — H (ndA)(mdiama A’ + ¢ + ' +4) < H?*(D(m,n))
< (card I)H%(mA') < H*(nA).

For each i in I, let (i) be a vector in R® such that |t(i)|co < 1 (hence |t(i)|2 < V/3)

and #(i) + T'(¢) is the image of mA’ by an integer translation (a translation that
leaves Z?2 globally invariant). We denote by T”(i) the set ¢(i) + T'(¢). Let Ey be the
set of edges included in

(cyl (nA\D(m,n))NVs(hyp nA,()) U U (Vz(cyl oT' (i), ¢'+2)NVa (hyp nA,C'+3)) .
el

The Lebesgue measure of the d2 1-neighbourhood of this set is less than

H' (ndA)(mdiamz A’ + ¢ + ¢’ +6)(2¢ + 2) + 47(2¢ + 2)
+card I (H'(mdA")(2¢' +8)% + 8n(¢' +4)%).
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Figure 4: the plane hyp (nz,w)

Hence there exists a constant ¢(¢,¢’, A, A') depending only on (,(’, 4, A’ such that
card By < ¢(¢,¢', A, A)(nm +n?/m+1).
Suppose that all the events
W (T (i), p(n) — 2,{'), i€,

occur, and let E(i), i € I, be finite sets of closed edges realizing these events. Thus
for ¢ in I,

E(i) C Va(hypT"(i), ¢(n)—2)Neyl T'(6),  E(D)NVa(eyl 0T (i), ¢) C Va(byp T" (i), ¢)

and E(i) separates oo inside cyl T'(¢). Suppose in addition that all the edges in Ey are
closed. Let E = EqgU|J;c; E(i). We claim that the set of edges E realizes the event
W (0nA, p(n), (). Firstly E is included in Va(hypnA, #(n)). Secondly, for each i in I,
the ds distance between cyl T'(i) and cyl OnA is larger than ¢ + (' +4 — V3, so that
neither E(3) nor Vo(cyl 8T" (i), ¢’ +2) intersect V(cyl dnA, ¢), and EgNVz(cylOnA4, ()
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is included in Va(hypnA, ). Thirdly, let a belong to nA and let zy, ...,z be a path
in (Z3(cyl nA),E3(cyl nA)) joining two sites zo, s such that (zg — a) - w < —é(n)
and (zp —a) -w > ¢(n). Suppose that this path does not meet E. Since this path
crosses hypnA and

Vo(nA\ cup{intT'(i):i € I },5) NcylnA C
(Va(eyl (A \ D(m,n)),5) NcylnA) U | Va(eyl 9T (i),5) C E
el

then the crossing of hyp nA cannot occur in Va(nA\cup {int T'(%) : ¢ € I },2)NcylnA;
necessarily there exists 7 in I such that the path enters in cyl int T'(7) at a site y
such that (y —a) - w < 0 and exits it at a site z such that (2 — a) - w > 0. Hence
there exist indices k1, k2 in {0,...,h} and ¢ in I such that

eVke{ki,....,ke} =z €cylintT (i),

e either ky =0 or z, 1 € cyl int T(7),

e either ko = h or Ty, 1 & cyl int T'(3),

o (z, —a) - w<0and (zg, —a) -w>0.

Since E3 (V2 (cyl 8T'(i), ¢’ +2)NVa(hypnA, ' +3)) is included in Ep, then no vertex
of the subpath zy,,...,zg, belongs to Va(cyl 8T'(:),( + 1) N Va(hypnA,’ + 2).
Suppose that k; # 0. Then

T—1 € eyl int T'(3), zg, € cyl int T'(3), do(xky -1, 2k, ) = 1,
whence g, € Va(cyl 8T (¢),2) C Va(cyl 0T'(i),¢" + 1). Thus
Tk, € Va(cyl 8T (3),2) Nslab (a, w, —oo0, —(' — 2).

If k; = 0, then z}, = xo belongs to slab (a,w, —00,—¢(n)). In both cases, zg,
belongs to the set D_ (%) defined by

D_(i) = slab (a,w, —00, —¢(n)) U (V2(cyl 8T (¢), 3) Nslab (a, w, —o0, —¢' — 2)) .
Similarly, zx, belongs to the set D4 (i) defined by

D (i) = slab (a, w, +¢(n), +o00) U (Va(cyl 8T (3), 3) N slab (a, w, +¢’ + 2, +00)) .
Let us define

lz:min{l:kl<l§k2,£L’[ED+(’i)}—l,
l1=max{l:k1 Sl5l2,$l€D_(i)}+1.

Let I belong {11, ...,l2 }. By construction, z; belongs to cyl int T'(¢)\ (D (4)UD(¢)).
Two cases can occur.
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o if do(z;,hypnA) < ¢’ + 2 then da(z;,cyl0T'(d)) > ¢’ + 1. Yet z; is in the set
Vy(cyl T'(i),+/3) whence z; belongs also to cylT"(i) and do(z;, R® \ cyl T (3)) > 1.
o if da(z;,hypnA) > ¢’ + 2 then do(x;,R® \ cylT'(i)) > 3 and it follows that
dy(z;, R® \ cylT'(i)) >3 -3 > 1.

Taking into account that d2(zi,—1,%1,) = 1, da(zi,,Zi,+1) = 1, we see that the
subpath z;,_1,...,Z;,4+1 is included in intcylT'(i). Moreover z;, 1 belongs to
D_(i) NcylT'(¢), which is by definition included in

slab (a + (i), w, —00, —#(n) + 2) U (Va(cyl 8T" (i), ¢") Nslab (a + t(i), w, —o0, —¢')) .

If ¢y, 1 is in Va(cyl 9T (7), ¢") Nslab (a+(¢), w, —o00, —¢') , since no edge of the latter
set belongs to F(z), then there exists a path v included in Vo (cyl 87" (), ¢")Neyl T (%)
connecting z;, -1 to a site y; such that v1NE(f) = @ and (y; —a—t(i))-w < —¢(n)+2.
In case x;, —1 is in slab (a+t(¢), w, —co0, —¢(n) +2), we set y; = &. We make a similar
reasoning with z;,,1 and the set D (i) to get a path v, in Vo (cyl 0T (4), ¢")Neyl T'(¢)
connecting z;,+1 to a site yo such that 2N E(i) = @ and (y2—a—1t(3)) - w > ¢(n)—2.
In the end the path obtained by concatenating vi, x1,—1,..., %141, Y2 is a path in
cyl T'(i) which does not meet E (i) and which connects slab (a+(2), w, —o0, —¢(n) +
2) and slab (a+1%(¢), w, +¢(n)—2, +00). Since E(3) is included in V5 (hyp T"(¢), ¢(n) —
2), this stands in contradiction with the fact that E(¢) separates co in ¢yl 7"(). Thus
there exists no path in (Z3(cyl nA),E2(cyl nA) \ E) joining slab (a,w, —co, —¢(n))
and slab (a, w, #(n), +00). We conclude that the set E separates oo in cyl nA and

{ all the edges of Ey are closed } N ﬂ W(OT' (i), ¢(n) — 2,{") C W(OnA,¢(n),().
icl

Since all these events are decreasing, by the FKG inequality,

P(W(0nA, ¢(n),¢)) > (1—p)d& [[ P(W(T'(i), p(n) - 2,¢")) -

i€l
Since the model is invariant under the integer translations, for any ¢ in I,
P(W(0T'(i), ¢(n) — 2,¢")) = P(W(0mA',¢(n) - 2,()).
Because ¢(n) goes to co as n goes to oo,
nler;o P(W(@mA',¢(n) —2,(")) = P(W(OmA',00,("))
whence, for n sufficiently large,

P(W(0mA', ¢(n) - 2,{')) > (1/2)P(W(dmA’,0,(")).

SOCIETE MATHEMATIQUE DE FRANCE 2000



50 CHAPTER 5. SURFACE TENSION

For such integers n, combining the preceding equations and passing to the logarithm,

In P(W(dnA, ¢(n),()) 2>
(card I) In P(W(OmA', ¢'(m), (")) + (card Ep) In(1 —p) — (cardI)In2.

Using the previous inequalities on card I and card Ey, we obtain

H?(nA)™  In P(W(9nA, $(n),()) > H*(mA")~ In P(W(0mA',¢'(m), (")) +
c(¢, ¢ A ANYHE(A) Y (m/n + 1/m + 1/n?) In(1 — p) — HZ(mA")1In2.

Sending successively n to co and then m to co yields

lim inf H2(nA)™! In P(W(dnA, $(n),())
> limsup H2(mA") ™' In P(W (8mA’, ¢'(m), ("))

m—o0

which implies the result of the Proposition, since the inequality is valid for all rect-
angles A, A’ such that nor A = nor A’ = w, H2(A) > 0, H?(4') > 0, for all func-
tions ¢(n), ¢'(n) going to oo as n goes to oo and for all {,(’ larger than 5. O

5.2. Properties

The surface tension 7 inherits automatically some symmetry properties from the
model. For instance, if f is a linear isometry of R? such that f(0) = 0 and f(Z3) = Z3
then 7o f = 7. Besides, the surface tension 7 satisfies another important inequality
called the weak triangle inequality. For details and results concerning this kind of
inequalities, see [32,55,56].

Proposition 5.3. (Weak triangle inequality)
Let (ABC) be a non-degenerate triangle in R® and let va, vp, vc be the exterior
normal unit vectors to the sides [BC], [AC], [AB]. Then

HYBC)r(va) < HY(AC)T(vg) + H (AB)T(vc).

Proof. We consider first the case where BA-BC > 0and CA-CB > 0. Let v be a
unit vector orthogonal to the triangle (ABC) and let €, h be positive with e < 1 < h.
Weset A’ = A+ hv, B = B+ hv, C' = C + hv. Let Ej be the set of the edges
included in

(cyl (Va(8nBCC'B', 4en) N hypnBCC' B') N Vy(hypnBCC' B, g))
U Va(RABC,2¢) U Va(nA'B'C",2¢)
UVa(n[AA],2¢) U Va(n[BB'],2¢) U Va(n[CC"], 2C) .
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There exists a constant ¢(¢) depending on ¢ only such that
card By < ¢(¢)(n*H?*(ABC) + en®(H' (BC) + h) + nh).

Let R° be a rectangle in hyp BCC'B' such that BCC'B’' C R° C V,(BCC'B’, 4e)
and d2(OR®, BCC'B’') > 2¢. For n large enough, so that en > (, if the events

W(ndABB'A',en,(), W(nOACC'A',en,(), {all the edges of Ey are closed }

occur simultaneously, then the event W(OnR®, 0o, () occurs as well; the argument
here is similar to the one used in Proposition 5.2: thanks to the hypothesis BA -
BC >0,CA-CB > 0, the set Vo(nABB'A' UnACC'A’,en) is included in the set
Va(cyl nBCC'B’,en) and does not intersect Va(cyl0nR®, (), so that the separating
sets will be correctly localized to match the definition of the event W(ndR®, oo, ().
By the FKG inequality, this inclusion implies

(1—p)°@d Eop(W (ndABB' A, en, ¢)) P(W (nOACC' A, en, ¢)) < P(W (ndR®,00,()).
Using the estimation of card Ey and Proposition 5.2, we get
H2(R®)T(va) < H*(ABB'A")1(vc) + H2(ACC' AT (vB)

—c(¢) (H*(ABC) + (H*(BC) + h)e)In(1 - p) .

Letting first h go to oo and then € go to 0 yields the weak triangle inequality for the
triangle (ABC).

Let now A, B, C be three points such that BA- BC < 0, CA-CB > 0. Let D be the
orthogonal projection of B on [AC]. Then BC-BD >0, DB-DA =0, BA-BD > 0.
We apply the weak triangle inequality to the triangles (BC D) and (BDA):

HY(BC)1(va) < HY(BD)7(vep) + HY(DC)7(vB),
H'(BD)1(vep) < HY(AB)T(vo) + H(AD)T(vB),
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va

Figure 6: a triangle with BA-BC <0

where vpp is a unit vector orthogonal to [BD]. Combining the two inequalities, we
get the weak triangle inequality for the triangle (ABC). The case BA - BC > 0,
CA-CB < 0is similar. O

The weak triangle inequality implies a lot of nice properties for the surface tension.
Corollary 5.4. The homogeneous extension 1o of T to R® defined by

Vuw e R ro(w) = { |wlzT(w/lwl2)  f w#0
0 ifw=20
is a convex function.
The convexity of 79 is in fact equivalent to the weak triangle inequality.
Corollary 5.5. The surface tension 7 is bounded and continuous.

Proof. Let w be a unit vector and let A be a unit square orthogonal to w. Let
E(n) be the set of the edges included in cylnA N Va(hypnA,5). Then card E(n) <
72(n + 2)? and

P(W(8nA,0,5)) > P(the edges of E(n) are closed) > (1 — p)card E(n)

Passing to the limit, we get 7(w) < —721n(1 — p). Since 7y is homogeneous, convex
(Corollary 5.4) and bounded on S2, it is finite everywhere. By a standard result
of convex analysis [63, Corollary 10.1.1], it follows that 7y is continuous, as well
asT. O

The next Corollary is a consequence of [32, Theorem 3.1]: the weak triangle
inequality automatically implies the weak simplex inequality.

Corollary 5.6. (Weak simplex inequality)
Let (ABCD) be a non—degenerate pyramid in R3. Let va, vg, vc, vp be the external
unit normal vectors to the faces (BCD), (ACD), (ABD), (ABC). Then

H2(BCD)71(va) < H2*(ABC)1(vp) + H2(ACD)1(vg) + H2(ABD)1(1vC) .
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Corollary 5.7. For any fized value of p in the supercritical regime p > p., the
surface tension 7 : S? — RT is bounded away from 0.

Proof. Aizenman, Chayes, Chayes, Frohlich and Russo have proved that 7(1,0,0)
is positive in the supercritical regime p > p. (see [1, Theorem 1.1]). Suppose that
7(v) = 0 for some v in S2. Let fi, f> be two linear isometries of R® such that
f1(0) = £2(0) = 0, f1(Z3) = f2(Z3) = Z3 and (f1(v), f2(v),v) is an orthonormal
basis of R3. Then 7(f;(v)) = 7(f2(v)) = 0. Applying the weak simplex inequality
to a pyramid having for basis a triangle orthogonal to (1,0, 0) and whose three other
faces are orthogonal to fi(v), f2(v), v, we obtain that 7(1,0,0) = 0, a contradiction.
Thus the surface tension 7 does not vanish on S2. By Corollary 5.5, T is continuous
on S2. Therefore 7 is bounded away from 0 on S2. O

The previous properties of 7 can equivalently be described through its Wulff
crystal

W, ={zeR :z-w<7(w) for all win S?}.

Corollary 5.8. The Wulff crystal W, associated to T is bounded, closed, convex
and contains 0 in its interior. If f is a linear isometry of R® such that f(0) = 0 and
f(Z3) = Z3 then f(W.) = W;. The surface tension T is the support function of its
Wulff crystal, i.e.,

YveS? 7(v) =sup{z-v:zeW,}.

These properties are equivalent to the symmetry properties of 7 and Corollar-
ies 5.4,5.5,5.7. The function 7 is the support function of W, because 1y is convex
and coincides with its bipolar, see for instance [63, Corollary 13.2.1], [37, Proposi-
tion 3.5] or [32, Theorem 2.1, Corollary 3.6].

5.3. Separating sets

With the help of the surface tension, we estimate next the probability of the
occurrence of a separating set of closed edges near an hyperplane.

Definition 5.9. Let A be a planar set in R® and let 7 be positive. We denote by
S(A,r) the event that there exists a set of closed edges in cyl AN Vs (hyp A, r) which
separates oo in cyl 4, that is,

S(A,7) = {weN:IE CE(cyl AN Va(hyp A4,71)),
Vee E w(e) =0, E separates coin cyl A }.
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Lemma 5.10. There ezists a positive constant c(p, () depending on p and { only
such that, for any x in R®, for any orthonormal basis u,v,w of R® and for any
positive T,08,

lim sup %2 In P(S(nsquare (z,u,v,8),nr)) < —7(w)é? + ¢(p,¢)rd .
n—o0

Proof. Let ¢ be positive smaller than both § and r and let n be an integer such
that ne > 2(. Let Ey be the set of the edges included in

(V2 (cylndsquare (z, u,v,d), ) N Va(hyp (nz, w), nr)) U
(cyl (nsquare (z,u,v,d + €) \ nsquare (z, u,v,d)) N Vo (hyp (nz, w), C)) .

Suppose that the event S(nsquare(z,u,v,d8),nr) occurs, and let Es be a set of
closed edges realizing it. Suppose also that all the edges of Ey are closed. De-
fine E = Ey U Egs. We claim that the set of closed edges E realizes the event
W (dnsquare (z,u,v,d + €),nr). Firstly, E C Va(hyp (nz,w),nr). Secondly,

E N Vy(cyl Onsquare (z,u,v,8 +¢€),¢) C
Eo N Vs (cyl Onsquare (z,u,v,d +€),() C Va(hyp (nz,w),().

Thirdly, let a in hyp (nz,w) and let zq, ..., z; be a path in cyl nsquare (z,u, v, +¢)
joining two sites zo, z; such that (zg — a) -w < —nr and (z; — a) - w > nr. Suppose
that this path does not meet E. Let

tio=min{i: (z; —a)-w>nr}—1, 4 =max{i<iz:(z;—a)- w<-nr}+1.
Then the vertices of the subpath
Y(21,92) = Tiq, .-, Tiy
belong to Va(hyp (nz,w),nr). Yet the edges of Ey separate the sets
cyl (nsquare (z,u,v,d + €) \ nsquare (z,u,v,6)), cyl nsquare (z,u,v,d)

inside Vs (hyp (nz,w),nr). Two cases are possible.

e The subpath v(i;,%2) is included in cyl (nsquare (z, u, v, § +¢€) \ nsquare (z,u, v, §)).
However Ey separates {y: (y —a)-w < —(} and {y: (y —a)-w > { } in this set.
Thus this case cannot occur.

e The subpath ~y(i1,i2) is included in cyl nsquare (z,u,v,d). Because no edge of
v(i1,1%2) belongs to Ey, the edges (z;, , i, +1) and (4,1, Z;,) are not in Ey. However
they are in Vs (hyp (nz,w),nr), whence

d2({$i1,$i2}, R \ cyl nsquare (x,u,v,&)) >(¢-1,
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and both z;, 1 and z;, 11 also belong to cyl nsquare (z,u,v,d). Thus the path

Tiy—1, (zi1—171"i1)?7(i17i2)7 (IE,‘Z,IL'Z'2+1), Tiz+1

joins slab (nz,w, —oo, —nr) and slab (nz, w, +nr, +00) inside cyl nsquare (z, u, v, §)
without meeting Es. This contradicts the fact that the set of edges Es separates co
in cyl msquare (z,u,v,d) (recall that Es C Va(hyp (nz,w),nr)). Thus there exists
no path in the graph

(Z3(cyl nsquare (z,u,v,8 + ¢€)), E? (cyl nsquare (z,u,v,8 +¢€)) \ E)

joining slab (a,w, —co, —nr) and slab (a, w,nr,+00). We conclude that the set E
separates oo in cyl nsquare (z,u,v,d + €) and

{w:Ve€ Ey w(e)=0}nNS(nsquare(z,u,v,8),nr) C
W (Onsquare (z,u,v,0 + €),nr) .

Since all these events are decreasing, by the FKG inequality,
P(S(nsquare (z,u,v,8),nr)) (1 — p)®4¥o < P(W (dnsquare (z,u,v, + €),nr)) .

There exists a constant ¢(¢) such that card Eg < ¢(¢)n?6(r + €), whence, passing to
the logarithm,

In P(S(nsquare (z,u,v,d),nr)) < In P(W (dnsquare (z,u,v,d + €),nr))
—c(Q)n?é(r + ) In(1 - p).

Letting n go to oo, applying Proposition 5.2, and sending € to 0, we obtain the
desired inequality. O

Remark. If A;,..., A, are [ disjoint subsets of a planar set A of R®, then, for any
positive r, the sets cyl (41,7),...,cyl(A;,r) are pairwise disjoint, hence the events
S(Ai,r),...,S(A;,r) are independent so that

P(5(4,7)) < P(S(A1,7)) x - x P(S(A,7))

Lemma 5.11. Let O be a planar open set in R® and let ¢(n) be a function from N
to RY U {oo} such that lim,_,o ¢(n) = co. We have

lim inf %2 In P(S(nO, $(n))) > —H2(0) r(nor O).

Proof. Let z belong to O and let (u,v) be an orthonormal basis of hyp O. Let &
be positive and set

M(8) = {(i,j) € Z* : square (x + 6(iu + jv),u,v,0) NO # @ }.
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We see that the set

U square (z + 0(iu + jv), u,v,0)
(4,5) €M ()

contains the set O. Let E be the set of the edges included in the union

U Vs (cyl Onsquare (z + d(iu + jv), u,v,98),¢ + 2) N Va(hypnO,{ + 2) .
(3,5)eM(3)

There exists a constant ¢(¢) such that card E < ¢(¢)nd card M (§). If all the events
W (Onsquare (z + 8(iu + jv),u,v,6),¢(n)), (z,7) € M(9),

occur and all the edges of E are closed, then S(nO, ¢(n)) occurs as well, provided n
is large enough so that ¢(n) > ¢ + 2 (the proof of this assertion is similar to the one
done in the course of the proof of Proposition 5.2). By the FKG inequality,

P(S(n0, ¢(n))) > (1—p)rd¥ H P(W(ansquare(m+(5(iu+jv),u,v,5),(;S(n)))
(4,5)EM(5)

whence, by Proposition 5.2,
lirginf %2 In P(S(nO, ¢(n))) > —7(nor O) §*card M(6).

However, we have H2(0) = infs~q6%card M (6) = lims_ 6%2card M (§) . Sending §
to zero in the previous inequality, we obtain the claim of the Lemma. O

Lemma 5.12. There exists a positive constant c((,p) depending on ( and p only
such that, for any planar open set O in R3, for any positive r,

lim sup lQ In P(S(nO,nr)) <
n—oo N

—H2(0)7(nor O) + ¢(¢, p) ;2% (1"5_17{2(0) +H2({zx € O : da(z,00) < 26})) .
Proof. Let z belong to O and let (u,v) be an orthonormal basis of hyp O. Let §,¢
be positive with £ < § and set

N(6) = {(i,5) € Z*: square (z + d(3u + jv),u,v,0) CO}.
Since

S(nO,nr) C ﬂ S(nsquare (z + 6(iu + jv),u,v,8 — €),nr)
(4,5)EN(3)
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and since the sets square (z + d(iu + jv),u,v,d — ¢), (i,5) € N(J), are pairwise
disjoint, then, using the independence of the associated events,

P(S(nO,nr)) < H P(S(nsquare (z + d(iu + jv),u,v,8 —€),nr)).
(4,5)EN(d)

Lemma, 5.10 then implies
lim sup %2 In P(S(nO,nr)) < —7(nor O) (6—¢)*card N (6) + c(p, ¢) 7(6—¢) card N (8).
n—o0

We let £ go to 0 in this inequality. The fact that 7 is bounded on S? (the bound
depending only on p), together with the inequalities

H:({x € O :dy(x,00) >26}) < §*card N(8) < H?*(O)

yield the desired result. O
Corollary 5.13. For O a planar open set in R® such that H*(00) =0,

1 1
liITn_}(Illf linrr_1>i01<1)f e In P(S(nO,nr)) = lir:lj(l)lp li:ln_)solcl)p 2 In P(S(nO,nr))

= —H2(0)7(nor O) .

Corollary 5.14. There exists a positive constant c(C,p) such that, for any = in R?,
any positive p,n with n < p, any w in S2,

lim sup —, In P(S(ndlisc (2, p,w),m0)) < —7(w)mp? (1 = (G, P)V/TP)

Proof. We apply Lemma 5.12 with O = disc (z, p, w), 7 = 1 and we choose § = /p7.
We use also the fact that 7 is bounded away from 0 (Corollary 5.7). O
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CHAPTER 6

THE SURFACE ENERGY OF A CACCIOPPOLI SET

In this chapter we first recall some facts concerning the class of the Caccioppoli
sets, introduced by Caccioppoli and subsequently studied by De Giorgi. Next, we
define the surface energy associated to the surface tension of the model. We prove
then two important approximation results.

6.1. Caccioppoli sets

For a complete account of the theory of Caccioppoli sets, see the references
[24,25,26,27,33,35,41,52,77]. The perimeter of a Borel set E of R® in an open set O
is defined as

P(E,O) = sup { /Edivg(z) dc3(z) : g € C§°(0, B(0, 1))}

where C§° (O, B(0, 1)) is the set of the C* vector functions from R® to B(0, 1) having
a compact support included in O and div is the usual divergence operator. We define
also P(E) = P(E,R?). The set E is said to have finite perimeter in an open set O
if P(E,O) is finite. The set E is said to be of locally finite perimeter or to be a
Caccioppoli set if P(E,O) is finite for every bounded open set O of R®. The set E
is of finite perimeter if P(E) = P(E,R?) is finite. A set E has finite perimeter in
an open set O if and only if its characteristic function xg is a function of bounded
variation in O. The distributional derivative Vxg of xg is then a vector Radon
measure and P(E,0) = ||VxEg||(O), where ||[VxEg|| is the total variation measure
of Vxg. The perimeter P is lower semicontinuous on the space (B(R?®),L{ ): if
(En)nen is a sequence of sets in B(R®) converging towards a set E in L] ., then
P(E,O) < liminf,,_,o P(En,O) for any open set O.

Compactness property. For every bounded domain U and every A > 0, the
collection of sets { E € B(U) : P(E) < A} is compact for the topology L.

This result is crucial for our purposes. Indeed, this compactness property replaces in
dimension three the combinatorial bound associated to skeletons in dimension two.
Let us quote the original formulation of [27], Teorema 2.4, or [25], Teorema I.
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Theorem 6.1. Dati un insieme limitato L C R3, un numero positivo p, ed una
successione {Ep} di insiemi verificante le condizioni

E,CL, P(ER) <p, h=1,2,...

esistono un insieme E C R ed una successione {Ep,} subordinata alla successione
{EWn}, tali che risulti:

lim mis(E — Ep;) + mis(Ep, — E) = 0.
1—00

The compactness property is also an immediate consequence of the compactness The-
orem stated in [52], chapter 2, p.70. Modern presentations are formulated through
functions of bounded variations: if O is an open bounded domain with sufficiently
regular boundary (say C'), then a set of functions in L!(O) uniformly bounded in
BV-norm is relatively compact in L!(O) (see any of the following references: [33],
Section 5.2.3, [41], Theorem 1.19, [77], Corollary 5.3.4). To deduce the compactness
result on sets of finite perimeter, we choose an open bounded domain O with regular
boundary containing U in its interior. We embed B(U) in L'(O) by associating to
a Borel set E of B(U) its characteristic function xg and we simply remark that the
set {xg : E € B(U) } is a closed subset of L(O).

Let E be a Caccioppoli set. Its reduced boundary 0*E consists of the points = such
that

e ||VxEe|l(B(z,7)) >0 for any r > 0,

o if v (z) = —Vxe(B(z,7))/||VxEe||(B(z,r)) then, as r goes to 0, v,(x) converges
towards a limit vg(z) such that |vg(z)|2 = 1.

For a point z belonging to 0*E, the vector vg(z) is called the generalized exterior
normal to E at . A unit vector v is called the measure theoretic exterior normal
to E at z if

lim r3L3(B_(z,r,v) \E) = 0, limr 3L3(Bs(z,m,v)NE) = 0.
r—0 r—0

At each point x of the reduced boundary 9*F of E, the generalized exterior nor-
mal vg(z) is also the measure theoretic exterior normal to E at z and moreover

Ve>0  lim (nr*) ' H? (O*EN{y € B(z,7) : |(y—2)-vp(z)| <ely—z|2 }) = 1,
for #? almost all z in O*E, lim (7r?) " 'H%3(B(z,r) NO*E) = 1.

The map = € 8*E + vg(z) € S? is ||Vxk|| measurable. For any Borel set A of R®,

IVXElI(4) = HAAND'E),  Vxg(A) = /A (@) dH (@)

O*E
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Let f : 0*E — R be a ||VxEg|| measurable bounded function. By the Besicovitch
differentiation Theorem [6,11] applied to the measure ||Vxg]||, for H? almost all z
in 8*E, )

. 20\ —

im  — B(myr)naé(y) dH*(y) = f(z).
Remark. The version of the differentiation Theorem for a general measure is due
to Younovitch [76] and Besicovitch [11, 12]. The classical textbooks on measure
theory usually propose very general versions of this Theorem (see for instance [44,
Section 10.3, Theorem 1] or [35, Theorem 2.9.8]). Here we need only the version
dealing with radon measures and Euclidean balls in R® [77, Theorem 1.3.8]. Assouad
and Quentin de Gromard [6] propose a proof of this result which is considerably
simpler than the original proof of Besicovitch or its modern versions.

The reduced boundary §*E is countably 2-rectifiable, that is 0*E C N U |J;cy M.
where H2(N) = 0 and each M; is a 2-dimensional embedded C* submanifold of R3

Remark. Since the reduced boundary is 2-rectifiable, some of the previous density
and differentiation results follow from more general results of the theory of rectifiable
sets. For instance, [35, Theorem 3.2.19] implies that *F has 2 dimensional density 1
at H? almost all its points. Whenever E is a set of finite perimeter, the balls B(z, ),
xz € 8*E, r > 0, are a H? Vitali relation in the sense of Federer [35, 2.8.16] and we
can apply the results of [35, chapter 2.9] to the space 8*F endowed with the induced
Euclidean metric; for instance the above statement on the differentiation of integrals
is implied by [35, Theorem 2.9.8], or even by the fact that a ||Vxg|| measurable map
is approximatively continuous ||Vxg|| almost everywhere {35, Corollary 2.9.13].

Next, we state a useful result (see [41, remark 2.14]). If E is a Caccioppoli set, then
for any z in R® and for ! almost all positive radius r,

P(EN B(z,r)) = P(E,int B(z,r)) + H*(EN8B(z,r)).
We recall finally the isoperimetric inequality and the Gauss—Green Theorem. There
exist two constants biso, Ciso depending only upon the dimension such that, for any

Caccioppoli set E, any ball B(z,r),

min (£3(E N B(z,r)), L2(R®* \ E) N B(z,7))) < biso P(E,int B(z,r))*/?,
min (C3(E), C3(R® \ E)) < ciso P(E)*/2.

For any function f in C}(R*,R%), any Caccioppoli set E,

/ div f(z) dC3@) = [ f(2) - ve(z) dH2(z).

o*E
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6.2. The surface energy

The results of this section and the following one are valid for any function 7
from S? to R* satisfying the following hypothesis.

Hypothesis on 7. The homogeneous extension 7 of 7 to R® defined by

|z|2m(x/]|z]2) fxz#0

VzeR® To(x) = {
o(@) 0 if £ =0
is convex. The minimum 7y, = inf{7(v) : v € S?} of 7 on S? is positive.

Remark. The above hypothesis implies in particular that 7 is continuous. Indeed,
the function 7¢ is convex and finite everywhere.

Remark. By Corollaries 5.4,5.5,5.7, the surface tension 7 extracted from the three
dimensional Bernoulli percolation model satisfies the above hypothesis.

The Wulff crystal of 7 is the set
W, ={zeR:z-w<7(w)forallwin S?}.

Since 7 is continuous and bounded away from 0 then its crystal W; is convex, closed,
bounded and contains the origin 0 in its interior [37, Proposition 3.5]. Moreover
is the support function of W, , that is,

Vv e S? 7(v) = sup{z-v:z €W, }.

This last property stems from the fact that 79 coincides with its bipolar (this is not
true in general, if 7o is not convex). For more details and the proofs of the above
facts, see [37].

Definition 6.2. The surface energy Z(A,O) of a Borel set A of R? in an open
set O is defined as

7(4,0) = sup / divf(z)dL*(2) : f € CHO.W,) }
A
where C} (0, W;) is the set of the C! vector functions defined on R® with values in

W: having compact support included in O and div is the usual divergence operator.
We define also Z(A) = Z(A, R3).

For a fixed function f in C}(O,W;), the map
A (BE), k)~ [ divf(@)de(@)
A

is continuous. Thus Z(-,0), being the supremum of all these maps, is lower semi-
continuous.
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Lemma 6.3. Setting Timin = inf {7(v) : v € S?}, we have for any open set O

VAEBER)  mminP(4,0) < I(4,0) < |I7l|P(4,0).

Proof. The hypothesis on 7 implies that the crystal W, is bounded and contains
the origin 0 in its interior. More precisely, B(0, Tmin) C Wy C B(0,||7||c0) - Indeed,
let = belong to B(0, Tmin). Then for any v in S%, z-v < 7yin < 7(v), hence x belongs
to W;. Let  belong to W,. Then |z|; = sup{z-v: v € S?} < ||7||co and z belongs
to B(0,]|7]|e). Considering the definitions of P(A,O) and I(A,O), the desired
inequalities follow easily. [

Corollary 6.4. The functional I is a good rate function on the space (B(R?), L. ),

i.e., for any X in RY, the level set {E € B(R®) : Z(E) < A} is compact for the
topology L

loc*

Proof. Let X be positive and let (E,)nen be a sequence of Borel subsets of B(R3)
such that Z(E,) < A for any n in N. By Lemma 6.3, together with the identity on
the perimeter recalled previously, for any n in N, and H! almost all positive ,

P(En N B(0,r)) = P(En,int B(0,r)) + H2(En NB(0,r)) < ||7|loo(A + 4772) .

Let (7m)men be an increasing sequence of positive real numbers going to oo and
such that
Vn,méeN P(E,NB0,7)) < ||T]|loo(A + 4772,).

By the compactness property (Theorem 6.1), for each m, there exists a Borel subset
An, of B(0,r,,) and a subsequence of (E,)neN converging to A,,. By a standard
diagonal argument, we may extract a subsequence (Eg(n))nen such that:

vmeN m L% 0,rm) (BonyAAm) = 0.
In particular,
VmeN Lo, (Amt184m) = 0.

Let A= ,,enAm- The previous identities imply that the subsequence (Ey(n))nen
converges towards A for the topology Li .. Since Z is lower semicontinuous, the
set A satisfies in addition Z(4) < A. O

We show now that the surface energy is the surface integral of 7 on the reduced
boundary.

Proposition 6.5. The surface energy Z(A,O) of a Borel set A of R® of finite
perimeter in an open set O is equal to

I(4,0) = /

o*

T(va(z)) dH?(z) .
ANO
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Proof. Let A be a Borel subset of R? of finite perimeter in O, i.e., P(A, O) is finite
and is equal to H2(8*A N O). By the Gauss—Green Theorem, for any function f in
Cs(O,R?),

/ div f(z) dC3(z) = / f(z) - va(z) dH?(z) .
A 8*A

Taking the supremum over all functions f in C} (O, W, ) yields

I(A,0) = sup{ /6% f(z) - va(z)dH?(z) : f € C3(O,W;) }

Thus,

24,0) < [ sup y-val) (@) = [ rwa@) d(a).
O*ANO YEW- 8*ANO

Conversely, let £ belong to ]0,1/2[. For #? almost all z in 8*AN O,
li_r’% (7r?)"*H?(B(z,7) N 0*A) = 1.

Let 0**A be the points of 0*A N O where the above property holds. For any z in
O**A, there exists a positive ry(z,€) such that B(z,r1(x,e)) C O and

Vr <ri(z,e) |H2(B(:c,r) No*A) — 7rr2| < emr?.

By Egoroff Theorem [65, Chapter 3, Exercise 16], there exists a compact set C
included in 8**4 such that H2(8*ANO\ C) < € and Vxa(B(z,7))/||Vxal|(B(z,r))
converges uniformly on C towards v4(z) as r goes to 0; then the restriction of v4 to
C is continuous. Since 7 is also continuous, then for any z in C, there exists ra(z,€)
positive such that

Vye CNB(z,ra(z,e))  |valy) —va@)e <e, |t(va(y)) —1(va(z))l2 <e.

The family of balls B(z,r), z € C, r < min(r;(z,€),r2(z,€)), is a Vitali relation for
C. By the Vitali covering Theorem for H2 [34, Theorem 1.10, or chapter 4], we may
select a finite or countable collection of disjoint balls B(z;,r;), i € I, such that: for
any i in I, z; belongs to C, r; < min(ry(z,€),72(z,€)) and

either 7-[2(0\ UB(wi,ri)) =0 or er = 00.

i€l iel
Because for each i in I, r; is smaller than 7 (z,¢),
(1-¢)) mr} < H*(BANO) = P(4,0) < oo

i€l
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and therefore the first case occurs, so that we may select a finite subset J of I such
that
2 (C\ U B(zi,ri)) <e.
ieJ

Since 7 is the support function of W;, then for each 7 in J there exists a vector y;
in W; such that y; - va(z;) = 7(va(z;)). The balls B(z;,r;), ¢ € J, being closed and
disjoint, certainly there exists a function f in C}(O,W;) such that

ViedJ VZL‘EB(:Z:,',T,') f(I,):y,,

For such a function f,

[ 1@ va@dr @) - [ rwae) i)
O*A 9*ANO
< 2rllt2@AN 0N C) +| [ (7(&) - va(o) = r0a(@)) (@)

< 2|7l (H2@*AN O\ C) +#H2 (C\ | Blai, 1)) )
i€J

T e —rtestem) e

For i in J and z in B(z;,r;) N C, because r; < min(ry(z;, ), r2(x;,€)),

lyiva(e)-T(wa(@))| < lyi-(wale)—va(z:))|+7(va(z:))-m(va(@))| < (|I7llot1)e.

Integrating these inequalities,

’/ f(z)-va(z) dH?(z) — / T(va(z)) dH?(z)
8*A 8*ANO
< 4el|]loo + € (|I7]loo + HH?(8*ANO),

whence

T(4,0) 2 [ r(va(e) d4(@) ~delrllz = (Irlloo + P(4,0).

Letting € go to zero, we obtain the converse inequality and the claim of the Propo-
sition. O

We next state an approximation result used for proving the large deviation upper
bound.
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Lemma 6.6. Let A be a Caccioppoli set having finite perimeter in an open subset O
of R3. For any positive €,8, there exists a finite collection of disjoint balls B(x;,r;),
i € I, such that: for any i in I, z; belongs to 0*A, r; belongs to 10,1[, B(zi,r;) is
included in O,

L3((AN B(s,7:))AB_ (4,73, va(zs))) < 0713,
’I(A, 0) = 3 mrir(va(ai))

i€l

< e.

Remark. It is logically equivalent to state the result with § = . However, in the
course of the proof of the large deviation upper bound, we will first fix £ positive,
and then apply the above result with a positive 6 smaller than some §; depending
on €.

Proof. Let €,4 be positive, with € < 1/2. Because a generalized normal vector is
also a measure theoretic normal, for any = in 8*A, there exists a positive r(z, )
such that, for any r < r1(z,9),

L3((AN B(z,r))AB_(z,r,va(z))) < 6713,

The map z € 8*A — v4(z) € S? is measurable with respect to the measure H?|g«a.
Using the results stated in the section on Caccioppoli sets (at the beginning of
chapter 6), for 12 almost all z in 6*A,

: 2y—17,2 A\
71‘11'% (7r®)""H*(B(z,r) NO%A) = 1,
lim — T(va(®)dH?(y) = T(va(z)).
b o f T = T0a@)

Let 0**A be the set of the points of 9*A where the two preceding identities hold
simultaneously. Clearly H2(8*A \ 8**A) = 0. For any z in 0**A, there exists a
positive r2(z, €) such that, for any r < ra(x,€),

|H2(B(z,r) N 8*A) — 7r?| < enr?,
S rae) ) - rea@)| < e
B

wr? (z,r)NO*A
The family of balls B(z,r), z € 8**AN 0, r < min (ry(z,6),72(z,€), 1,ds(x,00)), is
a Vitali relation for 8**A N O. By the Vitali covering Theorem for H? [34, The-
orem 1.10, or chapter 4], we may select a finite or countable collection of dis-
joint balls B(z;,7;), ¢ € I, such that: for any 7 in I, z; belongs to 8**A N O,
r; < min (r1(z;,0),72(2i,€), 1, d2(z;,00)) and

either H2((6**AOO)\UB(J:,-,T,~)) =0 o S r=c.

i€l iel
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By hypothesis, P(4,0) = H?(8*A N O) is finite. For each i in I, r; is smaller than
ro(z;,€), whence
1-e¢) Zﬂ'r? < H2(O*™ANO) < oo
i€l
and therefore the first case occurs, so that we may select a finite subset J of I such
that
2 ((a**A no)\ | B, ri)) < eH2(O™ANO).
ieJ
We claim that the collection of balls B(z;,7;),¢ € J, enjoys the desired properties.
Indeed, there is only the last condition to be checked:

< /( ) 7(va(z)) dH2 (z)

[7(4,0) = 3 wrir(va(@)
ied **ANO)N\U; ¢ s B(zi,Ti)

+ Z ’/6 T(va(z)) dH?(z) — mr2T(va(z;))|-

iceJ *“AOB(Z,',T,')

The first integral of the right-hand member is less than € #2(0**A N O)||7||0o. For i
in J,

| / T(va(2)) dH? (2) = 7ri1(va(@s))| < emr? < 2eH2(B(ai,ri) N 9™A)
8**ANB(z;,ri)

whence by summing over 4 in J,

3 \ / r(va(e)) dH?(z) — mfr(m(xi))l < 26 H2(O**AN O).
ieJ (9*"AI"‘IB(.’E,',7’¢)

Putting these inequalities together,

II(A, 0) - Z areT(va(z:))

i€J

< eP(4,0)(|I7]lo +2).

Since (||7||oo + 2)P (A4, O) does not depend on &, we have the required estimate. O

The next Lemma bounds the surface energy of a Caccioppoli set intersected with
a ball.

Lemma 6.7. Let A be a Caccioppoli set. For x in R®, for H' almost all positive
radius T,

IZ(ANB(z,r)) < Z(A,int B(z,7)) + ||7||leoH?(ANOB(z,r)).
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Proof. Since 0 (A N B(z,r)) Nint B(z,r) = 0*ANint B(z,r) and vanp(e,r)(y) =
va(y) for y in int B(z, ), using Proposition 6.5,

I(An Bz, r)) = / (VanB(em ) dH2 @)
*(ANB(z,r))

< I(A4,int B(z,r)) + |||l ®*(8*(AN B(z,7)) N 0B(z,7)) .
Next, for H! almost all positive r (see the beginning of chapter 6 or [41, remark 2.14]),

H?(0(AN B(z,7)) N8B(z,r)) = P(AN B(x,r)) — P(4,int B(z,r))
= H?*(ANOB(z,7)).

Combining these inequalities, the result follows. O

In the remaining of the section we state an important approximation result which
is the key for the proof of the large deviation lower bound.

Proposition 6.8. Fvery bounded Caccioppoli set A can be approximated by a
sequence (An)nen of bounded C™° sets such that

lim £3(4,AA) =0, lim Z(A,) = Z(A).
n—ro0 n—oo

Proof. This result is a slight generalization of the corresponding result for the
perimeters [41, Theorem 1.24]. Because the proof is quite long, we only sketch the
essential points: it consists in adapting some minor details of [41, Theorem 1.24].
One needs a slight extension of the coarea formula [73]: for any function f of bounded
variation,
+oo
I(f):/ I({zeR: f(z) <t})dt.
— 00

(For the definition of Z(f), replace x4 by f in the definition of Z). The first step con-
sists in approximating the characteristic function x4 by a regular function through
a smoothing procedure (convolution with a mollifier) to obtain a sequence of C'*®
functions (fn)nen with values in [0, 1] such that

Jim [ 1fa(@) ~ xa(@) de*(@) = 0, lim T(f) = T(4).

The lower semicontinuity of Z and the coarea formula imply that for H' almost all ¢
in 10, 1]
lim inf I({z€R: fo(z) <t}) = I(A).

By the Sard Lemma, for H' almost all ¢ in ]0, 1[, the boundary of the set {z € R? :
fa(z) < t} is regular. Thus we may choose a value of ¢ in |0, 1] such that the sets
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{z € R : fo(z) < t}, n €N, are all C*® and the infimum limit of the sequence
(Z({z € R : fo(x) < t}))nen is Z(A). The sequence ({z € R® : fo(z) < t})nen
then contains a subsequence having the desired properties. [

A nice consequence of Proposition 6.8 is that Z can alternatively be defined by
Z(A) = inf { lim inf / r(va, (z)) dH2(z) }
n—roo 6An

where the infimum is taken over all the sequences of C*® sets (Ap)nen converging
towards A in L] .. Thus Z is the largest lower semicontinuous functional extending
the surface integral A — [, 7(va(z)) dH?(x) from the C* sets to the Borel sets.
To prove the large deviation lower bound, we will need another kind of approxi-
mation result, namely we will need to approximate the sets of finite perimeter with
polyhedral sets. A Borel subset of R?® is polyhedral if its boundary is included in

the union of a finite number of hyperplanes of R3.

Proposition 6.9. Let A be a set of finite perimeter in R®. There exists a sequence
(Ap)nen of polyhedral sets of R® converging to A for the topology L' such that Z(Ay)
converges to Z(A) as n goes to co.

Remark. We might assume in addition that the approximating sets (Ay,)nen are
open, connected and that they contain the origin: by adding threads having arbi-
trary small surface and volume, it is possible to connect together a finite number
of polyhedral connected sets and to include a neighbourhood of the origin. In case
L£3(A) is finite, we might also assume that the sets (4, )nen are bounded.

Remark. This result yields a definition of the surface energy analogous to the
original definition of the perimeter proposed by Caccioppoli [15,16], as the infimum
of the limits of the perimeters of polyhedral approximations.

Remark. For the particular case 7 = 1, this result has been originally proved by
De Giorgi [24]. Below we propose a different proof, with a special emphasis on the
way to approximate a set limited by an hypersurface with a polyhedral set.

Proof. Let A be a set of finite perimeter. By the isoperimetric inequality, either
L3(A) or L3(R® \ A) is finite. If a sequence (A,)nen converges towards A in L?
then the sequence (R? \ A,)nen converges towards R® \ A in L!. Moreover we have
Z(A) = Z(R® \ A). Hence we need only to consider the case where £3(A) is finite.
For r positive, we set A, = ANB(0,r). Because £3(A) is finite, the set A, converges
towards A for the topology L' as r goes to co. By Lemma 6.7, for 1! almost all r,

I(4,) < / r(va, (@) dH2(z) + |7l HE(ANBB(0, 1))
d*ANint B(0,r)

Let € be positive. Since £3(A) is finite, then {r > 0 : H2(A N B(0,7)) > ¢}
has finite #' measure (less than £3(A)/e). Certainly there exist arbitrarily large

SOCIETE MATHEMATIQUE DE FRANCE 2000



70 CHAPTER 6. THE SURFACE ENERGY OF A CACCIOPPOLI SET

values of r such that the above inequality holds and H2(4A N &B(0,r)) < &, whence
Z(Ay;) < Z(A) +¢€||7||oo- For r large enough, we have also £3(AAA,) < e. Therefore
we need only to prove the approximation result for bounded sets of finite perimeter.
By Proposition 6.8, it is then enough to consider the case of bounded C* sets of
finite perimeter.

The end of the proof uses a technical Lemma, that we state and prove now.

Lemma 6.10. Let T’ be an hypersurface (that is a C' submanifold of R® of codi-
mension 1) and let K be a compact subset of T'. There exists a positive M = M (T, K)
such that:

Ve>0 Ir>0 Vz,ye K lz—yle <r = da(y,tan(l,z)) < Mel|z—yls.

(tan(T', z) is the tangent plane of T at x).

Proof. By a standard compactness argument, it is enough to prove the following
local property:

Veel' 3M(@z)>0 Ve>0 3Ir(z,e) >0 Vy,zeI'nB(z,r(z,z))
dz(y,tan(l’, 2)) < M(z)ely — zl2 -

Indeed, if this property holds, we cover K by the open balls int B(z,r(z,€)/2),
x € K, we extract a finite subcovering int B(z;,7(z;,€)/2), 1 < ¢ < k, and we set

M=max{M(z;):1<i<k}, r=min{r(z;,e)/2:1<i<k}.

Let now y,z belong to K with |y — 2|2 < 7. Let i be such that y belongs to
B(z;,r(x;,€)/2). Since r < r(x,€)/2, then both y, z belong to the ball B(z;,r(z;,€))
and it follows that da(y,tan(I',2)) < M(z;)ely — z|]s < Me |y — z|2.

The proof of the local property relies on a classical lemma of differential calculus
[51, I, 4, Corollary 2], which we state next.

Lemma. Let E,F be two Banach spaces, let U be an open subset of E, x,z in U
such that [z,2]) CU and let f : U — F be a C' map. Then for any y in [z, 2],

|f(2) = f(2) —df (y)(z — 2)| < |2 —z|sup{|df(C) —df(¥)|: (€ [z,2]}.

Proof of Lemma 6.10 continued. We turn now to the proof of the above local
property. Since I' is an hypersurface, for any z in I" there exists a neighbourhood V
of z in R3, a diffeomorphism f : V +— R® of class C! and a two dimensional vector
space Z of R® such that Z N f(V) = f( NV) (see for instance [35, 3.1.19]). Let A
be a compact neighbourhood of z included in V. Since f is a diffeomorphism, the
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maps y € A = df(y) € End(R®), u € f(A4) — df !(u) € End(R®) are continuous.
Therefore they are bounded:

IM>0 VyeAd |df@ll<M, VYuef(4) |l WM

(here ||df(z)]| = sup{|df(z)(¥)|]2 : |yl2 < 1} is the standard operator norm in
End(R3)). Since f(A) is compact, the differential map df ~! is uniformly continuous
on f(A):

Ve>0 356>0 VYu,ve f(A) lu—vla <6 = |ldf tu)-df ()| <e.
Let € be positive and let § be associated to £ as above. Let p be positive and small
enough so that p < §/2 and B(f(z),p) C f(A) (since f is a C* diffeomorphism, f(A)
is a neighbourhood of f(z)). Let r be such that 0 < r < p/M and B(z,r) C A. We
claim that M associated to z and r associated to €,z answer the problem. Let y, 2
belong to I' N B(z,r). Since [y, 2] C B(z,r) C A, and ||df (¢)|| < M on A, then

lf() = f@)2 < My —zla < Mr <p, |f(z)-f(@)l2<p,
F0) = I <5, 1fw) = F)h < Mly = 2la..

We apply next the quoted Lemma to the map f~! and the interval [f(2), f(v)]
(which is included in B(f(z),p) C f(A)) and the point f(2):

ly — 2z —df (£ () (f(y) — ()2 <
|f(y) = f(2)lzsup { [ldf 7' () — df ' (f(2))I| : ¢ € [£(2), FW)]}-

The right-hand member is less than M|y — z|2 €. Since z +df ~1(f(2))(f(y) — f(2))
belongs to tan(T', z), we are done. [

Proof of Proposition 6.9 continued. Let now A be a bounded C* set of finite
perimeter. In particular its boundary O0A is an hypersurface. Since 7 is continuous
and OA is an hypersurface, for any z in 0A,

lim (mr?)"'H%(B(z,r)NOA) =1,
r—0
lim ()7 [ rea@) dH) = rate)).
r—0 B(z,r)NoA
Since H?(0A) is finite, for any z in A, for #' almost all positive r,

H2(OANOB(z,r)) =0.

Let M be associated to A as in Lemma 6.10 (notice that A is compact). We might
assume that M > 1. Let € belong to ]0,1/2[. Let r(0A, ) be associated to dA, ¢ as
in Lemma 6.10. For z in 0A, there exists a positive r(z,€) such that, for r < r(z,¢),

|H2(B(z,r) N OA) — nr?| < enr?,

@ [ rea@) dH ) - @) < e
B(z,r)NdA
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The family of balls
B(z,r), x € 0A, r < min(r(z,¢),r(0A4,¢€),¢), H2(DANOB(z,r)) =0,

is a Vitali relation for the set 9A. By the standard Vitali covering Theorem [34, The-
orem 1.10, or chapter 4], we may select a finite or countable collection of disjoint balls
B(z;,r;),1 € I, such that: forany iin I, z; € 04, 0 < r; < min(r(z;,e),r(04,¢€),¢),
H2(BANIB(x;,75)) =0, and

either  H? (8A\ UB(.z‘i,r,-)) =0 or er = 00.
i€l i€l

Because for each ¢ in I, r; is smaller than r(z;,¢),
(1—¢)) mr} < H*(0A) < o0

i€l
and therefore the first case occurs, so that we may select a finite subset Iy of I such
that

2 (aA\ U B(:c,',r,-)) < eH2(DA).

i€ly
By the very definition of the Hausdorff measure 72, there exists a collection of balls
B(y;,s;j), j € J, such that: for any jin J, y; € 04, 0 <s; <&,

) msh < e(HP(BA) +1),

JEJ
8A\ | int B(zi,r:) C | int B(y;,s;) -
i€lg jeJ

By compactness of 04, we might assume in addition that J is finite. For each 7 in Ip,
let P; be a convex open polygon inside the plane tan(0A, z;) = hyp (z;,va(z;)) such
that

disc (z;, i, va(z;)) C P; C B(zs,ri(1+¢)),
|HY(OP;) — 2mry| < 2emr;, |H2(P;) —nr?| < emrl.

We set a = Me(1+¢) and F; = cyl(clo P;,ar;) for ¢ in Iy. For each j in J, let
Q; be a polyhedral set such that B(y;,s;) C Q; C B(y;,2s;) and H?(0Q;) < 87rs§.
Let T be the set
T = AU UFiuUQj.
i€lp j€J
We claim that T answers the problem. First A C T C V,(A4,2(M + 1)¢€). Secondly

r\Ac JrulJe

i€lp jeJ
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whence

L3T\A) <> 2mri(l+e)ari + Y (4/3)m(2s5)% .

i€lp jeJ
Yet 3 ep, 77 < 2H?(9A) and 3, ; 7s3 < & (H?(OA) + 1) whence

L3(T\ A) < IMH?*(BA)e + 11e (H*(0A) + 1).

We show next that T is polyhedral. Indeed, for i in I, r; is smaller than r(9A4,¢),
so that
Vo € 0ANB(zi,ri) do(z,hyp (zi,va(xi))) < Mel|r — 42
whence 8A N B(z;,7;) C cyl (P, M er;) C int F;. Moreover, letting 8 = V1 — a2,
the disc
G; = disc (z; — ariva(zi), Bri,va(z;))

is included in the interior of A. Indeed, G; is included in B(z;,r;)NOF; and therefore
G; does not intersect A. It is included in int A because v4(z;) is the exterior normal
to A at z;. Since in addition the sets F;, ¢ € Ip, Q;, j € J cover 04,

or c |JoF\GiulaQ;.
i€lo jed
Thus AT is included in a finite union of hyperplanes and 7T is polyhedral. Finally
I(0T) < Y I(OF;\Gi) + Y I(9Q;)

i€lp jeJ

< S ard(L+e)r(wa@) + lirlloo ( Yo ar?d(l+e)a+1+e—p2)+Y swsf.)

i€l i€lp JjeJ
< (14€)Z(A) +4eH2(0A) +||7]| (27—[2(6A) (9Me+e+4M3e?) +8e(H? (0A) + 1)) .
Since M depends on A only, the set T approximates A as required. O

6.3. The Wulff Theorem
We consider the following problem:
(P) minimize Z(E) among all Borel sets E with £3(E) = £L3(W;).

In the case where 7 is constant, the problem (P) reduces to the classical isoperimetric
problem. In the case of anisotropic functions 7, the first attempts to solve (P) are
due to Wulff, at the turn of the century [75]. Later Dinghas [30] proved that, among
convex polyhedra, the Wulff crystal W; is the solution to (P). Taylor obtained
general existence and uniqueness results for (P) in the framework of the Geometric
Measure Theory [69,70,71]. Recently, Fonseca and Miiller reworked and slightly
enhanced these results using the theory of the Caccioppoli sets [36,37,39]. All the
above proofs rely on the Brunn-Minkowski Theorem. We restate next some results
from [36,37,39].
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Theorem 6.11.  For any set E of finite perimeter in R® such that L3(E) =
L3(Wy),

I(E) = / r(vs(e) dH3 (z) > TOW;) = / T(ow, (2)) dH2 (z) .
O*E O*W.,

Theorem 6.12. Let E be a solution of the problem (P). Then E = W, + ¢ up to
a negligible set, where ¢ = L3(W;)™! [pzdL3(x).

Proposition 6.13. If (E,)nen 8 a minimizing sequence of the variational prob-
lem (P), then there exist translations (E, — an)nen such that L2((E, — a,)AW;)
converges to 0 as n goes to co.

Theorems 6.11, 6.12, Proposition 6.13 are specializations to R® of [37, Theo-
rem 4.2], [39, Theorem 3.3], [37, Proposition 5.1].

Corollary 6.14. (Stability of the Wulff crystal)
For any positive §, there exists a positive n such that

inf{I(E) 1 E € BR), L5Wr) < £3(E) < oo, inf LYBA@+W,)) > 5}
>I(Wr)+n.

Proof. If the result was false, there would exist a positive § and a sequence (E,)pnen
such that lim,_,.c Z(E,) = Z(W,) and for all n in N

L2XWr) < L3(Bp) <o, VzeR L3(E,A(z+W;)) >6.

For n in N, let A, = (£L3(W,)/L3(E,))*/®. On one hand, ), is smaller than 1;
on the other hand, by Theorem 6.11, A2Z(E,) = I(M\E,) > Z(W;), so that
liminf, oo A, > 1. Therefore lim,_y00o A, = 1. It follows that (A, Ep)nen is a
minimizing sequence of the problem (P). Yet, for z in R®, using the hypothesis
on E, and the convexity of W,

LY (AnEn)A(z +W;)) > ALY EnAz +Wr)) — L2(AWr)AW,)

>
Taking the infimum over x in R® and passing to the limit, we get

liminf inf £°((AnEn)A(z +Wr)) > 6.

n—oo  g€eR

This stands in contradiction with Proposition 6.13. O
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CHAPTER 7

COARSE GRAINING

In this chapter, we restate some results of Pisztora [60] which are the fundamental
ingredients of our proofs. Next, we give general results for building coarse graining
estimates on the rescaled lattice.

7.1. The results of Pisztora

Let A be a cubic box of diameter n in R®, with sides parallel to the axis. We
consider the configuration w|j restricted to the box A. A cluster of w|j is called
crossing for A if it intersects the 6 faces of JivA. Let g be an increasing function
from N to Rt such that g(n) < n for all n. Let also § be a positive real number.
We consider the configuration restricted to A and the following events:

e U(A) = { there exists a unique open crossing cluster in A, denoted by C*(A) },

e R(A,g(n)) = U(A) N {every open path included in A of diameter larger than g(n)
is included in C*(A) },

e O(A,g(n)) = R(A,g(n)) N {the crossing cluster C*(A) intersects every box of
diameter g(n) contained in A },

e V(A8 =Ul) N {(6—0d)cardA < cardC*(A) < (6 + ) card A }.

Theorem 7.1. Let p > p. be fired. For any z in Z3,

1

limsup = In P(U(A(z,n))°) < 0.
n—oo T

There ezists a constant k = k(p) such that if g(n) > klnn for all n then for any x

in Z3,

1
limsup —
n—o00 g(n)

In P(O(A(z,n),g(n))¢) < 0.

Remark. Since we have the inclusion O(A(z,n),g(n)) C R(A(z,n),g(n)), Theo-
rem 7.1 yields a similar bound for the probability of the event R(A(z,n), g(n)).

Lemma 7.2. Let p belong to [0,1]. For any positive §, any x in Z3,

1
lim sup Fln P(anrdC’ > (0 + 6) card A(z,n)) < 0
C

n—oo

where the summation is over all the open clusters C intersecting &ivA(z,n).
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76 CHAPTER 7. COARSE GRAINING

Lemma 7.3. Let p > p. be fired. For any positive §, any = in Z3,

lim sup l1nP(V(A(ac,n),5)°) <0.

n—oo N

Remark. Theorem 7.1 is a specialization of [60, Theorem 3.1] to the case of three
dimensional Bernoulli bond percolation, whereas Lemmata 7.2 and 7.3 correspond
to [60, Lemmata 5.1 and 5.2]. In this case we have 8/ = 8% (percolation probabil-
ities with free and wired boundary conditions, see the notation of [60]); moreover
Grimmett and Marstrand have proved that the critical value p; (limit of percolation
slab thresholds) coincides with p. (see [43] or the second edition of [42]).

We have slightly altered the notation of [60], by adding the box A in U(A),
R(A, g(n)), O(A,g(n)), V(A,d). The reason is that we will consider these events in
different boxes of the lattice. Since our model is invariant under integer translations,
the probabilities of the events U(z+A), R(z+A, g(n)), O(z+A, g(n)) and V(z+A, d)
are the same for all z in Z3. Notice that all the clusters in the definitions of these
events are clusters of the configuration restricted to the box = + A. Hence the
occurrence of these events depends only on the edges of £ + A and two such events
are independent when their associated boxes have no edges in common. We finally
restate Theorem 7.1 and Lemma 7.3 in a form more convenient for our purposes.

Corollary 7.4. Letp > p. be fired. There exist two positive constants b = b(p),
c = c(p) depending on p such that

VneN VzeZz? P(U(A(z,n))°) < bexp—cn.

Let g be an increasing function from N to Rt such that klnn < g(n) < n for all n
in N, where k = k(p) is the constant given by Theorem 7.1. There exist two positive
constants b = b(p), ¢ = c(p) depending on p only such that

VvneN VzgeZzd
P(R(A(z,n),9(n))°) < P(O(A(z,n),g(n))°) < bexp—cg(n).

Remark. Under the hypothesis on g(n), O(A(z,n),g(n))¢ C O(A(z,n),klnn),
hence the constants b, ¢ are independent of the function g.

Corollary 7.5. Let p > p. be fized. Let § be positive. There exist two positive
constants b = b(p,d), ¢ = ¢(p,d) depending on p and § such that

VneN VzeZzd
P(V(A(z,n),é)c u (anrdC > (6 +6) cardA(w,n))C) < bexp—cn
e,

where the summation is over all the open clusters C intersecting iy A(z,n).
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7.2. The rescaled lattice

Let h be a positive integer. We define the rescaled lattice of Z3 by a factor h
to be the sublattice hZ3. The objects associated to the rescaled lattice hZ3, like
points and random variables, will bear a h in superscript or subscript. The rescaled
lattice hZ?3 is identified with Z3 via the map: z € Z3 — hx € hZ3. This way it
inherits the graph structures L? and E? defined on Z3. We denote by hL? and hE?
the image graph structures on hZ3.

Definition 7.6. (Fat operator)
Let A be a subset of Z®. To A we associate a fattened set fat (A4, h) on hZ3 defined
by

fat (4,h) = {z" € hZ®: A", h)NA# 2 }.

Notice that the boxes A(z",h), " € hZ3, form a partition of Z3. Whenever A is a
connected subset of the graph (Z3,[E®), then fat (A, h) is a connected subset of the
graph (hZ3, hE?). It is also clear that card A < h®card fat (A, h).

We suppose next that a random variable X}, (z") with values in {0, 1} is associated
to each vertex z" of hZ?3 and that the variable X} (z") is the indicator function of
an unlikely event around " in the percolation configuration. More precisely, these
random variables will satisfy an hypothesis of the following form.

Hypothesis H(e,a). Let € be a small positive real number and let o be a non—
negative integer. The family of variables (X (z"), " € hZ3) satisfies the hypothe-
sis H (e, o) if

o VzhehZ® P(Xnp(zh)=1)<e

e X,(z") depends only on the configuration restricted to A(z", ah)

The second property implies in particular that X5 (y") and X, (z") are independent
whenever [y* — 2| > ah.

Lemma 7.7. Under the hypothesis H(e,a), for any subset A® of hZ3,
P(Vah € A" Xp(a") =1) < exp(a™®card 4" In¢).
Proof. We define an equivalence relation = on hZ3:
(zh, xh, 28) = (Y, vh,yP) <= ah divides y; —x;, 1 <i < 3.
Since the trace of the equivalence classes on A", i.e., the sets
{yh e Ah . yh =2}, 2P e A0,ah) N RZ3,

form a partition of A* and card A(0, ah) NhZ® = o3, certainly there exists ! in hZ3
such that card { z" € A" : 2" =z} > a~3card A*. Therefore

P(Vz" € A" Xp(a")=1) < P(Vah e {yt e Ah:y" =2} Xn(a")=1)
< exp(a~3card A" In¢)

since the variables Xj(z"), 2" € A" zP =z}, are independent. 0O
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Corollary 7.8. Under the hypothesis H(e,a), for any subset A of Z3 and any
positive s,

P(card{z" € ANKZ?: Xp(z") =1} > s) < Zexp (i]ncardAﬂhZ3+ia_3 lns) .

i>s

Proof. We decompose the event under consideration according to the set of points
z" such that Xp(z") = 1:

P(card {z" € ANKZ3: Xp(z") =1} > s) < ZZP(V:I:” € AP Xp(zh)=1)
i>s Ah
where the second summation extends over the sets A” included in A N AZ3 of cardi-

nality ¢; the number of such sets is less than (card AN hZ3)¢. The conclusion follows
from the bound given in Lemma 7.7. 0O

For a subset A of Z3 and a vertex z" in A N hZ3, we denote by Cf(z", A, X3)
the hIL® component of z" in the graph having for vertex set

{y" € hZ3: A(y",ah) C A, Xp(y") =1}
(in case Xp(z") = 0, Cf(zh, A, X},) is the empty set).
Lemma 7.9. There exists a positive constant b such that, under the hypothe-

sis H(e,a), for any subset A of Z3 such that card ANhZ32 > 2, for any positive real
numbers 3 and s,

P(card {z" € hZ3: card Cf(z", 4, X1) > B} > 8) <
Z 2exp (21',6‘_1 Incard AN hAZ3+ilnb+ia3In 5) .

i>s
Proof. We decompose the event under consideration:

P(card { 2" € hZ®: card C!(z", A, X») > B} > 5) <

3 S Y Y PVaheAru--UuAl Xuah) =1).
A Al

s<i<card ANRZ3 1<j<i/B  t1,-..8j

h
100 Ay

The penultimate summation extends over the integers 41, .. .,4; larger or equal than
B and such that i1 +- - -+4; = i (this set is void unless j < i37!); the last summation
extends over the pairwise disjoint sets A?,..., A;-‘ such that, for any k in {1,...,5},
Al is an hLL?® connected subset of A N hZ3 of cardinality ix. By Lemma 7.7, the
probability appearing in the summation is less than exp(ia~31lng). There exists
a positive constant b such that the number of L?® connected sets of Z3 containing
a fixed point and having cardinality i is less than b‘ [50, Lemma 5.3]. For fixed
values of j,i1,...,i;, the number of choices for the sets A},..., A? is less than
bi(card A N hZ3)I. For a fixed value of i, the number of terms involved in the last
three summations is less than 2exp(2i3~!Incard AN hZ3 +ilnd). O
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CHAPTER 8

THE CENTRAL LEMMA

This chapter is devoted to the central lemma, which is essential for the proof of
the large deviation upper bound. This lemma gives a probabilistic estimate for the
local presence of a collection of open clusters creating a small flat interface in the L!
topology; moreover the estimate is uniform with respect to the localization, the size
and the direction of the interface. This lemma is, in a sense, the heart of this work.
Besides its technical formulation, this lemma provides a link between the discrete
microscopic structure of the model and the continuous macroscopic effects. Starting
with a situation where a flat piece of interface is observed on the macroscopic level,
we analyze the most likely scenarios occurring on the microscopic level which induce
the macroscopic interface and we relate them to the definition of the surface tension.

Notation. Let z belong to R3, w to S%, n to N and let r, § be positive real numbers.
Let sep (n, z,r,w, d) be the event: there exists a collection C of open clusters in the
configuration restricted to the ball B(nz,nr) such that

L3(Voo(cupC, 1/2)AB_(nz,nr,w)) < dr3nd.
Lemma 8.1. (Central lemma)

For any positive €, there exists 6y positive such that: for any x in R®, w in S? and
r in ]0,1],

1
limsup —,In P(sep (n,z,r,w,d)) < —ar’r(w) (1 —¢).
n—oo N
FEquivalently,
lim sup limsup (n®mr?r(w))~!In P(sep (n,z,7,w,0)) < —1.
00  1cR3,weS2,r€]0,1[ n—oo

Remark. The limit 6 — 0 in the second statement exists because the quantity
P(sep (n,z,r,w,d)) is a non—decreasing function of 4.

Remark. The uniformity with respect to z in R*, w in 2 and r in ]0, 1[ is essential.

Remark. In the different context of the Ising model with Kac potentials, a proce-
dure has been developed to get a probabilistic estimate for the local presence of an
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interface, whose spirit is similar to the technique of our proof (see the paragraph
“minimal section” in [9]). In this context, a coarse—graining procedure specific to
the Kac model is employed. The coarse—grained configuration is described by at-
tributing a label —1,0, +1 to each mesoscopic box. The labels —1, +1 correspond to
boxes which have relaxed to the minus and plus phases, the label 0 to a box in an
undeterminate status. Benois, Bodineau, Butta, Presutti localize the interface be-
tween the minus and the plus phase and cover it with a collection of parallelepipeds
(as we do with balls). Inside a parallelepiped, they map the configuration of labels
on a configuration where there is no sequence of cubes of the same phase which
crosses the parallelepiped, by modifying the labels in two strips, where the number
of bad cubes is minimal (the bad cubes are the cubes having label 0 or cubes of the
wrong phase). Hence the spirit of the proof of our central lemma is present there.
An essential difference is, in our view, that the afore-mentioned work stays at the
mesoscopic level of the boxes and does not go in depth to handle the microscopic
structure of the model, so that the estimates are not precise when the range of in-
teractions is finite. Probably the main reason is that no operational approach to
define the surface tension on fixed finite interaction scales was available in [9]. The
percolation approach for the definition of the surface tension turns out to be much
more natural and it is crucial in order to recover a precise estimate with the help of
Pisztora coarse—graining results, as we do here.

Proof. Let z belong to R*, w to S?%, r to ]0,1[, & to ]0,6/2[. Since the event
sep (n, x,r, w,d) depends only on the edges inside the ball B(nz,nr), we need only
to work with the configuration restricted to B(nz,nr) in the whole proof. Sup-
pose that the event sep (n,z,r,w,d) occurs and let C be a collection of open clus-
ters of the configuration restricted to B(nz,nr) realizing it. Let p,n be such that
0<np<p<r 0<2n<+r2-p2andr’np < 1 (p will be chosen later to be
close to r). The set cyl (ndisc (z, p,w),nn) is included in the ball B(nz,nr). Let n
be large enough so that 4nn > (. Let C' be an open cluster of the configuration
restricted to cyl (ndisc (z, p, w),nn) joining the sets Va(hyp (nx — nnw,w), () and
Vo (hyp (nx + nnw,w), ). Recall that ¢ is a fixed constant larger than 5, used to
define the surface tension (see chapter 5). We distinguish two cases:

o If C NcupC = @ then there exists an open cluster C* in the configuration re-
stricted to cyl (ndisc (z, p, w)) N slab (nz,w, —nn,0) connecting Vs (hyp (nz,w), ()
and Va(hyp (nz — nn,w),{) such that C* C C and therefore C* is included in
Z3(B_(nz,nr,w)) \ cupC.

e If CNcupC # @ then there exists an open cluster C* in the configuration re-
stricted to cyl (ndisc (z, p,w)) N slab (nz,w,1,+nn) connecting Vs (hyp (nz,w), ()
and Vs (hyp (nz + nnw,w),{) such that C* C C and therefore C* is included in
cupC \ Z*(B_ (nz,nr,w)).

Let F' be the union of all these clusters C* (notice that several clusters C* might
correspond to the same cluster C). Since F is included in Z3(B_(nz,nr,w))Acup C

ASTERISQUE 267



CHAPTER 8. THE CENTRAL LEMMA 81

Cyl (ndisc (.CL', P UI), "77)

hyp (nz + nnw, w) w nr

w4 ) _

np

7> PO

Figure 7

then

card F’

IA

L3 (Voo (Z*(B_ (nz,nr,w))Acup C,1/2))
L3 (Voo (Z® N B_(nz,nr,w),1/2)AVs(cupC,1/2))
L3 (B-(nz,nr,w)AVs (cupC,1/2))
+ L£3(B_(nz,nr,w) AV (Z3 N B_(nz,nr,w),1/2))
or3n® + 3v3wrin? + 3wrn + 53w /4 < 26r°n?

IA

IA

the second inequality holds because we deal with subsets of Z?2 and the last inequality
is valid for n sufficiently large. We suppose in addition that n is large enough so that
m/2 < (qmm — 2¢)/v/3 and ¢ < klnn < \/n < nn/14, where & is a large constant
(several conditions will be imposed on « during the computations). Let I be an
integer, with klnn < [ < y/n. The upper bound on [ guarantees among other things
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that each open cluster contained in F' has a d, diameter larger than I. Let D; be
the set defined by

Dy = {z' €1Z®: A(2*,31) C slab (nz,w, —nn,nn) \ slab (nz,w,0,1),
A(z',31) N cyl (ndisc (z, p,w)) # @ }.

Since p? + 7% < r? and 29 < 1, for n large enough,

(np +4v/n)? + (nn + 4v/n)? < r*n? | (np +2v/n)%(nn + 2v/n) < nd.

As a consequence, for any z! in D;, the box A(z!,3l) is still included in B(nz,nr);
moreover

card D; < 173L3 (Voo (D4, 1/2))

<
< 173L3(cyl (disc (nz, np + 20, w), nn + 21)) < 27ns173.

We set T'(F) = D; Nfat (F,1). For z! in IZ3, let X;(z') be the indicator function of
R(A(=!,31),1-1)°UV (A(z!,1),60/2)¢. With the help of the variables X;(z!), 2! € IZ3,
we partition T'(F) in the three sets

T_1(F) = {z' € T(F) : A(z',31) is not included in cyl (ndisc (z, p, w)) },
To(F) = {a' € T(F)\T-1(F) : Xi(e') =0},
T\(F) = {2 e T(F)\T_1(F) : X;(z') =1}.

We estimate next the cardinality of these sets. Firstly,
T_1(F) C slab (nz,w, —nn,nn) N Ve (Ocyl (ndisc (z, p, w)), 21)
hence we obtain the deterministic bound
cardT_1(F) < 30mpnn2/1? < 100nn?/1%.

Secondly, let z! belong to To(F). Since F intersects A(z!,l) and the diameter of
any open cluster contained in F' is larger than [, then the box A(z!,3l) contains an
open path of diameter larger than ! — 1 included in F. The occurrence of the event
R(A(z!,3l),1— 1) implies that this open path is contained in C*(A(z', 31)), which in
turn implies that the latter cluster is contained in F'. Similarly, the crossing cluster
C*(A(a',1)) associated to the event U(A(z!,1)) has diameter I — 1 and it is thus
contained in C*(A(z!, 3l)). Since the event V(A(z!,1),0/2) occurs as well, then

card FN A(z!,l) > card C*(A(z!,1)) > 013/2.
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Summing this inequality over To(F') yields

cardF > Y card FNA(e!,l) > (6/2)*card To(F).
z!€To(F)

Since in addition card F' < 26r3n?, then

card Ty(F) < 4%(?)3.

Thirdly, we have
cardT;(F) < card{z' € D;: Xy(z) =1}.

Since I > klnn > klnl, for k larger than the constant appearing in Theorem 7.1,
by Corollaries 7.4,7.5, there exist two positive constants b, ¢ such that

vete Dy  P(Xi(z') =1) < bexp(—dl).
Applying Corollary 7.8 with A = Dy, a = 3, € = bexp(—cl), we get

P(cardTh(F) > i) < Zexp (jlncard Dy + j(Inb — 1) /27) .
Jj2i
Since card D; < 27n®l~2 and | > klnn, for k sufficiently large, there exist two
positive constants b', ¢’ such that, for any 7 in N,

P(card Ty (F) > i) < b exp(—c'li).

Let a be a positive real number. Using the previous estimates for the cardinality of
T_1(F), To(F) and T (F), we write

P(sep (n,z,r,w,68)) < b exp(—c'an®)+
P(sep (n,z,r,w,6), card T(F) < 100nn?/1? + an® /1 + 46r°n®/(01°)) .

For i in Z, we set
H(@) = {yelZ®: (y—nz)-welilii+1)]}.

For convenience, we omit the superscript ! for the elements of the sets H (), although
they belong to the rescaled lattice IZ3. The sets H (i), i € Z, are pairwise disjoint.
Hence for any subset I of Z, the sum ), ; card T'(F) N H (i) is less than card T'(F)
and there exists 7 in I such that cardT'(F) N H(i) < cardT(F)/cardI. Applying
the preceding remark to the sets | — nn/l + 3, —3[NZ and ]3,nn/l — 3[NZ, whose
cardinalities are larger than nn/l —7 > nn/(2l), we find that there exist two random
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Figure 8

indices I_ and I in Z such that —gn/l+3 < J_ < -3 <3 < Iy <nn/l -3 and
both T(F)N H(I-), T(F)N H(I;) have a cardinality less than 2l(yn)~!card T'(F).
We decompose now the event sep (n,z,r,w,d) according to the possible values of
the indices I_, I and the sets T(F)NH(I-), T(F)N H(I):

P(sep (n,z,r,w,d), card T(F) < 100nn?/I*> 4+ an®/l + 46r°n®/(61%)) <
ZP(sep (nyz,ryw,8), I_=i_, I, =iy,
cardT(F)NH(I.) =j_, card T(F) N H(I}) = j4,
T(F) N H(L-) = {y-(1),.,y-(-) L, TE) N HIL) = {y: (D, 94(G4) })
where the summation extends over the set:
or3n?

—mfl+3<i-<-3<3<iy<mmfl-3, 0<j_ ,]+<200 +27+89 7

y-(1),...,y-(-) € H@i-) N Dy, y4(1),...,y+(j+) € H(ix) N Dy.
Since Voo (Dy,1/2) C B(nz,nr), for any ¢ in Z,
card H(i) N D; < 173L3 (Voo (H(3) N Dy, 1/2))
< 173L3(cyl (disc (nz, nr, w), 1V3/2)) < 2n(nr/l)?.
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Therefore the number of terms in the summation is less than

2
N\ 2 n an orén?
m LY Sl +1
( l ) (200l 2 n 8 onl2

n an 6r3n? 2 2,-9
X exp ((4007 AT 169777) In(27r2n?l )) :

Let £ be the event appearing in the summation, that is,

{Sep (n,z,ryw,6), I =i, I} =iy,
cardT(F)NH(I-) =j—, cardT(F)NH(Iy) = j4,

T(E)NH(I) = {y- (-1 y-(G2) } TE) A H(LL) = {ye @), . ys(i4) ) }

We next bound the probability of the event £. By the definition of F', the event £
is included in the event: any open cluster C' of the configuration restricted to
cyl (ndisc (z, p, w), nn) joining Vs (hyp (nz —nnw, w), ¢) and Vs (hyp (nz +nnw, w), {)
satisfies

either C'Ncup{A(y,l):y€ H(i-)} C cup{A(y-(j),)):1<j<j-}
or CNcup{A(y,l):y € H(i+)} C cup{A(y+(j), ) :1<j<jt},

depending on whether C NcupC = & or C NcupC # &. Let A be the set of edges
defined by

A=, 0Aw-GhD U, 0AwG)D).

To a configuration w in &£, we associate a configuration ®(A,w) defined by:

ifee A

Ve € E3(B(nz,nr)) ®(A,w)(e) = { 0 .
w(e) ifegA

What we have done is to close by force all the edges in A. Doing so we have destroyed
all the connections between Vs (hyp (nz — nnw,w), () and Va(hyp (nz + nnw, w), )
for the configuration ®(A4,w) restricted to cyl (ndisc (z, p, w),nn). Indeed any such
connection which was present in w had to go through an edge of A. More pre-
cisely any open cluster C of the configuration w restricted to cyl (ndisc (z, p, w), nn)
joining Vs (hyp (nz — nnw,w), ) and Va(hyp (nz + pnw,w),¢) is cut in the new
configuration ®(A4,w) in several disjoint clusters (at least three), none of which
intersects both sets cup { A(y,!) :y € H(i-) } and cup {A(y,!) : y € H(iy)}. How-
ever the vertices of either of these two sets separate Va(hyp (nz — nnw,w), () and
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V2 (hyp (nz + nnw, w), ) in cyl (ndisc (z, p, w), nn), that is, either for i = i_ or for
i = iy, there exists no path in the graph

Z3 N cyl (ndisc (z, p,w),nn) \cup { A(y,1) :y € H()}, E®(cyl (ndisc(z, p,w),nn))

joining V5 (hyp (nx — npnw, w), ¢) and V2 (hyp (nx + nnw, w), ¢). Therefore the config-
uration ®(A,w) realizes the event S(ndisc (z, p,w),nn). The number of edges in A
is less than 6(j— + j+)!2. Thus

Vweé P) < P(®(A,w)) exp ( —6(j_ +j4)In(1 —p)) .

Summing over w in &,
P(€) < exp (— 60 + ) (1 - p)) 3 P(®(4,w)).
weE

Moreover

S P@Aw) = Y Pw)card(®(4,w)NE)

weE wED(A,E)

and for any w in ®(4, &), the cardinality of ®~1(A,w) N & is less than exp(6(j_ +
j+)121n 2); thus

P(€) < exp (= 6(i- +i4)2In(1 — p)/2)) P(2(4,€))..

Since ®(A4,€) is included in S(ndisc (z, p, w),nn), using the upper bound on the
values on j_,j4, we arrive at

3,2 _
P(€) < exp (—6(400% + 4% + 165;7; )l2 In ! 3 p) P(S(ndisc (z, p,w),nn)) .

Coming back to the big summation,

2 2 Sr3n3 2
P(sep (n,z,r,w,8)) < b exp(—c'an?) + (20017-;-;—+297— +8 Zl? + QF) X

) (ln(27rr2n21—2) —6/%In 1—58)) X

P(S(ndisc (z, p,w),nn)) .

or3n?
onl?

exp((400% + 4% +16

Letting n and [ go to oo in the regime where kInn < [ and n/I? goes to co and using
Corollary 5.14, we get

limsup (n®mr’7(w))~'InP(sep (n,z,r,w,8)) <

n—o00
) ca  p? 9607 1-p
—mm{m, T—Q(I—C(C»P)VW/P)'F 7 ()07 In B }
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We choose now n = v/ér/3, p = rv/1—6 and we let a go to oo in the preceding
inequality. Because 7 is bounded away from 0 (Corollary 5.7), there exists a constant
(¢, p) depending on ¢ and p only such that

limsup (n?mr?r(w))~"In P(sep (n,z,7w,d8)) < —1+68+c'(¢,p)o/*.

n—oo

This inequality holds for all values of z in R®, r in ]0,1[, 6 in ]0,0/2[ and w in S?,
and the right-hand side converges to —1 as § goes to 0, uniformly with respect
to z,w,r. O
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CHAPTER 9

PROOF OF THE LDP FOR A SINGLE CLUSTER

In this chapter, we prove the large deviation principle for a single cluster. After
some elementary geometrical lemmata, we introduce two smoothing operators, fifa
and aglu. We then prove the large deviation upper bound for the topology L{ .,
the large deviation lower bound for the topology L!, the enhanced large deviation
upper bound and Proposition 2.4.

9.1. Geometrical Lemmata

We start with several geometrical lemmata about connected subsets of the lattice.

Lemma 9.1. Let A be a finite L2 connected set of Z3. For any integer | larger
than 130,
£3(Voo(A,1)) < 13012 max (card 4, 1) .

Proof. If diam,,A < I, then £3(V(4,1)) < 2713, Suppose that I < diame,A < oco.
Let {z1,...,z, } be a collection of vertices of A of maximal cardinality such that

Vi, je{l,...,r}, i#j, Az, ))NA(z;,l)=2.

The maximality of the collection implies that A C A(z1,20)U---UA(z,,2l). Because
7 is necessarily larger or equal than 2 and A is L connected, for each i in {1,...,7},

card AN A(z;,l) > doo(zi, OivA(zs, 1)) > 1/2 -1

so that card A > r(I/2 — 1). Since V(A4,1) is included in r boxes of diameter 41,
we obtain £3(Veo(A,1)) < r(4l)® < (41)3(1/2 — 1) 'card A, which gives the desired
inequality for ! larger than 130. O

Lemma 9.2. For any subset R of Z3, card 8,,R < card 8. R < 6 card 8,, R, where
x stands either for o or for i.

Lemma 9.3. IfRis al® or E® connected subset of Z3 then card R > diamo R+1,
provided R is not empty.
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Lemma 9.4. Let R be a L3 or E® connected subset of Z* having finite cardinality.
Then 4diamq, R + 2 < card 0oy R.-

Proof. For iin Z, set H(i) = { (¢,%2,23) : T2,23 € R}. Then

card 9, R = Z card 8,v RN H (7).
i€Z

Let iy = min{¢: HG)NR # @} and i = max{i: H(i) R # @ }. We may suppose
that i3 — i1 = diamR. For each i in {41,...,42 }, card 9oy R N H (i) > 4; moreover
OowRN H(iy — 1) and doy RN H(iz + 1) are not empty. Therefore 4diamo, R + 2 <
card 0,y R. O

Lemma 9.5. Let A;, As be two disjoint subsets of Z3. We suppose that at least
one set among Ay, Ay has finite cardinality. For any positive r, the sets Voo(A1,T)
and Vo (A2, ) are distinct.

Proof. We need only to consider the case where both A; and A, have finite cardi-
nality. Let x; (respectively z2) be the smallest point of A; (respectively A,) with
respect to the lexicographic order on Z3. Necessarily z; and z» are distinct. Then
x1—(r,r,r) (respectively zo—(r,, 7)) is the smallest point of the closure of Voo (A1, 1)
(respectively Voo (Az2,7)). Therefore the sets Voo (A41,7) and Voo (As,7) have distinct
closures, hence they are distinct. O

The next result is used several times in the proofs, sometimes without explicit
reference.

Lemma 9.6. Let x belong to Z3, let 1,1, be two positive integers, with l; < ls.
Let A be a connected subset of (Z3,E?) such that ANA(z,l,) # @, A\ Az, l2) # 2.
Then ANA(z,l2) contains a connected subset of doo diameter larger than |(l2—11)/2].

Proof. Clearly the set A contains a path joining 8,A(z,l;) to divA(z,ls) inside
A(m,lz). O

We build next an operator which regularizes a connected set of the lattice, by
performing successively a fattening and a filling step. We define first the fill operator.

Definition 9.7. (Fill operator)

For an E? connected set A of Z3 and a positive real number s, we define

fill (A,s) = AU { R residual component of A : card9.R < s, card R < o0 } .

Notice that the definition is valid also for infinite sets A. The set fill (4, s) is'ob-
tained by filling all the finite residual components of A whose edge boundary has
cardinality less than s. By construction, if R is a residual component of fill (4, s),
then card 3¢ R > s, whence by Lemma 9.2, card 8,y R > s/6. Since for any residual
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component R of A, 8;,R is L? connected and 8;vR = RN 8,y A, we conclude that
any .3 component of the outer vertex boundary of fill (4, s) either meets the inner
vertex boundary of an infinite residual component of A or has cardinality strictly
larger than s/6. In the situation where A has diameter larger than s/6, then any L3
component of the outer vertex boundary of fill (A, s) has cardinality strictly larger
than s/6.

Lemma 9.8. Let A be a connected subset of Z* (finite or infinite) and let h be a
positive real number larger than 2. Then fill (4, h) is included in Voo (A, h/2).

Proof. Let R be a finite residual component of A such that card.R < h. By
Lemmata 9.2,9.4, diamy R < (h—2)/4 < h/2—1. Since dw (A, R) = 1, we conclude
that R C Vo(4,h/2). O

9.2. The fifa operation'

Throughout this section, we consider positive integers k,! satisfying £ > 6, | >
130, 3k < I. Let A be a connected subset of Z3 of diameter strictly larger than I.
To A we associate a regularized set fifa (A, k,l) by performing successively filling
and fattening operations on the rescaled lattice kZ3 and then coming back to Z3
(see definition 7.6 for the fat operator). More precisely, if diamsA < I, we set
fifa (A, k,1) = @; if diam A > I, we set

fifa (A, k,1) = cup { A(z*, k) : 2% € kfill (k~fat (4,k),1/k) } .

Lemma 9.9. For any connected subset A of Z3, fifa (A, k, 1) is included in Voo (4,1).

Proof. We need only to consider the case where diam,, A > [. By Lemma 9.8, since
k—1fat (A, k) is connected and I/k > 2, then

61l (k" fat (4, k), 1/k) C Veo(k~fat (A4, k),1/2k) .
Coming back to the lattice Z3, we deduce that

fifa (A, k,1) C cup { A(z*, k) : 2% € kZ3 N Voo (fat (4,k),1/2) } C Voo(4,1). O

Lemma 9.10. Let A be a connected subset of Z3 such that diam,A > I. For any
compact set K of R®, any integer h larger than I,

L3 (Voo (A, h) \ fifa (A, k,1) \ Voo (OK, 1 + h + 1)) < 140h317 P (fifa (4, k,1),int K) .

Proof. Let z in K be such that
0 < doo(z,fifa (4,k,1)) < h, doo(z,R*\K)>1+h+1.

tFIFA=Fédération Internationale de Football Association. France won the 1998 World Cup.
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(1/2)tat (C(0), 2)

®
o 0 0 <«
e 0o 0 -
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Because Ofifa (A, k,1) C clo Voo (Oovfifa (A4, k,1),1) (recall that fifa (A, k, 1) is an union
of boxes A(z*, k) centered on kZ3), there exists a point y in O, fifa (4, k, 1) such that
deo(z,y) < h+ 1. Necessarily doo (v, R® \ K) > doo (2, R \ K) — doo(x,y) > I. Thus
y belongs to the set

L={2€Z% do(z,RE\K)>1}.

Since in addition Vo (A4,h) C V(fifa(A,k,1),h), the preceding discussion shows
that

Voo (A, 1) \ fifa (4, k, 1) \ Voo (B \ K, 1 + b+ 1) C Voo (Borfifa (A, k, 1) N L, h+1).

By construction each L3 component of 8,.fill (k~fat (A4,k),l/k) has cardinality
strictly larger than 1/6k (see the discussion after Definition 9.7), hence each L3
component of Oofifa (A, k,l) has cardinality larger than lk/6 (each vertex of the
former set corresponds to at least k2 vertices of the latter set). Let

M={z€Z: do(z,R3\ K)>1}.

Let F1,..., F, be the L? components of the set d,yfifa (A4, k,1)N M which intersect L.
Let i belong to {1,...,r}. If F; does not intersect 8;y M, then F; is an .3 component
of Oy fifa (A, k,1) and card F; > lk/6 > | (by hypothesis k > 6). If F; intersects 8,y M,
since deo (0K, 0w M) < 2, then diamF; > | — 2 whence diamF; > 1 — 1 and
card F; > | by Lemma 9.3. Thus all the components Fi,..., F,. have cardinality
larger than [. By Lemma 9.1, using the bounds 130 <[ < h,

L3 (Voo (Bovfifa (A, k,)) NL,h+1)) < Y L3(Voo(Fi, h+ 1))
1<i<r

D 130(h+1)% tcard F;
1<ilr

130 (h + 1)317 ' card (Oovfifa (A, k,1) N M)
140 K31~ 1P (fifa (A, k, 1), int K) .

INA

<
<

The last inequality holds because 130(h + 1)® < 140h® (recall that h > I > 130)
and each vertex of Oovfifa (A4, k,l) N M contributes to at least one unit square on
ofifa(A k,)Nint K. O

Corollary 9.11. Let A be a finite connected subset of Z3 such that diame, A > |
and let h be an integer larger than l. Then

L3(Voo (A, h)Afifa (A, k,1)) < 140 K311 P(fifa (A, k,1)) .

Proof. We choose a compact set K large enough to have doo (4, R®\ K) > 1+2h+1
and we apply Lemmata 9.9,9.10. O
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Aatso —t ol

A(z*, 3k)

A D) — T

Figure 10: Xy(z*) =1

Proposition 9.12. For k large enough, there exist two positive constants b(k),
c(k) such that: for anyl in N, any s in RY, satisfying 5k <1, klns <,

P(P(fifa (C(0),k,1)) > s) < b(k)exp(—c(k)s).

Proof. To each vertex z* of kZ3 we associate a random variable X}, (z*) with values
in {0,1} as follows: if in the configuration restricted to A(z*,5k) there exists an
open path from A(z*,3k) to 8 A(z*,5k) which is not connected by an open path
in A(z*,5k) to A(z*, k), then X (z*) = 1; otherwise X (z*) = 0. Clearly the value
of Xi(z*) depends only on the configuration restricted to A(z*,5k). Because our
model is translation invariant, the probability P(X(z¥) = 1) is the same for all
z* in kZ3. By [50, Proposition 1], throughout the supercritical regime p > p,, this
probability goes to 0 as k goes to co. Corollary 7.4 yields the stronger estimate
P(Xy(z*F) = 1) < bexp —ck where b, c are two positive constants depending on p
only. Let us pause to state an intermediate lemma.

Lemma 9.13. Let C be an open cluster of diameter larger than 5k. Let z* belong
to the outer vertez boundary of fat (C,k) on (kZ3 kE?). Then Xy (z*) = 1.

Remark. This fact was observed and exploited by Kesten and Zhang [50].

Proof. In this situation, the cluster C' does not intersect the box A(z*,k) but it
intersects A(z*, 3k), Since diam,,C > 5k, the cluster C contains an open path from
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A(z*,3k) to BiyA(x*, 5k); because C N A(z*, k) = @, this path is not connected in
A(z*, 5k) to A(z*, k). It follows that Xi(z*) =1. O

Proof of Proposition 9.12 continued. We write

P(P(fifa(C(0), k,1)) > s, card C(0) < 00) <
P(s < diams,C(0) < o) + P(P(fifa (C(0),k,1)) > s > diamC(0))

and we handle separately each term of the right—hand side. We consider first the
event { s < diamC(0) < 0o }. Let ¢ be an integer larger than 5k and suppose that
C(0) has a diameter equal to ¢. Let F' be the inner vertex boundary of the unbounded
residual component of fat (C(0),k) on (kZ3,kE?). Then F is kL? connected, it
surrounds the origin and card F' > i/k. Since F is included in d,vfat (C(0), k), then
Xi(z*) = 1 for any z* in F by Lemma 9.13. Thus

P(diamo,C(0) =4) < Y. Y P(Va¥ e F Xx(a*) =1),
ji>i/k F

where the second summation extends over all the subsets F' of kZ?2 of cardinality j
which are kL3 connected and surround the origin. The number of such sets is less
than jb/ for some constant b, whence, using the bound of Lemma 7.7 with a = 5,
e = e(k) = P(Xx(0) = 1),

P(diameoC(0) =i) < Y exp (Inj+jlnb+ 5 *Ine(k)).
Jj>ilk

Because (k) goes to 0 as k goes to oo, for k large enough, there exist two positive
constants b(k), c(k) such that for any positive s,

P(s < diamyC(0) < o0) < b(k) exp(—c(k)s) .

Let us pause again to state a little Lemma.
Lemma 9.14. For any connected set A of Z3, we have the inequalities
P(fifa (A, k,1)) = k*card Oefill (k~'fat (4, k),1/k)

< 6k*card O fill (k~'fat (4, k),1/k),
diamg, oy fill (K fat (A, k),1/k) < k~'diame, A + 4.

Proof. These inequalities are direct consequences of the definition of the fifa op-
eration together with the following facts. The boundary of fifa (4, k,1) is the union
of squares of side length k, each of which is uniquely associated to an edge of
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Oefill (k~1fat (A, k),1/k). Next, diamoofat (A4, k) < diame, A + 2k which implies that
diamyfill (k~fat (A, k),l/k) < k~'diam,A +2. O
Proof of Proposition 9.12 continued. We study now the event

{P(fifa (C(0), k,1)) > s > diamC(0) } .

Let F = kO, fill (k~'fat (C(0),k),1/k). By construction the kIL® components of F
on kZ3 (which are the inner vertex boundaries of the residual components of the set
kfill (k—fat (C(0),k),l/k) on (kZ3,kE?®)) have a cardinality larger than 1/6k (see
the discussion after Definition 9.7). Since the set F is included in O, fat (C(0), k),
then Xy (z*) = 1 for any z* in F by Lemma 9.13, whenever diam,,C(0) > I > 5k.
By Lemma 9.14,

P(fifa (C(0),k,1)) < 6k?card ', diamF < diam.,C(0) + 4k

and the boxes A(z*,5k), z* € F, are included in A(0,2s + 14k). Therefore the event
{P(fifa(C(0), k,1)) > s > diams,C(0) } is included in

{ card { z* € kZ*: card Cf (z*, A(0,2s + 14k), X;) > 1/6k } > sk™2/6 } .
We use the bound given by Lemma 7.9 with
A=A0,2s+14k), a=5, p=1/6k, e(k)=P(Xr(0)=1).
Since card A(0,2s + 14k) N kZ3 < (2s/k + 16)3, we get

P(P(fifa (C(0), k,1)) > s > diamC(0)) <

Y 2exp (36ikl—1 In(2s/k + 16) + ilnb +i5~3In e(k)) .
i>sk—2/6

We are interested in the regime where klns < [. In this regime, kI~ In(2s/k + 16)
is bounded by a constant independent of k,l,s. Because (k) goes to 0 as k goes
to oo, the above inequality implies that for k large enough there exist two positive
constants b(k), c(k) such that for any positive I, s with 5k <1, klns <,
P(P(fifa(C(0),k,1)) > s > diamC(0)) < b(k)exp(—c(k)s) .

Hence we have obtained two estimates of the desired form. O

We build now our second smoothing operation.
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9.3. The aglu operation

Let [ be a positive integer larger than 100. For each open cluster C of the
configuration, we agglutinate the open clusters of diameter less than ! at distance
less than 3l from C into a new set aglu (C,l). More precisely, the set aglu(C,!)
associated to C is

Voo (C,1/2) U cup { Voo (C’,1/2) : C' open cluster, diameC’ < I, doo(C,C") < 31 } .

Thus aglu (C, 1) is the 1/2-neighbourhood of the union of C' and all the open clusters
of diameter less than I whose d, distance to C is less than 3l. Notice that contrary
to fifa (C, k,l) which is built through a deterministic procedure starting from the
cluster C, the construction of the set aglu (C,!) involves the random configuration
in the neighbourhood V. (C, 4l +2) of C.

Lemma 9.15. For any open cluster C, any compact set K,

L% (Voo (C, 1) Aaglu (C, 1)) <
80013 + 3%13card { o' € fat (C,1) N Voo (K, 21) : R(A(z',61),1) does not occur}
+89601>P (fifa (C, k,1),int K) + L% (Voo (0K, 5l + 1) N Voo (C, 41)) .

Proof. If diam,C < I then £3(Voo(C,1)) < (31)% and £3(aglu (C,1)) < (91 +1)3 so
that
£3 (Vo (C, 1) Aaglu (C, 1)) < 8000°.

Let us consider now an open cluster C such that diam.,C > I. For each vertex z!
of 1Z.® we denote by X;(z') the indicator function of the event R(A(z',61),1). Suppose
that for some ¢ in IZ® we have A(z!,1)NC # @ and L3(A(z!,41—1)\aglu(C,1)) > 0.
Since

A(z!, 4l —1) = cup{A(z,1):z € Z3NA(z!, 4l - 1)},

then there exists x in Z3 N A(z!,4l — 1) such that £3(A(z,1) \ aglu(C,1)) > 0 and
necessarily C(z) N C = @ and diam.C(x) > [ (recall that C(z) is the open cluster
containing z for the configuration on the whole lattice Z3). Therefore the box
A(z',60) contains two distinct open clusters of diameter larger than [ and the event
R(A(z!,61),1) does not occur, so that X;(z') = 1. This discussion yields

L3 (cup { A(z',41 - 1) : 2 € fat (C,1), X;(z*) =0} \ aglu (C,1)) = 0.
Since we have simultaneously Voo (C,1) C cup { A(z%,3l) : 2! € fat (C,1) }, then

L% (Voo(C,1) \ aglu (C,1)) < L% (cup { A(z%,31) : &' € fat (C,1), Xy(z*) =1})

<
< 3%Bcard { ! € fat (C,1) N Voo (K, 21) : X;(z}) =1}
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Figure 11: aglu (C(0),1)
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Conversely, the set aglu (C,1) is included in clo Voo (C, 4l), whence by Lemmata 9.9
and 9.10,

Lk (aglu (C,1) \ Voo (C,1)) < L% (Voo (C, 41) \ fifa (C, k, 1))
< 89601%P(fifa (C, k,1),int K) + L3 (Voo (OK, 51 + 1) N Vo (C, 41)) .
Putting together the last two inequalities, we get the required estimation. O

Proposition 9.16. There exist three positive constants k, b, ¢ such that: for any
positive integer | and any positive real number s, satisfying klns <1, 25000 < s,

P(L3(Voo (C(0),1) Aaglu (C(0),1)) > s) < bexp(—esl™?).

Proof. Let k be an integer large enough for the result of Proposition 9.12 to hold.

By hypothesis 250013 < s, so that 800/ < s/3. Applying the bound given in

Lemma 9.15 with a compact set K containing V., (C(0), 10{) in its interior and re-

marking that diam.,C(0) < P(fifa (C(0), k,!)) whenever fifa (C(0), k, 1) is a bounded

non—empty set, we write

P(L3(Vao(C(0),1) Aaglu (C(0),1)) > s) < P(89601*P(fifa (C(0), k,1)) > s/3) +
P(card {a! € fat (C(0),1) : R(A(a',61),1) does not occur} > sl73374,

12diame C(0) < s) .

For « large enough, the inequalities 250013 < s, kIns < [ imply that 5k < I, klns < I
and Proposition 9.12 yields

P(I?P(fifa (C(0), k,1)) > 5/26880) < b(k) exp(—c(k)sl~2/26880) .
We apply Corollaries 7.4,7.8 to the indicator functions of the events R(A(z!,6l),1)

and the box A(0,2sl=2 + 21) (which contains fat (C(0),l) whenever diam,,C(0) <
sl~2) and we bound the second term by

P(card {z' € A0,2s172 + 21) N1Z3 : R(A(*,6l),1) does not occur } > 31-33-4)

< ¥ ew (3i In(2s0~2 + 4) +i6~3(Inb — cl)) .

i>sl-33-4

In the regime where kIlns < [, 2500/ < s and & is sufficiently large, we get again
an upper bound of the form b exp(—c'sl=2), with ¥, ¢’ two positive constants. [
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9.4. Proof of the upper bound

We prove here the upper bound of the LDP of Theorem 2.3, that is the LDP
for the finite cluster shape in the topology Ll .. This upper bound implies also the
upper bound of Theorem 2.1, that is the weak LDP in the topology L.

From now onwards, the integer k is fixed and large enough, so that the result of
Proposition 9.12 holds, and we replace the integer ! used in the previous constructions
by f(n), where f(n) is a function from N to N such that

. 2 _
nl_l_)ngon/f(n) = 00, VneN f(n)>klnn,

where k = k(p) is a constant larger than those appearing in Theorem 7.1 and
Proposition 9.16. We omit the variables k,! in the sequel, writing for instance fifa C
instead of fifa (C, k,l). As a consequence of the estimates given in Corollary 9.11
and Propositions 9.12, 9.16, under the probability ﬁ, the sequences of random sets

n~ W (C(0), f(n)), n~fifa C(0), n~'aglu C(0) are exponentially contiguous for the
topology L' (whence also for the weaker topology Li ), that is, for any positive 4§,

limsup% ln13(£3 (n"We (C(0), f(n)) An~fifa C(0)) > 6) = —00,

n—o0

lim sup —, lnP(Ca( Ve (C(0), f(n))An~tagluC(0)) > (5) = —00.
n—oo

At the level of the large deviations of order n?, we might work with either of these
three objects. The proof of the large deviations upper bound follows a standard
scheme. We first show that the law of the random set n=1V..(C(0), f(n)) con-
centrates exponentially fast near the level sets of 7. Indeed, for any positive A, 4,
using Lemma 6.3, the fact that P(£3(fifaC(0)) < oo) = 1, and the estimate of
Proposition 9.12, we have

ﬁ(mf{ £3(n"'fifa C(0)AA) : A € B(R®), T(A) < ,\} > 5)
< P(Z(n~'6ifa C(0)) > \) < P(P(fifa C(0)) > n2\/||7]leo) < bexp (— en2A/||7]]oo)

where b, c are two positive constants depending on k. Using the exponential con-
tiguity between n=1V.,(C(0), f(n)) and n~'fifa C(0), we obtain that there exists a
positive constant ¢’ = ¢/||7||o such that, for any positive A, 9,

limsup — lnP(lnf { L3 ("W (C(0), f(n))AA) : A € B(R®), Z(A) < /\} > 5)

n—o0

'\

IN

Therefore the sequence of random sets (n™"Veo(C(0), (1)) ,cy 15 Z-tight on the
space (B(R®), L!). Because 7 is not a good rate function on the space (B(R3), L!),
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the above estimate is not enough to get the full large deviation principle with respect
to the L! topology. Yet it implies the weaker estimate: for any compact set K, for
any positive 4, A,

lim sup %2 1nf>(inf { L3 (n"Weo (C(0), f(n))AA) : A € B(R®), T(A4) < A} > 5)

n— oo

< -\

Since the level sets of Z are compact with respect to the topology L1, ., we need only
to prove a local estimate to complete the proof of the large deviation upper bound
of Theorem 2.3, like

VA e B(R®), Z(A) < oo,
limsup limsup %2 ln]s(ﬁg( (n"WVao(C(0), f(n))AA) < 6) < -I(4).

K—R36—-50 n—oo

Let A be an element of B(R3) such that Z(A) is finite (equivalently, P(A) + £3(A) is
finite). Let € be positive. Let &y be associated to € as in Lemma 8.1. Let B(z;,r;),
i € I, be a finite collection of disjoint balls as given in Lemma 6.6, associated to
A, e and §p/3. Let K be a compact set containing the balls B(z;,r;), ¢ € I, in its
interior. Let & be a positive real number strictly smaller than min{dor?/3:i € I}.
Suppose the event { L3 (n"lagluC(0)AA) < §} occurs. Suppose also that n is
large enough to have 47v/3r?n? + m/3 < §orn®/3 for any i in I. Let i belong to I
and let C(¢) be the collection of the open clusters of the configuration restricted to
aglu C(0) N B(nz;,nr;). Because of the definition of aglu C'(0), the clusters of C()
are open clusters of the configuration restricted to B(nz;,nr;). Moreover

3 (Voo(cup C(3),1/2)AB_ (nai, nri, va (z,—)))
< £ (Voo (cup C(4), 1/2)A(aglu C(0) N B(nai, nr)) )
+ 3 ((agluC(O) N B(nai, nr:))AB_ (ni, nrs, va (w,-)))
< L3(B(nzi,nri +V3/2) \ B(nzi,nr; — V3/2))
+ L34 (agluC(0)AnA) + L3 ((nA N B(nai, nr:))AB_ (nzi, nri, va (.z'i)))
< 4nV3rin? 4+ 7V/3 + 6n® + Sorin®/3 < dorin® .

Therefore the collection C(¢) realizes the event sep (n, z;, 7, va(;), &) for i in I and
the event { L% (n™'aglu C(0)AA) < &} is included in ;¢ sep (n, z;, 4, va(®;), 0o).
Since the balls B(x;,7;), i € I, are disjoint, these events are independent under P,
hence

13(1:?{ (n_lagluC(O)AA) < 5) <(1-071 EP(sep (n,zi,ri,va(zi), 00))
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and by the choice of dp (see Lemma 8.1) and of the balls B(z;,r;) (see Lemma 6.6),

lim sup %Zlnﬁ(ﬁé}((n_laglu C(0)AA) < 6) <- ZT(VA(:B,-))WT?(I —¢)

n—roo icl

<-Z(A)(1—-¢)+e

Letting K grow to R3, § and then & go to zero in this inequality, we get the upper
bound we were seeking for. O

9.5. Proof of the lower bound

We prove here the lower bound of the LDP of Theorem 2.1, that is the LDP for
the finite cluster shape in the topology L!. This lower bound implies also the lower
bound of Theorem 2.3, that is for the LDP in the topology L{ .. We first state two
preparatory Lemmata.

Definition 9.17. Let U and O be two open connected subsets of R® satisfying
d2(U,R® \ O) > 0 (necessarily U is included in O). Let I be an integer. We de-
fine full (O, U, n,!) to be the following event: for the configuration restricted to nO,
there exists an open cluster C such that nU is included in Vo (C,!) and no other
open cluster of diameter larger than ! intersects Voo (nU, ).

Lemma 9.18. Let U, O be open connected subsets of R® such that dz(U,R*\O) > 0
and U is bounded. If f(n) is a function from N to N such that

lim n/f(n) = oo, VneN f(n)>«klnn
n—o0
where k = k(p) is the constant given by Theorem 7.1, then

nli_)ngoP(full (0,U,n, f(n))) = 1.

Proof. Let § be such that 0 < 3§ < deo (U, R3 \ O). The family of sets int A(z, d),
T € Voo(U,$), is an open covering of clo Ve (U,d). By compactness of clo Ve (U, 4),
we may extract a finite family int A(z;, d), z; € Voo (U, 8), i € I, covering clo Vo (U, 6).
Since U is connected, so is the set cup {int A(z;,8) : ¢ € I}, as well as the set
cup { A(z;,d) : i € I'}. A d—chain connecting two points y, z is a sequence 1, ..., T,
of points such that z, = y, z, = z and deo (1, 7141) < & for all Lin {1,...,r —1}.
Because V (U, §) is connected, the set {z; : = € I } is d—connected, i.e., for any j, k
in I, there exists a é—chain in {x; : ¢ € I} connecting z; and z;. Let us consider
the boxes A(x;,24), i € I. We have the following strict inclusions:

Voo (U,8) C cup{A(zi,20):i€1} C O.
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Each box centered in Vo, (U, d) of diameter 4 is contained in one of these boxes: in-
deed, if z belongs to Vs (U, d), there exists 4 in I such that doo (2, z;) < §/2, whence
cloA(z,d) C int A(z;,298).

Let n be large so that n > 4f(n)+4. Suppose that all the events O(nA(z;, 29), f(n)),
i € I, occur simultaneously. We denote by C*(nA(xz;,20)) the open cluster in
nA(z;,26) associated to the event O(nA(z;,2d), f(n)). Let i,j be two elements
of I such that de (i, ;) < 8. The intersection of the boxes A(x;,24) and A(z;,26)
contains some box of diameter §, say A(y,d) (for instance y = (z; + z;)/2). By
definition of the event O(nA(z;,24), f(n)) and because én/2 > f(n), the cluster
C*(nA(z;,26)) intersects nA(y,d/2), as well as nA(z;,26) \ nA(y, ). It follows that
inside nA(y, d), there exists an open path 7 of diameter larger than nd/4 — 1, which
is included in C*(nA(z;,25)) since nd/4—1 > f(n). But « is included in nA(z;,26),
and the occurrence of O(nA(z;,29), f(n)) forces the inclusion v C C*(nA(x;,20)).
Hence the clusters C*(nA(z;, 26)) and C*(nA(x;,26)) are not disjoint. Because the
set { z; : 1 € I} is 6—connected, the preceding remark implies the existence of a clus-
ter C* in the configuration restricted to cup { nA(z;,26) : ¢ € I} containing all the
clusters C*(nA(z;,28)), i € I. For ¢ in I, the occurrence of O(nA(z;,26), f(n)) im-
plies that nA(z;,d) is included in Voo (C*(nA(z;,26)), f(n)): otherwise there would
exist z in nA(x;,d) such that doo(z,C*(nA(z;,26))) > f(n) and C*(nA(z;,26))
would not intersect the box A(z, f(n)), which is a box of diameter f(n) included
in nA(z;,26). Let C** be the open cluster of the configuration restricted to nO
containing C*. Then

nU C cup{nA(zi,d) :i € I} C Vuo(C™, f(n)) C Vo (C**, f(n)).

Let now C be an open cluster of the configuration restricted to nO having a diameter
larger than f(n) and distinct from C**. Suppose that C intersects Voo (nU, f(n)).
Let = be a vertex of C such that do(z,nU) < f(n). The box A(z,dn) con-
tains an open path of diameter larger than f(n) included in C (since né/2 — 1 >
f(n)). Since doo(z/n,U) < f(n)/n < §/2, there exists an index 7 in I such that
A(z/n,8) C A(zi,26). Then the box nA(z;,2d) contains an open path of diameter
larger than f(n) not intersecting C*(nA(z;, 26)), but this contradicts the occurrence
of O(nA(z;,20), f(n)). Therefore, apart C**, no open cluster of diameter larger
than f(n) of the configuration restricted to nO intersects Voo (nU, f(n)). In conclu-
sion,
[ O(nA(z:,26), f(n)) € full (O,U,n, f(n)).

iel

Since f(n) > klnn for all n and since I is finite, then by Theorem 7.1

lim sup ﬁ In (sup P(O(nA(wi,Zé),f(n))c)) <0.

n— 00 el
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Remark that the center of the box nA(z;, 268) is not necessarily in Z3; however it is
obvious that the results of Theorem 7.1 are still valid. This bound together with the
previous inclusion implies that

1

liTrLr_l_)solip mlnP(full (0,U,n, f(n))°) < 0.

Therefore the probability of the event full (O, U, n, f(n)) tends to 1 as n goes to co. O
Let F be a planar polygonal set and let [ be a positive integer. We define
wall (nF,l) to be the event
S(nF,l) N { all the edges in Va(cylndF, () N Va(hypnF,l) are closed} .

Lemma 9.19. If ¢(n) is a function from N to Rt such that both ¢(n) and n/d(n)
go to oo when n goes to oo, then

lim inf -7172 In P(wall (nF, §(n))) > ~H’(F)r(nor F).

n—o0

Proof. The number of edges in the set V2 (cylndF, {)NVa(hyp nF, ¢(n)) is less than
c(Q)H (OF)n¢(n) for some positive constant ¢(¢). By the FKG inequality,

P(wall (nkF, qb(n))) > P(S(nF, ¢(n)) exp (c((:)’}-l1 (OF)n¢(n)In(1 — p)) .

This inequality, Lemma 5.11 and the hypothesis on ¢(n) imply the desired result. O

We turn now to the proof of the lower bound of the LDP of Theorem 2.1. In view
of the approximation result stated in Proposition 6.9 and the remark thereafter, to
prove the large deviation lower bound, we need only to show that for any polyhedral
open connected bounded set A containing the origin, for any positive 6,

liminf —1n B(L3 (n"' Voo (C(0), () A4) < 8) > ~T(4).

n—oo N

Let now A be such a set. Its boundary 0A is the union of a finite number of polygonal
planar sets Fi,...,F, (necessarily r > 4). Let § be positive and let U and O be
open connected subsets of R® such that

0eU, UCOCA, do(UR\O)>0, d2(O,R3\A)>0, L}(UAA)</2.

Let ¢(n) be a function from N to R* such that both ¢(n) and n/¢(n) go to oo when n
goes to oo. Let n be large enough so that ¢(n) > ¢ and f(n) < nd2(0,0\U). Let £
be the event: the edges of the three canonical axis contained in B(0, f(n)) are open.
Suppose all the events

g, fll(0,U,n, f(n)), wall(nFy,d(n)), ..., wall(nF,,d(n))
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occur simultaneously. We denote by C the open cluster of the whole configura-
tion containing the cluster realizing the event full (O,U,n, f(n)). We have then
nU C Voo (C, f(n)). Moreover the occurrence of the events wall (nF;, ¢(n)), 1 <
i < r, implies that the cluster C is included in Vo(nA, ¢(n)), whence Voo (C, f(n)) C
Voo(nA, f(n)+¢(n)). Since € occurs, then diamy,C(0) > f(n), but B(0, f(n)) C nU
and since full (O, U, n, f(n)) occurs, then C is included in C'(0). Let  be such that
L3(Voo(A,n) \ A) < §/2. For n large enough, so that f(n) + ¢(n) < nn,

L£3(Veo (C(0), f(n))AnA) < L3(Voo(nA,nn) \ nAd) + L3(nA\ nU) < énd.
Therefore
13(53 (Voo (C(0), F(n))AA) < 5)
- (1- e)—lp(c3 (n™1Vao (C(0), f(n))AA) < 6, card C(0) < oo)
> (1- 0)‘1P(8r‘1full (0,U,n, f(m))n [ wall (nﬂ-,qs(n))).

1<i<r
The event wall (nF;, ¢(n)) depends on the edges inside
Va(cylnF;, ¢) NV (hyp nFi, ¢(n))

whereas the event £Nfull (O, U, n, f(n)) depends on the edges inside nO. For n large
enough so that ¢(n)+¢ < nd2 (0, R3\ A), the sets nO and Va(nFiN- - -NnF,, ¢(n)+¢)
are disjoint and the events

Enfull (0,U,n, f(n)), wall (nFy, ¢(n)) N---Nwall (nF,, #(n))
are independent, whence
ﬁ(£3(n-1voo(0(0),f(n))AA) < 5) >
(1-6)"'P(£Nfull (O,U,n,f(n)))P( M wall (nFi,¢(n))) .
1<ilr

By Lemma 9.18, lim,—, o P(full (O, U, n, f(n))) = 1. Moreover P(£) > exp((6f(n) +
3)Ilnp). Applying the FKG inequality (notice that the events wall (nF;, ¢(n)) are
decreasing) and Lemma 9.19,

1

= lnP( ) wall (nFi,qﬁ(n))) > - 3 H(F)r(orF).

1<i<r 1<ilr

lim inf
n—oo N

The three previous inequalities together imply that
P | 5 _
liminf —, lnP(£3 (n"Vao (C(0), f(n))AA) < 5) > _T(A).

Thus we are done. O
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9.6. Proof of the enhanced upper bound

We first state two preparatory Lemmata: a result of discrete geometry and a
uniform large deviation upper bound.

Lemma 9.20. Let X be a finite subset of Z3. There exists a subset E of X x
{1,...,3%4X} such that card E < card X and

e VY(a,r) € E B(a,r)NX #92,

e cup{B(z,1):z2€ X} C cup{B(a,r):(a,r) € E},

e VY(a,r), (b,s) € E (a,r)# (b,s)= Bla,r+1)NB(b,s+1)=2.

Proof. We use an algorithm to build the set E starting from X. The algorithm
works with a sequence of subsets of X x { 1,...,3°"X } which might violate only the
last condition and it stops when this condition is fulfilled. We initialize the algorithm
with the set E(1) = {(a,1) : a € X }. Clearly the only condition which might be
violated by E(1) is the last one. Suppose E(h) has been built for some h > 1.
If E(h) answers the problem, the algorithm stops. Otherwise the last condition is
violated: there exists (a,r) and (b, s) in E(h) such that B(a,r+1)NB(b,s+1) # &.
We define then

Eh+1) = {(a,r+25+2)}UE()\ {(a,7),(b,s) }.

Obviously card E(h+1) < card E(h)—1 and E(h+1) satisfies the first two conditions
when E(h) does. Moreover

max{r:(a,r) € E(h+1)} < 3max{r:(a,r) € E(h)} +2.

Necessarily the algorithm stops at some step h less than card X. The final set E(h)
answers the problem. O

We introduce some notation necessary to state the next Lemma. Let m be an
integer and let Uy, . .., U,, be m open connected bounded subsets of R®. We consider
the product space B(U;) x - -- x B(Up,) endowed with the product L! topology and
the metric £3, defined by

V(El,...,Em),(Fl,...,Fm) (S B(Ul) X e X B(Um)
3 ((Br,...,En),(F1,...,Fp)) = L3E1AF) + - + L3(EpAFy) .

Let Z™ be the map from B(U;) x -+ x B(Uy,) to Rt U {oc} defined by:

V(Ei,...,En) € BUL) x -+ x B(Un),
I™(Ey,...,En) = Z(Ey,Up) + -+ + Z(Em, Un).

For any open set O, the map E € B(O) — Z(E, O) is lower semicontinuous, therefore
I™ is also lower semicontinuous. Since in addition the sets Uy, ..., U,, are bounded,
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the compactness result Theorem 6.1 implies that the level sets of Z™ are compact,
hence Z™ is a good rate function on the space (B(Uy) X - -- x B(Up,), LY).
Let T' (U, ...,Un) be the set of the m—uples of integer translations sending the sets

Uy,...,U,, onto pairwise disjoint sets, that is,
T(Ul""aUm) =
{(z1,...,Zm) € (Z*)™ : 21 + Uy,...,Tm + U, are pairwise disjoint } .
To Uy,...,Up and (z1,...,%4) in T(Us,...,U,) we associate the map ¢U1* :fg

from B(R®) to B(U;) x - -- x B(Uy,) defined by
VEeBR) ¢UiUn(E) = (EN(Ur+21) —21,...,EN(Un + Tm) — Tm) -

L1y Tm

Lemma 9.21. For any closed subset F™ of B(U1) x --- x B(Up,) ,
Us,...,U, 1 m
llmsup . In sup{P(d)zl"_“’z: (=V(C(0), f(n))) €F ) :
n—o00 e n
(ml,...,zm)eT(Ul,...,Um)}

< —inf {I™(F,...,Fp): (F1,...,Fp) € F™}.

Proof. We prove the large deviations upper bound in a standard fashion, by proving
the Z™—tightness together with a local estimate. Moreover the estimates are uniform
with respect to (z1,...,Zy) in T(Us,...,Un).

e ™ tightness. Let A, 8 be positive. Denoting by (Z™)~1([0, \]) the level set of Z™
associated to A, for any (z1,...,Zm) in T(Uy,...,U,), we have, using Lemma 6.3
and the fact that P(£3(fifaC(0)) < o) = 1,

P (inf {£3,(8%;20m (S6£C(0)), (Bu, .. Em)) -
(Bi,--., Bm) € (T™)7([0,A]) } > 6)
< P(zm( Ul;,,,;Um(lﬁfaC(O))) >2)
< P(I(n‘lﬁfaC(O),:vl +UL) + -+ I(n~ ifa C(0), Tm + Un) > A)
< P(Z(n'8faC(0)) 2 A) < P(P(8£aC(0)) > n®A/II7]lc0)

Moreover we have

B8, (490 (<Y (C(0), £ (), 90215 (L2 C(0))) > 6)
<B( Y L ﬁfaC(O)Alv (C(O > 5)
1<i<m

< ﬁ(ﬁa( Vo (C(0), f(m) A2 C(0)) 2 6)
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These bounds are independent of (z1,...,2Zy) in T(Us,...,Un). Using the exponen-
tial contiguity between n™1V,,(C(0), f(n)) and n~'fifa C(0) and Proposition 9.12,
we deduce from the preceding bounds that there exists a positive constant ¢’ =
c(k)/||7|leo (where c(k) is the constant appearing in Proposition 9.12) such that for
any positive A, d,

timsup 1 sup P(inf { €3, (920557 (Vo C(0), f)), (B, .., )

n—oo N T1,e0yTom

(Biy..., Bn) € (T™)7H(0,A) } > 8) < —c'A

where the supremum is taken over (z1,...,Zm,) in T(Uy,...,Un).
o Local estimate. Let (E,...,E;) be an element in B(U;) x --- x B(Up,) such
that Z™(E, ..., Ey) < 0o. We have to show that

1
}13}) llTILIl)SOIép s In ’s.?%mP(£3 (¢Fr ,’zm( Voo (C(0), f(n))), (Er, ..., Em)) <(5)

< —I™(Er,...,En)

where the supremum is taken over (x1,...,%y) in T(Us,...,Un). Let € be positive.
Let do be associated to € as in Lemma 8.1. For each ! in {1,...,m}, by Lemma 6.6
applied to the set E; and the open set Uj, there exists a finite collection of disjoint
balls B(zk,rl), i € I(l), such that: for any i in I(l), z belongs to 8*E; N Uj, !
belongs to |0, 1[, B(z!,r!) is included in U; and

’L’Z

£° (B0 B(ak, ) AB_(ah, vh,ve (21) < 80 (r)*/3,
[z, vy = 3w s E)| <

iel(l)

Let 6 be a positive real number strictly smaller than
min { & (r})®/6:1<1<m,i€I(l)}.
Let £(d) be the event
£@) = { £3,(#¥ Y (n~1aglu C(0)), (B, ..., Bm)) <26 | .

For (z1,...,%p) in T(Uy,...,Un), we write
B8, (6% (SVao(O(0), F)) (B Br)) < 6)
< B3 (%0 (V00 £())), %20 (-aglu CO(0)) > 8) + PE))

< P(£(2Vee(C(0), f(m)A - aglu C(0)) > §) + P(£(9)).
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Since n 1V (C(0), f(n)) and n~taglu C(0) are exponentially contiguous, we need
only to estimate P(£(J)). Suppose that £(J) occurs. Suppose also that n is large
enough to have

Vie{l,...,m} VielIl) 4nv3(r})*n®+ nv3 < 6o(r})*n?/3.

Let ! belong to {1,...,m}, let ¢ belong to I(!) and let C(I,¢) be the collection of
the open clusters of the configuration restricted to agluC(0) N B(nz; + nzt,nrl).
Because of the definition of aglu C(0), the clusters of C(l,7) are open clusters of the
configuration restricted to B(nz; + nzl,nr!). Moreover
c? (voo (cupC(l,),1/2)AB_(nz; + nat, nrt, vg, (xg)))
<3 (Voo(cup C(l,4),1/2)A(aglu C(0) N B(nz; + nat, nri)))
+ 3 ((aglu C(0) N B(nz; + nzt,nrt))AB_(nz; + nzl,nrl, vg, (mi)))
< £3(B(nal,nrl +v3/2) \ B(na!,nrl — v3/2))
+ L3((nU; N (aglu C(0) — na;)) AnE;)
+ L3 ((nEl N B(nz!,nrl))AB_(nat, nrl, vg, (wi)))
< 4mV3(rh)2n? + 7v3 + 2603 + 8o (rh)3n®/3 < So(rl)3n3 .

Therefore the collection C(l,%) realizes the event sep (n,z; + =, 7!

R 2}

vE, (xt),80) and

() C ﬂ ﬂ sep (n,x; + zt, 7l v, (24), 00) .
1<i<m i€ I(l)

Since the balls B(z!,r!), i € I(l), are disjoint for any ! in {1,...,m} and since
(%1,...,Zm) belongs to T(Ui,...,Un), then the balls B(nz; + nat,nrl), i € I1(1),
1 < I < m, are still disjoint and the events sep (n,z; + z&,rl,vg, (zl), o), i € I(1),
1 <1 < m, are independent, whence

PE@) < I TI Plsep (n,ai + k7t vp, (ah), 60)) -
1<I<miel(l)

Since the model is invariant under integer translations, then for ! in {1,...,m} and
¢ in I(1)

13(sep (n,z + zb, vl vg, (), 00)) = ﬁ(sep (n,2t,rt vg, (2}),00))
and

PE@) < [I TI P(sep(n,al,rt v, (al),60)) -

1<I<miel(l)
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This last bound is independent of (z1,...,%y) in T(Uy,...,Uy,). By the choice of &y
(see Lemma 8.1) and of the balls B(z!,r!) (see Lemma 6.6)

lim sup 12ln sup {ﬁ(é’(d)) (X1, ey Tm) € T(Ul,...,Um)}

n—oo N

<= > Y wmE))RE) (-
1<I<miel(l)

<= (I(El,Ul)(l—E)—E)
1<I<m

= -I™(E1,...,En) (1 —¢€)+me.

Letting § and then € go to zero, we get the upper bound we were seeking for. O

We turn now to the proof of the enhanced upper bound of Theorem 2.2. Let F
be a closed subset of (B(R®), L'). Let a,é be positive with § < 1 < a. We write

P(n™We(C(0), f(n)) € F) <
B(P(ffaC(0)) > an?) + P(L3(Veo(C(0), f(n))Afifa C(0)) > 6n®) + P(£),

where £ is the event
{n_lvoo(C(O), f(n)) € F, P(ffaC(0)) < an?,

L3(Vso (C(0), £(n)) Afifa C(0)) < 6n® } .
Firstly by Proposition 9.12

lim sup lzlnf’(’P(ﬁfaC(O)) >an?) < —c(k)a.

n—oo N

Secondly, since n™1 Vo (C(0), f(n)) and n~fifaC(0) are exponentially contiguous,

lim sup %2lnf’(£3(voo(0(0),f(n))AﬁfaC(O)) > 6n3> = —00.

n—oo

Thirdly, we examine the last term 13(8 ) of the inequality. Suppose that card C(0)
is finite and that P(fifaC(0)) < an®. By the isoperimetric inequality, we have
L3 (fifa C(0)) < cisoa®?n®. Let X be the random subset of Z? defined by

X = {z €Z3: L3(B(nz,n) NfifaC(0)) > én3}.

Since diam fifa C(0) < P(fifaC(0)) < an?, then X is included in B(0,2an?). Since
a point of R® belongs to at most eight balls among the balls B(z, 1), z € Z3, then

dndcard X < Z £3(B(nz,n) N fifaC(0)) < 8L3(fifaC(0)) < 8cisoa® *n®
zeX
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and therefore card X < 8cjs0a%/2/6. For z in Z3\ X, by the isoperimetric inequality
relative to the ball B(nz, n), taking into account that £3(fifa C(0)NB(nz,n)) < én3,

£3(fifa C(0) N B(nz,n)) < 63nb2>P(fifa C(0),int B(nz,n)) .

150

Summing this inequality over z in Z3\ X,

L3(fifaC(0) \ cup{ B(nz,n) :x € X }) < E L3 (B(nz,n) N fifa C(0))
z€Z3\X
< 61/3nbi/c,3 Z P (fifa C(0), int B(nz,n))
T€Z3\X
883 b P (fifaC(0)) < 8ad /b Pn®.

180 150

IA

We set M = 8cis0a®/2/6 and n = § + 8ad'/ 3bi2£’. Whenever £ occurs, we have

therefore

X c B(0,2an®), cardX < M,
L3 (Voo (C(0), f(n)) \ cup { B(nz,n) : z € X }) < nn®.

Let E(X) be a subset of X x {1,...,3°4X} associated to X as in Lemma 9.20. We
decompose the event £ according to the possible values of the set E(X):

P& = Y S 3 PEEX)={@m) - @mrm)})

1<m<M T1,..4Tm Y15-Ym

where the second summation extends over the integers r,...,7, in {1,...,3M}
and the third summation extends over the points y1,...,ym in Z3 N B(0,2an?).
The number of possible choices for y1,...,ym is less than £3(B(0,2an? + 2))™,
which is a polynomial function in n. The number of possible choices for the first
two sums is less than 3M(M+1) We estimate now the term inside the sums. Let
{(1,71),--+, (Ym,Tm) } be a value for the random set E(X ) compatible with £ (that
is a value which occurs with positive probability). By the construction of E(X), the
balls B(y;,r; + 1), 1 <1 < m, are pairwise disjoint so that (yi,...,ym) belongs to
T(B(0,r; +1),...,B(0,7y, + 1)); moreover the balls B(y;,r;), 1 < i < m, cover the
balls B(z,1), z € X, whence

L2 (Voo (C(0), f(n)) \ By1,71) \ -\ B(ym,™m)) < 7.

Let F;*(r1,...,Tm) be the subset of B(B(0,ry + 1)) x - -+ x B(B(0, 7, + 1)) defined
by

FT1y.eTm) = {¢B(0,7‘1+1),...,B(0,7‘m+1)(E) Ec7,

Z1yee92m

(21, 2m) € T(B(O,m +1),...,BO,rm + 1)), L2(E\ | Blai,m)) < n}-
1<i<m
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We write then

P(&, E(X) = {(W1,71), - Wm>Tm) })
< ﬁ(n-lvoo(C(O),f(n)) €F, L3(n W (C(0), f(m))\ | Bwi,m)) < n)

1<i<m
< ﬁ(n‘lvoo(C(O),f(n)) e{EeF, L2(E\By1,r)\ \ Bym,™m)) <7 })
< P(gEOT D BOMED (n=1Y (C(0), £(n))) € F (11 m) ) -

But F3*(r1,...,mm) depends on (r1,...,7,) and n only and not on (yi,...,¥m) in
T(B(0,r, +1),...,B(0,7, + 1)). Coming back to the innermost summation,

> P& EX)={@,m), - Wm,rm) }) < L3(B(0,2an? +2))™

Y15 Ym

X sup 13(¢,ﬁ<,9;j;,j}> vvvvv BOrmt) (n=1V(C(0), f(n)))ef;,”(rl,...,rm))

Yiyeeey Ym

where the supremum is taken over (y1,...,ym) in T(B(0,71 + 1),..., B(0,7 + 1)).
This inequality and the upper bound of Lemma 9.21 yield

limsup%zln Z P(&, E(X) ={(1,m1)s s @Wm,rm) }) <

n—roo
Y15 Ym

—inf {I™(Fy,...,Fp) : (F1,...,Fp) € o F(r1,...,m) } -

Since the number of terms involved in the first two sums is bounded by 3M(M+1)
which is independent of n, we conclude that

limsuplzlnﬁ(g) < —inf {Im(Fl,...,Fm):l <m<M,
n

n—oo

Piyenostm € {1,...,3M}, (Fl,...,Fm)edoy-",;n(rl,...,rm)}.

It remains to evaluate this infimum. Let m belong to {1,..., M}, let r1,...,rm be-
long to {1,...,3™} and let (F1,..., Fy) belong to clo FJ*(r1,...,mm). By the very
definition of clo F}*(r1,...,Tm), there exist a set £ in F and a m-uple (Z15-++52m)

in T(B(0,r1 + 1),...,B(0,ry + 1)) such that

L3 (E\ U B(zi,ri)) <m, Z L2((ENB(zi,ri + 1))A(zi + F;)) < n.

1<i<m 1<i<m
Therefore

> L3(F;nB(,r; +1)\ B(0,r;)) < 2.

1<i<m
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By Lemma 6.7, for i in {1,...,m}, for %! almost all ¢ in ]0, 1],
I(F;nB(0,r; +t)) < Z(F;,int B(O,7; + 1)) + ||7||eoM>(F; NOB(0,1; +1)).

Let T be the subset of ]0,1[ where all the above inequalities hold simultaneously.
Certainly H'(T) = 1 and by integrating in polar coordinates

S LH(FNBO,r+1)\ BO,r)) = / S H2(FinOB(0,r: +1)) dt
1<i<m T1<i<m
so that there exists ¢ in T such that
> HX(FNOB(0,r; +1)) < 2n.
1<i<m

Let F' be the set
F = U (zi + (FiNB(0,r; + t))) .

1<i<m
Then
L3(EAF) <
C(BUF)\ | Blzird)) + Y L((ENB(zi,ri + 1)A(z: + F)) < 47
1<i<m 1<i<m

and because of the choice of ¢

I(F) = Y, I(F;nB(0,r;+1))

1<i<m
< Y I(F,int BO,ri +t) + |I7llo Y H*(F;NOB(0,r; +1))
1<i<m 1<i<m

< I™(F1y. ., Fn) + 2|7l oo -
It follows that
inf {Z(F) : F € Vi1 (F,4n) } < I™(F1, ..., Fn) + 20||7||oo -
Passing to the infimum over (Fi,...,Fy), (r1,...,7m) and m,
l1msup lnP(E) < —inf{f(F) : F € Vi (F,4n) } + 20||7)|co -
n—o0
Coming back to the initial inequality,

hmsup lnP( "W (C(0), f(n)) € F) <

n—o0

—min (c¢(k)a, inf { I(F): F € V1 (F,4n) } = 2n|I7lloo) -

Recalling that 1 = & + 8a6/3b>/%, sending first § to 0 and then a to 0o, we get the

180
enhanced upper bound we were seeking for. O
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9.7. Proof of Proposition 2.4
We end this chapter with the proof of Proposition 2.4.

Lemma 9.22. Let n belong to 10,0 and let k,1 belong to N with k > 6, 1 > 130,
3k <. For z' in1Z3, let X]'(2") be the indicator function of the complement of the
event

V(A@', 1), 1) N (anrdC > (6 + ) card A(w’,l)) N R(A(z',50),1)
C

where the summation is over all the open clusters C of the configuration restricted
to A(z',1) intersecting By A(z!,1). For any open cluster C of diameter larger than l,
any compact set K, the difference |card C N K — L3, (Vo (C,1))| is bounded by

Nl (Voo (C,20) N K) + Peard { 2 € IZ*N K NVoo(C,20) : XJ(z') =1}
+112012P(fifa (C, k, 1), int K) + 2L3 (Voo (OK, 31 + 1) N Voo (C, 21)) .

Proof. We start by rewriting the difference

|card C N K — 0L3 (Voo (C,1))| <
0L% (Voo (C, D) Acup { A(2,1) : 2* € fat (fifa (C, k,1),1) })
+ |cardC N K — 6L% (cup { A(z!,1) : 2* € fat (fifa (C, k,1),1) }) |
< L% (Voo (C,20) \ fifa (C, k, 1)) + Y _ |card (C N K N A(2',1)) — 0L (A(z', 1))
1:‘

where we have used Lemma 9.9 to get the first term and the summation extends over
z! in fat (fifa (C, k,1),1) Nfat (K,1). We decompose further this summation according
to ' and to the value of X' as follows:

o= Y ) DT
z! zh:A(2' )NOK#2  zh:A(z!,l)Cint K, X[ (2')=0 z!:A(z!,l)Cint K, X' (z!)=1
Remarking that

fat (fifa (C, k,1),1) Nfat (K,l) C Voo(C,3l/2) NcloV(K,1/2),

we obtain
< L3 (Voo (0K, 21) N Voo (C, 21)) .
zh:A(z! ) NOK#L2

Next, whenever X;'(z!) = 0 for some ! in fat (fifa (C, k,1),1), then do (2!, C) < 31/2
and C intersects A(z!, 31); in particular there exists an open path in C N A(z!, 51) of
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diameter larger than I; denoting by C*(A(z!,1)) the open crossing cluster in A(z!,[)
realizing the event V(A(z!,1)), we have

C* (A ) c CnA@Eh ) c e
C

where the union is over all the open clusters C of the configuration restricted to
A(z!,1) intersecting d;yA(z,1). By definition of the event associated to X;'(z'), this
implies |card (C N A(z!,1)) — 613| < nl® and

Y o <l e(C2A)NEK).
zt:A(a!,l)Cint K, X' (z!)=0

For the third sum,

> < Beard {z' € 1Z*°N K NVs(C,2l) : XJ'(z') =1}.
zh:A(2!, 1) Cint K, X[ (2!)=1

By Lemma 9.10,

0L% (Voo (C, 20) \ fifa (C, k, 1)) <
112002P (fifa (C, k, 1), int K) + L3 (Voo (0K, 31 + 1) N Voo (C, 21)) .

Putting these estimates together yields the desired inequality. O

Proof of Proposition 2.4. Let §,a be positive. We write

P(|card C(0) — 0L3 (Voo (C(0), F(n)))| > 6n°) < P(L3(Vao(C(0),2f(n))) > an®)
+ 13(|card C(0) — 0L3 (Vo (C(0), £(n)))] > 603, L2 (Vo (C(0),2f(n))) < an3) .

We consider each term of the right—-hand side separately. First

P(L£* (Voo (C(0),2f(n))) > an®) <
P(L3 (Voo (C(0),2f (1)) AfifaC(0)) > an®/2) + P(L3(fifaC(0)) > an®/2) .

Under 13, the cluster C(0) is bounded, whence by the isoperimetric inequality
P(L3(fifaC(0)) > an®/2) < P(P(fifaC(0) > (a/(2¢is0))*/*n?) .
Applying Corollary 9.11 and Proposition 9.12,

limsup — In P(L3 (Voo (C(0), 2 (n))) > an®) < —(a/2cis0)"/ (k).

n—oo
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Secondly, let 1 be such that 0 < na < §/3. We apply the inequality of Lemma 9.22
with K = clo A(0, 4an3) and we suppose that n is large enough to have 27 f(n)? < én?
(so that |card C(0) — 0L3 (Vo (C(0), f(n)))| > 6n® implies that diam C(0) > f(n))
and 6f(n) < an® (so that £3(Ve(C(0),2f(n))) < an® implies that d, (C(0),0K) >
6f(n)). We get

ﬁ(lcard C(0) = 8L% (Vo (C(0), f(n)))| > 8n°, L3(Veo(C(0),2f(n))) < an3) <
P( f(n)3card { @ € clo A(0,4an®) N f(n)Z®: X"(z) =1} > 6n3/3)
+ P(1120f(n)*P(fifa C(0)) > 6n3/3) .
By Proposition 9.12, the second term of the right-hand side is less than
b(k) exp(—c(k)(5/3360)n3 f(n)~2).

By Corollaries 7.4,7.5,7.8, the first term of the right—hand side is less than

Y e (3i In(4an?/ f(n) + 2) +i5-3(In b(n) — () f(n))) :
i>(8/3)(n/f(n))3

Because f(n)/Inn goes to co as n goes to oo, for n large enough, the sum is less
than ' (n) exp(—c'(n)(6/3)n3 f(n)~2) for some positive constants b'(7), c'(n). The
last two estimates imply that, for any 6, a positive,

Tim_ %2lnﬁ(|card C(0)—0L3 (Vao (C(0), £(n)))| > 6n®, L3 (Voo (C(0), 2f(n))) < an3)

= —0

whence, coming back to the initial inequality,
1 ~
limsup —, lnP(Icard C(0) — 0L (Voo (C(0), F(n)))| > 5n3) < —(a/2cis0)?3c(k) .
n—oo

Letting a go to 0o, we obtain the statement of the exponential contiguity. O
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CHAPTER 10

COLLECTIONS OF SETS

We denote by BC(R?) the set of all finite or countable collections of non empty
Borel subsets of R3. We recall the basic set operations on collections of sets: for A
a collection of sets, we denote the union of the sets of A by cup A, i.e.,

cupA = UAGA A,

and by overlap A the union of the intersections of all pairs of distinct sets of A, i.e.,
overlapA = cup{ A1 NAy: A, Ay € A, Ay # Ay }.

When dealing with Borel collections, we identify the Borel sets whose symmetric
difference is negligible, hence the elements of a Borel collection are pairwise distinct
up to negligible sets. A Borel collection might be empty but it does not contain
negligible sets. A Borel collection A of subsets of R? is a Borel partition of R® if and
only if R® \ cup A and overlap A are negligible. We define a perimeter functional P
on BC(R?): for any A in BC(R?), any open set O,

P(4,0) = ) P(4,0).

AcA

We define also P(A) = P(A,R®). A Caccioppoli partition of R? is a Borel partition .4
of R? such that P (A, O) is finite for any bounded open set O. We denote by CP(R?)
the set of all Caccioppoli partitions of R3.

Remark. The denomination “Caccioppoli partition” was introduced in [22,23] in
relation with problems in image segmentation and the Mumford—Shah functional.

Definition 10.1. An arrangement (A(i),i € N) of an element A of BC(R®) is a
sequence of sets in A U {@} such that each set of A appears exactly once in the
sequence (A(i),i € N) and the empty set @ appears countably many times in the
sequence (A(i),7 € N).

Remark. If A is finite then A(i) = & for ¢ sufficiently large.
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Lemma 10.2. Let A belong to BC(R?) and let (A(i), i € N), (A'(i), i € N) be two
arrangements of A. There ezists a permutation ¢ of N such that A'(7) = A(¢(i)) for
all i in N.

Proof. The sets {i € N: A(3) # @} and {i € N: A'(i) # &} are in one to one
correspondence with A, while the sets {i e N: A({) =@} and {i e N: A'(i) =2}
are both countably infinite. O

We define first a metric D on BC(R®): for A;, A in BC(R?),

D(A17A2) =
inf { sup £2(A41(3)AA2(3)) : (4;(3),7 € N) arrangement of A;, j = 1,2} .
N

i€

We define next a family of pseudo-metrics Dg on BC(R3). For K a compact set
and for A;, A2 in BC(R®) we set

Dk(A1, A2) =
inf { sup L3 (A1(i)AA2(1)) : (A;(i),i € N) arrangement of A;, j = 1, 2}
N

Corollary 10.3. Let A;, As belong to BC(R?) and let (A;(i), i € N) be an arran-
gement of A;. For any compact set K,

Dk (A1, A2) = inf { sup L3 (A1 (1)AA(3)) : (A2(3), i € N) arrangement of Az } .
iEN
Proof. By the definition of Dk, for any positive ¢, there exist arrangements (4] (¢),
it € N), (45(2), 1 € N) of A; and Az such that
sup L (A1 (1)A45(i)) < D (A1, Az) + €.
ieN
By Lemma 10.2, there exists a permutation ¢ of N such that A} (i) = A;(¢(2)) for all

iin N. Let (A2(i), i € N) be the arrangement of A, defined by A, (i) = Ab(¢~1(3))
for ¢ in N. Then

sup L% (A1(i)AA;(i)) = sup L% (A]()AA5(1)) < Di (A1, A2) +¢.
ieN iEeN

Taking the infimum of the left—hand side with respect to all arrangements (A2(3), ¢ €
N) of A, and letting € go to 0 yields the result. O

We construct a metric Dj,c on BC(R?) by using an increasing sequence of compact
sets filling R3, for instance the closed balls (B(0, j),j € N), and setting

VA1, Az € BC(R?)  Dioc( A1, As) = Zj_sDB(O,j)(Ala-AZ)'

jz1
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A sequence (An)nen of Borel collections of subsets of R® converges with respect
to Djoc towards a Borel collection A if and only if for any compact set K

lim DK(An,.A) = 0.
n—o00

This notion of convergence corresponds to the topology on BC(R?) generated by the
following system of neighbourhoods: a fundamental system of neighbourhoods of a
Borel collection A of subsets of R? is

V(A,K,e) = {A' € BC(R*) : Dk(A',A) <e}, K compact, € >0.
The sets V (A, K, €) are open; indeed, for any compact set K, by Corollary 10.3,
Y A1, A2, A3 € BC(R?) Dk (A1, As) < D (A1, A2) + Dk (A2, As) .

Another way to build a metric on BC(R?) is to use the measure v defining the
topology Lij,. on B(R?). We recall that ¢(4) = 3,5, i °L*(AN B(0,j)) for a
Borel set A. We set for any A;, A2 in BC(R3) -

Dy(Ar, Az) =
inf { sup ¥ (A1(¢)AAz(%)) : (A;(é),7 € N) arrangement of A;, j = 1,2} .
ieN

That Dy and Djo. define the same topology on BC(R®) is a consequence of the
following inequalities, valid for any A;, .42 in BC(R®) and any j in N,

Dioc(A1, A2) < Dy( A1, A2) < 2Dpo,j)( A1, A2) + 47/(35) .

Lemma 10.4. Let A belong to BC(R?) and let (A(i),i € N) be an arrangement
of A. A sequence (Ap)nen in BO(R®) converges to A for the metric Dio. if and only
if there exist arrangements (A, (2),% € N)nen of (An)nen Such that for any compact
set K

lim sup £3%(A,(1)AA®i) = 0.

Remark. The interesting point is that the arrangements chosen for the sequence
(An)nen are independent of the compact sets K.

Proof. In case arrangements exist such that the above limit occurs, then clearly
the sequence (Ap)nen converges to A for the metric Dy.. Conversely, suppose that
the sequence (Ay)nen converges to A for the metric Dyo.. Let for n in N

#(n) = max{m e N: Dp,m)(An, A) < 1/m }.
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By the definition of the metric Dioc, for any m in N, the quantity Dpg(o,m)(An,A)
goes to 0 as n goes to 00, so that lim,_, ¢(n) = co. By Corollary 10.3, for each n
in N, there exists an arrangement (A, (i),7 € N) of 4, such that

Sglg ﬁ?é(o,¢(n))(An(i)AA(i)) < Dp(o,¢(n))(An,A) +1/¢(n).

We claim that these arrangements answer the problem. Let indeed K be any compact
set. For n sufficiently large, the ball B(0, ¢(n)) contains K whence

sup L (An())AA(1)) < Dp(o,g(n))(An, A) +1/(n) < 2/¢(n).

Therefore the left—-hand quantity converges to 0 as n goes to co. O

Lemma 10.5. Let f be a lower semicontinuous map from (B(R?), Dioc) to Rt U
{00}, that is, if (An)nen is a sequence of sets in B(R®) converging towards some set
A in B(R®) for the topology L ., then liminf, oo f(An) > f(A). The functional on
(BC(R®), Dyoc) defined by

VA€ BOR)  f(A) = f(4)

A€ A

is lower semicontinuous: if (Ap)nen is a sequence in BC(R3) converging to A in
BC(R3) for the metric Dioc, then liminf, . f(An) > f(A).

Remark. In particular, for any open set O, the perimeter functional P(-, O) is lower
semicontinuous on (BC(R3), Dioe).

Proof. Since f is lower semicontinuous, for each set A in B(R®) and e positive,
there exist a compact set K(A,€) and a positive (A, €) such that:

VA € B(R)  Lya.(AAA) <n(Ae) = f(A)>min(f(4) —e,1/e).

Let (An)nen be a sequence in BC(R®) converging to A for the metric Djoc. Let €
be positive. Let A(1),...,A(r) be distinct sets in 4 such that

2_FAG) 2 min(£(A) —e,1/e).
Let -
K =cup{K(A(i),e/r):1<i<r},
7 = min (min {n(A(@),e/r) :1<i<r},min { %ﬁ}(A(z)) :1<i<r }) .

There exists an integer N such that Dk (A,, A) < n for n > N. Fix some n larger
than N. There exist r distinct sets A, (%), 1 < i < r, in the collection A,, such that

3 . .
nax Lic(An(i)AA@)) < 7.
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The definition of K, 7 yields also that f(A,(7)) > min(f(A(¢)) —e/r,r/e) for i in
{1,...,r}. Therefore, for any n larger than N,

f(An) = D f(An() > min(f(A) —¢,1/e) — €.

i=1
Letting successively n go to oo and € go to 0 ends the proof. O

Definition 10.6. To a Borel collection A of BC(R®) we associate the partition
part A of R? defined by

part A = { A\ overlap.A: A€ A} U {overlapA} U{R®\cupA}.

Lemma 10.7. For any Borel collection A of BC(R?), any compact set K, we have

Dk (part A, A) < max (E% (overlap A) , L3 (K \ cup A)) )

Proof. Let (A(i),i € N) be an arrangement of 4. For ¢ in N, we set A'(i) =
A(7) \ overlap A. Let i1,i2 be two indices such that A(i;) = A(i2) = @. We set
A'(iy) = R® \ cup.A. In case overlap A is not already an element of A, we set
A’ (i) = overlap A, otherwise we set A'(i2) = @. Then (A’(7))ien is an arrangement
of part A. Moreover

VieN L (AG)AA () < max (c} (overlap A) , £3(K \ cup A)) .

This implies the claim of the Lemma. O

The next Theorem is a slightly simplified version of the compactness result of
Congedo and Tamanini [23, Theorem 1.6], which deals with a stronger topology and
includes the possibility of associating weights to the sets of the collections.

Theorem 10.8. For any X in Rt, the X level set { A € CP(R3) : P(A) < A}
of the perimeter functional restricted to the Caccioppoli partitions is compact with
respect to the metric Dioc.-

Remark. Notice that the set CP(R®) of the Caccioppoli partitions of R® is not a
closed subset of (BC(R®), Djoc). Indeed, a bounded set having infinite perimeter
can be approximated by a sequence of Caccioppoli sets. Even the set of the Borel
partitions of R? is not a closed subset of BC(R®), because there might be a loss of
mass when passing to the limit without any control on the perimeter. Using the lower
semicontinuity of the volume and Lemma 10.5, we already know that if (Ap)nen
converges towards A, then liminf, .00 > 4c4 L3 (ANO0) > 3 4 4 L3 (AN O) for
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any open set O. However the inequality might be strict in general. For instance, the
sequence (Ap)nen defined by

VneN A, = {A((i/n,j/n,k/n),l/n) - (4,5, k) € z3}

converges towards the empty collection, yet £3(A4,) = oo for each n.

Proof. For the reader convenience and for the sake of completeness, we reproduce
here the proof of [23, Theorem 1.6] within our context and with our weaker topology.
We recall that ¢(4) = 3,5, j~8L3(AN B(0,5)) for a Borel set A. Let A belong
to R* and let (Ay,)nen be a sequence in CP(R?) such that P(A,) < A for alln in N.
For t positive, there is a finite number of sets A in A, such that ¢(A) + P(4) > t.
Therefore there exists an arrangement (A, (i), € N) of A, such that, for any non—
negative integer ¢,

P(An(28)) + P(An(29)) > Y(An(2i +2)) + P(An(2t +2)), Ap(2i+1)=2.

By Lemma 6.3 and Corollary 6.4, the space { E € B(R®) : P(E) < A} is compact
with respect to the topology Llloc' By a standard diagonal argument, we can extract
from the sequence of arrangements (A, (7),7 € N),en a subsequence (not relabeled)
such that: for each i in N, there exists a Borel set A(2i) in B(R®) such that A, (2i)
converges to A(2i) for the topology Li  (equivalently (A, (2i)AA(2i)) converges

loc
to 0 as n goes to co). For i odd we set A(i) = &. For any i1 # iz and n in N, any

compact set K,
L% (A(i1) N A(iz)) < L (A1) AAR(i1)) + L (An(i2) AA(52)) -

Letting first n go to co and then K grow to R®, we obtain that A(i;) N A(i2) is
negligible for any i; # i2. Let A be the collection of the non negligible sets of the
sequence (A(7), i € N), that is, A = { A() : i € N} \ {@}. Then (A(3),i € N) is an
arrangement of 4. Moreover overlap A is negligible. Next, we have

Vn,i €N (R + X > iP(An(26)) + ivp(An(24)) .

We set a = 9(R3?) + A. Let B be a ball in R3. There exists a positive constant ¢
depending on B such that

VYAeB(B) %(A)>cL3(A).

Let i9 be such that
a/(cio) < L3(B)/2.
For all n in N and 7 > ip, we have

L(4n(20) N B) < ~$(A2)NB) < 2 < 1£X(B),
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so that, by the isoperimetric inequality relative to the ball B,

L3(An(20) N B) < bisoP(An(23), B)*? < biso(a/i)®/?.

This inequality yields that for any n in N and 4 larger than i
3 ) 1\3/2
Dp(An, A) < max (Orgnkagg Lh(An(R)AAK)), 2biso(a/i) ) .

Letting first n and then 7 go to oo in this inequality, we get lim,_,o Dp(A,, A) = 0.
Since the ball B is arbitrary, then the sequence (A,)nen converges towards A in
(BC(R?), Dioc). By summing the above isoperimetric inequality, for any i larger
than io,

VneN  LNB) = ) LH(A) < D Li(An(R) + 2o a7
A€A, 0<k<2i

By letting successively n and 4 go to infinity, we get £*(B) < 3 4 4 L (A). Since
the ball B is arbitrary and overlap A is negligible, then R3 \ cup A is negligible. Thus
A is a Borel partition of R®. By Lemma 10.5, the perimeter of A is less than A\. O
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CHAPTER 11

THE SURFACE ENERGY OF A CACCIOPPOLI PARTITION

In this chapter, we define the surface energy of a collection of Borel sets. We
prove two approximation results. The approximation through polyhedral partitions
is quite delicate.

11.1. Definition of the surface energy

Let A be a Caccioppoli partition of R®. The reduced boundary 8*A of A is the

set
O*A = cup{8*A1 NP*A3: A, A € A, Ay # Az }.

By [23, Lemma 1.4], for any Borel set E,
H*(O"ANE) = Y H(0"ANE).
AcA

For a point = of 8*A4, the pair (A;, A3) of clements of A satisfying A; # Ay, = €
8*A; N O*A,, is unique up to the order (both sets A; and A, have density 1/2 at z);
also, the generalized normal vectors of A; and Az at x satisfy va, () + va,(z) = 0.
In particular, the sets *A; N 0*Aq, A1, Ay € A, A; # A, are pairwise disjoint. On
the space A x A x S?, we define an equivalence relation ~ by

(AlaA27V) ~ (Allv ,23V,) —
(Al,Az,I/) = (A,17 ’2,1/,) or (Al,AQ,I/) = (AI2, '1,—1/’) .

Hence in the quotient space AxAXS2/~, (A1, A2,v) and (A2, A;, —v) are identified.
We can then define uniquely a map

T € A (A1(z), A2(z),v(z)) € AXx AX S§%)~
such that, for any x in 8*A,
Ai(z) # A2(z), € 0"A1(z) NO0"A2(7), V(T) = Va,(2)(T) = —Vay@)(T).

We set v(A,z) to be the projection of v(z) on the projective sphere PS2. The
surface energy of a Caccioppoli partition A in an open set O is then defined to be

Z(A,0) = /a o T(v(A, ) dH?(z) .
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Notice that the symmetry of the surface tension 7 allows to define it on the projective
sphere PS?%, so that 7(v(A,z)) makes sense. We extend Z to BC(R®) by setting
Z(A,0) = oo for all A in BC(R?) \ CP(R3). We define also Z(A) = Z(A,R3).

Remark. If A is a Caccioppoli partition, then Z(.A, O) is equal to % 2 4eaL(4,0).
Lemma 11.1. For any collection A in BC(R®), any open set O,
TminP(A,0) < 2I(A,0) < ||7]|xP(A,0).

Proof. This result is a consequence of the previous remark and of Lemma 6.3. O

We say that a Caccioppoli partition .4 has finite surface energy, or finite perimeter,
if Z(A) is finite (or equivalently P(A) is finite).
Lemma 11.2. Let A be a Caccioppoli partition. Let f : 0*A — R be a H2|o+4

measurable bounded function. For H? almost all x in O*A,

1
i) Fz/s(z,r)r{a(}//a) H) = ().

Proof. Since A is a Caccioppoli partition, then for any bounded open set O,
H2(6*A N O) is finite, whence for #?2 almost all z in 8*A [34, Corollary 2.5],

limj:.)lp (7r)'H2(B(z,r) N 8%A) < 1.

By [23, Lemma 1.4 and formula (1.5)], for any A4 in A,

H2(0*A) = ) H?(8*ANO'E).

EeA\{A}
It follows that for H2 almost all = in 8*4,
lim inf (7r?) " H2(B(z,r) N 8*A) > lim inf (xr®)"'H?(B(z,r) N 8*A) = 1,
li_% (7r?)"'H?(B(z,r) N (0*AAH*A)) = 0.

Since A is countable, then for 2 almost all = in 8*4,

l% (7r2) ' H%(B(z,r) NO*A) = 1,

lim (mr®) "' H?(B(z,r) N (0*AA8*Ay(x))) = 0.

Using the results on Caccioppoli sets (see chapter 6), for H? almost all z in 8*4,

im - f)dH(y) = f(z).

2
r=0 T/ B(z,r)N8%A1(z)

By decomposing B(z,r) N J*A as
(B(ac, r) N 9*A, (.7:)) U (B(z, r) N (8°A\ 8°A; (x))) \ (B(a:, ) N (0%4: (z) \ 6*A))

and integrating f separately over each of these sets, with the help of the previous
density results, we obtain the claim of the Lemma. O

ASTERISQUE 267



11.2. APPROXIMATION OF THE SURFACE ENERGY 127

Lemma 11.38. Let A be a Caccioppoli partition of R® having finite perimeter. Then
A contains ezactly one set A, such that L3(Ax) = 00. Moreover £3(R®\ Aw) < o0.

Proof. For any A in A, we have P(A) > P(A) and by the isoperimetric inequality,
VA€A  min(£3(A4), L3R\ 4) < ciso P(A)Y2.
Suppose that £3(A) is finite for all A in A. Then

VAe A  L3A) < csoP(A)YV?P(A)
and by summing £3(A) < cisoP(A)%/? contradicting the fact that A is a partition
of R3. Hence there exists a set Ao in A such that £3(A) = 0o. Yet L3(R®\ Axo) <
ciso P(A)3/? and the other sets of A are included in R® \ A,,. O

Proposition 11.4. The map A € BC(R3) — Z(A) € R* U {oo} is lower semi-
continuous and its level sets { A € BC(R?) : Z(A) < A}, A € R*, are compact with
respect to the metric Dioc.

Proof. Let (Ap)nen be a sequence in BC(R?) converging towards an element A
of BC(R?) for the metric Djoc and such that liminf,_, . Z(A,) is finite. Up to the
extraction of a subsequence, we may assume that lim, ., Z(A,) exists and that
the sequence (Z(An))nen is bounded. In particular, the collections A,, n € N,
belong to CP(R3) and by Lemma 11.1, their perimeters are uniformly bounded.
Theorem 10.8 implies that the limit A also belongs to CP(R®). Thus Z(A) =
5> acaZ(A). Since Z is lower semicontinuous on (B(R*), L] ), Lemma 10.5 im-
plies that Z(A) < lim,—00 Z(Ay). Therefore the surface energy 7 is lower semicon-
tinuous on (BC(R®), Dioc). A further application of Theorem 10.8, together with
Lemma 11.1, shows that the level sets of Z are compact. [

11.2. Approximation of the surface energy
By definition of the surface energy, for any open set O,

VAeCP(R)  I(4,0) :/

9*AN

T(v(A,z))dH?(z) .
o

We first approximate the integral by an elementary sum. The next Lemma is the
analog for Caccioppoli partitions of Lemma 6.6. It is needed to prove the large
deviation upper bound of Theorem 2.7.

Lemma 11.5. Let O be an open subset of R®. Let A be a Caccioppoli partition
of R® having finite perimeter in O. For any positive €, 8, there exists a finite collec-
tion of disjoint balls B(x;,7;), i € I, such that: for any i in I, z; belongs to 6*ANO,
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r; belongs to )0,1{, B(z;,r;) is included in O,

3
67‘1:’

3
ory,

L3 ((A1(:) N B(zi,7:)) AB_ (i, 73, v(:)))
L3 ((Az2(zi) N B(zs,7:)) ABL(z,7i, v(w:)))

‘I(.A, 0) - Z ariT(v(A, z;))

i€l

<
<

<e.

(For the definition of the maps x € 8*ANO — (A1 (x), A2(z),v(z)) € AX AXS%/~
and x € *ANO0 — v(A,z) € PS?, see the beginning of the chapter.)

Remark. We could take € = § in the statement of the Lemma. However, it is more
convenient for later use to work with two distinct variables here.

Proof of Lemma 11.5. Let £,6 be positive with ¢ < 1/2, § < 1. Because a
generalized normal vector is also a measure theoretic normal, for any z in 8*4A N O,
there exists a positive r;(z, d) such that, for any r < r1(z, d),

£3((41(2) 0 Bz, ) AB- (2,7, v(a)) < 61°,
£3((Az2(z) N B(z,7))ABy(z,7,v(z))) < é6r°.

For A in A, the map ¢ € 90*A — va(z) € S? is measurable with respect to the
measure H2|g+4, therefore the map z € 8*AN O — v(A,z) € PS? is measurable
with respect to H2|s«4no. By Lemma 11.2, for %2 almost all z in 8*4N O,

: 2\—19/2 AN
7111_1)1}) (mr?) " H*(B(z,7) NO*A) = 1,
1
lim —/ T(v(A,y)) dH? = 17(v(A,x)).
b o f A @6 = (A

Let 0**A be the set of the points of 3*4AN O where the two preceding identities hold
simultaneously. Clearly #2?(6*4AN O \ 8**4) = 0. For any z in 8**A, there exists a
positive r2(z, €) such that, for any r < r2(x,€),

|H2(B(z,r) N 8*A) — mr?| < enr?,
o ) dri ) - 4] < e
B(

T z,r)NO*A
The family of balls B(z,r), = € 8**4, r < min (r1(z,0),r2(x,€),1,d2(z,80)), is
a Vitali relation for 8**4. By the standard Vitali covering Theorem [34, The-
orem 1.10, or chapter 4], we may select a finite or countable collection of dis-
joint balls B(z;,r;), i € I, such that: for any 4 in I, x; belongs to 8™ A4, r; <
min (rq(z;,6), r2(zs,€), 1,da(zi, 00)) and

either H? (8**.4\ UB(wi,ri)) =0 or Erf = .

i€l i€l
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Because for each i in I, r; is smaller than ry(z;,€),

(1—¢) ) mr} < H*(8™A) = P(A,0)/2 < oo

iel

and therefore the first case occurs, so that we may select a finite subset J of I such
that
H? (8**A\ U B(zi,ri)) < e H2(O™A).
ied
We claim that the collection of balls B(z;,7;), i € J, enjoys the desired properties.
Indeed,

[ e @) - Stz < [ ) dite)

ied 8**A\U; ¢ B(zi,ri)

+ 3 / T(v(A, 2)) dH? (@) — mriT(v(A, 2:))|.

icJ O**ANB(zi,r;)

The first integral of the right-hand member is less than & H#2(8**A)||7||co. For any i
in J,

| /8 F(A, 7)) dHE (z) — m2r(v( A, 2:))| < 26 HA(B(i,m) N O™ A),

**ANB(x;,ri)

whence by summing over ¢ in J,

Z ‘/a T(v(A, ) dH? (z) — mriT(v(A, x;))| < 2e H2(8™"A).

icd **ANB(xi,ri)

By Lemma 11.1, #2(0**A) = P(A,0)/2 < Z(A,O)/Tmin- Putting these inequali-
ties together,

|7(4,0) = 3 wrir(v(A,2.)| < €Z(A,0) 2+ |Irlloe) /imin -
ieJ
Since (2 + ||7||0)/Tmin is a fixed constant, we have the required estimate. O

We state next an approximation result which is a specialization of a result of
Quentin de Gromard [61, Théoréme A] to the three dimensional case. The detailed
proof should appear soon in [62]. An hypersurface is a C' submanifold of R® of
codimension 1.

Theorem 11.6. (Strong approzimation of sets of finite perimeter)
Let O be an open set in R®. Let E be a set of finite perimeter in O and let ¢ be
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positive. There exists a set L of finite perimeter in O such that O N AL is included
in a finite union of hypersurfaces and

HE((B*EAS*L)NO) <e, L3((EAL)NO)<e,
L CVy(E,e), O\LCV,(O\Ee).

A careful inspection of the proof yields the more precise following statement (with
O = R3). Let E be a set of finite perimeter in R® and let ¢ be positive. There exists
a set L of finite perimeter, a C! function f : R® — R, a compact set C, an open
set V and an open bounded set B such that, setting F = {zx € R® : f(z) > 0}, the
set VN OF is the hypersurface {z € V : f(z) =0} and

CcBcVc{zeR :df(zx)#0}, CCIENIF,
LNB=FNB, VN§F=VNIF,

Ve eC vg(z) =vr(z) = —|df(2)| " df(2),
L3V)y<e, L3(EAL)<e,
HEOFN(V\C)) <e, H2OE\C)<e, H2IEADIL)<ce,
LCVy(E,e), RP\LCVW(R\E,eE).

The slight improvement here compared to [61] is the estimate H2(O*EAOL) < e,
instead of H2?(8*EAS*L) < e. Let us show that the set L introduced in the proof of
[61,62] satisfies this stronger inequality.

Proof. During this check, we use the objects and notation of the proof of [61,62]
(except for the reduced boundary, which is still denoted by 8*F). First, since LNB =
F N B, where B is open, and 0F N B = 0*F N B, then 8*L N B = 0L N B. Secondly,
LNA=GNA and OLNA = 0GNA, implying 0 LN A = LN A. It remains to study
H2((OL\O*L)NT). Since L is closed, then 8*L C L and H?(8*LNT) = H2(8*LNLAT).
Rather

H2(OLNT) = H2(OLNTN(FUG)) < HEATNFNGNAL)+H* (' N(FAG)NSL).

Yet FNG C 8F UAG U (int F Nint G). Moreover H2(I'NOG) = 0, H2(I'NOF) = 0,
int FNintGNTNOL = @. Thus H2(TNFNGNAL) = 0. Following the final steps
of the proof, we get H2(I' N (FAG)) < (1+ 6K (3)P(E)/w2 + 4V3K(3))e. O

Definition 11.7. A collection of Borel subsets of R® is said to be polyhedral if
all the sets of the collection are polyhedral. It is said to be finite if its cardinality is
finite. A partition is said to be bounded if all its sets except one are bounded.

The proof of the large deviation lower bound relies on the following approximation
result.
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Theorem 11.8. Let A be a Caccioppoli partition of R® such that Z(A) is finite.
There ezists a sequence (An)nen of bounded finite polyhedral partitions of R® con-
verging to A with respect to the metric Dioc such that Z(Ay) converges to Z(A) asn
goes to 0o.

Remark. A finite polyhedral partition having finite perimeter is bounded.

Remark. It seems that this approximation problem cannot be solved easily with
the help of the corresponding approximation result for one Caccioppoli set (Propo-
sition 6.9). The main obstacle is that it is not possible in general to approximate a
Caccioppoli set by polyhedral or C* sets from the outside or from the inside: see
[41, Remark 1.27] and [40]. If we start with a Caccioppoli partition and we approx-
imate separately each set of the partition by a polyhedral set with Proposition 6.9,
then we get a collection of sets whose union might have plenty of holes and we are
not able to control the surface energy of these holes. This is the reason why we use
the strong approximation result of Theorem 11.6.

Proof. Let A be a Caccioppoli partition of R® such that Z(.A) is finite. By Lemma
11.3, the collection A contains exactly one set Ay such that £3(As) = co. This set
satisfies in addition £3(R? \ As) < 0o. It follows that

Y L£¥A) = L3R\ Aw) < 00,
AcA\{A}

Therefore, for each positive ¢, there exists at most a finite number of sets A in 4
such that £3(A) > t. Thus there exists an arrangement (A(z),i € N) of A such that

Vie N  L3(A(2) > L3(A(2i+2)), AQRi+1)=02.
For n in N, let A,, be the collection of sets
{AG@) :0<i<n}u{cup{A@):i>n}} \ {2}
Each A, is a Caccioppoli partition of R® having finite cardinality. Moreover

D(An, A) < Y LYAG),  I(An) < I(4).

>n

The sequence (Ap)nen is a sequence of finite Caccioppoli partitions of R® converging
towards A and such that (Z(Ay))nen converges towards Z(A). It is therefore enough
to prove the claim of the Theorem for A a finite Caccioppoli partition.
For r positive, let A, be the bounded Caccioppoli partition defined by

A, = {ANBO,r): A€ A A# Ax } U { A U (R \ B(0,7)) } .
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Clearly A, converges to A for the metric Djo as r goes to co. By Lemma, 6.7, for
‘H! almost all positive r,

(R \ Aso) N B(0,7)) < T(R® \ Aco) + 7lleoH? (B \ Aoo) N OB(0, 1))
and for any A in A\ {Aw}, for H! almost all r,
Z(ANB(0,7)) < Z(A) + |7l H2 (AN 8B(0, 7)) .

Moreover Z((R3?\ Aoo)NB(0,7)) = Z(AsU(R®*\ B(0,7))). Summing all the previous
inequalities, we obtain that, for H! almost all r,

I(A;) < Z(A) + ||l (B \ Ao) N OB(0, 1)) .

Let € be positive. Since £3(R® \ A) is finite, then the set {r > 0 : H2((R® \
Ax) NOB(0,7)) > ¢} has finite H! measure (less than £3(R® \ A)/¢). Certainly
there exist arbitrarily large values of r such that the above inequality holds and
H?((R? \ Ass) NOB(0,7)) < &, whence Z(A,) < Z(A) +¢||7||co- For r large enough,
we have also Djoc(Ar, A) < €. Therefore we need only to prove the approximation
result for bounded Caccioppoli partitions.

Let us consider now a finite bounded Caccioppoli partition .4 such that Z(A) is
finite. We write A = { Ao, 41,...,An} where Aq,..., A, are bounded and the
sets Ag,...,Ap have finite perimeter. Let £ belong to ]0,1/2[. We apply the
approximation result of Quentin de Gromard to each set Ag,...,An. For each 4
in {0,...,h}, there exists a set L; of finite perimeter, a C! function f; : R® — R,
a compact set C;, an open set V; and an open bounded set B; such that, setting
F,={z € R3: fi(z) > 0}, the set V; NOF; is the hypersurface {z € V; : f;(z) =0}
and

CicBicV,c{zeR :dfi(zx) #0}, C;C 8*A;NOF;,
LiNB;=F;,NB;, ViNdF;=V;NdF;,
Ve e G va,(e) = vr(z) = —|dfi(2)| " dfi(z),
L3(Vi) <e, L3AAL)<e,
H2OF;N(V;\Ci)) <e, H2O'A:\C;) <e, H2(O*A;AIL;) <e,
L; C Va(As,e), RE\L; CVa(R3\ 4;,¢).

Since A is a Caccioppoli partition, then the sets §*4; N 0*4;, 0 < ¢ < j < h, are
pairwise disjoint, and so are the sets C; N Cj, 0 < i < j < h. It is possible to choose
the open sets V;, 0 < ¢ < h, in such a way that the sets V; NV}, 0 <i < j < h, are
also disjoint. At the beginning of the proof of Theorem 11.6, the compact sets Cj,
0 < i < h, are chosen by applying Egoroff Theorem; using the exterior regularity
of the measures H2|s+4,, they are then approximated from outside by the sets V;,
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0 < i < h. We perform simultaneously this step for all the sets and we impose that
each set Vj is close enough to C;. If we set

% = (1/3)min { d2(C; N C;,C, N C1) : 0 < i, j, k1 < h, i < j, k <1, (4,5) # (k,1) }

then 1 is positive (the sets C; N Cj, 0 < i < j < h, are disjoint and compact) and it
is enough to require that V; is included in V2(C;,¢) for each ¢ in {0,...,h }.
For any ¢ in {0,...,h},

H?(OL; \ Ci) < H*(OL; \ 8°As) + H*(0*Ai\ Ci) < 2e.

Therefore, if we set H = cup{0L; \ B; : 0 < i < h}, then H?(H) < 2(h + 1)e.
Setting C = cup{C;NC;:0<i<j<h},

H2(OL; \ C) < H*(OL; \ C;) + H*(Ci\cup{C;:0<j< h,j#i})

< 26+"H2(C¢\cup{3*Aj:Ogjgh,jséi})
+ H?(cup{8*4;\C;:0<j < h,j#1i})

IA

(h+2)e.

Setting G = cup {OL; : 0 < i < h}, we get H2(G \ C) < (h+ 1)(h + 2)e. Moreover
R? \ Ag,A;,..., A are bounded, and so are 8Lo,...,0L,. It follows that G is
compact. For each i in {0,...,h}, we apply Lemma 6.10 to the set OF; Nclo B; and
the hypersurface 8F; NV; (since B; is bounded, then dF; N clo B; is compact):

dIM; >0 Vd>0 In; >0 Vz,y€ dF;NcloB;
|1" - y|2 S i = d2 (yata‘n(aﬂ N ‘/zaz)) S M’L(slw - y|2 .

For a point z belonging to C;, the tangent plane of 0F; N V; at x is precisely
hyp (z,v(A, z)). Let M be the maximum max{1, Mo, ..., M}, } and let § in ]0,1/2[
be such that 26 M < e. For ¢ in {0, ..., h}, let n; be a positive real number associated
to d as in the above formula and let n = min { 7o, ...,ns }. Let also

p=(1/6)min{d2(C;,R*\ B;) : 0<i < h}.

Since each set C; is a compact subset of the open set B;, then p is positive. For each
A in A, the map z € 8*A — va(x) € S? is measurable with respect to the measure
H?|9+, therefore the map z € 8*A — v(A,z) € PS? is measurable with respect
to H2|s«a. By Lemma 11.2, for H? almost all z in 8*A,

lim  (7r?) T HA(B(o,1) NO°A) = 1,

. 1 20,y —
lim  — B(m)r)ga(a(«‘l, y) dH (y) = 7(v(A,2)).
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Let 0**A be the set of the points of 0*4 where the two preceding identities hold
simultaneously. Clearly H2(0%A \ 8**A) = 0. For any z in 0**A, there exists a
positive r(z,€) such that, for any r < r(z,¢),

|H?(B(z,r) NO*A) — 7r?| < emr?,
1
) reA) ) - T4 < -
%) B(z,r)No*A

The family of balls B(z,r), z € 0**A4, r < min(r(z,¢),¢,n, p), is a Vitali relation for
C. By the standard Vitali covering Theorem [34, Theorem 1.10, or chapter 4], we
may select a finite or countable collection of disjoint balls B(x;,r;), ¢ € I, such that:
for any i in I, z; belongs to C, r; < min(r(z;,€),&,n, p) and

either (C\ UB(mi,ri)) =0 or D> rl =00,

i€l iel

Because for each ¢ in I, r; is smaller than r(z;,€),
m(l—g)) r} < H(8"A) < o0
il
and therefore the first case occurs, so that we may select a finite subset Iy of I such
that
7‘[2(0\ U B(:IZ,',T,')) <e.
i€l

We have a finite number of disjoint closed balls B(z;,r;), i € Ip. By increasing
slightly all the radii r;, we can keep the balls disjoint, each r; strictly smaller than
min(r(z;,€),€,n,p) for i in Iy, and get the stronger inequality

#*(e\ U intB(xi,r,-)) <e.
i€lg
We deduce from the preceding inequalities that
H2((G\ | int B(ai,r)) U H) < HE(G\C) + ¢ + H2(H)

1€l
< (h+1)(h+2)e+e+2h+1e.

By the very definition of the Hausdorff measure 2, there exists a collection of balls
B(yj,s;), j € J, such that: for any j in J, y; € (G \ U,gy, int B(zi,r:)) U H,
0<s;<e¢,

Y owsi < (h+1)(h+2e+e+2h+De+e = (h+2)(h+3)e,
jeJ

(G\ U intB(a:,-,ri)) UH C U int B(y;, s;5) -

i€lp jeJ
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Since the set appearing on the left—hand side of the above inclusion is compact, we
might assume in addition that J is finite. For each ¢ in Iy, let P; be a convex open
polygon inside the plane hyp (z;, (A, z;)) such that

disc (z;, 73, (A, x;)) C P; C disc (z;, (1 + 6),v(A4,z;)),
|HY(OP;) — 2mry| < 26mry, |H2(P;) —wr?| < émr?.
We set @ = M§(1+ 6) (thus a < 1). For i in I, let D; be the cylinder cyl (P;, ar;).
The sets cup{D; : i € Iy, z; € Cxy N Ci}, 0 < k <1 < h, are pairwise disjoint.
Indeed, let ¢ be an index in Iy such that z; is in Cx N Cj; because r; < p,

D; Cc B(z;,3p) C BxNB, C VNV,

and the sets V; NV}, 0 < k <1 < h, are disjoint.
For each j in J, let @; be an open polyhedral set such that

B(yj,s;) C Q; C B(y;,2s;),  H*(9Q;) < 8sj.

We set for ! in {0,...,h}

T, = Ly
U Cup{Di:iEIo,iL‘iGCkﬂCl}\ U Cup{Di:iEIo,wiGCkﬂCl} \UQJ
0<k<l I<k<h jeJ

and Thy1 = R \cup{T;:0<I<h}.
We claim that the collection 7 = {To,...,Th+1 } almost answers the problem. First
cup7 = R3. Secondly for each [ in {0,...,h},

T,AA; C (AIALI) U U D; U U Qj
i€lo jEJ

whence
LY TIAA) < e+ ) 2nr}(1+8)ari +»_(4/3)m(2s;)% .
i€lp jeJ

Yet each r; is smaller than €, Y-, mr7 < 2H?(8%A), 3 e ms? < (h+2)(h + 3)e,
whence
L3(TIAA) < e+ 6eH2(8*A) + 11(h + 2)(h + 3)e.

Moreover Th; is included in cup{Q;:j € J}Ucup{ A\ L;: 0 <1 < h} whence

L3(Thi1) < Y LYAAAL)+ D (4/3)m(2s;)* < (h+1)e+11(h+2)(h + 3)e.
0<i<h jeJ
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It follows that
D(A,T) < (h+2)e+6eH2(0*A) + 11(h + 2)(h + 3)e

and the collection T approximates the collection 4 with respect to the metric D. We
show next that 7 is polyhedral. Indeed, for any k < l'in {0,...,h}, any i in Iy such
that x; belongs to Cx N Cy, r; is smaller than p and 7, so that B(z;,r;) C By N By,

OLi N B(:I}i,'l‘i) =0F N B(wi,ri) , OLiN B(.’I:i,n) =0F N B(zi,m) ,
Va € (0F, UOF) N B(zi,r;) da(z,hyp (zi,v(A, ;) < Mé|z — 242,

whence
(OLr UOL;) N B(z;,7;) C cyl (diSC (zi, 74, v(A z;)), M&’I‘,‘) C intD;.

Next, for m distinct from k, 1, since B(z;,r;) C BN B; and BN B;NB,, = &, then
0L, N B(z;,r;) C 0Ly \ By, C H. Thus

G N B(z;,r;) C ((8Lx UOL) N B(zi,r;)) UH C intD; UH.

The sets Q;, j € J, cover (G \ Uj¢y, int B(z,7;)) U H, hence the sets int Dy, i € Io,
Qj, j € J, cover G. The definition of the sets Tp,, 0 < m < h + 1, implies that

U oTm c (G\( |J int D;U| Q,-))u U abiulJ eQ; = |J ap:ul 0Q;

0<m<h+1 icly jeJ i€l jeJ icly jeJ

and the collection 7 is polyhedral. We next refine the above inclusion in order to
estimate the surface energy of 7. Let us again consider k < ! in {0,...,h} and i
in Iy such that z; belongs to Cy N C;. Let 8 = v/1 — a2. We set

G; = disc (z; + arp, (i), Bri, v(A, z;)) = disc (z; — arivr, (@:), Bri, v(A, ;) .

We claim that G; is included in the interior of L; and in the interior of R3 \ L.
Indeed, G; is included in B(z;,r;)NAD; and therefore G; does not intersect dL;UJL;.
Since v, (z;) = va, (z;) = —vr,(z;) is the exterior normal vector to Ly at z; and
the interior normal vector to L; at z; then G; is included in int L; Nint (R® \ Ly).
The sets

cup{D;:i €Iy, z; € Cy NCy }, 0<Kk <l'<h

being closed and disjoint, looking at the definition of T} and Tj, we see that for a
sufficiently small neighbourhood W; of G;

W,-ﬁﬂ:WinLl\UQj, WiNnTy,=W;NLy =92.
jeJ
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It follows that
dTyNG; C Uan, oM, NG; =@.

jEJ
Therefore
0T C ( U o\ U G,-)u( U otmn Y Gi) c | J©@D:\G)u ] 8Q;.
0<m<h i€ly 0<m<h i€l i€l jeJ
Finally
I(8T) < Y IZ(BD; \ Gi) + Y 1(8Q;)
i€l jeJ

< 3" A+ O)T(w(A,2:)) + lI7lloa ( S m (41 +0a+1+5-5)+3 sns‘;?)

i€ly i€ly JEJ

< (14 6)Z(A) + 4eH?*(0%A) + ||7]|oo (27{2(8*A) (11M6 + 68) + 8(h + 2)(h + 3)5)
< T(A) +&(Z(A) + T(A) (4 + 1417l o) /Tmin + 8l|loo (b + 2) (B +3)) ,
where we have used the condition 2§ < 2M§ < ¢ in the last step. The only remaining

problem is that the collection 7~ does not necessarily satisfy £3(overlap 7)) = 0. This
issue is solved through the next Lemma.

Lemma 11.9. Let T be a finite collection of bounded polyhedral subsets of R3.
There exists a finite collection U of bounded polyhedral subsets of R® such that

cupd =cupT, ZWU)<I(T), L3(overlapld) =0,
DU, T) < (cardT — 1) card T £3(overlap 7).

Proof of Theorem 11.8 continued. We apply Lemma 11.9 to the collection 7.
Because of the choice of Tj41, we have cup 7 = R®. Moreover

CioverlapT) < > LYTwNT)
0<k<I<h

< Z L3(TpAAR) + L3(TIAA) < h(h+1)D(T, A).
0<k<I<h

Therefore the resulting collection U is a bounded finite polyhedral Caccioppoli par-
tition satisfying

DU, A) < s((h +2) + 6Z(A)/Tmin + 11(h + 2)(h + 3)) (1 + h(h+1)%(h + 2)) ,
TU) < T(A) +&(T(A) + T(A) (4 + 14]I7llo0) /Tmin + 8lI7lloo (h + 2) (5 + 3) ) .
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Since Z(A) is finite and h is fixed, we have the required approximation. O

Proof of Lemma 11.9. We use an algorithm to build the collection U starting
from 7. Since we work up to Lebesgue negligible sets, we might assume that each
polyhedral set has positive density at each of its points. In particular, for any
element T of T, we have then H2(8T \ 8"T) = 0. We initialize the algorithm with
the collection 7° = 7. We describe next the h—step of the algorithm. Suppose that
we have built the collection 7" for some h in N. If £3(overlap 7") = 0, the algorithm
stops. Otherwise, let T, T be two sets of the collection 7" such that £3(TyNT3) > 0.
Let T{ = Ty \ Tz and Ty = Ty \ T1. Since £3(T1 N Ty) < L3(overlap T"), then
L3(T{ATy) < L£3(overlap T?) and £3(T4ATs) < L£3(overlap T%). Moreover

v, (1') if x € 8Ty \ClO Ty
vt () = { —vp(z) fze€dToNintTy
v (z) if x € 8T N STy and vy, (z) + v, (x) =0

This result is quite direct here because we deal with polyhedral sets. The remaining
set where vr,\7,(z) might be non-zero is included in (0T; \ 0*T1) U (013 \ 0'T3),
which has zero H? measure. See [74] for a more general result. Using the symmetry
and the positivity of 7,

21 < [ rlon, @) dH2 @) + /8 Ty (2)) M2 (2) + /3 r(vpy (2)) dH2 (),

o8*Ty \Clo T2 *ToNint Ty *T1NE*To

21 < [ @) @)+ [ ren@)d@ + [ ) de ).
8Tz \clo Ty 8*Ty Nint Ty O*T,NO*Ty

Summing the two inequalities yields Z(1}) + Z(T;) = Z(T1) +Z(T?) . Two cases can

occur.

o If I(T{) < I(T}), then we set T+ = {T{}UTH\{T1 }.

o If I(Ty) < I(T2), then we set T+ = {T3 YU T\ {T2}.

The collection T"*! satisfies

IZ(ThY < Z(Th), cup Tt =cupT™, overlap 7"+ C overlap 7",
D(T",T) < D(T"Y, Th) + D(T*,T) < L£3(overlapT") + D(T",T).
Necessarily the algorithm stops at some step h less than (card 7—1) card 7. Let U be
the final collection obtained at the end of the algorithm. Then U is a finite collection

of bounded polyhedral subsets of R?® satisfying cupld = cup T, Z(U) < Z(T) and

DU, T) < (cardT — 1) card T L3 (overlap 7). O
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11.3. The Wulff Theorem for Caccioppoli partitions

Let A be a cubic box in R® such that £3(A) = 1. Let X in ]0, 1] be such that some
translate of the set (A/£3(W,))/3W; is included in the interior of A. Let us define

E(\) = {AEBC(R3):VA€A either £3(A4) < oo or £3(AN A) 51—)\}.

Notice that E()) is closed in BC(R®) for the metric D. We consider the following
problem:

(P) minimize Z(A4) among all Borel collections A in E()\) .

Theorem 11.10. The solutions to the problem (P) are the collections
Aw, (z,)) = {w+()\/£3(WT))1/3WT, B3\ (z+ (A L3W:)3W,) } z e AN,

where A(N) = {z € Az + (A\/L2(W:))/3W, CcloA }.

Proof. We first compute the value of the infimum of the problem (P). Let A be an
element of E()\) such that Z(.A) is finite. In particular, A is a Caccioppoli partition
of R® containing exactly one set A, such that £3(A) = oo (by Lemma 11.3).
Since A belongs to E()), then £3(A4 NA) <1— X and £3(R® \ Aw) > A. By the
Wulff Isoperimetric Theorem 6.11,

Z(A) > T(R \ A) > (M LEW))PZ(W,).

Therefore the infimum of the problem (IP) is larger than the above value. This value is
realized by the elements Ayy_(z,\), ¢ € A()\). Therefore these elements are solutions
to the problem (P). It remains to prove that they are the only solutions. Let A be a
solution to the problem (P). Then Z(A) is equal to (A\/£3(W;))?/3Z(W,) and A is a
Caccioppoli partition of R® containing exactly one set A, such that £3(Ay) = oo.
Since A belongs to E(\), then £3(As NA) <1— X and £3(R? \ Axo) > A. However

A LEW)BPIW:) > I(A) > T(As) = I(R® \ Aco) -

By the uniqueness statement of the Wulff Isoperimetric Theorem 6.12, up to a
negligible set, the set R \ A, is a translate of the suitable dilation of the Wulff
crystal, that is, there exists x in R® such that

L3((R®\ Ao) A (& + (A/L2 W) Wr)) = 0.

Thus £3(R? \ Ax) = A. Since £L3(AN(R®\ As)) > A, then R® \ A, \ A is negligible
and z belongs to A()\). Let A be a set in A distinct from Ay, (by definition of a
collection, £3(A) # 0). Necessarily A is included in R? \ A, and

T(A) > T(As) + /8 ” tRa‘{'Igl/A(z))d’}-F(x) > T(Aoo) + TminP(A, int B \ Ag) .
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Thus P(A,int R® \ Aw) = 0. By the isoperimetric inequality relative to the balls,
for each ball B included in R® \ A, either A\ B or B\ A is negligible. Since
R3\ Ao = z + (\/L3(W;))Y/3W, is convex and A is not negligible, necessarily
L3(AA(R® \ Aw)) = 0. In conclusion, up to negligible sets, the collection .4 consists
of two sets, the translated and dilated Wulff crystal = + (A\/£3(W;))Y/3W;, and its
complement, that is, 4 = Aw_(z,A) where z belongs to A(A). O

Proposition 11.11. If (A)nen is a minimizing sequence of the variational prob-
lem (P), then there exists a sequence (Tn)nen in A(X) such that D( Ay, Aw, (zn, A))
converges to 0 as n goes to oo.

Proof. Let (Ap)nen be a minimizing sequence of the variational problem (P). We
might suppose that the sequence (Z(An))nen is bounded. Then each collection A,
is a Caccioppoli partition of R® and contains exactly one set An,co having infinite
volume (by Lemma 11.3). The sequence (Ap, oo )nen is such that
e VneN L3(ANApe) <1-)A.
o Hmsup, 0 Z(Ane) < (A/LEOV))ZBION,).
Therefore the sequence

((L2OV) /L (R \ Anoo)) 2 (R \ Anoo)) e
is a minimizing sequence for the problem (P) defined at the end of chapter 6. By
Proposition 6.13, there exists a sequence (z,)nen such that

Ea((RS \ An,co) A(Zn + ()\/‘Cg(WT))l/SWT)) =
L3 (An,c0 AR \ (2 + (A L2W))YEW,)))

converges to 0 as n goes to co. Necessarily the distance between z,, and A(\) goes
to 0 and £3(R® \ A\ A,,) goes to 0 as well. Let A, be a set of maximal volume
in A, \ {An,0}, and let A, 2 be the union of all the remaining sets of A,, that is,

An,2 = cup (An \ {An,oo, An,l}) .

Since A, is a partition, then £3(4,; \ A), i = 1,2, go to 0.
We claim first that liminf, o, £3(A,,1) is positive. By absurd, suppose that it is
not the case. Then we can extract a subsequence (not relabeled) such that

lim sup L3(ANA) =0.
N0 Ac A \{An, 0}

By Theorem 10.8, we can reextract a subsequence converging with respect to the
metric Dy, towards a Caccioppoli partition .4 having a finite surface energy. Let A
be the unique element of A having infinite volume. Then we have simultaneously
L3(As NA) < 1— X (because Ao is the limit of a subsequence of (A, o )nen) and
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for any A in A\ {Ax}, L2(ANA) =0, which is impossible.
We claim next that £3(A, 2) converges to 0. By absurd, suppose that it is not the
case. Then we can extract a subsequence (not relabeled) such that

liminf £3(A,2NA) > 0.
n—oo

Let us consider the sequences (A, 1 NA)nen, (An,2 NA)nen. These are subsequences
of Borel subsets of the bounded set A, moreover their perimeters are uniformly
bounded:

P(An:iNA) < P(Ap;,int A) + P(A) < P(An) +P(A), i=1,2.

By Theorem 6.1, we can reextract converging subsequences (not relabeled): there
exist two Borel subsets E;, E> of A such that

: 3 ) N — _
nll)rgoﬁ ((Ani NA)AE;)) =0, i=1,2.

Let £ be the collection { E1, E2,R? \ (E1 U E2) }. Then £ is a Caccioppoli partition
having finite perimeter and

lim £3 (AnﬂAE,) - 0, 1= 1,2 s
n—oo
lim L2 (An o A(R® \ (B3 U E5))) = 0
whence £3(ANR3 \ (Ey UE;)) <1— A By the lower semicontinuity of Z, we have

ool -
Z(¢) < lgr_l)logfi(I(An,oo) +Z(An,1) +I(An,2)) < hnn_l}l()%fI(An)

Therefore £ is a solution to the problem (P). However neither E; nor E is negligible,
which contradicts Theorem 11.10. In conclusion, we have lim, o £3(Apn,2) = 0 and

Jim L2 (A1 Az + (A L2W:)) W) = 0

so that limp—co D(An, Aw, (zn,A)) = 0. O
Corollary 11.12. For any positive 8, there ezist positive €,m such that

inf { I(A) s A€ B(A~¢), inf D(A Aw, (,)) > 5} > (A\/L3W)BI(Wr)+n.

Proof. If the result was false, there would exist a positive § and a sequence (A )nen
such that for all n in N

I(An) < VLW PIOW,) +1/n, An € B\ —1/n),
Vz € A\) D(An, Aw, (z,))) > 6.
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For n in N, let A\, = (A — 1/n)~3)3. For any positive p, the sequence (A, A, )nen
is a minimizing sequence of the problem (P) associated to A and the enlarged box
A" = (14 p)A (the collection A, A, is the collection { \, 4, : A, € A, }). We choose
p small enough so that

Vo e N(N) 3y €A() D(Aw, (@2, Aw, V) < 5/3.
Yet, for z in A()\), using the hypothesis on A,,

D(AnAna Aw, (z, /\)) > D()\n-Ana AnAw, (z, A)) -D (AnAWT (z, ), Aw, (z, )‘))
> X386 — D(AnAw, (z,2), Aw, (z,N)) .

The last term converges towards § as n goes to co. Hence for n large enough,
Vz e A'(N) D(AnAn, Aw, (z,))) > 6/3.

This stands in contradiction with Proposition 11.11. O
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CHAPTER 12

PROOF OF THE LDP FOR THE WHOLE CONFIGURATION

In this chapter, we prove the large deviation results for the whole configuration.
After some preparatory results, we prove the large deviation upper bound and the
large deviation lower bound, and we end with the proof of Proposition 2.10.

12.1. Preparatory results

Throughout the chapter, we will use extensively the notation and the construc-
tions of chapter 9. We consider positive integers k,l with £k > 6, > 130 and 3k < [.
We define for A a collection of connected subsets of Z3

fifa (A, k,1) = {fifa(4,k,0): A€ A}.

Proposition 12.1. For k large enough, there exist positive constants a(k), b(k),
c(k), such that for any compact set K of diameter larger than 2, any s in RY, any
1l in N satisfying Indiam K < l/k, 3k <1, a(k)Inl <, we have

P(P(fifa(C,k,1),int K) > s) < b(k)exp(—c(k)s).

Proof. Suppose that { P(fifa(C,k,1),int K) > s} occurs. Then there exist open
disjoint clusters Ci,...,C, such that

Vie{l,...,r} Ofifa(C;,k,)Nint K # &,
> P(fifa(Ci, k,1),int K) > s.

1<i<r

Let A be the smallest cubic box containing Voo (K, k). For any connected set A of Z3,
we have the inequality (see Lemma 9.14)

P(fifa (A, k,1),int K) < 6k*card ((k Oovfill (k™ fat (4,k),1/k)) NA).
Therefore, if we set F; = k O, fill (k~fat (C;, k),1/k) for i in {1,...,7}, then

Z card F;NA > sk™2/6.

1<i<r

SOCIETE MATHEMATIQUE DE FRANCE 2000



144 CHAPTER 12. PROOF OF THE LDP FOR THE WHOLE CONFIGURATION

For each 7, the set F; is included in clo V. (C;, 3k/2). Hence if a point x belongs to F;,
then C; intersects the box A(z,4k). The number of distinct clusters intersecting a
box A(z,4k) is certainly less than (4k)3, whence

card(Fy U---UF,)NA > (4k)™® Y card F;NA > sk™°/384.
1<i<r

By construction, the k> components of F; U- - -UF;, on kZ? have a cardinality larger
than {/6k, because this is already true for each set F,...,F, (see the discussion
after Definition 9.7). Thus the kL3 components of (F; U---U F,) N Voo (A, k +1/6)
which intersect A have also a cardinality larger than [/6k. Indeed, let R be such a
component. If R intersects Voo (A, k + 1/6) \ Voo (A,1/6), then its diameter is larger
than [/6, and by Lemma 9.3, card R > 1 /6k; if R does not intersect Voo (A, k+1/6)\
Veo(A,1/6), then it is a kLL? component of Fy U- - -UF}. on kZ2, whence card R > 1/6k.
‘We use now the variables X}, defined at the beginning of the proof of Proposition 9.12.
By Lemma 9.13, Xy (z¥) = 1 for any z* in (Fy U---U F;) N V(A k +1/6). By
Corollary 7.4, the probability of the event { Xi(z¥) = 1} is less than bexp(—ck)
for any z* in kZ3, where b,c are two positive constants. Moreover for any z*
in Voo (A, k +1/6), the box A(z*,5k) is included in Voo (A, 4k + 1/6). Therefore the
event { P(fifa(C,k,1),int K) > s } is included in

{card {a* € kZ3: card CF (2%, Voo (A, 4k + 1/6), Xi) > 1/6k } > sk=° /384} .

We use now the bound given by Lemma 7.9 with
A=Vo(A4k+1/6), a=5, B=1/6k, &=bexp(—ck)

to get
P(’P(ﬁfa (C,k,1),int K) > s)

< P(card{wk € kZ*: card Cf (%, Voo (A, 4k + 1/6), Xi) > 1/6k } > sk—5/384)
< > 2exp (i(12k/1) Incard (Voo (A, 4k+1/6)NKZ?) +ilnb+i5~%(Inb—ck) ) .

i>sk—5/384
For any compact set K of diameter larger than 2 and any integer k larger than 6,

card Voo (A, 4k 4+ 1/6) N kZ3® < k™3L3 (Voo (A, 5k +1/6))

< k73(diamy K + 12k 4 1/3)3
< 6413 (diam K)? < 1°(diamo K)3 .

A

We are interested in the regime where kIndiam,, K < [. Combining the preceding
inequalities,

P(P(fifa(C,k,0),intK) > s) < 3 2exp (36i+60iklnl/l+i1nb+z’5‘3(lnb—ck)).
i>sk—5/384

The preceding inequality yields the desired bound for £ and {/ In{ sufficiently large. O
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Lemma 12.2. Let U be a bounded Borel set in R®. For k large enough, there exist
two positive constants b(k), c(k) such that: for anyl in N, any s in RY, satisfying
5k <1, klns <l

P(EIC €C,CNVn(U,l) # 2, s < diameoC < oo)
< (diameoU + 1)3 b(k) exp(—c(k)s).

Proof. Using the translation invariance of the model, we have
P(EIC €C, CNVu(U,l) # 2, s < diameoC < oo)

< Z P(s < diamxC(z) < 00) < (diamooU + 1)® P(diamo,C(0) > s) .
TEV (UN)NZ3

By the hypothesis, we are in position to apply Proposition 9.12, which yields the
desired upper bound. O

Notation. In the following statements, for y' in I1Z3, we denote by Y;(y') the indi-
cator function of the event O(A(y',61),1)°.

Lemma 12.3. Let Cy, Cy be two distinct open clusters of diameter strictly larger
than 1. If y* belongs to fat (Voo(C1,1) N Voo (C2,1),1) then Yi(yh) = 1.

Proof. If y belongs to fat (Voo (C1,1) NVeo (C2,1),1), then both Cy and C; intersect
the box A(y!,3l). It follows that the box A(y',6l) contains two distinct clusters of
diameter larger than ! and the event R(A(y,61),1) does not occur. O

Lemma 12.4. For any compact set K,

Dk (Voo(C, 1), fifa (C, k,1)) < 13card {y' € fat (K,1) : Yi(y') =1}
+14002P (fifa (C, k, 1), int K) + L} (Voo (OK, 21 + 1)) .

Proof. Let (C(i),i € N) be an arrangement of the collection C. Let i belong to N.
We define C'(i) = Voo(C(i),1) if diameoC(i) > I and Veo(C(4),1) # Veo(C(5),1)
for all j in {0,...,7 — 1} and we set C’'(i) = @& otherwise. We set also C"(i) =
fifa (C(i), k, 1) if fifa (C'(j), k, ) # fifa (C(5), k, 1) forall j in {0, ...,i—1} and C" (i) =
@ otherwise. The sequences (C'(¢),7 € N) and (C"'(¢),% € N) are arrangements of the
collections Vs (C, 1) and fifa (C, k, ) respectively. We next compute L3 (C' (i) AC" (i)
for 7 in N. We distinguish four cases:

e do(C(i),K) >l or C'(i) = C"(i) = @. In this case L3, (C'(i)AC" (i)) vanishes.
In the remaining cases, we suppose that do (C (i), K) <1 and that diam.,C(7) > I.
e C'(i) # @, C"(i) # @. By Lemmata 9.9,9.10

L3 (C'(5)AC"(3)) < 1401*P (fifa (C(4), k,1),int K)
+L% (Voo (0K, 2L + 1) N Voo (C(3), 1)) .
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e C'(i) = &. Then there exists j < i such that Voo (C(§),1) = Voo (C(%),1). But the
clusters C(z), C(j) are disjoint, by Lemma 9.5 this case cannot happen.
e C'""(i) = @. Then fifa (C(j), k,1) = fifa (C (i), k,1) for some j < i. By Lemma 9.9,
fifa (C(i), k,1) is included in Voo (C(i),1). Applying Lemma 12.3,

L% (fifa (C(i), k,1)) < [3card (fat (K,1) N fat (fifa (C(d), k,1) N fifa (C(4), k,1),1))
Peard (fat (K, 1) N fat (Voo (C(8),1) N Voo (C(4),1),1))
Beard {y' € fat (K1) : Yi(y') =1}.
We conclude finally that for any i in N, the quantity £3,(C'(:)AC" (7)) is smaller
than

Peard{y' € fat (K,1) : Yi(y') = 1 }+1400*P (fifa (C, k, 1), int K) + Lk (Voo (0K, 21+1))

<
<

This gives the inequality stated in the Lemma. O
Proposition 12.5. For any compact set K,
L% (overlapfifa (C, k,1)) < L% (overlap Voo (C,1))
< Bcard {y' € fat (K,1) : Vi(y") =1},

L% (fifa (C,k,1)) > L3(K) — Pcard { y € fat (K1) : V(') =1}

—1400°P (fifa (C, k,1),int K) — L (Voo (0K, 21 + 1)) .
Proof. Lemmata 9.9,12.3 imply that

overlapfifa (C, k,1) C overlap Veo(C,1) C cup { ALYyt €lzd i) =1 } ,

which yields the first inequality stated in the Proposition.
Next, by Lemma 9.9, for any connected subset A of Z3 such that diam.A > I,
fifa (A, k,1) is included in Vs (A,1), whence

cupfifa(C,k,l) C cupV(C,I).

For y! in 1Z3, if A(y,1) is not included in cup Vo (C, 1), then either there is no unique
crossing cluster in A(y',6l) or the crossing cluster C*(A(y!,6l)) does not intersect
A(y4,1), so that O(A(y!, 61),1) does not happen and Y;(y') = 1. Hence

L (cup Voo (C,1)) > L3(K) — 1Pcard { y' € fat (K,1) : Yi(y') =1}.
Moreover, by Lemma 9.10,
L3 (cup Veo(C, 1) \ cup fifa (C, k, l))
< L3 (Voo (OK, 20 + 1)) + L3 (cup Voo(C,1) \ cupfifa (C, £,1) \ Voo (9K, 21 + 1) )

< Ly (VoK 20+1)) + > L3 (Voo (C, 1) \ fifa (C, k, 1) \ Voo (9K, 2 + 1))
CEC, diam oo C>1
< 140°°P (fifa (C, k,1),int K) + L% (Voo (0K, 21 + 1)) .
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These inequalities yield the desired lower bound for £% (fifa (C, k,1)). O

Of course, for a collection C of open clusters, we define
aglu (C,1) = {aglu(C,l):CeC}.
Lemma 12.6. For any compact set K,

Dk (Vo(C,1),aglu (C, 1)) < 3%Pcard {y' € Voo(K,21) : Yi(y') = 1}
+896012P (fifa (C, k, 1), int K) + L} (Voo (0K, 5l + 1)) .

Proof. Let (C(i),7 € N) be an arrangement of the collection C. Let i belong to N.
We define C'(i) = Voo(C(i),1) if diamC (i) > | and Voo (C(j),1) # Vo(C(i),1)
for all j in {0,...,% — 1} and we set C'(i) = & otherwise. We set also C"'(i) =
aglu (C(3),1) if aglu (C(j),1) # aglu(C(3),) for all jin {0,...,i—1} and C" (i) = @
otherwise. The sequences (C’(7),i € N) and (C"(i),7 € N) are arrangements of the
collections Veo(C,1) and aglu (C,1) respectively. We next compute £3(C’(i)AC" (i)
for i in N. We distinguish four cases:

e doo(C(i),K) > 5l or C'(i) = C"(i) = @. In this case L} (C'(¢)AC"(i)) vanishes.
In the remaining cases, we suppose that do (C(2), K) < 5! and that diam.,C(z) > .
e C'(i) # @, C"(i) # &. We simply use the bound given by Lemma 9.15 (remark
that since diamy,C (i) > I, we do not need to take into account the first term 80013).
e C'(i) = @. Then there exists j < ¢ such that Voo (C(j),!) = Vo (C(3),1). But the
clusters C(¢), C(j) are disjoint, by Lemma 9.5 this case cannot happen.

e C"(i) = @. Then there exists j in {0,...,4 — 1} such that aglu(C(j),!) =
aglu (C(z),1). However the region aglu (C(i),!) contains exactly one open cluster
of diameter strictly larger than [, which is precisely C(¢). And so does the region
aglu (C(j),!). Hence C(i) = C(j), which is impossible and this case does not occur.
We conclude finally that for any 7 in N, the quantity £3,(C’(i)AC" (7)) is less than
the right—hand member of the inequality stated in the Lemma. O

12.2. Proof of the upper bound

From now onwards, the integer k is fixed and large (so that Proposition 12.1
holds) and we replace the integer ! in the previous constructions by a function f(n)
from N to N such that

lim n/f(n)? = oo, VneN f(n)>klnn,

where k = k(p) is a large constant (larger than the one given by Theorem 7.1, larger
than 3k and large enough for the next Lemma to hold). We omit the variables k, [
in the sequel, writing for instance fifaC, X (z), Y () instead of fifa (C, k,1), X (z*),
Yi(z).
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Lemma 12.7. For k large enough, for any positive 7,6,
lim sup lz lnP(f(n)3 (1+ card{z € A(0,rn®) N f(n)Z?: Y (z) = 1})
n—oo TN

+7(n)*P(fifaC,int A0, rn)) > 5n3) - —oo.

Proof. First n/f(n)? tends to oo as n goes to 0o, hence f(n)? is smaller than én3/3
for n large enough. Secondly, provided « is large enough, Corollaries 7.4, 7.8 together
yield the existence of two positive constants b, ¢ such that for any n in N,

P(f(n)3ca1d {z e AO,rn*) N f(N)Z3: Y (z) =1} > 6n3/3)
< bexp (— (cd/3)n*(n/f(n)?)) .
Thirdly, by Proposition 12.1, for some positive constants b(k), c(k),
P(f(n)*P(fifaC,int A(0,rn)) > 6n®/3) < b(k)exp ( — c(k)(6/3)n*(n/f(n)?)) .
These three facts imply the claim of the Corollary. O

Using Lemmata 10.7,12.4,12.6,12.7 and Proposition 12.5, we see that the random
collections of sets

n W (C, f(n)), n7fifaC, n7lagluC, nlpartfifaC

are exponentially contiguous with respect to the metric Djoc, that is, for any compact
set K and any positive ¢,

lim sup %QInP(DK(n“IVOO(C,f(n)), nTIRRREC) > 6) = —00,

n—o0

where **** stands for either among fifa,aglu, partfifa. At the level of the large
deviations of order n?, we might work with either of these four objects. We prove
the large deviations upper bound in a standard fashion, by proving Z-tightness
together with a local estimate.

o T—tightness. Let A, é be positive and let K be a compact set. We write, for any
positive a,

P(inf { Dk (n'Va(C, f(n)), A) : A € BC(R®), T(A) < A } > 5)
< P(DK(n_lvoo(C, f(n)),n " ifaC) > 5/3)
+ P (D (n~'fifaC, n"'partfifaC) > §/3)
+P(EIC €C, CNVuo(nkK, f(n)) £ @, an® < diameC < oo)
R (inf { Dk (n~'partfifac, A) : A € BCR), T(A) < A} > §/3, any open ) |

finite cluster C intersecting Voo (nK, f(n)) has diameter less than an?
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We consider successively each term of the right-hand side. We have already con-
trolled the first term with Lemmata 12.4,12.7. For the second term, we have, using
Lemma 10.7,

P(Dk (n'fifaC, n " part fifaC) > 6/3)
< P(ma.x ([,?( (overlapn™'fifaC) , £L3(K \ cupn“lﬁfaC)) > 6/3) .
Proposition 12.5 and Lemma 12.7 imply then that

limsupl lnP(DK(n_lﬁfaC,n_lpartﬁfa,C) > 6/3) = —00.

n—00 n?

For the third term, we apply Lemma 12.2 to get

P(EIC’ €C, CNVu(nkK, f(n)) # @, an? < diameoC < oo) <
(ndiame. K + f(n))*® bexp(—can?)

where b, ¢ are two positive constants depending on k. We finally consider the last
term. Let &£ be the collection

£ = part{ﬁfaC :C eC,cardC < 00, CNV(nK, f(n)) # @ }
Certainly, we have Dk (n™1&,n"!partfifaC) = 0. Thus, if
inf { Dk (n~'partfifaC, A) : A € BC(R®), Z(A) < ,\} >5/3

then Z(€) > n2). Suppose next that any open finite cluster C intersecting the set
Voo (nK, f(n)) has diameter less than an?. Then, using Lemma 11.1, we have

Z(€) < |ITlloP (fifaC,int Voo (nK, 2f(n) + an?)) .
For n sufficiently large, we have
In (ndiameo K + 2f(n) +an?) < f(n)/k, 3k < f(n), a(k)Inf(n) < f(n)

(a(k) is the constant appearing in the hypothesis of Proposition 12.1). For such large
values of n, combining the previous observations and applying Proposition 12.1, we
see that

finite cluster C intersecting Voo (nK, f(n)) has diameter less than an?

P (inf { Dk (n~'partfifaC, A) : A € BC(R?), Z(A) < /\} > §/3, any open )
< P(’P(ﬁfaC,intVoo(nK,Qf(n)+an2)) > n2/\/||‘ri|oo) < bexp (—cn2)/||7]loo)
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where b, ¢ are two positive constants depending on k. Putting together the previous
estimates, sending successively n and a to 0o, we obtain that there exists a positive
constant ¢’ = ¢/||7||oo such that, for any positive A, §, any compact set K,

timsup - In P (inf { Dxc(n™"Vao(C, £(n)), A) : A € BO(), T(A) < A} > 6)

n—soo N2

< =\

o Local estimate. We complete the proof of the large deviations upper bound with
the help of the following local estimate:

VA e BC(R?), Z(A) < oo,
lim  limsup %2lnP(DK(n—lvoo(C,f(n)),A) < 6) < -I(A).

K—oR3690 nooo

Let finally A be a Caccioppoli partition of finite perimeter. Let € be positive. Let g
be associated to € as in Lemma 8.1. Let B(z;,r;), ¢ € I, be a finite collection
of disjoint balls as given in Lemma 11.5, associated to 4, € and §o/3. Let K be a
compact set containing in its interior all the balls B(z;,r;), ¢ € I. Let d be a positive
real number strictly smaller than min { dor?/3, L% (A1(x;)) :i € I}. Suppose the
event { Dk (n~agluC, A) < & } occurs. Suppose also that n is large enough to have
47+/3r?n? 4+ /3 < Sorin®/3 for any i in I. Let i belong to I. There exists a set
Cr(z;) belonging to agluC such that
L3y (nA1(z:) AC, (7)) < dnd.

Let C(¢) be the collection of the open clusters of the configuration restricted to the
set Cp(z;) N B(nz;,nr;). Because of the definition of agluC, the clusters of C(¢) are
open clusters of the configuration restricted to B(nz;,nr;). Moreover

c? (Voo(cup C(i),1/2)AB_(na;, nri, V(mi)))
< £ (Voo cup C(3), 1/2)A (Cn(:) 0 B(nai,nr) )
+ L3 ((Cn(a:i) N B(nas,nrs)) AB_ (na;, i, 1/(.7:,-)))
< L£3(B(nzi,nr; +V3/2) \ B(nz;,nr; — V3/2))
+ L3 (Calwi) AnAs (1) + L3 ((nAs(ws) N B(nai,nr)) AB_ (nai, nri, v(2:)))
< 4AmV3r2n? + V3 + 6n® + Sorin® /3 < Sorin®.

Therefore the collection C(i) realizes the event sep (n, z;, 7, v(z;), o) for ¢ in I and
the event { Dk (n~'agluC, A) < § } is included in ;¢ sep (n, zi, 7, v(:),d0). By
independence (recall that the balls B(x;,r;), i € I, are disjoint),

P(DK(n“lagluC,A) < 5) < HP(sep (n, x5, 73, v(x:), 6))
i€l
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and by the choice of §y (see Lemma 8.1) and of the balls B(z;,r;) (see Lemma 11.5),

lim sup Lp Dk (n"tagluC,A) <8) < =) 7(w(z:))mri(1 —e)
2

n—roo iel

< -IZ(A)(1—-¢€)+e.

Letting first K grow to R®, § go to 0 and then & go to zero in this inequality, we get
the upper bound we were seeking for. [

12.3. Proof of the lower bound

In view of the approximation result stated in Theorem 11.8, to prove the large
deviation lower bound we need only to show that for any finite bounded polyhedral
Caccioppoli partition A, any compact set K and any positive 9,

NP | 1
llnn_l’lor(l)f z2ln P(DK (N Vo (C, f(n)), A) < 6) > —I(A).
We might even assume that the sets of A are open and connected. Let A4 =
{44,...,A,} be a bounded finite polyhedral Caccioppoli partition whose elements
are open and connected. We suppose that A; is the only unbounded set of the par-
tition. The reduced boundary 0*A of A is the union of a finite number of polygonal

planar sets Fy,...,Fs;. Let K be a compact set containing 0*A in its interior. In
particular As,..., A, are included in int K and A; Nint K is connected. Let § be
positive and let Uy,...,U, and Oy,..., O, be open connected subsets of int K such

that for any ¢ in {1,...,7r},
Ui CO; C Ay, d2(U, K\O;) >0, d2(0i, K\ A;) >0, LYNUAA)<S/r.

Let ¢(n) be a function from N to Rt such that both ¢(n) and n/¢(n)? go to oo
when n goes to co. Let n be large enough so that ¢(n) > ¢. For i in {1,...,s},
the event wall (nF;, ¢(n)) depends on the edges inside Va(nF;, #(n)) whereas for i
in {1,...,r}, the event full (O;,U;,n, f(n)) depends on the edges inside nO;. Since
the distance between the sets F; U---U Fs and O, U---U O, is strictly positive and
¢(n)/n goes to 0 as n goes to oo, for n large enough, we have

#(n)/n < min{dw(0s, K\ 4;) :1<i<r}
and the events

full (01, Uy, n, f(n)),...,full (O, U, n, f(n)),
wall (nF1, ¢(n)) N --- N wall (nFy, p(n))

are independent. Suppose all these events occur simultaneously. For i in {1,...,r},
we denote by C; the open cluster of the whole configuration containing the cluster
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realizing the event full (O;,U;,n, f(n)). We have then nU; C Voo (C;, f(n)). More-
over the occurrence of the events wall (nF;, ¢(n)), 1 < i < s, precludes that an open
path connects two distinct sets O;, so that the clusters C;, 1 < ¢ < r, are distinct
and satisfy C; C Vo (4Ai, ¢(n)), whence

Vie {1,...,1‘} Voo(Cuf(n)) - VOO(NA11f(n)+¢(n))
Let n be such that £3 (Voo (Ai,m) \ Ai) < 6/2 for i in {1,...,r}. Suppose that n is

large enough so that f(n) + ¢(n) < nn and f(n) < nmin {deo(Us, K\ 0;) : 1 <i <
r} —1. Then

Vie{l,...,r} L% (n " Weo(Ci, f(n)AA;) < L% Voo(4i,n) \Us) < 6.

Let 7 belong to {1,...,7}. We claim that there is no open cluster (of the whole
configuration) disjoint from C; of diameter strictly larger than f(n) and intersecting
Voo (nU;, f(n)). Indeed, if C is such a cluster, then in the configuration restricted to
nQ; there exists an open cluster included in C of diameter strictly larger than f(n)
and intersecting Voo (nU;, f(n)), which contradicts the fact that full (O;, U;,n, f(n))
occurs. Thus, if C is an open cluster of diameter strictly larger than f(n) and
distinct from C,,...,C,, then

n Weo (C, f(n))NK C K\cup{U;:1<i<r}

whence

L (W (C, f(n)) < Y Lk (A:\U:) < 6.

1<i<r
We get finally that Dk (n™'V(C, f(n)), A) < 6. Therefore

P(Dx (07" Vw(C, £(n), A) < 6)
> P( ﬂ full (0;,U;,n, f(n)) N n wall(nE,¢(n)))

1<i<r 1<i<ls
> [ P(full (0:,Ui,n, £(n))) xP( N wall(nFi,qﬁ(n))).
1<i<r 1<i<s

By Lemma 9.18, the first product goes to 1 as n goes to co. Applying the FKG
inequality (notice that the events wall (nF;, ¢(n)) are decreasing) and Lemma 9.19,
we obtain

1
liminf — In P wall(nFi, ¢(n))) > — Y H*(Fi)r(nor F;) .
n—veo  n? (15053 ) 1<i<s

The two previous inequalities together imply that
e 1 -
liminf —, lnP(DK ("o (C, £(n)), A) < 5) > —Z(A).

Thus we are done. 0O
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12.4. Proof of Proposition 2.8

We prove the first part of the Proposition. Let A be a cubic box containing K.
The first inequality of Proposition 12.5 yields

L3 ¢ (overlap Voo (C, f(n))) < f(n)3card {z € fat (nA, f(n)) : Y(z) =1} .
Since cup V(C, f(n)) contains cup fifaC, applying the second result of Proposi-
tion 12.5, we have
L3 (nK \ cup Voo (C, f(n))) < L3(nA\ cupVeo(C, f(n))) < L3(nA\ cupfifaC)
< f(n)3card { = € fat (nA, f(n)) : Y(z) =1}

+140f (n)*P(fifaC,int nA) + £3 (Voo (nOA, 2f(n) + 1)) .
The conclusion follows from Lemma 12.7.
We now prove the second part of the Proposition. We write, for any positive a,
P(L3(overlap VooC(nU, f(n))) > 6n®) <
P(HC €C, CNVs(nl, f(n) # @, an® < diam,C < oo)

P (/.33 (overlap Voo C(nU, f(n))) > én® and any open finite clus—)

ter intersecting Voo (nU, f(n)) has diameter less than an?

By Lemma 12.2, the first term is bounded by (ndiamU + f (n))3b(k) exp(—c(k)an?).
Let us examine the second term. Suppose that every open cluster intersecting
Voo (nU, f(n)) has diameter less than an®. Then

overlap Voo C(nU, f(n)) C Veo(nU,an® 4+ 2f(n)).

We apply the first result of Proposition 12.5 with K = clo A(0,2an?). For n large
enough, the compact set K certainly contains Vo, (nU,an? + 2f(n)) and
L3 (overlap Voo C(nU, f(n))) < L (overlap Voo (C, f(n)))

< f(n)*card { z € A(0,2an® + f(n)) N f(n)Z3:Y(z) =1}.

By Lemma 12.7 we conclude that, for any positive a, the limsup

(/,’3(overlap Vool (nU, f(n))) > én? and any open finite clus—)

1
li —1
P . ter intersecting Voo (nU, f(n)) has diameter less than an?

n—oo N2

is equal to —oo. The previous estimates yield that, for any positive a,

lim sup %2 In P(L3(overlap VooC(nU, f(n))) > 6n®) < —ca

n—00

where c is a positive constant depending on k. The desired claim follows by letting
agotooo. O
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12.5. Proof of Proposition 2.10

Let A be a cubic box and let § be positive. Let 1 be such that 4nL3(A) < 6.
We apply the inequality of Lemma 9.22 to nA and an arbitrary open cluster C' of
diameter larger than f(n):

|card C N nA = 8L34 (Voo (C, f(n)))] <
nL3(nA) + f(n)?card {z € f(n)Z>NnA : X"(z) =1}
+1120f(n)2P (fifa (C, k, £(n)), int nA) + 2L (Voo (BnA, 3f(n) + 1)) .

Notice that the upper bound does not depend on the cluster C. We suppose that n
is large enough so that 2£3 (Voo (OnA,3f(n) + 1)) < én3/4. Then

P( sup [card C N nA — 0L3, (Vao (C, £(n)))] > 8n*) <
cecC
P(f(n)*card{z € f(n)Z*NnA : X"(z) =1} > én?/4)

+ P(1120f(n)*P (fifa (C, k, f(n)),int nA) > 6n®/4).

By Proposition 12.1, for n large enough, the second term of the right—-hand side is
less than

b(k) exp ( — c(k)(5/4480)n® f(n)~?) .
By Corollaries 7.4,7.5,7.8, the first term of the right—hand side is less than
exp (z In (8n3(L3(A) + 1)) + 4573 (Inb(n) — c(n) f(n))) :
i>(8/4)(n/f(n))3

Because f(n)/Inn goes to co as n goes to oo, for n large enough, the sum is less
than b'(n) exp ( — ¢’(1)(6/4)n® f(n)~2) for some positive constants b'(n), ¢'(n). O
12.6. Proof of the enhanced upper bound

We introduce some notation necessary to state the next results. Let B be a
closed ball in R3. We define BC(B) as the subset of BC(R®) consisting of the Borel
collections A such that:

VAe A  either L2(A\B)=0 or L3(R*\A\B)=0.

That is, up to negligible sets, the elements of a Borel collection A in BC(B) are
either included in B or contain R? \ B.
Lemma 12.8. The set BC(B) is a closed subset of (BC(R®), Dioc).

Remark. The set BC(B) is a fortiori closed for the stronger metric D.
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Proof. Let (A,)nen be a sequence in BC(B) converging towards an element A
of BC(R®) with respect to the metric Djoc. Let A belong to .A. By Lemma 10.4, there
exists a sequence (Ay)nen such that A, belongs to A, for each n in N and for each
compact set K, lim, o0 L3 (AAA,) = 0. Up to the extraction of a subsequence, we
have

e either £3(A, \ B) = 0 for all n in N, whence £3 (4 \ B) = 0 for each compact
set K

eor L3(R®\ A, \ B) =0 for all n in N, whence £3,(R*\ A\ B) = 0 for each compact
set K.

Letting K grow to Z3, we see that either £L2(A\ B) = 0 or L3(R® \ A\ B) = 0.
Therefore A belongs to BC(B). O

Let m be an integer and let By, ..., By, be m closed balls in R3. We consider the
product space BC(Bjy) X - - - x BC(B,,,) endowed with the metric Dy, defined by

V(AL .., Am), (AL, ..., Al) € BC(B1) x -+ x BC(Bm)
Din (A Am), (Ao, A)) = max D(As, AY).

Let Z™ be the map from BC(B;) X - - - x BC(B,,) to R* U {oc} defined by:

V(Ai,...,Am) € BC(B1) x --- x BC(Bp,)

Im(.Al, ey Am) == I(Al,int Bl) + -+ I(Am, int Bm) .
Notice that Z(A;,...,An) is infinite whenever one of the Borel collections among
A1, ..., Am is not a Caccioppoli partition of R2.

Proposition 12.9. The map I™ is a good rate function on the space BC(B;) X
.-+ X BO(By,) endowed with the metric Dy,.

Proof. It is enough to consider the case of one ball B (i.e., m = 1) and to prove
that for any positive A, the level set

{A€BC(B) : I(A,int B) < A }

is compact with respect to the metric D. Let (Ap)nen be a sequence in BC(B) such
that Z(Ap,int B) < A for all n in N. Then for each n in N,

I(An) < I(Ap,int B) + ||7||cH?(0B)

and, by Lemma 11.1, the sequence of perimeters (P(Ay))nen is bounded. Theo-
rem 10.8 implies that, up to the extraction of a subsequence, the sequence (A, )nen
converges towards an element A of CP(R3) with respect to the metric Djyc. By
Lemma 12.8, the collection .4 belongs to BC(B). Moreover we have

I(A,int B) = % > I(A,int B).
AcA
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Since the map A € B(R®) — Z(A,int B) is lower semicontinuous on (B(R®), Ll )
(see just after Definition 6.2), Lemma 10.5 implies that

Z(A,int B) < liminf Z(A,,int B).
n— oo

It remains to show that the sequence (Ay)nen converges towards 4 with respect to
the metric D. Let € be positive and let K be a compact set containing B and such
that £L3(K \ B) > 2¢. There exists ng such that for n > ng, we have D (A,, A) < €.
Let n be larger than ng and let (A(%), ¢ € N), (4,(i), ¢ € N) be arrangements of A
and A, such that sup;ey £ (A(1)AA, (7)) < e. Let i belong to N. Since we deal
with elements of BC(B), four cases can occur:

o [3(A(1)\B) = L3(R®\ A,(i)\B) = 0. Then £3,(A(i)AA,(3)) > L3(K\B) > 2¢,
which is impossible.

e [3(R3\A(:)\B) = L3(A,(i)\B) = 0. Then L3, (A(4)AA, (7)) > L3(K\B) > 2¢,
which is impossible.

o [3(A(i)\ B) = £3(A,(i) \ B) = 0. Then £3(A(1)AA,(i)) <e.

o [3(R3\ AG)\B)=L3(R®\ A,(i) \ B) =0. Then £3(A(i)AA, (7)) < e.

Thus we obtain that sup;cy £3(A(i1)AAn(i)) < € whenever n is larger than ng, which
implies that D(A,,A) < e. Therefore the sequence (A,)nen converges towards A
with respect to the metric D. O

Let T(Bi,...,Bm) be the set of the m—uples of integer translations sending
Bs, ..., B,, onto pairwise disjoint balls, that is,

T(Bla“"Bm) =
{(@1,...,2m) € (Z*)™ : 21 + Bi,...,Tpm + B, are pairwise disjoint } .

If A is a collection of Borel sets of R® and B a ball in R®, we define AN B to be the
collection of BC(B) given by

ANB =
{(ANB)UR3\B): A€ A, L3(A) =0 JU{ANB: A€ A, L3(A) <0 } \ {2}.

In this definition, as usual, we consider equivalence classes of sets modulo negligible
sets. Notice that if A is a Caccioppoli partition of R® having finite perimeter, so
is ANB. To By,...,Bn and (z1,...,Zy) in T(By,...,B,;) we associate the map
¢B1>2Bm from BC(R®) to BC(B;) x -+ x BC(B;,) defined by

T1yee0yTm

VAEBOR)  ¢BBr(d) = (AN(By+21) =21, ., AN (B + Tm) — Tm) -

T1yeeesTm
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Lemma 12.10. For any A;, A2 in BO(R?),

Dy (#8287 (Ar), 6807380 (A0)) <
L3 (overlap A;) + D(A;, A2) + £3(overlap A3) .

Proof. For j = 1,2, let (4;(¢),i € N) be an arrangement of A;. For each h in
{1,...,m} and for j = 1,2, we set for ¢ in N

i) — { 4,00 (Butan) =2 i £2(4,(0) < o0
(R \ (B +2n)) U (4;(0) N (Br + 1)) —zn  if L3(4;()) = oo
and then
A (i) = { & | if there' exists k < 4 such that A; (k) = 4; (%) .
’ Ajn(i) otherwise

For j = 1,2, the sequence (A ;(i))ien is an arrangement of A; N (B + Tn) — Th.
Let h belong to {1,...,m} and let us evaluate £3(A4] , (i)AAj} (i) for i in N. First,
we have, for any ¢ in N,
L3 (A} j(1)AAS (i) < L3(overlap A1) + £3(A1 4 (i) A Az 4 (5)) + L3 (overlap As) .
We next evaluate £3(A1,,(1)AAz ,(i)). We distinguish four cases.
e £3(A1(i)) = oo and L£3(A2(4)) < co. Then L£3(A;(i)AA3(3)) = oco.
e £3(A;(4)) < oo and L3(A2(i)) = oo. Then £3(A;(1)AA2(i)) = oo.
o L3(A1(4)) = £L3(A2(d)) = co. Then
L3 (AL (D) AA2 () = L], 4 p, (A1()AA2(1)) < L3(A1(1)AA(0)).
o £3(A;(i)) < oo and £3(A2(3)) < co. Then
L3(A1p(i)AA2 (1) = L3, 15, (A1(1)AA2(9) < L2(A1(i)AA2(3)).

Therefore, for any h in {1,...,m}, we have

sup L2 (A7 ,(i)AA (1)) < L3(overlap A;)+sup £ (A1 (5) AAz (i) + L3 (overlap As) .
ieN ieN

Taking the infimum over all possible arrangements, we get

1I<I}za€XmD(A1 N (By + zp) — xp, A2 N (B + xp) — zh) < D(A;, Az)

which is the claim of the Lemma. O
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Let U be a bounded subset of R3. We recall that
C(nU, f(n)) = {C €C, f(n) < diamsC < 00, CNnU # @ }
and we define the following random sets and Borel collections:

Vool (U)o = {Veo(C, f(n)) : C € C(nU, f(n)) },
Vool (nU)oo = R\ cup VooC(nl)o,
Vool (nU) = Vool (nU)o U { Vool (nU) o }

fifaC(nU)o = {fifaC : C € C(nU, f(n)) },
fifaC(nU)s = R® \ cupfifaC(nl)o,
fifaC(nU) = fifaC(nU)o U {ffaC(nU)o },

agluC(nU)o = {agluC : C € C(nU, f(n)) },
agluC(nlU)s = R® \ cupagluC(nl)o,
agluC(nU) = agluC(nU)o U {agluC(nlU) }-

The notation Voo C(nU) corresponds to Vo C(nU, f(n)) in the statements of Theorems
2.6 and 2.7. We drop f(n) to simplify the notation.

Proposition 12.11. Let U be a bounded Borel subset of R3. The sequences of
random Borel collections

n"WeoC(nU), n~ifaC(nU), n lagluC(nU)

are exponentially contiguous with respect to the metric D, that is, for any positive &,

limsup—l— In P(D(n_lvooC(nU), n~ifaC(nU)) > 6) = —00,

n—oo N2

lim sup %zlnP(D(n_IVooC(nU), n"tagluC(nU)) > 6) = —00.

n—»00

Proof. We write, for any positive a, and for **** being either fifa or aglu,

P(D(VOOC(nU),****C(nU)) > 5n3) <

P(EIC €C(nU, f(n)) an® < diameC < 00)+

P(P(ﬁfaC(nU)) > an?, each set of fifaC(nl)o is included in Veo (nU, an? + f(n)))
+P(D (VOOC(nU), ****C(nU)) > on?, P(fifaC(nl)) < an2) .
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By Lemma 12.2, the first term is bounded by (ndiam.U + f (n))3b(k) exp(—c(k)an?).
The second term is bounded by P (P (fifaC(nU), Voo (nU, an? + f(n))) > an?) which,
in turn, by Proposition 12.1, is bounded by b(k) exp(—c(k)an?). We now examine
the third term. We suppose that the event { P(fifaC(nU)) < an?®} occurs and we
distinguish the case of fifa and aglu to bound the third term.

e Case of fifa. Proceeding as in Lemma 12.4, we have

D(VooC(nU),ﬁfaC(nU)) < max ( F(n)*card {y € A(0,2an?) N f(n)Z%: Y (y) = 1}
+280an2f(n)?, £ (VOOC(nU)OoAﬁfaC(nU)OO)) .

The first term in the max is controlled by Lemma 12.7. For the second term,
L3 (Voo C(nU) oo AfifaC(nlU) ) = L3 (cup Vool (nU)oAcup fifaC(nU)o)
< DL L£(Veo(C, f(m)) \fifaC)
cec(nl, f(n))
< Y 140f(n)*P(fifaC) < 140an®f(n)®.

B cec(nU,f(n))

e Case of aglu. Proceeding as in Lemma 12.6, we have

D(VOOC(nU), agluC(nU)) <
max (27 F(n)*card {y € A(0,2an?) N f(n)Z®: Y (y) = 1}

+17920an2f(n)2, L2 (VooC (nU) oo Aaglu C(nU)oo)) .
The first term in the max is controlled by Lemma 12.7. For the second term, using
the same argument as in Lemma 9.15, we get
L3 (Voo (nU) o AagluC(nl)oo) = L3 (cup Vool (nU)oAcup agluC(nU)o)
< 3f(n)3card { y € A(0,2an?) : Y(y) =1} + 17920an’f(n)>.
In both cases, we conclude by sending successively n and a to co. O
Lemma 12.12. Let U be a bounded Borel subset of R®. For any positive §, we

have

lim sup %2 In P (£3 (overlapfifaC(nU)) > 6n3) = —00,

n—oo

lim sup %2 InP (£3 (overlap agluC(nU)) > 5n3) = —c0.

n—oo

Proof. For any open cluster C, fifaC is included in V(C, f(n)) and agluC is
included in Voo (C,5f(n)). This implies that

overlap fifaC(nU) C overlap VooC(nU).

Therefore, Proposition 2.8 yields the result concerning fifaC(nU). The result on
agluC(nU) follows from a slight variation of the argument. O
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Lemma 12.13. For any closed subset F™ of BC(By) X - -+ x BC(By,),

lim sup l2 In sup (¢ff,’ 2B (071 C(nl)) € ]F’")

n—=00  M% (g1,....2:)ET(B1,....Bm

< —inf {Z™(A1,. -, Am) : (A1, .., Am) €F™ )

Proof. We prove the large deviations upper bound in a standard fashion, by proving
the Z™—tightness together with a local estimate. Moreover the estimates are uniform
with respect to (z1,...,Zy) in T(B1,...,Bn).

e I™—tightness. Let )\, 8 be positive. For any (z1,...,%,) in T(B1,...,Bny), we
have

(mf{D (B12Bm (n= 62 C(n)), (A1, - -, Am)) :
(A1, ..., Am) € BC(B1) x -+ x BC(Bm), T™(Ar, ..., Am) < )\} > 5)
< P(Im (qulv +Bn (n -lﬁfaC(nU))) > A)

< P(I(n_lﬁfaC(nU),xl +intBy) + - + Z(n~fifaC(nU), Tm + int Bp) > A)
< P(Z(n"MifaC(nl)) > ) < P(P(EaC(”U)) > n?M/|||l) -

In the last step, we have used Lemma 11.1. Next, letting X' = A/||7||o0,

P(P(ffaC(nl)) > n?N) < P(EIC € C(nU, f(n)) Nn? < diameoC < oo)+

P(P(ﬁfaC(nU)) > M'n? each set of fifaC(nU)o is included in Voo (nU, /\'n2+f(n))).

By Lemma 12.2, the first term is less than (ndiam.U + f(n))3b(k) exp(—c(k)N'n?).
The second term is bounded by

P(P(ﬁfaC(nU),Voo(nU, an® + f(n))) > ,\'n2) ,

which, in turn, by Proposition 12.1, is bounded by b(k) exp(—c(k)A'n?). Moreover
we have, using Lemma 12.10,

T1yee09yTm

P(Dm (825 (%VOOC(nU)), B1y-o B (%ﬁfaC(nU))) >3s) <
P(E3 (overlap %VooC(nU)) + D(%VOOC(nU), %ﬁfaC(nU))
+L£3 (overlap %ﬁfaC(nU)) > 5) .
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These bounds are independent of (z1,...,Zm) in T(B,...,By). Using Proposi-
tions 2.8, 12.11 and Lemma 12.12, we deduce from the preceding bounds that there
exists a positive constant ¢’ = ¢(k)/||7||co such that for any positive A, 4,

lim sup —ln sup P(mf{D Bl’ ’B"‘( VOOC(nU)),(.Al,...,.Am)):

’zm
n—oo N2 1,0 &m

(A1,..., Am) € BC(B1) % - -+ x BC(Bm), T™(Ar, ..., Am) < /\} > 5) < —dA

where the supremum is taken over (z1,...,Zn) in T(B,...,By).
e Local estimate. Let (Aj,...,An) be an element of BC(B;) x --- x BC(By,) such
that Z™(A1,...,Am) < 00. We have to show that

lim limsup l In sup P( (¢B" ’B’"( VooC(nU)), (A1, ..., Am)) <6)

Tm
60 nhe0 N2 T1yeeesTm ”

< —I™(Ag, ..., Am)

where the supremum is taken over (z1,...,2y) in T(B, ..., By). Let € be positive.

Let do be associated to € as in Lemma 8.1. For each / in {1,...,m}, by Lemma 11.5

applied to the Caccioppoli partition .4; and the ball By, there exists a finite collection

of disjoint balls B(z!,rt), i € I(l), such that: for any i in I(l), z} belongs to 8*4;N By,
rt belongs to )0, 1[, B(z!,r!) is included in B; and

Z’Z

3((Al 1(.’1:;) n B(ziari))AB (Il'i,Ti,l/A, (xl))) < 50 ("'5)3/37
((Al 2(1‘@) N B(.’l?z,’l‘l))AB_‘_(.’l)“ i VA, ("Ez))) < 60 (7‘5)3/3 ’
lI(.Al,intB,) — 3w r(va, (z,.))l <e

ieI(l)

For the notation A; 1, A2, see the beginning of chapter 11. Let  be a positive real
number strictly smaller than min{do(r!)%3/6:1 <1< m, i € I(l) }. Let £(5) be the
event

£(©) = { Dm(@E2Er (" agluC(nl)), (A1, -, Am)) <26 } .

For (z1,...,%m) in T(By,...,By), we write, using Lemma 12.10,

P(Dm (¢nhmm (lV,x,C(nU)), (A1,..., Am)) < 5)
< P(D (872280 (Ve (D)), 6502150 (ZaguC(nD))) > 8) + P(E(S))
< P(£3 (overlap %VwC(nU)) + D(EVOOC(nU), EagluC(nU))+

L3 (overlap %agluC(nU)) > 5) + P(£(9)).
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Propositions 2.8, 12.11 and Lemma 12.12 give a sufficient control on the first term.
Hence we need only to estimate P(£(d)). Suppose that £(8) occurs. Suppose also
that n is large enough to have

Vie{l,....,m} VieI(l) 4nv3(r})*n? + V3 < do(r)%n?/3.

Let ! belong to {1,...,m} and let ¢ belong to I(I). There exists a set Cp(z!)
belonging to agluC(nU) such that

L3 ((nA1(zh) NnB)A(Cu(zl) N (nBy + nz;) — nzy)) < 26n3.

Let C(4,1) be the collection of the open clusters of the configuration restricted to the
set Cp(z})NB(nz;+na, nrl). Because of the definition of aglu C(nU), the clusters of
C(l,1) are open clusters of the configuration restricted to B(nz; +nzt, nrl). Moreover
c3 (Voo(cup C(l,1),1/2)AB_(nz; + nzt, nrl v, (wﬁ)))
< 3 (voo (cupC(l,i),1/2)A(Cn(a}) N B(nz; + nat, mg)))
+ 3 ((Cn(mi) N B(nx; + nal, nrl)) AB_ (nx; + nal,nrl vy, (zi)))
< £3(B(nal,nrl + V3/2) \ B(nat,nrl — \/5/2))
+ L3(((nBy + nay) N Cn(zh) — nz) A(nAsi(2h) NnBy))
+ L3 ((nAlyl (@) N B(nzl, nrt) ) AB_(nak, nrl, v 4, (mi)))
< 4mV3(rh)?n? + 7v3 4 260> + 8o (r1)3n/3 < do(rh)3nd.

Therefore the collection C(l,%) realizes the event sep (n,z; + z&, 7L, v4,(2}), d0) and

@) ¢ () () sep(n,zi + i, va,(2h), b0).
1<i<m iel(l)

Since the balls B(zi,r!), i € I(l), are disjoint for any I in {1,...,m} and since
(z1,...,Tm) belongs to T(By,...,By), then the balls B(nz; + nzt,nrl), i € I(l),

1 <1 < m, are still disjoint and the events sep (n,z; + =&, rl,v4,(2),80), ¢ € I(1),
1 <1 < m, are independent, whence

PE®) < JI TI Plsep(n,zi+ai,ri va,(al), b)) -

1<I<miel(l)

Since the model is invariant under integer translations, then for [ in {1,...,m} and
iin I(l)

P(Sep (nawl +.’135,T£,VA,(27£;),60)) = P(sep(n,xé,rﬁ,VA,(m‘é),50))
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and
P(£(8)) < H H P(sep (n,},7i,v.4,(2}),60)) -
1<I<m iel(l)
This last bound is independent of (z1,...,Zy) in T(Bi,...,By). By the choice
of &y (see Lemma 8.1) and of the balls B(z},r!) (see Lemma 11.5)

lim sup 12111 sup{P(é’(é)) (Z1,...,Tm) € T(Bl,...,Bm)}

n—oo M

<= >0 Y rwaE)rE) 1 -e)
1<I<m ieI(l)

<- 3 (I(Al,intBl)(l—s)—e)
1<I<m

= —I™A,...,An) (1 —€) + me.

Letting 6 and then € go to zero, we get the upper bound we were seeking for. O

We turn now to the proof of the enhanced upper bound of Theorem 2.11. Let F
be a closed subset of (BC(R?), D). Let a, 4 be positive with § < 1 < a. We write

P(n"'WC(nU) € F) < P(EIC’ € C(nU, f(n)) an® < diameoC < 00) +
P(P(ﬁfaC(nU)o) > an?, each set of fifaC(nl)o is included in Voo (nU, an?+ f(n)))
+ P(D(VooC(nU), fifaC(nU)) > 6n®) + P(£),

where £ is the event
{n71Vel(nU) € F, P(BfaC(nU)o) < an?, D(VaoC(nD), fifaC(nD)) < 60 }.

We examine successively each term of the right-hand side. By Lemma 12.2, the
first term is bounded by (ndiam.U + f(n))3b(k) exp(—c(k)an?). The second term
is bounded by

P(’P(ﬁfaC(nU),Voo(nU, an® + f(n))) > an2) ,
which, in turn, by Proposition 12.1, is bounded by b(k) exp(—c(k)an?). The third

term is controlled by Proposition 12.11. We examine now the last term P(£) of the
inequality. Suppose that the event

{P(fifaC(nl)o) < an®}
occurs. By the isoperimetric inequality, we have

L3(cup fifaC(nU)o) < Ciso@®/?n3 .
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Let X be the random subset of Z3 defined by
X = {z €Z3: L3(B(nz,n) NcupfifaC(nU)o) > n®}.
Since
VC € C(nU, f(n)) diamy.fifaC < P(fifaC(nlU)o) < an?,

then X is included in B(0,ndiam U + 3an?). Since a point of R® belongs to at most
eight balls among the balls B(z, 1), z € Z3, then

ondcard X < Z £3(B(nz,n) NcupfifaC(nl)o)
zeX

< 8L%(cupfifaC(nl)o) < 8cisoa®/?n®

and therefore card X < 8¢js0a®/2/8. For z in Z3\ X, by the isoperimetric inequality
relative to the ball B(nz,n), taking into account that

£3(B(nz,n) N cupfifaC(nl)o) < 6n®,
we have, for any A in fifaC(nU)o,

L£3(AN B(nz,n)) < 61/3nb?/3’P(A,intB(nw,n)) .

180

Summing this inequality over A in fifaC(nU)o and over z in Z3\ X,
L3 (cupfifaC(nU)o \ cup { B(nz,n) :z € X })

< Y L£3(B(nz,n)NcupfifaC(nl)o)
T€Z3\X
Z Z L3 (B(nz,n) N A)
Tz€Z3\ X A€efifaC(nU)o
§1/3np2/3 Z P(fifaC(nU)o, int B(nz,n))

IA

IA

iso
Tz €Z3\X

883X P (fifaC(nU)o) < 8a8"/3b2/*n®.

IN

We set M = 8cisoa®/?/6 and 7 = & + 8ad'/ 3bi28<)3. Whenever £ occurs, we have
therefore

X C B(0,ndiam U + 3an?), cardX < M,
L3 (cup fifaC(nU)o \ cup { B(nz,n):z € X }) < 8a6' /36 *n3 = (n — 6)md.

Let E(X) be a subset of X x {1,..., 34X} associated to X as in Lemma 9.20. We
decompose the event £ according to the possible values of the set E(X):

P& = > > 3 PEEX)={@,m)WUmTm)})

1<m<M T1,0.Tm Y150 0Ym
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where the second summation extends over the integers r1,...,7, in {1,...,3M}
and the third summation extends over ¥, . .., ym in Z3NB(0, ndiam U + 3an?). The
number of possible choices for y1, . . ., Y, is less than £3(B(0, ndiam U + 3an? + 2))™,
which is a polynomial function in n. The number of possible choices for the first
two sums is less than 3M(M+1)  We estimate now the term inside the sums. Let
{(1,71),--,(Ym,Tm) } be a value for the random set E(X) compatible with £ (that
is a value which occurs with positive probability). By the construction of E(X), the
balls B(y;,m; + 1), 1 <1 < m, are pairwise disjoint so that (yi,...,ym) belongs to
T(B(0,71 +1),...,B(0,r, + 1)); moreover the balls B(y;,r;), 1 <1 < m, cover the
balls B(z,1), x € X, whence

L3 (cupnifaC(nU)o \ B(y1,m1) \ - --\ BUm,™m)) < n—38.
Since D(n~1VooC(nU),n"ifaC(nU)) < 6, then

L3 (n™ cup Voo C(nU)oAn ™ *cupfifaC(nU)o) =
L3 (n" Voo C(nU) oo An~ HifaC(nl) o) < &

and it follows that
L3(cupn™WeoC(nU)o \ B(y1,71) \ -+ \ BUm,"m)) < 1.

Let F7* (r1,...,7m) be the subset of BC(B(0,7r1+1)) X - - - x BC(B(0, 7y, +1)) defined
by

Fp (riy .o ymm) = { 9EOTLED - BOMED(4)

Z14ye09Rm

AEF, (z1,...,2m) € (Z*™ satisfying the conditions below}

The conditions imposed on A and (z1,...,2y,) are:

e A contains exactly one set Ay, such that £3(Ay) = oo,

e R? is the disjoint union of A, and cup{A € A: L3(4) < 0},
e (z1,...,2m) belongs to T(B(0,71 +1),...,B(0,rp + 1)),

o L3(cup{A € A: L3(A) <0} \B(z1,71) \ -\ B(zm,™m)) <7.
We write then

P(g’ E(X) = {(yl’rl)v" '7(ym’rm) })
< P(n‘lvooC(nU) €F, L(cupn™ Voo C(nU)o \ B(y1,71) \ - -+ \ B(ym,™m)) < 77)
< P(n“IVwC(nU) € {A€F, L¥cup{A e A: L3(A) <oo}\ U B(yi,m:)) < n})

1<i<m

< P(¢B(o,n+1),...,B(o,rm+1)(n—lvooc(nU)) € ]F','7n(r1,...,rm)).

Y1y Ym

SOCIETE MATHEMATIQUE DE FRANCE 2000



166 CHAPTER 12. PROOF OF THE LDP FOR THE WHOLE CONFIGURATION

But F* (r1,...,7m) depends on (ry,...,7m) and 1 only and not on (y1,...,Ym) in
T(B(0,r1 +1),...,B(0,rpn + 1)). Coming back to the innermost summation,

Z P&, E(X)={(1,71)--UmsTm) }) < L3(B(0,ndiamU + 3an® + 2))™

Yis--sYm
X sup P(d)i(f’j:;:l)"'"B(O’T""H)(n'lvooC(nU)) GIFZ,"(rl,...,rm))
Yis-yYm

where the supremum is taken over (y1,...,Ym) in T(B(0,71 +1),...,B(0,7p + 1)).
This inequality and the upper bound of Lemma 12.13 yield

limsup%2ln Z P&, EX)={(1,r1),---, Um,Tm) }) <

n—oo
Y1,.-0Ym

—inf {Z™(Ay,...,Am) : (A1,..., An) € cOF (r1,...,Tm) }.

Since the number of terms involved in the first two sums is bounded by 3M(M+1)
which is independent of n, we conclude that

limsupl InP(€) < —inf § I™(A1,...,Am): 1 <m < M,
n2

n—oo

1o tm €{1,...,3M 1} (Al,...,Am)ealoIF';,”(rl,...,rm)}.

It remains to evaluate this infimum. Let m belong to {1,...,M}, let r1,...,rp
belong to {1,...,3 } and let (Ay,...,Am) belong to cloFy (ry,...,Tm). We sup-
pose in addition that Z™(A,...,Ay) is finite. By the very definition of the set
cloFy (r1,...,Tm), there exist a Borel collection A in F and a m-uple (z1,...,2m)
in T(B(0,71+1),...,B(0,ry +1)) such that: A contains exactly one set Ao, having
infinite volume, R? is the disjoint union of A, and cup{ A € A: £L3(A) < 0}, and

£ (cup{A € A: L3(A4) <00 }\ Byr,r) \ -\ Bym,m)) <,

max D((AN B(zi,ri + 1)), (2 + Ai)) < n/m.

Therefore each Caccioppoli partition A; contains exactly one set A; o having infinite
volume and
3
max. LBz rit1) (Ao A(zi + Aix)) < n/m

whence

z E3(B(O,’I‘i-i-l)\B(O,’ri)\Ai,oo) < T]+£3( U (B(zi,r¢+1)\B(zi,r,~))\Aoo)

1<i<m 1<i<m

< n+ L8 (cup{A € A: £3(4) < oo }\ Byi,m) \++\ Bym,m)) < 21
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By Lemma 6.7, for 4 in {1,...,m}, for H! almost all ¢ in ]0, 1], we have
Z(B(0,ri+1t)\ Aioo) < Z(R®\ Aj co,int B(0,7;+1)) + ||7||ccH?(OB(0,7; +¢)\ Aic0)
and for all A in A; \ {4i},

Z(ANB(0,7; +t)) < Z(A,int B(0,r; + 1)) + ||7]|cH2(ANOB(0,7; + 1)),
and also, because we are dealing with Caccioppoli partitions of R3,

> HEANBB(O,ri +1)) = H*(0B(0,7: +1) \ Aico) -
AEAi\{Ai.oo}
Let T be the subset of ]0,1[ where all the above inequalities hold simultaneously.
Certainly #!(T) = 1 and by integrating in polar coordinates

S L3(BO,ri + 1)\ BO,7:) \ Aio) /T S HE(OB(O0,ri +1)\ Aio) dt

1<i<m 1<i<m

I

so that there exists ¢ in T such that
> > HXANAB(O,ri+t) = Y, H(0B(O,ri+1)\ Aieo) < 2.

1<i<m A€ A;\{Ai, o } 1<i<m

Let (A(j),j € N) be an arrangement of A such that A(0) is the unique element
of A having infinite volume. By Corollary 10.3, and the inequalities satisfied by
A, A1, ..., Am, there exist arrangements (4;(5),j € N), 1 <i < m, of A1,...,Am
such that

lr<nlezx [’B(z,,r.+1) (A(O)A(Z, + A (0))) < n/m

Bax sup L3((A@) N B(zi, 7 + 1) A(zi + Ai(4))) <n/m.

We set
A'(0) = (R3\ U B(z,~,r,~+t))u U (2i + Ai(0) N B(0,7; + 1))

1<i<m 1<i<m

and for j > 1,

AG) = | (z+A@G) NBO,ri+1)).
1<i<m

Let A’ be the Borel collection of the non—negligible sets of the sequence (A'(j));en-
Then A’ is Caccioppoli partition of R, (4'(j)),en is an arrangement of A’ and

L3 (A(0)AA'(0))
< ,cs(Rs\ A0\ | Bz@,rz+t)) 3 LY maty (A0 A + Ai(0))

1<i<m 1<i<m
< C(RNAO)N\ U BGir)) + Y Lhenn (AOAG: + 4:(0) < 2.
1<i<m 1<i<m
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For j > 1, we have
L3 (AG)AA'(5))
< c (A(]) \ U B(zi,ri + t) Z [’B(z.,r,+t) (A(])A(z, + A; (])))

1<i<m 1<i<m

< AN\ U Blir)) + DY L2((AG)NB(zi, i+ 1)A(zi + 4i(5))) < 2n.

1<i<m 1<i<m

Using the previous inequalities, we obtain that

D(A, A") < sup L3(A(j)AA'(j)) < 2.
JEN
Furthermore, because of the choice of ¢

I(A) = %ZI(A'(]’)) = Y Z(AnB(,ri +1))

j>0 1<i<m
< ) I(Aiint BO,7i + 1) + [I7lle0 D > H(ANOB(O,r; +1t))
1<i<m 1<i<m A€ Ai\{Ai 0}
< I™(Ary .oy Am) + 20|17 |00 -
It follows that
inf {Z(A): A€ Vp(F,2n)} < I™(A1,-..,Am) + 20||7||oo -

Passing to the infimum over (Aj,...,An), (r1,...,Tm) and m,

hmsup ,InP(€) < —inf {Z(A) : A€ Vp(F,2n) } + 2||7]|co -

n—roo

Coming back to the initial inequality,
hmsup ,In P(n™'VooC(nU) € F) <
n—oo
—min (c(k)a, inf { Z(A) : A € Vp(F,2n) } — 2n||7]|) -

Recalling that n = & + 8ad'/ 3p2/ 3, sending first § to 0 and then a to 0o, we obtain

150

hmsup ,In P(n™" Vool (nU) € F) < —sup inf {Z(A): A€ Vp(F,e) }.
e>0

n—oo

This is the enhanced upper bound we were seeking for. O
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For the convenience of the reader, we include here some basic and classical ma-
terial of large deviations theory (see [28] for a detailed exposition).

Let (F,O) be a topological space. A rate function on (F, Q) is a lower semicon-
tinuous map from (F,O) to R™ U {oo}. A rate function I on (F,0) is good if its
level sets {x € F : I(z) < A}, A > 0, are compact. We endow (F, O) with the Borel
o-field B(F) generated by the open sets O. Let (2, F, P) be a probability space.
Let (Xp)nen be a sequence of random variables defined on 2 with values in F'. Let
I be a rate function on (F, ) and let ¢ be a map from N to R*. The sequence
of random variables (X, )nen satisfies the large deviation principle with speed ¢(n)
and rate function I if for any A in B(F)

—inf{I(z) :x €intA} < lin_l)inf —(ln—)lnP(Xn € A)
n—oo
< limsup —1——lnP(Xn €A) < —inf{I(z):z€cloA},
noo  9(n)

where int A is the interior of A and clo A is the closure of A with respect to the topol-
ogy O. The sequence of random variables (X,)ncN satisfies a weak large deviation
principle if the upper bound holds only for compact sets.

We suppose next that the topology O is associated to a metric d on F'. The large
deviations lower bound is equivalent to the following statement:

1
VreF Vi>0 liminf —— In P(d(Xn,z) <) > —I(z).
minf o In P(d(Xn,2) < 6) 2 ~1(@)

We always use the above statement to prove large deviations lower bound.

Definition. We say that the sequence of random variables (X, )nen is I-tight if

Vé>0 ,\li»n;o lirlzll)Solip %n)lnP(d(Xn,I—l([O,/\])) >6) = —0.

Our proofs of the large deviations upper bound rely on the following formulation.
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Lemma. Suppose that the rate function I is good. The sequence of random variables
(Xn)nen satisfies the large deviations upper bound if and only if it is I-tight and it
satisfies the local estimate

VezeF, I(z)<oo, Ye>0 3FIéd=46(z,e)>0
lim sup —1——lnP(d(Xn,z) <é) < -I(z)(1-¢).
n—soo  P(n)
Remark. Notice that the above property is equivalent to
VzeF, I(z)< oo, limsup limsup Lln P(d(Xn,z) <6) < —I(z).
5§—0 naoo  P(n)

Remark. In the situation where the rate function is not good (that is, it is only
lower semicontinuous), we have the following result: If the sequence of random
variables (X, )nen is I-tight and satisfies the local estimate, then the weak large
deviations upper bound holds.

Proof. Let A be a closed subset of F. Let A,d,n be positive with § < 7. Let
A% ={z:d(z,A) < §}. We write
P(Xn € A) < P(X, € A, d(Xn, I7'([0,A])) < 6) + P(d(Xn, I7([0,A)) > 6)
< P(d(Xn, A"NI7H([0,A]) < 8) + P(d(Xa, I7([0,X]) > 6).

Since A is closed and I is a good rate function, the set A7 N I~1(]0, \]) is compact.
Let & be positive. To each = in A" N I~1([0,A]) we associate a positive §(x,¢) as
given by the local estimate. The collection of sets

{y:d(z,y) < é(z,e)}, =€ ATNI"'([0,)\])

is an open covering of A" N I~1([0, \]), from which we can extract a finite subcover
associated to a finite number of points z;, 1 < i < r. The open set

U {v:d@iy) < (i)}

1<i<r
contains a neighbourhood of A" N I~1([0, \]). Hence, for § sufficiently small,

P(d(Xn, ATNI7H([0,N)) <6) < D P(d(Xn, @) < 8(zi,¢)) -
1<iLr
By the definition of the §(z;,€), 1 < i < r, using the local estimate and the previous
inequalities, we get

lim sup ¢—(1n—)1np(d(xn, ATOTN([0, M) < 8) < — mmin T(z:)(1—e)

< —(1-¢)inf{I(z):z € ATNI(0,\)}.
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Using the fact that the sequence is I-tight, with the help of the previous inequalities,
we can choose A large enough to obtain

lim sup ﬁlnP(Xn €A) < —(1—¢)inf{I(z):z€ A"}.

Since I is lower semicontinuous, the large deviations upper bound follows from this
inequality by sending € and n to 0. O

Two sequences of random variables (X, )nen and (Y, )nen are exponentially contigu-
ous if 1
Vé>0 limsup ——~ InP(d(X,,Y,) > d) = —oc.
n—00 d’(n)
If (Xn)nen and (Yn)nen are exponentially contiguous and if (X, )nen satisfies the
large deviation principle with speed ¢(n) and rate function I then so does (Y )nen.
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