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SEMI-CLASSICAL LIMIT OF THE LOWEST EIGENVALUE
OF A SCHRODINGER OPERATOR ON A WIENER SPACE:
I. UNBOUNDED ONE PARTICLE HAMILTONIANS
by
Shigeki Aida

Dedicated to Jean-Michel Bismut on the occasion of his 60" birthday

Abstract. — We study a semi-classical limit of the lowest eigenvalue of a Schrodinger
operator on a Wiener space. The Schrodinger operator is a perturbation of the
second quantization operator of an unbounded self-adjoint operator by a C3-potential
function. This result is an extension of [1].

Résumé (Limite semi-classique de la plus petite valeur propre d’un opérateur de Schrédinger sur
Pespace de Wiener: cas d’un Hamiltonien non borné a une particule.)

Nous étudions le comportement semi-classique de la plus petite valeur propre
d’un opérateur de Schrédinger sur l’espace de Wiener. L’opérateur de Schrédinger
est obtenu par perturbation de l'opérateur de seconde quantification associé & un
opérateur non-borné autoadjoint donné par un potentiel C3. Ce résultat est une
extension de [1].

1. Introduction

In [1], we studied the semi-classical limit of the lowest eigenvalue of Schrédinger
operators which are perturbations of the number operator. In that case, one parti-
cle Hamiltonian (the coefficient operator of the second order differential operator) is
identity operator. However, we need to study the case where the coefficient operator
is unbounded to study P(¢)-type Hamiltonians. For example, the typical coefficient
operator is vm2 — A, where m > 0 and A is the Laplace-Bertlami operator on R.
In this paper, we study the asymptotics of the lowest eigenvalue of a Schrédinger
operator in the case where the coefficient operator is unbounded linear operator and
the potential function is C3. In P(¢)-type model cases, the potential functions are
defined by using a renormalization and they are not continuous. In [2], we studied
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2 S. AIDA

Schrédinger operators on path spaces over Riemannian manifolds. In that case, the
differential operators are variable coefficient ones and the coefficient operators are not
bounded linear because they contain stochastic integrals. Moreover, the dependence
on the path of the coeflicients are discontinuous in the natural topology. The discon-
tinuity comes from the discontinuity of solutions of stochastic differential equations as
a functional of Brownian motion. Thus, we need to consider two kind of discontinuity
for potential functions and coefficient operators in that case. But, the difficulties are
different from that of the P(¢)-type potentials. We will study semi-classical limit of
the lowest eigenvalue of a P(¢)2-Hamiltonian on a finite interval in [3].

2. Preliminaries

Let (W, H, 1) be an abstract Wiener space. That is,

(i) H is a separable Hilbert space and W is a separable Banach space. Moreover
H is continuously and densely embedded into W,
(ii) p is the unique Gaussian measure on W such that for any ¢ € W*,

/ eV=TeW) gy (w) = e alellE,
W

Here we use the natural inclusion and the identification by the Riesz theorem
W*C H*~H.

In this paper, we assume that W is a Hilbert space. This is equivalent to that
there exists a positive self-adjoint trace class operator S such that W is a completion
of H with respect to the Hilbert norm ||v/Sh||g. That is, ||k|lw = ||VSh|x for all
h € H. We denote the sets of bounded linear operators, Hilbert-Schmidt operators,
trace class operators on H by L(H),L,(H),L2(H). Also we denote their operator
norms, trace norms, Hilbert-Schmidt norms by || ||, || ||1, ]| ||2, respectively. For A > 0,
we define the new measure py on W by px(E) = p (\/XE) (F Cc W). Now we define
our Schrédinger operators.

Definition 2.1. — Let A be a strictly positive self-adjoint operator on H. That is,
we assume that inf o(A) > 0, where o(A) denotes the spectral set of A. We de-
note cy4 = info(A2%). We denote by FC (W) the space of all smooth cylindrical
functions f(w) = F(p1(w),...,en(w)) (F € C°(R™),p; € W* Npen D(A™)). For
such a f, we define Df(w) = Y ;v 0;F(w)p; € H. Here we use the identifica-
tion p; € W* C H* ~ H and 0;F(w) denotes the partial derivative with respect
to the i-th variable. Moreover we define Daf(w) = Y1 8;F(w)Ap;. We define
a Dirichlet form on L*(W,duy) by &x,a(f, f) = [y IDaf(w)|}dur(w). —Lxa de-
notes the generator. Let V be a real-valued measurable function on W such that
V € NxsoL*(W,uy). Under the assumption that for all A > 0, &xav(f,f) =
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SEMI-CLASSICAL LIMIT 3

Exall, f) + [y X2V (w) f(w)?dur(w) (f € FCT(W)) is a lower bounded symmet-
ric form, we denote the generator of the smallest closed extension by —Ly 4,v. Also
let Eg(\, A, V) = infa(—L)\,A,V).

Remark 2.2. — (1) —Ly 4 can be viewed as the second quantization of A% on H. Let
H = HY*(R) be the Hilbert space with the norm ||a||% = [; |(m? — A)Y/*h(z)|?dz,
where m > 0. Consider A = (m? — A)}/4 on H. In this case, —L; 4 is the time 0
field free Hamiltonian in P(¢),-model. However note that —L; 4 is usually identified
with the second quantization of v'm2 — A on H* = H'/2(R). See also Example 3.3.
(2) In [1, 5], the Schrédinger operator with semi-classical parameter A is defined in
a different way. Let V) (w) = AV (%) The semi-classical limit of —L; 4 + V) on
L?(W, dp) is studied in the above papers. However note that this operator is unitarily
equivalent to —Ly 4,y /A on L?(W, u)). We adopt the similar definition to —Lj 4,y in
the case of Schrédinger operators on path spaces over Riemannian manifolds because
the scaling w/ VA can not defined on the curved spaces but the measure corresponding
to ) can be defined on curves spaces too. See Remark 5.3 in [1] and [2].

Let us introduce the following assumptions on potential functions of Schrédinger
operators.

Assumption 2.3. — The following assumptions (A1), (A2) are standard in semi-
classical analysis. (A4) assures that the symmetric form &) 4,y is bounded from
below by Corollary 2.8 (2). Note that (A5) implies that A is an unbounded operator.

(A1) V is a C*function on H. Let U(h) = }||Ah|% + V(h) (h € D(A)). Then
mingep(a) U(h) = 0 and the zero point set is a finite set N = {hy,...,h,}.

(A2) 3D?U(h;) = ;A% + K, is a strictly positive self-adjoint operator on H, where
K; = 1D?V(h;) € L(H, H).

(A3) V can be extended to a C3-function on W such that for any R > 0and 0 < k < 3

sup { | D*V (w)llLwx-.xw;y | llwllw < R} < C(R) < co.
(A4) V can be extended to a continuous function on W and there exists p > 1 such
that
2pA
limsup A~? log/ e__c%v(w)d,w‘(w) < 00,
w

A—o00

(A5) There exists 7o > 1 such that A= € Ly(H).

For r > 0 and z € W,k € H, we denote B,(z) = {we W | |lw—z|lw <r} and
Bru(k)={h€ H||lh—kllag <r}.

Lemma 2.4. — (1) Suppose that (A4) holds or inf{V(h) | h € H} > —co. Then we
have lim (%"hll% + V(h)) = +00.

Al —o0
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4 S. AIDA

(2) Assume (A1), the same assumptions in (1) and for any L > 0, sup{|V (k)| | ||h||ax <
L} < 0. Then for any e > 0,

k(e) := inf {U(h) | h € {U™,B.(hi)}°} > 0.

Proof. — (1) If inf{V'(h) | h € H} > —o0, the statement is trivial. We assume (A4).
2pA

Let C be a positive number such that limsup,_,,, A~" log [, e *a Vduy < C. Take

R > 0. Then for sufficiently large A, we have

§log /W exp (—% (RAV(w)V (—R))) dpy(w)

1 _2 2p
<jioe( [ (B ren -y v (-R)) dnw))
A w CA
1 \C _MR 10g2
SXlog(e +e ca )§C+T.
By the Large deviation estimate, we have
1 2
sup (3 hl% - 2 (-R)V V(W) A B)) < C.
h 2 cA
Since R is an arbitrary number, we get

Coca tranhed.

CA
A )3~ pV () <

Suppose that there exists {h,} such that |h,|lz — oo and
sup, (% ||hnl% + V(hn)) =: 1 < 4+00. Then lim,_,s V (hy) = —0o. Hence

[ C
Wl +pV (hn) =l +V (ha) + (0 = DV (hn) <1+ (0 = DV () — —o0.

This is a contradiction. So we are done.
(2) By the result in (1), we need to prove that for sufficiently large positive number L,

inf{U(h) | h € B, (0) N (Ui Be(hs))} > 0.

Suppose that there exists {1} C Br g (0) N (UL, Be(hi))® such that lim;_,o U(pr) =
0. By the assumption, there exists a subsequence {¢;(;)} which converges to a certain
element o, € H weakly. Since ;|| Apii)ll% = Ulpii)) =V (9103)), sup; [ Apiallm < oo
holds. Hence again by choosing a subsequence {¢,;)}, App:) also converges to some
¢oo weakly. By the Banach-Saks theorem, we see that o € D(A) and Ape = ¢oo-
On the other hand, since the embedding H C W is compact, lim;_, o [|¢p(i) —Poollw =
0 which implies lim;_,co V(0p(s)) = V(oo)- Since [[Apos |} < liminf; oo | Appi)ll%,
we obtain U(pe) < liminf; . U(pps)) = 0. This implies poo € N and @p;) €
Be(h;) for some large i and 1 < j < n. This is a contradiction. a
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SEMI-CLASSICAL LIMIT 5

Lemma 2.5. — Let A be a strictly positive self-adjoint operator and K be a trace class
self-adjoint operator on H. Assume that A% + K is also a strictly positive operator.
Then VA2 + K — A€ Li(H) and

) 1K l1
||\/;1'~’-I-—K A”l = i {inf o(VAZ + K), inf o (4)}

Proof. — We prove this in three steps: (i) A=1I+T and T is a trace class operator,
(ii) A is a bounded linear operator, (iii) General cases.

(i) We denote S; = VA2 + K and Sy = A. Note that S; — So = VA2 + K — Ais
a trace class operator. We denote the all eigenvalues and corresponding complete

orthonormal system of S; — Sp by {a,} and {e,}. Then

|(Ken,en)| = | ((S% - Sg)emen) |

|((51(51 —So) + (81— S0)S1 — (81— 50)2) emen)l
loer, ((S1+ So)en, €n)|

|t | inf o(S1 + So)-

Il

v

This implies that
- 1Kl
VA2+ K- A =E an| < .
| I n=1| | info(VA2+ K + A)

(ii) Let {um} be all eigenvectors of K which is a c.o.ns. of H. Set Pp,h =

7. (hyu;)u; and Ay = \/PpnA2Py + PL. Then A2, — A% A, — A converge
strongly. On the other hand, A2, + K = P,,(A? + K)P,, + PL(Ig + PLKP;})P..

Hence for sufficiently large m, we have
min {inf o(y/AZ + K),inf a(Am)) > min (infa(\/ A? + K),1/2,inf U(A)) .

Since A,, — Iy is a trace class operator, by (i),

Kl
TR A < l :
VAR + K = Al < o (a7 + K, i o (A), 172)

By taking the limit m — oo, we see that VA2 + K — A € L,(H). Therefore again by
the same argument as in (i), we can prove (ii).

(iii) Let xn(z) be a function such that x,(z) = 1 for z < n and x,(z) = 0 for
z > n. Then x,(A) is a projection operator which commutes with A. Let A4, =
Axn(A) + (1 — xn(A)) and K, = xn(A)Kxn(A). Then

VAZ + Ky, — A=/ A% (4) + xn(A) K xn(4) — Axn(A)
= /A2 + K, — A, € L(Im(xn(A)))

SOCIETE MATHEMATIQUE DE FRANCE 2009



6 S. AIDA

By (ii), we have
[ Knlx
21) [|[VA2+ K, — Al <
@1 | b e (V@ T (K + Axn(@)
[ Knl1
min (inf o(VA? + K), infa(A)) .

For Il > n > m,
(\/A%+Kn_An)_(VA72n+Km_Am) = \/A2+Kn"\/A2+Km
= VA + Ko~ \/A}+ K.

This and (ii) implies that /A2 + K, — A,, converges in the trace norm. It is not
difficult to check that the strong limit is equal to vV A? + K — A. Therefore, (2.1)
implies the conclusion. O

Proposition 2.6. — Let A be a strictly positive self-adjoint operator. For a trace class
self-adjoint operator K on H and h € D(A?), we set

1 1
Vic(w) = 714kl — 3 (4%h,w) + (K(w — h),w ~ k).

We assume that A? + 4K is a strictly positive self-adjoint operator and AK A can be
extended to a trace class operator. Then &x a,vy , i a symmetric form bounded from
below and Eq(\, A, Vk,n) = Ae(A, K) holds, where

(2.2) e(A, K) —tr (VA* +4AKA - A?).

Moreover it is the lowest eigenvalue of =L, a,vk,, and the corresponding normalized
positive eigenfunction is

O a,vin(w) = det (Ig + Tx)"*

X exp {—% ((A~{A* + 4AKAY/2A™ — In) (w = h), (w - h))}
A A
xexp (2 (h,w) - Skl )
where Ty = A71(VA* +4AKA — A%)A~L.

Proof. — If A is bounded linear operator, the proof is a straightforward calcu-
lation. Suppose that A is unbounded. Let A, and K, be the operators which
are defined in the proof of (iii) in Lemma 2.5. Then AK,A = A,K,A,. Thus
(A~*{A* + 4AK,A}Y/2A7 — Iy) € L1(H) N D(A¥). Therefore for sufficiently large
n, Qx4,vk, » € L*(1x) and the simple calculation shows that

_L/\YAYVK,.,hQ/\,AyVK,,,h = )‘e(A, Kn)Q/\,A,VKmh

ASTERISQUE 327
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Letting n — 0o, we have
=LA Vi, 04, Vien = Ae(A, K)O\ 4,vic -
To prove that Ae(4, K) = inf o (—Lx 4, ), We note that for any f € FCF (W), it
holds that
Ernvinlfo) = [ IDAU i v (0)Pdir ()
+e(4, K fll72(uyy O

We use the following estimate to prove a lower bound in Lemma 3.4. We refer the
reader to [7, 12, 14] for this estimate.

Theorem 2.7 (NGS estimate). — Let &(f, f) be a closed form on L?(X,m), where
(X,F,m) is a probability space. Assume that there exists a > 0 such that for any
f € D(é),

| 1108 (10 s ) dmi) < 085, 1),
Then for any bounded measurable function V', it holds that

@3 D)+ [ Ve > - Lo ([ eV @an@) ) 11 m:

The following follows from the above estimate and Gross’s logarithmic Sobolev
inequality [7]: For any f € FCT (W),

[ 108 (s s distw) < 5 [ 105w i w).

Originally NGS(=Nelson, Glimm, Segal) estimate (2.3) was proved by the hyper-
contractivity of the corresponding semigroup. See [14]. Corollary 2.8 (2) is proved
by Lemma 4.5 in [2] which follows from Gross’s log-Sobolev inequalities and finite
dimensional approximations.

Corollary 2.8. — (1) It holds that

B0, 4,7) 2 =22 10g ([ exp (-2V) dia(w))
2 w CA
(2) Suppose that there exists a Hilbert-Schmidt operator T such that A= I+T. Then
A
> -2 log { / exp (—2)\V (W) = A : (Tw, w) iy, —%"Twlli,) d,u,\(w)}
w

SOCIETE MATHEMATIQUE DE FRANCE 2009



8 S. AIDA

In (2.4), : (Tw,w) :,, is defined by the limit lim,_, o { (PaTPrw,w) — $trP, TP, },
where P, is a projection on to a finite dimensional subspace of H such that P, 1 Iy.
det (5y denotes the Carleman-Fredholm determinant.

3. Results

Theorem 3.1 (Bounded case). — We assume that A is a bounded linear operator and
satisfies the assumptions (Al), (A2), (A3), (A4). Then we have

. E(\AV)
(3.1) /\lin;o — = llsnilélne(A,Kl).

In the unbounded case, we can prove the following. The assumption is too strong
to cover the P(¢)-type Hamiltonian. We will relax the assumptions and discuss such
a case in a separate paper.

Theorem 3.2 (Unbounded case). — Assume (A5). Lety > 1++ and S = A=27. Then
AK;A is a trace class operator and (2.2) is well-defined. Furthermore, we assume that
(A1), (A2), (A3), (A4) hold. Then the asymptotics (3.1) holds.

Example 3.3. — Let I = [—%, %] (I > 0) be an interval of R. Let —A be the Laplacian
with periodic boundary condition on X = L%(I — R,dz). Let m > 0. For o € R, let
H® = D((m? — A)*/?) and ||h]l g = [[(m® — A)*/?h| x.

(1) Let H = H'/2. Then for any € > 0, we can take W = H~°. Let 0 < ¢ < 1/2.
Then using the inclusion and the identification H/2 C H® = (H°)*, we can see
that u satisfies that [, g-c (w,h)5. dp(w) = ||(m? — A)~Y/4h|% for h € H. Let
U : X — H'/? be the natural isometry operator and define A = U(m? — A)/4U1.
This is a standard example in P(¢),-model on finite interval. Let P(u) = 3" 2™ axu®
be a polynomial with real coefficients with agps > 0. For h € H, V(h) = [ 1 P(h(z))dz
is well-defined by the Sobolev embedding theorem. However H ¢ is the space of
distribution and P(w(z)) is not defined for w € H~¢. Actually, it should be defined
by [, : P(w(z)) :u, dz where : P(w(z)) : denotes the Wick product. However this
is not a smooth function on W = H~¢ and cannot be covered by Theorem 3.2. This
will be studied in [3].

(2) Let H = H?. Then pu can be defined on W = H!. For 0 < § < 1/2, let
A=U(m2=A)iG-DU~1 where U is the natural isometry from X to H. Let Q(u) =
Im!=20y? 4+ P(u), where P(u) is the polynomial defined in (1). Let {c1,...,cn} be
the minimum points of @ and asssume that @Q”(¢;) > 0 (1 < ¢ < n). Again let
V(h) = J; P(h(z))dz for h € H. Then we see that V(h) — I min Q can be extended to
a smooth function V(w) on W. Then the zero point set of U(h) = 1||Ah|% + V(h)
is the set of the constant functions {ci,...,c,}. For this V and A, all assumptions in
Theorem 3.2 hold with 7o =1+ 12—‘2,5 and v =1+ 7.
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SEMI-CLASSICAL LIMIT 9

We prove these theorems after preparations. Here we just prove AK;A € L,(H)
under (A5). Since V € C2(W), there exists a bounded linear operator K; on W such
that D?V (h;)(u,v) = (Kiu, v)W for any u,v € W. By the definition of the norm of
W, there exists K; € L(H) such that K; = AYK;A~". Thus for anyu,ve HCW,

D2V (h;)(u,v) = (Kiu, v)w = (A"*A"I?,-A_“’u, A‘"’v)H = (A“”I?iA_7u, v)H

This shows K; = A~"K;A~" and AK;A = A'™7K,;A'™". Because vy — 1 > o, A1
is a Hilbert-Schmidt operator and this implies AK; A is a trace class operator on H.
In our main theorems, we may assume that c4 = 1. Because, if Theorems hold
in the case where c4 = 1, then it implies that Ey ()\, %, cl/;) =e (\/%—A, %) . This
shows the general cases.
The proof of upper bound is standard. Let x be a smooth function on R satisfying

0< x(z) <1, x(z) =1 for z € [-1,1] and x(z) =0 for |z| > 2. For 2/3 < § < 1, set

O 4, v, n, (W) = 220, 4,vic, , (W)X (X[l — Rill3y) -

Here Z, is a normalization constant which makes the L?-norm to be equal to 1.
It holds that limy_,oc Zx = 1. Since h; is a minimizer of U, for any k¥ € D(A),
3 (Ahi, Ak) g + DV (h;)(k) = 0. The fact DV (h;) € H* implies that h; € D(A?) and
DV(h;) = —%A2hi. Using this and by the Taylor expansion, we have

(32) V(w) = V(h)+DV(h)(w— hs) + (Ki(w — ki), w — h;)
+§1iDV3(w + 0(w — hy))((w — h;)®3)
= i”Ahi]]%{ - % (Ahi, w) + (Ki(w — hi),w — ;) + R, (w)
= VKi,hi (w) + Rhi ('l.U)

Here we denote the remainder term by Rj,(w). If x(A|lw — hil|},) # 0, then
|Rp,(w)| < CA~3/2, This and the tail estimate of the Gaussian measure shows
that

bx,a,v (Q)\,A,in,hiyﬁ,\,A,in,hi) = Eo(\ A K)+00* %),

This proves the upper bound.

To prove the lower bound estimates, it suffices to prove the following Lemma 3.4.
Let R be a sufficiently large positive number. Set x; r(w) = x (Rllw — hi|%) (1<
i < n) and xo,r(w) = /1 — 377 Xi,r(w)?.

Lemma 3.4. — Let us assume that the conditions of either Theorem 3.1 or Theo-
rem 3.2 hold.

SOCIETE MATHEMATIQUE DE FRANCE 2009



10 S. AIDA

(1) There exists a constant C > 0 such that for all i, x;g € D(Da) and
IDaxi r(w)||% < CR px-a.e. w. Moreover it holds that

(3.3) éaav(f,f)
=3 Gavfm fxin) = 3 [ 104 r()efw)disw)
1=0

i=0
(2) For1<i<m,

Exav(Fxar fxir) = A1+ gN)e(4, Kl fxirlE2 ()5

where limy_,o g(A) = 0.
(3) There ezxists a constant C > 0 such that

Exav(fxor fxor) = CN||fxo,rlZ2(uy)-

The essential part of this lemma is in (3). In the case where A = I +
Hilbert-Schmidt operator, we can apply the same method as in [1] without any
modification by using Corollary 2.8 (2) to prove (3). In general cases, we need to
approximate A by such kind of operators.

Lemma 3.5. — Assume that A is a bounded linear operator and (Al), (A3), (A4)
hold. Also we assume that c4 = 1. Let R be a sufficiently large positive number such
that

. 1

inf {210l + V(R) | Ibllw > R} > 1
and € be a small positive number. Set D, g = Bgr(0) N (U?_ Bsc(h;))°. Then there
ezists a self-adjoint operator T, € L1(H) and a positive number 6(¢) such that
(1) it holds that for any h € D(A), ||Ah|% > |(Ix + Te)h|%,

(2)
inf {% I(Tg + TR + V(h) | he€ D, N H} > 8(e).

Proof. — It holds that for a large positive number L,
1
inf {Z ”hllil +V(h) l he D, rN BL,H(O)C} > 1.

Hence we prove the lemma on D, g N By g(0). For a natural number k, we define
A =20k Selp, ,(A), where Iy ; = {z € R | s <z < 3 }. Then

3 3
0 < 4RI, — Akl < ARG < AN Al

By Lemma 2.4 (2), for sufficiently large ko,

3

1 -
o IAIPL? < 22| V8|72,
2ko 4

1 1
inf {2 Ak Al + V(R) | h € Denn Bru(0)} 2 1(e),

ASTERISQUE 327



SEMI-CLASSICAL LIMIT 11

Note that there exists a family of finite dimensional projection operators on H such
that P, T Iy and Ay, P, = P, Ak, for all n > 1. Hence, it holds that for any h € H
and n
I Ako 2l = Il Ako Publi3s + | Ako Pahllyr = | Ak PabllF + (| Pkl
Let h € Br (0). Then |V (h) —V(P,h)| < |DV(Poh+0PEh)||w+||PLh|lw (0 <6 <
1). Noting
|1 Puh + 6Py hllw L|V5|,
1P hllw IVSPh|u < |[VSPy |2l a,
lim |[VSPL|, = 0,

IN

Il

by (A2),
Jim sup {|V (k) — V(Pah)| | b € BL,u(0)} =0.

Now we take a natural number ng such that
1 ., -
sup {|V(h) = V(Pah)| | h € B,z (0)} < { min (k(e),1,e*1VS)I7?) .

Let h € D, g N B, g(0). Then three cases are possible for P, h such that (i) P, h €
D€/3,R n BL,H(O), (ll) Pngh € BR(O)C, (111) Pngh € U?___lBe(h,;).
In the case of (i),

k().

N

1 1
14k Prghll} + V(8) = 211 Ak Paohlly + V (Pagh) + (V () = V (Pagh)) >
If (ii) happens, then
1 1
1Ak PaohllZ + V(B) = £l Ak Paghllls + V(Pagh) + (V(B) = V(Pagh)) > 3/4.
In the case where P, h € B.(h;) for some ¢,
I1Pahllw = llh = Paghllw = lIh = hillw = [lhi = Pashllw 2 2e.

Thus |PLAllg > IVS|7HIPLAlw > 2¢||v/S|| 7. Therefore, we have for h € D, g N
By u(0) satisfying (iii),

314k, Paohllys + ZIPA Bl + V(h)
1 1 2 1 2 1 2
= SIPEAIE + ZIAPwHIE: +V(Pauh) = 7 (14Pac bl — 1Ak Paohl)
+(V(R) = V(Pooh)
> @IVE? — s AIPL? - 3IVE2 2 2 VB .
Consequently,

e f1 1
i {314ty Paohlly + JIPEAI +V(A) | he Don) > 8(6)
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This implies that the operator T, = (Ag, — Iy )Py, satisfies the desired properties. O
In Theorem 3.2, we assume v > 1 + 9. But v > ~y is sufficient for x; g € D(D4).

Lemma 3.6. — (1) Assume that A is bounded. Then |w|lw € D(Da) and
[ Dallwliw |z < [AVS]].
(2) Assume (A5) and let S = A=2Y, where v > 7y. Then |w||lw € D(D4) and
[Dallwliw |z < [[A*=7]].

Proof. — (1) We have D||w|lw = =S¥ Qo Dylw|lw = ASw 5nd IDallwlwllg <

[lollw llwllw
(2) This is proved in the same way as in (1). O

Lemma 3.7. — Assume (Al), (A3), (Ad), (A5) andcqy = 1. Lety > 79 and S =
A~2Y. Then the same results as in Lemma 3.5 hold .

Proof. — For a > 0 let 9,(x) be the positive function such that ,(z) =1 forz < a
and 9¥,(z) = a/z for z > a. Then for h € H

ol ARG = Iba(A) Al < A=A =4Iy,
Wa(AVh — Al < (a(d) ~ DATRIG < — Al
Therefore,
[$a(A)h — hillw = Iba(A)h—h+h = hillw

\%

1
I = hallw — ==l

Thus, if |h — hilw > 3¢ and ||h]lg < 3¢ ¢, hold, then |[¢a(A)h — hillw > 3£.
Let A(® = At,(A). Let L be a positive number such that for h with ||h||z > L,
HIR)I% 4+ V(h) > 1k(e). Now let a be a positive number satisfying that
L 1 1 3a”
%L < min (En(s), 282”‘@"_2) o e
Here C(L) is the number which appeared in (A3). Then for such an a, for h with

|k|lzr < L, by the above estimates, we have

v -vwam < SPD< e,
LAV (ARG +V@a(A) 2 s(e)

Consequently, we have, for sufficiently large a,
1 1
inf {Z||A(“)h||fg +V(h) |heD.gN H} > o(e).

Therefore, it suffices for us to do the same calculation as in the bounded case replacing
A by A®@. But of course, the norm of W is still defined by S = A~27. Note that

ASTERISQUE 327


file:////h-hiWw--WhWH

SEMI-CLASSICAL LIMIT 13

(A®),, is defined first and next P,, is defined by (A(®))y,. Case (iii) requires some
additional care. That is, we use the following estimate:

1 1
Ao Paghllly + Z 1B hlE +V (R)
1 1 1 o
= JIPRIG + ZIA@Paghly + V (Pagh) = 7 (1A Paghllh ~ 11(A®)io Pr i)
+(V(R) = V(Paoh)
1
> 52"\/§“—2 + Z”Ad)a(A)Pnoh”%{ + V("l’a(A)Pnoh) + (V(Pnoh) - V(wa(A)Pnoh))

3 1 _
R
1
> 162||\/§||_2.
Therefore, it suffices to put T, = ((A(“)) ko — 1 H) P,,. a

Proof of Lemma 3.4. — (1) The first assertion is proved in Lemma 3.6. (3.3) can be
proved by a simple calculation

(2) In the Taylor expansion (3.2) when x; r(w) # 0, we have |Rp, (w)| < Cllw —
hi||% < CR™Y2||\w — h4||%,. This implies

Exav(£xir, Fxi,R) = Ae(A, Ki — CR™Y28)|| fxi k32,5
Here S is the trace class operator which defines the norm of W. Using the fact that

lim e(A,K; — CR™Y/2S) = (A, K;)

R— o0

which follows from Lemma 2.5, we complete the proof of (2).

(3) Let p be a continuous function on W such that (i) 0 < p(w) < 1, (ii) p is 0
near the neighborhood U(N) of the zero point set N, (iii) p is 1 in V(IV)¢, where
V(N) is a neighborhood of N such that U(N) C V(N). Moreover assume that
{w | xo,r(w) # 0} C {w | p(w) = 1}. Let r be a small positive number. Then

Exav(fxor, fXo,R) = 5A,A,V—rp(on,R,on,R)+/ rA2p x5, rapx
w

= 5A,A,(V—rp)p(fX0,RvfXO,R)+/ rA% 23 rdpia.
w

L%norm of the second term on the right-hand side is rA%||fxo,r|/?>. To estimate
the first term, we use again IMS localization formula. We write go = fxo,r. Let

wo(w) = x (ﬂ%“;‘i) and ¢;(w) = /1 — o(w)?. Then

Exa(V-rp(00,90) = Y Exaw-rp)p(900i,g00i) — Z/ I Dawill% gddpx.
i=0,1 i=0,1YW
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We use Corollary 2.8 (2) to estimate the term containing gopo. Let @o(w) =
X (%:m) We can find a positive number ¢’ and R’ such that {w € W | p(w)@o(w) #
0} € Do r. Let T. be a trace class operator which satisfies the property in
Lemma 3.5 for D,/ g:. Then

60,A,(V=rp)p(90%0,90%0) = Ex 14+T,.,(V—rp)epo (90¥0; G0%0)
A
> _§logI(/\)“90‘P0“%2(uA)
A e (12 :
+{ 3 log det 3 (I + Ter) = 5tr (T2) ) lgoolzguy):

where
1) = /W exp(~2A ((V(w) = rp(w)) p(w)Po(w)
X (Tow,w) iy~ [Tl )dua (w).
Let Usr(h) = 3| (I + To Al + (V(h) = ro())p()@o(h). Then
Uelh) = SUn + Tl (L~ p(WGo(h)

1 -
{10+ T, + (V(B) — ()} p()2o(R)
By the property of T/, by taking r to be sufficiently small, we have
1
{00 + Tnly + V() ~ ro() | pW@o(w) 20 for all ke A,

Therefore by the Large deviation estimate, for such an r, limy ; log I(A) < 0. This
shows that for any ¢ > 0 it holds that for large A

6,\,A,(v—rp)p(90<Po,go<Po) > —C/\2||90<P0||2L2(M)~

Next, we give a lower bound estimate for the another term. Let ¢;(w) =

3lwligy, |2 3 .
1_X(Tm) . Then {w | go(w)p1(w) # 0} C {w | g1(w) = 1}. By using

Corollary 2.8 (1),

Ex,4,(v—rp)p(9o®1, Jop1) = —% log (/W exp (—2A(V — rp)pg1) dlh\) lgop1lZ2¢uy)-
If R is sufficiently large and r is small, then
inf {21 + (V(0) — (W) p(R)E (1) | G1(h) £ 0, € H} 0.
Thus, by the Large deviation results, for any ¢ > 0 it holds that for large A

Exa,(vV=rp)p(9091,9001) = —cA?|lgop1 172 (4, )-
These prove (3). a
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Remark 3.8. — Let V be a bounded measurable function on W. Assume that A* +
4AK A is strictly positive and AK A is a trace class operator. Let

cak =info (\/ A +4AKA) .
Then it holds that for any f € FCF (W),
6A1A)Vk,h+‘7('f’ f)
2 EO()‘7 A, VK)"f”%ﬂ(;u)

Ac 22 -
=22 tog ([ exp (= 2 Vw) D i (0 dir () 1 -

CAK

By this estimate, we can prove local estimates near N in Lemma 3.4 (2) using the
Laplace method. This proof could be extended to the case of Schrodinger operators
with more general potential functions.
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