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SYMPLECTIC LOCAL ROOT NUMBERS, CENTRAL 
CRITICAL L-VALUES, AND RESTRICTION PROBLEMS IN 

THE REPRESENTATION THEORY OF CLASSICAL GROUPS 

by 

Wee Teck G a n , Bened ic t H. Gross & D i p e n d r a P r a s a d 

Abstract. — In this paper, we provide a conjectural recipe for the restriction of irre
ducible representations of classical groups (including metaplectic groups), to certain 
subgroups, generalizing our earlier work on representations of orthogonal groups. 
Our conjectures include the cases of Bessel and Fourier-Jacobi models. In fact, it 
is the standard representation of the classical group, together with its orthogonal, 
symplectic, hermitian, or skew-hermitian form, that plays the primary role, and not 
the classical group alone. All of our conjectures assume the Langlands parametriza-
tion. For classical groups over local fields, the recipe involves local epsilon factors 
associated to the Langlands parameter and certain summands of a fixed symplectic 
representation of the L-group. For automorphic representations over global fields, it 
involves the central critical value of this symplectic L-function. 

Résumé (Nombres de racines locales symplectiques, L-valeurs critiques centrales et problèmes de 
restriction en théorie de représentation des groupes classiques) 

Dans cet article, nous donnons une recette conjecturale pour la restriction à 
certains sous-groupes des représentations irréductibles de groupes classiques. Cela 
inclut les groupes métaplectiques et généralise notre travail antérieur pour les 
groupes orthogonaux. Nos conjectures comprennent les cas des modèles de Bessel 
et Fourier-Jacobi. En fait le rôle principal est joué, non par le groupe seul, mais 
par la représentation naturelle de ce groupe classique, munie de sa forme bilinéaire-
orthogonale, symplectique, hermitienne ou anti-hermitienne selon le cas. Dans toutes 
nos conjectures, nous admettons que la paramétrisation de Langlands est établie. 
Notre recette, pour les groupes classiques sur les corps locaux, fait intervenir les 
facteurs epsilon locaux associés au paramètre de Langlands et certains facteurs d'une 
représentation symplectique fixée du L-groupe. Pour les représentations automorphes 
sur des corps globaux, elle fait intervenir la valeur, au centre de la bande critique, de 
la fonction L-symplectique correspondante. 

1. Introduction 

It has been almost 20 years since two of us proposed a rather speculative ap

proach to the problem of restriction of irreducible representations from SOn to SOn_i 
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[24, 25]. Our predictions depended on the Langlands parametrization of irreducible 
representations, using L-packets and L-parameters. Since then, there has been con
siderable progress in the construction of local L-packets, as well as on both local and 
global aspects of the restriction problem. We thought it was a good time to review 
the precise conjectures which remain open, and to present them in a more general 
form, involving restriction problems for all of the classical groups. 

Let be a local field equipped with an automorphism a with a2 = 1 and let 
&o be the fixed field of a. Let V be a vector space over k with a non-degenerate 
sesquilinear form and let G(V) be the identity component of the classical subgroup 
of GL(V) over ko which preserves this form. There are four distinct cases, depending 
on whether the space V is orthogonal, symplectic, hermitian, or skew-hermitian. In 
each case, for certain non-degenerate subspaces W of V, we define a subgroup H of 
the locally compact group G = G(V) x G(W) containing the diagonally embedded 
subgroup G(W), and a unitary representation v of H. The local restriction problem 
is to determine 

d{ir) = dime Hom#(7r ® v, C), 

where n is an irreducible complex representation of G. 
The basic cases are when dim V — dim W = 1 or 0, where v is the trivial representa

tion or a Weil representation respectively. When dimF — dim > 2, this restriction 
problem is also known as the existence and uniqueness of Bessel or Fourier-Jacobi 
models in the literature. As in [24] and [25], our predictions involve the Langlands 
parametrization, in a form suggested by Vogan [70], and the signs of symplectic root 
numbers. 

We show tha t the Langlands parameters for irreducible representations of classical 
groups (and for genuine representations of the metaplectic group) are complex rep
resentations of the Weil-Deligne group of k, of specified dimension and with certain 
duality properties. We describe these parameters and their centralizers in detail, be
fore using their symplectic root numbers to construct certain distinguished characters 
of the component group. Our local conjecture states tha t there is a unique represen
tat ion 77 in each generic Vogan L-packet, such tha t the dimension d(7r) is equal to 
1. Furthermore, this representation corresponds to a distinguished character x of the 
component group. For all other representations TT in the L-packet, we predict tha t 
d(ir) is equal to 0. The precise s tatements are contained in Conjectures 17.1 and 17.3. 

Although this material is largely conjectural, we prove a number of new results in 
number theory and representation theory along the way: 

(i) In Proposition 5.2, we give a generalization of a formula of Deligne on orthogonal 
root numbers to the root numbers of conjugate orthogonal representations. 

(ii) We describe the L-parameters of classical groups, and unitary groups in par
ticular, in a much simpler way than currently exists in the literature; this is 
contained in Theorem 8.1. 

(hi) We show in Theorem 11.1 tha t the irreducible representations of the metaplectic 
group can be classified in terms of the irreducible representations of odd special 
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orthogonal groups; this largely follows from fundamental results of Kudla-Rallis 
[44], though the s tatement of the theorem did not appear explicitly in [44]. 

(iv) We prove two theorems (cf. Theorems 15.1 and 16.1) tha t allow us to show the 
uniqueness of general Bessel and Fourier-Jacobi models over non-archimedean 
local fields. More precisely, we show tha t d(7r) < 1 (cf. Corollaries 15.3, 16.2 
and 16.3), reducing this to the basic cases when dimVF - 1- = 0 or 1, which were 
recently established by [4], [64] and [76]. The same theorems allow us to reduce 
our local conjectures to these basic cases, as shown in Theorem 19.1. 

One subtle point about our local conjecture is its apparent dependence on the 
choice of an additive character ip of ko or k/ko. Indeed, the choice of such a character 
ip is potentially used in 3 places: 

(a) the Langlands-Vogan parametrization (which depends on fixing a quasi-split pure 
inner form Go of G, a Borel subgroup Bo of Go, and a non-degenerate character 
on the unipotent radical of Bo)', 

(b) the definition of the distinguished character x °f the component group; 
(c) the representation v of H in the restriction problem. 
Typically, two of the above depend on the choice of ip, whereas the third one doesn't . 
More precisely, we have: 

— in the orthogonal case, none of (a), (b) or (c) above depends on ip; this explains 
why this subtlety does not occur in [24] and [25]. 

— in the hermitian case, (a) and (b) depend on the choice of ip : k/ko —> but (c) 
doesn' t . 

— in the symplectic/metaplectic case, (a) and (c) depend on z/> : ko —» S 1 , but (b) 
doesn' t . 

— in the odd skew-hermitian case, (b) and (c) depend on ip : ko —* S 1 , but (a) 
doesn' t . 

— in the even skew-hermitian case, (a) and (c) depend on ip : ko —• S 1 but (b) 
doesn' t . 

Given this, we check in §18 tha t the dependence on cancels out in each case, so 
tha t our local conjecture is internally consistent with respect to changing ip. There is, 
however, a variant of our local conjectures which is less sensitive to the choice of ip, 
but is slightly weaker. This variant is given in Conjecture 20.1. Finally, when all the 
da t a involved are unramified, we s ta te a more refined conjecture; this is contained in 
Conjecture 21.3. 

After these local considerations, we s tudy the global restriction problem, for cuspi
dal tempered representations of adelic groups. Here our predictions involve the central 
values of automorphic L-functions, associated to a distinguished symplectic represen
tat ion R of the L-group. More precisely, let G = G(V) x G(W) and assume tha t 7r is 
an irreducible cuspidal representation of G(A), where A is the ring of adeles of a global 
field F. If the vector space Hom#(A)(7r<8>i',C) is nonzero, our local conjecture implies 
tha t the global root number e(7r,i?, | ) is equal to 1. If we assume n to be tempered, 
then our calculation of global root numbers and the general conjectures of Langlands 
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and Arthur predict tha t n appears with multiplicity one in the discrete spectrum of 
L2(G(F)\G(A)). We conjecture tha t the period integrals on the corresponding space 
of functions 

f-> 
H(k)\H(A) 

f[h) • v(h) dh 

gives a nonzero element in Hom#(A)(7r<g)i/, Q ^ and only if the central critical L-value 
L(7r,R, ^) is nonzero. 

This first form of our global conjecture is given in §24, after which we examine 
the global restriction problem in the framework of Langlands-Arthur 's conjecture on 
the automorphic discrete spectrum, and formulate a more refined global conjecture in 
§26. For this purpose, we formulate an extension of Langlands' multiplicity formula 
for metaplectic groups; see Conjecture 25.1. 

One case in which all of these conjectures are known to be t rue is when k = ko x ko 
is the split quadratic étale algebra over ko, and V is a hermitian space over k of 
dimension n containing a codimension one nondegenerate subspace W. Then 

G ^ G L n ( W x G L n _ i ( U and H = GLn_i(fc0). 

Moreover, v is the trivial representation. When ko is local, and 7r is a generic repre
sentation of G = GLn(&o) x GLn_i(&o), the local theory of Rankin-Selberg integrals 
[34], together with the multiplicity one theorems of [4], [3], [66], [67] and [76], shows 
tha t 

dimHom/f (n, C) = 1. 

This agrees with our local conjecture, as the Vogan packets for G = GLn(&o) x 
GLn_i(&o) are singletons. If ko is global and 7r is a cuspidal representation of G(A), 
then 7r appears with multiplicity one in the discrete spectrum. The global theory of 
Rankin-Selberg integrals [34] implies tha t the period integrals over H(k)\H(A) give 
a nonzero linear form on n if and only if 

L(7r ,s tdn<8)stdn_i, l /2) ^ 0, 

where L(7r, stdn 0 s t d n _ i , s) denotes the tensor product L-function. Again, this agrees 
with our global conjecture, since in this case, the local and global root numbers are 
all equal to 1, and 

R = stdn s tdn_i + std^ 

In certain cases where the global root number e = —1, so tha t the central value is 
zero, we also make a prediction for the first derivative in §27. The cases we treat are 
certain orthogonal and hermitian cases, with dimW^-1- = 1. We do not know if there 
is an analogous conjecture for the first derivative in the symplectic or skew-hermitian 
cases. 

In a sequel to this paper, we will present some evidence for our conjectures, for 
groups of small rank and for certain discrete L-packets where one can calculate the dis
tinguished character explicitly. We should mention tha t in a series of amazing papers 
[77, 78 , 74 , 75] and [53], Waldspurger and Mceglin-Waldspurger have established 
the local conjectures for special orthogonal groups, assuming some natural properties 
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of the characters of representations in tempered L-packets. There is no doubt tha t 
their methods will extend to the case of unitary groups. 

Acknowledgments. — W. T. Gan is partially supported by NSF grant DMS-0801071. 
B. H. Gross is partially supported by NSF grant DMS 0901102. D. Prasad was par
tially supported by a Clay Math Inst i tute fellowship during the course of this work. 
We thank P. Deligne, S. Kudla, M. Hopkins, M. Reeder, D. Rohrlich, and J.-L. Wald-
spurger for their help. We also thank the referee for his/her careful reading of the 
paper and for his /her numerous useful comments, corrections and suggestions. 

2. Class ical groups and res tr ic t ion of r epresen ta t ions 

Let k be a field, not of characteristic 2. Let a be an involution of k having ko as 
the fixed field. If a = 1, then ko = k. If a ^ 1, k is a quadratic extension of ko and a 
is the nontrivial element in the Galois group Gal(fc/fco). 

Let V be a finite dimensional vector space over k. Let 

(-,->: V x V-* k 

be a non-degenerate, cr-sesquilinear form on V, which is e-symmetric (for e = ± 1 in 
fcx): 

(av + ßw, u) a(v, u) + ß(w, u) 

(u,v) = e-(v,u)a 

Let G(V) C GL(V) be the algebraic subgroup of elements T in GL(V) which preserve 
the form (—,—): 

(Tv,Tw) = (v,w). 
Then G(V) is a classical group, defined over the field ko. The different possibilities 
for G(V) are given in the following: table. 

( M k = fco, e = 1 k = ko, e = — 1 fc/fco quadratic, e = ± 1 

G(V) orthogonal group 0(V) symplectic group Sp(V) unitary group U(V) 

In our formulation, a classical group will always be associated to a space V, so the 
hermitian and skew-hermitian cases are distinct. Moreover, the group G(V) is con
nected except in the orthogonal case. In tha t case, we let SO(V) denote the connected 
component, which consists of elements T of determinant + 1 , and shall refer to SO(V) 
as a connected classical group. We will only work with connected classical groups in 
this paper. 

If one takes fc to be the quadrat ic algebra fco x fc0 with involution a(x,y) = (y,x) 
and V a free fc-module, then a non-degenerate form (—, — ) identifies the fc = fco x fco 
module V with the sum VQ + V0

V, where Vb is a finite dimensional vector space over 
fco and VQ is its dual. In this case G(V) is isomorphic to the general linear group 
GL(Vb) over fc0-
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If G is a connected, reductive group over ko, the pure inner forms of G are the 
groups G' over ko which are obtained by inner twisting by elements in the pointed 
set Hx(ko, G). If {ga} is a one cocycle on the Galois group of the separable closure &Q 
with values in G(&o), the corresponding pure inner form G' has points 

G'{ko) = {aeG(kso):a° =gaag-1}. 

The group G' is well-defined up to inner automorphism over ko by the cohomology 
class of ga, so one can speak of a representation of G'{ko). 

For connected, classical groups G(V) C GL(V), the pointed set Hl(ko,G) and 
the pure inner forms G' correspond bijectively to forms V of the space V with its 
sesquilinear form (,) (cf. [40, § 29D and §29E]). 

Lemma 2.1. — 1. If G = GL(V) or G = Sp(V), then the pointed set Hx{ko,G) = 1 
and there are no nontrivial pure inner forms ofG. 

2. If G = U(V) , then elements of the pointed set Hl(ko,G) correspond bijectively to 
the isomorphism classes of hermitian (or skew-hermitian) spaces V over k with 
dim(V) = d im(V) . The corresponding pure inner form G' of G is the unitary 
group \J(V'). 

3. If G = SO(V), then elements of the pointed set i f 1 (fco, G) correspond bijectively 
to the isomorphism classes of orthogonal spaces V over k with d\m{y') = d im(F) 
and disc(V^) = disc(V). The corresponding pure inner form G' of G is the special 
orthogonal group SO(V). 

Now let W C V be a subspace, which is non-degenerate for the form (—,—)• Then 
V = W + W±. We assume tha t 

1) € - ( - l ) d i m W = - 1 
2) W1- is a split space. 

When e — —1, so dim W1- = 2n is even, condition 2) means tha t W1- contains an 
isotropic subspace X of dimension n. It follows tha t W1- is a direct sum 

r = X + y, 
with X and Y isotropic. The pairing (—, —) induces a natural map 

y Hom f c (X, k) = XV 

which is a fco-linear isomorphism (and fc-anti-linear ii k ^ ko). When e = + 1 , so dim 
W1- = 2n + 1 is odd, condition 2) means tha t W1- contains an isotropic subspace X 
of dimension n. It follows tha t 

W1- = X + Y + E, 

where E is a non-isotropic line orthogonal to X + Y, and X and Y are isotropic. As 
above, one has a fco-linear isomorphism Y = Xv. 

Let G(W) be the subgroup of G(V) which acts trivially on W±. This is the classical 
group, of the same type as G(V) , associated to the space W. Choose an X c W1- as 
above, and let P be the parabolic subgroup of G(V) which stabilizes a complete flag 
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of (isotropic) subspaces in X. Then G(W), which acts trivially on both X and X v , is 
contained in a Levi subgroup of P , and acts by conjugation on the unipotent radical 
N of P . 

The semi-direct product H = N x G(W) embeds as a subgroup of the product 
group G = G(V) x G(W) as follows. We use the denning inclusion H C P C G(V) on 
the first factor, and the projection H —> H/N = G(W) on the second factor. When 
e = + 1 , the dimension of H is equal to the dimension of the complete flag variety of 
G. When e = — 1, the dimension of H is equal to the sum of the dimension of the 
complete flag variety of G and half of the dimension of the vector space W over fco. 

We call a pure inner form G' = G(V) x G(W) of the group G relevant if the 
space W embeds as a non-degenerate subspace of V , with orthogonal complement 
isomorphic to W^. We note: 

Lemma 2.2. — Suppose k is non-archimedean. 
(i) In the orthogonal and hermitian cases, there are 4 pure inner forms of G = 

G(V) x G(W) and among these, exactly two are relevant. Moreover, among the two 
relevant pure inner forms, exactly one is a quasi-split group. 

(ii) In the symplectic case, there is exactly one pure inner form of G = G(V) x 
G(W), which is necessarily relevant. 

(hi) In the skew-hermitian case, there are 4 pure inner forms ofG = G(V) xG(W), 
exactly two of which are relevant. When dim V is odd, the two relevant pure inner 
forms are both quasi-split, and when dim V is even, exactly one of them is quasi-split. 

Proof. — The statement (i) follows from the fact tha t an odd dimensional split 
quadrat ic space is determined by its discriminant and tha t there is a unique split 
hermitian space of a given even dimension. The statements (ii) and (iii) are similarly 
t reated. • 

Given a relevant pure inner form G' = G(V) x G(W) of G, one may define a 
subgroup H' C G' as above. In this paper, we will s tudy the restriction of irreducible 
complex representations of the groups G' = G(Vf) x G(W') to the subgroups H', 
when is a local or a global field. 

3 . Selfdual and conjugate-dual representations 
Let fc be a local field, and let ks be a separable closure of fc. In this section, we will 

define selfdual and conjugate-dual representations of the Weil-Deligne group WD(k) 
of fc. 

When fc = R or C, we define WD(k) as the Weil group W(k) of fc, which is an 
extension of Gal(fc s/fc) by C x , and has abelianization isomorphic to fcx. A represen
tat ion of WD(k) is, by definition, a completely reducible (or semisimple) continuous 
homomorphism 

ip : WD{k) G L ( M ) , 
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where M is a finite dimensional complex vector space. When k is non-archimedean, 
the Weil group W(k) is the dense subgroup / x Fz of Gal(ks/k), where / is the inertia 
group and F is a geometric Frobenius. We normalize the isomorphism 

W(k)ab -> kx 

of local class field theory as in Deligne [13, 14, 15], taking F to a uniformizing 
element of kx. This defines the norm character 

I - I : W{k) with | F | = q . 

We define WD(k) as the product of W(k) with the group SL 2 (C) . A representation 
is a homomorphism 

<p : WD(k) -> GL(M) 

with 
(i) (p trivial on an open subgroup of / , 

(ii) <p(F) semi-simple, 
(iii) (f : SL 2 (C) -> G L ( M ) algebraic. 

The equivalence of this formulation of representations with tha t of Deligne [13, 14 , 
15], in which a representation is a homomorphism p : W(k) —> GL(M) and a nilpotent 
endomorphism N of M which satisfies Adp(w)(N) = \w\ • iV, is given in [26, §2, 
Proposition 2.2]. 

We say two representations M and M' of WD(k) are isomorphic if there is a linear 
isomorphism / : M —• M ' which commutes with the action of WD(k). If M and M' 
are two representations of WD(k), we have the direct sum representation M 0 M ' and 
the tensor product representation M <8> M'. The dual representation M v is defined 
by the natural action on Hom(M, C), and the determinant representation de t (M) is 
defined by the action on the top exterior power. Since GLi(C) = C x is abelian, the 
representation de t (M) factors through the quotient W(k)ab —> kx of WD(k). 

We now define certain selfdual representations of WD(k). We say the representation 
M is orthogonal if there is a non-degenerate bilinear form 

B : M x M -> C 

which satisfies 
B(rm,Tn) = B(m,n) 
B(n. m) = B(m, n), 

for all r in WD(k). 
We say M is symplectic if there is a non-degenerate bilinear form B on M which 

satisfies 
B(rm,rn) = B(m,n) 

B(n,m) = —J5(m,n), 

for all r in WD(k). 
In both cases, the form B gives an isomorphism of representations 

f : M - ^ M V . 
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whose dual 

fv :M = M v v - M v 

satisfies 

fv = b-f, with b = the sign of B. 

We now note: 

Lemma 3.1. — Given any two non-degenerate forms B and B' on M preserved by 
WD(k) with the same sign b = ±1, there is an automorphism T of M which commutes 
with WD(k) and such that J3 '(ra,n) = B(Tm,Tn). 

Proof — Since M is semisimple as a representation of WD(k), we may write 

M = 

i 

Vi® Mi 

as a direct sum of irreducible representations with multiplicity spaces Vi. Each Mi is 
either selfdual or else M^ = Mj for some i ^ j , in which case dim Vi = dim Vj. So we 
may write 

M = 

i 

Vi®Mi 

3 

Vj ® (Pj + P?) 

with Mi irreducible selfdual and Pj irreducible but Pj ¥ P^. Since any non-degenerate 
form B remains non-degenerate on each summand above, we are reduced to the cases: 

(a) M = V 0 N with N irreducible and selfdual, in which case the centralizer of 
the action of WD(k) is GL(V r); 

(b) M = (V <S> P) 0 (V (g> P v ) , with P irreducible and P ^ P v , in which case the 
centralizer of the action of WD(k) is GL(V) x GL(V). 

In case (a), since TV is irreducible and selfdual, there is a unique (up to scaling) 
VTJ9(fc)-invariant non-degenerate bilinear form on iV; such a form on iV has some sign 
bpf. Thus, giving a WD(k)-invariant non-degenerate bilinear form B on M of sign b 
is equivalent to giving a non-degenerate bilinear form on V of sign b • bjy. But it is 
well-known tha t any two non-degenerate bilinear forms of a given sign are conjugate 
under GL(V) . This takes care of (a). 

In case (b), the subspaces V ® P and V 0 P v are necessarily totally isotropic. 
Moreover, there is a unique (up to scaling) WD(/c)-invariant pairing on P x P v . Thus 
to give a VFD(fc)-invariant non-degenerate bilinear form B on M of sign b is equivalent 
to giving a non-degenerate bilinear form on V. But any two such forms are conjugate 
under the action of GL(V) x GL(V) on V x V. This takes care of (b) and the lemma 
is proved. • 

When M is symplectic, d im(M) is even and de t (M) = 1. When M is orthogo

nal, d e t ( M ) is an orthogonal representation of dimension 1. These representations 

correspond to the quadrat ic characters 

y : kx -> (±1) 
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10 W. T. GAN, B. H. GROSS & D. PRASAD 

Since char(fc) ^ 2, the Hilbert symbol gives a perfect pairing 

(-,-) kx/kx2 x kx/kx2 (±1) . 

We let C(d) be the one dimensional orthogonal representation given by the character 

Xd{c) = (c,d). 
We also note the following elementary result: 

Lemma 3.2. — If Mi is self dual with sign bi, for i = 1 or 2, then M\ ® M2 is self dual 

with sign bi • 62. 

Proof — If Mi is selfdual with respect to a form Bi of sign bi, then Mi ® M2 is 

selfdual with respect to the tensor product B\ ® £2 which has sign b\ • 62. • 

Next, assume tha t cr is a nontrivial involution of k, with fixed field fco- Let s be an 

element of W(ko) which generates the quotient group 

W(k0)/W(k) Gal(fc/Jfe0) = (1 ,*} . 

If M is a representation of WD(k), let Ms denote the conjugate representation, with 
the same action of SL2(C) and the action rs{m) = 5rs_1(m) for r in W(k). 

We say the representation M is conjugate-orthogonal if there is a non-degenerate 
bilinear form B : M x M —> C which satisfies 

B(rm, srs 1n) = i?(ra, n) 

B(n,m) = J5(m ,52n), 

for all r in I^D(fc). We say M is conjugate-symplectic if there is a non-degenerate 
bilinear form on M which satisfies 

B(rm, srs 1n) — B(m, n) 

B{n,m) = —B(mi s2n). 

for all r in WD(k). In both cases, the form B gives an isomorphism of representations 

f :MS -> M v , 

whose conjugate-dual 

(fv) s : Ms ((Ms)v)s y(s2) 
M v 

satisfies 

(fv)s = f with b = the sign of B. 

We now note: 

Lemma 3.3. — Given two such non-degenerate forms B and B' on M with the same 
sign and preserved by WD{k), there is an automorphism of M which commutes with 
WD(k) and such that B'(m,n) = B(Tm,Tn). 

Proof — The proof is similar to tha t of Lemma 3.1. As before, we may reduce to the 
following two cases: 
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(a) M = V <g>N with N irreducible and conjugate-dual, in which case the centralizer 
of the action of WD{k) is GL(Vr); 

(b) M = (V <g> P ) 0 (V <8> (Ps )v) with P irreducible and P (Ps )v , in which case 
the centralizer of the action of WD(k) is GL(V) x GL(V). 

In case (a), if the conjugate-duality of N has sign bjy, then giving a WD(k)-
invariant non-degenerate bilinear form on M of sign b is equivalent to giving a non-
degenerate bilinear form on V of sign b • and all such are conjugate under GL(V). 
Similarly, in case (b), giving a WD(fc)-invariant nondegenerate bilinear form on M 
of sign b is equivalent to giving a non-degenerate bilinear form on V, and all such are 
conjugate under GL(V) x GL(V). • 

The isomorphism class of the representation Ms is independent of the choice of s 
in W(ko) — W. If sf = ts is another choice, then the map 

J Ms —>Ms 

m I—> t(m) 

is an isomorphism of representations of WD(k). We denote the isomorphism class of 
Ms and Ms simply by Ma. If M is conjugate-orthogonal or conjugate-symplectic by 
the pairing B relative to s, then it is conjugate-orthogonal or conjugate-symplectic 
by the pairing 

P , ( m , / ( n ) ) = P ( r a , n ) 

relative to s'. In both cases, Ma is isomorphic to the dual representation M v . 
If M is conjugate-dual via a pairing B with sign b = ± 1 , then d e t ( M ) is conjugate-

dual with sign = (&)dim(M) m Any conjugate-dual representation of WD(k) of dimension 
1 gives a character x : fcx —> Cx which satisfies x1+a = 1. Hence \ ls trivial on the 
subgroup Nkx, which has index 2 in fcg . We denote this 1-dimensional representation 
by C(X). 

Lemma 3.4. — A representation C(x) is conjugate-orthogonal if and only ifx is trivial 
on fcg , and conjugate-symplectic if and only if \ *5 nontrivial on fcg but trivial on 
Nfcx. 

Proof. — : Since the action of WD(k) on C(x) factors through the quotient W(k)ab, 
we may compute with the quotient W(k/ko) of W(ko). The Weil group W(k/ko) 
is isomorphic to the normalizer of fcx in the multiplicative group of the quaternion 
division algebra over fc0 [82, Appendix III, Theorem 2]. It is therefore generated by 
fcx and s, with sa = aas for a G fcx, and s2 in fcg generating the quotient fcg /Nfcx. 

If x(s2) = +1? then the form B(z,w) — zw on C(x) is conjugate-orthogonal. If 
x(s2) = — 1, then this form is conjugate-symplectic. • 

We also note: 

SOCIÉTÉ MATHÉMATIQUE DE FRANCE 2012 



12 W. T. GAN, B. H. GROSS & D. PRASAD 

Lemma 3.5. — (i) A representation M ofWD(k) is conjugate-dual with sign b if and 
only if N = I n d ^ ^ j ^ M is selfdual with sign b and has maximal isotropic subspace 
M (which is naturally a WD(k)-submodule of N). 
(ii) If Mi is conjugate-dual with sign bi, fori = 1 or 2, then M 1 0 M 2 is conjugate-dual 
with sign bi • 62. 

Proof. — For (i), suppose tha t M is conjugate-dual with respect to a form B . As a 
vector space, N = M 0 s _ 1 -M for s G WD(ko) \ WD(k). We define a non-degenerate 
bilinear form BN on N by decreeing tha t M and s~l - M are isotropic spaces and 
setting 

Bjsf(m, s 1 • m') = B(m, m'), 
BN(S 1 • ra', ra) = b - Bjsf{m, s 1 • ra') 

It is easy to check tha t Bjy is preserved by WD(ko). Conversely, if the induced 
representation N is selfdual with respect to a form BN which has M as an isotropic 
subspace, then the pairing induced by B^ on M x s_1 -M is necessarily nondegenerate. 
Thus we may define a nondegenerate form on M by 

B(m,m') = BN(ITI,S 1-m'). 

It is easy to check tha t B gives a conjugate-duality on M with the same sign as BN', 
this proves (i). The assertion (ii) is also straightforward: if Mi is conjugate-dual with 
respect to the form Bi of sign bi, then Mi 0 Mi is conjugate-dual with respect to the 
tensor product B\ 0 B2 which has sign 61 • 62. • 

3.0.1. Remark. — M. Weissman has pointed out tha t the representation Ma can be 
more canonically defined (without resorting to the choice of s G WD(k) \ WD(ko)) 
in the following way. Consider the induced representation I n d J ^ ^ M which can be 
realized on: 

{/ : WD(ko) M : / ( r • s) r ( / ( s ) ) for all t € WD(k) and s 6 WD(k0)}. 

Then the representation Ma of WD(k) can be realized on the subspace of such func
tions which are supported on WD(ko) \ WD(k). We note: 

(i) Any W£>(fc)-equivariant map M —> N induces a natural PFD(fc)-equivariant 
map Ma -> №. 

(ii) There is a natural isomorphism (MCT)V —> (MV)CT, via the perfect duality on 
M" x (MV)<T defined by 

(/,/V) -</(*),/'(*)>, for f £ M* and /V € ( M v r , 

for any s G VTD(fco) \ W\D(fc) and where (—, —) denotes the natural pairing on 
M x M v . The above pairing is clearly independent of the choice of s. 

(hi) On this model of Ma, there is a canonical isomorphism 

{May — > M 

given by 
F —>F[s](S-1) 
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for any s G WD(ko) \ WD(k). This isomorphism is independent of the choice 
of s. 

Thus a conjugate-duality with sign b is a VFZ}(fc)-equivariant isomorphism 

/ :Ma M v 

whose conjugate-dual 

(fv) o:Mo —>((Mo)v)o =((Mv)o)o = Mv 

satisfies 

(fv) o= b.f. 
This t rea tment allows one to suppress the somewhat mysterious looking identity 

B{n, ra) = b • B(m, s2n). 

4. The centralizer and its group of components 

The centralizer C(M) of a representation M of W^D(fc) is the subgroup of G L ( M ) 
which centralizes the image. Write 

M = rriiMi 

as a direct sum of irreducible representations Mi, with multiplicities mi > 1. Then 

by Schur's lemma 

C ( M ) ~ G L ( m i , C ) . 

In particular, C{M) is a connected reductive group. 
The situation is more interesting for representations M which are either selfdual 

or conjugate-dual, via a pairing B with sign b = ±1. We define C = C(M,B) as 
the subgroup of A u t ( M , B) C G L ( M ) which centralizes the image of WD(k). Up to 
isomorphism, the reductive group C depends only on the representation M and can 
be described more explicitly as follows. 

If we write M as a direct sum of irreducible representations Mi, with multiplicities 
rrii, and consider their images in M v under the isomorphism Ma —> M v provided by 
B, we find tha t there are three possibilities: 

1. M f is isomorphic to M ^ , via a pairing Bi of the same sign b as B. 
2. M^ is isomorphic to M ^ , via pairing £?i of the opposite sign —b as 2?. In this 

case the multiplicity rrii is even. 

3. Mf is isomorphic to MY, with j ^ i.ln this case = m^. 

Hence, we have a decomposition 

M = VÌ®MÌ + Wi®Ni + Ui O (Pi+(Poi)v), 

where 

(a) the MiS are selfdual or conjugate-dual of the same sign b, 
(b) the NiS are selfdual or conjugate-dual of the opposite sign —6; 

SOCIÉTÉ MATHÉMATIQUE DE FRANCE 2012 



14 W. T. GAN, B. H. GROSS & D. PRASAD 

(c) Pf is not isomorphic to PY, so tha t Pi and Pj = (P f )v are distinct irreducible 
summands. 

Moreover, the restriction of the form B to each summand in the above decomposition 
of M induces a nondegenerate pairing on the multiplicity space Vi, Wi or Ui. The 
induced pairing on Vi necessarily has sign + 1 , whereas the pairing on Wi necessarily 
has sign —1. On the other hand, the induced pairing on Ui need not have a sign. 

We can now determine the centralizer C. As in the proofs of Lemmas 3.1 and 3.3, 
giving an element T of C is equivalent to giving elements Ti in GL(\^) , GL(Wî) or 
GL(Ui) x GL(C/i), such tha t Ti preserves the induced nondegenerate pairing on Vi, 
Wi or Ui. Thus, we conclude tha t (cf. [24, §6-7], [57] and [58]): 

C = 0№ x ' " S p ( W i ) x " GL(J7i). 

In particular, the component group of C is 

A = 7T0 C ~ Z /2 - , 

where k is the number of irreducible summands Mi of the same type as M , or equiv-
ilently the number of V^'s in the above decomposition. 

For each such Mi, let a* be a simple reflection in the orthogonal group O(ra^). The 
mages of the elements in A give a basis over Z /2Z . For any semisimple element a 
n C, we define 

Ma = {m e M : am = -ra} 

] 0 be the —1 eigenspace for a on M. This is a representation of WD(k), and the 
restricted pairing B : Ma x Ma —> C is non-degenerate, of the same type as M. For 
;he simple reflections ai in C, 

Mai = Mi 

are the irreducible summands of the same type as M. 
We can use these representations to define characters x A —> (±1) . The basic idea 

is to define signed invariants d(M) = ± 1 of representations M of WD(k), which are 
either selfdual or conjugate-dual. 

Proposition 4.1. — Let d(M) be an invariant of selfdual or conjugate-dual represen
tations, taking values in ± 1 . Assume that 

1. d(M + M') = d(M) • d{M') 
2. the value d(Ma) depends only on the image of a in the quotient group A = 

CM/C°M. 

Then the function 
X(a) = d(Ma) 

defines a character of A. 

Indeed, the different classes in A are all represented by commuting involutions in 
C, and for two commuting involutions a and b we have the formula: 

Mab + 2(Ma fl Mb) = Ma + Mh 
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as representations of WD(k). Hence x(ab) = x(a) ' x(&)-
The simplest example of such an invariant, which applies in both the conjugate-dual 

and the selfdual cases, is 
d(M) = (_i)dimM. 

To see tha t d i m M a (mod 2) depends only on the coset of a (mod CM), we recall 
t ha t 

M = Vi ® Mi + Wi®Ni + Ui ® (Pi + ( i T ) V ) 
and let a = Y\i di be a semisimple element of the product 

CM -

y 
0(Vi) x 

i 
Sp(Wi) x 

i 
GL(Ui). 

Then —1 occurs with even multiplicity as an eigenvalue of € Sp(Wi). On the other 
hand, for cii G 0(Vi), one has 

det ai = -1 I multiplicity of —1 as an eigenvalue of 04 

Hence all the summands of Ma have even dimension, except for the terms Vj11 ® Mi 
which have odd dimension precisely when det(aj) = — 1 and dimM^ = 1 (mod 2). 
Thus it follows tha t the parity of d i m M a depends only on the coset of a (mod CM). 
In particular, one obtains a character of A: 

n(a) = (-1) dim Ma 

Now assume M is selfdual. The character 77 is trivial when M is symplectic, as 
d i m M a is even for all a in Sp(M) = G(M,B). In the orthogonal case, d i m M a is 
even precisely for elements a in the centralizer which lie in the subgroup SO(M, B) 
of index 2 in 0 ( M , B). We denote this subgroup by C + . 

An element c of kx /kx2 gives a character 

Vc(a) = (det Ma)(c) 

of A. Indeed, the quadratic character det Ma depends only on the coset of a (mod C°) . 
Since rjcd = rjcr)d, we get a pairing 

{c,a):kx/kx2 xA^ (±1) 
which is trivial in the symplectic case. 

To construct other characters of A, we need more sophisticated signed invariants 
d (M) of selfdual or conjugate-dual representations. We will obtain these from local 
root numbers, after recalling tha t theory in the next section. 

5. Local root numbers 

Let M be a representation of the Weil-Deligne group WD(k) of a local field and 
let tp be a nontrivial additive character of k. In this section, we define the local root 
number e(M, tp), following the articles of Tate [69] and Deligne [13]. We then study 
the properties of these constants for selfdual and conjugate-dual representations, and 
give explicit formulae in the orthogonal and conjugate-orthogonal cases. The local 
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root numbers are more mysterious in the symplectic and conjugate-symplectic cases. 
Indeed, they form the basis of our conjectures on the restriction of representations of 
classical groups over local fields. 

Let dx be the unique Haar measure on k which is selfdual for Fourier transform 
with respect to ip. For a representation M of the Weil group W(k), we define 

E(M,Y) •• e(M,tp,dx,l/2) in Cx 

in the notation of [13, §4-5]. This is the local constant e ^ ( M , ^ ) in [69, 3.6.1]. In the 
non-archimedean case, if M is a representation of WD{k) = W(k) x SL2(C), we may 
write 

M = 
n>0 

Mn ® Symn 

with each Mn a representation of the Weil group. We define (cf. [26, § 2]): 

E (M, )= 

n>o 
E(Mn,V)"+1 d e t ( - F | M I ) " . 

This constant depends only on the isomorphism class of M. 
The following formulae involving e(M, ip) are well-known [69, 3.6], for represen

tations M of the Weil group W(k). For a in kx, let ipa be the nontrivial additive 
character ^a (x) = ip(ax). Then 

ef M, én ) = det M (a) • e(M, xb), 

e(M,ib) •e(Mv,7/;-1) = 1 

Since ib 1 = ib_-i, we conclude tha t 

e ( M , ^ ) • e (Mv, V) = det A f ( - l ) . 

For representations M = Mn 0 Symn of WD(k) in the non-archimedean case, 
we have 

Mv = Mv =Mnv®Sym", 

de t (M) = 
n>0 

det(Mn)n+1. 

This allows us to extend the above formulas to the local root numbers e(M, ifr) of 
representations of WD(k). 

Now let a be an involution of k, and define i/ja(x) = i/;(xa). Then e(Ma,ipa) = 
e(M1ifj). (Indeed, this is t rue for any continuous isomorphism a : k —» k'. For M 
of dimension 1, this follows from Tate 's integral formula [69] for e(M, ip). It then 
follows from general M from the inductivity of e-factors.) If we assume further tha t 
ih° = Wf-1 then 

6 ( M , i / ; ) . e ( ( M v r , ^ ) e(M,V0-e(Mv,V>a) 
e ( M , ^ ) - e ( M v , ^ ~ 1 ) 

1. 
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When we apply these formulas to selfdual and conjugate-dual representations, we 
obtain the following. 

Proposition 5.1. — 1. Assume that M is a selfdual representation ofWD(k) with 
de t (M) = 1. Then e(M) = e(M,tp) is independent of the choice of ip and 
satisfies 

e(M)2 - 1. 

Furthermore, if M is of the form M = N + Nv, then e(Af) = det N(-l). 
2. Assume that M is a conjugate-dual representation of WD(k) and that the ad

ditive character ip of k satisfies t/ja = ip-1. Then 

e{M^f = l. 

Furthermore, if M is of the form M = N + aNw, then e(M, rl>) = l. 

Since we are assuming tha t the characteristic of k is not equal to 2, the characters 
ip of k which satisfy ipa = I/J-1 are precisely those characters which are trivial on 
&o, the fixed field of a. These characters form a principal homogeneous space for the 
group , and the value e(M,ip) depends only on the Nkx-orbit of ip. Indeed d e t M 
is conjugate-dual and hence trivial on Nkx C . If d e t M is conjugate-orthogonal, 
the restriction of d e t M to k^ is trivial, and hence the value e(M) = e(M,t/j) is 
independent of the choice of ip. 

Following Deligne [14], we can say more when the selfduality or conjugate-duality 
of M is given by a pairing B with sign b = + 1 . Recall the spin covering of the special 
orthogonal group, which gives an exact sequence: 

1 -> Z / 2 Spin(M) • SO(M) -> 1. 

Proposition 5.2. — 1. Assume that M is an orthogonal representation and that 
de t (M) = 1. Then the root number e(M) = e(M,ip) is independent of the choice 
of ip and satisfies e(M)2 = 1. Furthermore e(M) = + 1 if and only if the rep
resentation (p : WD(k) —> SO(M) lifts to a homomorphism (p : WD(k) —•> 
Spin(M) . 

2. Assume that M is a conjugate-orthogonal representation and that ipa = ip"1. 
Then the root number e (M) = e ( M , ^ ) is independent of the choice of i\) and 
satisfies e (M) = + 1 . 

Proof. — The orthogonal case was proved by Deligne [14]; we note tha t in our case 
the characteristic of k is not equal to 2. We will deduce the second result for conjugate-
orthogonal representations of W(k) from Deligne's formula, combined with the work of 
Frohlich and Queyrut [16]. The extension of the second result to conjugate-orthogonal 
representations of the Weil-Deligne group WD(k) is then an amusing exercise, which 
we leave to the reader (cf. [14, § 5]). 

If M is conjugate-orthogonal and d im(M) = 1, we have seen tha t M corresponds 
to a complex character % of the group kx /k^. By [16, T h m 3], we have the formula 

e(x ,^0(Tr)) = x(e) 
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where ipo is any nontrivial additive character of fco and e is any nonzero element of A; 
with Tr(e) = 0 in ko. The element e is well-defined up to multiplication by k^ , and 
e2 is an element of kZ. If we define the additive character tp of k by 

W (x) =Wo(Tr(ex)) 
then xpa = ip , and 

e(M) = c(x,^) = x (er = + 1 . 
This establishes the formula when M has dimension 1. 

Since the desired formula is additive in the representation M of W(k), and is t rue 
when d im(M) = 1, we are reduced to the case of conjugate-orthogonal representa
tions M of even dimension. Then N = Ind(M) is an orthogonal representation of 
determinant 1. Let tpo be a nontrivial additive character of fco; by the inductivity of 
local epsilon factors in dimension zero [13]: 

E(N,Wo) /E(P,Wo) lim(M) = 6 (M,^o (TV ) ) / 6 ( c , ^o (Tr ) ; dim(M) 

with C the trivial representation and P = Ind(C) the corresponding induced represen
tation, which is orthogonal of dimension 2 and determinant u. Since e(C, ipo(Tr)) = 1 
and e(P,ibo)2 = w(—1), we obtain the formula 

e(N) = e(N,<p0) = W(-1) dim(m)/2 e ( M , V o № ) ) . 

On the other hand, we have 

e(M) = e ( M , V ) det (M)(e) • e ( M , V o 0 & ) ) , 

where e is a nonzero element of fc with Tr(e) = 0 in fco. Hence, to show tha t e(M) = + 1 , 
we are reduced to proving the formula 

e(N) = det(M)(e] W(-1)dim(M)/2 

for the root number of the orthogonal induced representation N. To do this, we 
combine Deligne's formula for the orthogonal root number with the following lemma. 

Lemma 5.3. — Let M be a conjugate-orthogonal representation of W(k) of even di
mension. Then N = I nd (M) is an orthogonal representation ofW(ko) of determinant 
1. The homomorphism (p : W^fco) —• SO(iV) lifts to a homomorphism (p : W^fco) —> 
Spin(A^) */ and only if det M(e) • o;(_i)dim(M)/2 = +1> 

Proof. — Let T be the maximal torus in SO(iV) which consists of the rotations zi 
in n = d im(M) orthogonal planes. The restriction of the spin covering Spin(TV) —• 
SO (AT) to the torus T is the two-fold covering obtained by pulling back the spin 
covering z —• z2 of Cx under the map F(zi, • • • , zn) = Y[ Z%-

The image of the map ip :W —> SO (AT) lies in the normalizer of the Levi subgroup 
GL(M) which fixes the decomposition N = M + M v into maximal isotropic dual 
subspaces. There is an involution j of N which switches the subspaces M and M v . 
Since det( j ) = ( - l ) n and n — d im(M) is even, this involution lies in SO(iV). The 
normalizer of the Levi is the semi-direct product GL(M) • (j). We denote the resulting 
homomorphism of W to GL(M) • (j) also by (p. 
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Since j has n eigenvalues which are -hi, and n eigenvalues which are — 1 , if we 

view this involution as a product of rotations (z±, • • • ,zn) in orthogonal planes, we 

get n / 2 values zi = — 1 and n / 2 values zi = + 1 . Hence the involution j lifts to an 

element of order 2 in Spin(iV) if and only if n = d im(M) is divisible by 4. Note tha t 

the quadrat ic extension k of ko can be embedded in a cyclic quartic extension of ko if 

and only if the character lj of k£ is a square, or equivalently, if and only if u(—1) = 1. 

We therefore conclude tha t the natural homomorphism W —> Z / 2 Z = (j) (given by 

the quadratic extension k/ko) lifts to the restriction of the spin cover to (j) = Z / 2 Z 

if and only if 

(5.4) w(_1)<uml«)/I = + L 

We now consider the homomorphism 

<p:W ^ G L ( M ) (j)det—>cx.(j) 

whose projection to the quotient (j) is the quadratic character u of Gal(k/ko). The 
resulting homomorphism 

0 : W _> c x • (j) 

is given by its restriction to W(k), which is nothing but the character \ — d e t ( M ) , 

a character of kx/k£ by the local class field theory. Hence the homomorphism (J) : 
W —> Cx - (j) lifts to a homomorphism from W to Cx • (j): 

6:W 

Cx • (j) 

Z2 

-CX-<7> 

if and only if the character \ of kx /k^ has a square-root. Clearly, the character % of 

kx/k£ is a square if and only if 

(5.5) X(e) = + 1 , 

where e is a nonzero element of k with trace zero to ko. Indeed, e generates the 

2-torsion subgroup of the one dimensional torus kx /k^. 

Since the subgroup SL(M) is simply-connected, it always lifts to Spin(iV). Hence 

the restriction of the spin covering of SO(N) to G L ( M ) is obtained by taking the 

square root of the determinant of M , via the formula for the covering of T given 

above. 

It is easy to see tha t the 2-fold covering of W afforded by ip : W —> G L ( M ) • (j) C 

SO (AT) is the sum of two coverings, one of which is the 2-fold cover of (j) pulled 

back to give a 2-fold cover of G L ( M ) • (j), and the other of which is the 2-fold cover 

Cx —> Cx pulled back to G L ( M ) • (j) via the determinant map from G L ( M ) to Cx. 
From our calculations above, these two 2-fold covers of W are respectively trivial if 

and only if we have the conditions as in (5.4) and (5.5). 
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We now observe tha t H2(W, Z /2Z) classifying the 2-fold coverings of W is an 
abelian group under fiber product which, by local class field theory, is nothing but 
Z /2Z . Therefore the sum of two elements in H2(W, Z /2Z) is zero if either both of them 
are trivial, or both of them are nontrivial. Hence by (5.4) and (5.5), the parameter 

(j) : W -> GL(M) Ij) -> SO(N) 

lifts to Spin(AT) if and only if X(e) • u;(-l)dim(M)/2 = + 1 . 

Together with the extension to representations of WD(k), this completes the proof 

of Proposition 5.2. • 

6. Characters of component groups 

In this section, we will use the results of the previous section on local root numbers, 
together with Proposition 4.1, to construct characters of the group A of components 
of the centralizer C of (M, B). 

First assume M and N are conjugate selfdual representations, with signs b(M) and 
b(N). Fix tp with ^ = ip~x, and for semisimple a in CM C G(M,B), define 

XN(a) = e(Ma®N^). 

Theorem 6.1. — 1. The value XN(O>) depends only on the image of a in AM, and 
defines a character XN • AM —> (±1) 

2. Ifb(M) • b(N) = + 1 , then XN = 1 on AM> 
3. Ifb(M) • b(N) = — 1 , let ip'(x) = tp(tx) with t the nontrivial class in k£/Nkx, 

and define 

x'N{a) = e{Ma®N^f). 

Then 

XN = XN dim(A0 G Hom(^4M,=tl), 

where the character n of AM is defined by 77(a) = (_i)dimMa 

Proof. — (1) Write 

M = Vi 0 Mi 4 Wi 0 Ni + Ui 0 + (p°Y) 

as in §4., so tha t 

CM = 

gf 
0(Vi) x 

fg 

Sp(Wi) x 

fg 

GL(C/*). 

It suffices to check (1) for semisimple elements a which are nontrivial in exactly one 

of the factors in the above product expression for C M - Suppose, for example, tha t 

a = di x 1 with a,i G 0(Vi). Then 

Ma®N = dimV^ • (Mi 0 N). 
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The parity of dim V^1 depends only on the image of ai in 0(V^)/SO(Vf), or equivalently 
only on the image of a in the component group AM- Since 

c ( M i ® i V , ^ ) = ± l , 

we see tha t 
x(a) = e{Ma®N,il;) e(Mi^N^)DIMVI 

depends only on the image of a in AM- The other cases are similarly treated: when 
a = ai x 1 with a{ G Sp(W») or a{ G GL(L^), one finds tha t e(Ma 0 N,i/>) = + 1 . For 
the details, see [24, § 10]. 
(2) When b(M)-b(N) = -hi, the representations MA<S>N are all conjugate-orthogonal 
by Lemma 3.5, so xn = 1-
(3) The final s tatement follows from the formula 

XN(°) = XN(CL) i e t ( M a 0 N)(t) 

and the calculation of the sign of the conjugate-dual representation which is the 
determinant of the tensor product . • 

We use this theorem to define the quadratic character 

XN(O>M) • XM{O>N) 

on elements (AM,&iv) m the component group AM X AN> Here M and N are two 
conjugate-dual representations, although by part 2 of Theorem 6.1 the character xn x 
XM can only be nontrivial when b(M) • b(N) = — 1. 

The case when M and N are selfdual with signs b(M) and b(N) is more complicated. 
First , with ip a nontrivial additive character of k, the function 

XN(a) = e(Ma®N,i;) 

on CM need not take values in ± 1 . Indeed 

XN(a)2 = det(Ma 0 A 0 ( - 1 ) - ± 1 . 

Even when de t (Ma 0 N) = 1 for all a in C m , the value XN(O>) = ± 1 may not be 
constant on the cosets of . For example, when M = P + Pw with P irreducible 
and not isomorphic to P v and N is the trivial representation C of dimension 1, we 
have C M = GL(1 ,C). But 

XN(-l) = e(M®N,iP) e ( M , ^ ) = d e t P ( - l ) , 

which need not be equal to XAT(1) = 1. 
We will therefore only consider selfdual representations M and N of even dimen

sion, and semisimple elements a in the subgroup C ^ of C m , where de t ( a |M) = + 1 . 
Then d im(Ma) is also even, and 

de t (Ma 0 N) = det(Ma)dim(iV) iet(iV)dim(M } 
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is clearly trivial. In particular, e(Ma 0 N,ip) = e(Ma 0 N) is independent of the 
choice of additive character ip and satisfies e(Ma 0 N)2 = + 1 . We correct this sign 
by another square root of d e t ( M ° 0 N)(—1), and define (for a £ C ^ ) 

Xiv(a) = e ( M a 0 7V) d e t ( M a ) ( - l ) dim(AT)/2 
det(A0(-l)dim<Ma)/2. 

Now let AM be the image of CM in AM = CM/CM. Note tha t CM C c CM, so 

the component group AM has index either 1 or 2 in AM- Then we have: 

Theorem 6.2. — Assume that M and N are even dimensional selfdual representations 
ofWD(k). 

1. The value XN(O>) depends only on the image of a in AM, and defines a character 
XN:AM - ( ± 1 ) . 

2. Ifb(M)-b(N) = + 1 , then XN(O) = (det M a , det N), where (-,-) is the Hilbert 
symbol. 

Proof — (1) This follows from the method of [24, Prop. 10.5], analogous to the proof 
of Theorem 6.1(1). 
(2) When M and N are both symplectic, the tensor product representation Ma®N of 
the simply-connected group Sp(Ma) x Sp(iV) lifts to Spin(Ma07V) and e ( M a 0 i V ) = 
+ 1 . This proves (2) since d e t M a = det AT = 1. 

When M and N are both orthogonal of even dimension, so are Ma and N. Hence 
Ma 0 iV is orthogonal of dimension divisible by 4 and determinant 1. In this case, we 
have 

e ( M a 0 A O = w2(Ma®N) 

by Deligne [14], where W2 refers to the second Stiefel-Whitney class [48], which is 
valued in H2(k, Z /2Z) = { ± 1 } . On the other hand, for two representations V and W 
of WD(k), w2(V 0 W) is given by [48, Problem 7-C, Pg. 87-88] 

w2(V® W) = w2(V) • d i m ^ - h d i m ( V ) w2(W) + w1(VY' 
dimW 

2 

dim V 

9. 
• w^W)2 + Wl(V) • W i ( W ) - ( d i m V - d i m W + l ) 

as elements of H2(k,Z/2Z) = { ± 1 } . Here, W\ refers to the first Stiefel-Whitney class, 
which is valued in Hx(k, Z /2Z) = kx/kx2, and the various operations refer to addition 
and cup product in the cohomology ring H*(k, Z /2Z) . In particular, if V and W are 
both even-dimensional, we have 

w2(V® W) 
dim V 

2 
w^W)2 

dimW 

2 
W1 (V)2+w1(V) Wl(W) e { ± 1 } . 

For the even dimensional orthogonal representations Ma and N of interest, we have: 

w1(N) = det N and wi(Ma) = d e t M a , 
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and the cup product pairing H1(k,Z/2Z) x H1(k,Z/2Z) -> H2(k, Z/2Z) is given by 
the Hilbert symbol. Hence, we have 

e(Ma <S> N) = (det N, det N) * dim M° 'det M a , d e t Ma)id[mN (det iV, det M a ) 

= (detAT)(-l)2dimM (de tMa) ( - l ) i d imiV (det JV, det M a ) , 

as claimed. 

We use this theorem to define the quadrat ic character 

XN(O>M) • XM{CLN) 

on elements (CLM^N) in the component group Aj^ x Ajy, for two selfdual represen
tat ions M and N of even dimension. As in the conjugate-dual case, it follows from 
Theorem 6.2(2) tha t the character XNXXM is only interesting when b(M)-b(N) = — 1. 
When the representations M and N are both symplectic, x — 1- When M and A" are 
bo th orthogonal, the character x is given by a product of Hilbert symbols 

XN(aM) -XMM = (det M0**, det TV) • (det M, det NaN). 

7. L-erouDS of classical groups 

Having defined representations, selfdual representations, and conjugate-dual rep
resentations of the Weil-Deligne group WD(k) of k, our next goal is to relate these to 
the Langlands parameters of classical groups. Before doing tha t , we recall the L-group 
at tached to each of the classical groups, with particular at tention to the L-groups of 
uni tary groups. 

If G is a connected reductive group over ko, the L-group of G is a semi-direct 
NRODNRT 

LG = G x Gal{K/k0) 

where G is the complex dual group and K is a splitting field for the quasi-split inner 
form of G, with Gal(AT/fco) acting on G via pinned automorphisms. (Alternatively, 
one could use W(fco), acting on G through its quotient Gal(X/fco)). 

Recall t ha t in this paper, our classical group G = G(V) comes equipped with an 
underlying space V, i.e. with a s tandard representation. We shall see that this extra 
da ta equips the L-group LG or the dual group G with a s tandard representation. 

For G = GL(V) , we have G = GL(M) with dimM = dimF. If {ei , • • • , en} is the 
basis of the character group of a maximal torus T C G given by the weights of V, 
then the weights of the dual torus T on M are the dual basis {e^, • • • , e ^ } . 

Now assume tha t G C GL(V/fc) is a connected classical group, defined by a o-
sesquilinear form (,) : V x V —• k of sign e. The group G and its dual group G, as 
well as the splitting field K of its quasi-split inner form, are given by the following 
table: 
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1 ( M G G K LG 

I fc = ko sono, Sp2„(C) fco Sp2„(C) 

e = l dim F = 2n + 1 

fc = fco s o ( n S02„(C) fc0(V/disc(F)) 0 2 N ( C ) (disc(V) i fc*2) 

1 c = 1 dim F = 2n S02n(C) (disc(F) € fcx2) 

fc = fc0 Sp(V), S02„+i (C) fc0 S02n+i(C) 

\e = - 1 dim F = 2n 

1 fc^fco U (V) , GL„(C) 1 fc 1 GL„(C) xi Gal(fc/fc0) 

1 e = ± 1 dim V = n 

We make a few remarks on the table. Firstly, when fc = fco, the dual group G is a 
special orthogonal or symplectic group and thus has a unique s tandard representation, 
as indicated in the table. However, when V is an even dimensional quadratic space 
and disc(F) ^ fcx2, this s tandard representation has two extensions to LG. In the 
above table, we have identified LG with 02n (C) by regarding the nontrivial element 
in Gsl(K/ko) as a simple reflection in 0 2 n ( C ) : this picks out one of these two exten
sions. Thus, when fc = fco, the L-group LG comes equipped with a s tandard self-dual 
representation M in each case. 

Secondly, when fc 7̂  fco, we fix a s tandard representation M for the identity com
ponent LG° = G as follows. Extending scalars from fc0 to fc, one has 

V(V) xkok Resk/ko :GL(V)) xfco fc ^ GUV) x GL(Va). 

Via the first projection, one has a fc-isomorphism 

\J(V)xkok^GL(V) 
In the above, we have already fixed the L-group of GL(V) with a s tandard represen
tat ion M. Thus, we see tha t LG = GL(M) x Gal(fc/fc0) and LG° = GL(M) comes 
equipped with a s tandard representation. 

In addition, we note tha t the L-group GL(M) x Gal(fc/fco) of U(V) is isomorphic 
as a complex Lie group to the L-group of the anisotropic real group U(n) , associated 
to a definite hermitian space of the same dimension as V over C. We will now use this 
fact to s tudy the parity of selfdual complex representations of the L-group of U(V). 

Let us make some general observations on the representation theory of the L-groups 
of anisotropic groups over R. In this case, we have 

LG = G x Gal(C/R); 

where the Galois group acts by a pinned involution (possibly trivial), which maps to 
the opposition involution in Out(G) and takes any representation V to its dual Vy. 
The pinning of G gives a principal SL2 in G, which is fixed by the action of Gal(C/M), 
so tha t we have 

6 : SL2 x Gal (C/R) G x Ga l (C/R) . 
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Let e in Z ( G ) ^ a i ^ w be the image of -I in SL2. Then ez = 1 and e acts as a scalar 
on every irreducible representation of LG. The following result is due to Deligne. 

Proposition 7.1. — Let G be an anisotropic group over R. Then every complex rep
resentation N of LG is selfdual. If N is irreducible, the LG-invariant pairing (,)iv • 
N x N —> C is unique up to scaling, and is (e\N)-symmetric. 

Proof. — The proof is similar to Bourbaki [10, Ch. VIII, §7, Prop. 12 and Ex. 6], 
which t reats the irreducible, selfdual representations M of G. There one restricts the 
pairing on M to the highest weight summand for the principal SL2, which occurs 
with multiplicity one. In this case, we restrict the pairing on TV to the subgroup SL2 x 
Ga l (C /R) , which again has an irreducible summand which occurs with multiplicity 1. 
The sign (e\N) is the sign of —I on this summand, which determines the sign of the 
pairing. • 

If M is an irreducible representation of G which is selfdual, then M extends in two 
ways to LG. If M is not isomorphic to M v , then the induced representation 

N = I nd (M) 

of LG is irreducible. If we restrict N to G, it decomposes as a direct sum 

M + a-M~M + Mv 

where a generates Gal(C/M). Since M is not isomorphic to M v , the subspaces M and 
a - M of N are isotropic for the pairing (,)JV, which gives a non-degenerate pairing 
(, )M : M x M -> C defined by 

(7.2) ( m , m ' ) M = ( m , a m )N-

This is a conjugate-duality on M : for o in G, we have 

(gm,aga 1m')M = (m,m')M 

(m/ ,m)M = (e |M) • {m,m')M 

We now specialize these arguments to the case of unitary groups. Since the rep
resentation of the principal SL2 —• G L ( M ) on M is irreducible and isomorphic to 
Svmn_1. we have 

(e |M) = ( - I ) " " 1 

Hence the self-duality on N = I n d M and the conjugate-duality on M are (—l)n l-
symmetric. In particular, we have 

Proposition 7.3. — If G = U(V) , with dim^ V = n, then 

LG> Sp(JV) = Sp2n(C), if n is even; 

O(N) = 02n(C) , if n is odd. 

In each case, LG is identified with the normalizer of a Levi subgroup of a Siegel 
parabolic subgroup in Sp2n(C) or 02n(C) . 
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Finally, it is instructive to describe the L-groups of the classical groups from the 
point of view of invariant theory. As we explain above, the L-groups of symplectic and 
special orthogonal groups G(V) are themselves classical groups over C and have nat
ural realizations as subgroups of GL(M) for complex vector spaces M of appropriate 
dimensions. These subgroups can be described as follows. One has a decomposition 

M ® M = Sym2M 
2 

M 

of GL(M)-modules. The action of GL(M) on Sym2M or A2M has a unique open 
orbit consisting of nondegenerate symmetric or skew-symmetric forms on M v . Then 
we note: 

(i) The stabilizer of a nondegenerate vector B in Sym2M (resp. A2M) is the or
thogonal group 0 ( M , B ) (resp. the symplectic group Sp(M,B)) \ these groups 
exhaust the L-groups of symplectic and orthogonal groups. 

(ii) The action of this stabilizer on the other representation A2M (resp. Sym2M) is 
its adjoint representation. 

(iii) The two representations Sym2M and A2M are also useful for characterizing 
the selfdual representations of WD(k) introduced in §3: a representation M of 
WD(k) is orthogonal (resp. symplectic) if and only if WD(k) fixes a nondegen
erate vector in Sym2M (resp. A2M). 

These rather obvious remarks have analogs for the unitary group U(V), which we 
now describe. Suppose tha t the L-group of U(V) is GL(M) xi Gal(fc/fco). Consider the 
semi-direct product 

H = (GL(M) x GL(Af)) x Z / 2 Z 

where Z / 2 Z acts by permuting the two factors of GL(M) ; this is the L-group OJ 
ReSk/k0{GL(V/k)) with dim/e V = d i m M . The irreducible representation M IEI M ol 
H° = GL(M) x GL(M) is invariant under Z / 2 Z and thus has two extensions to H 
In one such extension, the group Z / 2 Z — $2 simply acts by permuting the two copies 
of M ; the other extension is then given by twisting by the nontrivial character o: 
H/H°. In honor of Asai, we denote these two extensions by As+(M) and As~(M] 
respectively. They can be distinguished by 

Trace(c |As+(M)) = d i m M and Trace(c |As"(M)) = - d i m M , 

where c is the nontrivial element in Z /2Z . One has 

I n d S 0 ( M ^ M As+(MN A s " ( M ) . 

The action of H° on As (M) has an open dense orbit, consisting of isomorphisms 
M v —•> M and whose elements we call nondegenerate. Now we have 

Proposition 7.4. — / / d i m M = n, then the stabilizer in H of a nondegenerate vector in 
As^-1^ (M) is isomorphic as a complex Lie group to the L-group of\J(V). Moreover, 
the action of this stabilizer on the other representation As^-1^ (M) is the adjoint 
representation ofLU(V). 
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The representations As± (M) are also useful for characterizing conjugate-dual rep

resentations of WD(k), which were discussed in §3. Indeed, given a representation 

(p : WD(k) GL(M); 

one obtains a map 

(p : WD(k0) -+ H 

by setting 
<p(r) = {(p{r),(p(srs )) E G L ( M ) x G L ( M ) , 

for r G WJD(fc), and 

0(Ä) = (1,¥>(«2))- ceH\Hö. 

The choice of 5 is unimportant , since the maps </?'s thus obtained for different choices 
of s are naturally conjugate under H°. Through this map, WD(k0) acts on A s ± ( M ) . 
In fact, the representation As+(M) of WD(ko) is obtained from M by the process 
of multiplicative induction [56] or twisted tensor product; it is an extension of the 
representation M (g> Ma of WD(k) to W^D(fc0), and A s ~ ( M ) is the twist of A s + ( M ) 
by the quadrat ic character uJk/k0 associated to the quadratic extension fe/fco-

Now we have: 

Proposition 7.5. — If M is a representation ofWD(k), then 

(i) M is conjugate-orthogonal if and only if WD{ko) fixes a nondegenerate vector 
in A s + ( M ) . When M is irreducible, this is equivalent to As+(M)VFD^0^ ^ 0. 

(ii) M is conjugate-symplectic if and only if WD(ko) fixes a nondegenerate vector 
in As~(M). When M is irreducible, this is equivalent to As-(M)WD(k°^ ^ 0. 

8. Langlands parameters for classical groups 

In this section, we discuss the Langlands parameters of classical groups. In particu
lar, we show tha t these Langlands parameters can be understood in terms of selfdual 
or conjugate-dual representations M of WD(k). 

If G is a connected, reductive group over ko, a Langlands parameter is a homo
morphism 

ip : WD(k0) LG = G x Gsl{K/k0). 

This homomorphism is required to be continuous on WD(ko) = W(ko) when ko = R 

or C. In the non-archimedean case, WD(ko) = W(ko) x SL2(C) and (p is required 

to be trivial on an open subgroup of the inertia group in W(ko), the image of 

Probenius is required to be semi-simple and the restriction of ip to SL2(C) is re

quired to be algebraic. In all cases, the projection onto Gal(K/ko) is the natural 

map W(ko)/W(K) —• G&\(K/ko). Finally, two Langlands parameters are considered 

equivalent if they are conjugate by an element in G. 

Associated to any Langlands parameter is the reductive group 

C^CG 
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which centralizes the image, and its component group 

Ay=Cy/Coy 
The isomorphism class of both and are determined by the equivalence class of 
the parameter ip. 

For G = GL{V/k0), we have G = GL(Af) with d i m M = dimV. If (eir-- ,en) 
is the basis of the character group of a maximal torus T C G given by the weights 
of V, then the weights of the dual torus T on M are the dual basis (e^, • • • , e^). 
The Langlands parameters for G are simply equivalence classes of representations of 
WD(k0) on M . 

Now assume tha t G C GL(V/k) is a connected classical group, defined by a a-
sesquilinear form (—,—) : V x V —> k of sign e. Recall tha t the L-group of G or its 
identity component G comes equipped with a s tandard representation M . We will 
see tha t for each classical group G, a Langlands parameter tp for G corresponds to a 
natural complex representation 

WD(k) -+ GL(M) 

with some additional structure, as given in the following theorem. 

Theorem 8.1. — (i) A Langlands parameter (p of the connected classical group G C 
GL(V/k) determines a selfdual or conjugate-dual representation M ofWD(k), with 
the following structure: 

1 G dim(V) M d imM 
1 Sp(V) 2n Orthogonal 2n + 1 det M = 1 

SO(V) 2n + 1 Symplectic 2n 
SO(V) 2n Orthogonal 2n det M = disc V 

1 U(V) 2n + l Conj ugate-ort hogonal 2n + 1 
U(V) 2n Conj ugat e-sy mplect ic 2n 

(ii) The isomorphism class of the representation M determines the equivalence class 
of the parameter (p, except in the case when M is orthogonal and every irreducible 
orthogonal summand Mi of M has even dimension. In the exceptional case, M and 
V have even dimension and there are two equivalence classes {tp, tp'} of parameters 
for S O ^ ) which give rise to the same orthogonal representation M . 

(iii) In the unitary cases, the group C^ C G which centralizes the image of ip is 
isomorphic to the group C of elements a in Aut(M,B) which centralize the image 
WD(k) —• G L ( M ) . In the orthogonal and symplectic cases, the group C^ C G is 
isomorphic to the subgroup C+ ofC, consisting of those elements o / A u t ( M , B) which 
satisfy det (a | M ) = 1. 

Proof. — This is well-known if G is an orthogonal or symplectic group. Indeed, the 
L-group LG is essentially the automorphism group of a nondegenerate symmetric 
or skew-symmetric bilinear form B on a complex vector space M of appropriate 
dimension. So the theorem amounts to the assertion tha t if two homomorphisms 
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WD(k) —• A u t ( M , B) C G L ( M ) are conjugate in G L ( M ) , then they are conjugate 
in A u t ( M , B). This is the content of Lemma 3.1. Moreover, the description of the 
component group follows directly from the results of §4. 

Henceforth we shall focus on the unitary case. For G = U(V) , a parameter is a 
homomorphism 

<p : WD(k0) LG = GL(M) x Gal(jfe/fc0) 

with dim M = dim V = n. The restriction of <p to WD(k) gives the desired represen
tat ion M. We must next show tha t M is conjugate-dual with sign (—l)n_1. 

If s G W(k) generates the quotient WD(k0)/WD(k), then 

<p{s) = (A,a) = (A,l) ( l , a ) in LG 

with A in G L ( M ) . In the previous section (cf. equation (7.2)), we have seen tha t 
the s tandard representation M of G L ( M ) has a conjugate-duality (— ,—)M of sign 
(—l)n_1 with respect to the nontrivial element a G Gal(k/ko) C LG. We define the 
bilinear form 

B(m, m) = Bs(m,m') (m,A lm')M, 

Then the form B is non-degenerate on M and satisfies 

B(rm,STS ra/) = B{m,m') 

for all r in WD(k), and 

B(m', ra) = ( - l ) n _ i • B ( m , s2mf). 

Hence, as a representation of WD(k), M is conjugate-dual with sign = (—l)n_1. 
It is clear tha t the conjugation of a parameter <p by an element of G L ( M ) gives an 

isomorphism of the associated conjugate-dual representations. Hence we are reduced 
to showing tha t every conjugate-dual representation M of sign = (—l)n_1 extends to 
a Langlands parameter ip of WD(ko), and tha t the isomorphism class of M determines 
the equivalence class of (p. 

Suppose then tha t M is a conjugate-dual representation of WD(k) of sign = 
(—l)n_1 with n = d i m M . To obtain an extension, consider the induced represen
tat ion N = I nd (M) of WD(k0). By Lemma 3.5(i), N is selfdual of sign = ( - l ) n _ 1 . 
Moreover, the proof of Lemma 3.5 shows tha t the image of WD(ko) in Sp(4d) or 
0 ( 4 d + 2) (depending on whether n = 2d or n = 2d+1) is contained in the normalizer 
of a Levi subgroup in a Siegel parabolic subgroup. By Proposition 7.3, this normalizer 
is isomorphic to the L-group of U(V): it splits as a semi-direct product G L ( M ) x (a ) , 
with det(a|Af) = (—l)n. Thus, we have produced an L-parameter for XJ(V) whose 
restriction to WD(k) is the given M. 

Finally we need to show tha t the extension obtained above is unique, up to conju-
gacy by G. If (p and <p' are two parameters extending p : WD(k) —• G L ( M ) , we must 
show tha t the elements 

<p{s) = {A, a) 
y'(S) = (A, a) of LG 

SOCIÉTÉ MATHÉMATIQUE DE FRANCE 2012 



30 W. T. GAN, B. H. GROSS & D. PRASAD 

are conjugate by an element of GL(M) centralizing the image of p. The bilinear forms 

B(ra, m') (m,A 1m')M 
Bf(m,mf) (m,(A')-lm')M 

give two conjugate-dualities of M which are preserved by WD(k) and non-degenerate 
with sign (—l)n_1. By Lemma 3.3, there is an element T in GL(M) centralizing the 
image of p with 

B'(m,mf) = B(Tm,Tm') 

This gives the identity 

(m, (A/)~1m/) = (m, {T~l)aA^Tm') 

for all m and m1. Hence 

A = r M r 
and the elements are conjugate by the element T G GL(M) = G. 

The argument identifying the group C^ with either the group C or C+ associated 
to (M, B) is contained in §4. This completes the proof of the theorem. • 

Corollary 8.2. — A representation M ofWD(k) gives rise to a Langlands parameter 
for a quasi-split unitary group U(V) if and only if WD(ko) fixes a non-degenerate 
vector in As^-1) (M)j with n = d i m M . 

Proof — This is a consequence of the theorem and Proposition 7.5. • 

8.0.2. Remark. — When M is orthogonal of even dimension, it is often convenient to 
view it as defining a unique Langlands parameter for the full orthogonal group 0(V) 
(which is not connected), with the equivalence being defined by 0(M)-conjugacy; see 
[57]. 

We conclude this section by recalling certain simple invariants of the representation 
M of WD(k). For G = GL(V), we have the character 

det M : kx -> Cx 

For G = U(V), we obtain the character 

d e t M : kx/kx ^ C x 

as the sign of d e t M is ( - l ) " ^ " 1 ) = + 1 . Finally, for G = Sp(V) or G = SO(V) with 
d im(F) even and disc(F) = 1, the representation M is orthogonal with de t (M) = 1. 
Hence we have the root number e(M) = e(M, ip) independent of the additive character 
ij) of A:, and 

e(M) = ± 1 . 

We will relate these invariants to the central characters of certain representations of 
G after introducing Vogan L-packets in the next section. 
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9. Vogan L-packets - Desiderata 

Let G be a quasi-split, connected, reductive group over a local field fc0. In this 
section, we will discuss Langlands parameters <p as the conjectural parameters for the 
isomorphism classes of irreducible smooth admissible complex representations of the 
locally compact group G(fc0). Before coming to tha t , we briefly recall the notions of 
smooth and admissible representations of G(fco) when fco is a local field. 

When ko is local and discretely valued, a smooth representation 7r is simply a 
homomorphism 

7T : G(ko) GLIE) 

for a complex vector space E (possibly infinite-dimensional) such tha t 

E = UKEK, 

where the union is over all open compact subgroups K of G(ko). Such a smooth 
representation is admissible if EK is finite dimensional for any open compact subgroup 
K. A homomorphism from {TT,E) to (ir',EF) is simply a linear map E —• E' which 
commutes with the action of G(fco). 

When feo = K. or C, we will consider the category of smooth Frechet representations 
(7r,E) of moderate growth, as introduced by Casselman [11] and Wallach [80]. An 
admissible representation is such a representation whose subspace of if-finite vectors 
(where K is a maximal compact subgroup of G(fco)) is the direct sum of irreducible 
representations of K with finite multiplicities. A homomorphism (TT,E) —> (n'^E') 
is a continuous linear map E —• E' which commutes with the action of G(fco). 

We come now to the local Langlands conjecture. We shall present this conjecture 
in a form proposed by Vogan [70], which t reats representations 7r of all pure inner 
forms G' of G simultaneously. Recall from Section 2 tha t the pure inner forms of G 
are the groups G' over fco which are obtained from G via inner twisting by elements 
in the finite pointed set Hl(ko,G). 

All of the pure inner forms G' of G have the same center Z over fc0, and each 
irreducible representation 7r of G'(fco) has a central character 

u>v : Z(ko) - Cx 

The adjoint group G'ad(ko) acts on G'(fco) by conjugation, and hence acts on the 
set of its irreducible complex representations. The quotient group G^d(&o)/Im G'(fco) 
acts on the set of isomorphism classes of representations of G'(fco). This quotient is 
abelian, and canonically isomorphic to the cohomology group 

E = G'ad(k0)/ïm G'(ko) \aev{Hl{k0,Z) H\k0,G')). 

It can be seen tha t the group E is independent of the choice of the inner form G' of 
G. 

Let B be a Borel subgroup of G over fco, with unipotent radical N. The quotient 
torus T = B/N acts on the group Hom(N, Cx) . We call a character 0 : N(k0) -> Cx 
generic if its stabilizer in T(fc0) is equal to the center Z(feo). If TT is an irreducible 
representation of G(fco) and 0 is a generic character, then the complex vector space 
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HornN(fco)(7r,0) has dimension < 1. When the dimension is 1, we say 7r is 0-generic. 
This depends only on the T(&o)-orbit of 0. 

When Z = 1, the group T(ko) acts simply-transitively on the set of generic char
acters. In general, the set D of T(&o)-orbits on the set of all generic characters 0 of 
N(ko) forms a principal homogeneous space for the abelian group E'\ 

E'= Tad(k0)/Im T(FEO) ker(H1(ko,Z)^H1(k0,T)). 

Bv Lemma 16.3.6(ni) of [631, 

Tad(A;o)/Im T(fc0) = Gad(A:o)/Im G(fc0), 

hence we have the equality E' = E 
We are now ready to describe the desiderata for Vogan L-packets, which will be 

assumed in the rest of this paper. These properties are known to hold for the groups 
GL(V) and SL(V), as well as for some classical groups of small rank. 

1. Every irreducible representation n of Gf(ko) (up to isomorphism) determines a 
Langlands parameter 

if : WD(k0) G x Gsl(K/ko) 

(up to equivalence). 
Each Langlands parameter <p for G corresponds to a finite set of irre

ducible representations of G(ko) and its pure inner forms Gf(ko). Moreover, the 
cardinality of the finite set is equal to the number of irreducible representa
tions x of the finite group = ^(G^). 

2. Each choice of a T(&o)-orbit 6 of generic characters for G(ko) gives a bijection 
of finite sets 

J(0) : I r r f A A 

For archimedean v, this bijection was established by Vogan in [70, Thm. 6.3]. 
The L-packet contains at most one ^'-generic representation, for each 

T(fc0)-orbit of generic characters 0' of G(fc0). We conjectured in [24, Conjecture 
2.6] tha t the L-packet contains a generic representation if and only if the 
adjoint L-function L((p, Ad, s) is regular at the point s = 1. In this case, we say 
the L-packet is generic. 

Assume tha t the L-packet is generic. In the bijection J{8), the unique 
^-generic representation n in n<^ corresponds to the trivial representation of 
A^. The ^'-generic representations correspond to the one dimensional represen
tat ions 7]g described below. 

3. The finite set of irreducible representations of G(ko) is stable under the 
adjoint action of Gad(ko), which permutes the different generic representations 
for G(ko) in an L-packet transitively. 

In any of the bijections J(0), the action of g e G'ad(ko) on Irr(i4y>) is given 
by tensor product with the one-dimensional representation rjg of A^ alluded to 
above. 
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More precisely, Tate local duality gives a perfect pairing 

H\ko,Z) x H1 (K/ko, MG)) - C x . 

The coboundary map C^ —• Hl(K/ko,TT\(G)) factors through the quotient A^, 
and gives a pairing 

HL(k0,Z)xAip-*Cx. 
The adjoint action by the element g in G'ad(ko) —• Hl(ko,Z), viewed as a one 
dimensional representation r)g of A^, will take 7r((p, x) to the representation 

n(tp,X®Vg)' 
4. In any of the bijections J(0), the pure inner form which acts on the represen

tat ion with parameter (ip, x) is constrained by the restriction of the irreducible 
representation x to the image of the group iro(Z(G))Gal(K/ko^ in A<p. 

More precisely, when ko ^ R, Kottwitz has identified the pointed 
set Hx(ko,G) with the group of characters of the component group of 
Z(G)GaXWko\ The inclusion 

Z(G)Gal{K/ko) C^ 
induces a map on component groups, whose image is central in A^. Hence an 
irreducible representation \ of A^ has a central character on 7To(Z(G))Ga,l^K^ko\ 
and determines a class in Hx(ko,G). This is the pure inner form G' t ha t acts 
on the representation 7r(</?,x). 

5. All of the irreducible representations 7r in have the same central character 
ujn> This character is determined by <p, using the recipe in [26, §8]. 

10. V o g a n L -packets for t h e classical g r o u p s 

We now make the desiderata of Vogan L-packets completely explicit for the classical 
groups G C GL(V/k). We have already described the Langlands parameters <p for G 
explicitly, as certain representations M of WD(k), in Section 6. In all cases, the 
component group A^ is an elementary abelian 2-group, so Irr(A^) = H o m ( A ^ , ± l ) . 
We t reat each family of groups in turn . 

T h e G e n e r a l Linear G r o u p G = GL(V) 

1. A Langlands parameter is a representation M of WD(k), with d im(M) = 
d i m ( F ) . The group C^ = C(M) is connected, so A^ = 1. Hence consists of 
a single element. In this case, the full Langlands conjecture is known (by [29] 
and [31]). 

2. There is a unique T-orbit on the generic characters, and the regularity of the 
adjoint L-function of ip at s = 1 detects generic L-packets n^. 

3. The adjoint action is trivial, as the center Z of G has trivial first cohomology. 
4. The only pure inner form is G = GL(V) . 
5. The center Z(k) = kx, and the central character of 7r(<p) has parameter d e t ( M ) . 
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The Symplectic Group G = Sp(V) 
1. A Langlands parameter is an orthogonal representation M of WD(k), with 

d im(M) = d im(F) + 1 and de t (M) = 1. 

The group = A ^ has order 2m_1, where m is the number of distinct irre
ducible orthogonal summands Mi in M. The full Langlands conjecture is known 
when d im(F) = 2 [46] or 4 [18]. 

2. The set D of T-orbits on generic characters is a principal homogeneous space 
for the group E = Hl(k,Z) = kx/kx2. We will see in §12 tha t the choice of 
the symplectic space V identifies the set D with the set of fcx2-orbits on the 
nontrivial additivecharacters %j) of k. 

3. The adjoint action is via elements c in the group E = kx/fcx2. This acts on the 
irreducible representations of A ^ via tensor product with the character rjc(a) = 
det (Ma)(c) , and on the set D of orbits of generic characters by mapping ij)(x) 
to ip(cx). 

4. The only pure inner form is G = Sp(V). 
5. The center Z(k) = (±1) , and the central character of n((p) maps the element 

—1 in Z(k) to the local root number e (M). 

The Odd Special Orthogonal Group G = SO(V)> dim(V) = 2n + 1 
1. A Langlands parameter is a symplectic representation M of WD(k), with 

d im(M) = dim(V') — 1. The group A ^ = AM has order 2m, where m is 
the number of distinct irreducible symplectic summands Mi in M. The full 
Langlands conjecture is known when d im(F) = 3 [45] or 5 [19]. 

2. Since G is an adjoint group, there is a unique T-orbit on the set of generic 
characters, and hence a single natural bijection J : 11^ —> Hom(A^, ± 1 ) . 

3. The adjoint action on the L-packet is trivial. 
4. The pure inner forms of G are the groups G' = SO(V), where V is an or

thogonal space over k with dim.{V) = dim(V) and disc(F;) = disc(F) [40, 
(29.29)]. 

If k is non-archimedean and n > 1, there is a unique non-split pure inner form 
G', which has fc-rank (n — 1). The representation 7r(y>,x) is a representation of 
G if x(—1) = + 1 and a representation of G' if %(—1) = —1. If fc = R and 
G = SO(p, <?), then the pure inner forms are the groups G' = SO(p',qf) with 
q' = q mod 2, and 7r(<p, x) 18 a representation of one of the groups G' with 
( _ l ) ( W ) / 2 = x ( _ 1 ) . 

5. The center Z of G is trivial. 

The Even Special Orthogonal Group G = S O ( F ) , dim(Vr) = 2n, disc(V) = d 

1. A Langlands parameter determines an orthogonal representation M of WD(k), 
with 

d im(M) = d im(F) and de t (M) = C(d). 
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The group A(p — has order 2m, where m is either the number of distinct 
irreducible orthogonal summands Mi in M , or the number of distinct orthogonal 
summands minus 1. 
The lat ter case occurs if some irreducible orthogonal summand Mi has odd di
mension (in which case the orthogonal representation M determines the param
eter <p). If every irreducible orthogonal summand Mi of M has even dimension, 
then A^ = AM and there are two parameters {</>, </>*} which determine the 
same orthogonal representation M. The representations 7r(0,x) and TT(</>*,X) 
are conjugate under the outer action of 0(V) on SO(V). 
The full Langlands conjecture is known when dim(V) = 2 or 4 or 6. 

2. The set D of T-orbits on generic characters is a principal homogeneous space 
for the group E = NKX /&x2, where K is the splitting field of G. We will see in 
§12 tha t the choice of the orthogonal space V identifies the set D with the set 
of G-orbits on the set of non-isotropic lines L C V, such tha t the space L1- is 
split. 

3. The adjoint action is via elements c in the group E = NKX /kx2. This acts 
on the irreducible representations of A^ via tensor product with the character 
rjc (a) = det (Ma)(c) , and on the set D of orbits of generic characters by mapping 
a line L = kv with (v, v) = a in kx to a line V = kvf with (vf, v') = c • a. 

4. The pure inner forms of G are the groups G' = SO(V') , where V is an or
thogonal space over k with dim(V') = dim(V) and d i sc (V) = disc(V) [40, 
(29.29)]. 
If k is non-archimedean and V is not the split orthogonal space of dimension 2, 
there is a unique pure inner form G', such tha t the Hasse-Witt invariant of V 
is distinct from the Hasse-Witt invariant of V. The representation 7r(</?,x) is a 
representation of G if x(—1) = + 1 and a representation of G' if x ( ~ l ) = — 1-
If k = R and G = SO(p, q), then the pure inner forms are the groups G' = 
SO(p'iQf) with q' = q mod 2, and 7r(</?,x) is a representation of one of the 
groups G' with ( - l ) (* -V ) /2 = x ( - l ) . 

5. If dim(V) = 2, then Z = G. If dim(V) > 4, then Z(k) = (±1) and the central 
character of 7r(<p) maps the element —1 in Z(k) to e(M, ^ ) / e ( d e t M , ip). 

The Odd Unitary Group G = U(V^), dim V = 2n + 1 
1. A Langlands parameter is a conjugate-orthogonal representation M of WD(k), 

with d im(M) = dim(V). The group A^ = A M has order 2m, where m is the 
number of distinct irreducible conjugate-orthogonal summands Mi in M. The 
full Langlands conjecture is known when dim(V) = 1 or 3 [60]. 

2. There is a unique T-orbit on the set of generic characters, and hence a single 
natura l isomorphism J : —y Hom(A^, ± 1 ) . 

3. The adjoint action on the L-packet is trivial. 
4. The pure inner forms of G are the groups G = U(V' ) , where V is a hermitian 

(or skew-hermitian) space over k with dim(V) = dim(V) [40, (29.19)]. 

SOCIÉTÉ MATHÉMATIQUE DE FRANCE 2012 



36 W. T. GAN, B. H. GROSS & D. PRASAD 

If ko is non-archimedean, there is a unique pure inner form G' such tha t the 
discriminant of V is distinct from the discriminant of V. The representation 
7r(<p,x) is a representation of G if x(—1) = + 1 and a representation of G' if 
x(—1) = —1. If ko = K and G = U(p, g), then the pure inner forms are the 
groups G' = U(p',g'), and 7r(</?,x) is a representation of one of the groups G' 
with ( -1 )« -« ' = x ( - l ) . 

5. The center Z(ko) = fcxAo = U ( l ) , and the central character of TT(<P,X) NAS 
parameter d e t ( M ) . 

The Even Unitary Group G = U(V) , dimV = 2n 

1. A Langlands parameter is a conjugate-symplectic representation M of WD(k), 
with d im(M) = dim(V). The group = AM has order 2m, where m is the 
number of distinct irreducible conjugate-symplectic summands Mi in M. The 
full Langlands conjecture is known when dim(V) = 2 [60]. 

2. The set D of T-orbits on generic characters is a principal homogeneous space 
for the group E = Hl(k,Z) = fc0X/NFCX of order 2. We will see in §12 tha t 
the choice of a hermitian space V identifies the set D with the set of NFCX-
orbits on the nontrivial additive characters if) of fc/fco- Similarly, the choice of a 
skew-hermitian space V identifies the set D with the set of NFCX -orbits on the 
nontrivial additive characters of ko-

3. The adjoint action is via elements c in the group E — k£/NFCX. The nontrivial 
class c acts on the irreducible representations of A ^ via tensor product with the 
character 77(a) = (—i)dim(Ma)? and on the set D of orbits of generic characters 
by mapping i/)(x) to ip(cx), or ^ o ( ^ ) to i^o(cx). 

4. The pure inner forms of G are the groups G' = \J(V), where V is a hermitian 
(or skew-hermitian) space over k with dim(V') = d im(F) [40, (29.19)]. 
If ko is non-archimedean, there is a unique pure inner form G' such tha t the 
discriminant of V is distinct from the discriminant of V. The representation 
7r(<£,x) is a representation of G if x(—1) = + 1 and a representation of G' if 
x(—1) = —1. If ko = M and G = U(p, a), then the pure inner forms are the 
groups G' = U ^ a ' ) , and 7r(< ,̂ X) is a representation of one of the groups GF 
with ( -1 )« -* ' = x ( - l ) . 

5. The center Z(ko) = kx/k^ = U ( l ) , and the central character of n(<p,x) nas 
parameter d e t ( M ) . 

The forthcoming book of Arthur [7] and the papers [49, 50] of Mceglin should 

establish most of the above expectations. 

11 . Vogan L-packets for the metaplectic group 

Let (W, (—, — )w) t>e a symplectic space of dimension 2n > 0 over the local field fc. 
We assume, as usual, tha t char(fc) ^ 2. In this section, we also assume tha t fc ^ C. 
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Let Sp(W) denote the nontrivial double cover of the symplectic group Sp(W)(fc). 
We will use the Howe duality correspondence (also known as the the ta correspon
dence) to describe the (genuine) representation theory of Sp(VF) in terms of the 
representation theory of the groups SO(V) over k, with d i m F = 2n + 1. Assuming 
the Langlands-Vogan parametrization of irreducible representations of SO(V) over k, 
with dim V = 2n + 1, we then obtain a notion of Vogan L-packets for the genuine 
irreducible representations 7? of Sp(W) . More precisely, the Langlands parameter of 
a genuine representation of Sp(W) will be a symplectic representation 

(p : WD(k) S p ( M with dim M = 2n, 

and the individual representations 7r(y?, x) hi the Vogan packet will be indexed by 
quadrat ic characters 

X : = AM -> (±1) . 

This parametrizat ion of the irreducible genuine representations of Sp(W) will de
pend on the choice of a nontrivial additive character ip of A:, up to multiplication by 
kx2. As we shall see in §12, such an orbit of additive characters determines an 
orbit of generic characters 6 : N —> Cx for Sp(W). The character 6 also determines 
a character 6 of the unipotent radical N ~ N of Sp(W). Our parametrizat ion is nor
malized so tha t for generic parameters ip, the unique representation 7r G which is 
^-generic corresponds to the trivial character x = 1 of A^. Such a dependence of the 
Langlands parametrizat ion on the choice of an additive character I/J is already present 
in the case of the linear classical groups discussed in the previous section (through 
fixing of a generic character on a quasi-split form of the group). For the metaplectic 
groups, the dependence is more serious: even the Langlands parameter ip associated 
to 7r depends on the choice of ip. 

To define the parameters (y?, x) of 5?, we let (V, q) be a quadratic space over k with 

dim V = 2n + 1 and disc(F) = ( - l ) n d e t ( F ) = lekx/kx2. 

Note tha t the discriminant above refers to the discriminant of the quadratic space 
(V, q). The quadrat ic form q (mV gives rise to a symmetric bilinear form 

(x, y)v = q(x + y)~ q{x) - q{y) 

so tha t 
(x,x)v = 2 • q(x), 

and 

d i s c ( V , ( - , - ) v ) = 2 . disc(V,o) = 2 e fcx/fcx2. 

The space W ® V is a symplectic space over k with the skew-symmetric form 

{-,-)w ® (-,-)v, 

and one has the associated Heisenberg group 

h{w®v) = FCE(w<8> v ) , 
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which has a one dimensional center k. Associated to H(W ® V) has a unique 
irreducible representation u$ with central character ij) (by the Stone-von-Neumann 
theorem). Now Sip(W®V) acts as automorphisms of H(W '<8> V) via its natural action 
on W ® V and the trivial action on k. Thus UJ^ gives rise to a projective representation 
of Sp(Wr 0 V) and it was shown by Weil tha t this projective representation is a linear 
representation of Sp(W ® V). We thus have a representation of the semi-direct 
product 

Sp(W ® F ) x H(W <8> V). 

This is the so-called Weil representation (associated to I/J). As a representation of 
Sp(Wr(g)F), it is the direct sum of two irreducible representations, and its isomorphism 
class depends only on the A:x2-orbit of tp. 

Via a natural homomorphism 

Sp(W) x 0(V) •Sp(W®V), 

we regard the Weil representation uo^ as a representation LJw,v,ip of Sp(VF) x 0(V). 
The theory of Howe duality gives a correspondence between irreducible genuine rep
resentations 7? of Sp(W) and certain irreducible representations a of 0(V). 

More precisely, given an irreducible representation a of 0 ( F ) , the maximal a-
isotypic quotient of LUW V ib has the form 

o X Qw,vw(o) 

for some smooth representation &W,V,IJJ(O') (the big the ta lift of a) of Sp(W). It is 
known ([42] and [51]) tha t Qwy^i^) is either zero or has finite length. Let Owy^i?) 
(the small the ta lift of a) denote the maximal semisimple quotient of ®wy,\i>(&)- It is 
known by Howe [32] and Waldspurger [72] tha t when the residue characteristic of k 
is different from 2, then Owy^{o) is irreducible or zero; this is the so-called Howe's 
conjecture. In the following, we will assume tha t the same holds when the residue 
characteristic of A: is 2. 

Analogously, if 7r is an irreducible representation of Sp(W), we have the represen
tat ions Qw,v,ti)(n) and Owy,i/>(n) of 0(V). 

Now we have the following theorem, which is due to Adams-Barbasch [1] when 
k = R and follows from fundamental results of Kudla-Rallis [44] when k is non-
archimedean. 

Theorem 11.1. — Assume that the local field k is either real or non-archimedean with 
odd residual characteristic. Then corresponding to the choice of an additive character 
i\) of k, there is a natural bijection given by the theta correspondence: 

irreducible genuine representations TT ofSp(W)\ 

{irreducible representations a1 of SOfV7)} 
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where the union is disjoint, and taken over all the isomorphism classes of orthogonal 
spaces V over k with dimV = 2n + 1 and d isc(F ' ) = 1. 

More precisely, given an irreducible representation n ofSp(W), there is a unique 
V as above such that Owy^^) is nonzero, in which case the image ofn under the 
above bijection is the restriction of Ow,v,</>(^) t° SO(V') (note that this restriction is 
irreducible since 0(V) = SO(V) x (±1) ) . 

Proof — We give a sketch of the proof of Theorem 11.1 when k is non-archimedean; a 
detailed proof can be found in [17]. Let 's begin by noting tha t there are 2 isomorphism 
classes of quadrat ic space of dimension 2 n + l and trivial discriminant; we denote these 
by V and V, and assume tha t V is split. To simplify notation, we shall write © in 
place of @w,v,ip and 0 ' in place of 0 j y , v , ^ . 

We now divide the proof into two steps: 
(i) Given an irreducible representation n of Sp(Wr), exactly one of ©(7F) or 0'(7r) is 
nonzero. 

This dichotomy was also shown in the recent paper of C. Zorn [87]. In any case, 
[44, Thm. 3.8] shows tha t any irreducible representation n of Sp(W) participates in 
the ta correspondence with at most one of 0(V) or 0(V). We claim however tha t n 
does have nonzero the ta lift to 0(V) or O(V ' ) . To see this, note tha t [44, P rop . 4.1] 
shows tha t n has nonzero the ta lift to 0(V) if and only if 

Horn Sp(W)xSp(W) (R(V),lf№ 7TV) 0, 

where R(V) is the big the ta lift of the trivial representation of 0(V) to Sp( jy + W~) 
(where W~ is the symplectic space obtained from W by scaling its form by —1). 
Similarly, one has the analogous s tatement for V. On the other hand, if Ip(s) denotes 
the degenerate principal series representation of Sp(VT-f W~) unitarily induced from 
the character Xi\> • I det |s of the Siegel parabolic subgroup stabilizing the maximal 
isotropic subspace AW, the diagonal W in W 0 W~, and Xip a genuine character of 
GL(AW) defined in §16, then it was shown by Sweet [68] tha t 

Ip(0) = R(V)®R(V'). 

It follows tha t R(V) and R(V) are unitarizable and thus irreducible (since they have 
a unique irreducible quotient). In particular, we conclude tha t n has nonzero theta 
lift to one of 0{V) or 0(Vf) if and only if 

Horn 
Sp(woxsP(w; 

( I P ( 0 ) , ^ 5 r v ) ^ 0 . 

We thus need to show tha t this Horn space is nonzero. This can be achieved by the 
doubling method of Piatetski-Shapiro and Rallis [20] (cf. also [17] and [87]), which 
provides a zeta integral 

Z(s) : Ip(s) <g)7rv ®7T C. 

The precise definition of Z{s) need not concern us here; it suffices to note tha t for a 
flat section G Ip(s) and / (8) / v G n (g> 7rv, Z ( S , 3>(S), / <g> / v ) is a meromorphic 
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function in s. Moreover, at any s = so, the leading term of the Laurent expansion of 
Z{s) gives a nonzero element 

Z*(s0) £ Horn 
Sp(W)xSp(W; 

(IP(s0),n№ny). 

For these basic properties of zeta integrals, see [17] or [87]. This proves our contention 
tha t 7r participates in the the ta correspondence with exactly one of 0(V) or 0(V). 

By (i), one obtains a map 

irreducible genuine representations k of Sv(W) 

U {irreducible representations a' of 0(V')} 

Moreover, this map is injective by the theorem of Waldspurger [72] proving Howe's 
conjecture. 
(ii) An irreducible representation 7r0 of SO(F) has two extensions to O(V) = SO(V) x 
(±1) , and exactly one of these extensions participates in the the ta correspondence with 
Sp(W). The same assertion holds for representations of SO(V') . 

Suppose on the contrary tha t TT is an irreducible representation of 0(V) such tha t 
both 7r and n 0 det participate in the ta correspondence with Sp(W), say 

7T = Owy.ibi^) mm 7r' = Qwy^in ® det) . 

Now consider the seesaw diagram: 

Sp(W + w-) O(V) x O(V) 

Sp(W) x Sp(W) 0(V). 

The seesaw identity implies tha t 

Horn 
Sp(WOxSp(W0 X®W+W-,V,iL (det),7f'Kl7fv) Hom0(v) ((7T(g>det) (8)7TV,det) ^ 0 

This implies tha t 

9w+w-,v,xi>(det) ^ °-
However, a classical result of Rallis [59, Appendix] says tha t the determinant character 
of O(V) does not participate in the theta correspondence with Sp(4r) for r < n. This 
gives the desired contradiction. 

We have thus shown tha t at most one of 7r or n 0 det could have nonzero the ta 
lift to Sp(W). On the other hand, the analog of the zeta integral argument in (i) 
shows tha t one of n or 7r 0 det does lift to Sp(2n); for this, one needs the structure 
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of the degenerate principal series representation ip(AV)(0) of 0 ( V + V~) which is 
determined in [9] (see also [83, Prop . 3.3]). This proves (ii). 

Pu t t ing (i) and (ii) together, we have established the theorem. • 

The only reason for the assumption of odd residue characteristic in the theorem 
is tha t Howe's conjecture for local the ta correspondence is only known under this 
assumption. 

Since V is an odd dimensional quadrat ic space, SO(F) is an adjoint group, there is 
a unique orbit of generic characters on it, and the Vogan parametrization of irreducible 
representations a' of the groups SO(V') requires no further choices. So we label 7r = 
7r(M,X) using the Vogan parameters (M, x) of the representation a' = Qw,v',RI>(n)-
The theorem thus gives the following corollary. 

Corollary 11.2. — Assume that the residue characteristic ofk is odd. Suppose that the 
local Langlands-Vogan parametrization holds for S O ( V ) . Then one has a parametriza
tion (depending on of 

irreducible genuine representations 7r of Sp(W) 

by the set of isomorphism classes of pairs (<p, x) such that 

cp : WD(k) • Sp(M) 

is a symplectic representation of WD(k) and x is an irreducible character of the 
component group A^. 

It follows tha t the various desiderata for the Vogan packets of Sp(W) can be ob
tained from those of S O ( V ) if one understands the properties of the the ta correspon
dence. For example, in the the ta correspondence, generic representations of the split 
group S O ( F ) lift to ^-generic representations of Sp(W). Hence the ^-generic element 
in the L-packet of M corresponds to the trivial character of the component group 
AM- Also, when k is non-archimedean, 7r(M, X) is lifted from the split group SO(V) 
precisely when x(—1) — 1- For these and other similar issues, see [17]. 

One difference between metaplectic and linear groups is in the description of the 
action of the adjoint group by outer automorphisms on the set of irreducible repre
sentations. The adjoint action of the symplectic similitude group GSp(W) on the set 
of genuine irreducible representations of Sp(VF) factors through the quotient 

kx/kx2 : PGSp(W)(/c) / Image Sp(W)(k). 

In the metaplectic case, this outer action does not permute the representations 7r in 
an individual Vogan L-packet, and we predict a more complicated recipe, as follows. 

Conjecture 11.3. — Ifn has -parameter (M, %) and c is a class in kx/kx2, the con
jugated representation TTc has ip-parameter (M(c ) , x • vl0])- Here M(c) is the twist of 
M by the one-dimensional orthogonal representation C(c) so that its component group 
AM(C) is canonically isomorphic to AM- The character rj[c] is defined by 

= XN : AM (±1) , 
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where N is the two dimensional orthogonal representation N = C + C(c), so that 

r,[c](a) = e(Ma) E(M(c)° ) - (c -1) 
I DIMM0 

This conjecture is known when dim VF = 2, where it is a result of Waldspurger 
([80] and [81]); our recipe above is suggested by his results. 

The above conjecture has the following consequence. If one replaces the character 
IB bv the character 

Wc '. X I—• w{cx) 
of fc, then the new Vogan parameter (relative to tj)c) of TT will be (M(c),% • Vi0])' 

A consequence of this is the following. Suppose tha t TT is such tha t 

oW,v,y(r) = o and OW,v,W(r) =o 

as representations of SO(V). Then, when dimVF = 2, a basic result of Waldspurger 
says tha t 

W, v,Y(r) = OW,v,y(r) X xc, 

where yr is the character 

SOIV fc spinor norm fcx/fcx2 (±1). 

However, according to the conjecture above, if the Vogan parameter of Owy^ij^) is 
(M, x), then tha t of 0w,y,?/,c(7r) 0 xc is (M, % • rj[c]). So the two representations are 
equal if and only if the character rj[c) is trivial. The assumption tha t TT has nonzero 
the ta lift to SO(V) with respect to both Î/J and ^c implies tha t 

rj[c}(-l) = 1. 

When dim W = 2, this is equivalent to saying tha t rj[c] is trivial. But when dim W > 2, 
this is no longer the case and one can construct such counterexamples already when 
dim W = 4. 

12. T h e representa t ion v of H and gener ic d a t a 

In this section, we shall describe the remaining ingredient in the restriction problem 
to be studied. Suppose as before tha t fc is a local field with an involution a (possibly 
trivial) and fco is the fixed field of a. Let V be a fc-vector space endowed with a non-
degenerate sesquilinear form (—, —) with sign e. Moreover, suppose tha t W C V is a 
non-degenerate subspace satisfying: 

1. c . f - l ) d i m W = - 1 
2. W is a split space. 

So we have 

dimW1- = 
odd, if e = 1, i.e. V is orthogonal or hermitian; 

[even, if e = — 1, i.e. V is symplectic or skew-hermitian. 
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Let G(V) be the identity component of the automorphism group of V and G(W) C 
G(V) the subgroup which acts as identity on WL. Set 

G = G(V) x G(W). 

As explained in Section 2, G contains a subgroup H defined as follows. Since W1- is 
split, we may write 

W x = X + xv or WL = X + Xw + E 

depending on whether dim W1- is even or odd, where in the latter case, E is a non-
isotropic line. Let P be a parabolic subgroup which stabilizes a complete flag of 
(isotropic) subspaces in X. Then G(W) is a subgroup of a Levi subgroup of P and 
thus acts by conjugation on the unipotent radical AT of P . We set 

H = Nx G(W). 

Note tha t there is a natural embedding H <—> G which is the natural inclusion 

H C P C G(V) 

in the first factor and is given by the projection 

H —• H N = G(W) 

in the second factor. When G' — G{V) x G(W) is a relevant pure inner form of G, 
a similar construction gives a distinguished subgroup H'. 

The goal of this section is to describe a distinguished representation v of H (and 
similarly H'). It will tu rn out tha t dimi/ = 1 if d iml^ -1 is odd (orthogonal and 
hermitian cases), whereas v has Gelfand-Kirillov dimension 1/2 • dim(Wy/co) when 
dim W1- is even (symplectic and skew-hermitian cases). Because of this, we will t reat 
the cases when dim W1- is even or odd separately. 

Orthogonal and Hermitian Cases (Bessel Models) 
Assume tha t dim W1- = 2n + 1 and write 

W1- = X + Xy + E with E = (e), 

where X and Xv are maximal isotropic subspaces which are in duality using the form 
(—, —) of V, and e is a non-isotropic vector. Let P(X) be the parabolic subgroup in 
G(V) stabilizing the subspace X, and let M(X) be the Levi subgroup of P(X) which 
stabilizes bo th X and X v , so tha t 

MIX) s G L ( X ) x G(W e E). 

We have 
P(X) = M{X) k N(X) 

where N(X) is the unipotent radical of P{X). The group N(X) sits in an exact 
sequence of M(X)-modules , 

0 Z(X) N(X) N(X)/Z(X) 0, 
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and using the form on V, one has natural isomorphisms 

Z(X) = {skew-hermitian forms on Xy}, 

and 

N(X)/Z(X) £ Hom(W + E,X) * (W + E) <g> X 

Here, when k = k0, skew-hermitian forms on Xy simply mean symplectic forms. In 

particular, Z(X) is the center of N(X) unless k = k0 and d i m X = 1, in which case 

Z(X) is trivial and N(X) is abelian. 

Now let 

tx : X -> k 

be a nonzero fc-linear homomorphism, and let 

ew ' W 0 E —>k 

be a nonzero fc-linear homomorphism which is zero on the hyperplane W. Together, 

these give a map 
lx X lW : X (W + E) —• k, 

and one can consider the composite map 

£N(X) : N(X) N(X)/Z(X) = X ft(W + E) lx X lw 
k. 

Let Ux be any maximal unipotent subgroup of GL(X) which stabilizes £x . Then the 

subgroup 

Ux x G(W) C M(X) 

fixes the homomorphism £N(X) 
Now the subgroup 

H cG — G(V) x G(W) 

is given by 
H = (N(X) x (Ux • G(W)) = N x G(W). 

We may extend the map £N(X) of N(X) to if, by making it trivial on Ux x G(W). 
If ^ is a nontrivial additive character of k, and 

Ax : Ux — S1 

is a generic character of C/x, then the representation v of H is defined by 

v= (YolN(X)) XyX. 
The pair (if, v) is uniquely determined up to conjugacy in the group G — G(V) x 

G(W) by the pair W cV. 
One can give a more explicit description of (if, z/), by explicating the choices of £x, 

Ux and Ax above. To do this, choose a basis {vi, • • • , vn} of X , with dual basis {v^} 
of Xy. Let P C G(V) be the parabolic subgroup which stabilizes the flag 

OC (vi) C (vuv2) (vw- ,vn) = X, 

and let 
L = (kx)n x G ( W + £ ) 
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be the Levi subgroup of P which stabilizes the lines (vi) as well as the subspace W+E. 
The torus T = (kx)n scales these lines: 

t(Vi) = UVi, 

and G(W + E) acts trivially on X + Xv. 
Let N be the unipotent radical of P, so tha t 

N = Ux x N(X) 

where C/x is the unipotent radical of the Borel subgroup in GL(X) stabilizing the 
chosen flag above. Now define a homomorphism / : TV —> kn by 

/ (« ) ( x1 , ... , xn-1 , z) , 

Xi — (uvi+uvy), i = 1,2,-" ,n—l 

z = {ue,v^}. 

The subgroup of L which fixes / is G(W), the subgroup of G(W + E) fixing the vector 
e. The torus acts on / by 

/{tut'1) ((t1/t2)x1, (t2/t3)x2i • • • ,tnz) 

Consider the subgroup H = N>G(W) of G = G(V) x G(W). Then, for a nontrivial 
additive character i\) of k, the representation v is given by: 

v : H —> Cx 
(u,g) h-> ^ (X)^ t + 

It is as regular as possible on N, among the characters fixed by G(W). As noted 
above, up to G-conjugacy, the pair (H, v) depends only on the initial da ta W C V, 
and not on the choices of tp, {vi}, or e used to define it. 

A special case of (H, v) is worth noting. If V is orthogonal of even dimension and 
W has dimension 1, then SO(W) = 1 and H = N is the unipotent radical of a Borel 
subgroup P C G = SO(V). In this case, v is simply a generic character Ow of N. By 
choosing different non-isotropic lines L in the 2-dimensional orthogonal space W + E, 
so tha t L-1 = X + Xy + V, and using L in place of W in the above construction, the 
map L I—• #L gives a bijection 

T-orbits of generic characters on N) 

(SO(F)-orb i t s of non-isotropic lines L with L1- split} 

in the even orthogonal case. This bijection was described in [24, Prop . 7.8]. 
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Symplectic and Skew-Hermitian Cases (Fourier-Jacobi Models) 
We now treat the symplectic and skew-hermitian cases, so tha t W is split of even 

dimension 2n and we may write 

W± = x + xv, 

where X and Xv are maximal isotropic subspaces which are in duality using the form 
on V. In this case, G(W) is a subgroup of Sp(W/fc0), preserving the form Trk/ko o 
(—,—). It will turn out tha t the representation v of H depends on some other auxiliary 
da ta besides the spaces W C V. As in the case of Bessel models, we include the case 
k = ko x fc0 in our discussion below. 

We assume first tha t dimX > 0. Let P(X) = M(X) • N(X) be the parabolic 
subgroup in G(V) stabilizing the subspace X , with Levi subgroup 

M(X) * GL(X) x G(W) 

stabilizing both X and Xv. Let Z(X) be the center of the unipotent radical N(X) 
of P(X), so tha t one has the exact sequence of M(X)-modules : 

0 Z(X N(X) N(X)/Z(X) o 

Using the form on V, one has natural isomorphisms 

Z(X) ^ {hermitian forms on Xv} 

and 
N(X)/Z(X) ^ Rom(W, X)^W®X. 

Here, if fc = fco, then hermitian forms on Xv simply mean symmetric bilinear forms. 
The commutator map 

[-, -] : N(X) x N(X) N(X) 

factors through N(X)/Z(X) and takes value in Z(X). It thus gives rise to a skew-
symmetric fco-bilinear map 

A2k0(X®W) Z(X) = {hermitian forms on I v } , 

or equivalently by duality, a map 

{hermitian forms on X} —> A^o(Xv0VF) = {symplectic forms on ReSk/k0(X (S> W)}. 

Indeed, this last map is a reflection of the fact tha t , using the skew-hermitian structure 
on W, the space of hermitian forms on X can be naturally embedded in the space 
of skew-hermitian forms on X <S> W, and then by composition with the trace map if 
necessary, in the space of symplectic forms on Res^/fc0(X (g) W). 

Now let 
£x : X fc 

be a nonzero homomorphism, and let Ux C GL(X) be a maximal unipotent subgroup 
which fixes £x- Then the group H is defined by 

H = N(X) x (Ux x G(W)) = N x G(W) 
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with N = N(X) xUx.H 
Y x : Ux 3 —> S1 

is a generic character of Ux, then by composing with the projection from H to Ux, 
we may regard Ax as a character of H. 

On the other hand, by pulling back, the homomorphism £x gives rise to a linear 
map 

ko = {hermitian forms on k} {hermitian forms on X } , 

and hence by duality 

^z(x) : E(X) — {hermitian forms on Xv\ kc\. 

Moreover, tx gives a fc-linear map 

£w : X (8) W W 

making the following diagram commute: 

A2ko(X®W) [-•-] Z{X) 

£w 

A2ko (W) 
2 

[fc:fc0] ' 
TRFC/FC0«-,-» 

£Z(X) 

k0. 

For example, when k = ko and dim X = 1, then the commutator map [—, —] is given 
by the skew-symmetric form 2 - ( — ) w on N(X)/Z(X) = W. On the other hand, 
when k ^ ko and d i m X = 1, it is given by the skew-symmetric form Trfc/^0((—, —)w) 
on W/ko- In any case, let us set 

Vi = 
the rank 1 quadrat ic space with discriminant 1 if k = ko; 

the rank 1 hermitian space with discriminant 1 if k ^ ko, 

and let H(V\ <&W) be the Heisenberg group associated to the symplectic vector space 

V\ <8> W over ko with form 

Trk/ko((-,-)Vl ( - , -) W) . 

Here, given a quadrat ic space (V, q) over fc0, the associated symmetric bilinear form 

is 

(vi,v2) = q(vi +v2) Q(vy) - q(vo). 

Thus, when k = ko, the form on V\ is such tha t (v,v)y = 2, so tha t H(V\ <S> W) is 
the Heisenberg group associated to the symplectic vector space (W, 2 • (—, — )w)-

Now one has the following commutative diagram of algebraic groups over ko: 

0 Z(X) N(X) X O W 0 

£O,X 

0 ko H(Vi (8) W) 

lw 

w O. 
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Given a nontrivial character -00 '• &o —* , one may consider the unique irreducible 
unitarizable representation UJW^Q of H(Vi <g> W) of Gelfand-Kirillov dimension \ • 
dim.k0 W, on which the center of H(Vi ® W) acts by ^o- Pulling back by the above 
diagram, one obtains an irreducible representation UJ^0 ofN(X) with central character 

° £z(x)- Up to conjugation by M(X), the representation UJ^Q depends only on 
up to multiplication by (kx)1+<T. The representation uty0 can be extended trivially to 
Ux- Moreover, the group G(W) acts as outer automorphisms of H(Vi <g> W), so the 
theory of Weil representations furnishes us with a projective representation of G(W) 
on uty,0. Thus, one has a projective representation LJ^0 of H. 

As in the orthogonal and hermitian cases, we can make the above discussion 
completely explicit by making specific choices of £x, Ux and Ax- Assuming tha t 
d i m X = n > 0, choose a basis {vi} for X and let {vY} be the dual basis of Xw. Let 
P C G(V) be the subgroup stabilizing the flag 

0 C (vi) C C (vi , - - - ,vn) = X , 

and let 

L = G(W) x (/cx)n 

be the Levi subgroup of P stabilizing the lines (vi) as well as the subspace W. 
Let N be the unipotent radical of P and define a homomorphism to a vector group 

f : N—> kn-1 + W 

given by: 

/(") (a?i,--- ^ n - i , 2 / ) 

xi = (uwi +1, uvi ) 
V = Z j (uwj ,vvn ) .wjv 

Here {wi, • • • ,wn} is a basis for W over k and (w^wY) = Sij. Thus y is the unique 
vector in W with 

(w,y) = (uw 

for all u> in VF. 
The torus T = (kx)n acts on / by 

f(tut-1) = ((t1/t2)x1, i ( ^ n - l A n ) ^ n ^ n ' 2/) xn, tn .y 

and an element g G G (VF) acts by 

f (gug -1) = (x1, ..., xn, g(y)). 

Now the maps (# i , • • • , £ n _ i ) give a functional 

£ : IV k0 

n ^ T r Q > i ) 
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which is fixed by G ( W ) , and is as regular as possible subject to this condition. Choose 

a nontrivial additive character ipo of ko. Then the character 

A : N -+ S1 

u—> Yo(l(u)) = ^ o C & Œ » ) 

is regular, and up to conjugacy by the torus, independent of the choice of ipo- Since it 
is fixed by G ( W ) , we may extend it trivially to G(W) and obtain a character A of H. 

On the other hand, one may define a homomorphism of AT to a Heisenberg group 
as follows. Let No < N be the kernel of the map 

N W 

u \—> y 

and define a homomorphism 

/0 No^k 

UQ I—• Z = {u0vl,vl). 

Note t ha t the element z lies in the subfield fco of fc, since 

UQVU is isotropic z - z" = 0. 

Hence, we have 

/0 : No —» fco-

The torus act by 

/ o ( * « * _ 1 ) tn1+on .z 

and G(W) acts trivially. The above two maps combine to give a homomorphism from 
N to the Heisenberg group H(W/ko): 

0 No 

/0 

0 ko 

N 

H{VX 0 W) 

W 

id 

W 

0 

0 
which is equivariant for the action of G(W) on N and G(W) C Sp(Vi (8) W) on 

H(Vi 0 W ) . The nontrivial additive character ^0 then gives rise to the projective 

representation 00^ of H as above. 

It is now more convenient to consider the symplectic and skew-hermitian cases 

separately. 

(i) (symplectic case) When k = ko, we have G(W) = Sp(W). In this case, for each 

character ip of k = ko, it is known tha t the projective representation uty of 

G(W) lifts to a linear representation of the double cover G(W) = Sp(W) , the 

metaplectic group. Recalling tha t 

H = N x G(W), 

we thus obtain a uni tary representation 

vy = Wy X y 
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Of 
H = N x G(W) 

in the case when dim W1- > 0. 

When W1- = 0, so tha t W = V, we have 

N = {1} and H = G(W) = G(V). 

In this case, we simply set 

cy = Wy 

which is a representation of if. 

In each case, the representation has Gelfand-Kirillov dimension 1/2 • 

dimfc(VF). Up to conjugation by the normalizer of H in G, z/̂  depends only 

on ip up to the action of (kx)2. 

A particular case of this is worth noting. When W = 0, so tha t G(W) is 

trivial, the group H is simply the unipotent radical N of the Borel subgroup P 

and z/0 is simply a generic character of N. This gives a bijection 

T-orbits of generic characters of N) 

(A; -orbits of nontrivial characters ip of k] 

(Ü) 

in the symplectic case. 

(skew-hermitian case) When k ^ ko, G(W) = U(W) . In this case, the projective 

representation uty0 of G(W) = U(W) lifts to a linear representation of G(W), 
but when dirnVF > 0, the lifting is not unique: it requires the choice of a 

character 

u: kx ^ C x 

whose restriction to k^ is the quadratic character uik/k0 associated to k/ko 
[28]. Equivalently, when k is a field, it requires the choice of a 1-dimensional, 

conjugate-dual representation of WD(k) with sign c = — 1. Given such a we 

let o¿0o „ be the corresponding representation of G{W) and set 

cyo, µ = Wyo, µ Xy 

Hence, we have defined an irreducible unitary representation ^0?/i of H = 

iV.U( W0 when dim W1- > 0. 

When W-1 = 0, so tha t W = V,we have 

N = {1} and Hif = G(W) = G(V) 

In this case, we simply set 

µ W o,µ = WYo,µ 

In each case, the representation ZA/>o,M nas Gelfand-Kirillov dimension 1/2 • 

dimk0(W). It depends, up to conjugation by the normalizer of H in G = U(V) x 

U(W) , on ij)o up to the action of Nkx (as well as the choice of /x). 
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A particular case of this is noteworthy. When W = 0 (and V is even dimen
sional), so tha t G(W) is trivial, the group H is simply the unipotent radical N 
of the Borel subgroup P and there is no need to choose ¡1. Hence, &ty0>/x = &ty0 
is simply a generic character of N. This gives a bijection 

{T-orbits of generic characters oî N} 

{Nkx-orbits of nontrivial characters ipo of &o} 

in the even skew-hermitian case. 

Remarks. — Note tha t when W = 0, there is no need to invoke the Weil 
representation at all. Hence, the above description of generic characters could 
be carried out for hermitian spaces (of even dimension 2ri) as well. One would 
consider the situation 

W = 0C V of hermitian spaces. 

and note tha t the homomorphisms 

f : N —> kn~L 

and 

f0:N = NQ — • k 

can still be defined by the same formulas. But now the image of fo lies in the 
subspace of trace zero elements of k (as opposed to the subfield ko when V 
is skew-hermitian). The torus actions on / and fo are again given by the same 
formulas. Thus, giving a T-orbit of generic characters of N in the even hermitian 
case amounts to giving a nontrivial character of k trivial on ko, up to the action 
of Nkx. 

This completes our definition of the representation v of H. 
As we noted in the course of the discussion above, special cases of the pair (H, v) 

give the determination of T-orbits of generic characters. Recall t ha t if G = G(V) is 

quasi-split, with Borel subgroup B = T • N, then the set D of T(fc0)-orbits of generic 

characters of TV is a principal homogeneous space for the abelian group 

E = Tad(ko)/lm T(fco) = ker(ff1(ifco,Z; Hl(ko,T)). 

When G = GL(V) or U(V) with dim V odd or SO(V) with dim V odd or dim F = 2, 

the group E is trivial. In the remaining cases, E is a finite elementary abelian 2-group. 

In Section 10, we have described the E'-torsor D explicitly for the various classical 

groups G(V), but did not say how this was done. Our discussion of (if, v) above has 

thus filled this gap, and we record the result in the following proposition for ease of 

reference. 

SOCIÉTÉ MATHÉMATIQUE DE FRANCE 2012 



52 W. T. GAN, B. H. GROSS & D. PRASAD 

Proposition 12.1. — l.IfVis symplectic, E = kx/kxz, and we have constructed 
an explicit bijection of Espaces 

D<—+kx2 orbits on nontrivial ip : k —> C x . 

2. IfV is hermitian of even dimension, E = k$ /Nfcx, and we have constructed an 
explicit bijection of E-spaces 

D<—>Nkx orbits on nontrivial iß : k/ko —> C 

3. If V is skew-hermitian of even dimension, E = k£ /Nfcx, and t^e Aave con-

structed an explicit bijection of E-spaces 

D <—• Nkx-orbits on nontrivial tßo : &o —> Cx 

4. If V is orthogonal of even dimension and split by the quadratic algebra K, then 
E = NKX /kx2, and we have constructed an explicit bijection of E-spaces 

D <—• SO(V)-orbits on non-isotropic lines L C V, with split. 

We stress tha t the bijections constructed in Proposition 12.1 depend crucially on 

the form (—, —) on V. 

13. Bessel and Fourier-Jacobi models for GL(n) 

The construction of the pair (if, v) given in the previous section includes the case 
when k = ko x ko is the split quadratic algebra. In this case, the groups G(V) and 
G(W) are general linear groups, and it is useful to give a direct construction of (if, v) 
in the context of general linear groups, rather than regarding them as unitary groups 
of hermitian or skew-hermitian spaces over k. We describe this direct construction in 
this section. 

We first give a brief explanation of how one translates from the context of unitary 
groups to tha t of general linear groups. The hermitian or skew-hermitian space V has 
the form 

V = V0X KV 

for a vector space Vb over ko. Moreover, up to isomorphism, the hermitian form on V 
can be taken to be 

((,XV),(Y,YV)) ((x,yV),{y,xv))€k, 

whereas the skew-hermitian form on V can be taken to be 

((x,xv) , (y,yv) {{x,Y<),-{yy))EK. 
Then, by restriction to VQ, one has an isomorphism 

G(V) s GL(Vo) 

of linear algebraic groups over ko-
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If W C V is a nondegenerate subspace, then W = Wo X WQ gives rise to Wo C Vb. 
If, further, W1- is split, and X C W1- is a maximal isotropic subspace, then X has 
the form 

X = X0 x y0v c V0 x F0V 

with the natura l pairing of XQ and Y0V equal to zero, so tha t XQ is contained in the 
kernel of Y0V. Writing the kernel of Y0V as XQ + Wo, we see tha t the isotropic space 
X determines a decomposition 

V0 = X0 + Wo + Yo, 

with a natura l perfect pairing between YQ and Y0V. Then the parabolic subgroup P(X) 
stabilizing X in G(V) is isomorphic to the parabolic subgroup of GL(Vb) stabilizing 
the flacr 

X o C X o + W o C F o . 

It is now easy to translate the construction of (H, v) given in the previous section to 
the setting of Wo C Vb, and we simply describe the answer below. 

Bessel Models for GL(n) 

In this case, we star t with a vector space Vb over ko with a decomposition 

Vo = Xo +Wo + Eo + W0v 

where i£o = (e) is a line. Consider the (non-maximal) parabolic subgroup Q stabilizing 

the flag 

X o C X o + Wo + ^ o C ^ o . 

It has Levi subgroup 

L = GL(Xo) x GL(W0 + E0) x GL(X0V) 

and unipotent radical U sitting in the exact sequence: 

0 Hom(X0v,X0) U Hom(X0v,W0 + E0) -Hom(Wo + E0,X0) 0. 

We may write the above exact sequence as: 

0 XQ (8) Xn U - Xo 0 (WN + Eo) -(W0v + E0v)(8)Xo 0, 

where En = (F) is the dual of En. 
Let 

£Xo X0 —• k0 

be any nontrivial homomorphism, and let Ux0 x Ux% be a maximal unipotent sub

group of GL(X0) x GL(XY) which fixes £xn- On the other hand, let 

£w0 (Wo + ^o) + (^oV + ^ o ) ko 

be a linear form which is trivial on Wo + WQ but nontrivial on Eo and EQ . Together, 

the homomorphisms £x0 and £\v0 give a map 

e = txo eWn-.u X0 <8) (Wo + Eo) + (W0V + K ) XQ — • fco-
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Since £ is fixed by UXo x UXV x GL(Wo), we may extend £ trivially to this group 

Thus, we may regard £ as a map on 

H = Ux ((Uxo x UXV) x GL(Wb)). 

Choose any nontrivial additive character ipo of fco and any generic character 

A : UXo x C/Xv S1 

which we may regard as a character of H. Then the representation v of H is defined 

by 
v = (ib0o£)<g> A. 

The pair (H,u) depends only on the spaces W0 C Vb, up to conjugacy by GL(Vb). 

This completes the construction of (H, z/) in the case when codimension of Wo in Vb 

is odd. 

Fourier-Jacobi models for GL(n) 

In this case, we consider a vector space Vb over fco, together with a decomposition 

Vo = Xo + Wo + X0 

As before, let Q be the parabolic subgroup stabilizing the flag 

I o C l o + ^ o C V0. 

Thus Q has Levi subgroup 

L = GL(Xo) x GL(W0) x GL(X0V) 

and its unipotent radical U sits in the exact sequence, 

0 ->Hom(X0v,X0) • C / ^ H o m ( X n v , W 0 ) • H O M W N J N H O , 

in which Hom(XQ , Xo) is central. The group U is completely described by the na tura 
bilinear map 

Rom(X^Wo) x Hom(W0,^o) Horn XY,X0) . 

Indeed, given a bilinear map 

( - , - ) : 5 x C -> A, 

of vector groups, there is a natural central extension of B x (7 by A defined by a group 
structure on Ax B x C given by 

(ai,Oi,ci)(a2,62,c2) (ai +a2 + (&i,c2). fti +&2,Ci +c2) , 

Given a linear map 

£x0 : ̂ 0 fco, 

let 
Uxo X Uxov C GL(Xo) x GL(X0V), 

be a maximal unipotent subgroup fixing £Xo. Let 

A : UXo x Ux* S1 
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be a generic character, which we may regard as a character of 

H = Ux(UXox UXV x GL(W0)) 

via projection onto Ux0 x Ux% • 
On the other hand, the homomorphism £xQ allows one to define a homomorphism 

from U to the Heisenberg group H(W0 + WN): 

0 Xo X Xo u W0v®X0 + * o ® Wo 0 

0 k0 H(W0V + Wo) W0V + Wo 0, 

which is clearly equivariant under the action of Ux0 x Uxg x GL(Wo). 

Thus, given any nontrivial additive character of ko, we may consider the unique 

irreducible representation of H(WQ + Wo) with central character ^o> and regard it as 

a representation of U using the above diagram. This representation can be extended 

trivially to Ux0 x Ux%, and is realized naturally on the space y(Wo) of Schwarz-

Bruhat functions on Wo. For any character /i : k£ — • C x , one then obtains a Weil 

representation oty0)At of 

H=(GL(W0)xUXoxUXV)xU. 

on y (Wo), where the action of GL (Wo) is given by 

(g-f)(w) = fx(det(g))-f(g-1-w). 

When d imXo > 0, the representation v^iiL of H is then given by 

v Wo, µ = WYo,µ X y 
When d imXo = 0, we have Wo = Vo and we take the representation &ty0>At of H = 
GL(Wo) to be the representation ctty0jAZ of GL(Wo) on 5?7(Wo) defined above. In either 

case, the isomorphism class of u;^0^ is independent of tpo and the pair (H,u^0^) is 

independent of ipo, up to conjugacy in GL(Vb). This completes the definition of (H, v) 
when the codimension of Wo in Vb is even. 

This concludes our direct construction of the pair (H, v) for general linear groups. 

14. Restriction Problems and Multiplicity One Theorems 

We are now ready to formulate the local restriction problems studied in this paper. 

Let W C V be as in §12, so tha t G = G(V) x G(W) contains the subgroup 

H = N x G(W). We have defined a representation v of H (or its double cover), which 

may depend on some auxiliary da ta such as ip or ¡1. Let TT = uy №TTW be an irreducible 
representation of G (or an appropriate double cover). Then the restriction problem 
of interest is to determine 

dime H o m # (TT <S> V, C) . 

More precisely, we have: 

SOCIÉTÉ MATHÉMATIQUE DE FRANCE 2012 



56 W. T. GAN, B. H. GROSS & D. PRASAD 

1. In the orthogonal or hermitian cases, the representation v of H depends only 

on W C V and so we set 

d(n) = dime H o m # (n 0 V, C ) = dimc H o m # (w, v). 

In the literature, this restriction problem is usually referred to as a problem 

about the existence of Bessel models, and for an irreducible representation 7r = 

nv nw of G, the space Hom#(7r,i/) usually called the space of 7r^-Bessel 

models of 7ry. 

2. In the symplectic case, the representation is a representation of the double 

cover H = N x Sp(VF) and depends on a nontrivial additive character ip of 

k = ko up to the action of kx2. In this case, for the above Horn space to be 

nonzero, the representation IT = TRY IS TTW must be a genuine representation 

when restricted to H. Hence, we have to take an irreducible representation 

7T = 7CY ISI 7Tw of Sp(V) x Sp(W) 

or 

7T = 7Ty H TTw of Sp(F) x Sp(Wr). 

In this case, we set 

d(7r,^) = DIME Horn (TT 0 z / ^ , C ) . 

3. 

In the literature, this restriction problem is usually referred to as one about 

Fourier-Jacobi models, and the space Horn-(7? 0 ^ , C ) usually called the 

(71^, ^)-Fourier-Jacobi models of 7Ty. 

In the skew-hermitian case, the representation &ty0>/x of H depends on a nontrivial 

additive character ^0 of ko, up to the action of Nkx, and also on the choice of a 

character \x of kx whose restriction to k£ is the quadratic character associated 

to k/ko. In this case, we set 

D(7T,//,^0) = DIME Horn// ( î ® ^ o , / i ) C ) ' 

In the literature, this restriction problem is usually referred to as a problem 
about the existence of Fourier-Jacobi models in the context of unitary groups, 
and the space Hom#(^0z7^oAi, C ) usually called the (7T^, ipo » //)-Fourier-Jacobi 
models of 7ry. 

We remark tha t in the orthogonal and hermitian cases, since v is 1-dimensiom 

and unitary, one has: 

HOMF/(7r 0 ZAC) ^ Homi / (7T0i /V ,C) = Hom#(7r, v). 

In the symplectic and skew-hermitian cases over non-archimedean fields, the same 

assertion holds, even though v is infinite-dimensional. However, over archimedean 

fields, it is only clear to us tha t : 

Hom#(7r, v) Ç H o m ^ ( 7 T 0 i / V , C ) = H o n W 7 T 0 I 7 , C ) . 

The difficulty arises in the subtlety of duality in the theory of topological vector spaces. 

In any case, we work with Hom#(7r 0 17, C ) since this is the space which naturally 
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arises in the global setting. We should also mention tha t , over archimedean fields, 
the tensor product TT 0 V refers to the natural completed tensor product of the two 
spaces (which are nuclear Fréchet spaces) and Hom(—,C) refers to continuous linear 
functionals. For a discussion of these archimedean issues, see [3, Appendix A]. 

A basic conjecture in the subject is the assertion tha t 

DM < 1 

in the various cases. Recently, there has been much progress in the most basic cases 
where dimVF1- = 0 or 1. We describe these in the following theorem. 

Theorem 14.1. — Assume that k has characteristic zero and dim VF = 0 or 1. 
(i) In the orthogonal case, with G = 0(V) x 0(W) or SO(V) x SO(W), we have 

d{Tr) < 1. 

(ii) In the hermitian case (including the case when k = ko x ko), we have 

d(Tr) < 1. 

(iii) In the symplectic case, suppose that k is non-archimedean. Then we have 

d(TT,ip) < 1. 

(iv) In the skew-hermitian case (including the case k = ko x ko), suppose that k is 
non-archimedean. Then we have 

d(7r,/x,^o) < 1-

Proof. — For the groups 0(V) x 0(W) in (i) and \J(V) x U(W) in (ii), the results 
are due to Aizenbud-Gourevitch-Rallis-Schiffmann [4] in the p-adic case and to Sun-
Zhu [66] and Aizenbud-Gourevitch [3] in the archimedean case. This is extended 
to G = SO(V) x SO(VF) by Waldspurger [76] in the non-archimedean case and by 
Sun-Zhu [67] in the archimedean case. 

The cases (iii) and (iv) are due to Sun [64] in the non-archimedean case (the 
archimedean case seems to be still open). • 

Remarks. — For the group GLn x GLn_ i , the above multiplicity one result has been 
extended to the case when k has characteristic p by Aizenbud-Avni-Gourevitch [2]. 

15. Uniqueness of Bessel Models 

In this section, we show tha t if k is non-archimedean, the multiplicity one theorem 
for the general Bessel models can be deduced from Theorem 14.1(i) and (ii) in the 
orthogonal and hermitian cases. We remind the reader tha t the case k — ko x ko is 
included in our discussion. In particular, the results we state below are valid in this 
case as well, though we frequently write our proofs only for k a field, and leave the 
adapta t ion to the case k = ko x fc0 to the reader. 
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Thus, we consider the case when W cV are orthogonal or hermitian spaces of odd 

codimension. Then we have 

WL = X + X v + E 

where E = k • e is a non-isotropic line and 

X = (vi,v2,-' ,Vn) 

is an isotropic subspace with d i m X = n > 0 and dual basis {vY} of Xy. Wi th 

G = G(V) x G(W) and H = N • G(W), we would like to show tha t 

dim H o m # (TTV ® ? v) < 1 

for any irreducible representation TTV TT^ of G. 

Let 

E~=k.f 

denote the rank 1 space equipped with a form which is the negative of tha t on E, so 
tha t E + E~ is a split rank 2 space. The two isotropic lines in E + E~ are spanned 

by 

vn+i = e + / and «n+l 
1 

2 - ( e , e ) 
(e-f) . 

Now consider the space 

W' = V®E-

which contains V with codimension 1 and isotropic subspaces 

Y = X 4- k • (v1, ..., vn+1) 

and 

yv = xv + k. unv+1 (vv1, ... , uvn+1) 

Hence we have 

iy; = y + F v + w. 

Let F = P(Y) be the parabolic subgroup of G(W) stabilizing Y and let M be its 
Levi subgroup stabilizing Y and y v , so tha t 

M^GL(Y)xG(W). 

Let r be an irreducible supercuspidal representation of G L ( y ) and TTW an irreducible 
smooth representation of G(W) and let 

I Ï T , 7TW) = I n d ^ } y X rW 

be the (unnormalized) induced representation of G(W) from the representation r IE! 
7Tw of P . 

Our goal is to prove the following theorem: 
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Theorem 15.1. — Assume that k is non-archimedean. With the notations as above, 
we have 

H o m G m ( / ( T , 7YW) 7Ty, C) = Hom// (iTy (g> TTw, v) 
as long as 7Ty does not belong to the Bernstein component of G(V) associated to 
( G L ( y ' ) x M ' , r(g)//) ; where Y' C V is isotropic of dimension equal to &\mY with V = 

Y' + Y''v+V',M' is a Levi subgroup ofGCV') and \J is any irreducible supercuspidal 
representation of M'. 

Proof. — We assume tha t & is a field in the proof and calculate the restriction of 
N := I(r, TTW) to G(V) by Mackey's orbit method. For this, we begin by observing 
tha t G(V) has at most two orbits on the flag variety G(Wf)/P(Y) consisting of: 

1. (n + l)-dimensional isotropic subspaces of W' which are contained in V; these 
exist if and only if W is isotropic, in which case if Y' is a representative of this 
closed orbit, then its stabilizer in G(V) is the parabolic subgroup Py(Y') = 
P(Yf)nG(V); 

2. (n + l)-dimensional isotropic subspaces of W' which are not contained in V; a 
representative of this open orbit is the space Y and its stabilizer in G(V) is the 
subgroup Q = P(Y) H G{V). 

By Mackey theory, this gives a filtration on the restriction of N to G(V) as follows: 

0 - indQ (r <S>TTW)\Q R\G(V) IND y 
PV(Y>] T®ITW\G(V') 0, 

where the induction functors here are unnormalized and where ind denotes the induc
tion with compact support . 

Denoting the above short exact sequence by 

0 A B C 0, 

for simplicity, we have an exact sequence: 

0 HomG(y)(C, TT^) HomG(v)(B ,7r^) HomG(y)(A,7r^) 

Ext1G(v) (C, rvv) 

By our assumption on 7r̂ >, we have: 

HomG(y) Ind G(V) 

P(Y) 
( r 0 / x ) , O = 0 

and 

ExtG(V) FIND \G(V) 

pv Y (t®jiW) = 0 
for any smooth (not necessarily of finite length) representation /i of G(V). Thus, 
H o m G m ( C , 7 r y ) = 0 = E x t H C , ^ ) and we have 

HomG(^) (ind G(V) 
Q [R ®TTW)\Q^V) -- HomG(VA)(N,7r^). 

It thus suffices to analyze the representations of G(V) which appear on the open orbit. 
For this, we need to determine the group Q = P(Y) D G(V) as a subgroup of G(V) 
and P(Y). 
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Recall tha t W = 7 0 ^ 0 y v , and V is the codimension 1 subspace X E W E X v 0 # 
which is the orthogonal complement of / . It is not difficult t o see tha t as a subgroup 
ofG(V\ 

Q = G(V)DP(Y)cPv(X). 

Indeed, if g G Q, then g fixes / and stabilizes Y, and we need to show tha t it stabilizes 
X. If x G X, it suffices to show tha t (g • x, e — / ) = 0. But 

(g-x,e-f) (x,g-1 . (e-f)) lx,g 1 -vn+1 - 2f) = 0, 

as desired. 
Now we claim tha t as a subgroup of Py(X), 

Q = (GL(X) x G(W)) x NV(X), 

where Ny(X) is the unipotent radical of Py(X). To see this, given an element ft G 
Py(X), note tha t ft G Q if and only if 

ft • vn+i G Y, or equivalently ft • e - e G Y. 

We may write 
h - e = A - e + w + x, with w G VF and a ; 6 l 

Then we see tha t ft • e — e G F if and only if A = 1 and w = 0, so tha t ft fixes e modulo 
X and hence stabilizes W modulo X , in which case ft G (GL(X) x G(W)) tx NV(X), 
as desired. 

Since we are restricting the representation r 7RW of P ( V ) to the subgroup Q, we 
also need to know how Q sits in P(Y). For this, note the following lemma. 

Lemma 15.2. — The natural projection pr : P(Y) -» GL(Y) x G(W) induces the fol
lowing commutative diagram with exact rows, where the vertical arrows are inclusions: 

0 - N(Y) P(Y) pr GL(Y) x G{W) 0 

0 N(Y) N Q Q R x G(W) 0 

0 N(Y) N Q Nv (X) Hom(fc • vn+i,X) 0. 

Here 
R C GUY) 

is the mirabolic subgroup which stabilizes the codimension one subspace X C Y and 
fixes vn+\ modulo X and Hom(A; • vn+i,X) is the unipotent radical of R. 

Proof. — The projection pr is given by the action of P(Y) on Y x (Y + W)/Y. 
Consider the restriction of pr to the subgroup 

Q = G(V) N P(Y) (GL(X) x G{W)) K NV(X) 

of P(Y). We note 
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(i) the subgroup GL(X) x G(W) maps isomorphically to its image in GL(Y) x G(W), 
and its image is precisely the Levi subgroup GL(X) x G(W) of R x G(W). This is 
clear. 
(ii) the kernel N(Y) fl Q of PT\Q is contained in Ny(X). To see this, suppose tha t 
n G N(Y) H Q. Then n G G(V) (since Q C G ( F ) ) , so tha t n • / = / . To show tha t 
n G 7Vy(X), we need to show tha t n acts trivially on X and acts trivially on W 0 i£ 
modulo X . 

Now, as an element of N(Y), n acts trivially on Y and acts trivially on W modulo 
Y. Thus, n certainly acts trivially on X C Y, and for w G W, n-w — w e YC\V = X. 
It remains to show tha t n acts trivially on E modulo X, i.e. tha t n-e — e £ X = YC\V. 
Since n • e — e lies in V, it suffices to show tha t n • e — e lies in Y. But we have: 

n • e — e = n • (e + f)-(ef) n • vn+i - vn+i G Y. 

This proves the N(Y) HQ cNv(X). 
(iii) the projection pr induces an isomorphism: 

NV(X)/(N(Y) H Q) Horn (A; • vn+1,X). 

Indeed, if n G Ny(X)1 then n fixes X and fixes W modulo X. Moreover, since n fixes 
/ (as it is in G(V)) and fixes e modulo X , we have 

n . vn+1-vn+1 = n - ( e + / ) - ( e + / ) G X . 

This shows tha t pr(n) lies in the unipotent radical Hom(fc • vn_|_i,X) of R. Indeed, 

pr (n) (vn+i ) = n • e - e. 

It remains to show tha t PV\NV{X) is surjective onto Hom(fevn+i,X). For any # G X , 
let nx G Ny(X) be the element which fixes X and W and such tha t nx(e) = e + x. 
Then pr (nx) (vn_|_i) = x, as desired. 

In view of the above, we see tha t the image of Q under pr is precisely R x G(W) 
and the image of Ny(X) is the unipotent radical of R. The lemma is proved. • 

Bv the lemma, one has: 

(TMTTW)\Q = T\RMTTW. 

By a well-known result of Gelfand-Kazhdan, since r is supercuspidal, one knows tha t 

T\R *É ind£x 

where U is the unipotent radical of the Borel subgroup of GL(Y) stabilizing the flag 

(vi) C (^1 ,^2) C ••• C (vi , - - - ,vn+i) = Y, 

and x is anY generic character of U. 
Now it is clear from the lemma tha t the pre-image of U x G(W) in Q is precisely 

the subgroup 

H = (Uxx G(W)) x Ny(X) c G(V) , 

where UX is the unipotent subgroup of GL(X) stabilizing the flag 

(vx) C {vuv2) - • C (vi,- - ,vn) = X . 
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Further, the representation x ^ ofUx G(W) pulls back to the representation 
vw ®7TW of H. Indeed, the pre-image of U in Q is the subgroup Ux * Nv(X), and the 
pullback of x is in general position when restricted to Ux- Moreover, when restricted 
to Ny{X), the pullback of x is nontrivial and fixed by Ux x G(W). 

Hence, by induction in stages, we conclude tha t 

ind G(V) 
Q (T®TTW)\Q - i n d ^ } 7Tw <S> V 

Thus, by dualizing and Frobenius reciprocity, one has 

HomG(V)(/(r, NW)^V) = Hom#(7Ty ® 7TvF, v), 

This completes the proof of the theorem. • 

Corollary 15.3. — In the orthogonal or hermitian cases over a non-archimedean k, 
with W C V of odd codimension, we have 

dime Horn// (7R, V) < 1 

for any irreducible representation n of G = G(V) x G(W). 

Proof. — To apply Theorem 15.1, choose a supercuspidal representation r which 
does not belong to the Bernstein components in Theorem 15.1. Then, replacing r 
by its twist by an unramified character, we may assume tha t the associated induced 
representation 7(r,7rv^) is irreducible; this is possible by a result of Waldspurger [61]. 
Then, by Theorem 15.1, the corollary is reduced to Theorem 14.1. • 

Remarks. — In the archimedean case, a recent paper of Jiang-Sun-Zhu [37] adapted 
the proof of Theorem 15.1 to show the containment 

H o m # ( 7 I V 0 v) C HomG(^) ( J (T , 7TW) 0 7TViC). 

Namely, to each element on the left hand side, [37] constructs an associated element on 
the right hand side, using an explicit integral. This is enough to deduce the multiplicity 
one result of Corollary 15.3 from the results of [66], [67] and [3]. 

16. U n i q u e n e s s of Fourier-Jacobi M o d e l s 

In this section, we continue with the assumption tha t k is non-archimedean and our 
goal is to establish the analog of Theorem 15.1 in the symplectic and skew-hermitian 
cases, which will imply tha t 

d(7T,V>) < 1. 
Before coming to the analogous result, which is given in Theorem 16.1, we need to 
recall certain structural results about parabolic induction for the metaplectic groups. 

Recall tha t if W is a symplectic space, then a parabolic subgroup P in Sp(VF) 
is nothing but the inverse image of a parabolic P in Sp(W). It is known tha t the 
metaplectic covering splits (uniquely) over unipotent subgroups, so for a Levi decom
position P = M - AT, it makes sense to speak of the corresponding Levi decomposition 

P = M-N in Sp(W0. 
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Furthermore, we note tha t for a maximal parabolic subgroup P(X) of Sp(VF) with 
Levi subgroup of the form M = GL(X) x Sp(W0) in Sp(W), 

M = (GL(X) x Sp(W0)) /A/i2 

where GL(X) is a certain two-fold cover of GL(X) defined as follows. As a set, we 
write 

GL(X) = GL(X) x { ± 1 } , 
and the multiplication is given by 

(01, ei) • (P2,€2) = (öri^2,eie2 • (det0i ,det02))> 

where (—, — ) denotes the Hilbert symbol on kx with values in { ± 1 } . 
The two-fold cover GL(X) has a natural genuine 1-dimensional character 

Xv, : GL(X) — Cx 
defined as follows. The determinant map gives rise to a natural group homomorphism 

det : GL(X) GL(AtopX) = GL(1). 

On the other hand, one has a genuine character on GL(1) defined by 

(a,e) ^ e - 7 ( a , ^ ) , 

where 

y( a,y) = y(Ya) / (Y) 
and j(ip) is an 8-th root of unity associated to tp by Weil. Composing this character 
with det gives the desired genuine character Xib on GL(X) , which satisfies: 

Xl(g,e) = (det(g),-1). 

Thus, there is a bijection between the set of irreducible representations of GL(X) and 
the set of genuine representations of GL(X) , given simply by 

r —> ty=t X XW 
Note tha t this bijection depends on the additive character of k. Now associated to 
a representation r of GL(X) and 7TQ of Sp(Wo), one has the representation 

Tú KL7TO of M. 

Then one can consider the (unnormalized) induced representation 

J</>(r> ^o) Ind Sp(W 
p 

(F^^TTO) . 

Here is the analog of Theorem 15.1 in the symplectic case. 

Theorem 16.1. — Consider W = X 0 Wo 0 l v with X ^ 0 and fix the additive 
character tp of the non-archimedean local field k. Let 

— r be a supercuspidal representation of G L ( X ) ; 
— 7TO be a genuine representation o /Sp(Wo) ; 
— IT be an irreducible representation ofSp(W), 
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and consider the (unnormalized) induced representation / ^ ( r , TTQ) ofSp(W). Assume 
that 7rv does not belong to the Bernstein component associated to (GL(X) x M , T K / X ) , 
where M is any Levi subgroup of Sp(Wo) and ¡1 is any supercuspidal representation 
of M. Then 

Homww (IW(t,ro) X r,WW,y) HOMI/(7T <g> 7T0, I^,Wb,v)-

Proof — We shall compute 

H o n W ; HOMI/(7T <g> 7T0, I^,Wb,v)-

Let P ( X ) = M ( X ) • iV(X) be the parabolic subgroup in Sp(W) stabilizing the sub-

space X , so tha t 

M(X) ^ (GL(X) x S p ( W 0 ) ) / A / x 2 . 

The Weil representation = u>w,ii> has a convenient description as a P(X)-module ; 

this is the so-called mixed model of the Weil representation. This model of u)^^ is 

realized on the space 

S ( X v ) ® ^ 0 j V , 

of Schwartz-Bruhat functions on X v valued in ^w0^- ^n particular, evaluation at 0 

gives a P(X)-equivar iant map 

oW : w,y Xy| det X 1/2 ww 
o,yv 

where N(X) acts trivially on the target space. In fact, this map is the projection of 

uiwrt onto *ts sPace °f Af(X)-coinvariants. 
On the other hand, to determine the kernel of the map ev, note tha t GL(X) 

acts transitively on the nonzero elements of X v . Recall tha t we have fixed a basis 
{^i, • • • , vn} of X in the definition of the da ta (H, i/^,), with dual basis {v±, • • • , v„} 
of X v . Let R be the stabilizer of v^ in GL(X) , so tha t R is a mirabolic subgroup of 
GL(X) . Let 

Q = (Rx Sp(Wb)) AT(X) C P ( X ) 

so tha t its inverse image in P(X) is 

Q UR x Sp(W0))/A/x2 M X ) C P ( X ) . 

Then one deduces the following short exact sequence of P(X)-modules : 

0 - ind 
P(X) 

Q 
X7j;\àetx 11/2 wwvo,y / »v w Xy| det X 1/2 wwo,Y -O, 

where the compact induction functor ind is unnormalized and the action of Q on ujyy0 ^ 

is via the Weil representation of Sp(Wo) - N(X) with respect to the character ip. 
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Tensoring the above short exact sequence by MTTQ and then inducing to Sp(W), 
one gets a short exact sequence of Sp(VF)-modules: 

0 

indspQ(w) ; | d e t X | V 2 T\R <8> (ro X wwvo,y = A 

IW(t,ro) v,Y = B 

Ind |Sp(W) 
P(X) 

( r - | d e t x | 1 / 2 HOMI/(7T <g> 7T0, I^,Wb,v)-

0. 
By our assumption on 7r, 

HomSp(Vy)(C,,7rv) = 0 and HomSp(^ ) (£ , TTv) = HomSp(^)(A, 7rv). 

Moreover since r is supercuspidal, by a well-known result of Gelfand-Kazhdan, one 
has 

T\R ^ ind^x, 

where U is the unipotent radical of the Borel subgroup of GL(X) stabilizing the flag 

{vi) C (vi,v2) C (vir- ,vn) = X 

and x is anY generic character of U. Observing tha t 

H = (U xSp(W0))-N(X), 

we conclude tha t 
A = ind Sp(W) 

gh 
(TT0® 

Therefore, the desired result follows by Probenius reciprocity. 

Corollary 16.2. — In the symplectic case over a non-archimedean local field, we have 

dime Hom#(7r ® vj,, C) < 1 

for any irreducible representation TT of G = G(V) x G(W). 

One can prove an analog of Theorem 16.1 in the skew-hermitian case, including 
the case when k = ko x fco, and deduce the following corollary; we omit the details. 

Corollary 16.3. — In the skew-hermitian case over a non-archimedean k, with W C V 
of even codimension, we have 

dime Hom#(7T <g> ^o,M> C) < 1 

for any irreducible representation TT of G = G(V) x G(W). 
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17. Local C o n j e c t u r e s 

In this section, we propose a conjecture for the restriction problem formulated in 
Section 14. Recall tha t we have a pair of spaces W C V and we are considering the 
restriction of irreducible representations TT = Try IE TTW of G = G(V) x G(W) to the 
subgroup H = N • G(W) C G. Recall also tha t , with auxiliary da ta if necessary, we 
have defined a unitary representation v of H (or sometimes its double cover H), which 
has dimension 1 when W C V are orthogonal or hermitian, and has Gelfand-Kirillov 
dimensional 1/2 • dim(W/ko) when W C V are symplectic or skew-hermitian. Then 
we are interested in 

d(7r) = dime Hom#(7r ® v, C) , 

which is known to be < 1 in almost all cases. In this section, we shall give precise crite
rion for this Horn space to be nonzero, in terms of the Langlands-Vogan parametriza
tion of irreducible representations of G. We first note the following conjecture, which 
has been called multiplicity one in L-packets. 

Recall tha t a pure inner form G' = G(V) x G(W) of the group G is relevant if the 
space W embeds as a non-degenerate subspace of V , with orthogonal complement 
isomorphic to W^. In this case, one can define a subgroup H' = G(W) x N' C G'. 

Conjecture 17.1. — There is a unique representation TT of a relevant pure inner form 
G' = G(V') x G(Wf) in each generic Vogan L-packet 11^ of G which satisfies 

Hom#/(7T(g>I7,C) ^ 0. 

In the papers [74, 75] and [53], Waldspurger and Mceglin-Waldspurger have made 
substantial progress towards this conjecture. Namely, assuming certain natural and 
expected properties of the characters of representations in a Vogan L-packet, they 
have shown tha t the above conjecture holds in the special orthogonal case. There is 
no doubt tha t these methods will give the same result in the hermitian case. 

We also note tha t when k = ko x ko, we have G = GL(I^Q) X GL(Wo) SO tha t the 
Vogan packets are all singletons. In this case, the above conjecture simply asserts tha t 
H o m # (TT 0 17, C) 0 for any irreducible generic representation TT of G. In this case, 
we have: 

Theorem 17.2. — (i) If k = k0 x k0, then Conjecture 17.1 holds when dimW1- = 0 
or 1. 
(ii) If k = ko x ko is non-archimedean, then Conjecture 17.1 holds in general. 

Proof. — When dim W1- = 0 or 1, Conjecture 17.1 is an immediate consequence of the 
local Rankin-Selberg theory of Jacquet, Piatetski-Shapiro and Shalika ([34] and [36]). 
Indeed, the local Rankin-Selberg integral gives a nonzero element of Hom#(TT, V). 
When k is non-archimedean, the general case then follows from Theorems 15.1 and 
Theorem 16.1. • 

In each of the remaining cases, we will make the above conjecture more precise 
by specifying a canonical character \ OF the component group A ^ . The character \ 
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depends on the choice of a generic character 0 of G (used to normalize the Langlands-
Vogan parametrization) and on the additional da t a needed to define the representation 
v when e = — 1. We then conjecture tha t the representation 7r in Conjecture 17.1 has 
parameter TT = ir(<P, X) m the Vogan correspondence J(0). 

We treat the various cases separately. 

G = SO(V) x SO(W), àimW± odd 

Here the character 0 is determined by the pair of orthogonal spaces W C V. In view 
of Proposition 12.1, specifying 0 amounts to giving a non-isotropie line L in the even 
orthogonal space (with L1- split), and we simply take the line L to have discriminant 
equal to the discriminant of the odd space. The representation v is also canonical. 

The L-packet 11^ is determined by a parameter 

<P : WD(K) Sp(M) x 0(N) 

with dim N even. We define 

X = XN x XM ' AM x A^- ( ± I ) , 

where the characters \M and XM were defined in §6. 

G = U(V) x V(W), dim WL odd 
Here, in view of Proposition 12.1, we need to choose a nontrivial character 

iß : k/ko • S1 

up to the action of Nkx in order to define a generic character 60 of the even unitary 
group. If 8 is the discriminant of the odd hermitian space, then we define 

$(x) = 6>o(-2 -S-x) 

and use 6 to fix the Vogan parametrization for the even unitary group. Note tha t 0 
is simply the generic character of the even unitary group determined by the additive 
character 

*l)-2-s(x) = il>(-2-6-x). 

The representation v is canonical. 
The L-packet is determined by a parameter 

<P : WD{k) G L ( M ) x GL(N) 

with M conjugate-symplectic of even dimension and N conjugate-orthogonal of odd 
dimension. We define: 

X = XN x XM AM x AN (±1) , 

using the character ip to calculate the local epsilon factors which intervene in the 
definition of X-
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G = Sp{V) x Sp(W] or Sp(V) x Sp(W), dim W± even 
Here we need to choose a nontrivial additive character : k —> S1 to define a 

generic character 6 of the symplectic group, the notion of Vogan parameters for the 
metaplectic group and the representation oiH. 

The L-packet is determined by a parameter 

if : WD(k) Sp(M) x S O W ) 

with dim N odd. Let 

JVI = N 0 C 

be the corresponding orthogonal representation of even dimension and define 

X = XN, x YM : AM x A%I (±1) . 

The group A(p is a subgroup of index 1 or 2 in AM X and we take the restriction 
of x to this subgroup. 

G = U(V) x U(W), W CV skew-hermitian and dim W = dim V = 1 mod 2 
Here there is a unique orbit of generic character 6 on the quasi-split group U(V) x 

U(W) . On the other hand, we need to choose 

: fco -> S1 

up to Nfcx and 

fi:kx/Nkx — > C X , 

nontrivial on kQ , to define the representation t̂yo,A* °f 
Let e be the discriminant of V and W which is a nonzero element of trace 0 in A;, 

well-defined up to Nkx. Let 

il>(x) = ^o(Tr(ex)) 

which is a nontrivial character of fc/fco, well-defined up to Nkx. 
The L-packet has parameter 

if : WD(k) GUM) x GL(iV) 

with M and N conjugate-orthogonal representations of odd dimension. We define: 

X = XN x X M ( Ü - I ) = XiV(/x-i) x X M x • (±1) , 

using tf) to calculate the local epsilon actors which intervene in the definition of x-
Here, M(/x_1) and N(fi~1) are the twist of M and N by the character Note tha t 
the representations M(/x_1) and N(JJL~1) are conjugate-symplectic. 
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G = U(V) x U ( W ) , W CV skew-hermitian, dimW = dim V = 0 mod 2 

In this case, we must choose x/^o ' ko S1 to define 6 for both groups, and /i : 
kx/Nkx —> Cx, nontrivial on k£ , to define i/ = z^o,^-

The parameter of an L-packet is 

<p : WD(k) G L ( M ) x GL(iV) 

with M and JV conjugate-symplectic representations of even dimension. We define 

X = XN x XM(/x-i) HOMI/(7T <g> 7T0, I^,Wb,v)-A m x AÌV (±1) . 

Here, the twisted representations M(/ i_1) and iV(/x_1) are conjugate-orthogonal. 
Since the representations both have even dimension, the values of x are independent 
of the choice of ip used to define the epsilon factors. 

Now we have: 

Conjecture 17.3. — Having fixed the Langlands-Vogan parametrization for the group 
G and its pure inner forms in the various cases above, the unique representation TT in 
a generic Vogan packet which satisfies H o m # (TT 0 F, C) ^ 0 has parameters 

TT = 7T(<p,x) 

where x is as defined above. 

Note tha t the character x defined above satisfies: 

x(- i , - i ) = i, 

so tha t Tr((p,x) is a representation of a relevant pure inner form Gf of G. In the 
non-archimedean case, the sign 

x ( - M ) = x(i,-i) 

determines which relevant pure inner form acts on 7r(y>,x)-

18. Compatibilities of local conjectures 

In this section, we verify tha t the precise conjecture 17.3 is independent of: 

1. the bijection 

J{9) : IL Horn A , , ± 1 

given by the choice of a generic character 6 of G; 
2. the scaling of the form (—, —) on V and hence W, which does not change the 

groups G and if; 

3. the data needed to define the representation v of H. 

This serves as a check on the internal consistency of the conjecture. Again, we consider 
the various cases separately. 

In the orthogonal case, the generic character 0 and the representation v of H are 
determined by the pair of spaces W C V and are unchanged if the bilinear form 
on V is scaled by kx. The character x = XN X XM depends only on the Langlands 
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parameter ip : WD(k) —> Sp(M) x 0(N). So our conjecture is internally consistent 
in this case, as there is nothing to check. 

In the hermitian case, both the generic character 0 and the character \ = XN X XM 
depend on a choice of nontrivial ip : k/k0 —> S1, up to multiplication by Nfcx, while 
the representation v is determined by the spaces W C V. If we scale the hermitian 
form on W C V by an element of k^ , the generic character 0, the representation v of 
H and the character \ of the component group are unchanged. 

To see the dependence of our conjecture on the choice of ^ , suppose tha t t represents 
the nontrivial coset of ko/Nkx and let 0* be the generic character associated to i/)t(x) = 
ip(tx). For (a, b) G AM X AN, we have 

Xt(a,b) = e(Ma®N,il>t0) e(M®N\ipt) 

= detMa(t)-e(Ma®N,4>o] e(M 0 N ,tp) 

— (_i WIM ^A x(M) 
= r)(a)-x(a,b) 

Here we have used the facts tha t M is conjugate-symplectic of even dimension and 
N is conjugate-orthogonal of odd dimension. 

Now if the parameter of TT under J(0) is (ip, x), then its parameter under J(6t) 
is * v) — (^»X*)> according to the desiderata in §10. Hence our conjecture is 
independent of the choice of ij) in the hermitian case. 

In the symplectic case, we will discuss representations of G = Sp(W) x Sp(V); the 
case of representations of Sp(W) x Sp(V) is similar. In this case, we used the choice 
of an additive character i\) : k —• S1, up to multiplication by kx2, to 

(i) define the notion of L-parameters M for representations of Sp(VF); 
(ii) define a generic character 6 for Sp(V) and a generic character 6 for Sp(W); 

(iii) define the representation v = for H. 

Note, however, tha t the character \ of the component group AM is independent of 
the choice of I/J. 

Suppose tha t under the ^-parametr izat ion, the parameter (M, TV, x) corresponds 
to the representation TT of G, so tha t our conjecture predicts tha t 

Homjj(7r,&ty) 0. 

Now replace the character ij) by I/JC for c G kx /kx2 and let TT' be the representation of G 
corresponding to (M, TV, x) under the ^c-parametrization. By our construction of the 
Vogan parametrization for metaplectic groups, it is easy to see tha t TT' is isomorphic to 
the conjugated representation TTC. Thus, our conjecture for the character i/;c predicts 
tha t 

Hom#(7rc,i/</,c) ^ 0 and hence Hom# HOMI/(7T <g> 7T0, I^, 

Since = v^c, our conjecture is internally consistent with respect to changing ip. 
Note tha t the use of ijj in (i) and (ii) above concerns the Vogan parametrization, 

whereas its use in (iii) concerns the restriction problem in representation theory. Hence 
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there is no reason why one needs to use the same character for these two different 
purposes. 

Suppose tha t one continues to use ip for the Vogan parametrization in (i) and (ii), 
but uses the character ^c(x) = I/J(CX) to define the representation v^c of H. Then 
for a given Vogan packet of G with ^ -parameter <p, one can ask which representation 
TT G H<p satisfies Hom#(TT, U^C) ^ 0. This can be answered using Conjecture 17.3, 
together with Conjecture 11.3 from §11. We have: 

Proposition 18.1. — Assume the conjectures 11.3 and 17.3. Let 

ip : WD(k) Sp(M) x SO(A0 

be a generic Langlands parameter for Sp(Wr) x Sp(F) relative to the nontrivial additive 
character \b ofk. Let 

Nc = N{c) e c forcekx/kx2 
Then the unique representation TT in with Hom#(7r, v^c) ^ 0 corresponds under 
the bijection J(0 x 6) to the restriction of the character 

XNC x XM AM x Apj ( ± I ) 

to the subgroup 4y, — AM x AN multiplied by the character 

rjJa) - det Na(c) ofA+. 

Proof. — Let TT be the representation whose ^-parameter is (M, TV, x), where x l& as 
given in the proposition: 

X = XNC x XM rjc:AMx Air <±1>-

We want to show tha t 

Homff(7r,z/î/,c) ^ 0. 

By Conjecture 11.3, the ^-parameters of TT are (M(c) , TV, x ) with 

x' = XNC -V[C] x XM ' Vc • 

Hence, it suffices to show tha t x' ls equal to the character predicted by Conjecture 
17.3 relative to ipc. More precisely, we need to show tha t 

X =XN1* XM(c). 

We now calculate this character on an element 

(a ,a) e AM x Ajj = AM(C) x Afr, 

using the fact that for a in C+N —> C+N, 

TV? = N(c)a. 

Since this space has even dimension, 

det TV" = det TV = det N?. 
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Hence we have 

xV,<0 (XNC "N[c])(a )'XM{a) 

= e(Ma 0 Nc) • e(Ma ( C E C ( c ) ) ) e (M 0 7Vca) det(iVra)(-l)2'dimM 

= e(Ma' 0 (iV(c) + C(c)) c (M 0 Na(c)) • det(ATa(c))(-l)2'dimM 

= e(M(c)a 0 7Vi) c(M(c) 0 Wf) • det(iV1a)(-l)2-dimM 

HOMI/(7T <g> 7T0, I^,Wb,v)-

This proves the proposition. 

Finally, we consider the skew-hermitian case with W C V of even codimension. We 

consider the two cases: 

(i) dim W = dim V = 1 mod 2; 

(ii) dim W = dim V = 0 mod 2 

in turn. 

Assume first tha t dim W = dim V = 1 mod 2 and the discriminant of W and V 

is a trace zero element e G fc. In this case, the Vogan parametrization is completely 

canonical, given the spaces W C V, with the trivial character of corresponding 

to a generic representation of G(V) x G(W). However, the representation v of H 
depends not only on the spaces W C V but also on the choice of an additive character 

: fco —> S1 and on the choice of a multiplicative character ¡1 : fcx —> Cx which is 

trivial on N(fcx) but nontrivial on fcQ . Thus, to be completely precise, we denote the 

group H by H\y,v and the representation v by vwy^^- Finally, the character X OR" 
the component group is defined using ¡1 and the additive character 

HOMI/(7T <g> 7T0, I^,Wb,v)-

of fc and depends on ipo up to multiplication by Nfcx. 

Suppose without loss of generality tha t the representation TT with parameter (<£, X) 
is one for the group G(W) x G(V) , so tha t our conjecture (for the character i/>o) 
predicts tha t 

HOMI/(7T <g> 7T0, I^,Wb,v)-

If t represents the nontrivial coset of k£ /Nfcx, let XT be the character of A^ defined 

using the character ibn(x) = ibo(tx). Then we have 

Xt(a,b) = e ( M u 0 i V ( / i - 1 ) , ^ ) 6 ( M 0 A T ( / x - 1 ) b , ^ ) 

_ j_^dimMa ^_-^dimiVb X (a, b) 

= rj(a,b) -X(a,l)). 

Thus, the representation ixt indexed by the character Xt is one f°r the pure inner 

form G(W) x G(V). Moreover, the spaces W C V are simply the spaces tW C tV 
obtained from W CV by scaling the skew-hermitian forms by t. Thus, our conjecture 
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(for the character IPL) predicts tha t 

Hom#tw,tv ( rt, vtW,tv, Wto,v) =O 

To see tha t this is equivalent to the prediction of our conjecture for the character IP0L 
note tha t G(W) x G(V) is canonically identified with G(W) x G(V) as a subgroup 

of GL(W) x G L ( y ) and under this identification, one has IRT = TT. Moreover, we also 

have HW'Y = HWY as subgroups of G(W) x G(V) and 

vtW,tv,Yto,µ vtW,tv,Yto,µ 

This proves tha t our conjecture is internally consistent with changing I^Q. 
On the other hand, if we replace /x by / / , then JI' = \I • //Q for some character 

/x0 : KX /K^ —• C x . Moreover, we have [28] 

vtW,tv,Yto,µvtW,tv,Yto,µ 

Hence 

Homif(7r(g)i/M/?Î/,0,C) ^ H o m ^ ( ( 7 T . ^ 1 ) vtW,tv,Yto,µ 

Now our conjecture for / / says tha t the left hand side of the above is nonzero if and 

only if TT has Vogan parameter (M, iV, XM,A/> ' ) with 

XM J\r,u'(a,&) vtW,tv,Yto,µvtW,tv,Yto,µ E (M X N(µ'-1)b, Y) 

= e (Ma0( iV . /xo-1 ) ( /x -1 ) , ^ ) 6(M0(7V./xo-1)( / i -1)fe ,^) 

- X M , ^ ^ - 1 ) µ(a,b), 

On the other hand, our conjecture for /i says tha t the right hand side is nonzero if and 

only if TT - JIQ1 has Vogan parameter (M, AT(/i0)-1, xM N{^~R) /J* Thus, our conjecture 

for / / is equivalent to tha t for \x. 

Finally, consider the case when dimW = dimF = 0 mod 2. In this case, we need 

the additive character I/J0 : KO —>• S1 to specify the Vogan parametrization, and both 

IPO and FI to define the representation VWYRFO,/*- The character x, on the other hand, 

is independent of I/JQ but depends on ¡1. 
Suppose tha t under the ^o~Vogan parametrization, the representation TT corre

sponding to the character x is one for the group G(V) x £?(W), so tha t our conjecture 

for IPO predicts tha t 

RomHwx (7T®i/WiV^0„,c) 0. 

If we replace the additive character TPO by ^0 w^n * ^ 0̂ but * ^ Nfcx, then under 

the ^Q-Vogan parametrization, the character x corresponds to the conjugated rep

resentation 7T* (using an element in the similitude group with similitude T). So our 

conjecture for ^0 predicts tha t 

HomiYwv vtW,tv,Yto,µvtW,tv,Yto,µ 

But one may check tha t 

vW,v,Yot,µ = vtW,vYo,µ 
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so tha t the two predictions (for tpo and ^o) are consistent with each other. The 

consistency check when changing ¡1 is similar to the analogous situation treated above; 

so we omit the details. 

19. Reduction to basic cases 

In this section, we shall show: 

Theorem 19.1. — Assume that K is a non-archimedean local field. Then Conjectures 

17.1 and 17.3 follow from the basic cases where àimW1- = 0 or 1. 

Proof. — As we shall explain, this is a simple consequence of Theorems 15.1 and 16.1. 

We treat the two cases separately. 

We first consider the orthogonal and hermitian cases. Suppose tha t W C V with 

W± = X + Xv + E 

where X — (v±, • • • ,vn)is nonzero isotropic and E is a non-isotropic line. Let M and N 
be L-parameters for G(V) and G(W) respectively. We would like to verify Conjectures 

17.1 and 17.3 for the associated Vogan packet UM x UN of G = G(V) x G{W). We 

shall exploit Theorem 15.1 for this purpose. 

Recall the setting of Theorem 15.1, where we have set 

W' = VE (-E) = V®K-F 

and 

Y = (vir- ,v„,vn+i> 

with vn+\ = e + F. Then we have 

W' = Y + Yv + W. 

Let r be an irreducible supercuspidal representation of Gh(Y) with L-parameter Afr. 
We may assume tha t for any TTW £ IIJV, the induced representation 

J ( T , TXW) T AG(W) 
I N D P M 

(t X rW) 

is irreducible. Then the set 

{I(T,7TW) • nw G IIÍV} 

is simply the Vogan packet associated to the parameter 

N' = NT + N+(N?)V. 

Moreover, there is a canonical isomorphism 

AN * AN> 

and the representations TTW and / ( r , TTW) are indexed by the same character of Aj^ = 

N' ' 
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We may further assume tha t r is chosen so tha t the conditions of Theorem 15.1 
are met. Then by Theorem 15.1, we see tha t for any NY G I I M , 

RomG{v] ( J ( T , 7TW)®*V,C) H o m # (IVY 0 TTW, V) 

Thus, Conjecture 17.1 holds for I I M X UN if it holds for IIJV' x I I M - To see tha t the 
same implication holds for Conjecture 17.3, it suffices to check tha t the character 

XAT x XM of A+M X A+N 

agrees with the character 

XN' x XM oi X A~tj,. 

For a G A^, we see from definition tha t 

XN'W = XNW X;VT+(A^)v(A), 

and it follows by Proposition 5.1 

XNT+(N?) Aa) = l for any a G A~^ 

This establishes Theorem 19.1 in the orthogonal and hermitian cases. 
The symplectic and skew-hermitian cases are handled in a similar way, using The

orem 16.1; we omit the details. • 

20. Variant of the local conjecture 
In this section, we give a variant of the local conjecture 17.3. This variant does 

not require the precise parametrization of the members of a Vogan L-packet by the 
characters of the component group, which can be a very delicate issue. This conjecture 
is typically what is checked in practice. 

Suppose tha t W C V and we are given an L-parameter M of G(V), so tha t M is a 
selfdual or conjugate-dual representation of the Weil-Deligne group WD(k) of k with 
a given sign. As described in §4, the component group AM is an elementary abelian 
2-group with a canonical basis {a^}, indexed by the distinct isomorphism classes of 
irreducible summands Mi of M which are of the same type as M . Hence, we have a 
canonical isomorphism 

AM = Z / 2 Z ax x x Z/2Z-afe . 

Here, the elements are such tha t 

Mai ^ Mi. 

We note tha t if V is a quadratic space of even dimension, then the relevant component 
group needed to describe the representation theory of pure inner forms of S O ( F ) , is 
a subgroup A^- of AM of index atmost 2; the group AM itself should parametrize 
L-packets of representations of 0 ( F ) as suggested in [57]. 
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Now consider a representation TT of G(V) in the Vogan packet UM- Let J£w(n) 
denote the set of generic L-parameters N for G(W) such tha t 

d(TT,N) := 

Tr'erijv 

dimHomij(7r M TT\ V) ^ 0. 

According to our Conjecture 17.1, one has a parti t ion 

{generic L-parameters of G(W)\ 

r CII M 

Lw(r) 

In this context, we have the following variant of Conjecture 17.3. 

Conjecture 20.1. — (1) Let TT be an irreducible admissible representation of G(V) be

longing to the Vogan packet TIM- For any L-parameter N in JZ'wi'x), define a character 

X<n,N on AM, by 

XTV,N(0>Ì) e(Mi 0 IV, tp) de tM;( - l )2dimiV detN(-l)^dimMi 

for a fixed ip appropriate for each of the cases studied in this paper, viz. any (nontriv

ial) character of k in the orthogonal or the symplectic case, any character of k/ko in 

the hermitian or skew-hermitian case; the factor det Mi(—1) 2 dim N - det N(—1) 2 dim M* 
arises only in the orthogonal case, where Mi is orthogonal and N is symplectic, or 

the other way around; the factor corresponding to the determinant of a symplectic 

representation is taken to be 1. Then for any two L-parameters N and N' in JZ'WÌ'K), 

we have: 

X r, N(ai) = Xr,Ni(ai), 

on the subgroup A ^ of AM in the even orthogonal case, and on AM in all the other 
cases. In particular, TT determines a character X-K on AM (or A ^ ) , defined by 

XTR(ût) = Xn,N(ai) 

for any N G JTWYK)-

(2) The map TT I-> Xn gives a bijection (depending on the choice of a character tp) 

N M <—> Irr(AM) 

(3) One has the analogs of (1) and (2) above with the roles ofV and W exchanged. 

In effect, the above conjecture says tha t one can exploit the restriction problem for 

W C V and use the collection of epsilon factors described above to serve as parameters 

for elements of I I M - In the hermitian and skew-hermitian cases, the character x?r 
associated to a given TT G I I M is equal to the character XN of AM defined in §6, for 

any N G j£W(7r), provided the additive character ip is appropriately chosen. In the 

orthogonal and symplectic cases, these two characters may differ. 
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21. Unramified parameters 
In this section, we assume tha t A: is a non-archimedean local field with ring of 

integers A, uniformizing element w and finite residue field A/wA. We will also assume 
tha t A/mA has characteristic p > 2, so tha t the group Ax/Ax2 has order 2. 

In the case when k has a nontrivial involution cr, we will assume tha t the action 
of a on A/mA is also nontrivial. Then k is unramified over ko and every unit in the 
subring Ao of A fixed by a is the norm of a unit of A. 

In addition, we will only consider additive characters ip of k which are trivial on A 
but not on m~xA. Then t/j is determined up to translation by a unit in A. If we insist 
tha t i/;a = t/^1? then i\) is determined up to translation by a unit in Ao. We call such 
additive characters of k unramified. 

Let WD{k) = W{k) x SL2(C) be the Weil-Deligne group of k. A representation 

if : WD{k) GL(Af) 

is unramified if ip is trivial on SL2 and on the inertia subgroup / of W(k). An un
ramified representation is determined by the semisimple conjugacy class <p(F) in 
G L ( M ) . Let C(s) denote the one dimensional unramified representation of WD(k) 
with <p(F) = s G C x . Then any unramified representation M of WD(k) is isomorphic 
to a direct sum of the form 

M = 
n 

dfg 
C(8i), with n = dim M. 

We now determine which unramified representations of WD(k) are selfdual or 
conjugate-dual (with respect to the unramified involution a of k). 

Proposition 21.1. — Assume that M is an unramified representation ofWD(k) and is 
either selfdual or conjugate-dual. Then M is isomorphic to a direct sum of the form: 

M = +i(C(si) +CC(si-1)) M - C ( - l ) E N - C f l ) 

with si ^ si1 in Cx and ra, n > 0 in Z. 
If M has this form, then we have the following cases: 

(i) M is orthogonal and its centralizer in SO(M) has component group 

A+ -
Z/2Z , ifbothm,n> 0, 

1, otherwise. 

(ii) M is symplectic if and only if m = n = 0 mod 2, in which case its centralizer 
in Sp (M) has component group 

AM = 1. 

(iii) M is conjugate-orthogonal if and only if m = 0 mod 2, in which case its cen
tralizer in A u t ( M , B) has component group 

AM = 
Z / 2 Z . if n > 0. 

1, otherwise. 
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(iv) M is conjugate-symplectic if and only if n = 0 mod 2, in which case its cen-
tralizer in Aut(M,B) has component group 

AM = 
Z/2Z , ifm>0, 

1, otherwise. 

Proof. — Since C(s)v = C(s-1) and C(s)a = C(s), the one dimensional represen
tat ion C(s) is selfdual or conjugate-dual if and only if s2 = 1. In the selfdual case 
both C(—1) and C(l) are orthogonal. In the conjugate-dual case, C(l) is conjugate-
orthogonal and C(—1) is conjugate-symplectic. Indeed, the unramified character 

a: kx/Nkx (±1) 

defined by 
µ(a) =(-1) ord00(a) 

is nontrivial on k£. The proposition follows easily. 

Proposition 21.2. — (i) If M and N are two selfdual unramified representations of 
WD(k) of even dimension, with signs CM and CN respectively, then the character 

XN'.A+f — • (±1) 

defined by 

XN(a) = €(Ma®N,é' d e t M ° ( - l ) 2dimiV d e t M - l ^ dimMa 

is trivial. 
(ii) If M and N are two conjugate-dual unramified representations with signs CM and 
CN resvectivelu and iba = ib-1, then the character 

XN • <±i) 
defined by 

XN{a) = e(Ma®N,i>) 

is trivial. 

Proof. — If M is any unramified representation of WD(k) and tp is an unramified 
additive character, then we have the formulae: 

e(M<ib) = 1 and d e t M ( - l ) = 1. 

The proposition follows easily from these facts. • 

We now turn to the restriction conjectures for unramified generic parameters (p. 
Since XN x XM is the trivial character of A^, the unique representation in the asso
ciated Vogan packet which supports a nonzero Horn space should be the one indexed 
by the trivial character. In tha t case, for the purpose of global applications, we can 
make our conjectures more refined. 

Recall tha t W C V is a pair of nondegenerate spaces for the sesquilinear form 
(—,—). and tha t W1- is split. We say tha t an A-lattice L cV is nondegenerate if 

(1) (—,—) : L x L -+ A: 
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(2) the map L —• B.om(L,A) defined by mapping w to fw(v) = (v,w) is an isomor
phism of Ao-modules. 

We assume henceforth tha t there is a nondegenerate A-lattice L C V with the 
additional property tha t Lw = L fi W is a nondegenerate A-lattice in W. Then the 
orthogonal complement of Lw in L is a nondegenerate lattice in W1-, so tha t 
has the form 

Y + R V or Y + YV + 

with y isotropic and F v = Hom(y, A). Moreover, L = + L ^ . 
Under this assumption, the group G = G(V) x G ( W ) is quasi-split and split by 

an unramified extension of ko. Indeed, the subgroup J = Aut(L) x Aut(Lw) is a 
hyperspecial maximal compact subgroup of G. We now construct the subgroup H of 
G and the uni tary representation v of H using this unramified data . 

Write L = Lw + Lyy, and define the parabolic subgroup Pa and its unipotent 
radical JV^ using a complete ^4-flag in the isotropic subspace Y C L^. Then 

HA = NA. Aut(Lw) 

gives a model of H over AQ and 

HA = JnHA(k0) = JnH. 

In the orthogonal and hermitian cases, the one dimensional representation v of H 
associated to the decomposition 

Ljy = Y + Y± + Ae 

and a suitable unramified additive character has trivial restriction to the subgroup 
J C\ H. In the metaplectic case, we can define v = using an unramified additive 
character (there are two choices, up to translation by Ax2). In the skew-hermitian 
case, we define v = i/̂ >Al using an unramified character ip with ipa = ip (which is unique 
up to translat ion by NAX) and the unramified symplectic character ¡1 associated to the 
representation C(—1). Then in all cases, the representation v of H is J fl H-spherical; 
it has a unique line fixed by the compact open subgroup J fl H. 

Since the group G is quasi-split over ko, we can also define unramified generic 
characters 6 of the unipotent radical U of a Borel subgroup, using the pair Lw C L 
of nondegenerate lattices and a suitable unramified additive character ip. Again, the 
T-orbit of 6 is unique except in the metaplectic case when there are two unramified 
orbits. In all cases, the restriction of 6 to the compact open subgroup J D U is trivial. 

To summarize, if we use unramified da ta to define the representations 0 of U and 
v of H, then the complex vector spaces 

HomJrW(C,0) and HomJnjf(C,i /) 

bo th have dimension equal to 1. 
Now let ip be an unramified generic parameter and let n be the unique ^-generic 

element in the Vogan packet TT^. Then the formula of Casselman and Shalika [12] 
shows tha t 
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(i) Homj(C,7r) has dimension 1; 
(ii) the pairing of one-dimensional complex vector spaces 

Homj(C, TT Homc/(7r, 0y Homjnr/(C ,0) = C 

is nondegenerate. 

We conjecture tha t the same is t rue for the représentation v of H. 

Conjecture 21.3. — Let TT be the unique J-spherical representation in the Vogan packet 
I V Then 

(i) HomiY(7r,z/) has dimension 1; 
(ii) the pairing of one-dimensional complex vector spaces 

Homj(C , TT) 0 Hom#(7r, v) Homjnif(C,z/) 

is nondegenerate. 

Besides the cases t reated by Casselman-Shalika [12], this conjecture has been ver
ified in a large number of cases, which we summarize below. 

Theorem 21 A. — Conjecture 21.3 is known in the following cases: 

(i) the special orthogonal and hermitian cases; 
(ii) the general linear case, with dim W^ = 1; 

(iii) the symplectic case, with dim W^ = 2. 

Proof — The orthogonal case is due to Kato-Murase-Sugano [38]. Their proof is 
extended to the unitary case by Khouri in his Ohio-State P h D thesis [39]. Par t s (ii) 
and (iii) are both due to Murase-Sugano [54, 55]. • 

22 . A u t o m o r p h i c forms and L- funct ions 

The remainder of this paper is devoted to formulating global analogs of our local 
conjectures. 

Let F be a global field with ring of adeles A and let G be a reductive algebraic 
group over F. Then G(F) is a discrete subgroup of the locally compact group G(A). 
For simplicity, we shall further assume tha t the identity component of the center of 
G is anisotropic, so tha t the quotient space G ( F ) \ G ( A ) has finite measure. 

We shall consider the space SI(G) of automorphic forms on G, which consists of 
smooth functions 

/ : G(F)\G(A) C 

satisfying the usual finiteness conditions [52, 1.2.17, Pg. 37], except tha t we do not 
impose the condition of -finiteness at the archimedean places. For each open com
pact Kf C G ( A / ) , the space £i(G)Kt has a natural topology, giving it the structure 
of an LF-space (see [81]) with respect to which the action of G(F ® R) is smooth. 
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Let «<#o (G) C SRF(G) denote the subspace of cusp forms. An irreducible admissible 

representation TT = TTQQ 0 717 of G(A) is cuspidal if it admits a continuous embedding 

TT ^ M)(G). 

The multiplicity of TT in £/Q(G) is the dimension of the space HOMGA(TT,A(G)), 

which is necessarily finite. 

Suppose now tha t G is quasi-split, with a Borel subgroup B = T U defined over 

F. A homomorphism A : U — • Ga is generic if its centralizer in T is equal to the 

center of G. Composing AA with a nontrivial additive character ip of A/F gives an 

automorphic generic character 9 = ip o \A. Now one may consider the map 

F(0) : s/{G) C(0) 

defined by 

f—> 
U(F)\U(A) 

f(u) • 0(u) du. 

The map F(6) is a nonzero continuous homomorphism of [/(A)-modules, which is 

known as the 0-Fourier coefficient. If F(6) is nonzero when restricted to the 7r-isotypic 

component in «£^(G), we say tha t TT is globally generic with respect to 0. 
The notion of automorphic forms can also be defined for nonlinear finite covers 

G(A) of G(A), which are split over the discrete subgroup G ( F ) ; see [53]. For the 

purpose of this paper, we only need t o consider this in the context of the metaplectic 

double cover of Sp(W)(A) and so we give a brief description in this case. 

Assume tha t the characteristic of F is not two. For each place v of F , we have a 

unique nonlinear double cover Sp(W)(Fv) of Sp(W)(Fv). If the residual characteristic 

of Fv is odd, then this cover splits uniquely over a hyperspecial maximal compact 

subgroup Fv of Sp(W)(Fv). Hence, one may form the restricted direct product 

Kv 

Sp(W)(Fv) 

which contains a central subgroup Z = 0V/X2 ,v If % denotes the index two subgroup 

of Z consisting of elements with an even number of components equal to — 1 , then the 

group 

Sp(W0(A) := 

Ko 

Sp(W)(Fv) /Z+ 

is a nonlinear double cover of Sp(W)(A) . It is a result of Weil tha t this double cover 

splits uniquely over the subgroup Sp(Wr)(F), so tha t we may speak of automorphic 

forms on Sp(W)(A) . An automorphic form / on Sp(W)(A) is said to be genuine if it 

satisfies 

f(E.g) = C f(g) for e G /¿2-

We denote the space of genuine automorphic forms on Sp(W)(A) by «g^(Sp(W)). 

If B = T - U is a Borel subgroup of Sp(W) , then the double covering splits uniquely 

over U(FV) for each v. Hence, in the adelic setting, there is a unique splitting of the 
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double cover over 17(A), and more generally over the adelic group of the unipotent 
radical of any parabolic subgroup of Sp(W). As a result, one can define the notion 
of cusp forms as in the linear case, and we denote the space of such cusp forms by 
«*^o(Sp(W)). Moreover, if 9 is a generic automorphic character of U, then one can 
define the 0-Fourier coefficient of / in the same way as before. 

For the global analog of our restriction problems, we also need to discuss the notion 
of automorphic forms on the non-reductive group 

Jw = Sp{W) x H(W) 

where H(W) = W 0 F is the Heisenberg group associated to W. The group Jw 
is called the Jacobi group associated to W and we shall consider its double cover 
JW(A) = Sp(W)(A) • H(W)(A). For a given additive character ip of F\A, one has the 
the space of automorphic forms s/^(Jw) on Jw(A), which consists of certain smooth 
functions on Jw(F)\Jw{A) with central character ip and is usually called the space 
of Jacobi forms. 

For our applications, we are interested in a particular automorphic representa
tion of J V ( A ) , namely the automorphic realization of the global Weil representation 
associated to tp = Y\v ipv. Recall tha t for each place v, the group 

JW(FV) = Sp(W)(Fv) H(W)(FV) 

has a local Weil representation whose restriction to H(W)(FV) is the unique 
irreducible representation with central character ipv. The restricted tensor product 

WX = X u W yu 

is the global Weil representation associated to ip. One of the main results of Weil [82] 
is tha t there is a unique (up to scaling) continuous embedding 

OY : Wy —> AY(JW) 

Composing 0^ with the restriction of functions from Jw{A) to Sp(W)(A) gives a 
Sp(VT)(A)-equivariant (but not injective) map 

^ —+^(Sp(w)). 
We now come to the global L-functions and epsilon factors associated to an ir

reducible cuspidal representation 7r, following Langlands. To define an L-function or 
epsilon factor, one needs the extra da ta of a finite dimensional representation R of the 
L-group LG. If IT = <g)v7Tv is an irreducible automorphic representation and we assume 
the local Langlands-Vogan correspondence for G(FV), then each TTV determines a local 
L-DARAMETER 

cf>v : WD(FV] LG. 

Hence, one has the local L-factors L(R o s) and one defines the global L-function 

L(7r, R, s) = 
V 

L(Ro</>v,s), 
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which converges when Re(s) is sufficiently large. Similarly, one has the local epsilon 
factors 

€V(TT,R,II),S) e(Ro(j)v,il)v,s), 

and one defines the global epsilon factor by 

e(7r,Ä,s) = 
V 

ev(7r,R,ip,s). 

It is a finite product independent of the additive character I/J of A / F . One expects 
tha t the L-function above has meromorphic continuation to the whole complex plane 
and satisfies a functional equation of a s tandard type, taking s to 1 — s, so tha t the 
center of the critical strip is s = 1/2. 

The following table gives some examples of R and their associated L-functions 
which appear in this paper. When the cuspidal representation TT is globally generic, 
the meromorphic continuation of these L-functions are known. 

G LG R 

GL(V) GL(M) Sym2M 

GL(V) GL(M) A2 M 

1 GL(V/E), E/F quadratic (GL(M) x GL(M)) • Ga l (F /F) As±(M) 

1 Gh{V) x GL(W) GL(Af) x GL(iV) M<g> N 

SO(W) x SO(V), dimW1- odd O(M) x Sp(iV), dim M even M ® N 

Sp(W) x Sp(V) SO(M) x Sp(JV), dim M odd M ® N 

1 XJ(W) x U(V) (GL(M) x GL(JV)) • Ga l (F /F) lnd~G(M®N) 

23. Global Restriction Problems 

We are now ready to formulate the global restriction problems. We shall change 
notations slightly from the earlier par t of the paper, by replacing the pair of fields 
ko C k in the local setting by F C E in the global setting, with the characteristic of 
F different from 2. Hence a is an involution (possibly trivial) on E with Ea = F , and 
V is a vector space over E equipped with a sesquilinear form (—, —) of the relevant 
type. The group G = G(V) is then an algebraic group over F. Also, we shall include 
the case E = F x F in our discussion. 

Suppose tha t we have a pair of vector spaces W C V over E equipped with a 
sesquilinear form of sign e, such tha t W1- is split and e • ( _ i ) d i m ^ = — 1 . Then we 
have the groups 

G = G(V)xG(W); 

H = N • G(W) 

over F , as defined in §2. 
The groups of F-points G(F) and H(F) are discrete subgroups of the locally com

pact adelic groups G (A) and H (A) respectively, where A is the ring of adèles of F . In 
the orthogonal case, we assume tha t if V or W has dimension 2, then it is not split. 
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Then the quotient spaces G ( F ) \ G ( A ) and H(F)\H(A) bo th have finite measure. We 
may then consider the space of automorphic forms and cusp forms for the group G, 
as in §22. 

In this section, we will consider irreducible tempered representations n of G(A) 
which occur in the space of cusp forms s/o(G) on G(F)\G(A) and study their restric
tion to i f (A). As in the local setting, when G is quasi-split, we need to introduce an 
automorphic generic character 

0 : U(F)\U(A) -S1 

for the group G; this serves to fix the local Langlands-Vogan parametrization at all 
places v of F. In addition, we need to construct an automorphic representation v on 
H(F)\H(A) for the restriction problem. 

Assume in this paragraph tha t G = G(V) x G(W) is quasi-split. In the orthog
onal or symplectic case, we use the spaces W C V to naturally define a generic 
F-homomorphism 

A : U — • Ga 

as in §12. This defines AA : U(A) — • A; now composing AA with a nontrivial additive 
character 

tb : A/F —> S1 

gives an automorphic generic character of U(A): 

6 = i/> o AA-

In the hermitian or skew-hermitian case, we use the spaces W C V to construct a 
generic homomorphism 

A : U —> ResE/F(Ga). 

Then, in the hermitian case, we compose AA with a fixed nontrivial additive character 

i/;:AE/(E + A)—•S1 

to obtain an automorphic generic character #o = ip o \A. We then set 

0(x) = 00(-2 - 5 • \A(x)) 

where S is the discriminant of the odd hermitian space. In the skew-hermitian case, 
we take a nontrivial additive character 

^ : A/F — • S1 

and set 
0(x) = il>(2'TrE/F(\A(x)). 

We stress tha t these definitions are global analogs of our definitions in the local setting. 
Next, we need to define an automorphic version of the representation v of i f (A) = 

N(A)-G(W)(A). (The group G(W) is not assumed to be quasi-split.) In the orthogonal 
and hermitian cases, we define v by composing the generic G(VF)-invariant map 

l:N ResE/F(Ga), 
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constructed in §12 using the spaces W C V, with a nontrivial additive character 
ip : AE/E —» S1 and then extending this trivially on G(W)(A): 

i/ = ipolA. 

As in the local case, the choice of ip is unimportant . Then we define: 

FliA : MG) C(V) 

by 

f—> 
H(F)\H(A) 

f(h) • v(h) • dh, 

The map F(v) is called a Bessel coefficient. 
In the symplectic and skew-hermitian cases, the representation v is infinite-

dimensional; so the situation is slightly more involved. Recall from §12 tha t , using 
the spaces W C V, we have defined a G(W)-invariant generic linear form 

/ : N —> Ga, 

which gives rise to a continuous linear map lA ' N(A) —> A. Composing this with a 
nontrivial additive character ib : A/F —> S1, and extending trivially to G(W)(A) , we 
obtain an automorphic character 

A = ipolA 

of H (A). On the other hand, we have also defined a homomorphism 

N —> H(W) 

where 
H(W) = F 0 ResE/FW 

is the Heisenberg group associated to ResE/F(W). Thus, we have a homomorphism 

H = G(W0 N —>JW --Sv(ResE/F(W))-H(W). 

As discussed in §22, the group Jw(A) has a global Weil representation uo^ with central 
character ib, and one has a canonical automorphic realization 

6^ : LÜ^ A(JW). 

It will now be convenient to consider the symplectic and skew-hermitian cases sepa
rately. 

In the symplectic case, the map H —> Jw defined above gives rise to a map 

H (A) —• Jw(A). 

By pulling back, one can thus regard as a representation of i f (A). Moreover, the 
above map gives rise to a natural inclusion 

A(Jw) —>A(H) 

SOCIÉTÉ MATHÉMATIQUE DE FRANCE 2012 



86 W. T. GAN, B. H. GROSS & D. PRASAD 

Composing the automorphic realization 0^ with this inclusion realizes as a sub-

module in #/(H). Multiplying by the automorphic character A of H, one obtains an 

automorphic realization 

OY : vY = ou 0 A A(H) . 

Now we can define the map 

Flv*) : MG) —> C 

by 

F 6À (H \-> 
H(F)\H(A) 

f{h)-0M){h) dh. 

The map F{v^) is called a Fourier-Jacobi coefficient. 
In the skew-hermitian case, we choose an automorphic character 

ß : A * / F * Cx 

satisfying 

µ|Ax = wE/F 

Then one obtains a splitting homomorphism (see [43] and [28]) 

SY,µ ff(A) JW(A). 

Using 5-0,/x, one may pull back the global Weil representation aty to obtain a repre
sentation u)^^ of H(A). As above, one also obtains an automorphic realization 

OY,µ : vY,µ fcty.M ® A ^ ( t f ) . 

Thus, we can define the map 

2F(v,y,µ £?o(G) 0 z/w, w • C 

by 

/ <8> 0 I—> 
H(F)\H(A) 

f(h) . OY,µ(Q) 5h)dh 

The map F{v^^) is called a Fourier-Jacobi coefficient in the context of unitary groups. 
Now the global restriction problem is: 

Determine whether the map F(y) defined in the various cases above is nonzero when 
restricted to a tempered cuspidal representation TT of G (A). 

24. Globa l conjec tures : central va lues of L - funct ions 

To formulate our global conjectures to the restriction problem of the previous 

section, we need to introduce a distinguished symplectic representation R of the L-
group LG over F. Recall from §7 tha t either the L-group of a classical group or its 

identity component comes equipped with a s tandard representation. Thus, with G = 
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G(V) x G(W), either LG or its identity component G has a s tandard representation 
M <g> N. We set 

R = 

M(g)7V in the orthogonal and symplectic cases; 

Inds {M®N). in the hermitian case; 

INC 
GxW(F) 
lxW(E ((M ® AT) 13 ß ) . in the skew-hermitian case. 

This representation R was already introduced in the table at the end of § 2 2 , except 
for the skew-hermitian case. In the skew-hermitian case, we have incorporated the 
character \i used in the definition of v. In doing so, we need to work with the L-group 
G x W(F) ra ther than the version G x Gal(E/F) which we have been using in the 
rest of the paper. It is this twist by p which makes R a symplectic representation 
of G x W(F) (by Lemmas 3 . 4 and 3 . 5 ) . As explained in § 2 2 , we can then speak of 
the L-function L(TT,R, S) and the global epsilon factor e(ir, R , s) for any automorphic 
representation TT of G. We recall t ha t these L-functions are normalized so tha t the 
functional equation takes s to 1 — s and the center of the critical strip is s = 1 / 2 . 

The first form of our global conjecture is: 

Conjecture 24.1. — Let TT be an irreducible tempered representation of G(A) which 
occurs with multiplicity one in the space s/o(G) of cusp forms on G(F)\G(A). Let v 
be the automorphic representation of H(A) introduced in §23. Then the following are 
equivalent: 

(i) the restriction of the linear form F(v) to TT is nonzero; 
(ii) the complex vector space Hom^^)!71"^) i>s nonzero and the L-function 

L(TT,R,S) does not vanish at s = 1/2, which is the center of the critical strip; 
(iii) the complex vector spaces Hom#(^)(7rv, vv) are nonzero for all places v of F 

and L ( T T , # , 1 / 2 ) ^ 0 . 

Let us make some remarks about this conjecture. 

Remarks. — (i) The equivalence of (ii) and (iii) is clear, provided one knows Conjec
ture 2 1 . 3 . 

(ii) When E — F x F, with G ^ GL(Vr0) x GL(W0), then the L-function L(TT, R, s) 
is the product 

L(7R, R, s) = L(TTV 0 TTWI S) L(TTv x TTW,S) 

of two Rankin-Selberg L-functions, so tha t 

L(TT,RM2) = \L(TTVXTTw,\/2)\\ 

In this case, the conjecture is known when dim W1- = 1. Indeed, this is an immediate 
consequence of the integral representation of the global Rankin-Selberg L-function 
L(TTV x TTW, 1 / 2 ) [34]. The general case has been addressed in the recent preprint of 
Y. F . Liu [47]. 

(iii) More generally, under the assumption tha t TT is globally generic and has a 
cuspidal functorial lift to the appropriate general linear group, the implication (i) 
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(ii) has been shown by Ginzburg-Jiang-Rallis in a series of papers for the various cases 
[21, 2 2 , 23]. Moreover, in the hermitian case with dimVT-1 = 1, an approach to this 
conjecture via the relative trace formula has been developed by Jacquet and Rallis 
[35]. The recent preprint [86] of Wei Zhang successfully realizes this strategy, and 
establishes the global conjecture in the Hermitian case under some simplifying local 
assumptions. 

(iv) One expects a refinement of Conjecture 24.1 in the form of an exact formula 
relating |-F(z/)|2 with the central value L(7r, R, 1/2). Such a refinement has been formu
lated by Ichino-Ikeda [33] in the orthogonal case, with dim W1- = 1. In the analogous 
setting for the hermitian case, the formulation of this refined conjecture is the UCSD 
thesis of N. Harris [30]. 

As formulated, the global conjecture 24.1 is essentially independent of the local 
conjectures 17.1 and 17.3. Rather, they complement each other, since the local non-
vanishing in Conjecture 24.1 is governed by our local conjectures. Prom this point of 
view, the appearance of the particular central L-value L(7r, R, 1/2) may not seem very 
well-motivated. However, as we shall explain in the next two sections, if we examine 
the implications of our local conjectures in the framework of the Langlands-Arthur 
conjecture on the automorphic discrete spectrum, the appearance of L(7T,jR, 1/2) is 
very natural . 

For example, observe tha t the global conjecture 24.1 in the symplectic/metaplectic 
case involves the central L-value of the symplectic representation R = M (g) N with 
M symplectic and N odd orthogonal, whereas in the local conjecture 17.3, it is the 
epsilon factor associated to M ® (N 0 C) which appears. So in some sense, the global 
conjecture is less subtle than the local one. The explanation of this can be found in 
§26, as a consequence of the Langlands-Arthur conjecture (or rather its extension to 
the metaplectic case). 

Finally, we highlight a particular case of the conjecture. As we explained in §12, 
special cases of the da ta (H, u) are automorphic generic characters v = 9 on H = U. 
These cases are highlighted in the following table, and arise when the smaller space 
W is either 0 or 1-dimensional. 

G{V) dimly G(W) N 
odd orthogonal 0 SO(0) 1 0 
even orthogonal 1 Sp(0) 0 

symplectic 0 Sp(0) 0 
metaplectic 0 SO(l) c 

odd hermitian 0 GL(0) 0 
even skew hermitian 0 GL(0) 1 0 

As one sees from the table, in all except the metaplectic case, N = 0 so tha t R = 0 
and L(7r,JR, s) is identically 1. In the metaplectic case, N = C so tha t R = M and 
L(7r, R, s) is the s tandard L-function L(TT, S). Hence Conjecture 24.1 specializes to the 
following two conjectures in these degenerate cases. 

ASTÉRISQUE 346 



RESTRICTION PROBLEMS FOR CLASSICAL GROUPS 89 

Conjecture 24.2. — Let TT be an irreducible tempered representation of G ( A ) which 
occurs with multiplicity one in the space #/o(G) of cusp forms on G ( F ) \ G ( A ) and let 
6 be an automorphic generic character for G. Then, when G is a linear group, the 
following are equivalent: 

(i) the restriction of the map F(6) to TT is nonzero; 
(ii) the complex vector spaces H o m ^ ^ ) ^ , 0V) are nonzero for all places v of F. 

When G ( A ) = Sp(V) (A) is metaplectic, we fix an additive character ip of A/F 
which determines an automorphic generic character 6 and also gives the notion of 
Langlands-Vogan parameters. For any element c G Fx /Fx2, let \ c be the associated 
quadrat ic character of AX /Fx and let 0C denote the generic character associated to 
the additive character ipc(x) = i/;(cx). Then we have: 

Conjecture 24.3. — Let TT be an irreducible tempered representation of G ( A ) = 
Sp(V) (A) which occurs with multiplicity one in the space j^O(G) of cusp forms on 
G ( F ) \ G ( A ) and let 0 be an automorphic generic character for G. Then the following 
are equivalent: 

(a) the restriction of the map F(6C) to TT is nonzero; 
(b) the complex vector spaces H o m ^ ^ ) ^ , 0C>V) are nonzero for all places v of F 

and L(7r ® Xc, 1/2) ^ 0. 

In the metaplectic case, with dim V = 2, the above conjecture is known by the 
work of Waldspurger [71, 73]. 

Note tha t if the conditions in the above two conjectures hold, the space 
Homt/(A)(7T, 0) has dimension 1 and F(0) is a basis. Moreover, since TT is tem
pered in the conjecture, the adjoint L-function L(TT, Ad, s) of TT is expected to be 
regular and nonzero at s = 1 (which is the edge of the critical str ip). Indeed, just 
as the holomorphy of the local adjoint L-factor at s = 1 characterizes the generic 
L-packets in the local part of this paper, the tempered cuspidal representations 
considered in the global conjectures of this section should be characterized by the 
analytic properties of their global adjoint L-function. More precisely, we have: 

Conjecture 24.4. — Let G be a connected reductive group over F (or the metaplec
tic group Sp(V)(A)) and let Ad be the adjoint representation of the L-group LG on 
Lie (G/Z(G)) . 
(a) Let TT be a tempered automorphic representation of G(A). Then the following are 
equivalent: 
(i) The representation TT is cuspidal; 
(ii) The adjoint L-function L(TT,Ad,s) is holomorphic at s = 1. 
(b) Let TT be a cuspidal representation ofG(A). Then the following are equivalent: 
(i) The representation TT is tempered; 
(ii) The partial adjoint L-function Ls(TT, Ad,s) is holomorphic in Re(s) > 1 (for S a 
finite set of places containing all archimedean places and finite places v where GxFFv 
or TTv is ramified). 
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The rationale for part (a) of the conjecture is tha t one expects the conjectural 
L-parameter of a tempered representation TT to have finite centralizer modulo Z(G) 
if and only if TT is cuspidal, and further, the holomorphy of the adjoint L-function 
of a tempered TT at s = 1 detects the finiteness (modulo Z(G)) of the centralizer. 
The rationale for part (b) is similar, taking into account the conjecture of Arthur 
[5, 6] which describes the non-tempered par t of the cuspidal spectrum in terms of 
A-parameters. 

The implication (i) = > (ii) (in both (a) and (b)) will follow from known analytic 
properties of Rankin-Selberg L-functions of GLn once the functorial lifting from clas
sical groups to GLn is established. In general, this conjecture should be a consequence 
of the Ramanujan conjecture and the Arthur conjecture [5, 6]. 

25 . Global L - p a r a m e t e r s and Mul t ip l i c i ty Formula 

In this section, we review the notion of global L-parameters in the context of 
a fundamental conjecture of Langlands and Arthur [5, 6], concerning multiplicities 
of representations in the automorphic discrete spectrum. We will only present this 
conjecture for tempered representations, and will also discuss its simplification for 
the classical groups considered in this paper. In the next section, we shall re-examine 
the global conjecture 24.1 in the framework of the Langlands-Arthur conjecture. We 
henceforth assume tha t the F-algebra E is a field. 

Let G be a connected reductive group over the global field F , and assume tha t 
the quotient space G(F)\G(A) has finite volume. The Langlands-Arthur conjecture 
gives a description of the decomposition of the discrete spectrum L^isc(G(F)\G(A)) 
or equivalently the space s/2(G) of square-integrable automorphic forms. We shall 
only describe this conjecture for the tempered part of the discrete spectrum, which 
we denote by L2isctemp(G). Note tha t L2isc temp(G) is necessarily contained in the 
cuspidal spectrum by a result of Wallach [79]. 

Suppose tha t Go is the quasi-split inner form of G over F , with a Borel-subgroup 
B = T - U. Fix an automorphic generic character 0 = ®V0V of U as in the previous 
section. We fix an integral s tructure on G, which determines a hyperspecial maximal 
compact subgroup Jv C Go(Fv) for almost all finite places v, as in §21. If G = G(V) 
is a classical group, such an integral s tructure is given by fixing a lattice L C V. 

T h e Lang lands -Arthur Conjec ture 

(1) For any pure inner form G of Go, there is a decomposition 

•̂ disCjtemp (G) LaQ(G) , 

where <j> runs over the discrete global L-parameters and each L^ is a G(A)-submodule. 
The precise definitions of these objects are given as follows. 

By definition, a discrete global L-parameter is a homomorphism 

</> : LF LG = LGQ — Gx WF 
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such tha t its centralizer in the dual group G is finite. These parameters are taken up 
to conjugacy by the dual group G. Moreover, LF is the hypothetical Langlands group 
of F - the global analog of the Weil-Deligne group WD(FV) - whose existence is only 
conjectural at this point. One postulates however tha t there is a natura l surjective 
map 

LF —• WF (the Weil group of F), 
and the projection of <f> to the second factor WF in LG is required to be this natural 
surjection. Moreover, one postulates tha t for each place v of F, there is a natural 
conjugacy class of embedding 

WD(FV) Lf 

Assuming the above, one may at tach the following da ta to a given discrete global 
L-parameter <f>: 

(i) a global component group 

= % ( l m ( 0 ) ) , 

which is finite by assumption. 
(ii) for each place v of F, a local L-parametei 

(j>v : WD(FV) LF 
4> LGo 

for the local group Go,T>, such tha t for almost all v, <j>v is unramified. This gives 
rise to a natural map of component groups: 

aq—> AQu 
One thus has a diagonal map 

A : A^ 
V 

AJ>V. 

(iii) for each place v, the local Vogan packet I I ^ of irreducible representations of 
the pure inner forms G(FV), together with a bijection 

J(0v) • n̂ „ Trr(AQv) 

(iv) 

specified by the local component 6V of the automorphic generic character 6. For 
an irreducible character rjv of A$v, we denote the corresponding representation 
in 1 1 ^ by 7TVv. In particular, the representation corresponding to the trivial 
character of A$v is a representation of GQ(FV) and for almost all v, it is spherical 
with respect to the hyperspecial maximal compact subgroup JV. 
a global Vogan packet 

Ü0 = {jTrj = 
V 

N nu: rn e n . and rjv is trivial for almost all v}. 

In particular, the representations in the global packet are indexed by irreducible 
characters 

N = XnN of 
V 

AQv. 

SOCIÉTÉ MATHÉMATIQUE DE FRANCE 2012 



92 W. T. GAN, B. H. GROSS & D. PRASAD 

If TXNV is a representation of G ^ (Fv), then TT^ is a representation of the restricted 
direct product 

GRJ :— 

Jv 
GVV{FV). 

Note, however, tha t the group G^ need not be the adelic group of a pure inner 
form of Go- For example, in the classical group case, GV need not be associated 
to a space V equipped with a relevant sesquilinear form over F. 

If GV = G(A) for a pure inner form of Go, we shall call the representation 
rj = Y\v rjv coherent. This notion can be explicated as follows. It was shown by 
Kottwitz [41, Cor. 2.5 and Prop. 2.6] tha t one has a natural map 

\V JE/"1(FV, GQ) LHom(7r0(^(Go)W(n)),CX) 

Eom(7r0(Z(Go)W{F)),CX) 
and the kernel of this map is the image of the natural map 

HHF,GO) 
V 

H1(FV,GQ). 

(v) 

Now the character rj = J\v rjv gives rise to an element in ^VH1(FV, Go), and rj 
is coherent if and only if this element is in the image of HX(F, Go). Thus, we see 
tha t 77 is coherent if and only if rj is trivial when restricted to ITO(Z(GO)W^). 
for each 7^ G 11^, a non-negative integer 

mv = (A ( r ? ) , ! ) ^ , 

where the expression on the right denotes the inner product of the two characters 
of the finite group A^. Thus mv is the multiplicity of the trivial character of 
A^, in the representation obtained by restriction of the tensor product of the 
representations rjv to the diagonal. If 77 is not coherent, then one sees tha t 
is equal to zero, since rj is nontrivial when restricted to 7ro(^(Go)^^F^) and 
hence on A<f>. When 77 is coherent, so the adelic group GV is defined over F, the 
Langlands-Arthur conjecture for tempered representations predicts tha t is 
the multiplicity of the representation 7r„ in the discrete spectrum of G„ 

With the above data , we have: 
(2) As G runs over all pure inner forms of Go over F, there is an equivariant decom
position: 

G 
LL(G] 

V 
mn .rn 

We denote the representation in II^ associated to the trivial character by TTQ. It is a 
representation of Go (A) and is the unique representation in II^, which is abstractly 
^-generic. According to the multiplicity formula in (v), its multiplicity in L^(Go) is 
1, and the conjecture 24.2 then says tha t TTQ has a nonzero 0-Fourier coefficient. 
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Though the above conjecture of Langlands and Arthur is extremely elegant, it 
has a serious drawback: the group LF is not known to exist. However, in the case 
of the classical groups considered in this paper, one can present the conjecture on 
multiplicities in a way tha t avoids mentioning the group LF. We do this below. In 
the case of classical groups, there is a further simplification, as the component groups 
A(f)v are all elementary abelian 2-groups. In particular, the representations r)v are all 
1-dimensional, so their restricted tensor product r¡ also has dimension 1. Hence the 
predicted multiplicity is either zero or one, the latter case occurring when 77 has 
trivial restriction to the diagonal. In the general case, the groups A(¡)v can be non-
abelian, and both the dimension of the representation 77 and the dimension of its 
A^-invariants can be arbitrarily large. 

We now specialize to the case where G = G(V) is a classical group. Let Go = G(Vb) 
be the quasi-split inner form. Arguing exactly as we did in the local case, one sees 
tha t giving a global / /-parameter for G 

</> : LF LG0 

is equivalent to giving a representation 

Y : LF GL(Af) 

which is selfdual or conjugate-dual with a specific sign b. The requirement tha t <j> is 
discrete then translates to the requirement tha t as a representation of L # , 

M 2á I 

i 

Mi 

where each Mi is selfdual or conjugate-dual with the same sign b as M and Mi ¥ Mj 
\ii ^ j . In this case, the global component group is the 2-group 

A<j> — A~t 

i 

' ( Z / 2 Z ) M , ) + 

where the superscript + is needed only when <p is selfdual. 
Now to remove the mention of the hypothetical group L # , observe tha t when 

specialized to the case G = GL(V), with d i m F = n, the Langlands-Arthur conjecture 
simply says tha t there is a natural bijection 

{irreducible cuspidal representations of G L ( F ) } 

{irreducible n-dimensional representations of LF} 

Thus, one may suppress the mention of LF by replacing the latter set with the former. 

Hence, in the context of the classical groups G(V) , one replaces the da t a of each Mi by 

an irreducible cuspidal representation 7r$ of GLni(A#) , with rii = dimM^. Moreover, 

in view of Proposition 7.5 and its analog for symplectic and orthogonal groups, the 

selfduality or conjugate-duality of Mi with sign b can be described invariant theoret

ically and hence can be captured by the following L-function condition: 
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(a) an irreducible cuspidal representation TT of GLn(A) is selfdual of sign 

{+ 1 if its symmetric square L-function L(TT, Sym2, s) has a pole at 5 = 1; 

— 1 if its exterior square L-function LS(TT, A2, s) has a pole at s = 1. 

(b) an irreducible cuspidal representation TT of GLN(AE) is conjugate-dual of sign 

+ 1 , if the Asai L-function L(TT, As , s) has a pole at s = 1; 

— 1, if the Asai L-function L(7r, A S - , S) has a pole at s = 1. 

To summarize, a discrete global L-parameter ip for Go = G(Vb) is the da ta of a 
number of inequivalent cuspidal representations TTI of GLni (AE), with ni = dim M , 
satisfying the above L-function conditions for each i. The point of this reformulation 
is tha t given such a global L-parameter, one still has the da ta given in (i)-(v) above. 
More precisely, one has: 

(i) The global component group is simply the 2-group ]^J^(Z/2Z)7ri with a canon
ical basis indexed by the 71^'s. 

(ii) For each v, the associated local L-parameter is the representation 

Yu 
i 

Yi,u 

of WD(kv), where (pijV is the local L-parameter of the local component ir^v 
of TTi. The L-function condition presumably forces each ipiiV to be selfdual or 
conjugate-dual with the given sign b. Moreover, one has a natural homomor
phism 

A(p > A<Pv 
i 

ayi,v 

arising from the natural map 

(Z/2Z)„, Cyi,u—>Ayi,u, 

obtained by sending (Z/2Z)7Fi to the central subgroup (±1) in the centralizer 
C(pi v. Thus, one continues to have the diagonal map A. 

(iii) For each place v, the local parameter thus gives rise to a local Vogan packet 
TLiPv as before. 

(iv) One can now define the global Vogan packet as before. 
(v) The formula for is as given above. 

The formulation of the Langlands-Arthur conjecture given above amounts to a 
description of the discrete spectrum of classical groups in terms of the automorphic 
representations of GLn. The proof has been promised in a forthcoming book [7]. 

In the remainder of this section, we formulate an extension of the Langlands-Arthur 
conjecture to the case of the metaplectic groups Sp(W). 

Motivated by Theorem 11.1, one expects tha t discrete global L-parameters for 
Sp(VT) should be discrete global L-parameters for S O ( 2 n + l ) with 2n = dim W. Thus, 
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a discrete global L-parameter of Sp(W) should be a multiplicity free 2n-dimensional 
symplectic representation of Lp: 

M = M i © • •. e Mr 

with each irreducible summand Mi also symplectic. In the reformulation of L-

parameters given above, it is thus given by the da ta of a collection of pairwise 

inequivalent cuspidal representations ^ of GL2ni (A) with 

(a) ni = n and 
(b) L(iTi, A2, s) having a pole at s = 1 for each i. 

Using Theorem 11.1 and Corollary 11.2, one sees tha t such a global L-parameter ip 

continues to give rise to the da ta (i)-(iv) above in the context of Sp(W) . In partic

ular, one obtains a global Vogan packet of irreducible genuine representations of 

Sp(W)(A) with a bijection 

HY<—• I N 

V 
Ayu1 

However, the multiplicity formula given in (v) above needs to be modified. Moti

vated by results of Waldspurger in the case when dim W = 2, we make the following 

conjecture. 

Conjecture 25.1. — Let (</?, M ) be a discrete global L-parameter for Sp(W) with asso
ciated global Vogan packet . Let X<P be the character on the global component group 
A<P defined by 

X » = e ( M V / 2 ) . 

More concretely, if ai £ A-IP %s the basis element associated to the factor (M^,7r^) in 

M, then Xv(ai) — ti^ii 1/2). Then 

L2y(Sp(W)) 

n 

mnrn 

where 

mn = (A*(n), Xy) 

We note tha t Arthur has also introduced nontrivial quadratic characters of the 

global component group in his conjectures for the multiplicities of non-tempered 

representations of linear groups. 

We conclude this section with some ramifications of Conjecture 25.1. Given a dis

crete global L-parameter (</?, M ) (relative to a fixed additive character ip) for Sp(W) , 

with dim W = 2n, note tha t M is also a discrete global L-parameter for SO(V) with 

dim V = 2n + 1. For each place v, the elements in the associated Vogan packets 

U^v(V) of SO(V) 

U^v(W) of Sp(W0 
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are both indexed by I r r ^ ^ ) . For a character rjv of AiPv, let 

rmn C IIyu(V) and aVveU^v(W) 

be the corresponding representations. By construction, 7TVv and aVv are local the ta lifts 
(with respect to ip) of each other. One might expect tha t , globally, the submodule 
Lp(Sp(W)) of the discrete spectrum can be obtained from 0 V , L2 (SO(Vr/)) using 
global the ta correspondence. As we explain below, this is not always the case. 

More precisely, if rj = <S)vrjv is a character of YLVA^, tnen tne corresponding 
representations 

rn C IIy (V) and an G UJW) 

may or may not be global the ta lifts of each other. Indeed, 

7Tr. occurs in the discrete spectrum of some SO(V') A* (77) = 1 

whereas 

(jrç occurs in the discrete spectrum of Sp(W) <=> A* (77) = Xy 

Thus, if x<p is nontrivial, then the subset of 77's which indexes automorphic representa
tions for SO(F) will be disjoint from tha t which indexes automorphic representations 
of Sp(W). In such cases, there is clearly no way of obtaining the automorphic elements 
in n^(VT) from those of H<p(V) via global the ta correspondence (with respect to ip). 

Suppose, on the other hand, tha t x<p is the trivial character, so tha t 

e(Mul/2) = l 

for all the irreducible symplectic summands Mi of M . Then the automorphic elements 
in U(f(W) and 11̂ (1̂ ) are indexed by the same subset of 77's and are abstract the ta 
lifts of each other. However, to construct L2 (Sp(VT)) from L^(SO(V)) via global 
the ta correspondence, there is still an issue with the non-vanishing of global the ta 
liftings. In this case, the non-vanishing of the global the ta lifting is controlled by the 
non-vanishing of the central L-value 

L ( M , l / 2 ) = 
i 

W , l / 2 ) . 

Only when L ( M , 1/2) is nonzero does one know tha t L^(Sp(W)) can be obtained 
from ® y , L2 (SO(F/)) by global the ta lifting (with respect to ip). 

Another observation is tha t while the packet nv?(Vr) always contains automorphic 
elements (for example the representation corresponding to 77 = 1), it is possible tha t 
none of the elements in the packet n^(W) are automorphic. 

We give two examples which illustrate Conjecture 25.1 and the phenomena noted 
above, in the case dim W = 2. In this case, the conjecture is known by the work of 
Waldspurger [71, 73]. 
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Example 1. — Suppose tha t (<p,M) is a discrete global L-parameter for SO(3) = 
PGL(2) and Sp(2), so tha t 

4^ = Z /2Z . 

Suppose tha t for 3 places v\, V2 and v%, the local L-parameter <pv. corresponds to the 
Steinberg representation of PGL(2) , and ipv is unramified for all other v. Then 

c(M, 1/2) = - 1 , 

so tha t x<p is the nontrivial character of A^. 
In this case, the local Vogan packets (for both SO(3) and Sp(2)) have size 2 at the 

3 places Vi, and we label the representations by 

i W s o ( 3 ) ) : {K>*v } and NV„(SP(2)) = K + , a - } , 

with the minus sign indicating the nontrivial character of A(PV. At all other places, 
the local packets are singletons. Thus, the global L-packet of SO(3) has 8 elements, 
which we can label as 7r+++, 7R++~ and so on. Similarly, the global L-packet for Sp(2) 
also has 8 elements, denoted by <r+++, cr++_ and so on. 

Now observe tha t a representation in the global Vogan packet for SO(3) is auto
morphic if and only if it has an even number of minus signs in its label, whereas a 
representation in the global Vogan packet for Sp(2) is automorphic if and only if it 
has an odd number of minus signs in its label. 

Example 2. — Suppose again tha t (y?, M ) is a discrete global parameter for SO(3) 
and Sp(2), but now assume tha t tpv is reducible for all v. Moreover, suppose tha t 

6 (M, 1/2) = - 1 , 

so tha t x<p is the nontrivial character of A ^ = Z / 2 Z . These conditions can be arranged. 
In this case, the global Vogan packets for SO(3) and Sp(2) are both singletons, 

containing the representation 7r and A respectively, which are indexed by the trivial 
character RI of 

V 

AVV = 1. 

Hence, A* (77) is the trivial character of A^. In particular, 7r is automorphic for SO(3), 
whereas A is not automorphic for Sp(2). 

26. Revisiting the global conjecture 

In this section, we shall revisit the global conjecture formulated in §24. In particular, 
we shall approach the restriction problem using the framework of the Langlands-
Arthur conjecture reviewed in §25. 

We s tar t with a pair of spaces Wo C Vo which gives rise to a quasi-split group 
Go = G(VQ) x G(Wo) over F and fix an automorphic generic character 6 of U as 
in the previous section; in particular, 6 may depend on the choice of an appropriate 
additive character ip in various cases. Given a discrete global L-parameter (ip,M,N) 
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for Go, there is a corresponding submodule s/£ in the automorphic discrete spectrum 

and we are interested in the restriction of the linear functional F(u) to this submodule. 

Recall tha t a natural symplectic representation R of LG plays a prominent role in 

the global conjecture 24.1. Using the global component group of the parameter <p, 

we may refine the associated L-function L(TT,R1S) for TT G 11^, as follows. If a G A^, 

we may consider it as an element of A(PV for any v and then choose any semisimple 

element in C^v projecting to it. Denoting any such element in CiPv C G by a again, 

we see tha t the subspace RA is a representation of WD{FV) under <pv. Thus, one has 

the associated L-function 

L(>K,Ra,s) := 

v 

L(Ra,s) 

and epsilon factor 

e(n,Ra,s) := 
V 

e{Ra,^v,s). 

We are now ready to revisit the global restriction problem. Let us first draw some 

implications of the various local conjectures we have made so far. 

(i) According to our local conjectures 17.1 and 17.3, there is a unique representation 

TTV in the local Vogan packet H(fv such tha t 

H.omH(Fv)(TTV <g> i/v,C) 7̂  0, 

and this distinguished representation is indexed by a distinguished (relevant) character 

X of AMV x ANV. 

For each t>, the representation TTXV is a representation of a pure inner form GV of Go 

over FV, associated to a pair of spaces WV C VV. 

(ii) According to our unramified local conjecture 21.3, for almost all t>, the distin

guished character \v is trivial and the representations -KXV , 0V and vv are all unrami

fied. At these places, the pair of spaces WV C VV is simply WQ,V C.VOJV and the group 

GV is simply GQ(FV). Thus, we can form the restricted direct product groups 

G A — Y[j„ Gv\ 

#A - Y\jvnHv Hv 

and representations 

7TX = <§>vnXv of GA; 

V = ®V1SV Of î A, 

which are restricted tensor products, defined using the unique line of Jv-invariant or 

JvniLu-invariant vectors for almost all v. The representation 7rx is simply the element 

in the global Vogan packet 11^ indexed by the distinguished character 

X = WvXv 

of the compact group ]JV AMV X ANV. It is the only (relevant) element in 11^ such 

tha t 

Homffm(7rY(gi/,C) ^ 0 . 
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With these preliminaries out of the way, there are now three questions to address. 
(1) Are HA c—• GA the adelic points of algebraic groups 

H = N - G(W) G = G(V) x G(W) 

defined over F , associated to a relevant pair of spaces W C V over El 
In the symplectic case, this question clearly has a positive answer, since there is 

a unique symplectic vector space in any even dimension over any field. Hence, we 
focus on the other cases, where the issue is whether the collection (WV C VV) of local 
spaces is coherent in the terminology of Kudla. Now these local spaces have the same 
rank as Wo C VQ and the same discriminant in the orthogonal case. Hence, they 
form a coherent collection if and only if we have changed the Hasse-Witt invariant or 
the hermitian/skew-hermitian discriminants at an even number of places v. This is 
equivalent to the identity 

1 = 
V 

x * ( - M ) = 

II E(MV <g) NV,TPV), in the orthogonal and hermitian cases; 

[V E(MV^NV(FJI-1)^V), in the skew-hermitian case. 

Note tha t since Xv(—151) — \v{\i —-0 ^ r a^ the coherence condition for the collec
tion of local quadrat ic spaces {V^} is the same as tha t for {W^}. Thus, we will have 
a global pair of spaces W cV with these localizations if and only if 

C(7TX,Ä,1/2) = 1. 

Assuming this is the case, the second question is: 
(2) Does the representation irx in the global Vogan packet occur in the space 
s^o(G) of cusp forms? 

To answer this question, we exploit the Langlands-Arthur conjecture discussed in 
§25. Thus, in the orthogonal, hermitian and skew-hermitian cases, we need to see if 
the distinguished character \ is trivial when restricted to the global component group 
AY via the diagonal map A. This amounts to the assertion tha t , for all A G A ^ , 

1 = 
V 

Xv(A) = 

VE{(MV®NV)A^V), in the orthogonal or hermitian cases; 

[VE(MV®NV{ß^)Y^v) in the skew-hermitian case, 

or equivalently, t ha t 
€(7Tx,fia , l /2): 1 for all A € A^. 

On the other hand, in the symplectic case, using the multiplicity formula given in 
Conjecture 25.1, we see that we need the distinguished character to be equal on A^ = 

AM X AX to the character \<P x 1 (assuming tha t M is symplectic and N orthogonal), 
where Xv? ŝ the character of AM defined in Conjecture 25.1. This translates to the 
same condition 

1 = 
V 

T{{MV®Nv)a,rpv) e(7RX)JRa,l/2). 
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Finally, assuming tha t e(nX,RA, 1/2) = 1 for all a G A^,, so tha t 7rx occurs in the 
space of cusp forms, we can ask: 
(3) Does the linear form F(v) have nonzero restriction to 7rx? 

The point is tha t , when the above conditions on epsilon factors hold, there are no 
trivial reasons for the central critical L-value L(TTX1R, 1/2) to vanish. Here then is the 
second form of our global conjecture: 

Conjecture 26.1. — Let -Kx be the representation in the global Vogan packet corre
sponding to the distinguished character \- Then the following are equivalent: 

(i) TTx occurs with multiplicity one in S/Q(G) and the linear form F(u) is nonzero 
on 7TX 

(ii) L(TTX,Ä, 1 / 2 ) ^ 0 . 

27. The first derivative 

We maintain the notation and setup of the previous section, so tha t Wo C Vo is a 
pair of spaces over E with quasi-split group Go = G(Vb) x G(WQ) over F. For a given 
discrete global L-parameter (y>, M, iV) of Go, we have a distinguished representation 

7T = 7TX = ®V7TV 

in the global Vogan packet , which is a representation of a restricted direct product 

G A — 
JV 

GV(FV) 

and is the unique element in the packet such tha t 

Hom#A(7T(g)^,C) ^ 0. 

In this final section, we specialize to the orthogonal and hermitian cases (i.e. where 
e = 1) and assume tha t 

e(7T0,Ä,l/2) = : - 1 so tha t L (TT0 ,Ä,1 /2) = 0, 

where 7TO is the generic automorphic representation of Go (A) with parameter (p. In 
this case the group GA does not arise from a pair of orthogonal or hermitian spaces 
W C V over E. In Kudla 's terminology, the local da ta (Wv C Vv) is incoherent. 
Nevertheless, we can formulate a global conjecture in this case, provided tha t the 
following condition holds: 

(*) There is a non-empty set S of places of F, containing all archimedean primes, 
such tha t the groups GV(FV) and HV(FV) are compact for all places v G S. 

This condition has the following implications: 

(i) dimW(j- = 1. Indeed, this follows from the fact tha t Hv — NV.G(WV) and a 
nontrivial unipotent subgroup Nv cannot be compact. Hence, for all places v, 
we have 

dim Vv = dim Wv + 1. 
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If we consider the orthogonal decomposition 

V0 = W0 © L 

over E, then since Wv C K is relevant for all v, we have 

Lu = W+u 

(Ü) 

Thus, though the collection (Wv C Vv) is not coherent, the collection (W^) is. 
Any archimedean place v of F is real and the space Vv must be definite. In 
the hermitian case, we must have Ev = C. Hence, in the number field case, 
F is totally real and, in the hermitian case, E is a CM field. Moreover, at all 
archimedean places v of F, the generic representation 7TO>V of Go(Fv) is in the 
discrete series, and TTV is a finite dimensional representation of the compact group 

Gv{Fv) = SO(n) x S O ( n - l ) or U(n) x U(n - 1) 

(in) 
with a unique line fixed by H(FV) = SO(n — 1) or U(n — 1). 
At finite primes v E 5 , we must have dim(V^) < 4. Indeed, a quadrat ic form of 
rank > 5 over Fv represents 0. Hence, for function fields F, we have the following 
nontrivial cases: 

(dim Vv, dim Wv) = 
(3, 2) or (4,3) in the orthogonal case; 

(2,1) in the unitary case. 

For simplicity, we will assume tha t F is a totally real number field and S consists 
only of the archimedean places. In the hermitian case, the quadratic extension E of 
F is a CM field. 

Suppose first tha t the spaces Vv are orthogonal of dimension n > 3. Fix a real place 
a. If Va has signature (n, 0), let 

v r a ^- a 
be the unique orthogonal spaces over Fa = R with signatures 

( n - 3 , 2 ) C ( n - 2 , 2 ) . 

If Va has signature (0 ,n) , let 

W* c V* 
vr a ^— ex. have signatures 

( 2 , n - 3 ) C ( 2 , n - 2 ) . 
Since we have modified the Hasse-Witt invariant at a single place of F, and kept the 
discriminant of W^1- ~ W^- equal to the discriminant of La , there are unique global 
spaces 

Wa C Va over E 
with localizations 

Wv C Vv for all v a , 

I W* C V* at a. 
We note tha t we can make such a pair of global spaces for any place a of F , having 
localizations Wv C Vv for all v ^ a, provided tha t d imW« > 3. When dimWo, = 2, 
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we can make such a global space provided tha t Wa is not split over Fa, i.e. for all 
primes a which are ramified or inert in the splitting field E of the 2-dimensional space 
W°. The proof is similar to [62, Prop. 7]. 

We can use the global spaces Wa C Va so constructed to define the groups 

Ha—> G0 SO(Va) x S0{Wa) 

over F. These have associated Shimura varieties 

z(Ha) —> e(Ga) 
over C, of dimensions n — 3 and 2n — 5 respectively, which are defined over the reflex 
field E = F, embedded in C via the place a. The varieties over F are independent of 
the choice of the real place a , so we denote them simply by 

E ( i f W E ( G ) , 

suppressing the mention of a. 
Next, suppose tha t the spaces Vv are hermitian over Ev of dimension n > 2. Fix a 

real place a and a complex embedding z : Ea C. If Va has signature (n ,0) , let 

W* c V* 

be the unique hermitian spaces over Ea with signature 

( n - 2 , l ) c ( n - l , l ) . 

If Va has signature (0 ,n) , let 
yr a ^— va 

be the unique hermitian spaces over Ea with signatures 

( I , n - 2 ) C ( l , n - l ) . 

Again, since we have modified the hermitian discriminants at a single place a of F , 
and kept (W*)1- ~ constant, there is a unique pair of global spaces 

Wa C Va 

over E with localizations 

I Wv C Vv, for all v ^ a: 
W* C Va* at a. 

Again, we can make such a modification at any place a of F which is not split in the 
quadratic extension E. 

As before, we use the global spaces Wa C Va to define groups 

Ha^Ga • V(Va) x U(Wa) 

over F. These have associated Shimura varieties 

E(H ) ^ T,(G ) 

over C, of dimensions (n — 2) and (2n — 3) respectively, which are defined over the 
reflex field = E, embedded in C via the extension z of the place a. These varieties 
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over E are independent of the choice of real place a of F , so we denote them simply 

by: 

E ( # ) E(G) . 

We sketch the definition of the Shimura variety E of dimension n — 1 associated 
to incoherent hermitian da ta {Wv} of dimension n which is definite at all real places 
v of F\ the orthogonal case is similar. Take the modified space Wa at a real place a , 
and let G = ResF/qV(Wa). We define a homomorphism 

h : SR = RescmGm GR -

v\oo 

u ( C ) 

as follows. Let (ei , • • • , en) be an orthogonal basis of W*, such tha t the definite space 
e1has the same sign as the definite space Wa. We set 

h(z) = 

z/z 

1 

1 

in u r o 

and 

h(z)= 1 in all the other (compact) components 

u=a 

U(WV). 

Let X be the GiR-conjugacy class of h, which is isomorphic to the unit ball 
U n _ M ( R ) / [Un_i(R) x Ui(R)] in C71'1. The pair {G,X) satisfies the axioms for a 
Shimura variety [15, §2.1]. The composite homomorphism 

w : (Gm)R SR —> GR 

is trivial, and the reflex field of E(G) = M ( G , X) is equal to E, embedded in C via the 
homomorphism z extending a. Indeed, the miniscule co-character ¡1 : (Gm)c —> Gc is 
defined over E: 

/ i(a) = 

a 

1 

1. 

x 1. 

The complex points of E(G) are: 

£ (G ,C) = G ( Q ) \ [ X x G ( Q ) ] . 

Over E, the variety E(G) and the action of G(Q) = 
v finite 

\J(WV) on it depends only 

on the incoherent family {Wv}. If 

T^oc — real 1TV 
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is any finite dimensional representation of the compact group 

v real 

U(WV), there is a 

local system & on E(G) over E associated to 77^. 
We now return to the study of the L-function L(7TO,R,s) at s = 1/2, using the 

ari thmetic geometry of the cycle 

E ( # ) <-+ E(G) 

associated to the incoherent family (Wv C Vv). The representation 

*Too — <9v real 7TV Of 

v real 

GV(FV) 

gives a local system & on E(G) which contains the trivial local system C when 

restricted to the cycle E ( # ) . 

To get the appropriate representation 717 = <8>v finite^ of G(Q) on the Chow group 

of E(G) with coefficients in we need to find this representation in the middle 

dimensional cohomology of E(G) with coefficients in & (which is the "tangent space" 

of the Chow group). Hence we need 

H0mG(Q) (rf, Hd(Z(G),F)) # o 

with d = d i m E ( G ) . We put 

n = 
d i m F a , in the hermitian case; 

dimVa — 1, in the orthogonal case, 

so tha t n > 2 in all cases. We have 

d i m E ( G ) = d = 2n-3 

dim E (LT) = n-2 

codim E ( i i ) = n — l . 

Now Matsushima's formula for cohomology shows tha t 

d imHom d(nf,Ha(Z(G),<?)) 

is equal to the sum of multiplicities in the cuspidal spectrum 

7T 

m(7Ta (g) (Xß #-¿ a realTT/?) rf (G(Ea) : G(Ra)°) 

over the discrete series representations 7ra of G(Ra) with the same infinitesimal and 

central character as 7ra. If all of the multiplicities are 1, the middle cohomology of 

E(G) with coefficients in & will contain the motive M 0 N over F or E, associated 

to the parameter of the L-packet of 7TO. 

On the other hand, the conjecture of Birch and Swinnerton-Dyer, as extended by 

Bloch and Beilinson, predicts tha t 

dim Horn 
G(Q) 

(rf, CHn-1 (E(G) , F)) 
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is equal to the order of vanishing of the L-function 

L(TTO,R,S) 

at the central critical point s = 1/2. If the first derivative is nonzero, we should have 

an embedding, unique up to scaling 

717 CHn~1(Tl(G),^r) 

and the Chow group of codim(n — 1) cycles plays the role of the space of automorphic 

forms in §26. 

The height pairing against the codimension (n — 1) cycle E(LT), on which & has a 

unique trivial system, should give a nonzero linear form 

F:CHn-1{E(G)^)->C 

analogous to the integration of automorphic forms over H(F)\H(A). This form is 

H(Q)-invariant, and our global conjecture in this setting is: 

Conjecture 27.1. — The following are equivalent: 

(i) The representation 717 occurs in G i f n _ 1 ( £ ( G ) , with multiplicity one and the 

linear form F is nonzero on 717; 

(ii) L'(7r0,#, 1 / 2 ) ^ 0 . 

Remark. — Just as the cohomology of a pro-Shimura variety associated to a reductive 

group G over Q carries an admissible, automorphic action of G(Q), it is reasonable 

to expect tha t the Chow groups of cycles defined over the reflex field E will also 

be admissible and automorphic. We note tha t this is t rue for the Shimura curves 

associated to inner forms G of GL2(Q): the action of G(Q) on the Chow group of 

zero cycles of degree 0 is the Hecke action on the Mordell-Weil group of the Jacobian 

over Q, which factors through the action of endomorphisms on the differential forms. 

Here the multiplicity of a representation 717 of G(Q) on the Chow group in the tower 

is conjecturally equal to the order of zero of the s tandard L-function associated to 717 

at the central critical point. 

As in the global conjecture in central value case, one expects a refinement of the 

above conjecture, in the form of an exact formula relating the pairing 

(E(H)(rf), R(H)(rf)) 
to the first derivative Lf(7r0, R, 1/2). This would generalize the formula of Gross-

Zagier [27], as completed by Yuan-Zhang-Zhang [84], which is the case n = 2 where 

the codimension of the cycle is 1. Such a refined formula in higher dimensions has 

been proposed in a recent preprint of W. Zhang [85]. 
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