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THE DISPLAY OF A FORMAL p-DIVISIBLE GROUP

by

Thomas Zink

Abstract. — We give a new Dieudonné theory which associates to a formal p-divisible
group X over an excellent p-adic ring R an object of linear algebra called a display.
On the display one can read off the structural equations for the Cartier module of X,
and find the crystal of Grothendieck-Messing. We give applications to deformations
of formal p-divisible groups.

Introduction

We fix throughout a prime number p. Let R be a commutative unitary ring. Let
W (R) be the ring of Witt vectors. The ring structure on W(R) is functorial in R and
has the property that the Witt polynomials are ring homomorphisms:

Wnp ! W(R)—’R
n n—1
(:L‘(),...xi,...)l—>mzo’ + px¥ N N

Let us denote the kernel of the homomorphism wg by Ir. The Verschiebung is a
homomorphism of additive groups:

V. W(R) — W(R)
(.’L‘(),....’L‘i,...) L (O,CE(),...(IL,;,...)

The Frobenius endomorphism ¥ : W(R) — W/(R) is a ring homomorphism. The
Verschiebung and the Frobenius are functorial and satisfy the defining relations:

wn(Fz) = wpii(z), forn >0
wn(Vw) = pwp_1(z), for n > 0, WO(V:c) =0.

2000 Mathematics Subject Classification. — 14105, 14F30.
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128 T. ZINK

Moreover the following relations are satisfied:
V=p,  Vay) =2y, w,yeW(R)

We note that Ir = YW (R).

Let P, and P> be W(R)-modules. An f-linear homomorphism ¢ : P, — P, is a
homomorphism of abelian group which satisfies the relation ¢(wm) = Fwe@(m), where
m € P, w € W(R). Let

" : W(R) @rw(ry P — P2

be the linearization of ¢. We will call ¢ an f-linear epimorphism respectively an
F_linear isomorphism if ¢* is an epimorphism respectively an isomorphism.

The central notion of these notes is that of a display. The name was suggested
by the displayed structural equations for a reduced Cartier module introduced by
Norman [N]. In this introduction we will assume that p is nilpotent in R.

Definition 1. — A 3n-display over R is a quadruple (P,Q, F,V~!), where P is a
finitely generated projective W (R)-module, @ C P is a submodule and F' and V!
are Fllinear maps F: P - P, V~1:Q — P.
The following properties are satisfied:
(i) IrP CQ C P and P/Q is a direct summand of the W (R)-module P/IrP.
(ii) V~!:Q — P is a flinear epimorphism.
(ili) For z € P and w € W(R), we have

V-1(Vwz) = wFx.

If we set w = 1 in the relation (iii) we obtain:
Fz =V~ 1(V1z)

One could remove F' from the definition of a 3n-display. But one has to require that
the f-linear map defined by the last equation satisfies (iii).

For y € Q one obtains:

Fy=p-V7ly

We note that there is no operator V. The reason why we started with V1! is the
following example of a 3n-display. Let R = k be a perfect field and let M be a
Dieudonné module. It is a finitely generated free W (k)-module which is equipped with
operators F and V. Since V is injective, there is an inverse operator V=1 : VM — M.
Hence one obtains a display (M,V M, F,V~1). In fact this defines an equivalence of
the category of Dieudonné modules with the category of 3n-displays over k.

Let us return to the general situation. The W (R)-module P always admits a direct
decomposition

P=L&T,
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THE DISPLAY OF A FORMAL p-DIVISIBLE GROUP 129

such that @ = L & IrT. We call it a normal decomposition. For a normal decompo-
sition the following map is a f“linear isomorphism:

V3ieF:LeT —P

Locally on Spec R the W (R)-modules L and T are free. Let us assume that 7" has
a basis e1,...,eq and L has a basis eg+1,...,en. Then there is an invertible matrix
(cvij) with coefficients in W (R), such that the following relations hold:

h
Fe; = Zaijei, forj=1,...,d

i=1

h
V_1€j = Zaije,- forj=d+1,...,h
i=1
Conversely for any invertible matrix (a;;) these relations define a 3n-display.
Let (Bxi) the inverse matrix of (cyj;). We consider the following matrix of type
(h — d) x (h — d) with coefficients in R/pR:
B = (wo(Bki) modulo p)k,i=d+1,...,h
Let us denote by B®) be the matrix obtained from B by raising all coefficients of B

to the power p. We say that the 3n-display defined by (c;) satisfies the V-nilpotence
condition if there is a number N such that

B ..B®.p—o.

MYy

The condition depends only on the display but not on the choice of the matrix.

Definition 2. — A 3n-display which locally on Spec R satisfies the V-nilpotence con-
dition is called a display.

The 3n-display which corresponds to a Dieudonné module M over a perfect field
k is a display, iff V is topologically nilpotent on M for the p-adic topology. In the
covariant Dieudonné theory this is also equivalent to the fact that the p-divisible group
associated to M has no étale part.

Let S be a ring such that p is nilpotent in S. Let a C S be an ideal which is
equipped with divided powers. Then it makes sense to divide the Witt polynomial
w., by p™. These divided Witt polynomials define an isomorphism of additive groups:

W(a) — aV
Let a C aY be the embedding via the first component. Composing this with the
isomorphism above we obtain an embedding a C W(a). In fact a is a W (.S)-submodule
of W(a), if a is considered as a W (S)-module via wo. Let R = S/a be the factor
ring. We consider a display P = (13, @, I~7‘, 17—1)\ over S. By base change we obtain a
display over R:
Pr=P=(PQ,F V!
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130 T. ZINK

By definition one has P = W (R) ®w/ s) P. Let us denote by Q = W(a)];—i—@ C P the
inverse image of Q. Then we may extend the operator V! uniquely to the domain
of definition @, such that the condition V~1aP = 0 is fulfilled.

Theorem 3. — With the notations above let P’ = (13’ ,Q', F, ‘7‘1) be a second display
over S, and P' = (P',Q’, F,V 1) the display over R obtained by base change. Assume
we are given a morphism of displays u: P — P’ over R. Then u has a unique lifting
u to a morphism of quadruples:

a:(P,Q,F,V-'y — (P',Q',F,V1).

This allows us to associate a crystal to a display: Let R be a ring, such that p is
nilpotent in R. Let P = (P,Q, F,V~!) be a display over R. Consider a surjection
S — R whose kernel a is equipped with a divided power structure. If p is nilpotent
in S we call such a surjection a pd-thickening of R. Let P = (P,Q, F,V~1) be any

lifting of the display P to S. By the theorem the module P is determined up to
canonical isomorphism by P. Hence we may define:

Dp(S)=S Qws) P
This gives a crystal on Spec R if we sheafify the construction.

Next we construct a functor BT from the category of 3n-displays over R to the
category of formal groups over R. A nilpotent R-algebra A is an R-algebra (without
unit), such that NV = 0 for a sufficiently big number N. Let Nilg denote the
category of nilpotent R-algebras. We will consider formal groups as functors from the
category Nilgr to the category of abelian groups. Let us denote by W(N’ ) € W(N)
the subgroup of all Witt vectors with finitely many nonzero components. This is a
W (R)-submodule. We consider the functor G%(N) = W(N) ®w (r) P on Nilg with
values in the category of abelian groups. Let G;l be the subgroup functor which is
generated by all elements in W(N ) ®w (r) P of the following form:

“¢oz, ¢®y, (eWW) yeQ zeP
Then we define a map:
(1) vl-id: Gzl — GY
On the generators above the map V~! — id acts as follows:
(V1-id)(Ve®r)=¢®@Fz—V¢®x
(V1 -id(¢®y) =TtV ly-£®y
Theorem 4. — Let P = (P,Q,F,V~1) be a 3n-display over R. The cokernel of the
map (1) is a formal group Bl’p. Moreover one has an exact sequence of functors on

Nilg:

1 Vol —i
-

0— G5 4, qo . Bry —0
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THE DISPLAY OF A FORMAL p-DIVISIBLE GROUP 131

If NV is equipped with nilpotent divided powers we define an isomorphism:
expp : N ®r P/Q — BI'p(N),

which is called the exponential map. In particular the tangent space of the formal
group BI'p is canonically identified with P/Q.

Let Er be the local Cartier ring with respect to the prime p. Then Bl’p has the
following Cartier module:

M(P) =Eg QW (R) P/(F®x— 1®F1‘,V®V—ly—— 1®Yy)Ex,

where z runs through all elements of P and y runs through all elements of @, and
( )Eg indicates the submodule generated by all these elements.

Theorem 5. — Let P be a display over R. Then Bl'p is a formal p-divisible group of
height equal to rankw gy P.

The restriction of the functor BI' to the category of displays is faithful. It is fully
faithful, if the ideal of nilpotent elements in R is a nilpotent ideal.

The following main theorem gives the comparison of our theory and the crystalline
Dieudonné theory of Grothendieck and Messing.

Theorem 6. — Let P = (P,Q,F,V~!) be a display over a ring R. Then there is a
canonical isomorphism of crystals over R:

Dp AN Dary

Here the right hand side is the crystal from Messing’s book [Me]. If W(R) — S is a
morphism of pd-thickenings of R, we have a canonical isomorphism

S QW (R) Pz ]D)BI‘,,(S).

In this theorem we work with the crystalline site whose objects are pd-thickenings
S — R, such that the kernel is a nilpotent ideal. We remark that the crystal Dpr,
is defined in [Me] only for pd-thickenings with nilpotent divided powers. But if one
deals with p-divisible groups without an étale part this restriction is not necessary
(see corollary 97 below). In particular this shows, that the formal p-divisible group
BT'p lifts to a pd-thickening S — R with a nilpotent kernel, iff the Hodge filtration
of the crystal lifts (compare [Gr] p.106).

The functor BT is compatible with duality in the following sense. Assume we are
given 3n-displays P; and P, over a ring R, where p is nilpotent.

Definition 7. — A bilinear form ( , ) on the pair of 3n-displays Pi, P2 is a bilinear
form of W (R)-modules:
P, 1 X P2 —_— W(R),

which satisfies

YV, Vo lys) = (y1,42) for 91 € Q1, y2 € Q2.
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132 T. ZINK

Let us denote by Bil(P;,P2) the abelian group of these bilinear forms. Then we
will define a homomorphism:

2) Bil(P;, Py) — Biext!(BI'p, x Blp,,Gmnm)

Here the right hand side denotes the group of biextensions of formal groups in the
sense of Mumford [Mul].
To do this we consider the exact sequences for 7 = 1, 2:

_1_-
O—»G;lv__id_,G%i_,BTPi__,O

To define a biextension in Biext!(BI'p, x Bsz,@m), it is enough to give a pair of
bihomomorphisms (compare [Mu)):

a1 : Gpl(N) x GE, (N) — «:}m(./\/'),
az : G} (N) x G5E(N) — Gm(N),

which agree on G5! (N) x Gz}(N), if we consider G5! as a subgroup of G% via
the embedding V~1 — id, for i = 1,2. To define a; and o explicitly we use the
Artin-Hasse exponential hex : W(N) — G (N):

a1(y1,z2) = hex(V~=ly;,z3) for y; € G,',ll(./\/'), Ty € G%Z(N)

02(1'1,2/2) = — hex(xl,yg) for T € C';O'P1 (N)7 Y2 € G’I_D:(N)
This completes the definition of the map (2).

Theorem 8. — Let R be a ring, such that p is nilpotent in R, and such that the ideal
of its nilpotent elements is nilpotent. Let P1 and P2 be displays over R. Assume that
the display P2 is F-nilpotent, i.e. there is a number r such that F" P, C IrP,. Then
the map (2) is an isomorphism.

I would expect that BI' induces an equivalence of categories over any noetherian
ring. We have the following result:

Theorem 9. — Let R be an excellent local ring or a ring such that R/pR is an algebra
of finite type over a field k. Assume that p is nilpotent in R. Then the functor BT is
an equivalence from the category of displays over R to the category of formal p-divisible
groups over R.

‘We will now define the obstruction to lift a homomorphism of displays. Let S — R
be a pd-thickening. Let P; and P, be displays over S, and let P; and P3 be their
reductions over R. We consider a morphism of displays @ : P; — Ps. Let o : P, — P
the unique map which exists by theorem 3. It induces a map, which we call the
obstruction to lift &:

Obstp: Q1/IsP1 — a®s P2/Q2

This morphism vanishes iff @ lifts to a homomorphism of displays ¢ : P; — Pa.
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THE DISPLAY OF A FORMAL p-DIVISIBLE GROUP 133

We will now assume that pS = 0 and that a? = 0. We equip S — R with the
trivial divided powers. Then p Obst g = 0. Therefore pp lifts to a homomorphism of
displays 1 : P; — Ps. Let us assume moreover that we are given a second surjection
T — S with kernel b, such that b? = 0, and such that pT" = 0. Let ’ﬁl and 732 be
two displays, which lift ; and P2. Then we give an easy formula (proposition 73),
which computes Obst 1 directly in terms of Obst . This formula was suggested by
the work of Gross and Keating [GK], who considered one-dimensional formal groups.
We demonstrate how some of the results in [G] and [K] may be obtained from our
formula.

Finally we indicate how p-divisible groups with an étale part may be treated us-
ing displays. Let R be an artinian local ring with perfect residue class field k¥ of
characteristic p > 0. We assume moreover that 2R = 0 if p = 2. The exact sequence

0 —— W(m) —— W(R) —2— W(k) —— 0,
admits a unique section § : W (k) — W (R), which is a ring homomorphism commuting
with F.
We define as above:
W(m) = {(zo,71,...) € W(m) | x; =0 for almost all i}

Since m is a nilpotent algebra, /V[7(m) is a subalgebra stable by F' and V. Moreover
W (m) is an ideal in W (R).
We define a subring W(R) C W(R):

W(R)={£€W(R) | &—én(€) € W(m)}.
Again we have a split exact sequence

0 —— W(m) —— W(R) —— W(k) —— 0,
with a canonical section § of m. Under the assumptions made on R the subring
/W?(R) C W(R) is stable by ¥ and V. Therefore we may replace in the definition of a
3n-display the ring W(R) by W(R). The resulting object will be called a Dieudonné
display over R. In a forthcoming publication we shall prove:

Theorem. — Let R be an artinian local ring with perfect residue field k of charac-
teristic p > 0. We assume moreover that 2R = 0 if p = 2. Then the category of
Dieudonné displays over R is equivalent to the category of p-divisible groups over R.

I introduced displays after discussions with M. Rapoport on the work of Gross
and Keating [GK]. I thank Rapoport for his questions and comments and also for
his constant encouragement, which made this work possible. I also thank J. de Jong,
G.Faltings, and B.Messing for helpful remarks, and O.Gabber for his helpful questions,
which he asked during lectures. The remarks of the referee helped me to correct an
error in the first version of this paper. I forgot that Messing [Me] assumes nilpotent
divided powers, which is necessary in the presence of an étale part (see the remarks

SOCIETE MATHEMATIQUE DE FRANCE 2002



134 T. ZINK

above). I am very grateful to him. Finally I thank the organizers of the “P-adic
Semester” in Paris 1997 for giving me the possibility to present my results there. At
this time a preliminary version of this work entitled “Cartier Theory and Crystalline
Dieudonné Theory” was distributed.

Note added in March 2001: A proof of the last theorem above is given in [Z3]. The
relation of the theory of Ch. Breuil [Br] to the theory given here is explained in [Z4].
A construction of the display associated to an abelian scheme over R is given in [LZ],
by means of a de Rham-Witt complex relative to R.

1. Displays

1.1. Generalities. — Let A and B be commutative rings and p : A — B be a
homomorphism. If NV is a B-module, we denote by N[, the A-module obtained by
restriction of scalars. Let M be a A-module. A p-linear map o : M — N is an A-
linear map a : M — Ny,. It induces a B-linear map o B®,aM — N. We will say
that « is a p-linear isomorphism (respectively epimorphism), if a# is an isomorphism
(respectively epimorphism).

Let R be a unitary commutative ring, which is a Z,)-algebra. Let W(R) be the
Witt ring with respect to the prime number p. We apply the definitions above to the
case where A = B = W(R), and where p is the Frobenius endomorphism ¥ : W(R) —
W(R). (For notations concerning the Witt ring we refer to the introduction.) As an
example we consider the Verschiebung ¥V : W(R) — W(R). It induces a W (R)-linear
isomorphism

v . W(R)[F] — IR.
Its inverse is a ‘“linear map:
VT Ig — W(R)

This map is a -linear epimorphism, but it is not a -linear isomorphism (!) unless
R is a perfect ring.

We define base change for f-linear maps as follows. Let S — R be a homomorphism
of commutative rings. Assume a : @ — P is a flinear homomorphism of W (S)-
modules. Then the base change arp is

ar : W(R) Qws) @ — W(R) ®w (s) P.
weT —  Fu® a(r)

‘We have
(0®)wr) = (ar)?,

where the index W(R) is base change for linear maps.
‘We are now ready to define the notion of a display.
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THE DISPLAY OF A FORMAL p-DIVISIBLE GROUP 135

Definition 1. — A 3n-display over R is a quadrupel (P,Q,F,V~!), where P is a
finitely generated projective W (R)-module, @ C P is a submodule and F and V!
are F-linear maps F: P - P, V~1:Q — P.
The following properties are satisfied:
(i) IrP C Q C P and there exists a decomposition of P into a direct sum of
W (R)-modules P = L @ T, such that Q = L ® IrT.
(ii) V-1 :Q — P is a F-linear epimorphism.
(iii) For z € P and w € W(R), we have

(1) V1(Ywz) = wFz.

We make some formal remarks on this definition. The 3n-displays form an additive
category. We are mainly interested in the case, where R is a Zp-algebra. Then we
have Z, C W(R) and hence the category is Z,-linear.

The operator F is uniquely determined by V ~! because of the relation:

Vv1(Viz) = Fz, forxz € P.

If we apply this to the case x = y € Q and apply the linearity of V~!, we obtain
the relation:

2) Fy=p-Vly.

A decomposition P = L & T as required in (¢), we will call a normal decomposition.
We set P = P/IgrP and Q = Q/IrP. Then we get a filtration of R-modules

(3) 0cQcCP,

whose graded pieces are projective finitely generated R-modules. This is the Hodge
filtration associated to a display.

Lemma 2. — Let R be a p-adically complete and separated ring. Let us replace in the
definition 1 the condition (i) by the weaker condition that IrP C Q C P and that
the filtration (8) has finitely generated projective R-modules as graded pieces. Then
(P,Q,F,V~1) is a 8n-display.

Before proving the lemma we need a general fact about the Witt ring.

Proposition 3. — Let R be a p-adic ring, i.e. complete and separated in the p-adic
topology. Then the ring W (R) is p-adic. Moreover it is complete and separated in the
Ir-adic topology.

Proof. — We begin to show that W(R) is separated in the p-adic topology. Since
W(R) is the projective limit of the rings W,(R/p™R) for varying n and m it is
enough to show that that p is nilpotent in each of the rings W, (R/p™R). To see this
we consider a ring a without unit such that p™a = 0. An easy induction on m shows
that p is nilpotent in W, (a).
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136 T. ZINK

It is enough to prove our assertion for a ring R which has no p-torsion. Indeed in
the general case we may choose a surjection S — R where S is a torsion free p-adic
ring. But then we obtain a surjection W(S) — W(R) from the p-adic ring W (S) to
the p-adically separated ring W (R). This implies that W (R) is a p-adic ring.

To treat the case of a p-adic ring we need a few lemmas:

Lemma 4. — Let S be a ring without p-torsion. Let x = (xo,...,Zm) € Wp+1(S) be a
Witt vector. Then for any fixed number s > 1 the following conditions are equivalent:

(i) ps|xz~fori=0,...,m

(ii) p"** | wn(z) forn=0,...,m.
Proof. — The first condition clearly implies the second. Assume the second condition
holds. By induction we may assume p* | z; fort=0,...,n—1. Then we write

Wn(z) = wpo1(zh...28_ ) +p z,.

By the obvious implication and by induction the first term on the right hand side is = 0
mod p(*~D+P5_ Since (n — 1) + ps > n + s, we conclude p"z, =0 mod p**+sS. O

Lemma 5. — Let R be a p-torsion free ring. Let a € W,,(R) be a given Witt vector.
Let u be a number. We assume that the equation

@) 'z = a

has for each s a solution in the ring W, (R/p*R). Then the equation (4) has a solution
in W (R).

Proof. — Let us consider a fixed s. By assumption there is a z € W,,,(R), such that
p“z = a holds in the ring W,,,(R/p*t*R). We let z; be the image of z in the ring
W (R/p*R). Then we claim that z, is independent of the choice of z.

Indeed, let 2’ be a second choice and set £ = z — z’. The Witt components of p“&
are elements of p*“R. Hence the lemma implies

P | wa(ptE) for n=0..m 1.

It follows that p™+s | wp,(€). But applying the lemma again we obtain the p*® | §; for
all Witt components of £.

This shows the uniqueness of z,. We set z = limz, € W (R) and obtain the desired
solution of (4). |

Lemma 6. — Let S be without p-torsion. We will denote by I, the ideal V" W (S) C
W (S). Let T be the linear topology on W (S), such that the following ideals form a
fundamental set of open neighbourhoods of zero:

(5) I, + W(p°S)

Here, r,s runs through all pairs of numbers.
Then p“W (S) is for each number u closed in the topology T .
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Proof. — We have to show
(6) puw(S) + Ir + W(psS) = puW(S)
r,sEN

Let x be an element from the left hand side.
We denote for a fixed number r by x the image of x in Wr(S). Then the equation

puz — X
has a solution z in the ring Wr(S/psS) for each number s. By the last lemma we have
a solution in Wr(S) too. This shows x e puW(S) + Ir.

We take the unique solution zr G~ (5) of puzr = x in Wr(5), and we set 2 =
limzr. Hence x = puz e puW(S). .

Let S be atorsion free p-adic ring. Clearly the Witt ring W(S) is complete and
separated in the topology T. The assertion that W(S) is p-adic is a consequence of
the last lemma and the following elementary topological fact (see Bourbaki Topologie
[l 83 Cor 1):

Lemma 7. — Let G bean abelian group. Let A resp. B belinear topologies on G, which
are given by thefundamental systems of neighbourhood of zero {A*} resp. {Bn}, where
An and Bn are subgroups.

We make the following assumptions:

a) Each An is open in the B-topologyf i.e. the B topology is finer.
b) Each Bn is closed in the A-topology.
c) G is complete and separated in the A-topology.

Then G is complete and separated in the B-topology.

We omit the easy proof.
We note that in the Witt ring W(R) of any ring we have an equality of ideals for
any natural number n:

(7 fP= =fyl Ty

If R isap-adic ring the additive group IR isp-adically complete and separated, because
it is by the Verschiebung isomorphic to W(R). This shows that W(R) is then also
complete in the IR-O(HC topology. This completes the proof of proposition 3. .

Corollary 8. — Assume that p is nilpotent in R. Then the p-adic and the In-adic
topology on W(R) coincide. This topology is finer than the V-adic topology, which
has the ideals In = YNW(R) as afundamental system of neighbourhoodsof zero.

Proof — This is clear. .

We turn now to the proof of lemma 2. The proposition 3 implies in particular that
W(R) iscomplete and separated in the /*-adic topology. We set An = W(R)/IR. We
start with a decomposition P = L ® T such that g/irRP = L over A\ = R and lift it
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