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C O R R E C T I O N T O " p - A D I C B O U N D A R Y V A L U E S " 

by 

Peter Schneider & Je remy Te i t e lbaum 

Abstract. — Correction to the article "p-adic boundary values" published in Coho-
mologies p-adiques et applications arithmétiques (I), Astérisque 278 (2002), p. 51-
125. 

Proposition 5.4 of the paper "p-adic boundary values" in the first volume (Coho-

mologies p-adiques et applications arithmétiques (I) , Astérisque 2 7 8 (2002), p. 51-125) 

is incorrect. The proposition asserts that the map 

Vj : O(B)bJ=°/O(B)bjs=0 O ( l / t n B , M № = 0 

f 
uEB(J) 

: ( W ) | p } n B ] ® i ; 

is an isomorphism of Banach spaces. In fact, it is only injective, with dense image. 

However, its only application, the main theorem of the paper (Theorem 8.6), is still 

true. In the following we indicate the necessary changes. For the convenience of the 

reader, in the course of presenting these changes we reproduce here some portions of 

Proposition 5.4 and Lemma 5.5 from Section 5 of the original paper. 

A . 

In section 5 of the paper Prop. 5.4 and Lemma 5.5 have to be replaced as follows: 

Proposition 5.4. — The map 
Vr : O(B)bJ=°/O(B)b^=0 0(U+ n 5 , M ' 7 p ° 

f 
/ x € B ( J ) 

( L J ) \ U } N B ] ® L * U 

is a continuous and injective map of Banach spaces. 
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Proof. — For 3 = E* 3(«/) ®LueDj <ZU (n+) (g)K M j we have 

( 3 , E [ ( W ) | P í n 5 ] ® L p = Euv L*u (lu) ( j M V ) | P j + n B 

( E 3 M ^ № j " n s = o 

since Ei/3(i/)^ e ^ ( n j ) n Morover for /i G £?(J) we have G b j . Hence the 

map V j is well defined. It clearly is continuous. The Banach space on the left hand 

side of the assertion has the orthonormal basis n~e^ fu\B for J(y) — J. Concerning 

the right hand side we observe that the above pairing composed with the evaluation 

in 1 induces an injection 

o{uj nB)®M'j Homx( f7 (n+) 0 M j , K ) 

which restricts to an injection 

o(uy nB,M'j)*J=0 HomK(bj/b>,K). 

Hence the only weights which can occur in the right hand side are those v with 

J(—v) = J and the corresponding weight spaces are at most 1-dimensional. Moreover 

the same argument as after Prop. 2 shows that the occurring weight vectors (scaled 

appropriately) form an orthonormal basis. Since V j visibly preserves weights the 

assertion follows once we show that 

Vj(fu\B) ^ 0 for any v with J(y) = J. 

All that remains to be checked therefore is the existence, for a given v with J{y) — J, 

of a ¡1 G B{ J) such that L^fu does not vanish identically on Uj~ C\ B. 

The weight v is of the form v = Ej=o njej with rij > 0 for j G J and rij ^ 0 for 

j 4. J\ We have 

#j 

iEj 

rij = — 

3ÏJ 

rij. 

Choose integers rij < rrij ^ 0 for j £ J such that # J = — j<£Jm3 ano- define 

u : = 

iEj 
Ej 

jEJ 

rrijEj G B{J). 

Observe that J(y — fi) C J and J(fi — is) C\ J = 0. This means that Lv-^ G U(xij). 

It suffices to check that Lv-^L^fv(X) ^ 0. We compute 

Lu–uLufv () = Res (co) E-v . lv–uLue 

— Res/^r ri^^-u ' ¿ ¡ / - ¿ i " u u -

As a consequence of the formula ( + ) in section 4 we have L^_M(E1M^) = ra • E : ^ for 

some nonzero integer ra. Hence we obtain 

Lv-pLpf^l) = - r a • Res(^0)£ = i r a ^ 0. 
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In section 8 we will need more precise information about the image of the map 

V j . This means we have to investigate the norms of the elements V j(7r~e^ fu\B) for 

J(v) = J. We first set some additional notation. Let 

IJ(u) : = [m G : rriij = 3 unless i G J and j 0 J C I (u) 

and set 

u(m) := 

i€J,jgJ 

uma 
uij for m G / j (/i) 

where the U'lj are the functions on [/j" D B which give the matrix entries. It is easy 

to see that Ij (u) is nonempty if and only if J(/ i) C J and J(—/x) n J = 0 ; this is 

the same as saying that LM belongs to t / ( r i j ) . Note also that, for m G Ij(u) with 

// = Yli=o n%U, the "degree" of the monomial u(m) is given by the formula 

deg(u(m)) = 

iEj,jEJ 

TTlij = 

iEj 

Tli. 

The spectral norm UJJ on the affinoid algebra 0(Uj f)B) is such that, if m G ij(v) 

then, by Lemma 1, 

ujj(u(rn)) = 7r(m) ^ £(z/). 

Therefore, if a general analytic function 

h — 

i,m EIj (v) 

a(m)u(m) 

is expanded in the u(m) on Uj n then 

wj(h) = inf 
v,rnÇiIj(v) 

{oj(a(m)) - f 7r(22l)} 

We also need a norm on 0(Uj D J5, M j ) ; to make later formulas work nicely, we define 

wj 
uEB(J) 

hu O L*u = i n f l ^ j ^ ) 
A * 

-A -A*)}-

Lemma 5.5. — Given any weight v such that Ij{v) is nonempty, there exists m G 

7j(z/) s^c/i £/ia£ 7r(ra) = ^ ( ^ ) . 

Proof. — As usual, set = X̂ =o n*e*- We will proceed by a double induction, on d 

and on \v\ :— ^2i=0 \rii\ = 2 YlieJ Ui' ^ n e Dase case is d = 1. If J = 0 or { 0 , 1 } , then 

i/ = 0 and T T ( ( 0 , 0 ) ) = £(0) = 0. If J = { 0 } , then v = m0i(e0 - ex) with m0i ^ 0, 

and 7r((raoi, 0)) = E(v) = moi- If J = { 1 } , then v = raio(ei — Co) with mio ^ 0, and 

7r ( (0 ,mio) ) = € ( / i ) = 0. 

For the general case, consider the sequence of integers 

hd(v) : = rid, hd-\(y) : = rid + n d - i , . . . , /lo(^) : = rid H h nx + n0 = 0. 

The integer —l(v) is the smallest number on this list. We consider three cases: Ud = 0, 

rid > 0, and rid < 0. If rid = 0, then we may treat the problem as a lower dimensional 
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one and by the inductive hypothesis we can find m G Ij{y) with all = rridj = 0 

such that 7r(m) = ¿ ( 1 / ) . 

If rid > 0, then d G «/(¿0 £ Let i' be the maximal index between 0 and d such 

that 7 v < 0. Let j ' be maximal so that hj>(v) = —£(y). We claim that i' ^ j7. If 

not, then — l{y) = hj>(y) > 0, which is impossible. Let v0 := v + — e^. Then 

hi(yo) — hi{v) for all 0 < i < i', and /¿¿(1/) — 1 = ^i(^o) ^ 0 for all i > i'. Therefore 

£{y) = £(VQ). Also, J(^o) £ «/(¿0 and J(—VQ) C J(—V). We may therefore apply the 

inductive hypothesis to find ra° € ^ J ( ^ O ) so that 7r(m°) = ¿ ( 1 / 0 ) . If we define m by 

setting rridi' m^, + 1, and all other : = m ^ , then we obtain an m G with 

7r(ra) = 7r(ra°). This solves the problem in this case. 

If rid < 0> then let i' be the minimal index between 0 and d such that > 0. Let 

j ' be minimal so that hj>{y) = —£(y). We claim that i' < jf; otherwise 0 = ho{v) < 

hj'(u), forcing t(y) = 0. But we know that £{y) ^ — rid > 0. Now let I/Q := v + td — ti'-

Since all i such that hi(is) = —l(y) satisfy d ^ i > i' it follows that £(y§) = £{y) — 1. 

Again we have modified v to obtain VQ in such a way that Ij(vo) is nonempty, and 

so we may apply the inductive hypothesis to find a m ° G Ij{vo) with 7r(m°) = ¿ ( ^ 0 ) . 

Defining this time m by setting m^d •= m%d + 1> anc* an< °ther rriij := m ^ , we obtain 

a m G / j ( ^ ) with 7r(ra) = 7r(m°) + 1. This completes the proof. • 

Since the and L^f^, for J(r/) = J and ¡1 G B(J), are homogeneous of weights 

—i/ and /i — v respectively, we may expand each of these functions as polynomials in 

the Uij of the correct weights: 

/ „ ! ( £ / + f l B ) = 

mEIj(v) 
cu (rn)u{rn) 

L „ / v | ( t f + n B ) = 

mEIj(v) 

ov,u (m) u (m) 

Lemma 5.6. — Tfte coefficients cu(rn) (m G Ij{y)) and bUì^{m) (m € Ij(v — fi)) are 

given by 

cu (m) = ± 

iEj 

HeJmij)1 

iEjmij! 
ov,u(m) = + 

iEj 

i-nAv))\ 
(-nj(j(u))! r i i € J M ^ ! 

where \i = 
yd 
'j=0 nj{lJL)ej and v — 

d 
rij(u)€j as usual. 

Proof. — A simple computation shows that, for i G J and j £ J, Lij acts on 

0(UtnB) by 

Lij h — 
dh 

duij 
By Taylor's formula, 

cv (ra) = 

iEj,jEj 

1 

mij! 
Lmijij fv (f). 

A S T É R I S Q U E 2 9 5 
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Arranging things correctly, formula ( + ) in section 4 gives 

iEj,jEj 

L™ij = ± 

3&J iEJ 

TTlij \]Lv mod b. 

ince Lufu{\) = ± 1 , and fv is killed by b, this gives the formula for cu(m). 

The formula for bu^(m) is found by a similar method. First we have, for m G 

j(y - that 

bv,u( m)= 

iEj,jEJ 

1 

rriiji 
Lijmij lufu (i) 

= ± 
JEJ 

iEJmij! 
iejmij! 

(lv-uLufv) (1) 

But it is easy to see, using formula ( + ) in section 4 again, that 

lv-uLu = + 

iEj 

-rijiisy 

-nj(fj) 
Lv mod b 

where the binomial coefficient -nj(v)/nj(u) should be interpreted as one unless 0 ^ 

—rij(fi) < —rij(u). It remains to note that J2ieJ miJ = ~nAlf) + njW f°r J T- J - ^ 

Corollary 5.7— We have the estimate 

w(bv,u (m)) < w(p) 
p - l 

ieJ 

rii(h>)\ 

Proof. — The integer bu^(m) is obtained from a fraction with numerator 

iEJ 

- nj (v))! 

so 

u(b„^(rn)) < 

iEj 

. u(p)(-ni(i/)) 

p - l 

u(p) 

p - 1 
3ÏJ 

n3{v)\ 
w (p) 

p - l 
k ieJ 

Ui(l/) 

' J 

• 

Proposition 5.8. — Suppose that v = Y2niei and that J(v) = J; then 

^ ( V J C T T - ^ M B ) ) < w(p) 
- – 1 

iEJ 

ni 

Proof. — Suppose /i is chosen as in the proof of Prop. 4 so that Ij(is — fi) is nonempty. 

Then, using Lemma 5 and Cor. 7, we have 

uJ((Lltfl/)\U+nB) = inf 
mEIj(v-u) 

v(bu^(m)) + 7r(ra)J 

^ t{y - p) + 
w(p) 

p- l 
ni). 

ieJ 
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Hence 

uj(Vj(n-e^f„\B)) = inf 
u'EB(J) 

wj ((II-l(v)Lu'fv) ufnB - l (-u')} 

< l{y - n) + 
w(p) 

P - l > 6 J 

ni - l (-u') 

< w(p) 
p - l 

iG J 
ni), 

where for the last inequality we use the subadditivity of the function £ from the proof 

of Lemma 1. • 

Remark 5.9. — If v = n^i such that J{v) = { 0 , . . . , j - 1} for some 0 < j < d (this 

is the case of interest in section 8) then YlieJ Ui ~ so ^na^ 

wj(Dj(II-l(v) U\B)) ^ 
w(p) 
p - l 

l(v). 

Using Prop. 8 we will be able to show that "sufficiently overconvergent" M'j-valued 

power series on Uj PI B that are killed by belong to the image of the map V j . 

More precisely, let yj be the diagonal matrix in G with 7r in the ith entry when 

i 6 J, and 1 in the other entries. Fix an integer x > cv(p)/(p—l). Then yjX(UjnB)yx 
is an affinoid polydisk containing Uj P) B. We let UJJJX denote the spectral norm on 

the affinoid algebra 0(yJx(U+ Pi B)jfi) and define on 0(yJx(UJ- Pi B)yxJlM'J) the 

Banach norm 

u;J,x\ 

uEB(J) 

hu Ol*u : = inf wJ,(hu) – l (-u) 

Thus there is a continuous and injective restriction map 

rx : 0(yJx(U+ n B)yxj, M'j) — e>(t/+ n B, M j ) . 

We se 

Ej,x := r x ( C 7 ( y n B)yxj, M'j)) n O(uj+n B, M;)0 j=0 

and view it as a i f-Banach space with respect to the norm induced by OJJJX. Hence 

the inclusion Ej,x C 0(Uj Pi B, M'j) is continuous but not a topological embedding. 

Lemma5.10. — The map Vj restricts to a bijection VJ1(EjiX) EjiX whose in­

verse viewed as a map 

Ej,x — O(B)b^0/O(B)bj=° 

is continuous. 

Proof. — If h is in the image of rx, then it has an expansion 

h = 

uEB(J) 

hu O L*u 

ASTÉRISQUE 295 
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and each hu has an expansion 

hu = 
v,rnElj{v — At) 

au (m) u (m) 

with 

ujia^ ( r a ) ) + 7r(m) — .T 

ieJ,j%J 

mij = w (au (m)) + ii (m) - x 

iEJ 

rii(y — \i) — > o o 

writing, as before, each weight v — Y2t=oni(u)€i' On the °ther hand, because h 

satisfies the differential equations, we know that the homogeneous components of h 

are multiples of the corresponding V J(TT~£^ f^B) where J(v) — J. In fact, then, we 

have 

uEB(J) m 6 / j ( ^ - / i ) 

au (m) u (m)) O l*v C , V J ( T T - ^ V fu\B) 

for some cu G i f , whereas the other coefficients aM(m) vanish. Now we see that 

w(cv) inf 
/x<EB(J) 

inf 
rn£lj(v — fj,) 

>j(aM(ra)) + 7r(m)j -l (-u)) ^j (Vj (7r -*^ . fv[B 

> inf 
^EB(J) 

inf 
<rn£lj{v—ii) 

w(au (m)) -+- 7r(m) 
u;(p) 

p-1 ieJ 

rii{v)} - ' ( " A O ) 

- inf 
uEB(j) 

inf 
m€lj(v — fj,) 

u(a^(m)) + 7r(m) w(p) 
p - l 

iEj 
ni(v – u) -l (-u)) 

w(p). # J 
p - l 

> inf 
/ x e B ( j ) 

inf 
m£lj (V—AA) 

uj(ar(m)) + 7r(m) — x 

iEJ 
ni (V – u) – l (–u) 

u(p) • ft J 

p - l 

oo as o o (i.e. as iEJ ^ i ( ^ ) — • o o ) . 

Then / : = £ J ( „ ) = J c1/7r-*<1/) /1/ |£ converges in 0 ( £ ) b J = ° and satisfies V j ( j f ) = /i. 

Moreover 

wb(f) inf 
J(v)=J 

u{cu) > LOj,x{h) w() . # J 
p - l 

Hence the map V j 1 (Ej,x) V j 
Ej,x is a bijection whose inverse is continuous. 

We observe that, since the (L^f^lUj fl B are polynomials in the Uij, the weight 

vectors E M < E B ( J ) [ ( A ^ ) I ^ J n 5 l ^ L % for J(") = J-> do lie in EJ,x-
As a consequence of this discussion (mainly Prop. 3 and Lemma 10) we in particular 

have the following map. 
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Lemma 5.11. — There is a unique continuous linear map 

Dj : Ej,x {ndb(u0y/ndb(u°y+1Y, 
where j : = # J , w/wc/i sends the weight vector X^eB(j)[(Au/^)l^ n -̂1 ® /or v 
with J(v) = ¿0 £Ae linear form AI/(r/) : = R e s ^ Q ^ S - ^ T / . 

B . 

7n section 8 of the paper in the proof of Theorem 8.6 the six sentences on p. 120 

starting "We rephrase ..." have to be replaced as follows: 

Finally, in order to be able to apply Lemma 5.11, we have to reduce to the case 

where e is "sufficiently overconvergent". Fix an integer x > v(p)/(p — 1) and find 

coset representatives v+ for lu\x\ Then 

BPJ = (UTNB)PI = ^ ( [ / + n 5 ) P , 

Now define 

fi := {(viyx) 1f)\BPi extended by zero to G. 

Thpn 

/ = Viyxfi. 

Now, if u G Uf fl B, then 

fi(u) = f{viyxu) = 7Tjxf(viyxuy x) = 7Tjxe(viyxuy x) <g> (pQ. 

If we write fi\Uj~ Pi B = Si 0 (p0, then £i{u) = 7rjxe{viyxuy x) is not only analytic, 

it is visibly the restriction of the analytic function 7rjxs(viyx .y~x) from the larger 

disk y~x(Uj~ fl B)yx. Hence e% G E^x. Treating the fi separately we are reduced to 

considering a function / such that 

— / is supported on BPj with f\U^ fl B = e <g> pQ for some e G EjiX. 

We rephrase the above discussion in the following way. We have the linear map 

Extj : O(U+NB,MFF*.=0 Can(G,Pi ; RomK ( M ^ S T D + I - , - ) ) oj=0 

defined by 

Ext^Xs) := 
h 1(e(u) ® (po) 

0 

for g = uh with u G Uf fl B,h G P j , 

otherwise . 

Starting with the natural bilinear map 

HomK(M/ ,Hom^(M7- ,S td+ i_J ) ) x M ' — • HomÄ-(Af7-,Std+i_j) 

an argument analogous to the proof of [Fea] 4.3.1 shows that Extj is continuous. The 

image E x t ^ E ^ ) generates the target of Extj (algebraically) as a G-representation. 
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On the other hand, in section 6 after Lemma 4 we had constructed a continuous linear 

map 

DL : EitX — [nd(X)VndW+1]/. 
The surjectivity of I[j] therefore will follow from the identity 

Ext j =I[j]oDj. 
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