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I N D E X O F T R A N S V E R S A L L Y E L L I P T I C O P E R A T O R S 

by 

Paul-Emile Paradan & Michèle Vergne 

Dedicated to Jean-Michel Bismut on the occasion of his 60th birthday 

Abstract. — In the 70's, the notion of analytic index has been extended by Atiyah 
and Singer to the class of transversally elliptic operators. They did not, however, 
give a general cohomological formula for the index. This was accomplished many 
years later by Berline and Vergne. The Berline-Vergne formula is an integral of a 
non-compactly supported equivariant form on the cotangent bundle, and depends on 
rather subtle growth conditions for these forms. 

This paper gives an alternative expression for the index, where the non-compactly 
supported form is replaced with a compactly supported one, but with generalized 
coefficients. 

Résumé (Indice d'opérateurs transversalement elliptiques). — Dans les années 70, Atiyah 
et Singer ont étendu la notion d'indice analytique au cadre des opérateurs trans
versalement elliptiques. Néanmoins, ils ne donnaient pas de formule cohomologique 
générale pour cet indice. Ce problème a été résolu bien des années après par Berline 
et Vergne. La formule de Berline-Vergne exprime l'indice comme l'intégrale sur un 
fibre cotangent d'une forme équivariante à support non-compact: ici une propriété 
de croissance très particulière de cette forme est requise pour assurer l'existence de 
l'intégrale. 

Le but de ce travail est de donner une autre formulation de cet indice, où la 
forme équivariante à support non-compact est remplacée par une forme équivariante 
à support compact, mais avec des coefficients généralisés. 

1. Introduction 

Let M be a compact manifold. The Atiyah-Singer formula for the index of an 

elliptic pseudo-differential operator P on M with elliptic symbol a on T*M involves 
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298 PARADAN & VERGNE 

integration over the non compact manifold T*M of the Chern character Chc(a) of a 
multiplied by the square of the A-genus of M: 

index(P) = (2 i7 r ) - d i m M 

T* M 
Â(M) 2Ch c(a), 

Here a, the principal symbol of P, is a morphism of vector bundles on T*M invert-
ible outside the zero section of T*M and the Chern character Chc(<r) is supported on 
a compact neighborhood of M embedded in T*M as the zero section. It is impor
tant that the representative of the Chern character Chc(cr) is compactly supported to 
perform integration. 

Assume that a compact Lie group K (with Lie algebra t) acts on M. If the elliptic 
operator P is If-invariant, then index(P) is a smooth function on K. The equivariant 
index of P can be expressed similarly as the integral of the equivariant Chern character 
of a multiplied by the square of the equivariant A-genus of M: for X G £ small enough, 

(1) index(P)(ex) - (2 i7 r ) - d i m M 

T*M 
A(M) 2 pO Chc(<r)(X). 

Here Chc(cr)(X) is a compactly supported closed equivariant differential form, that 
is a differential form on T*M depending smoothly of X G and closed for the 
equivariant differential D. The result of the integration determines a smooth function 
on a neighborhood of e in K and similar formulae can be given near any point of K. 
Formula (1) is a "derealization" of the Atiyah-Bott-Segal-Singer formula, in the sense 
of Bismut [9]. 

The delocalized index formula (1) can be adapted to new cases such as: 

— Index of transversally elliptic operators. 
— L2-index of some elliptic operators on some non-compact manifolds (Rossmann 

formula for discrete series [20]). 

Indeed, in these two contexts, the index exists in the sense of generalized functions 
but cannot be always computed in terms of fixed point formulae. A "delocalized" 
formula will however continue to have a meaning, as we explain now for transversally 
elliptic operators. 

The invariant operator P with symbol <T(#, £) on T*M is called transversally ellip
tic, if it is elliptic in the directions transverse to if-orbits. In this case, the operator P 
has again an index which is a generalized function on K [1]. A very simple example of 
transversally elliptic operator is the operator 0 on L2 (K): its index is the trace of the 
action of K in L2(K), that is the 5-function on K. At the opposite side, If-invariant 
elliptic operators are of course transversally elliptic, and index of such operators are 
smooth functions on K given by Formula (1). Thus a cohomological formula must 
incorporate these two extreme cases. Such a cohomological formula was given in 
Berline-Vergne [7, 8]. We present here a new point of view, where the equivariant 
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Chern character Chc(cr)(X) entering in Formula (1) is replaced by a Chern character 
with generalized coefficients, but still compactly supported. Let us briefly explain the 
construction. 

Let T*KM C T*M be the cone formed by the covectors £ £ T*M which vanish 
on tangent vectors to the orbit K • x. Let supp(cr) be the support of the symbol 
a of a transversally elliptic operator P. By definition, the intersection supp(cr) D 
T*K(M) is compact. By the Quillen super-connection construction, the Chern char
acter Ch(a)(X) is a closed equivariant differential form supported near the closed 
set supp(cr). Using the Liouville 1-form LJ of T*M, we construct a closed equivariant 
form One (a;) supported near T*KM. Outside T^M, one has indeed the equation 
1 = D(w/Dw) where the inverse of the form Du is defined by — i /0°° eltDu>dt, an in
tegral which is well defined in the generalized sense, that is tested against a smooth 
compactly supported density on t. Thus using a function x equal to 1 on a small 
neighborhood of T^M, the closed equivariant form 

One(u>)(X) = x + dX 

W 
DOJ(X) 1 

X E t, 

is well defined, supported near T*KM, and represents 1 in cohomology. Remark that 

Chc(<j,oO := Ch(<r)(X)One(u;)(X) 

is compactly supported. We prove that, for X G ! small enough, we have 

(2) index(P)(ex) = (2z7r)- d i m M 

'T*M 
A(M)2(X) Ch(<r)(X) One(w)(X). 

This formula is thus similar to the delocalized version of the Atiyah-Bott-Segal-
Singer equivariant index theorem. We have just localized the formula for the index 
near T ^ M with the help of the form One(u;), equal to 1 in cohomology, but supported 
near T*KM. 

When P is elliptic we can furthermore localize on the zeros of VX (the vector field 
on M produced by the action of X) and we obtain the Atiyah-Bott-Segal-Singer fixed 
point formulae for the equivariant index of P. However the main difference is that 
usually we cannot obtain a fixed point formula for the index. For example, the index 
of a transversally elliptic operator P where K acts freely is a generalized function on 
K supported at the origin. Thus in this case the use of the form One (a;) is essential. 
Its role is clearly explained in the example of the 0 operator on S1 given at the end 
of this introduction. 

We need also to define the formula for the index at any point s E K, in terms of 
integrals over T*M(s), where M(s) is the fixed point submanifold of M under the 
action of s. The compatibility properties (descent method) between the formulae at 
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300 PARADAN & VERGNE 

different points s are easy to prove, thanks to a localization formula adapted to this 
generalized setting. 

In the Berline-Vergne cohomological formula for the index of P, the Chern char
acter Chc(cr)(X) in Formula (1) was replaced by a Chern character ChBv(<r,w){X) 
depending also of the Liouville 1-form u. This Chern character Chsv(cr,a;) is con
structed for "good symbols" a. It looks like a Gaussian in the transverse directions, 
and is oscillatory in the directions of the orbits. Our new point of view defines the 
compactly supported product class Ch(a)One(a;) in a straightforward way. We proved 
in [17] that the classes Gh.Bv(o-,u) and Ch(cr)One(o;) are equivalent in an appropriate 
cohomology space, so that our new cohomological formula gives the analytic index. 
Nevertheless, we will see in this paper that it is technically simpler to work with the 
compactly supported equivariant form Ch(cr)One(o;) rather than with the equivariant 
form ChBv(o~,w) which has subtle growth on the cotangent bundle. So we choose to 
prove directly the equality between the analytic index and the cohomological index, 
and we show that our formula in terms of the product class Ch(cr)One(u;) is natural. 
We follow the same line as Atiyah-Singer: functoriality with respect to products and 
free actions. The compatibility with the free action reduces basically to the case of 
the zero operator on if, and the calculation is straightforward. The typical calcula
tion is shown below. The multiplicativity property is more delicate, but is based on a 
general principle on multiplicativity of relative Chern characters that we proved in a 
preceding article [17]. Thus, following Atiyah-Singer [1], we are reduced to the case 
of S1 acting on a vector space. The basic examples are then the pushed symbol with 
index — Y?n=i e%n° a n d the index of the tangential d operators on odd dimensional 
spheres. We include at the end a general formula due to Fitzpatrick [11] for contact 
manifolds. 

Let us finally point out that there are many examples of transversally elliptic oper
ators of great interest. The index of elliptic operators on orbifolds are best understood 
as indices of transversally elliptic operators on manifolds where a group K acts with 
finite stabilizers. The restriction to the maximal compact subgroup if of a representa
tion of the discrete series of a real reductive group are indices of transversally elliptic 
operators [16]. More generally, there is a canonical transversally elliptic operator 
on any prequantized Hamiltonian manifold with proper moment map (under some 
mild assumptions) [16], [22]. Furthermore, as already noticed in Atiyah-Singer, and 
systematically used in [15], transversally elliptic operators associated to symplectic 
vector spaces with proper moment maps and to cotangent manifolds T*K are the 
local building pieces of any if-invariant elliptic operator. 

Example LI. — Let us check the validity of (2) in the example of the zero operator 
O51 from S1 x C to S1 x {0} . This operator is S1-transversally elliptic and its index 
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is equal to 

Si(eiX) 
S E Z 

eikX, X e LieiS1) ~ R. 

The principal symbol a of O51 is the zero morphism T*Sl x C —• T*5X x {0}. 
Hence Ch(cr)(X) = 1. The equivariant class A(5 1 ) 2 (X) is also equal to 1. Thus the 
right hand side of (2) becomes 

(227T)- 1 

JT*S1 
One(u;)(X). 

The cotangent bundle T^S1 is parametrized by (e**, £) € S 1 x R. TTie Liouville 1-form 
is w = —£d0 : the symplectic form dw = dQ Ad£ gives the orientation ofT*Sx. Since 
VX = we have DUJ(X) = d6Ad£- X£. 

Let g € ff°°(R) with compact support and equal to 1 in a neighborhood of 0. 
Then x — #(£2) ^s a function on T*SX which is supported in a neighborhood of 
T^iS 1 = zero section. We look now at the equivariant form One{oj){X) — x + 
dX A {-iu) J0°° eitD"W dt. We have 

One(a;)(e i ö,^X) = (Ç2)) = Jç<Qd(g(£2)) 
/»00 

Jo 
eit(dOAd£-xt) d t 

= g(e)-ideAd(g(e)) 
/•00 

0̂ 
e~itx^dt 

If we make the change of variable ^ ->t in the integral /0°° e ttx^ £dt we get 

One(u){eie,£,X) = 
g(e)-id0Ad(g(e)) [L°°e-»xdt if £ > 0 ; 

g(e) + ideAd(g(e) J0 e~itxdt 
J — OO 

if £ < 0 . 

Finally, since - Jç>Qd(g(Ç2)) = Jç<Qd(g(£2)) = 1, we have 

(2ZTT)- 1 

T S1 
One(o;)(X) = 

/•OO 

'—00 
e~itx dt 

The generalized function 5Q(X) = e l t X dt satisfies 

'hieiS1] 
ô0(X)<p(X)dX = vol(S\dX)<p(0) 

for any function (p G (Lie(S1)) with compact support. Here vo\(Sl,dX) = f^dX 
is also the volume of S1 with the Haar measure compatible with dX. 

Finally, we see that (2) corresponds to the following equality of generalized functions 

S1(e
iX) = So(X), 

which holds for X G Lie(51) small enough. 
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2. The analytic index 

2.1. Generalized functions. — Let if be a compact Lie group. We denote by 
K the set of equivalence classes of finite dimensional irreducible (complex) repre
sentations of if. If r G K, we denote by VT the representation space of r and by 
k i—> TY(fc,r) its character. Let r* be the dual representation of if in V*. 

We denote by C~°°(if) the space of generalized functions on if and by C~°°(K)K 

the subspace of generalized functions invariant by conjugaison. The space C°°(if) of 
smooth functions on if is naturally a subspace of C _ o c ( i f ) . We will often use the 
notation ©(A;) to denote a generalized function © on if, although (in general) the 
value of © on a particular point k of if does not have a meaning. By definition, © is 
a linear form on the space of smooth densities on if. If dk is a Haar measure on if 
and $ G C°°(K), we denote by fK Q(k)$(k)dk the value of © on the density §dk. 

Any invariant generalized function on if is expressed as &(k) = Y^rek n^ T) 
where the Fourier coefficients nT have at most a polynomial growth [21]. 

2.2. Symbols and pseudo-differential operators. — Let M be a compact man
ifold with a smooth action of a compact Lie group if. We consider the closed subset 
T*KM of the cotangent bundle T*M, union of the spaces (T*KM)x,x G M, where 
(T*KM)X C T*M is the orthogonal of the tangent space at x to the orbit if • x. Let 
S be two if-equivariant complex vector bundles over M. We denote by T(M, 
the space of smooth sections of & . Let P : T(M, <§+) —> T(M, S~) be a if-invariant 
pseudo-differential operator of order m. Let p : T*M —• M be the natural projection. 
The principal symbol cr(P) of P is a bundle map p*<5+ —• p*&~ which is homogeneous 
of degree m, defined over T*M \ M. 

The operator P is elliptic if its principal symbol <r(P)(x,£) is invertible for all 
(#,£) G T*M such that £ ^ 0. The operator P is said to be if-transversally elliptic 
if its principal symbol cr(P)(x,£) is invertible for all (#,£) G T*KM such that £ ̂  0. 

Using a if - invariant function x on T*M identically equal to 1 in a neighborhood of 
M and compactly supported, then crp(x,£) := (1 — %(#,£))<j(P)(:r,£) is a morphism 
from p* <S+ to p* S~ defined on the whole space T*M and which is almost homogeneous: 
&p(x,t£) = tmcrp(x,£) for t > 1 and £ large enough. We consider the support of the 
morphism ap, 

supp(crp) := {(#,£) G T*M | ap(x,£) is not invertible} 

which is a closed if-invariant subset of T*M. 
When P is elliptic, then supp(ap) is compact, and the morphism ap gives rise 

to a K°-theory class [ap] G K°K(T*M) which does not depend on the choice of 
Similarly, when P is if-transversally elliptic, then supp(<7p) fl T*KM is compact and 
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the morphism ap gives rise to a K°-theory class [OPIt^M] € ^^(T^M) which does 
not depend on the choice of x-

Recall the definition of the If-equivariant index of a pseudo-differential operator 
P which is if-transversally elliptic. Let us choose a if-invariant metric on M and 
if-invariant Hermitian structures on 6 . Then the adjoint P* of P is also a if-
transversally elliptic pseudo-differential operator. 

If P is elliptic, its kernel ker P := {s e T(M, &+)\ Ps = 0} is finite dimensional, and 
the if-equivariant index of P is the invariant function indexK(P)(A:) = Tr(/U,kerP) — 
Tr(fc,kerP*). 

If P is if-transversally elliptic, its kernel kerP is not finite dimensional, but it 
has finite multiplicities: for any irreducible representation r G if, the multiplicity 
mr(P) := dim(homK(yr,kerP)) is finite, and r i-> m r (P) has at most a polynomial 
growth [1]. We define then an invariant generalized function on if by setting 

Tr(/c,kerP) := m T(P) Tr(fc,r). 

reK 

Definition 2.1. — The if -equivariant index of a if -transversally elliptic pseudo-
differential operator P is the generalized function 

index*(P)(fc) = Tr(fc,kerP) - Tr(fc,kerP*). 

We recall 

Theorem 2.2 (Atiyah-Singer). — The K-equivariant index of a if -invariant elliptic 
pseudo-differential operator P depends only of [ap] G K.^(T*M). 

— The i f -equivariant index of a if -transversally elliptic pseudo-differential opera
tor P depends only of [CTP\T*KM] € K K ( T K ^ 0 -

— Each element in K ^ ( T ^ M ) is represented by the class [CTP\T*KM] of a K-
transversally elliptic pseudo differential operator P of order m. Similarly, each ele
ment in K^(T*M) is represented by the class [ap] of a i f -invariant elliptic pseudo 
differential operator P of order m. 

Thus we can define 

(3) indexf'M : K°K(T*KM) -> C'^iR)* 

by setting, for P a AT-transversally elliptic pseudo-differential operator of order m, 
indexf , M ( [ap | T * M]) = index*(P). Similarly, we can define in the elliptic setting 

(4) indexfM : K°K(T*M) -» Tg°°{K)K. 
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Note that we have a natural restriction map K°K(T*M) —> K^(T^M) which makes 
the following diagram 

(5) K°K(T*M) *K°K(T*KM) 

indexf'M indexf'M 

V°°(K)K ^^-°°{K)K 

commutative. 
Let R(K) be the representation ring of if. Using the trace, we will consider R(K) 

as a sub-ring of *6°°(K)K. The map (3) and (4) are homomorphisms of R(K)-modules 
and will be called the analytic indices. 

Remark 2.3. — In order to simplify the notations we will make no distinction between 
an element V G R(K), and its trace function k —• Tr(fc, V) which belongs to *6°°{K)K. 
For example, the constant function 1 on K is identified with the trivial representation 
ofK. 

Let H be a compact Lie group acting on M and commuting with the action of if. 
Then the space T*KM is provided with an action of if x H. If [a] G K°KxH(T*KM)y 

we can associate to [<J] a virtual trace class representation of if x H. Indeed, we 
can choose as representative of [a] the symbol of a if-invariant and if-transversally 
elliptic operator P. Then kerP — kerP* is a trace class representation of if x H. 
Thus we can define a R(K x if )-homomorphism: 

indexf'^'M : K°KxH(T*KM) C-°°(K x H)KxH 

Obviously T*KxH(M) is contained in T^(M) so we have a restriction morphism 
r : K° x „ ( T t M ) - K° x H (T* K x H M). We see that 

index^> M =: indexf** ' M or . 

However, it is easy to see that for a if-invariant and if-transversally elliptic sym
bol [cr], indeXa,H,M([cr])(k,h) is a generalized function on if x H which is smooth 
relative to the variable h G H (see [1], remark p. 17). In particular we can re
strict indexf 'H,M([cr]) to if x fl7, for a subgroup H' of H. We can also multiply 
mdex^,H,M([a])(k,h) by generalized functions \£(/i) on H. 

2.3. Functoriality properties of the analytic index. — We have defined for 
any compact if x iif-manifold M a P(if x ii")-morphism 

i n d e x ™ : K°KxH(T'KM) - '6°°{H,C~°°(K))KxH, 

where &00(H,C~°°(K))KxH denote the subspace of invariant generalized functions 
Q(k,h) on if x H which are smooth relative to the variable h G H. 
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Let us recall some basic properties of the analytic index map: 
- [Nl] If M = {point}, then indexf'M is the trace map R(K) <^> ^°°(K)K. 
- [Diff] Compatibility with diffeomorphisms: if / : Mi —> M2 is a if x H-

diffeomorphism then index^'^^ 1 of* is equal to indexf'H'M*. 
- [Morph] If 0 : Hf —• H is a Lie group morphism, we have 0* o index^,HyM 

= indexf 

2.3.1. Excision. — Let U be a non-compact If-manifold. Lemma 3.6 of [1] tell us 
that, for any open if-embedding j : U ^ M into a compact manifold, we have a 
pushforward map j m : K°K(T*KU) K°K(T*KM). 

Let us rephrase Theorem 3.7 of [1]. 

Theorem 2.4 (Excision property). — The composition 

©exttK^^Or^Mi)хК°,2(Т^М2)h^m xM2)) 

is independent of the choice of j : U ̂  M: we denote this map index^ ,Lr. 

Note that a relatively compact if-invariant open subset U of a if-manifold admits 
an open if-embedding j : U <-» M into a compact if-manifold. So the index map 
indexf'u is defined in this case. An important example is when U —• N is a if -
equivariant vector bundle over a compact manifold N : we can imbed U as an open 
subset of the real projective bundle P(17 0 R). 

2.3.2. Exterior product. — Let us recall the multiplicative property of the analytic 
index for the product of manifolds that was proved by Atiyah-Singer in [1]. Consider a 
compact Lie group if2 acting on two manifolds M\ and M2, and assume that another 
compact Lie group ifi acts on M\ commuting with the action of if2. 

The external product of complexes on T*Mi and T*M2 induces a multiplication 
(see [1]): 

©ext tK^^Or^Mi) х К ° , 2 ( Т ^ М 2 ) ^ k x K ^ h ^ m xM 2)) 
Let us recall the definition of this external product. For k = 1,2, we consider 

equivariant morphisms^1) : &\ —+ &~H on T*Mfc. We consider the equivariant 
morphism on T*(Mi x M 2 ) 

o~i Oext c2 : &X <8> &t ® &i ®&2 —> &\ <8>6t ®6t ® &2 

defined by 

(6) 0"! ©ext 0-2 = 
(Ji (g)Id 

Id (g) <J2 

-Id ® (72 

aï ® Id 

In order to simplify the notation, we do not make the distinctions between vector bundles on 
T*M and on M. 
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We see that the set supp(ai 0 a 2 ) C T*MX x T*M2 is equal to supp(ai) x supp(cr2). 
We suppose now that the morphisms G^ are respectively ifk-transversally elliptic. 

Since T*KiXK2(Mi x M 2 ) ^ T*KiM1 x T^ 2 M 2 , the morphism o\ ©ext o2 is not neces
sarily K\ x if2-transversally elliptic. Nevertheless, if G2 is taken almost homogeneous 
of order m = 0, then the morphism o\ 0 e x t o2 is K\ x if2-transversally elliptic (see 
Lemma 4.9 in [17]). So the exterior product a\ 0 e x t «2 is the K°-theory class defined 
by G\ 0 e x t &2l where = [ok] and a 2 is taken almost homogeneous of order m = 0. 

Theorem 2.5 (Multiplicative property). — For any [G\] G x K 2 (T*KlMI) one? am/ 
H e K ° x ( T t M 2 ) we have 

i n d e x f 1 * ^ ^ ^ ] 0 e x t [a2]) : indexf1 ' ^ ' M l (fa]) indexf »M>([o2]). 

2.3.3. Free action. — Let if and G be two compact Lie groups. Let P be a compact 
manifold provided with an action of if x G. We assume that the action of if is free. 
Then the manifold M := P/K is provided with an action of G and the quotient map 
q : P —» M is G-equi variant. Note that we have the natural identification of T*KP 
with o*T*M, hence (T*KP)/K ~ T*M and more generally 

(T*GP)/KciT*GM. 

This isomorphism induces an isomorphism 

Q* :KG(T*GM) ^K°KxG(T*KxGP). 

Let S be two G-equivariant complex vector bundles on M and a : p* -> p* &~ be a 
G-transversally elliptic symbol. For any finite dimensional irreducible representation 
(r, VT) of if, we form the G-equivariant complex vector bundle VT := P FT on 
M. We consider the morphism 

or := G ® IdV r : p*{6+ 0 V r ) p*((S" 0 V r ) 

which is G-transversally elliptic. 
The following theorem was obtained by Atiyah-Singer in [1]. 

Theorem 2.6 (Free action property). — We have the following equality in "6 0 0 (if x 
G)KxG: for (k,g)eKxG 

indexf x G ' P (Q>])( fc , (?) = 

rek 

Tr(k,T)mdexïM([oT*})(9). 

2.4. Basic examples 

2.4.1. Bott symbols. — Let W be a Hermitian vector space. For any v G W, we 
consider on the Z2-graded vector space AVF the following odd operators: the exterior 
multiplication m(v) and the contraction L(V). The contraction t(v) is an odd derivation 
of AW such that L(V)W = (tf;,̂ ) for W G A 1 !^ = W. 
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The Clifford action of W on AW is defined by the formula 

(7) c(v) = m(v) — t(v) 

Then c(v) is an odd operator on AW such that c(v)2 = —\\v\\2Id. So c(v) is invertible 
when v ^ 0. 

Consider the trivial vector bundles 6^ := W x A±W over W with fiber A^VF. The 
Bott morphism Bott(VF) : 6+ —• <5~ is defined by 

(8) Bott(W0(v,w) = (v,c(v)w). 

Consider now a Euclidean vector space V. Then its complexification Vfc is an 
Hermitian vector space. The cotangent bundle T*V is identified with VQ: we associate 
to the covector £ G T*F the element v + i£ G Vfc, where £ G -> £ G V is the 
identification given by the Euclidean structure. 

Then Bott(Vc) defines an elliptic symbol on V which is equivariant relative to the 
action of the orthogonal group 0(V). Its analytic index is computed in [3]. 

Proposition2.7. — We have [N2]; index° ( y ) ' y(Bott(F c)) = 1. 

Remark 2.8. — IfV and W are two Euclidean vector spaces we see that the symbol 
Bott((V r x W)c) is equal to the product Bott(Vfc) 0 Bot t (W c ) . Then for (g,h) G 
OCV) x 0(W), the multiplicative property tells us that 

i n d e x ^ y x ^ ' r a ( B o t t ( ( F x W)c))M 

is equal to the product i n d e x ° ( y ) y (Bott(Vfc))(g) index°{w)>w(Bott(Wc))(h). 
For any fixed g G 0(V), the vector space V decomposes as an orthogonal sum 0 ^ 

of g-stable subspaces, where either dim = 1 and g acts on Vi as ±1, or dim Vi = 2 
and g acts onVi as a rotation. 

Hence [N2] is satisfied for any Euclidean vector space if one checks it for the cases: 
• V = K with the action of the group 0(V) = Z2, 
• V = R2 with the action of the group SO(V) = S1. 

2.4.2. Atiyah symbol. — In the following example, we denote, for any integer k, by 
C[fc] the vector space C with the action of the circle group S1 given by : t • z = tkz. 

The Atiyah symbol is the S1 -equivariant morphism on N = T*C[i] ~ C[i] x C[i] 

aAt : N x C [ 0] —•> N x C ( 1 ] 

(Ы —• (í^At(í)t;) 

defined by <7At(0 = £2 + «1 for £ = (£ l 5 £ 2 ) G T*C f l ]. 
The symbol o"At is not elliptic since supp(crAt) = {£1 = ¿£2} C C 2 is not compact. 

But TjiCpj = {(£1 ,6) I Im(66) = 0} and supp(<7At) D TjiCpj = {(0,0)} : the 
symbol <jAt is 51-transversally elliptic. Atiyah-Singer compute its analytic index in 
[1]. Another computation is done in the Appendix of [8]. 
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Proposition 2.9. — We have [N3] ; indexf'C((jA t)(t) = - E r = i ^ . 

2.5. Unicity of the index. — The next theorem is the crucial point that we use 
in the next sections to give a cohomological formula for the index of a transversally 
elliptic operator (see [7, 8]). Note that, in the elliptic case, Atiyah-Segal-Singer used 
similar strategy to prove that the analytical index coincides with the topological one 
[2, 3, 4, 5]. 

Suppose that for any compact Lie groups if and H, and any compact if x H-

manifold M, we have a map of R(K x if)-modules: 

fK,HM . JÇ°KXHÇY*KM) -> ^ ( i J , C - ° ° ( i f ) ) * x i / . 

Theorem 2.10. — Suppose that the maps I~ satisfy 

— the normalization conditions [NI], [N2] and [N3], 
— the functorial properties Diff and Morph, 
— the "excision property", the "multiplicative property" and the "free action prop

erty". 

Then 1~ coincides with the analytic index map index". 

3. The cohomological index 

Let TV be a manifold, and let ffi(N) be the algebra of differential forms on N. We 
denote by t%c{N) the subalgebra of compactly supported differential forms. We will 
consider on U{N) and UC{N) the Z2-grading in even or odd differential forms. 

Let if be a compact Lie group with Lie algebra t. We suppose that the manifold 
N is provided with an action of if. We denote X »—• VX the corresponding morphism 
from $ into the Lie algebra of vectors fields on N: for n G iV, 

VnX := exp(-eX) • n| e = 0 -ae 

Let S°°(^, N) be the Z2-graded algebra of equivariant smooth functions 
a : t —> S(iV). Its Z2-grading is the grading induced by the exterior degree. Let 
D = d- t(VX) be the equivariant differential: (Da){X) = d(a(X)) - i(VX)a{X). 

Here the operator t(VX) is the contraction of a differential form by the vector 
field VX. Let ^°°(B, N) := KerD/ImD be the equivariant cohomology algebra with 
C°°-coefricients. It is a module over the algebra ^^(t)1^ of if-invariant C°°-functions 
on I. 

The sub-algebra $£°(t, N) C {3°°(£, N) of equivariant differential forms with com
pact support is defined as follows : a G $£°(t, N) if there exists a compact subset 
tfCa C N such that the differential form a(X) G ffi(N) is supported on 3Ca for any 
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X G I. We denote Hcoo(t,N) the corresponding cohomology algebra: it is a Z2-graded 
algebra. 

Let $ _ o c ( t , N) be the space of generalized equivariant differential forms. An ele
ment a G E2_00(£, N) is, by definition, a S* -00 map a : $ —> S(iV) which is equivariant 
relative to the actions of if on t and JS(iV) (see [12]). The value taken by a on a 
smooth compactly supported density Q(X)dX on I is denoted by ft a(X)Q(X)dX G 
B(N). We have B°°($,N) c ft~°°{l,N) and we can extend the differential D to 
$~°°(t, AT) [12]. We denote by &^°°(t,N) the corresponding cohomology space. 
Note that $ _ 0 0 ( t , AT) is a module over S°°(t, AT) under the wedge product, hence the 
cohomology space &~00(!t, N) is a module over &°°(t, N). 

The sub-space $~°°(£, AT) c $ _ o c (£ , AT) of generalized equivariant differential 
forms with compact support is defined as follows : a G S~°°(t, AT) if there exist 
a compact subset tKa C A/" such that the differential form Jt a(X)Q(X)dX G ffi(N) 
is supported on C/Ca for any compactly supported density Q(X)dX. We denote 
$£~°°(l,N) the corresponding space of cohomology. The Z2-grading on U(N) in
duces a Z2-grading on the cohomology spaces Hcoo(t,AT) and Hcoo(t,N). 

If % is a if-invariant open subset of t, ones defines also $C~°°(%L, N) and 
tK~°° (%L,N). If N is equipped with a if-invariant orientation, the integration over 
N defines a morphism 

f 
N 

indexf'C((jAt)(t) = -Er=i^. 

3.1. Restrictions of generalized functions. — Let if be a compact Lie group 
with Lie algebra t. In this section, we recall the notions of restriction of invariant 
generalized functions defined on the Lie group if or on the Lie algebra I. For more 
details, see [10]. 

For any s G if (resp. S G £), we denote if (s) (resp. if (5)) the stabilizer subgroup: 
the corresponding Lie algebra is denoted t(s) (resp. t(S)). 

For any s G if, we consider a (small) open if (s)-invariant neighborhood ?4 of 0 
in t(s) such that the map [fc, Y] i-> kseY k~x is an open embedding of if *K(a) % o n 

an open neighborhood of the conjugacy class if • s := {fesfe-1, A; G i f } ~ if/if (s). 
Similarly, for any 5 G t, we consider a (small) open if (S)-invariant neighborhood 

Us of 0 in 1{S) such that the map [k,Y] i-> Ad(A;)(Sf + F) is a open embedding of 
K XK(S) on an open neighborhood of the adjoint orbit if • 5 ~ K/K(S). 

Note that the map Y •—> [e,V] realizes (resp. %s) as a if (s)-invariant sub-
manifold of if *K(a) (resp. if xK(s) Its)-

Let 0 be a generalized function on if invariant by conjugation. For any s G if, 
6 defines a if-invariant generalized function on if x K ( s ) % *—• if which admits a 
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restriction to the submanifold îls that we denote 

e\\s G *R°°(^5)K(5). 

This notation means that we restrict © to the slice If © is smooth, we have 
e\\s(Y) = Q{seY) for any Y G % . 

Similarly, let 0 be a if-invariant generalized function on t. For any S G I, 0 defines 
a if-invariant generalized function on if x^(s) uS6 which admits a restriction to 
the submanifold Us that we denote 

e\\s G * R ° ° ( ^ 5 ) K ( 5 ) . 

If 6 is smooth, we have 6\S{Y) = 0(S + Y) for any Y G îls. 

We have if (se 5) = if (s) fl if (5) for any 5 G Let 0 | 5 G g * - 0 0 ^ ) * ^ be the 
restriction of a generalized function 0 G î?"°°(if ) K . For any S G î/s, the generalized 
function G||s admits a restriction (©U)||s which is a if (se5)-invariant generalized 
function defined in a neighborhood of 0 in t(s) fl t(S) = t(ses). 

Lemma 3.1 ([10]). — Let 0 G j?"°° ( i f )^ . 
— For s G if, and S € Us, we have the following equality of generalized functions 

defined in a neighborhood ofO in %(ses) 

(9) ( e | s ) | | s = e « s e S . 

— Let s,k G if. We have the following equality of generalized functions defined in 
a neighborhood of 0 in t(s) 

(10) e u = e |U - ioAd (*o . 

When 0 G f?°°(lf) jK' is smooth, condition (9) is easy to check: for Y G ï(ses), we 
have 

(eU)ls(y) = e | . ( 5 + y ) = Q(ses+Y) = e(seseY) = 9 « S E S ( y ) . 

We have the following 

Theorem 3.2 ([10]). — Let K be a compact Lie group. Consider a family of generalized 

function 6S G F R ° ° ( % , ) * W . We assume that the following conditions are verified. 

— Invariance: for any k and s G if, we have the following equality of generalized 

functions defined in a neighborhood ofO in t(s) 

es = eksk-ioAd(k). 

— Compatibility: for every s G if and S G Us, we have the following equality of 

generalized functions defined in a neighborhood ofO in E(se5) 

0sls = 0ses. 
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Then there exists a unique generalized function © G C °°{K)K such that, for any 
seK, the equality G\8 = 0S holds in <&~°°(CUS)K^. 

3.2. Integration of bouquet of equivariant forms. — Let if be a compact Lie 
group acting on a compact manifold M. We are interested in the invariant functions 
on if that can be defined by integrating equivariant forms on T*M. 

Let Lj be the Liouville 1-form on T*M. For any s € if, we denote M(s) the fixed 
points set {x e M \sx = x}. Similarly, for any S € t, we denote M(S) C M the subset 
fixed by the 1-parameter subgroup exp(R5). As if is compact, M{s) and M(S) are 
submanifolds of M, and T*(M(s)) = (T*M)(s). The cotangent bundle T*M(s) is a 
symplectic submanifold of T*M and the restriction U\T*M(S) is equal to the Liouville 
1-form us on T*M(s). The manifolds T*M(s) are oriented by their symplectic form 
dus. 

For any s G if, the tangent bundle TM, when restricted to M(s), decomposes as 

TM\M{s)=TM(S)®$r. 

Let s be the linear action induced by s on the bundle TM\M(S): n e r e TM(s) is the 
kernel of s — Id, and the normal bundle 9f is equal to the image of s — Id. 

Let V be a if-equivariant connection on the the tangent bundle TM. It induces 
if (s)-equivariant connections : V°' s on the bundle TM(s) and V x ' s on the bundle J\f. 
For i = 0,1, we consider the equivariant curvature Ri(Y), Y G t(s) of the connections 
V*'5. We will use the following equivariant forms 

Definition 3.3. — We consider the following smooth closed K(s)-equivariant forms or 
M(s): the equivariant A-genus of the manifold M(s) 

A(M(s))(y) = det 1 / 2 Ro(Y) 
eRo(Y)/2 _e-R0(Y)/2/ 

which is defined for Y in a (small) neighborhood îls ofO G t(s), and 

D,(5T)(y) =det ( l - s e Ä l ( y ) ) 

In the previous definition, the equivariant form A(M(s)) may be understood as the 
exponential of the characteristic form associated to the power series | log( e Z / 2 _ z

e _ z / 2 ) 
(see [6], Section 1). 

The manifold M(s) may have several connected components C». We denote by 
dim M(s) the locally constant function on M(s) equal to dim Ci on Cf. In the formulas 
of the cohomological index, we will use the following closed equivariant form on M(s). 

Definition 3.4. — We consider the smooth closed equivariant form on M(s) 

AS(Y) := (2z7r ) - d i m M ( s ) A(M( 5 ) ) 2 (y) 
D . ( W ) 
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which is defined for Y in a (small) neighborhood îls o/OG É(S). 

Here Us is a small K(s)-invariant neighborhood of 0 in t(s). It is chosen so that 
: ad(fc)% = Uksk-i, and M(s) fl M(S) = M(ses) for any s G K and any 5 G Us. 
For any s e K and any 5 G ?4, let ^(s,s) be the normal bundle of M(ses) = 
M(s)flM(5) in M(s). Let Z G *(se 5). Let R(Z) be the if(se5)-equivariant curvature 
of an invariant Euclidean connection on 9f(s,s)' Let 

Eul(jV (., s )) (Z) := ( - 2 7 r ) - r a n k ^ ( ^ ) / 2 dety 2(iî(Z)) 

be its K(ses)-equivariant Euler form. Recall that S induces a complex structure 
Js on the bundle 9f(s,s): the action of S is linear on the fibers of ffl(Sls) a n d we 
take Js = 5 ( — 5 2 ) - 1 / 2 . The square root det^ 2 is computed using the orientation o 
defined by this complex structure. Remark that Eul (N(s,s)) (Z) 18 invertible near 
Z = S, as S acts by an invertible map on the bundle 

Note that the diffeomorphism k : T*M(s) —• T*M(ksk~1) induces a map k : 
ÏÏ™(%,T*M(s)) n^iîlksk-i.^Miksk-1)). It is easy to check that the family 
A s G ÏÏ°°{Us,M(s)) satisfies : 

( H ) k • A s = Aksk-i in .#°°(fca,M(s)), 

(12) Ases(Z) = (-lY A s|M(se s) 
E u l ( ^ ( S i S ) )

2 
(S + Z) in #°° (2 / ,M(se 5 ) ) , 

where U? <Z t(ses) is & small invariant neighborhood of 0, and r = |rankjK^(Sjs). 

Let 7s G £^°(2/(s), T*M(s)) be a family of closed equivariant forms with compact 
support. We look now at the family of smooth invariant functions 

Q (y)7s(F), 
T*M(s) 

A s ( y ) 7 s ( F ) , Y G % . 

Lemma 3.5. — The family #(7)« defines an invariant function ©(7) G C°°(K)K if 

Q (y)7s(F),(AY) in M?(%,T*M(s)), 

and 

lses(Z) = 1s\T*M(ses)(S + Z) in #~(2 / ,T*M(se 5 ) ) , 

where U' C !(se 5 ) is a small invariant neighborhood ofO. 

Proof. — The proof, that can be found in [10] and [7, 8], follows directly from the 
localization formula in equivariant cohomology. Note that the square Eul(^( S ) s)) 2 is 
equal to the equivariant Euler form of the normal bundle of T*M(s es) in T*M(s). • 
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In this article, the equivariant forms 7S that we use are the Chern forms attached 
to a transversally elliptic symbol. Since they have generalized coefficients, we give an 
extension of Lemma 3.5 to this setting in Section 3.5 (see Theorem 3.18). 

3.3. The Chern character with support. — In this subsection, we recall some 
constructions and some results of [18]. 

Let M be a if-manifold. Let p : T*M —• M be the projection. 
Let 6 = <§+ 0 &~ be a Hermit ian if-equivariant super-vector bundle over M. Let 

<r : p*<S+ —• p*6~ be a if-equivariant symbol. Recall that supp(cr) C T*M is the set 
where a is not invertible. In this section, we do not assume that supp(cr) is compact. 

Choose a if-invariant super-connection A on p* <§, without 0 exterior degree term. 
As in [18, 19], we deform A with the help of a : we consider the family of super-
connections 

Aa(t) = A + itvaì t e i , 

on S where va -
0 a* 

a 0 
is an odd endomorphism of S defined with the help 

of the Hermitian structure. Let F(cr, A, t)(X), X G be the equivariant curvature of 
Aa(t). 

We denote by F(X),X G t, the equivariant curvature of A: we have F(X) = 
A 2 + /xA(X) where fiA(X) G S(T*M,End(p*(S)) is the moment of A [6]. Then 
F(cr, A,*)(Jf) G 8(T*M,End(p*£))+ is given by: 

(13) F(<7, A, t)(X) = -t2va + tt[A, Va\ + F(X). 

Let Str : S(T*M, End(p*<S)) -> $(T*M) be the super-trace. Let t G R. Consider 
the if-equivariant forms on T*M: 

Ch(A)(X) = Str(e FW), 

Ch(A,*)(X) = S t r (e p ^ A »*)W) , 

77(a,A,*)(X) = - t S t r f ^ e ^ ^ W ) , 

8(a,AMX) = f 
Jo 

rj(a, A, r){X)dr. 

The forms Ch(A), Ch(A,£) and /3(cr,A, t) are equivariant forms on T*M with C°°-
coefficients. We have on T*M the relation D{f3(a, A, *)) = Ch(A) - Ch(A,*). 

We show in [18] that the equivariant forms Ch(A, t) and ry(cr, A, t) tends to zero 
exponentially fast on the open subset T*M \ supp(cr), when t goes to infinity. Hence 
the integral 

T](aiA,t)(X) = 

i 
T](aiA,t)(X)dt 
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defines an equivariant form with -coefficients on T*M \ supp(a), and we have 
D{P(a, A)) = Ch(A) on T*M \ supp(a). 

We will now define the Chern character with support of o\ For any invariant open 
neighborhood U of supp(cr), we consider the algebra £2[/(T*M) of differential forms on 
T*M which are supported in U. Let $^(£, T*M) be the vector space of equivariant 
differential forms a : t —• S[/(T*M) which are supported in U : £2^(t, T*M) is a 
subspace of J200(t,T*M) which is stable under the derivative D. Let l#~(t,T*M) 
be the corresponding cohomology space. 

The following proposition follows easily: 

Proposition 3.6 ([18]). — Let U be a K-invariant open neighborhood of supp(cr). Let 
X G ë >°°(T*M) be a K-invariant function, with support contained in U and equal to 
1 in a neighborhood o/supp(a). The equivariant differential form on T*M 

c(<r, A, x) = X Ch(A) + d X /?((j, A) 

¿5 equivariantly closed and supported in U. Its cohomology class Cht/(a) m 
c#^(£, T*M) does no£ depend on the choice of (A, x), ^or on £/ie Hermitian 

structure on &. 

Definition 3.7. — We define the "Chern character with support" Chsup(o~) as the col

lection (Chj7(o"))j7, where U runs over K-invariant open neighborhood o/supp(o"). 

In practice, the Chern character with support Ch s u p(o") will be identified with 
a class Che/(a) G J#^(£, T*M), where U is a "sufficiently" small neighborhood of 
supp(o-). 

When a is elliptic, that is when supp(o-) is compact, we can choose x G ff°°(T*M)K 

with compact support, and we denote 

(14) Ch c (o- )G^(« ,T*M) 

the class defined by the equivariant form with compact support c(cr, A, x). 

We introduce now the bouquet of Chern characters with support. 

Let s G K. Then the action of s on 6\M(S) is given by s^, an even endomorphism 
of 6\M(S)- The restriction of UJ to T*M(s) is the canonical 1-form us of T*M(s). 

The super-connection A + itva restricts to a super-connection on p*6\T*M(s). 

Its curvature F(a,A,£) restricted to T*M(s) = N(s) gives an element of U(N(s), 

End(p*6\N(s))). To avoid further notations, if x is a function on M, we still denote 
by x its restriction to M(s), by a the restriction of a to T*M(s), by F(cr,A, t) the 
restriction of F(o-, A,£) to T*M(s), etc. 
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For Y € t(s), we introduce the following AT(s)-equivariant forms on T*M(s): 

Ch,(A)(y) = Str(«*eF ( y )), 
T]s(a,A,t)(Y) = -iStr(vasG

 е^ЛМУ)\ 

ßs(a,A)(Y) 
POO 

Jo 
77 s(a,A,t)(y)^. 

Then /?s(cr, A) is a well defined K(s)-equivariant form with -coefficients on 
T*M(s) \ supp(a) fl T*M(s). We have similarly d/?s(cr,A) = Ch s(A) outside 
supp(cr) f)T*M(s). 

The bouquet of Chern characters (Chsup(cr, S))S€K can be constructed as follows. 

Proposition 3.8. — Let U be a K(s)-invariant open neighborhood ofsupp(<r) HT*M(s) 
in T*M(s). Let x € <&oc(T*M(s)) be a K(s)-invariant function, with support con
tained in U and equal to 1 in a neighborhood o/supp(cr) fl T*M(s). The equivariant 
differential form on T*M(s) 

da, A, x)(Y) = x Ch s(A)(y) + dX А)(У), Y e î(s) 

is equivariantly closed and supported in U. Its cohomology class Chf/(cr, s) in 
&u(t,T*M(s)) does not depend on the choice of (A, X)J n o r o n ^e Hermitian 
structure on &. 

The proof of this proposition is entirely similar to the proof of Proposition 3.6. 

Definition 3.9. — We define the "Chern character with support" Ch s u p(cr, s) as the 
collection (Chjj(<7, s))u, where U runs over the К(s)-invariant open neighborhood of 
supp(a) П T*M(s) in T*M(s) . 

Lemma ЗЛО. — Let s G К and S G К(s). Then for all Y G t(s) П %(S), one has 

cses(a,A,x)(Y) = ca(<T,A,x)(S + У)\ща)пщ3). 

Proof. — Let N = T*M. We have to compare the following forms on N(s) П N(S) 

Ch s e s(A)(y) = Str(e f i e s V< y >), 
Ch s(A)(5 + y ) = Str(**e p< 5 + y>), 

as well as the following forms 

77ses(<7,a;,A, t)(Y) -iStr (vassesôeF^A^YA 

%((7,A,t)(5 + y) -iStr (vasseF^A^YA, 

For Set, the equivariant curvature F(<7, A,t)(S + Y) on N(S) is equal to Ss + 
F(cr, A,t)(Y) as the vector field VS vanishes on N(S). Furthermore, above N(s) fl 
N(S), the endomorphism F(a, A,t)(Y) commutes with Ss, for Y G t(S) M(s). Thus 
the result follows. • 
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Then, for any open neighborhood U of supp(cr), the family (Ch[/(cr, s))seK forms 
a bouquet of cohomology classes in the sense of [10]. 

3.4. The Chern character of a transversally elliptic symbol. — We keep the 
same notations than in the previous sections. We will use definition and results of 
[17] specialized to the case where N is T*M. 

We denote by u the Liouville form on T*M. In local coordinates (q,p) then 
LO = — ^2apadQa- The two-form Q = duj — ^ a dqa A dpa gives a symplectic structure 
to T*M. The orientation of T*M is the orientation determined by the symplectic 
structure (our convention for the canonical 1-form u differs from [7], but the sym
plectic form Q is the same). 

The moment map for the action of if on (T*M, fl) is the map f„ : T*M —> 6* 
defined by (/w(x,0,-y> = (Z,VXX): we have Du{X) = Q + (fUJ,X}. 

Remark that T*KM is the set of zeroes of / w . Recall [14, 17] how to associate 
to the 1-form UJ a if-equivariant form One (a;) with generalized coefficients supported 
near T*KM. 

On the complement of T*KM, the if-equivariant form 

(15) /3(LJ) = —iuj 
'o 

eitDujdt 

is well defined as a if-equivariant form with generalized coefficients, and it is obvious 
to check that Df3(v) = 1 outside T*KM. 

Proposition 3.11 ([14,17]). — Let U' be a if -invariant open neighborhood ofT*KM. 
Let x' € ^^(T^M) be a if -invariant function, with support contained in U' and 
equal to 1 in a neighborhood o/T^M. The equivariant differential form on T*M 

One(o;,x,) = X, + ̂ X , ^ H 
is closed, with generalized coefficients, and supported in U'. Its cohomology class 
Oneu'(u) in ^^/°°(t, T*M) does not depend on the choice of x!• 

This proposition allows us to make the following definition. 

Definition 3.12. — We will denote One(u;) the collection (Oneu'(w))u' • 

It is immediate to verify that 

(i6) Опе(о;1х') = 1 + ^ ( ( х ' - 1 ) / ? И ) 

Thus, if we do not impose support conditions, the if-equivariant form One(o;, x') 
represents 1 in ^ _ 0 0 ( t , T*M). The notation One is suggestive of this fact. 

We consider now a if-transversally elliptic symbol a on M. We have the Chern 
character Chsup(<7) which is an equivariant form with S*00-coefficients supported near 

ASTÉRISQUE 328 



INDEX OF TRANSVERSALLY ELLIPTIC OPERATORS 317 

supp(cr), and the equivariant form One(u;) with 5? 00-coefficients supported near 
T*KM. Since supp(cr) fl T*KM is compact, the product 

Ch sup(cr) A One (a;) 

defines an equivariant form with compact support with 00-coefficients. We summa

rize the preceding discussion by the 

Theorem 3.13 ([17]). — Let a be a K-transversally elliptic symbol. Let ¿7, Uf be re

spectively K-invariant open neighborhoods of supp(cr) and T*KM such that U HUf is 

compact. The product 

Chu (cr) A Oneu'(v) 

defines a compactly supported class in Hcoo(t,T*M) which depends uniquely of 

[v\T.KM)eK°K(T*KM). 

Definition 3.14. — We define Chc(cr,o;) G ̂ ~°°(^, T*M) to be the equivariant class 

ofChu{&) A Onec//(u;) 

We will use the notation 

Chc(cr, a;) = Ch s u p(a) A One(a;) 

which summarizes the fact that the class with compact support Chc(cr,cc;) is repre

sented by the product 

(17) C(<T, A, x) AOne(u>,x') 

where x->X* € S>°°(T*M)X are equal to 1 respectively in a neighborhood of supp((j) 
and T*KM, and furthermore the product xx' is compactly supported. 

Remark 3.15. — If a is elliptic, one can take x with compact support, and x'' = 1 on 
T*M in Equation (17). We see then that 

Chc(<r,u;) = Chc((j) in ?°(«(«),T*M(«) 

Let s G K. Similarly, we denote by One(a;s,x
/) the closed K(s)-equivariant form 

on T*M(s) associated to the canonical 1-form us = u\T*M(s) and a function x' € 
^°°(T*M{s))K(<3) equal to 1 in a neighborhood of T*K{s)M(s). For any K(s)-invariant 
neighborhood U' C T*M(s) of T^ ( s ) M(s) , we denote 

Onew(u;s) G ̂ ?°(«(«),T*M(«)) 

the class defined by One(a;s,x
/) when x! is supported in U'. We denote One(a;s) the 

collection (Onet//(a;, s))t//. 

We defined, in Section 3.3, the family of Chern classes (Chsup(cr, S))S£K for any 
if-invariant symbol. We now define a family (Chc(cr,u;, s))seK with compact support 
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and g7-00-coefficients when a is a if-transversally elliptic symbol on M. Note that the 
restriction o\T*M(s) of a if-transversally elliptic symbol on M is a if (s)-transversally 
elliptic symbol on the submanifold M (s). 

The following proposition is proved in an entirely similar way than Theorem 3.13. 

Proposition 3.16. — Let a be a if-transversally elliptic symbol. Let s G if. 
Let U,Uf C T*M(s) be respectively K(s)-invariant open neighborhoods of 

supp(o-|T*M(s)) and T*K^M such that U DU' is compact. The product 

Ch[/(cr, s) Л Oneu'{u)s) 

defines a compactly supported class in$£c °°(t(s), T*M(s)) which depends uniquely of 
M T ^ ( S ) M ( S ) ] . 

Definition 3.17. — We define Ch c(a,u;, s) G &~°°(l(s), T*M(s)) to be the equivariant 
class ofChu(o~) Л Опеи'(ш) 

The notation 
Chc(cr, ш, s) = Chsup(cr, s) Л One(u;s) 

summarizes the fact that the class with compact support Chc(<r,a;, s) is represented 
by cs(a, A, x) A One(u>s,x') where x,x' G *6°°(T*M(s))K^ are chosen so that \x' i s 

compactly supported. 

3.5. Definition of the cohomological index. — Let if be a compact Lie group 
and let M be a compact if-manifold. The aim of this section is to define the coho
mological index 

indexf'M : K°K(T*KM) -> ^'°°(K)K. 

For any [a] G K ^ T ^ M ) , the generalized function index;?'M([cr]) will be described 
through their restrictions index^'M([(j])|| s, s G if (see Section 3.1). 

In Subsection 3.2, we have introduced for any s G if, the closed equivariant form 
on M(s) 

AS(Y) := ( 2 i 7 r ) - d i m M ^ 
A(M(s))2(Y) 
Ds(N) (Y) 

We wish to prove first the following theorem. 

Theorem 3.18. — Let a be a i f -transversally elliptic symbol. There exists a unique 
invariant generalized function index^'M([cr]) on i f satisfying the following equations. 
Let s G if. For every Y G t(s) sufficiently small, 

(18) indexf'M([<7])|| s(r) = 
T*M(s) 

Л«(У) СЬ 8 и р (а, 5 )(У)0пеЮ(У). 
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As Chc(a,LJ, s) = Chsup(<7, s)(Y) One(a;s)(y) is compactly supported, the integral 
(18) of equivariant differential forms with generalized coefficients defines a generalized 
function on a neighborhood of zero in t(s). However, we need to prove that the 
different local formulae patch together (see Theorem 3.2). The proof of this theorem 
occupies the rest of this subsection. Once this theorem is proved, we can make the 
following definition. 

Definition 3.19. — Let a be a K-transversally elliptic symbol. The cohomological index 
of a is the invariant generalized function index^'M([<r]) on K satisfying Equation (18). 
We also rewrite the formula for the cohomological index as 

(19) indexf>M([a])| s(y) = 
/T*M(s) 

AS{Y) Chc(a,u,s)(Y). 

In particular, when s = e is the identity of the group K, Equation (18) becomes 

(20) mdex^M(\a])(ex) = ( 2 m ) - d i m M 

JT*M 
A(M)2(X) Ch s u p(<r)(X) One(u>)(X). 

Remark 3.20. — In (18), (20) and (19) we take for the integration the symplectic 
orientation on the cotangent bundles. 

Let us now prove Theorem 3.18. 

Proof. — The right hand side of (18) defines a K(s)-invariant generalized function 
6S(Y) on a neighborhood 2/s of 0 in ts. Following Theorem 3.2, the family (0s)seK 
defines an invariant generalized function on K, if the invariance condition and the 
compatibility condition are satisfied. The invariance condition is easy to check. We 
will now prove the compatibility condition. 

Let s G K, and S E ?/ s. We have to check that the restriction ds\s coincides with 
0ses in a neighborhood of 0 in t(s) D t(S) = t(ses). We conduct the proof only for s 
equal to the identity e, as the proof for s general is entirely similar. 

For a differential form a on a manifold AT, we denote by support (a) C N its 
support. For a smooth equivariant form X —• rj(X), its support supporter)) is defined 
as the smallest closed subset containing support{n{X)) for all X G t. 

We have to compute the restriction at 0e||s of the generalized invariant function 

0e(X) ~ 
T*M 

Ae(X) Ch s u p(a)(X)One(o;)(X), X e île. 

For this purpose, we choose a particular representative of the class Chsup(cr)One(o;) 
in c#~°°(i, T*Af). Since this class only depends of [ ^ | T ^ M ] € K°K(T*KM), we choose 
a transversally elliptic symbol ah which is almost homogeneous of degree 0 and such 
that [CT^IT^M] = [CT|T^M]. 

One can show [17] that the moment map f^ : T*M —> 6* is proper when restricted 
to the support supp(<7fc,). We represent Chsup(cr^) by the form c(o~h, A, Xa) where x<j 
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is a function on T*M such that support(x<r) H {||/o;|| 2 < 1} is compact. For this 
choice of x<r> the equivariant form a(X) = AE(X) c(cr ,̂ A, Xa){X) is thus such that 
support(a) fl {||/u;||2 < 1} is compact. It is defined for X small enough. Multiplying 
by a smooth invariant function of X with small compact support and equal to 1 in a 
neighborhood of 0, we may find ct(X) defined for all X £ t and which coincides with 
AE(X) c(o~h, A,X<T)(X) for X small enough. 

We choose x supported in {||/o,|| 2 < 1} and equal to 1 on {||/o;|| 2 < e}, and define 
One (a;) with this choice of x- Then a(X)One(uj)(X) is compactly supported. 

We will now prove the following result: 

Proposition 3.21. — Let ct(X) be a closed equivariant form with C°°-coefficients on 
N := T*M such that {||/a;||2 < 1} H support(a) is compact. Define the generalized 
function 6 6 C - ° ° ( f by 

(21) 0{X) := 
N 

a(X)One(u)(X). 

Then, the restriction 0|| s is given, for Y = Z — S sufficiently close to 0 by 

(22) 9\s(Y) = ( - I ) ' 
'N(S) 

OL\N{S){Z) 

Eul (^ 5 )
2 (£ ) 

•One(u>s){Z). 

Hereofs denotes the normal bundle ofM(S) inM, andr = \(dimM—dimM(S)). 

Remark 3.22. — The integral (22) is defined using the symplectic orientation o(us) 
on N(S) = T*M(5) . The linear action of S on the normal bundle 9f's ofN(S) in N 
induces a complex structure Js : let o{Js) be corresponding orientation of the fibers 
of9f's> We have then on N(S) the orientation o(S) such that o(u>) = o(S)o(Js). One 
can check that (—l) r is the quotient between o(S) and 0(^5). 

Let us apply the last proposition to the form a(X) = AE(X) Ch s u p(cr^)(X). 

If we use (12) and Lemma 3.10, we see that (—l) r

 E ^ ^ ^ 2 (5 + Y) is equal to 

Aes(Y) Ch S U P {(7/ l ,e
5 ) (y) . Hence Proposition 3.21 tells us that the the restriction of 

6e\\s is equal to 0es : Theorem 3.18 is proved. 

Proof. — We now concentrate on the proof of Proposition 3.21. 

Remark that if a is compactly supported, we can get rid of the forms One(a;) and 
One(a;s) in the integrals (21) and (22), since they are equal to 1 in cohomology. In 
this case, the proposition is just the localization formula, as Eul(^s) 2 is the Euler 
class of the normal bundle of T*M(5) in T*M. 

The proof will follow the same scheme as the usual localization formula (see [6]) 
and will use the fact that ct\t(s) is exact outside the set of zeroes of S. To extend the 
proof of the localization formula in our setting, we have to bypass the fact that the 
restriction of One(u;) to t(S) has no meaning, since One(u;) is an equivariant form 
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with generalized coefficients. However, we will use in a crucial way the fact that the 
closed equivariant form One(u;) is the limit of smooth equivariant forms 

O n e T H ( X ) = x + <*X f 
Jo 

{_iueitD.(X))dL 

Here D (OneT(a;)) = dxeiTD(V tends to zero as T goes to infinity. 

Let OneT'(v)(Z) be the restriction of OneT(u;)(X) to i(S). We write / w = + /J 
relative to the K(S)-invariant decomposition t* = t(S)* © q. Then the family of 
K(5)-equivariant forms 

eitDu{Z) _ etidw eit(fS,Z) 

tends to 0 outside { /^ = 0}, as t goes to oo. Since d\ can be non-zero on the subset 
{f5 — 0}, the family of £(S)-equivariant forms OneT(u;)(Z) does not have a limit 
when T —» oo in general. 

Consider the sub-manifold N(S) := T*M(S) of N := T*M. Note that vanishes 
on N(S). Let V be an invariant tubular neighborhood of N(S) which is contained 
m {Il/c3ll2 ^ f }• ^ e a r e m t e r e s t e d m the restriction OneT(a;)|y(Z) to cp/. Since the 
function x is equal to 1 on {||/o;||2 < c}, we see that dxlv is equal to zero in the 
neighborhood Vfl {\\f$||2 < f} of Vfl {/J = 0}. Hence the limit 

(23) OneH | v (Z) = lim O n e T H | v ( Z ) , 
T—•oo 

Z e t(5), 

defines a K(S)-equivariant form with generalized coefficients on V. Note that the 
restriction of One(a;)|y to N(S) C V is the K(S)-equivariant form One(u;s) associated 
to the Liouville 1-form u)s on T*M(S). 

The generalized function 0 € *6~°°{t)K is the limit, as T goes to infinity, of the 
family of smooth functions 

eT{x) := 
'if 

a(X)OneT(w)(X). 

Here the equivariant forms aT = aOneT(w) stay supported in the fixed compact set 
X := {||/J| 2 < 1} n support(a). 

The proof will be completed if we show that the family of smooth functions 
0T(Z), Z G t(S), converge to the generalized function 

e'(Z) := ( - I ) ' 
N(S) 

a(Z) 
Eul (^ 5 )

2 (Z) 
One(o;s)(Z), 

as T goes to infinity, and when Z varies in a small neighborhood of S in t(S). 
Let U be a relatively compact invariant neighborhood of 3C in N. Let x' £ 

^°°(U)K^ be such that x' is supported in Vfl [/, and x' = 1 in a neighborhood of 
JJ(5) = N(S)nU. Here V is a tubular neighborhood of N(S) satisfying the conditions 
for the existence of the limit (23). 
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Choose a if-invariant metric (—, —) on TN. Let A be the if (S')-invariant 1-form 
on N defined by A = (VS, - ) . Note that D(X)(S) = d\- \\VS\\2 is invertible outside 
N(S). One sees that 

Pxf(Z) = xf + dX

> 
X 

DX{Z) 

is a if (S')-equivariant form on U for Z in a small neighborhood of S. The following 
equation of if(S)-equivariant forms on U is immediate to verify: 

(24) \=PX,+D\ ( i - x ' ) DX, 

Since the iC(5)-equivariant forms 

aT(Z) := a(Z)OneT(u;)(Z) 

are supported in U, one can multiply (24) by aT. We have then the following relations 
between compactly supported If (S)-equivariant forms on N: 

aT = Px>aT + D (1-x') _ A _ 
DX 

T 
a 

= Px>aT + D ( i - x O 
_ A _ 
D A 

T 
a + ( i - x O DX D{aT). 

According to this equation, we divide the function 0T(Z) in two parts 

9T(Z) = AT(Z) + BT(Z), for Z — S small 

with 

AT(Z) = 
IN 

Px,(Z)aT(Z) 

and 

BT(Z) = 
JN 

(1-x') A 

DX(Z) 
DaT(Z) = 

JN 
(1 - v') 

A 

DX(Z) 
a(Z)dXeiTD^zK 

Let p : V —• N(S) be the projection, and let i : N(S) —• V be the inclusion. 
Since the form PX<(Z) is supported in V, the family of smooth equivariant forms 
Px>(Z)a(Z)OneT(u))(Z) converges to 

P x,(Z)a(Z)One(w)|V(Z) 
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as T goes to oo, by our previous computation of the limit (23). Hence the functions 
AT(Z) converge to 

v 
Px,(Z)a(Z)One(u;)\v(Z) = 

v 
?X>(Z) p*oi* (aOne(o;)|v) (Z) [1] 

>N(S),o(,S) 
p.(P x 0(Z) a\N{s)(Z)One(ws)(Z) [2] 

N(S),o(S) 

<X\N(S)(Z) 

Eul (^ s )
2 (Z ) 

One(1-x')(Z) [3] 

= ( - l ) r 

'N(S) 

(*\N(S){Z) 

Eul (^ 5 )
2 (Z) 

One(w s)(Z). [4] 

Points [1] and [2] are due to the fact that a(Z)One(u;)|y(Z) is equal to p*o 
i* (a One(t<;)|y) (Z) in #C~°°{l{S), V) and that Px> has a compact support relative to 
the fibers of p (here denotes the integration along the fibers). For point [3], we use 
then that p* (P x/) multiplied by the Euler class (2) of V is equal to the restriction of 
Px/ to iV(S), which is identically equal to 1. In [4], we use the symplectic orientation 
for the integration. 

Let us show that the integral f^s^ BT(Z)y>(Z)dZ tends to 0, as T goes to infinity, 

for any (p G#C~°°{l{S) supported in a small neighborhood of S. As dete/|(£)(Z) 

does not vanish when Z — S remains small enough, it is enough to show that 

I(T) := 
RATXT(5) 

( i -x ' ) 
A 

D\{Z) 
DaT(Z)<p(Z)dettmS)(Z)dZ 

tends to 0, as T goes to infinity. We have 

I(T) := 
fNxt(S) 

eiTD.(Z)v{z)detî/î{s){z)dZ 

where rj(Z) = (x; — l)-^^a{Z)dx^p{Z) is a compactly supported K(5)-equivariant 
form on N with ^^-coefficients, which is defined for all Z G t(S). Furthermore we 
have rj(Z) = 0 for Z outside a small neighborhood of S and 

support(rj) fl {fuj = 0} = 0. 

There exists a if-equivariant form R : I —• ffi(N) such that T(Z) = rj(Z) for any 
Z — S small in 1{S). Indeed we define T(X) = k • rj(Z) for any choice of k, Z such 
that k - Z = X. Here X varies in a (small) neighborhood of K • S. As n(Z) is zero 
when Z is not near 5, the map X T(X) is supported on a compact neighborhood 
of K • S in T. We see also that 

(25) support (R) fl { / „ = 0} = 0. 

(2) The Euler form of the vector bundle V —* is equal to the square of the Euler form of the 
normal bundle 9fs of M(S) in M. 
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Condition (25) implies that the integral J(T) := JtxN e

i T D u J ^ T(X)dX goes to 0, 
as T goes to infinity. But I(T) = J(T). Indeed, write X — k • Z and apply the Weyl 
integration formula. We obtain 

JIT) = 
U(s) KxN 

jTDu,(k-Z)T(k.z)dk det t/t(s)(Z)dZ 

h(S) JKXN 
k • ' eiTD"W n{Z) dk detims)(%)dZ. 

Integration on the K-manifold N is invariant under diffeomorphisms, thus 

J(T) = 
t(s) JN 

eiTDu,(z) v ( z ) d e t {Z)dZ = I(T). 

We have shown that the family of smooth function BT(Z) goes to 0, as T goes to 
infinity. The proof of Proposition 3.21 is then completed. • 

Let H be a compact Lie group acting on M and commuting with the action of K. 
Then the space T*KM is provided with an action of K x H. 

Lemma 3.23. — / / [a] G K.(jCxH(T^cM), then the cohomological index index^'H 'M 

([cr])(fc, h) G C~°°{K x H)KxH is smooth relative to the variable h G H. 

Proof. — We have to prove that for any s = {s\, 52) G K x iJ, the generalized function 

ìuàe^M{\a])\s{YuY2) 

which is defined for (Yi, Y2) in a neighborhood of 0 in t(si) x f)(s2), is smooth relative 
to the variable I2 G f)(s2)- We check it for s = e. 

We have 

(26) i ndex f ' / f ' M (H) i e (X i y) = 
IT* M 

A e (X, Y) ChS U P(<7)(X, Y)One(u;)(X, Y) 

for (X, Y) G t x J) in a neighborhood of 0. The equivariant class with compact support 
Chsup(a)One(o;) is represented by the product c(cr, A,x)One(cj,x') where (x>x') is 
chosen so that x = 1 m a neighborhood of supp(cr), x' = 1 m a neighborhood of 
T ^ x H M , and xx' is compactly supported. 

Since a is iif-transversally elliptic, the set supp(a) fl T*KM is compact. Hence we 
can choose (x, x') so that x' = 1 in a neighborhood of T*KM and xx' is compactly 
supported. It easy to check that the equivariant form One(o;, x')(^> ̂ 0 l s then smooth 
relative to the variable Yet). This show that the right hand side of (26) is smooth 
relative to the variable Y G f). • 

Remark 3.24. — We will denote ChJ(cr,a;)(X, Y) the K x H-equivariant form defined 
by the product c(a, A, x)One(a;, x') where (x, x') ^s chosen so that x = 1 in a> neighbor
hood ofsupp(a), x' = 1 * n a neighborhood ofT*KM, and xx' ^s compactly supported. 
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The equivariant form Ch*(<7,u;)(X, Y) is compactly supported and is smooth relative 

to the variable Y £ f). 

4. The cohomological index coincides with the analytic one 

In this section, we now prove that the cohomological index is equal to the analytical 
index. The main difficulty in the proof of this result in Berline-Vergne [7, 8] was to 
prove that their formulae were defining generalized functions which, moreover, were 
compatible with each other. The heart of this new proof is the fact the Chern character 
with compact support is multiplicative. Thus we rely heavily here on the results of 
[17], so that the proof is now easy. 

Theorem 4.1. — The analytic index of a transversally elliptic operator P on a K-

manifold M is equal to index^" ,M([crp]). 

To prove that the cohomological index is equal to the analytic index, following the 
Atiyah-Singer algorithm, we need only to verify that the cohomological index satisfies 
the properties that we listed of the analytic index: 

— Invariance by diffeomorphism : Diff, 
— Functorial with respect to subgroups : Morph, 
— Excision property, 
— Free action properties, 
— Multiplicative properties, 
— Normalization conditions [N1],[N2] and [N3]. 

The invariance by diffeomorphism, the functoriality with respect to subgroups and 
the excision property are obviously satisfied by index^"'M. 

4.1. Free action. — We now prove that the cohomological index satisfies the free 
action property. We consider the setting of Subsection 2.3.3. The action of K on the 
bundle T*KP is free and the quotient T^P/K admit a canonical identification with 
T*M. Then we still denote by 

q : T*KP -> T*M 

the quotient map by K: it is a G-equivariant map such that g - 1(T^M) = T*KXGP. 

We choose a G-invariant connection 0 for the principal fibration q : P —> M of 

group K. With the help of this connection, we have a direct sum decomposition 

T*P = T*KP®PXI*. 

Let 7Ti : T*P —• T*KP and 7r2 : T*P —• P x t* be the projections on each factors. Let 

Q : T*P T*M 
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be the map q o m. 

Let a be a G-transversally elliptic morphism on T*M. Its pull-back Q*o~ is then a 
K x G-transversally elliptic morphism on T*P : we have supp(QV) = Q_1(supp(<r)) 
and then supp(QV) fl T*KXGP = q~1(supp(a) fl TQM) is compact. 

Theorem 4.2. — Let P —> M be a principal fibration with a free right action of K, 

provided with a left action of G. Consider a class [a] G K.Q(TQM) and its pull-back 

by Q : [Q*cr] G K ^ x G ( T ^ x G P ) . Then we have the equality of generalized functions: 

for (k,g)eKxG 

indexf x G ' p([QV])(fc,p) 

reK 

Tr(k,T)mdex°>M([crr*))(g). 

The rest of this section is devoted to the proof. We have to check that for any 
(5, s') G K x G we have the following equality of generalized functions defined in a 
neighborhood of x Q(S') : 

(27) i n d e x f x G ' P ( [ Q V ] ) | | ( s , s 0 ( X , R ) , 

eze 
T Ï ( S e V ) indexf M ( [ a T . ] ) |UF) . 

We conduct the proof of (27) only for (5, s') = (e, e) the identity of K x G. This 
proof can be adapted to the general case by using the same arguments as Berline-
Vergne [8]. 

First, we analyze the left hand side of (27) at {s,s') = (e, e). 
We consider the K x G-invariant 1-form v — (£, 6) on P x t* : here J e S ^ P ) ® ! 

is our connection form, and £ is the variable in t*. We have 

(28) Dv(X,Y) = dv+(Ç,p{Y)-X), X € t, Y eg. 

where n(Y) = -6{VY) e C°°(P) ® t 

We associate to u the K x G-equivariant form with generalized coefficients 
(3{-v){X,Y) = iv/0°°e-itD^x'YUt, (X,Y) e t x g, which is denned on the open 
subset P x t* \ { 0 } . One checks that j3{—u){X,Y) is smooth relative to the variable 
Y € Q. Let xt« 6 '6°°{i*)K be a function with compact support and equal to 1 near 
0. Then 

(29) One(-u)(X,Y) := X t . + dXi-P{-v)(X,Y) 

is a closed equivariant form on P x 6*, with compact support, and which is smooth 
relative to the variable Y € g. 

Let a be a G-transversally elliptic morphism on T*M. Its pull-back Q*a is then 
a if x G-transversally elliptic morphism on T*P. Let o;p and UJM be the Liouville 1-
forms on T*P and T*M respectively. We have defined the equivariant Chern classes 
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with compact support C\ic{a,uM) G Mc °°(ö,T*M) and Chc(QV,u;p) € J#c

 00(t x 
g, T*P). 

Proposition 4.3. — We have the following equality 

Chc(Q V,U>P)(X, Y) = Q*( Chc(<r,CJM)) 0 0 A TT2* (One(-i/)) (X, Y) 

in 3£c°°(t x g,T*P). Note that the product on the right hand side is well defined 
since One(—v)(X,Y) is smooth relative to the variable Y G Q. 

Proof — The proof which is done in [17] follows from the relation 

(30) uP = Q*(uM)-7TÌ(v). • 

We now analyze the term 

indexf x G ' p ( [ Q V ] ) | | ( e , e ) ( X , Y ) = (2in)-dimP 

T*P 
Â(P) 2Ch c(Q*<7,u, P)(X,Y). 

An easy computation gives that A(P) 2 (X,Y) = j e ( X ) ~ V A ( M ) 2 ( Y ) , with 

jt(X) = det* ( e a d ( X ) / ad (x ) a d ( X ) / 2 ) • ^ w e u s e P r oP o sition 4.3, we see that 

indexf x G ' p ( [QV]) l ( e > e ) (X,Y) 

(31) 

(2t7r)-d i m P 

MX) TP 
7TÏoq*(A(M)2 Chc(a,a>M))(Y) A ^One(-u)(Xt Y) 

(2iir)-dimP 

MX) T* P 
K 

Q* (A(M)2Chc(aiu;M))(Y)A 
0 

One(-*/)(X,Y). 

Let us compute the integral / t „ One(—v)(X, Y). 
We choose a K-invariant scalar product on I and an orthonormal basis E1,..., Er 

of with dual basis Eu ..., Er : we write X = Y^k XkE
k for I G ! , and £ = ]T F C £kEk 

for £ € ft*. Let Ok = (Ek, 0) be the 1-forms on P associated to the connection 1-form. 
Let vol(K, dX°) be the volume of K computed with the Haar measure compatible 
with the volume form dX° = dX\... dXr. 

We have dv = J2k £kd0k + d£k@k, and (30) gives that 

((Lupfm P = q* (du>Mf
m M A 6r • • • 01 A TT2* (d£i • • • d£r). 

So, in the integral (31), the vector space V is oriented by the volume form d^° = 
d£i - - • d£r, and T^P is oriented by q* ((L)M) i m A 0r • • • 6\. 

Let O = d6 + 6] G $ (P) 0 6 be the curvature of 6. The equivariant curvature 
of 6 is 

e(Y) = //(Y) + e . 

Then 0(Y) G S(P) (8) Us horizontal, and the element 9 G S 2 (P) (8) t is nilpotent. If 
<p is a g*00 function on then (p(Q(Y)) is computed via the Taylor series expansion 
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at /I(Y)(P) and <P(Q(Y)) is a horizontal form on P which depends smoothly and G-
equivariantly of 7 € fl. When TP E COO(T) is if-invariant, the form <P(Q(Y)) is basic, 
hence we can look at it as a differential form on M which depends smoothly and 
G-equivariantly ofYeg. 

Definition 4.4. — Let 8(X — O(Y)) be the K x G-equivariant form on P defined by 
the relation 

0x0 
S(X - S(Y))(P(X, Y)DXDY := vol(K, DX) 

0 
<p(Q(Y),Y)dY9 

for any ip e ^°°(t x g) with compact support. Here vo\(K,dX) is the volume of K 
computed with the Haar measure compatible with dX. 

One sees that S(X — Q(Y)) is a K x G-equivariant form on P which depends 
smoothly of the variable Y G g. 

Lemma 4.5. — Let l* be oriented by the volume form d£° = d£i • • • d£r. Then 

0x0x 
One(-v)(X,Y) = (2in)dimKS(X - Q(Y)] 

0r ' • • 6\ 

vol(K, DX°) 

Proof. — Take Xt*(0 = #(ll£l|2) where g € J?£°(R) is equal to 1 in a neighborhood of 
0. Let <P € and let = FT e^ ' x > cp(X)DX° be its Fourier transform relative 
to DX°. 

To compute the integral over the fiber I* of One(—v)(X,Y), only the highest 
exterior degree term in d£ will contribute to the integral. This term comes only 
from the term DXI* P(—v)(X, Y) in One(—u)(X1 Y) := Xt* + dxt*0(-v)(X,Y). We 
compute 

e e 
One(-v)(X,Y)) tp(X)dX° = 

I , 
j One{-v)(X,Y)<p{X)dX° 

e 
dxf {iv) 

/•OO 

'0 
e-it(d,+((MY))) ç ^ ) d t 

poo 

Jo 

j 
d X ^ H e " ^ + ( ^ ( y ) ) ) ^ ) dt. 

I(T) 

Since du = ^2k tikdOk + d£k6k, the differential form dxt*(iv) e % t d v is equal to 

2ig'(U\\2) (X - S(Y))(P(X, Y)DXDY := vol(K, 

j k I 
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and its component [dxi* (iv) e i t d l / ] m ax of highest exterior degree in d£ is 

[dXr(iv)e-it*']max = -2(-tT* r-V(IKII 2)llf II2 I I A °ô) * - m ì d e ) 

3 
= - 2 ( 0 r * p - 1 Or • • • e1 < / ( | | £ L L 2 ) L L £ L L 2 e -««-^ < R . 

So for t > 0 we have 

I(t) = -2(t) pi r - 10r"-0i 
7,. 

9\\№2)\№2e-imde+»{Y))$№d(i° 

= (i)rör---öl 
A. 

( - 2 f l ' ( » ) » e-i<Ç,rfé>+M(y)) £(£)d£° 

= (»)rör---«l dì t 
\№2)\№2e-imde+»{Y))$№d(i° 

Finally / , (L One{-v)(X,Y)) <p{X)dX° is equal to 

Jo 
i(t)dt = {i)rer • • • öi 

h 
e-i«,d»+M(y» £(£)d£° 

= (2«r)r Ör • • • 6>i ̂ (dfl + /i(y)) 

= (2«r)r Ör • • • 6>i ^(dfl + /i(y)) 

= (2z7r)r 

Jt 
s(x - e(Y))<p(x)dx° 

6R ' ' ' 6\ 

vo\{K,dX°)' 

The last lemma shows that indexf xG'p([Q*a])\^e)(X,Y) is equal to 

(32) 

(2i7r)-d i m M 

MX) /x* p 
K 

q* (Â(M) 2 Chc(<r,u>M))(Y) S(X - 0 (y ) ) 
6R ' ' ' 6\ 

vol( K,dX°) 

(2i7r)-d i m M 

MX) 'T*M 
A(M) 2 (F) Chc(a, W M ) ( y ) S0(X - G(Y)). 

Here (JOPT — ©00) denotes the closed if x G-equivariant form M denned by the 
relation 

S0(X - Q(Y))<p(X)dX = vol(K,dX)Jp(e(Y)) 

for any <p G Coo Here <p(X) := vol(if, dfc) 1 <p(kX)dk is the if-invariant func
tion obtained by averaging ip. 

Now we analyze the right hand side of (27) at (s,sf) = (e, e). Here the 
Chern class Ch s u p(crT*)00 is equal to Ch s u p(cr)00 Ch(V T*)00 where the equiv
ariant Chern character Ch(V r*)00 is represented by Tr(e e ^ y \ r*). Hence 
Chc(orT*,o;M)(y) = Ch c (a,o; M )(y)Tr(e e ( y ) ,rO. So the generalized function 
^ r ^I r (e^ , r ) index^ M ( [a T *] ) | | e (y ) is equal to 

(33) (2m)- d i m M 

T*M 
A(M) 2 (y) Chc(a, u ; M )00 S(X, 6(F)) 
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where S(X, X') is a generalized function on a neighborhood of 0 in I x $ defined by 
the relation E(X,X') = Y,Tek ^ X ^ T ) T*(?x', 

The Schur orthogonality relation shows that 

E(X,X')=jî(X)-1S0(X-X'). 

In other words, E(X, X') is smooth relative to the variable X' and for any cp G 
<g°°(fyK ^ i c h i s supported in a small neighborhood of 0, we have vol(K, dX)ip(X') 
= ftE(X,X')jt(X)ip(X)dX. 

Finally, we have proved that the generalized functions (32) and (33) coincide: the 
proof of (27) is then completed for (s, sf) = (e, e). 

4.2. Multiplicative property. — We consider the setting of Subsection 2.3.2. 
We will check that the cohomological index satisfies the Multiplicative property (see 
Theorem 2.5). 

Let Mi be a compact K\ x K2-manifold, and let M 2 be a ̂ -manifold. We consider 
the product M := Mi x M 2 with the action of K := K\ x K2. 

Theorem 4.6 (Multiplicative property). — For any G K(JCIXK2(T*KIMI) and any 
W € K t ( T ^ M 2 ) we have 

(34) index* 'M([<7!] 0 e x t [a2]) = indexf- x-M l([cr 1])indexf 2 'M 2([c7 2]). 

The product on the right hand side of (34) is well defined since 
index^"1'*2^1 ([<TI])(fci, fc2) is a generalized function on K\ x K2 which is smooth 
relative to the variable fc2 G K2 (see Lemma 3.23). 

Proof. — Let <7i be a morphism on T*Mi, which is K\ x i 2̂-equivariant and K\-
transversally elliptic. Let <J2 be a morphism on T*M 2, which is K2-transversally 
elliptic. The morphism cr2 can be chosen so that it is almost homogeneous of degree 
0. Then the product a := o\ 0 e x t cr2 is a If-transversally elliptic morphism on T*M, 
and [a] = [en] 0 e x t [02] in K°K(T*KM). 

We have to show that for any s = (si, s 2) G K\ x if2, we have 

(35) i ndex^ M (H) l s (y 1 ) y 2 ) = 

index^K^([aMsAYi,Y2)index^M%[a2})is2(Y2) 

for (Yi, F2) in a neighborhood of 0 in ti(si) x t 2 (s 2 ). We conduct the proof only for 
s equal to the identity e, as the proof for 5 general is entirely similar. 

For k = 1,2, let 7T/C : T*M —> T*Mfc be the projection. The Liouville 1-form w on 
T*(Mi x M 2 ) is equal to n{(jJi + 7R2u;2, where a;̂  is the Liouville 1-form on T*Mfc. 
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We have three index formulas: 

indexf^acrDIU*!,^) (2z7r)- d i m M 

T* M 
Â(M) 2 Chc(a, v)(X1 ,X2), 

indexf ' M l (k 1 ] ) | |e(X l j X 2 ) (2i7r)- d i m M l 

r*Mi 
A(M1)

2Ch1

c(alìu;1)(XlìX2)ì 

;ndexf-M 2([a 2])| | e(X 2) (2z7r)- d i m M 2 

T*M2 

A(M 2)
2Ch C(<7 2 ,a, 2)(X 2). 

Following Remark 3.24, Ch*(cri, a>i)(Xi, X2) denotes a closed equivariant form with 
compact support which represents the class Chc(ai,a;i), and which is smooth relative 
to X2 G t2. 

It is immediate to check that A(M)2(XUX2) = A(Mi) 2(Xi,X 2)k(M 2)
2(X 2). 

Hence Equality (35) follows from the following identity in x £2,T*M) that 
we proved in [17]: 

7TÏ Ch^(aliu;1)(XuX2) A TT2* Chc(a2lu2)(X2) = Chc(*,u>)(X1,X2). 

4.3. Normalization conditions 

4.3.1. Atiyah symbol. — Let V := C[i] be equipped with the canonical action of S1. 
The Atiyah symbol aAt was introduced in Subsection 2.4.2 : it is a S1 -transversally 
elliptic symbol on V. It is the first basic example of a "pushed" symbol (see Subsection 
5.1). 

We consider on V the Euclidean metric (v,w) = $l(vw) : it gives at any v G V 
identifications TVV ~ T*V ~ C[ij. So in this example we will make no distinction 
between vectors fields and 1-forms on V. Let K(£I) = i£i be the vector field on V 
associated to the action of S1 : K = —VX where X = i G Lie(51). 

Let ay be the symbol on the complex vector space V: at any (£i,£ 2) G T*V, 
0"v(£i,£2) : A°V —• A 1 ^ acts by multiplication by £2. We see then that 

o-At ( 6 , 6 ) = <7 y (£i, f 2 + « (£i ) ) • 

The symbol a At is obtained by "pushing" the symbol a by the vector field K. 
We can attached to the 1-form k, the equivariant form One(ft) which is defined 

on V, and localized near {K = 0} = {0} C V. Since the support of ay is the zero 
section, the equivariant Chern character Ch sup(<jy) is an equivariant form on T*V 
which is compactly supported in the fibers of p : T*V —> V. Then the product 
Chsup(cry)p*One(ft) defines an equivariant form with compact support on T*V. 

Here we will use the relation (see Proposition 5.5) 

(36) Chsup(c7At)One(a;) = Chsup(av) p*One(ft) in (alìu;1)(XlìX2) 

Using (36), we now compute the cohomological index of the Atiyah symbol. 
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Proposition 4.7. — We have 

[N3] index c

s l^([aA t])(e i 0) = 
OO 

71=1 
e i n e . 

Proof. — We first prove the equality above when s = el6 is not equal to 1. Then, 
near s, the generalized function - J2nLi e i n d i s analytic and given by -

Now, at a point s G S1 different from 1, the fixed point set V(s) is {0}. The 
character Chs(S) is (1 — s), and the form Ds($f) is (1 — s)(l — s - 1 ) . Thus 

indexf ,V(s) = 
(1-8) 

( l _ s ) ( l _ s - l ) 

S 

1-s' 

This shows the equality of both members in Proposition 4.7 on the open set s ̂  1 of 
S1. 

We now compute near s = 1. Thanks to Formula (36) we have 

indexf 'v(<7At)|i(0) = (2¿TT)- 2 

RT*V 
MV)2(0) Chsup(av){6)p*One(K)(0). 

The Chern character with support Chsup(<7v)(0) is proportional to the S1-
equivariant Thorn form of the real vector bundle T*V —• V. More precisely, 
calculation already done in [18] shows that 

Chsup(<7vO(0) = (2i7T 
eie-l 

iO 
Thom(T*F)(0). 

However the symplectic orientation on T*V ~ C 2 is the opposite of the orientation 
given by its complex structure. Now 

k{Vf{9) -
(id){-i0) 

( l - e ^ ) ( l - e - i 0 ) 
Thus we obtain 

mdexf »v(<7At)|i(0) = 
-iO 

(1 - e-iB) 
1 

0 v 
One(/c)(0). 

As (l-e- i#) 
-iO 

~ f-ie%x6 dx, we see that 
(1-e-ie) 

-i6 -Y,n=iein9) f^eix6dx. It 

remains to show 

(37) 
1 

2¡7T Jv 
One(«)(0) = 

/•OC 

Jn 
eir6dr. 

We have DK(0) = 0(x2 + y2) + 2dx Ady. Take a function g on R with compact support 

and equal to 1 on a neighborhood of 0. Let \ = #(#2 + V2)- Then 

One(«)(0) = x - ¿ d x A « 
poo 

Jo 
eitDK(0)dt 

= g(x2 + y2) - 2ig'(x2 + î/2)dx A <fy 
/«00 

/0 
{x2 + y2)eiet^+y2Ut 
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= g{x2 + y2) - 2ig'{x2 + y2)dx A dy 
poo 

Jo 
emdt. 

Finally we obtain (37) since Jv —2ig'(x2 + y2)dx A dy = 2in. This completes the 
proof. • 

4.3.2. Bott symbols. — We will check here that the cohomological index satisfies the 
condition [N2]: index^ v^ , v(Bott(Vc)) = 1, for any Euclidean vector space V. 

We have explain in Remark 2.8 that it is sufficient to prove [N2] for the cases: 
• V = R with the action of the group 0(V) = Z/2Z, 
• V = R 2 with the action of the group SO{V) = S1. 
Let V = R with the multiplicative action of Z 2 . We have to check that 

indexf'Z2(Bott(C))(e) = 1 for e G Z 2 . When e = 1, we have 

indexf'Z2(Bott(C))(l) = (2in)~1 

'T*R 
A(R)2Ch c(Bott(C)). 

Here A(R) 2 = 1. We have proved in [18] that the class Chc(Bott(C)) G ^ ( T * R ) is 
equal to 2in times the Thorn form of the oriented vector space of R 2 ~ T*R. Hence 
index^Z2(Bott(C))(l) = 1. When e = - 1 , the space T*R(e) is reduced to a point. We 
see that Chc(Bott(C), e) = 2, De{Jf) = det(l-e) = 2. Then index{f'Z2(Bott(C))(l) = 
Chc(Bott(C),e) _ -, 

Let V = R 2 with the rotation action of S1. Like before index^2" s l(Bott(C2))(l) 
is equal to 1 since the Chern class Chc(Bott(C2)) is equal to (2i7r)2 times the Thorn 
form of the oriented vector space of R 4 ~ T*R2. When ei0 ^ 1, the space T*R 2(e^) 
is reduced to a point. We see that Chc(Bott(C), ei0) = D^ff) = 2(1 - cos(0)). 
Then indexf " 9 l(Bott(C 2))(e^) = 1. 

5. Examples 

5.1. Pushed symbols. — Let M be a if-manifold and N = T*M. Let & ± -> M 
be two iiT-equivariant complex vector bundles on M and a : p*8+ —* p*6~ be a K-
equivariant symbol which is supposed to be invertible exactly outside the zero 
section : the set supp(cr) coincides with the zero section of T*M. 

If M is compact, a defines an elliptic symbol on T*M, thus a fortiori a transversally 
elliptic symbol. 

Here we assume M non compact. Following Atiyah's strategy [1], we can "push" 
the symbol a outside the zero section, by means of a î -invariant real 1-form n on 
M. This construction provides new transversally elliptic symbols. We recall some 
definitions of [17]: 
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Definition 5.1. — Let K be a real K-invariant 1-form on M. Define fK:M-+t* by 
(fK(x),X) = (K(X),VXX). We define the subset CK of M by CK = f^(0). We call 
CK the critical set of K. 

We define the symbol a{n) on M by 

Œ(K)(X^) = o~(x,Ç + K(X)), for (a?,0 GT*M. 

Thus is not invertible at (x,£) if and only if £ = —K(X), and then (#,£) G 
supp((x(«)) fl T*KM if £ = and V XX) = 0 for all X G t. Thus 

supp(or(«)) H T ^ M = {(x, -«(a;)) | a; G C*}. 

If C« is compact, then the morphism O~(K) is transversally elliptic. 

Using a if-invariant metric on TM, we can associate to a if-invariant vector field 
CK on M a if-invariant real 1-form. 

Example 5.2. — Let S G ! be a central element of I such that the set of zeroes of VS 
is compact. Then the associated form Ks{*) — (V5, •) is a K-invariant real 1-form 
such that CKs is compact. Indeed the value of fKS on S is \\VS\\2, so that the set CKs 

coincides with the fixed point set M(S). 

Definition 5.3. — If K is a K-invariant real 1-form on M such that CK is compact, 
the transversally elliptic symbol 

<r(«)(a?,£) = a(x^-h K(X)) 

is called the pushed symbol of a by K. 

Example 5.4. — The Atiyah symbol is a pushed symbol defined on M = R 2 (see Sub
section 4.3.1). 

We construct as in (15) the if-equivariant differential form 

ß(n)(X) = —in A 
poo 

Jo 
eitDK(X) d t 

which is defined on M\CK. We choose a compactly supported function x* o n M 
identically 1 near CK. Then the if-equivariant form 

One(«)(X) = x« + dx^ (« ) (X ) 

defined a class in c#~°°(6, M). 
The if-equivariant form One(ft) is congruent to 1 in cohomology without support 

conditions. Indeed one verify that One(«) = 1 + D((XK — 
Let p : T*M —> M be the projection. We can multiply the if-equivariant form 

p*One(K,)(X) with C~00-coefficients by the if-equivariant form Ch s u p(cr)(X). In this 
way, we obtain a if-equivariant form with compact support on T*M. 
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Proposition 5.5. — The K-equivariant form Ch s u p(cr)p*One(«) represents the class 

Ch c(a(«),a;) in^ f7°° (E ,T*Af) . 

Proof. — By definition the class Chc(cr(tt),u;) is represented by the product 
Chsup(cr(ft))One(a;). We first prove Chsup(cr(tt))One(a;) = Chsup(cr(K))One(p*«) 
in # C - °° (E ,T*M). 

Indeed if (#,£) G supp(cr(/s)), then £ = —K(X). Thus (u(x,£),v) = —(£,p*v) 
= (K,(X),P*V) where v is any tangent vector at (#, £) G T*M. So the 1-forms U) and p*K 
coincides on the support of G(K). Thus Chsup(a(/s))One(u;) = Chsup(cr(«))p*One(«) 
as consequence of ([17], Corollary 3.12). 

Let us prove now that ChSUp(<7(«))p*One(/s) = Chsup(cr)p*One(«;). Consider the 
family of symbols on M defined by at(x,£) = cr(x,£ + tft(x)) for t G [0,1] : we have 
ao = a and o\ = a(/s). 

On a compact neighborhood ll of C*, the support of at stays in the compact 
set {(#,£) : x G 2/, £ = —TK,(x)} when £ varies between 0 and 1. It follows from 
([17], Theorem 3.11) that all the classes Ch.sup(at)p*One(K,), t G [0,1] coincides in 
^ ° ° ( « , T * M ) . • 

Similarly for any s G K, we consider the restriction KS of the form K to M(s). We 
finally obtain the following formula: 

Theorem 5.6. — For any s G K and X G l(s) small, the cohomological index 
index^"'M([cr(«)])| s(Y) is given on t(s) by the integral formula: 

JT*M(S) 
AS{Y) Ch s u p(a,s)(Y)One(* s)(Y). 

In particular, when s = e we get 

indexf'M([aMl)| | e(X) = (2i7r)-dimM 

'T*M 
A{M)2{X) Chsup(a)(X)One(K)(X). 

An interesting situation is when the manifold M is oriented, and is equipped with 
a if-invariant Spin structure. Let <^M —> M be the corresponding spinor bundle. 
We associate to any if-equivariant complex vector bundle E —> M the if-invariant 
symbol o~fpin : p*{<$Xi ® E) —> P*(</$M <S> E) : its support is exactly the zero section of 
the cotangent bundle. For any invariant 1-form K on M such that CK is compact we 
consider the transversally elliptic symbol in{it). 

We have proved in [181 that 

Ghsup(afpin)(X) = ( 2 m ) d i m M A ( M ) - 1 ( X ) Ch(E)(X) Thom(T*M)(X). 

Hence Theorem 5.6 tells us that 

indexf'M([af P I N(K)])I e(X) = 
IM 

Â(M)(X) Ch(E)(X)Oae(K)(X). 
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5.2. Contact manifolds. — The following geometric example is taken from [11]. 
Let M be a compact manifold of dimension 2n 4- 1. Suppose that M carries a 

contact 1-form a ; that is, E = ker(a) is a hyperplane distribution of TM, and the 
restriction of the 2-form da tp E is symplectic. In this context, the Reeb vector field 
Y is uniquely determined by the conditions a(Y) = 1 and £(Y)a = 0. We have then 
canonical decompositions TM = E 0 RY and T*M = E* 0 E° with E° = Ra. 

Let J be a if-invariant complex structure on the bundle E which is compatible 
with the symplectic structure da. We equipped the bundle E* with the complex 
structure J* defined by J*(£) := £ o J for any cotangent vector £. We note that the 
complex bundle (E*,J*) is the complex dual of the vector bundle (E,J). 

We consider the Z2-graded complex vector bundle 8 := Aj*E*. The Clifford action 
defines a bundle map c : E* —> Endc(<§). We consider now the symbol on M 

ob : p*(E+) --> p*(E-) 

defined by 07,(2;, £) = c(£') where £' is the projection of £ € T*M on JE*. 
We see that the support of is equal to E° C T*M : 07, is not an elliptic symbol. 
Let if be a compact Lie group acting on M, which leaves a invariant. Then E, E* 

are K-equivariant complex vector bundles, and the complex struture J can be chosen 
if-invariant. The morphism o~b is then if-equivariant. 

We suppose for the rest of this section that 

(38) E°nT*KM= zero section of T*M. 

It means that for any x E M, the map fa{x) • X H-> ax(VxX) is not the zero map. 
Under this hypothesis the symbol ab is transversally elliptic. 

Under the hypothesis (38), we can define the following closed equivariant form on 
M with ^-coefficients 

Ya(x):= a 
R 

eitD«(X) d t 

For any if e the expression JtJa(X)(p(X)dX := a fRe
itda (p(tfa)dt is a 

well defined differential form on M since the map fa : M —• C* as an empty 0-level 
set. 

Let Todd(E)(X) be the equivariant Todd class of the complex vector bundle (E, J). 
We have the following 

Theorem 5J ([11]). — For any X G I sufficiently small, 

indexf >M([ab])UX) = (2in)-n 

J M 
Todd(E)(X)Ja(X). 

Proof. — Consider the equivariant form with compact support Chsup(cr6)One(ct;). 
The Chern form Chsup(crb) attached to the complex vector bundle E* is computed 
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in [17] as follows. Let Thom(E*)(X) be the equivariant Thorn form, and let 
Todd(i£*)(X) be the equivariant Todd form. We have proved in [17], that 

(39) Ch S U P(<7 6) = (2i7r)n Todd(E*)(X)-1Thom(JE;*)(X). 

Let [R] be the trivial vector bundle over M. We work with the isomorphism 
E* © [R] ~ T*M who sends (#,£,£) to (x,£ -I- ta(x)). We consider the invariant 
1-form A on E* © [R] ~ T*M denned by 

A= -tp*(a) 

Here p : E* © [R] —• M is the projection, and t denotes the function that sends (x, £, t) 
to t. 

It is easy to check that the form A and the Liouville 1-form w are equal on the 
support of Thus 

Chsup(öT6)One(a;) = Chsup(cr6)One(A) in ^ c -°°(t ,T*M), 

as consequence of [17], Corollary 3.12. We have then 

indexf'M([«T ( )])| e(X) = (2i7r)- d i m M 

T*M 
A(M)2(X) ChSUP(<7 fe)(X)One(A)(X) 

The integral of Chsup(cr5)(X)One(A)(X) on the fibers of T*M is then equal to the 
product 

E* fiber 
Chsup(ab)(X) 

0 
One(A)(X) 

If we uses (39), we see that the integral $E+ f i b e r Chsup(ab)(X) is equal to 
(2in)nTodd(E*)(X)~1. A small computation gives that JROne(A)(X) is equal 
to (2iirya(X). The proof is now completed since A(M) 2(X)Todd(E*)(X)- 1 = 
Todd(E)(X). • 
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