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VOTER MODEL PERTURBATIONS AND REACTION
DIFFUSION EQUATIONS

J. Theodore Cox, Richard Durrett, Edwin A. Perkins

Abstract. — We consider particle systems that are perturbations of the voter model
and show that when space and time are rescaled the system converges to a solution of a
reaction diffusion equation in dimensions d > 3. Combining this result with properties
of the P.D.E., some methods arising from a low density super-Brownian limit theorem,
and a block construction, we give general, and often asymptotically sharp, conditions
for the existence of non-trivial stationary distributions, and for extinction of one
type. As applications, we describe the phase diagrams of four systems when the
parameters are close to the voter model: (i) a stochastic spatial Lotka-Volterra model
of Neuhauser and Pacala, (ii) a model of the evolution of cooperation of Ohtsuki,
Hauert, Lieberman, and Nowak, (iii) a continuous time version of the non-linear
voter model of Molofsky, Durrett, Dushoff, Griffeath, and Levin, (iv) a voter model
in which opinion changes are followed by an exponentially distributed latent period
during which voters will not change again. The first application confirms a conjecture
of Cox and Perkins [8] and the second confirms a conjecture of Ohtsuki et al. [34] in
the context of certain infinite graphs. An important feature of our general results is
that they do not require the process to be attractive.

© Astérisque 349, SMF 2013
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Résumé (Perturbations du modele du votant et équations de réaction-diffusion)

Nous considérons des systémes de particules en interaction, perturbations du mo-
déle du votant. En dimension d > 3, nous montrons qu’un rééchelonnement appro-
prié en temps et en espace du systéme converge vers une solution d’une équation
de réaction-diffusion. En combinant ce résultat avec des propriétés de ’E.D.P., nous
donnons des conditions générales, et souvent asymptotiquement optimales, pour 1’exis-
tence d’'une mesure stationnaire non-dégénérée, ou pour 'extinction de 'un des types
de particules. Certaines de nos méthodes proviennent d’un théoréme sur la limite
super-brownienne d’un rééchelonnement du systéme issu d’une densité faible; nous
utilisons également un argument fondé sur une construction par bloc. Nous appliquons
ces résultats a la description du diagramme des phases de 4 systémes, lorsque leurs
paramétres se situent au voisinage du modéle du votant : (i) un modéle de Lotka-
Volterra stochastique spatial de Neuhauser et Pacala, (ii) un modéle d’évolution de
la coopération d’Ohtsuki, Hauert, Lieberman, et Nowak, (iii) une version & temps
continu du modéle du votant non linéaire de Molofsky, Durrett, Dushoff, Griffeath,
et Levin, (iv) un modéle du votant dans lequel les changements d’opinion sont suivis
par une période de latence exponentiellement distribuée pendant laquelle I’électeur
concerné ne change plus d’opinion. La premiére application confirme une conjecture
de Cox et Perkins [8], et la seconde confirme une conjecture d’Ohtsuki et al. [34] dans
le cadre de certains graphes infinis. Une importante caractéristique de nos résultats
généraux est qu’ils ne nécessitent pas 'attractivité du processus.
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CHAPTER 1

INTRODUCTION AND STATEMENT OF RESULTS

We first describe a class of particle systems, called voter model perturbations in [7].
The state space will be {0, l}Zd, where throughout this work we assume d > 3. The
voter model part of the process will depend on a symmetric (i.e., p(z) = p(—=x)),
irreducible probability kernel p : Z¢ — [0,1] with p(0) = 0, covariance matrix o1,
and exponentially bounded tails so that for some « € (0, 1],

p(z) < Ce™™lol, (1.1)

Here and in what follows |z| = sup; |z;|. Let fi(z,€) = >_ cz4p(y — )1(€(y) = 7).
The voter flip rates are given by

’(z,8) = (1 = &(x)) f1(=,€) + &() fo(z,§). (1.2)
The processes of interest, & € {0, l}Zd, are spin-flip systems with rates
2(z,€) = (x,€) + eci(x,€) > 0, (1.3)

where c%(z,§) is a translation invariant, signed perturbation of the form

c:(z,8) = (1 - &(x))hi(z, ) + &(x)hs(x, €).
We assume there is a law ¢ of (Y'!,...,Y™No) € Z4No  functions g5 on {0,1}™o,
i1 =0,1, and &1 € (0,00],&0 € (0,1] so that

9 20, (1.4)

and for all £ € {0, 1}2°, z € Z%, and € € (0, &), we have
hs(x,€) = —e1 2 fi(x,€) + By (g €z + Y7),...&(z + Y™?))),i =0, 1. (1.5)

Here Ey is expectation with respect to ¢ and in practice the first term in the above
will allow us to take g > 0. It is important to have g non-negative as we will treat
it as a rate in the construction of a dual process in Chapter 2. On the other hand, in
two of the particular examples of interest (Examples 2 and 4 below), the h§ will at
times be negative.



2 CHAPTER 1. INTRODUCTION AND STATEMENT OF RESULTS

We also suppose that (decrease x > 0 if necessary)

P(Y*>z) < Ce ™ for z >0, (1.6)
where Y* = max{|Y!|,...|Y™°|}, and there are limiting maps g; : {0,1}Y° — R,
such that
lim ||gf — gillo =0, i=0,1. (1.7)
el0

The conditions (1.4) and (1.5) with g9 < &1 (without loss of generality) easily imply
the non-negativity in (1.3) for € < ep.

We now show that the conditions (1.4)-(1.7) hold for general finite range convergent
translation invariant perturbations without any explicit non-negativity condition on
the g5.

Proposition 1.1. — Assume there are distinct points yi,...,yn, € Z% and §5,9; :
{0,1}No — R such that
hi(@,€) = g5 (E(@ + ), ... £ +yny)), = € 2%, € € {0,1}™, (1.8)

{.’L‘ :p(z) > O} - {yl" "7yN0}7 lslil(} ”gf _gi”oo =0:=0,1.

Then (1.5)-(1.7) hold for appropriate non-negative g5, g; satisfying ||gf — gilloo =
15 — Gilloo, and Y* = y;.

The elementary proof is given in Section 2.1. In terms of our original rates (1.3) this
shows that our class of models include spin-flip systems & € {0, I}Zd, t > 0, with
rates

(x, &) = c¥(x, &) +%c*(x,€) + €%0(e) > 0, (1.9)
where p (governing V) is now finite range, ¢*(z, &) = h(£(z),&(x+y1), ..., {(x+EN,))
is a finite range, translation invariant perturbation and o(e) means this term goes
to zero with € uniformly in (z,£). However, most of the Theorems below are formu-
lated without this finite range assumption (Theorem 1.5 being the notable exception).
Working with the random Y*’s will allow us to include certain natural infinite range
interactions and will also simplify some of the arithmetic to come.

We stress that conditions (1.3)-(1.7) are in force throughout this work,
and call such a process ¢ a voter model perturbation on Z?. To be precise
about the meaning of our process, let &, t > 0 be the unique {0, l}Zd-valued Feller
process with translation invariant flip rates given by ¢2(z, ) in (1.3) and initial state
& € {0, 1}2*. More formally (see [30, Theorem B.3] and [14, Section 2]) the generator
of & is

the closure of Q°g(¢) = Y ¢2(,€)(9(¢%) — 9(£)) (1.10)
z€Z4
on the space of g : Z¢ — R, depending on finitely many coordinates. Here £7 is ¢ with
the coordinate at z flipped to 1 — &(z). The condition (B4) of Theorem B.3 in [30] is
trivial to derive from (1.5).

ASTERISQUE 349



CHAPTER 1. INTRODUCTION AND STATEMENT OF RESULTS 3

To motivate this class of spin-flip systems we will now describe our four examples.

Example 1 (Nonlinear voter models). — Molofsky et al. [32] considered a discrete time
particle system on Z? in which each site is in state 0 or 1 and

P(&nv1(z,y) = 1€n) = p

if k of the sites (z,y), (z + 1,v), (z — 1,¥), (z,y + 1), (x,y — 1) are in state 1. They
assumed that pp = 0 and ps = 1, so that all 0’s and all 1’s were absorbing states and
p1 = 1 — pg and py = 1 — p3, so that the model was symmetric under interchange of
0’s and 1’s.

Our goal is to study the phase diagram of a continuous time nonlinear voter model
in a neighborhood of the ordinary linear voter model. Our perturbation is determined
by four points chosen at random from = + N where A is the set of integer lattice
points in ([—L, L] — {0}). Let a(i) > 0 be the flip rate at a given site when i
(randomly chosen) neighbors have a type disagreeing with that of the site and suppose
a(0) = 0. Let (Y7,...Ys) be chosen at random and without replacement from N. Our
perturbation has the form given in (1.5) with €1 = oo,

4

gf(fl,--w&):a(z&)y and 98(51,...,54)=a(4—i§,-).
1

1

General models of this type were introduced and studied in [9]. The long range nature
of the interaction will make computations simpler.

Example 2 (Lotka-Volterra systems). — Lotka-Volterra systems were introduced by
Neuhauser and Pacala [33]. In addition to the kernel p for the voter model, the
flip rates depend on two non-negative competition parameters, ap and «;, and are
given by

cv(@,€) = fi(fo + a0 f1)(1 = &(z)) + fo(f1 + a1 fo)é(z)
=c¥(z,€) + (a0 — 1) T (1 — &()) + (an — 1) f5(=). (1.11)

In words, a plant of type i at = dies with rate f;(z, &)+, fi—i(z, ) and is immediately
replaced by the type of a randomly chosen neighboring plant, which will be 1 — 4 with
probability fi—;(z,&). Hence a; represents the effect of competition on a type ¢ from
neighbors of the opposite type and the interspecies competition parameters have been
set to one.

If 6; € R and we let o; = o = 1 + €26; then the perturbation has the form

hi(z,€) = 01-: fi(z,£)?, (1.12)

SOCIETE MATHEMATIQUE DE FRANCE 2013



4 CHAPTER 1. INTRODUCTION AND STATEMENT OF RESULTS

fori=0,1z € Z%and ¢ € {0,1}%". To verify (1.5) take 0 < &1 < (6 )~ Y/2A(67)~1/2,
No =2, Y1, Y? chosen independently according to p, and define for i = 0, 1,

gi(m,m2) = e7’m(1 —m) + (e7% + 61-:)1(m = m2 = 4) > 0. (1.13)

Then we have the required form, where now h; and g; are independent of ¢:

hi(z,€) = —e7 2 fil(@, &) + €72 (fi — f2)(2,€) + (72 + 61-3) fi(x, €)?
= —e72fi(,€) + E(gi(&(x + Y1), &(x + Y?))).

Example 3 (The Latent voter). — The Latent voter was introduced by Lambiotte,
Saramaki, and Blondel [27]. To motivate the dynamics, they consider the adoption of
new technology, such as choosing between a Blu-ray and HD-DVD player, or between
an IBM netbook and iPad. Once the customer has made her purchase it is unlikely
that she will immediately switch. To model this latency, we introduce states 0* and
1* which indicate that the voter is not willing to switch, and we postulate that i* — 4
at rate A\. While in state ¢ the voter changes to state (1 — ¢)* at a rate equal to the
fraction of nearest neighbors with the opposite opinion, counting both active and
latent voters of that type. At ¢t = 0 we assume initially the particles are all in state 1
or 0.

To realize this as a voter model perturbation, we will take A large. To construct
the process we take the usual graphical representation for the voter model, and for
each site introduce an independent Poisson process of “wake-up dots” with rate A,
where each “wake-up” corresponds to a potential flip from ¢* to ¢. Voting events occur
at rate 1, so the number of voter events N, between two wake up dots has

k
P(Ny = k) = (%H) ﬁ for k=0,1,2,...

If there is only one voter event between two wake-up dots at x then this is an
ordinary voter event, z imitates her neighbor. If there are two or more, then this is
Lambiotte and Redner’s vacillating voter model [26]: the voter changes if at least one
of the neighbors chosen is different. To see this note that the first neighbor that is
different causes an opinion change and then all of the other voter events before the
wake up dot are ignored.

To fit this model into the framework of this paper we will take A = ¢72 > 1 and
identify state i* with state ¢ for the spin-flip system &, although they are of course
distinguished in the above graphical representation. Let {y1,...,¥y24} be the nearest
neighbors of 0 and let {Y* : i € N} be iid r.v.’s which are chosen at random from
the above nearest neighbors. For each k € N let Sy = {I1,...,Ix} be chosen from
{1,...,2d} with replacement so that Sy has cardinality at most k. Below Ps and Py
will denote averaging over these random quantities only. Then multiplying the above

ASTERISQUE 349



CHAPTER 1. INTRODUCTION AND STATEMENT OF RESULTS 5

probabilities by the rate A of the wake-up process, we see that our rates are

A

c2(z,§) = (m

)0+ X €+ V) £ 60 3 <0

—2e74 g2

= cy(w, &) +€° [(W)%(w’ £)

e -6
" kZ:z Wps(é(w +y;) #&(z) I € S|

The first term in the square brackets and the k = 2 term in the summation are both
O(1) while the rest of the summation, £(¢), is O(¢2) and so are error terms. If

8_2 = su _2_+§E_
! 0<521 (1+€2)?’
and
oo -6
€
(=S ——— P N =4 3§ ,
¥ () kzzg T s(&(z +y;) =1 35 € Sk)
then 3;(¢) < Ce?, and a bit of arithmetic shows (1.3) holds with
€ -2 — 52 2\—3 .
hi(w,6) = T oy i@ 6) + (1) 2Py (6 + Y1) =)

- P(§(z + Y1) = i,6(a + Y2) = )| + Ti(e)

_ _ 24¢€2 2 fi(,€)?
=i fi@ )+ [(el e T a0~ ey

+ 500

=1 2 fi(z, &) + gi (€(x + 1), - -, E(T + Yaa))-

Hence we derive the required form (1.5) with (Y'1,...,Y?%) = (y1,...,92q) and g¢ > 0.
Moreover it is clear from the above definition of g§ that

llg§ — Gilloo < C€?, (1.14)
where
2d 2d
Gim, - mea) = 2d) 72D > gi(mj,mk),
j=1k=1
and g; as is in the Lotka-Volterra model, i.e., as in (1.13), with the nearest neighbour
kernel p and 6; = —1. Hence we again have a voter perturbation on Z?. Note also
that the above implies
Gil€(@+y),. .., E(x +y2a)) = B(gi(€(z +Y),E(z +Y?))), (1.15)

exactly as for the limiting value of the Lotka-Volterra model.

SOCIETE MATHEMATIQUE DE FRANCE 2013



6 CHAPTER 1. INTRODUCTION AND STATEMENT OF RESULTS

Example 4 (Evolutionary games). — Ohtsuki et al. [34] considered a system in which
each site of a large (IV vertex) graph G is occupied by a cooperator (1) or a defector
(0). Simplifying their setting a bit, we will assume that each vertex in G has k
neighbors. The interaction between these two types is governed by a payoff matrix
with real entries

C D
C a p
D ~v ¢

This means that a cooperator receives a payoff o from each neighboring cooperator
and a payoff § from each neighboring defector, while for defectors the payoffs are ~y
and § from each neighboring cooperator or defector, respectively.

If n;(y) is the number of neighboring i’s for site y € G, i = 0,1, and £(y) € {0,1}
is the state at site y, then the fitness p;(y) of site y in state i is determined by its
local payoffs through

p1(y) =1 —w+w(ani(y) + Bno(y)) if £(y) =1 (1.16)
po(y) =1 —w+w(yni(y) + dno(y)) if £(y) =

Here w € [0, 1] is a parameter determining the selection strength. In [34] they focus
largely on the weak selection (small w) regime. Clearly for some wo(a, 8,7, 6, k) > 0,
pi > 0 for w € [0, wp], which we assume in what follows.

For the death-birth dynamics in [34] a randomly chosen individual is eliminated
at x and its neighbors compete for the vacated site with success proportional to
their fitness. We consider the continuous time analogue which is the spin-flip system
&(z) € {0,1}, z € G, with rates (write y ~ z if and only if y and z are neighbors)

c(z,8) = (1 = &(z))r1(z,§) + &(z)ro(z, €) > 0,
ri( ) = Yy~ PIY)L(E(Y) = 1)
- > yma PLWEW) + po(y)(1 — £(y))

More precisely, choose a symmetric (about 0) set N of neighbors of 0 of size k,

€ [0,1]. (1.17)

not containing 0, and consider the graph with vertex set Z? and z ~ y if and only
if £ —y € N. Assume also that the additive group generated by N is Z¢ and
Y sen Tij/k = 0%8;5, so that p(z) = k~'1(z € N) satisfies the conditions on our
kernel given in, and prior to, (1.1). Set w = 2. For z € Z¢ and ¢ € {0,1}%", let

2,0 =k W) = ) fily,©) = k72 S 1(Ey) = &(2) =) € [0, 1],

y~z y~x 2y

01(2,£) = (Bk — 1) fu(,€) + k(e — B F (2,£),
Bo(z,€) = (vk — 1) fo(,£) + k(8 — 7)1 (2, €),
¢(.’E,§) = (00 + 91)(1‘,5)

ASTERISQUE 349



CHAPTER 1. INTRODUCTION AND STATEMENT OF RESULTS 7

Using (1.16) in (1.17), we get

i 0;
ri(z,€) = flj:e% (z,€). (1.18)
Expanding in powers of € we have
Ll p 20— 10+l -0 (-0
0

= f+€%(0 — fo) +'pe(f, 6,9),
and so our perturbation has the form
hE(2,€) = 6i(z,€) — fi(z,)$(x,€) + e*Pe(fi(2, £), $(x, £), 6:(2, ). (1.19)
Note that
1011V 160] V [8](x, &) < 2k(1+ |af +|B8] + [v| + 10]) = R, (1.20)
If €2 < (2R)™!, then (1.20) easily gives
e ((fi, 8,0:)(,€))| < 2R(R+1). (1.21)
From this and (1.19) it is clear that the hypotheses of Proposition 1.1 hold with
165 — Gilloo < ?2R(R+1), (1.22)

and therefore our spin-flip system is a voter model perturbation on Z¢.

For a fifth example on the evolution of seed dispersal range see [19].

The goal of our analysis. — Given a process taking values in {0, I}Zd, or more
generally in {0, I}EZd, we say that coexistence holds if there is a stationary distribution

v with
V(Z{(x)zZl—{(.r) :oo) =1 (1.23)

For voter model perturbations it is easy to see this is equivalent to both types being
present v-a.s., see Lemma 6.1.
We say the i’s take over if for all L,

P(&(z) =i forallz € [-L,L]* for t large enough) = 1 (1.24)

whenever the initial configuration has infinitely many sites in state 4.

Our main results (Theorems 1.4 and 1.5 below) give (often asymptotically sharp)
conditions under which coexistence holds or one type takes over, respectively, in a
voter model perturbation for small enough e.

SOCIETE MATHEMATIQUE DE FRANCE 2013



8 CHAPTER 1. INTRODUCTION AND STATEMENT OF RESULTS

1.1. Hydrodynamic limit

In this section we will give condition under which the voter model perturbation on
the rescaled lattice €Z? run at rate e~2 converges to a PD.E. For 1 > ¢ > 0, z € Z¢
and & € {0, 1}2" define rescalings of p and ¢ by pe(ex) = p(z), and & (ex) = £(z), so
that & € {0, l}szd. Also define rescaled local densities ff by

ff(aax, &) = Z pe(y —ex)1{&(y) = i}, t=0,1 (1.25)

y€EeZd
For z,€ as above, introduce the rapid voter flip rates given by

c¥(ex, &) = e 2cY(x, £). (1.26)
Therefore the rescaled processes of interest, .-2;(¢z) € {0, l}ezd, will have rates
ce(ex, &) = cl(ex, &) + ci(x,€) > 0, (1.27)
where the non-negativity is immediate from (1.3), and generator equal to
the closure of Q°g(&) = > ce(x,&)(9(€F) — 9(&2)), (1.28)
zeezd

on the space of g : €Z¢ — R, depending on finitely many coordinates. We call this
rescaled process a voter model perturbation on eZ? and will often denote it by £5(¢).

As d > 3, we see from Theorem V.1.8 of [29] the voter model with flip rates
c(z,€) = c¥(z,€) has a one-parameter family of translation invariant extremal in-
variant distributions {P, : u € [0,1]} on {0,1}2" such that E,(£(z)) = u. We write
(g)u for E,(g(£)). (1.5) and (1.7) imply

lim ||AS — hiljoo = 0 where (1.29)
el0

hi(x,€) = —e7*fi(,€) + E(gi(¢(z + Y7),....&(z + Y0))).
Define
f(u) = {(1 = £(0))h1(0,&) — £(0)ho(0,£))u- (1.30)
Then f is a polynomial of degree at most Ny + 1 (see (1.40) and Section 1.8 below).
The non-negativity condition (1.27), the fact that

(c2(0,€))0 = (c£(0,€))1 = 0, (1.31)
and the convergence (1.29) show that
f(0)>0, f(1)<o. (1.32)

Our first goal is to show that under suitable assumptions on the initial conditions,
as € — 0 the particle systems converges to the P.D.E.

2
O _ % Auk f(w), w(0,7) = v(.). (1.33)
ot 2
The remark after Proposition 2.1 in [2] implies that for any continuous v : R% — [0,1]
the equation has a unique solution u, which necessarily takes values in [0, 1].
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1.1. HYDRODYNAMIC LIMIT 9

For a continuous v as above we will say that a family of probability measures {\.}
on {0, 1}EZd has local density v if the following holds:
There is an r € (0,1) such that if a. = [e" e, Qe = [0,a.)?NeZ?, |Qc| = card (Q.),
and

D(z,&) = Tc;_| Z ¢(z +y) for z € a. 24, ¢ € {0, l}ezd , (1.34)
“lyeQ.
then for all R,§ > 0,
lim sup A (|D(z,&) —v(z)| >d)=0. (1.35)
e—~0 zeaEZd
|z|<R

The family of Bernoulli product measures ). given by
n
Ae(f(w)) =1,i=1,...,n) = Hv(wi) for all n € N and w; € 2% . (1.36)

i=1

certainly satisfies (1.35) for all r € (0,1).

Theorem 1.2. — Assume v : R? — [0,1] is continuous, and the collection of initial
conditions {€§} have laws {)\:} with local density v. Let z*¥ € R? and z* € €Z¢,
k=1,...K satisfy

b -5 % and e zF —2¥| = 0o ase = 0 for any k £ K. (1.37)

If u is the solution of (1.33), then for any 1 € {0,1}{0Ex{LK} g 9 € 22
and T >0,

1iI%P(£§~(SC§ +eyi) =mig, 1=0,...,L,k=1,...K)
e—
K
= T H{&(:) = mikri =0, ., L} u(z0k)- (1.38)
k=1

In particular, if z. € eZ2 satisfies xc — x as € — 0, then

lim P(§7(ze) = 1) = w(T,2) forallT >0,z € R (1.39)
E—

De Masi, Ferrari and Lebowitz [11], Durrett and Neuhauser [18] and Durrett [15]
have proved similar results for particle systems with rapid stirring. The local equilib-
rium for rapid stirring is a Bernoulli product measure, but in our setting it is the voter
equilibrium. As a result there is now dependence between nearby sites on the micro-
scopic scale. However, there is asymptotic independence between sites with infinite
separation on the microscopic scale.

It is easy to carry out a variance calculation to improve Theorem 1.2 to the following
L2-convergence theorem (see the end of Chapter 3 for the proof). If § > 0 and z € R?,
let Is(x) be the unique semi-open cube Hle [k:d, (k; +1)8), k; € Z, which contains z.
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10 CHAPTER 1. INTRODUCTION AND STATEMENT OF RESULTS

Theorem 1.3. — Assume the hypotheses of Theorem 1.2. Assume also §(c) € eN
decreases to zero so that §(g)/e — 00 ase | 0. If

(o)=Y, &EW(e/seE)",

y€I5) ()

then as € — 0, 4¢(t,z) — u(t,x) in L? uniformly for x in compacts, for all t > 0.

A low density version of this theorem, in which the limit is random (super-Brownian
motion with drift), was proved in [7] and is discussed in Section 1.8.

To apply Theorem 1.2 to the voter perturbation we will have to evaluate f(u).
This is in principle straightforward thanks to the duality between the voter model
and coalescing random walk which we now recall. Let {B? : z € Z%} denote a rate
1 coalescing random walk system on Z¢ with step distribution p and Bg = g¢. For
A,B C 79, let £ = {B? : z € A}, 7(A) = inf{t : |€A] = 1} and 7(A, B) be the first
time £ N étB #£ @ (it is oo if either A or B is empty). The duality between B and
the voter model (see [29, (V.1.7) and Theorem V.1.8]) implies for finite A, B C Z4,

(Iew TTa-¢e)

yeEA 2€B
|4] |B|

=3 > Wl -uw*P(€L| = j,|€2| = k,7(4, B) = o0). (1.40)

=0 k=0

u

The k = 0 term is non-zero only if B = @ in which case the above probability is
P(|€A| = j), and similarly for the j = 0 term. It follows from (1.40) and the form
of the perturbation in (1.5) that f(u) is a polynomial of degree at most Ny + 1 with
coefficients given by certain coalescing probabilities of B (see (1.90) below).

1.2. General Coexistence and Extinction Results

Our results for the four examples will be derived from general results with hy-
potheses concerning properties of the solution u(t,z) to the limiting P.D.E. (1.33).
The coexistence results for the models discussed in the opening section are obtained
by verifying the next assumption in the particular cases.

Assumption 1. — Suppose that there are constants 0 < vg < ux < u* < v1 < 1, and
w, L; > 0, so that

(i) if u(0,z) > vo when |z| < Lo, then liminfy_, o inf|g <y u(t, ) > ..
(ii) if u(0,z) < v1 when |z| < Ly, then imsup;_, o SUP|5 <y u(t, T) < u™.
We also will need a rate of convergence in (1.7), namely for some r > 0,

1
> 1lgE - gilloo < c1.a1e™. (1.41)
i=0
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Assumption 1 shows that the limiting P.D.E. in Theorem 1.3 will have solutions
which stay away from 0 and 1 for large t. A “block construction” as in [14] will be
employed in Section 6 to convert this information about the P.D.E. into information
about the particle systems. In effect, this allows us to interchange limits as ¢ — 0
and t — oo and conclude the existence of a nontrivial stationary distribution, and
also show that any stationary distribution will have particle density restricted by the
asymptotic behavior of the P.D.E. solutions at t = oc.

Theorem 1.4. — Consider a voter model perturbation on Z¢ satisfying (1.41). Suppose
Assumption 1. If € > 0 is small enough, then coexistence holds and the nontrivial
stationary distribution v may be taken to be translation invariant.

Ifn > 0 and € > 0 is small enough, depending on n, then any stationary distribution
v such that

V(Z £(z) =00or 3 (1-£(2) = 0) -0 (1.42)
satisfies v(€(z) = 1) € (uj —n,u* +n) fo: all .

Note that in the second assertion we do not require that v be translation invariant.

We now turn to the complementary case when one type takes over. Results that
assert 0’s will take over will require a P.D.E. input which is naturally mutually ex-
clusive from Assumption 1 but also stronger in that it prescribes exponential rates of
convergence.

Assumption 2. — There are constants 0 < u; < 1, ¢3,Co,w > 0, Lg > 3 so that for
all L > Ly, if u(0,z) < wuy for |z| < L, then for allt >0,

u(t,z) < Coe™" for all |z| < L + 2wt.

Finally we need to assume that the constant configuration of all 0’s is a trap for
our voter perturbation, that is,

95(0,...,0) =0, or equivalently h5(0,0) =0, for 0 < e < g, (1.43)

where 0 is the zero configuration in {0, l}Zd. This clearly implies f(0) = 0 and is
equivalent to it if gf does not depend on ¢, as is the case in some examples. Recall
the definition of “i’s take over” from (1.24) and that q is the law of (Y1,..., Y No),

Theorem 1.5. — Consider a voter model perturbation on Z% satisfying (1.41), (1.43),
and such that p(-) and q(-) have finite support. Suppose Assumption 2, and f'(0) < 0.
Then for € > 0 sufficiently small, the 0’s take over.

We believe the theorem holds without the finite range assumptions on p and ¢q. By
Proposition 1.1 in the above finite support setting, it suffices to assume (1.8) in place
of (1.5), and also assume (1.41) holds for the ¢, §; appearing in (1.8) instead of the
95, g;. Of course by symmetry there is a corresponding result giving conditions for 1’s
to take over.
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12 CHAPTER 1. INTRODUCTION AND STATEMENT OF RESULTS

We have formulated Theorems 1.4 and 1.5 for the original voter model
perturbations on Z%. These results are clearly equivalent to the corre-
sponding results for the (rescaled) voter model perturbations on ¢Z¢. In
the proofs below we will in fact prove the results in this rescaled setting
where Theorem 1.2 provides a bridge with the solution of the limiting
P.D.E.

1.3. P.D.E. results

To prepare for the discussion of the examples, we will state the P.D.E. results on
which their analysis will be based. The reaction function f : R — R is a continuously
differentiable function (as already noted, in our context it will be a polynomial).
Assume now, as will be the case in the examples, that f(0) = f(1) = 0. We let u(¢, z)
denote the unique solution of (1.33) with continuous initial data v : R? — [0,1]. In
what follows it is useful to note that if u is a solution to (1.33) with reaction function
f and initial condition v, then 1 — u is a solution to (1.33) with reaction function — f
and initial condition 1 —v.

We start with a modification of a result of Aronson and Weinberger [2].

Proposition 1.6. — Suppose f(0) = f(a) =0, f/(0) >0, f'(a) <0 and f(u) > 0 for
u € (0,a) with 0 < o < 1. There is a w > 0 so that if the initial condition v is not
identically 0, then

liminf inf wu(t,z)> a.
t—ooo |z|<2wt
We also will need an exponential rate of convergence in this case under a stronger
condition on the initial condition. We formulate it for f < 0 on (0,1). The brief
proofs of Propositions 1.6 and 1.7 are given at the beginning of Chapter 4.

Proposition 1.7. — Assume f < 0 on (0,1) and f'(0) < 0. There is a w > 0, and
if 6 > 0 there are positive constants Ls, ¢ = c5, and C = Cs so that if L > Ls and
v(z) <1-146 for |x| < L, then

u(t,z) < Ce™  for |z| < L+ 2wt.

There are different cases depending on the number of solutions of f(u) = 01in (0, 1).
In all cases, we suppose that f/(0) # 0 and f’(1) # 0. We will consider some exam-
ples with multiple zeros in (0,1) in our treatment of the nonlinear voter models in
Section 1.7 below, for the moment we will restrict our attention to two simple cases.

Case I: f has zero roots in (0,1). — In this case we can apply Propositions 1.6 (with
a =1) and 1.7, and their obvious analogues for —f.

ASTERISQUE 349



1.4. LOTKA-VOLTERRA SYSTEMS 13

Case II: f has one root p € (0,1).— There are two possibilities here.

(i) f’(0) > 0 and f/(1) < 0 and so the interior fixed point p € (0, 1) is attracting.
In this case we will also assume f’(p) # 0. Then two applications of Proposition
1.6 show that if v Z0 and v # 1

lim sup [|u(t,z)— p|=0. (1.44)
t—o0 |z|<wt
(ii) f'(0) < 0 and f’(1) > 0, so that 0 and 1 are locally attracting and p € (0,1) is
unstable. In this case the limiting behavior of the P.D.E. is determined by the
speed T of the traveling wave solutions, i.e., functions w with w(—o0) = p and
w(o0) = 0 so that u(t,z) = w(z — rt) solves the P.D.E. The next result was first
proved in d = 1 by Fife and McLeod [21]. See p. 296 and the appendix in [18]
for the extension to d > 1 stated below as Proposition 1.8. The assumption
there on the non-degeneracy of the interior zeros are not necessary (see Fife and
McLeod [21]). These references also show that

sgn(r) = sgn(/o1 f(u)du). (1.45)

|z]2 will denote the Euclidean norm of z and the conditions of Case II(ii) will
apply in the next two propositions.

Proposition 1.8. — Suppose fol f(u)du < 0 and firn > 0. If § > 0 there are positive
constants LY, co = co(8), and Co = Co(d) so that if L > LY and v(z) < p — § when
|z|2 < L, then

u(t,z) < Ce ™ for |z|2 < (Jr| — n)t.

For the block construction it is useful to have a version of the last result for the L
norm, and which adds an L to the region in which the result is valid.

Proposition 1.9. — Suppose fol f(u)du < 0. There is a w > 0, and if 6 > 0 there are
positive constants Ls, ¢ = ¢s and C = Cs so that if L > Ls and v(z) < p— 9§ for
|z| < L, then

u(t,r) < Ce™  for |z| < L+ 2wt.

The short derivation of Proposition 1.9 from Proposition 1.8 is given at the beginning
of Chapter 4.

1.4. Lotka-Volterra systems

We refer to the model defined in Example 2 as the LV (g, @1) process. Proposi-
tion 8.1 of 8] implies that

if ag A ag > 1/2 then LV (ap, a1) is monotone (or attractive). (1.46)
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14 CHAPTER 1. INTRODUCTION AND STATEMENT OF RESULTS

Write LV (o) < LV () if LV (/) stochastically dominates LV («), that is, if one can
define these processes, £ and &', respectively, on a common probability space so that
& < ¢ pointwise a.s. Then, as should be obvious from the above interpretation of o;
(see [8, (1.3)]),
0<ag < ap,0<a <o, and either ag A g > 1/2 (1.47)
or oy Aoy >1/2, implies LV (a/) < LV ().
If o; < 1 for both ¢ = 0,1, then individuals are better off surrounded by the opposite
type and one may expect coexistence to hold. On the other hand if both a; > 1,
competition between types is stronger than within a type and one may expect one
type to take over, depending on the «; values.

To calculate the limiting reaction function in this case consider the system of coa-
lescing random walks {B? : z € Z%} used in the duality formula (1.40). Let {e;,e3}
be i.i.d. with law p(-) and independent of the {B* : & € Z4}. If we abuse our earlier
notation and let (-), denote expectation on the product space where (e;, e3) and & are

independent, and & is given the voter equilibrium with density u, then from (1.30),
(1.12) and the fact that f;(0,£)? = P.(£(e1) = £(e2) = i), we have

fu) = 0o((1 — £(0))¢(e1)€(e2))u — 02(£(0)(1 — £(e1))(1 — £(€2)))u-
In view of (1.40) we will be interested in various coalescence probabilities. For exam-
ple,
p(zly, z) = P(3t > 0 such that BY = B?, and Vt > 0, BY # BF and B? # B?)
and
p(z|y|z) = P(BF, BY and B? are all distinct for all t).

In general, walks within the same group coalesce and those separated by at least one
bar do not. If we define

p2 = p(Ole1,e2), p3 =p(Oleilez), (1.48)

where the expected value is taken over e;, ez, then by the above formula for f
and (1.40),

() = Ou(l — u)ps + Ou*(1 — w)ps — 01 (1 — u)upz — 61 (1 — u)?ups
= u(1 — u)[fop2 — 01(p2 + p3) + up3(fo + 61)]. (1.49)
To see what this might say about the Lotka-Volterra model introduce
_ 61(p2 + ps3) — Gop2

*(01/60) = 1.50

w* (62/60) p3(61 + 6o) (1.50)
so that f(u) =0 for u = 0,1 or u*(61/6o). If
P2

mo = ————, 1.51

® = p2+ps (151)
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1

slope my

slope mg

o

FIGURE 1.1. Phase diagram near (1,1) for the Lotka-Volterra model with
the stylized shape of f in the regions.

then u*(m) increases from 0 to 1 as m increases from mg to mg . We slightly abuse

the notation and write u* for u*(61/6o).

To analyze the limiting P.D.E. we decompose the 8y — 6; plane into 5 open sectors

drawn in Figure 1.1 on which the above 0’s are all simple. Set 8 = (6o, 61).

-If0e Ry, f>00n (0,u*), f <0on (u*1), sou* € (0,1) is an attracting fixed
point for the ODE. Then (1.44) shows the P.D.E. solutions will converge to u*
given a non-trivial initial condition in [0,1]. As a result we expect coexistence in
the particle system.

- If6 € Ry, f <0on(0,1), 0is an attracting fixed point for the ODE. Proposition 1.6
implies solutions of the P.D.E. will converge to 0 given a non-trivial initial condition
and we expect 0’s to win.

- If6 € Rs, f >00n (0,1), 1 is an attracting fixed point for the ODE and so by the
reasoning from the previous case we expect 1’s to win.

- On Ry U Rs, u* € (0,1) is an unstable fixed point, while 0 and 1 are attracting
fixed points for the ODE. This is case 2 of Durrett and Levin [17], so we expect
the winner of the competition to be predicted by the direction of movement of the
speed of the decreasing traveling wave solution u(z, t) = w(z—rt) with w(—o0) =1
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16 CHAPTER 1. INTRODUCTION AND STATEMENT OF RESULTS

and w(oo) = 0. If r > 0 then 1’s will win and if 7 < 0 then 0’s will win. Symmetry

dictates that the speed is 0 when 6y = 6, so this gives the dividing line between

the two cases and the monotonicity from (1.47) predicts 0’s win on R4 while 1’s

win on Rs. Alternatively, by (1.45) r has the same sign as fol f(u) du which is

positive in Rs and negative in Ry.

Our next two results confirm these predictions for « close to (1,1). For 0 <7 < 1,
define regions that are versions of Ry, Ry U R4 and R3U Rs shrunken by changing the
slopes of the boundary lines:

“- {(ao,al) © [0, 1]2 : m+)0(1_n) <op—-1< %;1)}’

Al = {(ao,al) €(0,00)%: 0<ap <1, mo(1—1n)(ap—1) <y —1,
orl<ag, (1+n){ao—1)<a —1},
ao—l

mo(1 —n)’
orl<agp, a1 —1<(1—-n)(ar— 1)}

AT = {(ao,a1)€ (0,00%: 0<ap <1, a1 —1<

Theorem 1.10. — For 0 < n < 1 there is an ro(n) > 0, non-decreasing in m, so that
for the LV (a):
(i) Coezistence holds for (ap, 1) € C" and 1 — ap < ro(7).

(i) If (ao,a1) is as in (i) and v, s a stationary distribution with
Vo6 =0 0r€=1) =0, then

suplva(é(z) = 1) - u* (=7 )| < n.

(i) is a consequence of Theorem 4 of [8], which also applies to more general pertur-
bations. The main conditions of that result translate into f/(0) > n and f/(1) > 7 in
our present setting (see (1.91) in Section 1.8 below). (ii) sharpens (i) by showing that
if n is small then the density of 1’s in any nontrivial stationary distribution is close to
the prediction of mean-field theory. Durrett and Neuhauser [18] prove results of this
type for some systems with fast stirring and f(1) < 0. Neuhauser and Pacala [33]
conjectured that coexistence holds for all @y = a; < 1 (see Conjecture 1 of that
paper) and proved it for a; sufficiently small. Hence (i) provides further evidence for
the general conjecture.

Proof of Theorem 1.10. — For n € (0,1 — mg) consider

mo 1—7;]
1—n’ mg

af =1—e2 a5 =1+ 6205, where — 05 € [  Limés =6, (1.52)

el0
Then the rescaled Lotka-Volterra model £° remains a voter model perturbation where
g5 may now depend on ¢. From (1.49) we have

f(u) = u(l — u)[—p2 — O1(p2 + p3) + upz(—1+ 61)],
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1.4. LOTKA-VOLTERRA SYSTEMS 17

which has a zero, and attracting fixed point for the ODE, at
01(p2 + p3) + p2

p3(f1 — 1)
Proposition 1.6 and its mirror image, with 0 and 1 reversed, establish Assumption 1
with u* = u. = u*(—61) (see (1.44)). Theorem 1.4 therefore shows that for 0 < ¢ <
eo(n)

u(—1) = € (0,1). (1.53)

coexistence holds, and if v is a stationary distribution satisfying (1.54)
v(€=0or & =1)=0, then sup|v(é(z) =1) — u*(—61)| <.
T

Suppose first that (ii) of Theorem 1.10 fails. Then there is a sequence &, | 0,
(agr,ai™) and o > 0 so that (1.52) holds with € = €5, and there is a stationary
measure v, for £~ satisfying v, (£ = 0 or £ = 1) = 0 and such that

sup v (§(z) = 1) = u'(=65")| > .

Since u*(—65") — u*(—61), if we choose n < J¢ this contradicts (1.54) for large n,
and so proves (ii). The proof of (i) is similar using the first part of (1.54). That is,
if (i) fails, there is a sequence €, | 0 so that coexistence fails for o5 as in (1.52),
contradicting the first part of (1.54). O

The next result is our main contribution to the understanding of Lotka-Volterra
models. It shows that (i) of the previous result is asymptotically sharp, and verifies
a conjecture in [8] (after Theorem 4 in that work). We assume p has finite support
but believe this condition is not needed.

Theorem 1.11. — Assume p(-) has finite support. For 0 < n < 1 there is anro(n) > 0,
non-decreasing in 1, so that for the LV (c):

(i) 0’s take over for (ap,c1) € Ad and 0 < |ag — 1] < ro(n),
(i) 1’s take over for (ap,a1) € AT and 0 < |ag — 1| < ro(n).

Conjecture 2 of [33] states that 1’s take over for a € A?, ap > 1 and 0’s take over for
a € A, ap > 1. Theorem 1.11 establishes this result asymptotically as a gets close
to (1,1), at least for d > 3.

Together, Theorems 1.10 and 1.11 give a fairly complete description of the phase
diagram of the Lotka-Volterra model near the voter model. In Figure 1.2, C is the
union over 71 € (0, 1) of the regions in Theorem 1.10 (i) on which there is coexistence,
and A;, 7 = 0,1, is the union over n of the regions in Theorem 1.11 (i) and (ii),
respectively, on which i’s take over, as well as other parameter values for which the
same result holds by monotonicity. For example, if (a9, 1) € Ay, with ap Ay > 1/2,
and (af, o) has af > ag and o) < aq, then by (1.47), (o), @) € A;. Theorem 1.10 (i)
and Theorem 1.11 show that the three mutually exclusive classifications of coexistence,
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FiGuRre 1.2. Coexistence on C, type i takes over on A;.

0’s take over, and 1’s take over, occur on the three regions, C, Ag and A;, meeting
at (1,1) along mutually tangential lines with slopes mg, 1 and mg".

Proof of Theorem 1.11. — It is enough to prove (i). Let 0 < n < 1 and consider first

a=0a5=1-¢€% oa;=af=1-my(l—n)E?
so that in the notation of Example 2. we have set 8y = —1, 6; = —mgo(1 — 7).
The rescaled Lotka-Volterra process £ is a voter model perturbation on eZ¢, and
from (1.49) we have

f(u) = —u(1l — u)[npz + upz(1 + mo(1 — 7))} <0 on (0,1).

Proposition 1.7 verifies Assumption 2 in Theorem 1.5 and f/(0) < 0 is obvious. (1.41)
is trivial (¢§ = g;) and (1.43) is immediate from (1.13). The finite range assumption
on ¢ = p X p is immediate from that on p. Theorem 1.5 implies 0’s take over for €
small. Therefore when 0 < 1 — ag < 79(n) and a3 = 1 + mo(1 — n)(ao — 1), then
0’s take over for LV (e). The monotonicity in (1.47) shows this is also the case for
a1 > 14+ mo(1 —n)(ap — 1) and ag as above.
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Next consider
a=af=1+¢e% a;=af =1+ (1+n)e* thatis,Op=1, 6 =1+n.
In this case we have

f(u) = u(l = u)[pz — (1 +n)(p2 + p3) +up3(2 + 1)),

and so, assuming without loss of generality (by (1.47)) 1+ 7 < mg*!, from (1.50) f
has a zero, and an unstable fixed point for the ODE, at

gt L2 tps) —p (1’ 1).
p3(2+1) 2

It follows that fol f(u)du < 0 and Proposition 1.9 establishes Assumption 2. As above,

Theorem 1.5 and (1.47) show that 0’s take over if 0 < ap — 1 is sufficiently small and

a1 > 14+ (14 n)(ap —1). |

1.5. Latent voter model

By (1.14) and (1.15) our f(u) is as for the Lotka-Volterra model, that is (1.49)
holds, with §; = @2 = —1 (which will put the Lotka-Volterra model in our coexistence
regime C in Figure 1.2 for small ¢), and (1.41) holds with ro = 2. Therefore we may
apply Theorem 1.4 exactly as in the first part of the above proof of Theorem 1.10 for
the voter model, with u*(—1) = 1/2, to directly obtain (1.54) for small enough ¢ and
hence prove:

Theorem 1.12. — Let > 0. There is an ro(n) > 0, non-decreasing in n so that for
the latent voter model with 0 < & < ro(n):
(i) Coexistence holds.
(ii) If v is any stationary distribution for the latent wvoter model with
viE=0oré=1)=0, then
sup [v(§(z) =1) —1/2| <n.

1.6. Evolution of cooperation

In their more general work Ohtsuki et al. [34] singled out the special case of the
evolutionary game defined in Example 4, in which each cooperator pays a benefit
b > 0 to each neighbor at a cost ¢ > 0 per neighbor, while each defector accepts the
benefit but pays no cost. The resulting payoff matrix is then

G 5= %) 459

In this case the payoff for D always exceeds that for C. As a result in a homogeneously
mixing population cooperators will die out. The fact that such cooperative behavior
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may nonetheless take over in a spatial competition is the reason for interest in these
kind of models in evolutionary game theory. In a spatial setting the intuition is that
it may be possible to the C’s to form cooperatives which collectively have a selective
advantage.

The authors used a non-rigorous pair approximation and diffusion approximation
to argue that for the cooperator-defector model for large population size N and small
selection w, cooperators are “favored” if and only if b/c > k. Here “favored” means that
starting with a single cooperator the probability that cooperators take over is greater
than 1/N, the corresponding probability in a selectively neutral model. They also
carried out a number of simulations which showed reasonable agreement for N > k
although they noted that b/c > k appeared to be necessary but not sufficient in
general. It is instructive for the reader to consider the nearest neighbor case on Z
starting with cooperators to the right of 0 and defectors to the left. It is then easy
to check that the C/D interface will drift to the left, and so cooperators take over,
if and only if b/c > 2. This was noted in [34] as further evidence for their b/c > k
rule.

Our main result here (Corollary 1.14 below) is a rigorous verification of the b/c > k
rule for general symmetric translation invariant graphs with vertex set Z¢ when w is
small (1),

From (1.19) and (1.21) we have (recall h; is as in (1.29))

hi(xa 6) = (02 - f,¢)($,€), 1= 07 1.
Since hg + h1 = 6p + 61 — ¢ = 0, we can write
ho(x,€) = (v — B)kfofr(,€) + k(& — 1) £$7 (x,€)
— kfo(@,&)[(a = BFD + (6 — VP, €),
hi(z,§) = —ho(z, ). (1.56)

As before, let e, ez, e3 denote i.i.d. random variables with law p. If P. denotes
averaging over the e;’s then we have

£:(0,6) = P.(é(er) = 1), £2(0,6) = Po(€(er) = i, E(er + €2) = i), (1.57)
£ (0,6) £2(0,€) = Pu(€(er) = i1, &(e2) = 12, (e + €3) = i2),

and similarly for higher order probabilities. We also continue to let (-),, denote ex-
pectation on the product space where (e1,eq,e3) and the voter equilibrium ¢ are
independent. If £ =1 — £, then starting with (1.30) we have,

flw)

= FHEO)h(0,€) = £(0)ho(0,)u =k (11 (0, ),

1. Recently Yu-Ting Chen has verified the b/c > k rule for a range of large finite graphs (IV large,
w small) in [4].
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1.6. EVOLUTION OF COOPERATION 21

where in the last equality (1.56) is used to see that what appears to be a quartic
polynomial is actually a cubic. Using (1.57) and some arithmetic we obtain

@ = (B =) (E(er)é(e2))u + (@ = B)(E(er)€(e2)é (e + €3)u (1.58)
+ (v — 8)(€(e1)€(e2)é(e2 + €3))u-

To simplify further we will use a simple lemma for coalescing random walk proba-
bilities (Lemma 1.15 below) together with the duality formula (1.40) to establish the
following more explicit expression for f, whose proof will be given below:

B9 _ (5~ 6) + k=t = S)p(Ofer)u(1 — w) (1.59)
+ (@ = B) = (v = 8)][u(l — u)(p(e1lez, e2 + e3) + up(e]eales + e3))].

Rather than try to analyze this cubic as in Section 1.3, assume a— 8 = y—4§ (which
holds in our motivating example) so that f becomes a quadratic with roots at 0 and 1.
If 8—6 > k~1(6 —), then f is strictly positive on (0, 1) and so Proposition 1.6 shows
the P.D.E. solutions will converge to 1. If 8 — & < k™1(§ — «), then f is strictly
negative on (0,1) and so by symmetry the P.D.E. solutions will converge to 0. As a
result for w = 2 small, in the former case we expect 1’s to take over and in the latter
case we expect 0’s to take over, and this is in fact the case.

Theorem 1.13. — Consider the spin-flip system on Z¢ (d > 3) with rates given
by (1.17) where o — B =~y —6. If v — 6 > k(6 — B), then 1’s take over for w > 0
sufficiently small; if v — 6 < k(6 — 3), then 0’s take over for w > 0 sufficiently small.

Proof of Theorem 1.13. — This is now an easy application of Theorem 1.5. Assume
v—08 < k(6 — B). Then (1.59) shows that f(u) = ciu(l — u) for ¢; < 0. Proposi-
tion 1.7 shows that Assumption 2 of Theorem 1.5 is valid for any u; € (0,1). The
condition (1.41) holds with r¢ = 2 by (1.22) (recall ||g§ — gillo = 1|35 — Gilloo by
Proposition 1.1). The condition (1.43) is clear from the expression for h§ in (1.19).
Since f/(0) < 0 is clear from the above, and w = &2, Theorem 1.5 completes the
proof in this case. The case where the inequality is reversed follows by a symmetrical
argument, or, if you prefer, just reverse the roles of 0 and 1. O

The particular instance of (1.55) follows as a special case.

Corollary 1.14. — Consider the spin-flip system on Z¢ (d > 3) with rates given
by (1.17) where the payoff matriz is given by (1.55). If b/c > k, then the cooperators
take over for w > 0 sufficiently small, and if b/c < k, then the defectors take over for
w > 0 sufficiently small.

Proof. — Inthiscasea—f=7—-6=»5,5 — 3 =c, and so we have y —§ > k(6 — )
iff b> ke iff b/c > k. O
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22 CHAPTER 1. INTRODUCTION AND STATEMENT OF RESULTS

Turning now to the missing details.

Lemma 1.15

(a) p(eile2) = p(Oleq).
(b) p(erles +e3) = (14 £)p(Ole).
Proof. — Let B}‘ denote a rate 2 random walk with kernel p starting at x, and note

that for z # 0, B® — BY has the same law as B® until it hits 0. Note also that for
z#0,P(Bf #0Vt>0) =3, p(y)P(Bf™ #£0V t>0). For (a),

p(Oler) -Zp x1)P(BF* #0 for all t > 0)

= Z Zp(acl (o) P(BF* ™2 £ 0 for all t > 0) (use z; # 0)

i X2

= Z Zp (z1)p(x2)P(BF* ™™ # 0 for all t > 0) (by symmetry)

1 X2

= p(eilez).
For (b), let T;(x) be the time of the jth jump of B®. Then using symmetry,

pleilez +e3) = Z p(1)p(x2)p(xs) P(BFT#2+%s £ for all t > 0)

Z1,T2,Z3

= Zp(:vl)P(Bf‘ # 0 for all t > Ty(x1)).

Z1

Now using the above and first equality in the proof of (a),
p(e1le2 +e3) — p(0ler) = Zp(:z:l ~§"3 =0, B #0 for all t > Ty(z1))
—klszl (B? #0 for all t > T7)

=k~ p(0|el).

The result follows. O

Proof of (1.59). — We first rewrite (1.58) as

% = (B —m)(E(e1)é(e2))u + (v — 8)(E(er)é(e2)(ez + e3) + E(er)€(e2)€ (2 + €3))u

+ ((a = B) = (v — 8))(€(er)€(e2)é(e2 + €3))u
=I+II+III (1.60)
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1.7. NONLINEAR VOTER MODELS 23

Some elementary algebra shows that

IT = (v — 6)(é(ex) — &(ex)€(e2) — &(ex)€(e2 + €3) + {(e2)€(e2 +€3))u.  (1.61)
Note that (1.40) and Lemma 1.15(a) imply
(€(er)€(e2))u = u?p(er]e2) +u(l — plerle2))
= u?p(0le1) + u(1 — p(0le1))
= (£(0)¢(e1))u = (§(e2)é(e2 + €3))u;

the last by translation invariance. Using this in (1.61) and again applying (1.40), we
get

I+1I=(B—7)u(l—u)plelez) + (v — 8)[u— (€(e1)é(e2 + e3))u] (1.62)
= (B —7)u(l — u)p(eile2)
+ (v~ 8)[u — u’p(erlez + e3) — u(l — p(erfez + €3))]
= u(l —u)[(B — 7)p(erle2) + (v — d)p(er]ez + e3)]
= u(l — w)p(0le)[(B —7) + A+ &™) (y — 9],
where Lemma 1.15 is used in the last equality. A straightforward application of (1.40)

allows us to find the coefficients of the cubic III in (1.60) and we obtain the required
expression for f(u)/k. O

1.7. Nonlinear voter models

If the states of adjacent sites were independent in the discrete time nonlinear voter
model defined in Example 1, then the density would evolve according to the mean
field dynamics

Toy1 = h(zs) = p1 - 524(1 — x)* + p2 - 1022(1 — )3
+ (1 =p2) 10231 —z)> + (1 — p1) - Bzf (1 — ) +

Based on simulations and an analysis of the mean-field equation, Molofsky et
al. [32] predicted the phase diagram given in Figure 1.3. To explain this, h(z) = z is
a fifth degree equation with 0, 1/2, and 1 as roots. h'(0) = h'(1) = 5p; so 0 and 1 are
locally attracting if 5p; < 1 and unstable if 5p; > 1. h'(1/2) = (15 — 15p; — 10p2)/8,
so 1/2 is locally attracting if 15p; + 10p2 > 7 and unstable if 15p; 4+ 10p2 < 7. From
the stability properties of 0, 1/2, and 1, it is easy to determine when there are addi-
tional roots o and 1 — o in the unit interval and whether or not they are stable. The
four shapes are given in Figure 1.4. To make the drawing easier we have represented
the quintic as a piecewise linear function.

The implications of the shape of f(u) (= h(u) — u in the above) for the behavior
for the system will be discussed below in the context of a similar system in continuous
time. There we will see that the division between 4A and 4B is dictated by the speed
of traveling waves for the P.D.E. Here we have drawn the “Levin line” 6p; + 2py = 2
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b2
1
/
periodic
4A copxistence
4B
7 1
4 < voter model
3 2
clustering two equil.?
2 466 1 7

FiGURE 1.3. Conjectured phase diagram for the discrete time two-
dimensional nonlinear voter model of [32].

— —
1 % 2 %
— —
3 v@’ 4 -v%é
FIGURE 1.4. Four possible shapes of the symmetric quintic f. Black dots
indicate the locations of stable fixed points.

which comes from computing the expected number of 1’s at time 1 when we have two
adjacent 1’s at time 0. Simulations suggest that the true boundary curve exits the
square at (0.024, 1), see [32, p. 280].
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1.7. NONLINEAR VOTER MODELS 25

We abuse our notation as before and incorporate expectation with respect to an
independent copy of Y = (Y!,...,Y*) in our voter equilibrium expectation (-),.
If YO = 0, then a short calculation shows that our reaction function in (1.30) is now

Z )(g5(u) — g;(1 —u)), (1.63)
where ‘
o= () (Ta-er IT evy),.
i=0 i=5—j
Clearly
f(0)=f(1)=f(1/2)=0and f(u) = —f(1—u). (1.64)

It does not seem easy to calculate f explicitly, but if L is large, most of the sum comes
from Y that are well separated and so the ¢ values at the above sites should be nearly
independent. To make this precise let A = {Y577,..., Y4}, B = {Y?,..., Y47},
(1 <j <4), and note by (1.40) that

4 J 5-j
:(j)z (1 — w)FP(EA| = i, |€8| = k, 7(A, B) = oo)

i=1 k=1

_ (j) W (1 w)* + g u),

where
() = (1) [ - pes) <)
Jj_ 5—j
+ DD Ui+ k < 5l — ) P(EL] = i, [€5] = k, (A, B) = o)
i=1 k=1

If no(L) = P(|€AYB| < 5), that is the probability that there is a coalescence among
the random walks starting at Y©,...,Y*, then it follows easily from the above that
|di (4, L)| < como(L). Use this in (1.63) to conclude that f(u) = fi(u) + f2(u), where
fo includes the (smaller) contributions from the ¢;’s. That is

u)=>_e(j,L)u’, (1.65)

j=1
where

sup_le(s, L)] < eumo(L), (1.66)
1<;5<
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26 CHAPTER 1. INTRODUCTION AND STATEMENT OF RESULTS

and
fi(w) = —u[a(4)(1 — u)* +a(3) - 4u(l — u)® + a(2) - 6u*(1 — u)® + a(1) - 4u*(1 — u)]
+ (1 =) [a(4)u* + a(3) - 4u*(1 — u) +a(2) - 6u*(1 — u)? + a(1) - 4u(l — u)?]

=biu(l — u)* + bou (1 — u)® — b3 (1 — u)? — byu(1 — u), (1.67)
where b; = 4a(1) — a(4) and by = 6a(2) — 4a(3). By symmetry we have
f1(0) = f1(1) = f1(1/2) = 0 and f1(u) = —f1(1 —w). (1.68)

Clearly no(L) — 0 as L — o0, in fact well-known return estimates (such as
Lemma 2.6(a) below with t5 = 0, 79 = 1 and p large) and a simple optimization
argument show that

no(L) < CsL~1dd=2)/Md-1))+8 " 5 ¢, (1.69)
To prepare for the next analysis we note that

fi(w) = by[(1 — u)* — 4u(l — u)®] + bo[2u(l — u)® — 3u?(1 — u)?
— ba[3u?(1 — u)? — 2u3(1 — u)] — by [4u3(1 — u) — u?,

and so we have f](0) = f{(1) = by and f(1/2) = —(6b; + 2b2)/16. A little calculus,
left for the reader, shows

1/2 1
filw)du= 201102 _ i (1.70)

0 192
We are now ready to describe the phase diagram for the nonlinear voter. Consult

Figure 1.5 for a picture. Note that in what follows when L is chosen large, it is
understood that how large depends on a = (a(1),...,a(4)).

(1) fi(0) > 0, f1(1/2) < 0 and so by (1.66) for large enough L the same is true
for f. In this case 0, 1/2, and 1 are the only roots of f (all simple) and 1/2
is an attracting fixed point for the ODE. An application of Proposition 1.6 on
[0,1/2] and a comparison principle, showing that solutions depend monotoni-
cally on their initial data (see [2, Proposition 2.1]), to reduce to the case where
v € [0,1/2], shows that any non-trivial solution u of the P.D.E. (1.33) satisfies
lim inf; o0 inf || <owe u(t, ) > 1/2 for some w > 0. The same reasoning with
0 and 1 reversed shows the corresponding upper bound of 1/2. Therefore any
non-trivial solution of (1.33) will converge to 1/2 and we expect coexistence.

(2) f1(0) >0, f1(1/2) > 0 and so by (1.66) for large enough L the same is true for f.
In this case 0, 1/2, 1 are unstable fixed points for the ODE and there are attract-
ing fixed points for the ODE at o and 1 — « for some a € (0,1/2). All are simple
zeros of f. Another double application of Proposition 1.6 now shows that any non-
trivial solution u(t,z) to the P.D.E. will have liminf; ,co inf|g|<owt u(t,z) > o
and lim sup;_, o, SUP|4| <24t U(t, 2) < 1 -, s0 we expect coexistence. Simulations
in [32], see Figure 7 and the discussion on page 278 of that work, suggest that in
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5b1 + by =0

4B \ 4A

3b1 +by=0

b1 =0

FIGURE 1.5. Phase diagram for the continuous time nonlinear voter model
with large range in d > 3. For (b1, b2) in regions 1, 2 and 4A, Theorem 1.16
gives coexistence for L sufficiently large and e sufficiently small.

this case there may be two nontrivial stationary distributions: one with density
near a and the other with density near 1 — a. The symmetry of f about 1/2 is
essential for this last possibility as we note below (see Theorem 1.17).

f1(0) < 0, f{(1/2) > 0 and so by (1.66) for large enough L the same is true for
f. In this case 0, 1/2, and 1 are the only roots of f (all simple) and 1/2 is an
unstable fixed point while 0 and 1 are attracting. In this bistable case the winner
is dictated by the sign of the speed of the traveling wave, but by symmetry (recall
(1.64)) the speed is 0. One would guess that clustering occurs in this case and
there are only trivial stationary distributions, but our method yields no result.

f1(0) < 0, f{(1/2) < 0 and so by (1.66) for large enough L the same is true
for f. In this case 0, 1/2, 1 are attracting fixed points and there are unstable
fixed points at o and 1 — « for some «a € (0,1/2) (all simple zeros of f). By the
discussion in Case II in Section 1.3 (with [0,1/2] and [1/2, 1] in place of the unit
interval) there are traveling wave solutions w;(z —c¢;t), ¢ = 1,2 with wy(—o0) = 1,
w1 (00) = wa(—00) = 1/2 and wz(c0) = 0. Symmetry implies ca = —cy, but we
can have ¢; < 0 < ¢z (Case 4A) in which case Proposition 1.9 and its mirror
image show that solutions to the P.D.E. will converge to 1/2 providing that the
initial condition is bounded away from 0 and 1 on a large enough set. We again
use the comparison principle as in Case 1 to assume the initial data takes values
in the appropriate interval, [0,1/2] or [1/2,1], and assume L is large enough so
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that the integrals of fi and f on [0,1/2] (and hence on [1/2,1]) have the same
sign. Hence we expect coexistence in Case 4A and all invariant distributions to
have density near 1/2. If ¢; > 0 > c2 (Case 4B) and L is large enough, there
is a standing wave solution wg(x) of the P.D.E. in d = 1 with wg(—00) = 0,
wo(00) =1 (see [22, p. 284]), and our method yields no result.

Theorem 1.16. — Assume (b1,b2) are as in Case 1, 2 or JA. If L is sufficiently large
(depending on a) then:

(a) Coezistence holds for € small enough (depending on L and @).

(b) In Case 1 or 4A if n > 0 there is an eo(n,L,a) so that if 0 < € < go
and v is any stationary distribution for the nonlinear voter model satisfying
v(=0or&=1)=0, then

1

sup|v(§(xz) =1) — 5| < 7.

Remark. — Case 4A is of particular interest as there is coexistence even though
f'(0) < 0. Here the low density limit theorem in [7] shows convergence to super-
Brownian motion with drift f/(0) < 0 (see the discussion in Section 1.8 below). From
this one might incorrectly guess (after an exchange of limits) that there is a.s. extinc-
tion of 1’s for the nonlinear voter model, while our proof of coexistence will show that
there is positive probability of survival of 1’s even starting with a single 1.

Proof of Theorem 1.16. — Consider Case 4A first. As pointed out above, in this case
for L sufficiently large we may employ the mirror image of Proposition 1.9 on [0, 1/2]
with p = a, the unique root of f in (0,1/2), and Proposition 1.9 on [1/2,1] with
p = 1 — a, along with the comparison principle ([2, Proposition 2.1]), to see that
Assumption 1 holds for € < gg(n) with u, =1 —n, u* =1 +n,v9 =46, andv; =1-34.
(1.41) is trivial because g5 = g;. Theorem 1.4 now implies (a) and (b) in this case. The
proofs in Cases 1 and 2 are similar using Proposition 1.6 (note all the zeros are simple
in these cases) to verify Assumption 1 (see the above discussion in these cases). O

We next show that more can be said in Case 2 if we break the symmetry. This also
demonstrates how one can handle higher degree reaction functions in the P.D.E. and
still apply the general results in Section 1.2. Consider the nonlinear voter model £ as
before but now for A > 0 replace g; with

gl 84)) = (14 4) (Z{) (1.71)

while g is unchanged. To avoid trivialities we assume 21 a(j) > 0. A short calcula-
tion now shows that if f is as in (1.63), then our reaction function in (1.30) becomes

foy(w) a(5)g;(u) = f(u) + Afo(u) > f(u) on (0,1). (1.72)

n‘M.e.
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Decomposing ¢;(u) as before we get

Fooy(w) = fia(u) + faa(u),

where
fia(uw) = (b 4 4xa(1)u(l — u)* + (b2 + 62a(2))u?(1 — u)? (1.73)
— (b2 — 4xa(3))u(1 — uw)? — (b — Ma(4))u?(1 — )
= fl(u) + )‘f3(u) > fl(u) on (07 1)’
5
far(u Z (G, L, A\)u?, and sup_[e(j, L, M| < e2 (A + Dmo(L), (1.74)

1<5<
j= SIS

and f; is as in (1.67). We also have
f1.(0) = by +4Xa(1), fi (1) = b1 — Xa(4). (1.75)
Theorem 1.17. — Suppose by > 0 and 0 < A < b1/a(4).

(a) Coezistence holds for large L and small enough & (depending on L, A and a).

(b) Assume 3b; + b2 < 0 and let 1 — o denote the largest root of fi(u) = 0 in
(0,1). If n >0, L > e1(n,a)~1, 0 < A <e1(n,a), 0 <e <eo(n,L,\a) and v
is any stationary distribution satisfying v(E =0 or £ =1) =0, then

sup|v(§(z) =1) — (1 - o) <.

For a concrete example, consider a(l) = a(2) = 1, a(3) = a(4) = 3, which is
a version of the majority vote plus random flipping. Then b; = 4a(1) — a(4) = 1,
by = 6a(2) — 4a(3) = —6, and 3b; + b, = —3, and so the hypotheses of (b) hold for
small A > 0. As L gets large and A | 0, for small enough € the density of any invariant
measure approaches 1 — o’ the largest root of fi(u) = 0. Of course the closer A gets
to 0, the smaller we must make € to obtain the conclusion of Theorem 1.17, so we are
not able to prove anything about the case A = 0. Of course we could also consider
A < 0 in which case symmetric reasoning would show that the densities approach o’.

Proof of Theorem 1.17

(a) The conditions on b; and A imply that f] ,(0) > 0 and f] ,(1) > 0. Coexistence
for large L and small € is now established as in Case 2 (or 1) of Theorem 1.16.

(b) By taking A and L' small, depending on (n,a), we see from (1.73), (1.74),
(1.75), and our conditions on the b; that f()(u) = 0 will have 3 simple roots in (0, 1),
p1(A) < p2(A) < p3(A), within /4 of the respective roots

o <1/2<1-d

of fi(u) = 0. As (1.41) is again obvious, we now verify Assumption 1 of Theorem 1.4
withu* =1-0'+32, uy = 1-0'—1, vy € (p2,u«), and v1 € (u*,1) (1 is small so these
intervals are non-empty). The result would then follow by applying Theorem 1.4. The
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upper bound (ii) in Assumption 1 is an easy application of Proposition 1.7, with the
interval (ps, 1) in place of (0, 1), and the comparison principle.

For the lower bound (i) in Assumption 1, we use a result of Weinberger [36]. To
state the result we need some definitions. His habitat # will be R? in our setting and
his space B is the set of continuous functions from #H to [0,7]. In our case 74 = 1.
His result is for a discrete iteration up+1 = Q(uy), where in our case Q(u) is solution
to the P.D.E. at time 1 when the initial data is . His assumption (3.1) has five parts:

(i) if u € B then Q(u) € B.
(ii) If Ty is translation by y then Q(Tyu) = T,Q(u).

(i) Given a number g, let Q(83) be the constant value of Q(ug) for ug = . There
are 0 < mp < m < 74 so that if 8 € (mp,m1) then Q(B) > 8. Q(mg) = mp and
Q(7l'1) =T.

(iv) v < v implies Q(u) < Q(v).
(v) If up, € B and u, — u uniformly on bounded sets then Q(u,)(z) — Q(u)(z).

Clearly (i) and (ii) hold in our application. For (iii) we let mp = p2(A) and m =

p3(A). (iv) a consequence of P.D.E. comparison principles, see, e.g., Proposition 2.1

in Aronson and Weinberger (1978). (v) follows from the representation of solutions

of the P.D.E. in terms of the dual branching Brownian motion (see Lemma 3.3).
The next ingredient for the result is

S={zeR¥:z-£<c*¢) for all £ € S41},

where S¢~! is the unit sphere in R%. c*(¢) is the wave speed in direction ¢ defined in
Section 5 of [36]. Due to the invariance of the P.D.E. under rotation, all our speeds
are the same, ¢* = p, and S is a closed ball of radius p or the empty set. Here is
Theorem 6.2 of [36].

Theorem 1.18. — Suppose (i)-(v) and that the interior of S is nonempty. Let S" be
any closed and bounded subset of the interior of S. For any v > m, there is an vy so
that if ug(z) > on a ball of radius r, and if unt1 = Q(un) then
liminf min wu,(z) > m. (1.76)
n—oo renS’’

To be able to use this result, we have to show that p > 0. Note that here we require
lower bounds on the wave speed of solutions to the reaction diffusion equation in one
spatial dimension. This is because traveling wave solutions in the direction ¢ of the
form w(z-£ —pt) correspond to traveling waves w in one spatial dimension. Recall that
in the decomposition (1.72) f(u) is odd about u = 1/2, and for large L has f'(1/2) > 0
by 3b; + by < 0. The latter shows f has 3 simple zeros in (0,1) at « <1/2<1—a.
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The strict inequality in (1.72) on (0, 1) now easily implies (compare the negative and
positive humps separately)

P3 l-a
foy(u)du > / flu)du = 0. (1.77)
P1 a

So by the discussion in part II(ii) of Section 1.3 there is a one-dimensional decreasing
traveling wave solution to (1.33) (with f = f()) over (p1,p3) with positive wave speed
7'2(/\).

To consider traveling waves over (0,p1(\)), we note that Kolmogorov, Petrovsky,
and Piscounov [25] have shown that if we consider

ou o3
5{ = ?Au+f(u)

in one dimension where f satisfies
fO)=f1)=0, f(uy>0for0<u<1l, f(u)<f(0)for0<u<1l (1.78)

then there is a traveling wave solution with speed /202 f/(0) and this is the minimal
wave speed. For this fact one can consult Bramson [3] or Aronson and Weinberger [1].
However, the intuition behind the answer is simple: the answer is the same as for the
linear equation

Ou o?

—=—=A (0

5 = 7 Aut f(0u

which gives the mean of branching Brownian motion. For more on this connection,
see McKean [31].

Now let g; < g2 be C* functions on [0, 1] such that

0 < g2 < fon)on (0,p1), 91 = g2 = f) on [p1,1],

r 2
g0 € (0.295), gh(w) < 64(0) on [0.3] (1.79)

and for some 0 < pg < p1,

P1
gl(o) = 07 a < 0 on (07p0)7gl > 0 on (p07p1)7/ gl(t) dt > O’ gi(o) <0. (180)
0

The existence of such functions is elementary. By the KPP result above, the minimal
wave speed over (0,p;(A)) for the g2 equation is

c2 = 1/202g5(0) < ra(N). (1.81)

By [21, Theorem 2.4 and Corollary 2.3] (or the discussion in part II (ii) of Section 1.3)
there is a unique traveling wave solution u(t,z) = w(z — c1t) (w decreasing) to the
g1 equation with unique wave speed ¢; > 0 (since the integral in (1.80) is positive)
and range (0,p1). Note here and elsewhere that the traveling waves w in [21] are
increasing and so our wave speeds have the opposite sign. By a comparison theorem
for wave speeds ([36, Proposition 5.5]) we may conclude that

Cy > C1. (1.82)
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The hypothesis of the above comparison result is easily verified using ¢g; < g2 and
the standard comparison principle (e.g., [2, Proposition 2.1]). It follows from (1.81)
and (1.82) that ¢; < r2(A) which are the wave speeds of the g; equation over (0, p;)
and (p1,p3), respectively. We can therefore apply Theorem 2.7 of [21] to conclude the
existence of a traveling wave over (0,p3(A)) for the g; equation with speed ry()) €
(c1,72(A)). The wave and its speed are both unique by Corollary 3.3 of [21]. Since
foy = g1 on [0, p3], another application of Proposition 5.5 of [36] shows that p > ()
and in particular p > 0.
Using (1.76), we have proved that for 0 < 2w = p,

liminf inf wu(n,z) >ps(\)>1-a — g,

n—o0 |r|<2wn

providing that u(0,z) > vy for |z| < 7y,. The same reasoning gives the same conclu-
sion with n7 in place of n for any 7 > 0. Taking 7 small enough, a simple interpolation
argument (use the weak form of the reaction diffusion equation and smoothing prop-
erties of the Brownian semigroup) now gives Assumption 1(i) with u, =1 -ao' — 2
where the 2w in the above helps a bit in this last interpolation step. O

1.8. Comparison with low density superprocess limit theorem

To make a comparison between our hydrodynamic limit theorem (Theorem 1.3) and
the superprocess limit theorem of Cox and Perkins [7] we will write our perturbation
terms in a different form, which will also be useful in Chapter 7. Define

Es(n) = HTh' for n = (m,...,1n,) € {0,130, S € Py, = {subsets of {1,...,No}},
€S

and

X(4,2,8) = [[ €@ +y), z ez ¢ e {0,1}%,
Vel fe Pn, = {subsets of Z? of cardinality at most Ng}.

By adding an independent first coordinate to Y we may assume Y! has law p. If

G (s Evg) = —€7°1(6 = 1) + g5 (&1 -+, €M), (1.83)

and g; is as above without the superscript ¢, then
im |35 = Gillo = 0, (1.84)
el0

and we may rewrite (1.5) as

hi(x, &) = By (G5 (€(x +YY),...,&(x +YN))), i=0,1, (1.85)
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and similarly without the &’s. It is easy to check that {Es(-) : S € Pn,} is a basis for
the vector space of functions from {0,1}¥° to R and so there are reals 5 (S),d.(S),

Se PNO, such that
> B(SEsm), )= D 0(S)Esm), (1.86)
SGﬁNO SE"SNO

and similarly without the ’s. If § € Py,, let YS = {Y? : i € S}, where Y € Z4No
has law ¢ as usual. Let Fy denote expectation with respect to Y. It is easy to use
(1.85) to check that

hs(xg Z /36 EY X(Y $§ = Z ﬂE(A)x(A,x,«S) (1‘87)

SePn, AEPN,
hg(@,8) = > 0(S)By(x(Y5,2,8) = > 5(A)x(4,2,8), (1.88)
SePn, A€Pn,

where for A € Py,
S ASPES =4), 5.(4)= Y S(SPYS=4).  (189)
SePn, SePn,

Analogous equations to (1.87), (1.88) and (1.89) hold without the ¢’s.
Now use (1.87) and (1.88) without the €’s, and (1.40) to see that

f(u) = (1 = £(0)h1(0,8) — £(0)ho(0,€))u

=2 |

A€EPN,

[%u 1= u)POEL] = .7(4,0) = o)

vy
+ﬂ(®)(1—u)—5(A)[ > “]P(Iﬁfo“{‘)}l:j)]]» (1.90)

j=1
which is a polynomial of degree at most Ny +1 as claimed in Section 1.1. If 3(@) = 0,
then f(0) =0 and

Fo)= > pBA ) < 00,7(4,{0}) = 00) — 6(A)P(r(A U {0}) < 00). (1.91)
A€EPnN,
From (1.86) one easily derives

Be(8) =Y (-DF¥I"VIgi(1y), b(8) = Y (-1 MIgsay), (1.92)

vcs vcs
and similarly without the €’s. Therefore

1B<(S) = B(S)| + 18:(S) = 8(S)| < 2™ (/135 — dialloo + 136 — Folloo), (1.93)

and so

D 1B-(A) = BA) + [8:(A) = 5(A)] < 22M°(|5 = G1lloo + 1135 — Golloo)-  (1.94)

AE'PNO
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Our spin-flips are now recast as

ce(em, &) =72 (2,6) + Y X(A,z,6)[B-(A)(1 - &(x)) + b (A)é(w)],

A€EPnN,
which is precisely (1.17) of [7] with ¢ = N~1/2. If we assume
¢5(0) = 0 (and hence §5(0) = B.(@) = 0) for small ¢, (1.95)

and the voter kernel p has finite support, then using the fact that the right-hand side
of (1.94) approaches 0 ase — 0 (by (1.84)), it is easy to check that all the hypotheses of
Corollary 1.8 of [7] hold. Alternatively, in place of the finite support assumption on p
one can assume the weaker hypothesis (P4) of Corollary 1.6 of [7], and then apply that
result. These results state that for e as above if X§ = €2y __ ;4 & ()6, and X§ — Xo
weakly in the space Mp(R?) of finite measures on R%, then X¢ converges weakly in
the Skorokhod space of Mp(R?)-valued paths to a super-Brownian motion with drift
6 = f'(0) (as in (1.91)). In this result we are starting O(¢~2) particles on a grid of ¢4
(d > 3) sites per unit volume, so it is a low density limit theorem producing a random
limit, whereas Theorem 1.3 is a high density limit theorem producing a P.D.E. limit.
The latter result gives a natural explanation for the drift  in the super-Brownian
limit which was defined by the right-hand side of (1.91) in [7]. Namely, under (1.95),
in the low density limit we would expect a drift of lim,_,o f(u)/u = f’(0), which of
course happens to equal the summation in (1.91).

1.9. Outline of the Proofs

In Chapter 2 we first introduce a family of Poisson processes (“graphical repre-
sentation”) which we use to define our voter model perturbation &5 (x) on z € €Z.
Using this and working backwards in time we define a “dual process” X which is
a branching coalescing random walk with particles jumping at rate e~2 according to
p°(z) = p(z/¢) and with a particle at z giving birth to particles at z+eY?, ... z+eY o
when a reaction occurs at z. The ideas in the definition of the dual are a combination
of those of Durrett and Neuhauser [18] for systems with fast stirring and those of
Durrett and Zahle [20] for biased voter models that are small perturbations of the
voter model.

Duality allows us to compute the value at z at time T' by running the dual process
X°¢ backwards from time T to time 0 starting with one particle at z at time T". Most
of the work in Chapter 2 is to use coupling to show that for small €, X* is close to
a branching random walk X¢. Once this is done, it is straightforward to show (in
Chapter 3) that as e — 0 the dual converges to a branching Brownian motion X°, and
then derive Theorem 1.2 which includes convergence of P(£5(z) = 1) to the solution
u(t,z) of a P.D.E.

ASTERISQUE 349



1.9. OUTLINE OF THE PROOFS 35

Assumption 1 shows that the limiting P.D.E. in Theorem 1.3 will have solutions
which stay away from 0 and 1 for large t. A “block construction” as in [14] will be
employed in Section 6 to convert this information about the P.D.E. into information
about the particle systems. In effect, this allows us to interchange limits as ¢ — 0
and ¢ — oo and conclude the existence of a nontrivial stationary distribution, and
also show that any stationary distribution will have particle density restricted by the
asymptotic behavior of the P.D.E. solutions at ¢ = oc.

In order to show that 0’s take over, say, we will need several additional arguments.
The P.D.E. results will only ensure we can get the particle density down to a low level
(see Chapter 4) but clearly we cannot expect to do better than the error terms in this
approximation. To then drive the population to extinction on a large region with high
probability we will need to refine some coalescing random walk calculations from the
low density setting in Cox and Perkins [8] — see Chapter 7 and especially Lemma 7.6.
This is then used as input for another percolation argument of Durrett [13] to guar-
antee that there are no particles in a linearly growing region. Since there was an
error in the original proof of the latter we give all the details here in Chapter 5 and
Section 7.3.

Quantifying the outline above, the first step in the proof of Theorem 1.5, taken in
Chapter 4 is to use techniques of Durrett and Neuhauser [18] to show that if £§ has
density at most u; on [—L, L]¢ then at time T} = c; log(1/¢) the density is at most e”
on [~L — wTy, L +wT;)?® (see Lemma 4.2). Here f is a small parameter. The second
step, taken in Chapter 7, is to show that if one waits an additional T = c2log(1/¢)
units of time then there will be no particles in [~L — wTy + ATy, L + wT; — AxTs)¢
at time Ty + T5. The first step here (Lemma 7.6) is to show that if we start a
finite (rescaled) block of ones of density at most ¢’ then with probability at least
1 — €P/2 it will be extinct by time Clog(1/¢). Here it is convenient that arguments
for the low density regime of [7] (density £9~2) continue to work all the way up to
€? and also that the P.D.E. arguments can be used to reduce the density down to
€f. In short, although the precise limit theorems, Theorem 1.2 and Corollary 1.8
in [7] apply in disjoint regimes (particle densities of 1 and €?~2, respectively) the
methods underlying these results apply in overlapping regimes which together allow
us to control the underlying particle systems completely. Of course getting 1’s to
be extinct in a large block does not give us what we want. The block construction
in [18] is suitably modified to establish complete extinction of 1’s on a linearly growing
set. A comparison result of [28], suitably modified to accommodate our percolation
process (see Lemma 5.1), is used to simplify this construction.

SOCIETE MATHEMATIQUE DE FRANCE 2013






CHAPTER 2

CONSTRUCTION, DUALITY AND COUPLING

In this section, we first introduce a family of Poisson processes which we use to
define &;, our voter model perturbation on £Z¢, a “dual process” X and a “computation
process” (. The duality equation (2.17) below gives a representation of & (z) in terms
of (X, ¢). Next we show that for small €, (X, () is close to the simpler (X, (), where
Xisa branching random walk system with associated computation process CA . Finally
we show by a strong invariance principle that for small e, (X, {) is close to a branching
Brownian motion and its associated computation process.

However, our first task will be to prove Proposition 1.1 and reduce to the case

where £; = 00 in (1.5).

2.1. Preliminaries

Proof of Proposition 1.1. — Let p = min{p(y;) : p(y;) > 0}, choose g9 > 0 so that
M = supg<.<c, I195llo0 V ||g7]loc < 00 and then choose €1 > 0 so that

e1%p > M. (2.1)
For 0 < € < &g define g¢ on {0,1}"° by

No
Gy s o) = €72 Y 1 = p(ys) + 95 (61s - €mo), E=0,1,  (22)
1

and define g; by the same equation without the ¢’s. Clearly ||g5 —gilloo = (|35 —§illoo —
0 ase — 0. We may assume y; = 0. By replacing §5 with §f1(£; = 1—¢) and redefining
h¢ analogously (this will not affect (1.27)), we may assume

We now show that gi > 0. Assume first

No
> &p(ys) =0. (2.4)
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Choose ¢ € {0,1}%" so that &(y;) = &. If £(0) = 0, then by (1.27), (L.8), (2.2),
and (2.4) (the latter to make the voter part of ¢, in (1.27) and the first term in (2.2)
vanish),

0< 05(0’65) = gtls(‘g(yl), cee ’f(yNo)) = gi(gla e 7£N0)'
If £(0) = 1, then & = £(0) =1 and by (2.3), ¢5(&1,.--,€N,) = 0. Assume next that

No
> &p(y:) > 0.
1
Then the above sum is at least p and so

gf(fla oo ,§N0) 2 61_22_ “gtIEHOO 2 6;22_ M > O’

the last by (2.1). This proves gf > 0 and a similar argument shows g§ > 0. Finally
(1.5) with Y* = y; is immediate from (1.8) and the definition of g. d

We claim we may assume without loss of generality that £, = oo in (1.5), that is,
the first term in the right-hand side of (1.5) is absent. To see why, let §72 = =2 —¢]?
for € < €1, and use (1.5) in (1.27) to rewrite the spin-flip rates of £° as

c(ex, &) = €72 (2, €) + (1 — £(2))h (2, €) + &(x) R (2, ),

where

hi(z,€) = By (g (E(z +Y),...,E(@ +Y™))). (2.5)
So by working with h{ in place of h{ throughout, we may use (2.5) in place of (1.5)
and effectively set €1 = co. Note first that this does not affect the definition of the
reaction term f(u) in the P.D.E. (1.33) since the terms involving €2 f;(z, &) cancel
in (1.30). The only cost is that e=2 is replaced with 2. The ratio of these terms
approaches 1 and so not surprisingly this only affects some of the proofs in a trivial
manner. Rather than carry this £-2 with us throughout, we prefer to use ¢ and so

henceforth set £; = 0o in (1.5). (2.6)

2.2. Construction of &;

Define ¢* = c*(g) by

"= sup |gilloo +[g5lcc + 1. (2.7)
0<e<eq/2

To construct the process, we use a graphical representation. For z € ¢Z?, introduce
independent Poisson processes {T'%,n > 1} and {T;»*,n > 1} with rates ¢~2 and c*,
respectively. Recall p.(y) = p(y/e) for y € eZ? and let q.(y) = q(y/¢) for y € eZNo,
For z € €Z® and n > 1, define independent random variables Zgn with distribution
Pe, Yoo = (Y, ..., Y0) with distribution gc, and U, uniform on (0,1). These
random variables are independent of the Poisson processes and all are independent of
an initial condition & € {0, 1}¢2",

ASTERISQUE 349



2.3. THE DUAL X 39

At times t = T*,n > 1 (called voter times), we set {(z) = &—(x + Zzn). To
facilitate the definition of the dual, we draw an arrow from (z, T%) — (x + Zz,n, TF).
At times t = T,»'*, n > 1 (called reaction times), if £&;—(x) =i we set &(z) =1 — ¢ if

Uz < 91-i(&-(@ +Y5,), - & (z + YJ2))/c", and otherwise & (2) = &- ().

At these times, we draw arrows from (z,Ty®) — (z + Y}, Tx®) for 1 < i < Np.
We write a * next to (z,T.5®) and call these *-arrows. It is not hard to use ideas
of Harris [23] to show that under the exponential tail conditions on p and ¢, (1.1)
and (1.6), this recipe defines a pathwise unique process. This reference assumes finite
range interactions but the proof applies in our infinite range setting as there are still
finitely many sites that need to be checked at each reaction time. To verify this
construction and to develop a useful dual process we now show how to compute the
state of x at time t by working backwards in time. It is easy to verify that £ is
the unique in law {0, 1}Zd—valued Feller process with rates given by (1.2) and (1.27).
For example one can recast the graphical representation in terms of SDE’s driven by
Poisson point processes and use stochastic calculus as in Proposition 2.1(c) of 8] (it
is easy to verify condition (2.3) of that reference in our current setting).

We use B*® to denote a continuous time random walk with jump rate e~
jump distribution p, starting at x € €Z% and drop dependence on z if z = 0. We also
assume

2 and

{B®® : x € eZ} are independent random walks distributed as above. (2.8)

It will be convenient to extend the Poisson times to the negative time line indexed by
non-positive integers, and hence have {T,n € Z}, {T,»*,n € Z} with the associated
{Zzn,n € Z} and {(Yz,n, Uz ,n),n € Z}, respectively. At times it is useful to work with
the associated independent Poisson point processes of reaction events AZ(dt, dy, du)
(z € eZ4%) on R x eZNo x [0, 1]) with points {(7}*'%, Yz.n, Us,»)} and intensity c*dt x
ge X du, and also the independent Poisson point processes of walk steps AZ (dt,dz)
(x € €Z?) on R x eZ? with points {(T%, Z;)} and intensity e~2dt x p..

2.3. The Dual X

Fix T > 0 and a vector of M + 1 distinct sites z = (2°,...,2M), each z; € €Z<.
Our dual process X = X*7 starts from these sites at time 7' and works backwards
in time to determine the values &7(z;). X will be a coalescing branching random walk
with Xo = (z0,...,2Mm,00,...) taking values in

D ={(X%X,...) € D(0,T],R% U {oc0})%+ :
3Ky € Zy st. XF =00Vt €[0,T] and k > Ko}.
Here oo is added to R¢ as a discrete point, D([0, T],R?U{o0}) is given the Skorokhod
J1 topology, and D is given the product topology. The dependence of the dual on T
is usually suppressed in our notation.
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- 0 dual X,
1
1 /23
T — R1 Rl
45
T - Ro p 6 R,
7 89
T — R3 Rs
10 \11
T — Ry 12 R4
T T
Gt J(T) = {4, 1, 0, 10, 2, 12, 3}

FIGURE 2.1. An example of the dual with Ny = 3.

For X = (X% X1,...) € D, let K(t) = max{i : X} # oo}, define i ~; i’ iff X} =
X! # 00, and choose the minimal index j in each equivalence class in {0, ... K(t)} to
form the set J(t). We also introduce

It)={X{:1eJ@)} ={X} : X{ # oo}

Durrett and Neuhauser [18] call I(¢) the influence set because it gives the locations
of the sites we need to know at time T — ¢, to compute the values at 2°,..., 2™ at
time T'.

To help digest the definitions, the reader should consult Figure 2.1, which shows
a realization of the dual starting from a single site when Ny = 3. If there were no
reaction times 7,;>® then the coordinates Xg ,J € J(t) follow the system of coalescing
random walks dual to the voter part of the dynamics. Coalescing refers to the fact
that if XJ = X7 for some s and j,j', then X = X7 for all t € [s,T]. Jumps
occur when a particle in the dual encounters the tail of an arrow in the graphical
representation. That is, if j € J(s—) and ¢ = X?_ has T —s = T? then XJ = z + Z2.
It coalesces with X! = z + Z2 if such an i exists, meaning that i V j is removed from

ASTERISQUE 349



2.3. THE DUAL X 41

J(s—) to form J(s). If B® is a rate e 2 random walk on Z? with step distribution
pe then the coalescing random walks in the dual X follow coalescing copies of B®.

To complete the definition, we have to explain what happens at the reaction times.
Put Ry = 0, and for m > 1 let R, be the first time ¢ > R,,_; that a particle in the
dual encounters the tail of a *-arrow. If

j€J(Ryn—)and z = X}%m_ has T — R,, = T** for some n, (2.9)

we let u,, = j denote the parent site index. In the example in Figure 2.1 y; = 0,
pe =1, u3 =3, and pg = 2.
We create No new walks by setting Y\, = Y} 1 <i< N,

K(Rm) = K(Rm-1) + No, and XE B0V — gy v i=1,...,N,.  (2.10)

The values of the other coordinates X', j' € J(Rm—), j/ # pm remain unchanged.
Each “new” particle immediately coalesces with any particle already at the site where
it is born, and we make the resulting changes to J(R,,—) to construct J(R,;,) D
J(Ry,—). To compute &r(z%), we will also need the random variables

Uy, = Uz, where , m, and n are as in (2.9). (2.11)
This computation is described in the next subsection.
K (s) changes only at reaction times and always increases by exactly Np, so
K(s) = M +mNy, for s € [Rpm, Rm+1)- (2.12)
Let F; be the right-continuous (time reversed) filtration generated by the graphical

representation restricted to [T'—¢,T'), but excluding the {U »}. More precisely F; is
the right-continuous filtration generated by

{A2(IT — 5, T) x A): s < t,x € eZ%, A C €29}, (2.13)
{AZ([T —s,T) x Bx[0,1]) : s < t,B C eZ%™0, 2 € eZ%}.
The {R,} are then (F:)-stopping times and X is (F;)-adapted. Since
P(Ry4+1 — R, € /| Fr,,) is stochastically bounded below by an exponential ran-
dom variable with mean (c*(M + mNp))~!, R, 1 oo as. (recall our graphical
variables were extended to negative values of time) and the definition of X is

complete.
Note that

Wm is Fr,, — measurable and dy,, v,, = AfRT’:‘({T — Ry} x ). (2.14)

As the above time reversed Poisson point processes are also Poisson point processes,
one may easily see that

{Y..} are iid with law ¢. and Yy, is Fg,, — measurable, (2.15)

and
{Un.} are iid uniform on [0, 1] and are independent of F. (2.16)
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2.4. The computation process (

Given an initial time ¢y € {0,T'), the coalescing branching random walk {X;,s €
[0, T —to]}, the sequence of parent indices {pm, }, the sequence of uniforms {U,,}, and
a set of initial values in {0,1}, (0 (5) = &, (X%_to), j € J(T — to), we will define
{¢-(k),7 €[0,T],0< k < K((T —r)-)} so that

Gr(k) = & (XE_ ) forall r € [to,T) and k < K((T —1)—). (2.17)

The left hand limits here reflect the fact that we have reversed the direction of time
from that of X.

In general we consider a general initial state (s, (j) € {0,1}, 7 € J(T — to). First
we complete this initial state by setting i (k) = (4o (j) if k ~1r—ty § € J(T — o).
Suppose that for some m > 1, R,, is the largest reaction time smaller than T — ¢,.
The values (. (k) do not change except at times T — Ry, so {, = (, for r <T — Ryy,.
We decide whether or not to flip the value of ¢ at u., at time t — R, as follows. Define
Vin € {0,1}"0 by

V#L :C(T—Rm)—(M+(m—1)NO +j), j=1,..., Np. (2.18)
Letting i = {(7—R,,)- (tm) We set

1—i fUp <g1-i(Vin)/c*

(2.19)
i otherwise.

(T=Rm)(im) = {

To update the dual now, fork < M+ (m—1)No = K((T— (T — Ry))—) and k # pim,
if k ~R,, tm set (r—R,, (k) = (TR (Bm) - (2:20)

Otherwise we keep {(r—g,,.)(k) = {(7-R,.)- (k).

The values (.(k) remain constant for r € [T — Ry, T — Rpp—1). Coming to r =
T — Ry,—1, if m—1>1 we proceed as above. When we reach r =T — Ry = T we end
by setting {1 = (r—. If &,(j) = f(X%_tO) for j € J(T —to), the verification of (2.17)
is an easy exercise from the definitions of X and (.

2.5. Branching random walk approximation X

Due to the transience of random walk in dimensions d > 3, and the fact that the
random walk steps are occurring at a fast rate in X when ¢ is small, any coalescing
in X will occur soon after a branching event and close to the branching site. As in
Durrett and Zihle [20], such births followed quickly by coalescing are not compatible
with weak convergence of the dual. Thus we need a way to excise these events from X.
As in [20] we define a (non-coalescing) branching random walk X and associated
computation process C. Later we will couple (X,¢) and (X ¢ ) so that they are close
when ¢ is small.
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For m € N, II,,, denotes the set of partitions of {0,...,m} and for each m € II,,
Jo(m) is the subset of {0,...,m} obtained by selecting the minimal element of each
cell of 7. Write i ~ j if i and j are in the same cell of w. Let {BY",i=0,... Ny} be
the rate one coalescing random walk system on Z¢ with step distribution p and initial
points at Y0 = 0,Y,...,YNo where (Y',...,Y ™) has law ¢q. Let vy denote the
law on IIy, of the random partition associated with the equivalence relation i ~ j iff
BY'(t) = BY’ (t) for some t > 0. For ¢ > 0 let v denote the law on Il y, of the random
partition associated with the equivalence relation i ~¢ j iff BY (¢73/2) = BY’ (¢73/2).
Note that e=3/2 = £1/2¢72 50 this is a short amount of time for the sped up process.
For later use when we define the branching Brownian motion Z we note that since
e73/2 5 o0,

Ve converges weakly to vp as e | 0. (2.21)

As before we will have a fixed T > 0 and distinct sites zo, ..., 2 in €Z% Our
branching random walk X will have paths in D and an associated set of indices
J@t) = {j : X! # oo}. Let my € Il be defined by the equivalence relation i ~ j
iff Be % (e73/2) = B "% (¢73/2). In words, mo will be used to “mimic” the initial
coalescence in X of the particles starting at z; before any reaction events occur. We
suppress the dependence of 7y on € in our notation.

For n > 1 let 7, € Iy, be iid with law v, and independent of 7. From {7,} we
inductively define a sequence of nonempty subsets {J,} of Z, by Jo = Jo(mo) and for

n>0

Jps1 =Jo U{M +nNg+3j:j € Jo(mny1) \ {0}}. (2.22)
Set Ry = 0 and conditional on {mn} let {}A%,H_l —R, :n > 0} be independent
exponential random variables with means (c*|J,|) ™!, and let {/i,} be an independent
sequence of independent random variables where fi,, n > 1, is unlformly distributed

over Jn_1. ,un is the index of the particle that gives birth at time Ry
To define X inductively we start with

X] = z; if j € Jo = J(0) and oo otherwise. (2.23)
On [Rn, Rnt1), the X7 : j € J, follow independent copies of B¢ starting at X }’é . At

IA%nH we define

X;" _ ifje Jn = J(Ry),
X;"H = Xﬁ:*i_ if j € Jng1 — Jn,
00 otherwise.

Note that offspring are no longer displaced from their parents and that coalescence
reduces the number of particles born at time onH, but otherwise no coalescence
occurs as J(t) = J, on [Rn, Rnt1). Thus, conditional on the sequence {m,}, X
is a branching random walk starting with particles at z;, j € Jo(mp), with particle

SOCIETE MATHEMATIQUE DE FRANCE 2013



44 CHAPTER 2. CONSTRUCTION, DUALITY AND COUPLING

branching rate ¢* and giving birth to |7rn| — 1 particles on top of the parent X fin (who
also survives) at the nth branch time R,,.

2.6. Computation process é

As we did for X, for to € [0,7) we now define an computation process {(T( ) :
0<k<K(T—-7)=),r € [to,T]} for X. Here K(s) = M +mNq if s € [Rpm, Rm+1)-
Given are the branching random walks {XS, s € [0,T — to]}, the associated sequence
{7n, Rn, fin}, a sequence of iid random variables {U,}, uniformly distributed on [0, 1]
and independent of (X, {7, R, fin : n € N}), and a set of initial values (;,(j),j €
J(T —t0). In the next section when we couple (X, ¢) and (X, ¢) we will set U, equal
to Up defined in (2.11). Define an equivalence relation ~ on {0,...,M +nNoy} by

M+ (m—1)No+j~p M+ (m—1)No+i
(1<4,j<Ng,1<m<n) iff j~g 1,
M+ (m—1)No+j=~p fim (1<j<Np,1<m<n) iff j~g 0, (2.24)
JRg, b (0<4,j<M) iff jr~g i

Finally if R, <t < Rn+1 define i~ jiffi~p jfor0 <1 ] < M +nNy. To prepare
for the proof of Lemma 2.10, note that the definition of ( that follows is just the
definition of ¢ with hats added and =; used in place of ~y.

First we complete the initial state (z, by setting (i (k) = (oo (j) if kK 7y, j €
J(T —ty), k < K(T —t9) = K((T — tp)—) a.s. Suppose that for some m > 1, R, is
the largest branch time smaller than T — to The values (:T(k) do not change except

at times T — R, so CT Cto for t < T — Ry,. We decide whether or not to flip the
value of C at fim at time ¢t — R,, as follows. Deﬁne Vim € {0,1} "o by

Vi =lrpy-M+(m—-1)No+35), j=1,...,No. (2.25)

Letting i = ﬁ(T—Rm)—(ﬁm) we set
. . 1—i  if Up < g5_;(Vin)/c*
Sy (Bm) =

{ otherwise. (2.26)
To update ¢ now, for k < M + (m — 1)Np and k # fim,
if kg fum set (g (B) = Cpop,)(im) (2.27)
and for the remaining values of k < M + (m — 1) Ny keep
br_n, (8) =gy (K).

The values ¢.(k) remain constant for 7 € [T' — Ry, T — Rm—1). Coming to r =
T - Rm_l, if m —1 > 1 we proceed as above. When we reach r =T — Ry =T we
end by setting (r = (7.
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2.7. Coupling of (X,¢) and (X, 9

We now give a construction of X ,é which will have the property that with high
probability for small €, (i) X and X are close and (ii) given identical inputs, ¢ and ¢
will compute the same result. As before, T > 0 and z = (20,...,2n), 2 € €Z® are
fixed. Recall the reaction times R, the uniform random variables Uy, from (2.11),
and the natural time-reversed filtration F; used in the construction of the dual X
given in (2.10).

The following general definition will be used to construct the partitions {m, :
n € Z+} needed to define X, distributed as in Section 2.5, in terms of the graph-
ical representation. Let V be an JF;-stopping time (think of V = R,,), and let
Yo...,Ymr € €Z% € €Z% be Fy-measurable. Let {B®Y : 4 = 0,...,M'} C ez
be the rescaled coalescing random walk system determined by the {7} in the graph-
ical representation, and starting at (dual) time V at locations 7y, ...,ym . That is,
{B®7 :4=0,...,M'} are as described in Figure 2.1 but now starting at time T — V'
at sites (Yo,..,vm) = (B5,...,By™"). For each t > 0 let 7y, (t) € Ip be the
random partition of {0,..., M’} associated with the equivalence relation i ~ i’ iff
Bei(t) = B (t). We call Ty, (t) the random partition at time V + t with initial
condition v = (vg, ..., ym) at time V.

Let mp = mo,,(v/€) € Iy be the random partition of {0,..., M} at time /& with
initial condition z = (zo,...,zp) at time 0, and note that its law is the same as the
law, v, of the mg described just before (2.21). For m > 1 let

Ym = (XE", XE™ + Y, .., X" + Y, Noy

and {m,,,m € N} be an i.i.d. sequence with law v, and chosen independent of Fo.
For m € N, define

{ Rumyym (VE)  if Ry > Rp_1+eforalll<n<m
Tm = ,
T,

(2.28)

m otherwise.

By the translation invariance and independent increments properties of the Poisson
point processes used in the graphical representation and also (2.15), 7, is independent
of Fr, ,4+veVo(m,,n < m)= Fn_i1, and has law v, defined just before (2.21). It
is also easy to check that m,, is Fpn-measurable (m > 0) and so {m,,m > 0} are
independent and distributed as in Section 2.5.

For m € N let
7y, = inf{s > Rp,—1: 3i # j both in J(R,—1—), or
i € J(Rm—1—)\ {ttm-1},7 € J(Rm-1) \ J(Rm—-1—), so that X’ = Xg},

= inf{s > Ry, . inf | XP— XI| < E7/8
Tm ln{S_ m 1+\/E i#;gJ(s)I s sl—e }’

Y =max{|V}|:i=1,...,No}.
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We introduce the time, T}, that one of four possible “bad events” occurs:
Ty =min{Ry, :m >1,Rp < Rp_1 +Veor Y > £ log(1/e)}
K
Amin{r, :m > 1,7, < Ry} Amin{r,, : m > 2,7}, < Ry_1 + 2}

(recall k from (1.1)). Here min@ = oo. To see why the last two minima should
be large, note that after a birth of Ny particles from particle u,, at time R,,, we
expect some coalescence to occur between the parent and its children. After time
Vg, particles should all be separated by at least €7/® and remain that way until the
next reaction time when again there may be coalescing within the family producing
offspring but no other coalescing events. The qualifier m > 2 is needed in the last
minimum because we have no control over the spacings between particles at time 0.
The collision of particles 2 and 7 in Figure 2.1, supposing it occurs before time R3 +
V€, is an example of a bad event that enters into the definition of ;. We assume
throughout that

0 < e < €1(k) so that -Zlog(l/e) <e™8)2. (2.29)

Given {m,} we now construct X and A(s) = ((fin, Rn)1(Rn < 8))nen (with the
joint law described in Section 2.5) initially up to time T' = T}, A T}, where

Ty =min{Rpm :m > 1, Ry — Rrn_1 < Ve}.

Once one of the five bad events (implicit in the definition of T') occurs, we will give
up and continue the definition of the branching random walk using independent in-
formation. The coupling of X and X will be through our definition of {m,} and also
through the use of the random walks steps of X7 to define corresponding random
walk steps in X7 whenever possible, as will be described below.

We begin our inductive construction by setting Ry = 0, J(0) = Jo(mo), and define
Xy as in (2.23). Note that

J(0) = J(VE) = Jo(mo) if Ry > Ve (2.30)

Assume now that (X, A) has been defined on [0, R, AT]. Assume also that Ry, < T
implies the following for all 1 < i < m:

Ri=Ri, =, (2.31)

J(R) = J(Ri_)) U{M + (i — 1)No +j : j € Jo(m) \ {0}}. (2.32)
J(Ri_1) = J(s) € J(s) for all s € [R;_1, R:). (2.33)

J(s) = J(s) = J(Ri_1 + V€) for all s € [Ri_1 + V&, R;), (2.34)

The m = 0 case of the induction is slightly different, due for example to the special
nature of 7o, so let us assume m > 1 first. To define (X, A) on (Rm AT, Rppt1 AT we
may assume R,,(w) < T'(w) and so (2.31)-(2.34) hold by induction. On (Rp, (Rm +

~

VE) A Rmy1 AT) let (X, A) evolve as in Section 2.5 conditionally independent of
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Foo Va({Un}) given {m,}. Here it is understood that the unused partitions {7; : ¢ >
m} are used to define the successive branching events as in (2.22).

Next, to define (X, A) on (Rm + v&) A Rmy1 AT, Rmy1 A T] we may assume
Rpn(w) + VE < Rmy1 AT (w). By the definition of Ty this implies Ry1 > R + vE
and so for all s € [Rpm, R + V2],

J(8) = J(Rm) = J(Rm—1) U{M + (m — 1)No +j : j € Jo(mm) \ {0}}
=J(Rm_1 +VE)U{M + (m —1)Ng+7:j € Jo(mm) \ {0}}. (2.35)
In the first equality we used (2.32) and in the second we used (2.33) and (2.34) with

s = Ry—1 + v/ The fact that 7, < Ry, (since Ty > R,, + \/€) shows there are no
coalescings of X on [Rp,—1 + /€, R) and so

J(Rm-1+ Ve) = J(Rm—). (2.36)

Again use Ty, > Ry, ++/€ together with (2.29) to see that Y,» < £log(1/¢) < iz/—s, and
so the spacings of the previously existing particles at time R,, < 7,,, ensures that none
of the Ny new particles at time R,, will land on a previously occupied site. Therefore
if
J1(Ym) ={1<j < No: Y3 ¢ {Yi:0<i<j}},
then
J(Rp) =J(Rm—)U{M+(m—1)No+j:j€Ji(Ym)}.

The fact that Rm41 A 7y 41 > R + (/€ means that X has no branching events in
(Rm, Rm + /€] and X has no particles coalescing on (R, R + /€] except those

involving X Il%: +Y2,i=0,..., Ny. Therefore, the definition of 7, ensures that
J(Rm +Ve) = J(Rm—)U{M + (m = 1)No + j : j € Jo(mm) \ {0}}.
= J(s) for all s € [Rm, Rm + V&, (2.37)

where in the last line we have used (2.35) and (2.36). For s € [Rm + V&, Rms1 AT)
we have s < Tjp+1 and so

| X7 — X*| > &7/8 for all j # k both in J(s), for all s € [Rpm+VE, Rms1AT). (2.38)
In particular X can have no coalescings on the above interval and so J(s) = J(Rp, +
VE) for s € [Ry + V&, Rmn41 AT). On (R, + V€, Riny1 AT let (X1, 5 € J(s)) follow
the random walk steps and branching events of {X7 : j € J(s)} (of course there is

at most one of the latter at time R,,4+1 providing R,,+1 < T) In particular we are
setting

J(s) = J(s) = J(Rm + V&) for s € [Rm + V&, Rmi1 AT) or s =T < Rpny1. (2.39)

(2.38) shows that the random walk steps and branching events for distinct particles of
X on (Rm + V&, Rms1 A ’.f’] are independent. In addition, these steps and branching
events are independent of the random walk increments used to define {m,}. This
shows that X evolves like the branching random walk described in Section 2.5 on
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(Rm, Rm+1 /\T), and on (R, Rm+1 /\T] if either T' < Rpt1,0r Ry ++/€ > Ry AT.
(In the latter case the first part of the above construction did the job and in the
former case there is no reaction event to define at 7' A Ryt = T) So to complete
the construction at t = Ry,41 A T we may assume

R, + \/g < Rm+1 < T (240)

The above definition shows that Rm+1 = Rp41, we use (2.32) with ¢ = m+1 to define
J(Rpmy1) and we set i1 = pimy1. Clearly fim 1 is uniform on J(Rp) = J(Rm++/2)
(given {7, }) and is independent of {fi, : n < m}. In addition the branching events
used to define {/i,} are independent of the random walk steps used to define {m,}.
This completes our inductive definition of (X, A) on [0, Ryt A T).

Next we complete the inductive step of the derivation of (2.31)-(2.34) for m + 1
under (2.40) which is in fact weaker than the Rpy41 < 7' condition. (2.39) implies
(2.34) for i = m + 1, and (2.31) and (2.32) hold by definition. On {R,, + & <
Rmy1 < T} J can only decrease on [Ry, Ry + /2] due to coalescings of the random
walks, while J is constant on this interval by (2.37). The inclusion (2.33) therefore
follows from the equality in (2.34).

To complete the inductive construction of (X, A) on each [0, Ry A T and proof
of (2.31)-(2.34) it remains to give the m = 0 step of the construction and verify the
m =1 case of the induction. Both follow by making only minor changes in the above
induction step. For example, (2.30) is used in place of the (now non-existent) induction
hypothesis (2.32) both in defining X on the initial interval and in obtaining (2.37) for
m = 0.

Since R, 1 00 a.s. we have defined (X, A)(s) on [0,7] and to complete the defini-
tion we let it evolve conditionally independently (given {r,}) for s > T".

The above construction and (2.16) show that

(X, {mn}, {tin}, X, {fin}, {Rn}) is independent of {U,}, (2.41)

where {Uy,} are the uniforms from (2.11). Therefore the computation process ¢ for
the above X may be defined as in Section 2.6 but with U,, = U,,.

Lemma 2.1
(a) For allm e Zy, Ry, < Ty and R < Ty imply Ry, = Ry <T.
(b) For allm € N, if

Grn = {1 (N (Re = Ric)) A (NZSM (7 = Ric)) > V5,

R, <T1; Vi <m, niain* < %log(l/s),/\gll(Ri - Ri—l) > \/E},

then Gm C {Rm = Rm < T7.
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Proof

(a) The 1mphcat10n is trivial for m = 0 so assume it for m and assume also R,,4+1 <
Ty, Rmy1 < Tp. By induction we have Ry, = R < T Since Rpp1 ARma1 > Rm+\/_
we also know T' > Ry, + /2. The construction of X on (R, + v/, Rmt1 A T shows
that the next reaction time of X on this interval must be Rpy; (if it exists) and
so Tp > Ryt1. Since Ty > Rp41 by hypothesis we get (R + vE, Rmt1 A T] =
(Rm + v/€, Rim+1]. Hence our construction of X on this interval shows Rpi1 = Rmi1
and so the result follows for m + 1.

(b) The first four conditions in the definition of G, imply

Ty > Rnt1 /\T,ln+2 A Tm+1 > R

The last condition implies T}, > Rm. Now apply (a). O

As an immediate consequence of the above and our inductive proof of (2.31)-(2.34)
we get the following:

Lemma 2.2
Gm = Rm <T = foralll<i<m (2.31)— (2.34) hold.

On G, and on the intervals [Ry,_1++/€, Rym) our definition of X and Lemma 2.1(b)
shows that the movement of particles in X and X are coupled (they take identical
steps) but on [Ry,—1, Rm—1 + 1/€) they move independently. To bound the discrep-
ancies that accumulate during these intervals we use the following lemma.

Lemma2.3. — Ifw € G, then

sup{|X{ — X{|: j € J(s), s € [0, Rm)} (2.42)
c m—1 . . ) )
< (m—1)=log(1/e) + Y sup |X7 = X5, | +1X] = Xz, |-
K L3 1
1=0 J€J(Ri),3€[Ri, Ri+/E]

Proof. — Suppose first that m > 1 and we are on G,,. By the coupling of the spatial
motions noted above, for j € J(Rp—1)

sup | XI - X]| = sup X7 — X7
SE[Rm—-1,Rm) SE€E[Rm—1,Rm—1+¢]
< |XRm 1 X‘;zm—ll + sup |XJ Rm 1|

S€[Rm—1,Rm—1+Ve]

+ sup | X7 — Xp |
Se[Rm—l»Rm—l‘"ﬂ
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On G, a newly born particle to X}l2 may jump a distance at most £ log(1/¢)

m—1""
from its parent, while for X  _ it will be born on its parent site, so the above is
at most
5 €
sup  |XE,_,_ — X5 _,_|+ —log(l/e)
k€J(Rm—1-) k
+ sup |)A(§‘—X£m_1|+ sup |X§ —Xf%m_1|.
SE[Rm-1,Rm-1+F] SE[Rm—1,Rm_1+¢]
Things are simpler when m = 1 because there are no initial jumps to worry about
and so the second term in the above is absent. The required bound now follows by
induction in m and the fact that G,, is decreasing in m. O

2.8. Bounding the probability of bad events

Here and in what follows it is useful to dominate X with a branching random
walk X, also with paths in D and with the same initial state. Particles in X follow
independent copies of B¢ and with rate c* give birth to Ny particles located at B +
Y, i=1,..., No, where B¢ is the location of the parent particle. At the mth birth
time R, we use XM+(m—1Not+i ; — 1 Ny to label the new particles, so that if
J(@t) = {j : X] # oo}, then J(R,,) = {0,...,M +mNp}. Coalescence is avoided in
X by having the coalescing particle with the larger index have its future steps and
branching events dictated by an independent copy of the graphical representation.
This will ensure that J(¢) C J(¢t) and {XI(t) : 5 € J@t)} C {XI(t) : j € J(t)} for
allt > 0.

Let Ny = min{m : R,, > T} and define Nr in the same way, using the branching
times {R,}. Let

cp=c"Ng>1. (2.43)
We will also need to separate the particles in X and so define
Fm=inf{s > Rp_1++E: inf |XI—XJ| </}, meN. (2.44)
i#5€J(s)

Lemma 2.4. — There is a constant cg 4 so that for allT >0 and n € N
(a) P(NT > TL) < P(NT > n) < ech(M + 1)(nN0)_1.
(b) P(minlsmSNT Rm - Rm—l < \/E or minlSmSNT }%m - Rm-—l < \/E) <
co.qcoe®T (M + 1)el/8.

Proof
(a) The first inequality follows from the domination of X by X. For the second
one note that E(J(T)) = (M + 1)e®T and conclude

P(Np >n) < P(|J(T)| > M +1+nNg) < (M +1+nNo) (M + 1)e>T.
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(b) Let Z be a mean 1/c* exponential random variable. The domination of X by
X shows that for any n > 1,

P(_ min Rp—Rm-1<Ve) <P( min_ R, — Rpo1 < Ve)

1<m<Nr 1<'m<NT
Z
M+1+(m—1)N

SP(NT>n)+iP( g\/E)

< eT(M +1)(nNo)~ Z (M 41+ (m —1)No)ve,
by (a). Note that the sum is at most c*(M + 1)ny/e + cyn®/ and set n = [e~1/6].
A similar calculation gives the same upper bound for the R,,’s. O
Lemma 2.5. — There is a constant ca.5 so that for all T > 0
P, > %log(l/e) for some m < Np) < ca.5e®T (M + 1)(-:71/2
Proof. — By (a) of Lemma 2.4, P(Nr > n) < e®T (M +1)(nNo)~!. Using (1.6) gives
P(Yy > %log(l/e) for some m < n) < nCe.
Taking n = [¢~'/?] now gives the desired result. m|
The following facts about random walks will be used frequently.

Lemma2.6. — Let Z, denote a continuous time rate 2 random walk on Z2 jumping
with kernel p, and starting at © € Z* under P®, and B¢ be our continuous time
rescaled copy of Z, starting at z € €Z2% under P,.

(a) For anyty>0,79>1,z€Z% and p > 2,
o0
PE(|Zs| < ro for some s > tg) < cz.a/ [[(|w|—r0)+]_”(sp/2Vs)] A [(sVl)‘d/ng] ds.
to
(b) sup, P*(|Z,| < e~/8 for some s > £=3/2) < cp.66%/8.
(c) For any z € €Z4, ry > 1
P,(|B:| < roe for some s > 0) < 62.6(|zIs'l)"(2/3)(d_2)r(2)(d+1)/3.

Proof
(a) Use T'(to,y) < oo to denote the time of the first visit of Z to y after time ¢y,
and let

o
G =/ P%(Z, =0)ds
0
be the expected time at 0 (which is finite since d > 3). Then
o0 (o o)
/ P*(Zs =y)ds = E® (1{T(to,y)(w) < oo}/ y )Py(Zs—T(to,y)(w) =y) ds)
tOvy w

to
= GP*(T'(to,y) < 00).
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Summing over |y| < rg for g > 1 and rearranging, we get

P*(|Zs| < 1o for some s > tg) < G™1 Z P*(Zs =y)ds

ly|<ro V0

o0
= G-I/ P*(|1Z,| < ro)ds. (2.45)
to

A martingale square function inequality shows that for p > 2,
P*(|Zs| < 10) < P2(|Zs| 2 (lz] = 10)*) < e((J2] =m0)T) ) (P2 vs).  (246)

A local central limit theorem (see, e.g., [5, (A.7)]) shows that
P*(|Zs] < 1p) < (s Vv 1)~42pd, (2.47)

Use the above two inequalities to bound the integrand in (2.45) and derive (a).

(b) Set ro = e~'/® and to = £~%/2 in (a) and use only the second term in the
infimum inside the integral. The right-hand side is ce~(4/8)—(3/2)+(3d/4)  To complete
the proof we note that exponent is smallest when d = 3.

(c) We may assume without loss of generality that ro < |z|e™1/2 = M/2 (or the
bound is trivial) and so t; = M*/ 37"3/ 3> Apply (a) with p = 2d and break the
integral at £; to see that the probability in (c) is

t1 o0
PZE_1(|ZS| < 7o for some s > 0) < c[/ M~ (s v s)ds +/ s"d/2rgds]
0

ty
< C(M*Zdttli‘}—l +t}_(d/2)rg)
< cM—(z/s)(d—z)rg(dH)/S' 0
Lemma2.7. — P(Ty < Ry 017y < Ry, for some1<m< Nrp)<cs. 7T (M 41)2¢3/32,
Proof. — To bound P(7,, < Ry, for some 1 < m < Nr), we start with
P(Tm < Ry|FR,_ 1) < P(Rm > Rm—1+ Ve, Ji # j both in J(Rym—1 + V€), s.t.

inf X' — XI| <8 F .
\/E+Rm—1SSSRm| s sl—- | Rm—l)

Now ¢ # j both in J(Rpm—1 + v€) and Ry, > Rpm—1 + /€ imply ¢,5 € J(Rm—1) and
Xt X7 for all s € [Ryy—1, Rm—1 + V€]. Therefore, the above is at most

Y P(Xi-X]#0, Vs € [Rmo1, Rm1 + V2], (2.48)
i#5€J (Rm—1) ) )
’ X~ X3) <€/® 35 > R + VEIFR,_,).

If Z is as in Lemma 2.6, we may use (b) of that result to bound the above by

|J(Rm—1)|? sup P*(|Zs| <e™/8 35 >e73/2) < (M + 1+ (m —1)Ng)? - c%/®
207(:0
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Using Lemma 2.4(a), we conclude

P(1m < Ry, for some 1 < m < Nr)

<e?T(M +1)(nNo)™ + Y (M + 1+ (m — 1)No)?ce®/®.

m=1
To bound the sum we note that for a,b > 1,

n

mZﬂ(a +(m—1)b)% < /On(a + xb)? dz = —3}5[((1 + nb)® — a®] < ca®(nb)®.

Taking n = [¢73/32 /Ny gives the desired bound. A similar calculation (in fact there
is some simplification) gives the same upper bound for

P(im < R,, for some 1 <m < Nr.) O
Lemma 2.8

P( min (7)1 — Rm) < VE) < co.seT (M + 1)%e1/40,
1<m<Nr

Proof. — Define S,, D G, as Gy, (in Lemma 2.1) but without the lower bounds on
APEYT! — Riq or AT R; — R;_1. Note that S,, € Fr,, and if w € Sy, then

| X%, — X% | > €"/® for all distinct i,j € J(Rpm—). (2.49)

In addition, since Y, < £log(1/e) we have that for all i € J(Rm—) — {tm}, J €
J(Rm) - J(Rm_)

1Xh — X% | >e7/8 - Zlog(l Je) > e7/8)2 (2.50)

since € < €1(k) (recall (2.29)).
If T} is the return time to zero of the random walk Z in Lemma 2.6, we have (see
[35, P 26.2] for d = 3 and project down for d > 3)

P*(Tp < 00) < cfzo] ™. (2.51)
Use (2.49), (2.50), and (2.51) with scaling, and the bound
|[J(Rm—)| <M +14(m—1)Ny
to see that on S, € Fr,,,
P (Tps1 = B < VE|FR,,)
< (M +1+ (m—1)No)?e"/® + (M + 1+ (m — 1)No) Noe'/?]
< ¢(M +1)*m2NZeY/3, (2.52)
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Using the bound in Lemma 2.4(a), we conclude

P( min 7, —RmS\/E,SNT)

1<m<Nr

< P(Ng > n) +ZP(NT_kSk, i, 7! 1 — Rm < VE)
k=1

< eT(M +1)(nNo) ™! + P(Sm, 7.1 — Rm < VE).
m+1

k=1m=1
Using (2.52) now, the above sum is at most

cNE(M +1)ne'/® Z m? < ¢(M + 1)%n%e'/8.

m=1

Take n = [¢~1/40] and use Lemmas 2.4, 2.5, and 2.7 to bound P(S%,.) to get the
desired result. O

2.9. When nothing bad happens, (X,¢) and (X ,¢ ) are close

The next result gives a concrete bound on the difference between X and X and
deals with the final interval [R,,, R, A T). Let
Gm =GmN{im >Ry}, meN,
and for 0 < B < 1/2, define

qu = Gy, N{sup sup |X7 — X7| <e'/6}
s<T jej(s)

N{T ¢ UNT5 Ry, R + 26°)}. (2.53)
Allowing smaller 8 values will be useful in Chapters 3 and 4, but for now the reader
may take f = 1/2.
Lemma2.9. — There is a co.g and €2.9(k) > 0 so that for any T > 28,0 < € <

£2.9(k),
P((GE)°) < cg.0eT (M +1)% %75,
) fo

On G5 we have J(s) = J(s) for all s € [T — €#,T), and | X% — X} > €7/® for all
i #j in J(T).
Proof. — Dependence on S will be suppressed. For s as above, Lemma 2.2 implies

J(s) = J(s) on G since s € [RNp-1+ Ve, RNT on Gr. The last assertion of the
Lemma holds on GT because on GT, TNy 2> RNT and

Te [RNT—I + \/E) RNT) = [RNT—I + \/Ea RNT)
Lemmas 2.4, 2.5, 2.7, and 2.8 imply
P(G%,) < ce®T(M +1)%e'/%0, (2.54)
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To deal with the first additional good event in G, we note that by Lemma 2.3
P(Gn,,sup sup |XI — X7 > €'/ < P(Nr > n)

s<T jeJ(s)
n—1

+ P((n ~1)Slog(1/e) + > sup sup | XI— X% |+ X! - X | > 61/6)
" i=0 7€ (Ry) s€[Ri, Rit V]

By (a) in Lemma 2.4 the first term is at most e®” (M + 1)(nNp)~!. If
(n— 1)% log(1/e) < /82, (2.55)

then it is enough to bound

n—1 o . 1/6
P(Z sup sup | XI - X% |+1X] - X}]3|>€——>

i=0 J€J(R:) s€[R:,Ri++/e] 2
n—1 1/6

< Z M+1+zN0)2P(sup |Bf| > __) <c(M +1)n 2N, - n2e -2/6, 1/2
=0 s<+ €

by the L? maximal inequality for martingales. If n = [¢~1/40] (so that (2.55) holds
for € < e2.9(k)) the above gives

P(Gny, sup sup |XI — X7| > e'/®) < ce®T (M +1)e*/40. (2.56)
s<T jed(s)

The domination of X by X ensures that
UNT S Ry, Ry + 26%) C UNT Y [Ryn, R + 26°).

m“O
Therefore (recall T > 2¢#) for any £ € N
P(T € UN 3 Ry, R + 26°)) < P(Nr > £) + P(T € U522 [Rm, R + 26°)).
Lemma 2.4(a) shows that the first term is at most e®T (M +1)(¢Np)~!. Conditional on

F&,_,» Rm—Rm_1 is an exponential random variable with rate (M +1+(m—1)No)c*,
so the second term is at most

( Z P(T — 2P <Ry -—Rp1<T- Rm—llffzm_,)>

< 2P Z (M +1+ (m —1)No)c*) < ce®T (M + 1)¢%P.

m=1

Taking ¢ = [¢7#/3] then using (2.54) and (2.56) gives the desired bound on P(G%).
O

The next ingredient required for the convergence theorem is:

Lemma 2.10. — Assume T > 2%, to € [0,¢?], and w € G5 If Cto( ) = Cio(§) for all
jE€ J( —to), then CT( )=¢(r(i),i=0,...,M. In particular if (to( j) = §t0(X%_tO)
for j € J(T —tg), then CT(Z') =&r(z) fori =0,...,M.
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Remark 2.1. — By Lemma 2.9, J(T —to) = J(T —to) on C:’g, and so all the necessary
inputs required for both computations are prescribed in the above result.

Proof. — The last statement is immediate from the first and (2.17) with r = T..
By the definition of Gy, D Ggw and Lemma 2.2 there is a unique n < Nt so that

Ro+Ve<T -6 <t—ty<T <Ry (2.57)
and
Ry = R, and fim = o for m <n+1, K(s) = K(s) for s € [0, T). (2.58)

As was noted in Section 2.6 the inductive definitions of ¢ and é are identical except
the latter has hats on the relevant variables and uses =~; in place of ~;. The above
shows that in our current setting the relevant variables are the same with or without
hats (recall we are using ﬁn = U, in our coupled construction of (:‘ ) and so it remains
to show the equivalence relations are the same and we do this now for the initial
extensions. That is, we extended (;, to {0,...,K(T — to)} by (k) = &, (j) if
k~p_y j € J(T —to) = J(T — to) (see the above Remark) and extended ¢, in
the same way but if k ~ j € J(T — to) which means X2_, = X%_, , and so we
now show these equivalencies are the same and hence so are the extensions. Note
that in applying (2.24) to extend (, we are using 7, = TRy vm (VE) for m > 0 and
7o = 7o,2(v/€). This means two indices j,k in a family which has branched at time
R = Ry, 0 < m < n (if m = 0 this means two initial indices) are equivalent (in the
~ sense) at time T — to if their corresponding X paths coalesce by time R,, + /e.
Lemma 2.2 implies that on Gé{ there are no coalescing events in [0, T — to] (in fact
on [0,T1]) except for those in [R,,, Rm + /€], involving a common family born at R,
for m < n. Therefore, the above condition is equivalent to X%_to =Xk, , and the
required result is proved.

The Lemma now follows easily by induction up the tree of X. In place of the
above we must show equivalence of the equivalencies used in (2.20) and (2.27) at
times R,,. Note here that for the indices of interest in (2.20) and (2.27) this is
equivalent to the corresponding equivalencies at times R,,—1 + /¢ and this follows as
above for m > 1. O

2.10. The branching Brownian motion and computation process

We now define a branching Brownian motion X0 starting at * € R¢ with paths
in D. Let {r9,n > 1} be an i.i.d. sequence of partitions with law vy (defined
in the second paragraph of Section 2.5). Particles in X© branch at rate ¢* and at
the nth branching time, |7%| — 1 particles are born at the location of the parent
who also remains alive. After birth, particles in X° move as independent Brownian
motions in R? with variance parameter o2. To couple X° with the branching random
walk X¢ from Section 2.5 we need two preliminary lemmas which allow us to couple
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the corresponding particle motions and offspring numbers, respectively, of the two
branching processes.

Lemma 2.11. — We may define our scaled random walk B¢ and a d-dimensional
Brownian motion B with variance o2, starting at 0, on the same space so that for
some constant cz. 11

P(sup|Bf — By| > V) < ca.11Te.
t<T

Proof. — Apply Theorem 2.3 (i) of Chapter 1 of [10] with H(z) = 5, to see we may
define the unscaled random walk B! (rate 1, step distribution p) and a Brownian
motion as above, B’ on the same space so that for all S >0 and r > 1

P(sup|B! - Bl| >r) <cSrt. (2.59)
s<S

Although the above reference applies to discrete time random walks, we apply it to
the step distribution Zfi(ll ) X;, where {X.} are i.i.d. p(-) and N(1) is an indepen-
dent Poisson(1) random variable. We arrive at the above after a short interpolation
calculation for B!

To get the desired result from (2.59) we set Bf = ¢B! B; = €B!_,, and use

e—2¢

r = e~1/2 to conclude that
P(sup |Bf — B;| > Ve) < P(sup |eBl_z; — eB. 5,| > V)
t<T t<T
< P( sup |B} - Bj|>¢e"/?)
t<e—2T
< ce2Ted = cTe
which proves the desired result. O
Lemma 2.12. — For each € > 0 we may construct the sequence {m3 : n > 1} on the

same space as {m& :n > 1} so that for alln > 1,
P(ﬂ'i #* Wg) < 62,1263/4.
Proof. — The obvious way to couple m¢ and 72 is to use the same system of rate

one coalescing random walks {BY" : i = 0,...,No}. If Z is as in Lemma 2.6, then
by (2.45) and (2.47)

P(n€ # 79) < sup P*(Zs = 0 for some s > e73/2)
x

< e(e73?2)7Y2 = %4, O

Let z. € €Z® for ¢ > 0 and assume z. — = € R%. Our goal now is a joint
construction of (X¢, X°) started from (z.,x), and associated computation processes
(65, fo) with the property that if 65, 60 have the same inputs then they will have the
same outputs with probability close to one.
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The branching random walk X¢ starting with a single particle at z., along with
the associated index sets J¢(-), branch times {R¢,}, and parent variables {/i¢,}, are
constructed as in Section 2.5 using the sequence {7%,} in Lemma 2.12. There is no
initial coalescing step now as we are starting with a single particle. We use the coupled
sequence {72 : n > 1} to define the offspring numbers, branching times {R? : n > 1},
index sets J(-) and parent variables {u® : n > 1} with the same conditional laws
(given {n9,}) as in the definition of X¢. We may couple these two constructions so
that for all n € Z,, on the set

Go%¢ = {70 =&, for all 0 < m < n},
we have
Re, =RY, 15, = 1%, and JO(s) = J°(s) for all s < R%,, forallm <n.  (2.60)

Define N = inf{m : R%, > t}. Using these sequences we follow the prescription in
Section 2.5 for constructing X but substituting Brownian motion paths for random
walk paths. Couple these random walks and Brownian motions as in Lemma 2.11 at
least as long as the branching structure of the two are the same. Note that if there are
n branching events up to time 7T there are at most 1 +n/Ny independent random walk
segments and Brownian motions of length at most T to couple (recall our labeling
scheme from Section 2.5). In addition to the errors in Lemma 2.11 there will be a
small error from the difference in initial positions at time 0, and so we get

P(G?\}f) ,sup sup |X£’j - X§]| > |ze — x| + VE) (2.61)

T s<T jeJOo(s)

< P(N% > Tl) + (1 + nNo)Cz,uTS + 02,1277,63/4.

The first time 7¢ # 72 we declare the coupling a failure and complete the definition
of X2 for t > R? using random variables independent of X¢.

Fix T > 0 and to € [0,T). Given X?, JO(t),0 < t < T, the sequences {n2}, {R%},
{ul} an independent sequence of i.i.d. uniform [0,1] random variables {U2}, and
initial inputs {, (§) : j € J(T —t0)}, we define a computation process (2,9 < t < T.
The definition is analogous to that of {; given in Section 2.6 for X< started at a single
point, but we use g;—; in place of gf_, in (2.26). That is, as in (2.25), (2.26), we have

Vol =l poy_((m=1)No+3), j=1,...,No,
and if i = §?T—R0 ) (Hon), we have

. 1—i iU <gi_s(VO)/c*
0 <u9n>={ o< g1-i(Vi)/

A 2.62
C(T—Rm) i otherwise. ( )

We further couple 60 and ée by using the same sequence of independent uniforms:
{U%} = {U,,} in their inductive definitions. Just as in (2.41) we can show that
this sequence is independent of all the other variables used to define X© and (°, as
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required. We let ]:-to denote the right-continuous filtration generated by X0 X¢ and
AO(t) = (R, 42, 70, Upm)1(RY, < t))men as well as its counterpart for X¢.
Notation. — GY° = G?\}g N {sup,<7 SUP e jo(s) |X03 — X9 < |z — x| + VE},
G%e _ éoT’eﬂ{Um ¢ [gi(ﬁ)ggf(ﬁ), gi(é);/‘gf(ﬁ)] for all £ € {0,1}¥,m < N2,i=0,1}.
Lemma 2.13

(a) On GY*, we have

R, =R, pc, =, 75, =72, for allm < N2, and Jé(s) = J°(s) for all s < T.
(b) P((Gf%é)c) < 02~13ech€3/8.
(c) On G’gf we also have for any to € [0,T), iff?o () = &, (5) for all j € JO(T—to),
then C3.(0) = &5.(0).

(@) P((GF)°) < a1 [/ + /g 5 — gillo)-

Proof

(a) is immediate from (2.60) and the definition of Go:°.

(b) follows from (2.61) and the now familiar bound P(N2 > n) < f:;(,:, by setting
n = [e73/8].

(c) On C:'gle, we see from (a) and the inductive definitions of (° and (¢, that all the
variables used to define ¢%.(0) and ¢%(0) coincide. Therefore these outputs can only
differ due to the use of g;—1 in (2.62) and the use of g5_, in (2.26). By induction we
may assume Vi = V9 and the additional condition defining C_v'gf now ensures that
these two steps produce the same outputs.

(d) The additional condition defining G’OT’E fails with probability at most (recall
ct>1)

1 T 1
N € N
HNT>m+n2ﬂZQM—gmmysM%+n2ﬂzym~gmw}
Now let n = [S1_ llg: — 9 ]loo] ™/ and use (b) to complete the proof. O
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CHAPTER 3

PROOFS OF THEOREMS 1.2 AND 1.3

3.1. Proof of Theorem 1.2

We start with a key estimate giving the product structure in Theorem 1.2. This
relies on the fact that duals starting at distant points with high probability will not
collide. For some results we will need a quantitative estimate. Let x’; € ez, y; € 7¢
and sz-—-zikzxg-l-syi, for0<i<Land1<k<K. Set

e = min |zik — zirgr €1
0<4,i’<L,1<k#k'<K

The notation is taken to parallel that in the statement of Theorem 1.2 and hypothe-
sis (1.37) implies

lim A; = oo. (3.1)

€

Let X = X*»7T be the dual process starting at z for the time period [0,T], with
associated computation process (; which has initial inputs (o(j) = £5(X7), j € J(T).
Let zx = (2ik,i = 0,...,L) and consider the duals X**7 1 < k < K defined as in
Chapter 2 with their associated uniforms {U%} and parent variables {u¥,}. These

duals are naturally embedded in X*7, and although the numbering of the particles
may differ, we do have

{X79: 5 € J(H} = UL {X7 :j € J* (1), t € [0,T) (3.2)
Define

V.re =inf{t € [0,T] : X+ = X7+ (33)
for some 1 <k # k' < K,j € J*(t),j € J*(t)},

where inf & = oo.

Lemma3.l. — P(V, 1. < 00) < c3.1(K, L)e®T (Ag)~(4-2)/(d+6),
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Proof. — We may dominate X T by the branching random walks X %7 from Sec-
tion 2.8, and define Ny, N7* in the obvious way. Then

P(V < 0)
< 2k
< P(insa,}){( N7F > n)
+ Y P(XMI - X7 =03 € T (1), 5 € T (t),t < T,NZ v N <n).
1<k#k'<K

The first term is bounded by Ke®Tn~! by Lemma 2.4(a). If {Y;:} are i.i.d., each
equal in law to Y*, and independent of B¢, then for R > 1 the second term is at most

n

S NPy, (BRI < Y eV H<T)
1<k#k' <K;0<i,i' <L m=1
< Z (1 + nNy)? [nCe_"‘R + Pz, (|B3g| <neR 3t < T)],

1<k#k! <K;0<i,i’'<L

where we used (1.6) in the last line. By Lemma 2.6(c), the probability in the last
term is at most cp gA; (¥/3(@=2) (nR)2(4+1)/3 and so if § = As—(2/3)(d_2),

P(V < 0) < cK?(L 4 1)%e*T N2 [n—l +nde "B 4 5n2(n R)z(d+1)/3}_

Now, optimizing over n and R, set cq = di%, kR = cqlog(1/6) and n = [e*F/4]. Here
we may assume without loss of generality that A, > M (k) so that R > 1. A bit of
arithmetic now shows the above bound becomes

P(V < 0) < ¢(K, L)e®T §3/(2d+12)
and the result follows. -

We suppose now that the assumptions of Theorem 1.2 are in force. That is, T' > 0
is fixed, £§ has law A, satisfying the local density condition (1.35) for a fixed r € (0, 1),
and (1.37) holds. It is intuitively clear that the density hypothesis is weakened by
reducing 7. To prove this, note that the boundedness of the density and uniformity
in z of the convergence in (1.35) shows that the contribution to the density on larger
blocks from smaller blocks whose density is not near v is small in L!. We may therefore
approximate the mass in a large block by the mass in smaller sub-blocks of density
near v, and use the fact that the contributions close to the boundary of the large
block is negligible to derive the density condition (1.35) for the larger blocks. As a
result we may assume that r < 1/4.

By inclusion-exclusion, it suffices to prove for —1 < Ly < L,

lim P(&5(z¥ +eyi,) =1, j=0,..., Ly, k=1,...K)
e—0 K
= H<1{£(y’t]) =1, 7=0,.. 'aLk}>u(T,a:’°)- (34)
k=1
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Allowing k-dependence in Ly and general subsets of the y;’s is needed for the inclusion-
exclusion, but to reduce eyestrain we will set i; = j and Ly = L in what follows. The
general case requires only notational changes. By the duality equation (2.17),
P(s(zi)=1,i=0,...,L,k=1,...,K) (3.5)
= P{r(i,k)=1,i=0,...,L,k=1,...,K),

s0 (3.4) is then equivalent to
P{r(i,k)=1i=0,...,.Lk=1,...,K)

K
= JT{€w) =1,i=0,...,L})yzex) ase > 0. (3.6)
k=1

The proof of (3.6) uses the approach of [18], pp. 304-306.
To work with the left-hand side of (3.6) we need the following preliminary result
to simplify the initial inputs (o. Define

B=19r and t. =¢°. (3.7)

Lemma 3.2. — Assume &£ is independent of the rescaled random walks {B*Y : w €
€Z%} as in (2.8). Then for anyn € N and k > 0,

n n
. € €,W; _ )| =
eh_% sup ) E< I I &(By, )) I I v(w;)| =0.
|wiyeens|wn | <k,w; EZ =1 =1

wiFw; for iF#j

Proof. — Recall the definitions of a. and Q. just before (1.34). For z1,..., 2z, € a.Z%
define

D(z1,...,2n) = {B" € 2 + Q. for 1 <i < n},

and y(wi, z;) = P(B{"" € z; + Q¢), so that P(['(21,...,2n)) = [[7=; ¥(wi, 2;). Let
G be the union of the events I'(z1, ..., 2,) over distinct 21,...,2, € a:Z% such that
|zi — w;| < ky/te for 1 < i < n. We claim that P(G¢) is small for k large enough. To
see this, fix § > 0 and choose k large enough so that

P(IB" —wi| = (k= 1)VE&) = P(1B3°| > (k = 1)VE) < §/n. (3.8)
By a standard estimate (and also since r < 1/4), for w; as above and 7 # j,
P(|B"* = B"| < 2ac) < ¢l Qe|P(B5] = 0) < clQc|(e7%te) ™2 < ce ¥4,
which implies
P(|B{™ — By | < 2a. for some 1 < i < j < n) < Cn?e05m?, (3.9)

By (3.9) and (3.8),
P(G®) < Cn2%e% 4§ . (3.10)
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Now consider the decomposition

(Hgo(Be ey ) Z E(ﬁgg(ngi);r(zl, 5 .,zn)) (3.11)

=1
where the sum is taken over only those (z1,...,25) used in the definition of G. A
typical term in this sum takes the form

n
Z E( H &6 (zi +e)1(By" =z + ei))
€1,..,en€Qe =1 N
= Z (Hf Zz+ei))HP(Bti’wi=z,~+ei) .
i=1

e1,..,en€Qe =1

Since v/t > ae, the probabilities P(B;"" = z; + e;) = P(Bfe’0 =z, — w; + €;)
are almost constant over e; € Q.. In fact, a calculation, using the version
of the local central limit theorem in the Remark after P7.8 in [35] to expand
P(B]fe’O =z —w;t+e)= P(Bg—%s = (z; — w; + e;)/€), shows that

P(Bfe’o =2; —Ww; + 6)

lim sup =1 3.12
0 e P(B® =z—wi+e) (3.12)
lzi—wi|<kviEe

The continuous time setting is easily accommodated, for example by noting that along
multiples of a fixed time it becomes a discrete time random walk.

Consequently, for all sufficiently small € > 0, we have kv/t. < 1 and uniformly in
|lwi| <k, |2: — wi| < kvt and e € Q.,

|Qc|P(B™ = zi+e)
¥(wi, )
Using this bound and the fact that the z; are distinct we have

> E(iI:Il&S(zi + ei)) ﬁP(Bf;wi =2 +e)

elv'--,ener i=1

< > E(Hfé(zi+ei)) 1|5fn vaz,zz

1-6<

<1+46. (3.13)

€1,...,en€Qe =1
=(1+ 5)"E<H D(zi,§5)> P(T(z1,...,2n)).
=1

The continuity of v implies that for small enough ¢, for all |w| < k and |z — w| <
ke, [v(w) — v(2)| < 8. Also for sufficiently small € and z € a.Z%, |z| < k+ 1, we
have P(D(z,£§) > v(z) +d) < d/n. Thus

E(HD(zi,§S)> <6+ [Jw(z) +6) <6+ [[w(w:) +26) .
i=1

i=1 i=1
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Returning to the decomposition (3.11), the above bounds imply that for sufficiently
small g,

E(ilj[léé(Bf;“”);G>S(1+6)"[5+ﬁ(v(wi)+25)] S P, 2n)

=1 21,..932n

<@1+0)" [5 + ﬁ(v(wi) + 25)] .

=1

Let € — 0 and then § — 0 above and in (3.10) to obtain

lim sup sup (E(H{g(Bsz)> — HU('LU@)) <0.
i=0 i=1

€20 Juwil,...,|wn|<k

A similar argument gives a reverse inequality needed to complete the proof. O

We break the proof of (3.6) into three main steps. Introduce
S=T-t.=T-¢".

Step 1. Reduction to Bernoulli inputs and K = 1. — Let X = X*T be the modifi-
cation of the dual in which particles ignore reaction and coalescing events on [S, T,
and let (; be the associated computation process with inputs (o(j) = & (X%) That
is, X; = X; for t € [0, 5], and during the time period [S,T], X}, j € J(S) follows the
same path as th until the first time a reaction or coalescence occurs, at which time
all the X't’ switch to following completely independent B¢ random walks.

On the event G’g defined in (2.53) there are no reaction or coalescing events during
[S,T]. Thus, X; = X; for all t € [0,T] on CNJ?, so it follows from Lemma 2.9 that

P(¢ # & for some t € [0,T]) < cao[(L + 1)K]2eTed 5 | (3.14)

Let e (x) = Py &5(x), where
Pff(z) = E(f(z + BY)), z € €Z4, is the semigroup of B¥, (3.15)
and let Wy, Wa, ... be an i.i.d. sequence of uniforms on the interval [0, 1], independent

of £§ and the random variables used in Section 2. We will use this sequence throughout
the rest of this section and also in Section 4. Define a second computation process
¢ te <t <T,for X, with inputs

G () =W, <X}, e (sS). (3.16)
It is clear that conditional on 0(£§) V Foo, the variables ¢ (j), j € J(S), respectively
Gi.(§), j € J(8S), are independent Bernoulli with means v(X%), respectively . (X%).
Let X = X*T be the branching random walk dominating X which was introduced in

Section 2.8. If we fix § > 0, then using Lemma 2.4(a) it is not hard to see that there
exist n, k such that for all £ sufficiently small,

P(|J(S)| < n and |X5(S)| < k for all j € J(S)) >1—4. (3.17)
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It now follows from (3.17), Lemma 3.2 and the definitions of X, {y and G, that for
any b:Z*t — {0,1},
|P(Gi. (7) = bj,§ € J(S)) = P(G.(§) = bj,5 € J(S))l
< E(|P(G.(4) = bj,5 € J(S)|Fs Vo(&5)) — P(¢e. (45) = bj, 3 € J(S)|Fs V a(&))])
—+0ase—0.
As a consequence, since both (;, ¢;,te <t < T are defined relative to X with identical
{Um}, {pm} and {R,,}, by conditioning on the input values, the above implies
P(lr(i,k)=1,i=0,...,L,k=1,...,K)
- P(¢r(i,k)=1,i=0,...,L,k=1,...,K) >0ase — 0. (3.18)
Let {;"** be the computation process associated with X**7 1 < k < K with
inputs as in (3.16). That is, for j € J**(S) there exists a j' € J(S) with XL = xz+7
(by (3.2)) and we set (7% (j) = 1{W;, < v(Xg"7)}. Up to time V = V, 1. the
duals X**T k < K, use independent random walk steps and branching mechanisms,

and on {V = oo} the computation processes {*'** also use independent uniforms and
parent variables as well as independent inputs at time ¢.. It follows that (see below)

K
P(¢r(i,k) =1,i=0,...,Lk=1,...,K)- [ P(¢;*(i) =1,0< i < L)
k=1

<PV <oo)—0 as e—>0. (3.19)

The last limit follows from Lemma 3.1 and (3.1). Perhaps the easiest way to see
the first inequality is to extend X[ T ot € [V, T] by using independent graphical
representations and define the corresponding computation processes ¢ "2k yusing in-
dependent collections of {W;}’s for the inputs at time t.. The resulting computation
processes CI*'zk are then independent, each ( "2k g equal in law to (*'**, and the two
are identical for all k on {V = oo}. On this set we also have

{C}(Z, k) “1, k} = {C;"’Zk(i) 11, k}v
and so (3.19) follows. It is therefore enough to set K =1 and drop the superscript k.
Altering our notation to z = (z;), z; = z. +€y; where z. — z, it suffices now to prove

P(r(i) =1,0<i< L) = (1{&(y:) = 1,0 <i < L})ure) as€ > 0. (3.20)

Step 2. Reduction to L = 0. — Let X=X #»T 0 <t < T be the branching random
walk started at z, with associated computation process (;,t. < t < T. We suppose
that X and X are coupled as in Section 2.7, and that (; has initial inputs

G (§) = W, < v(X%)},4 € J(9).

On the event C:'qﬂw, J(S) = J(S) and all the differences |X§ — X%, j € J(S) are small.
It therefore follows from (3.17) (if we take Y = 0 X will stochastically dominate X),
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the continuity of v, the definitions of ¢ and CAtE, and Lemma 2.9 that
P(G4, ¢ (§) = & (j) for all j € J(S)) = L as e — 0. (3.21)
By Lemma 2.10, on the event in (3.21), the outputs ¢} and {r agree, and consequently
Pr(i)=1,0<i<L)—P({r(i)=1,0<i< L) —»0ase—0. (3.22)

Using the branching structure we can now reduce to the case L = 0. To see this,
let X#T be the branching random walk started from z; = z. + €y;, with associated
computation process éfi,ts < t < T with initial inputs ff: (j) which, conditional on
X7,0 <t < S are independent with means (X 5 7). The branching property and
definition of Xp in (2.23) imply (recall my = mo(e, 2) from just after (2.21))

P(r(i)=1,i=0,...,L)= Y P(x(0,z)==) [[ P(5(0)=1).

wellg jeJ ()

Since z; = x. +¢ey; for i = 0,..., L, translation invariance implies 7 (e, 2) converges
weakly to 7(0,y), where i ~ j in m(0,y) means BY: = B’ = for some s > 0. Since
zj >z ase—0fori=0,...,L, if we can establish, for any z. - z as ¢ — 0,

P({%(0) = 1) = (T, ) as e = 0, (3.23)

for some 4 : Ry x R? — [0, 1], then the convergence (e, z) = (0, y) implies

P(r(i)=1,i=0,...,L) > Y P(n(0,y) = m)(&(T,x))"!
w€elly

= (1{€(y:) =1,0<i < L})acrs) ase >0, (3.24)

where (1.40) is used in the last line. Combining this with (3.22) gives the desired
result (3.20) but with 4 in place of u, that is, we get

P((7(1))=1,0<4< L) = (1{&(y:) = 1,0<i < L})y(r,0) as € = 0. (3.25)
We first turn now to the proof of (3.23).

Step 8. Convergence and identification of the limit. — Let X0 be the branching
Brownian motion started at 2 € R run over the time period [0, 7], with associated
computation process ({,t. <t < T with inputs

&) = 1{W; <u(XF)}, 5 € JS).

Using the obvious analogue of (3.17) for X, the continuity of v and the definitions
of ¢;, and (?E, Lemma 2.13 (and the uniform convergence of g5 to g;) implies

P(G3,6. () = &, (j) for all j € JO(S)) > 1 as e — 0. (3.26)
By Lemma 2.13(c), on the event in (3.26), (r(0) = ¢2(0), and thus
P(E(0) =1) — P(E2(0) =1) = 0 as € — 0, (3.27)
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where we note that both quantities in the above depend on e. If we take the initial
inputs for the computation process (®*, 0 <t < T, at time 0 to be

(o™ (4) = UW; < v(Xg7)}j € J(T), (3.28)
it is now routine to see that P(é?s = *toe,*) — 1 ase — 0, and so by (3.27)
lim P(3<(0) = 1) = P((7"(0) = 1) = &(T, @) (3:29)

This proves (3.23), hence (3.24) and so to complete the proof of (3.20), and hence
Theorem 1.2, we only need show @ = u:

Lemma 3.3. — Let X?,O <t < T be the branching Brownian motion started at x €
R4, with associated computation process C? *,0 < t < T with initial inputs as in (3.28).
Then

P((z"(0) =1) = u(Tz),
where u is the solution of the P.D.E. (1.33).
Proof. — This is very similar to the proof in Section 2(e) of [18]. Recall Pf is the
semigroup of B¢. Let z € R? and z. € €Z¢ satisfy |z — z.| < ¢ and let £° be our

rescaled particle system where {¢5(ey) : y € Z?} are independent Bernoulli random
variables with means {v(ey) : y € Z%}. If

de(ew, &) = ~EWIRG(0,€) + (1~ WA, E), w € 2%, £ {0, 1%, (3:30)
then the martingale problem for £° shows that (cf. [18, (2.25)])

T
E(¢r(ze)) = E(Prég(ze)) +/O Eq, x E(de(By_,,&5)) ds, (3.31)
where Bj = x. under P, . Our hypotheses on £§ imply
E(Pp&6(ze)) = Pru(ze) — Pru(z) ase — 0,

where P; is the d-dimensional Brownian semigroup with variance o2. Recall we have
proved ((3.24) and the preceding results) that

lim P(§7(ze +eys) =mi, i=0,...,L) = (H{&(ys) = mi, i =0,..., LHa(rz)-

Now use the above with Fubini’s theorem, the uniform convergence of ¢¢ in (1.7) and
the coupling of B® and B in Lemma 2.11 to conclude that

lim B, x E(de(Br—s, &5))
= lim B, x E x By (=€5(B_s)g5(&5(Br_s +€Y),... &(B7_, +€Y0))
+ (1 - €5(B7_,))g5 (€5 (Br_s + Y1), ..., £5(Br_, + Y ™0)))
= Ez({(—€(0)ho(0,&) + (1 — £(0))h1(0,€))a(s,Br_.))
Ez(f(a(s, Br-s)),
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the last by (1.30). Now use the above to take limits in (3.31) to show that @ solves
the weak form of (1.33). As in Lemma 2.21 of [18] it follows that @ solves (1.33) and
so equals u. O

The following asymptotic independence result follows easily from Step 1 in the
above argument.

Proposition34. — If K € N, there is a cs 4(K) so that if z1,...,2K € €Z2 satisfy
infjz |2j — 2k| > €Y/* and & is deterministic, then

‘E( kfj s%(zk)) - ,ﬁ B(g5(2))

Proof. — Define V = V, 1 as in (3.3) but now with zj € €Z¢, that is L = 0. Use
the dual equation (3.5) and argue just as in the derivation of (3.19) to see that

{E@@(za) - iIIle(sﬂzm

The fact that &5 is deterministic makes the independence argument simpler in this
setting. Now use Lemma 3.1 and the separation hypothesis on the zj;’s to bound the
right-hand side of the above by

03.1 (K, O)ech€(3/4)(d—2)/(¢i+6) S 03.1 (K, O)erTsl/lz' D

< 63,4(K)€ch€1/12.

< P(V < ).

3.2. Proof of Theorem 1.3

Proof. — Let t > 0 and choose n(e) | 0 so that n(¢)/e — oo and n(e)/d(e) — 0.
Recall I5(z) is the semi-open cube containing x defined prior to Theorem 1.3. Write
E((a(t,z) — u(t,z))?)
e \2d
=(5g) X BE@)EE) - u )@ @) + @)+ ulb0)).
z1,c2€15(x)
The contribution to the above sum from |z; — z2| < n(e) is trivially asymptotically
small, uniformly in z, as € — 0. Theorem 1.2 shows that the expectation in the above

sum goes to zero uniformly in z1,z2 € Is(z), |1 — 22| > n(e), € [- K, K]? ase — 0.
The result follows. O
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CHAPTER 4

ACHIEVING LOW DENSITY

The first step in the proof of Theorem 1.5 is to use the convergence to the partial
differential equation in Theorem 1.2, and more particularly the estimates in the proof,
to get the particle density in (1.34) low on a linearly growing region.

As we will now use the partial differential equation results in Section 1.3, we begin
by giving the short promised proofs of Propositions 1.6, 1.7 and 1.9.

Proof of Proposition 1.9. — Set n = |r|/3 and let L}, Cy and co be the constants in
Proposition 1.8, and define

Ls = Lg, c1=cy, ts= Lg . 3\/c_l/|r|, C1 = (Co V 1)

Suppose t > ts, L > L and |z| < L + (|r|/3)t/v/d. Then we may write = zo + v,
where

2lr| t |rlt Irlts 0

< ——= ——=<L-——==L-Ly. 4.1
|y' =73 \/C_l 3\/(‘1' = 3\/(1 [ ( )
For t > 0 and z € R? define (t,2) = u(t,zo + 2). If |2| < LY, then |z¢ + 2| <
|zo| + LY < L, which implies that @(0,2z) < p— 8. Applying Proposition 1.8 to @, and

and |zo| <L

recalling the bound on |y| in (4.1), which implies |y|2 < @t we have that for t > ts,
and |z < L + (|r|/3)t/Vd

u(t,x) = i(t,y) < Coe™ " < Cre 1t

Since the right-hand side above is at least 1 if ¢t < t5, the above bound follows for all
t > 0, and we have proved the result with w = |r|/6v/d. O

Proof of Proposition 1.7. — Extend f|jo,1) to a smooth function fon [0,1+ 6] so
that f > 0 on (1,1+ &), f(1 +60) =0, f'(1 +60) < 0 and [} F(u)du < 0. The
situation is now as in Proposition 1.9 with 0, 1 and 1 + §p playing the roles of 0, p
and 1. As the solutions take values in [0, 1] the extension will not affect the solutions
and the result follows from Proposition 1.9. O
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Proof of Proposition 1.6. — The version of Proposition 1.7 with the roles of 0 and 1
reversed, applied on the interval (0, a) shows there are positive constants L, ¢, and C
so that if u(0,z) > a/2 for |z| < L, then

u(t,z) > a— Ce ™ for |z| < L + 2wt.

It is here that we need f'(a) < 0, corresponding to f’(0) < 0 in Proposition 1.7. By
Theorem 3.1 of Aronson and Weinberger [2] there is a Ty so that

uw(T,z) > a/2 for |z| < L and T > Tp.
Therefore we have
u(t +To,z) > a— Ce™ for |z| < L+ 2w(t + Tp) — 2wTy,
and so for t > 27Ty,
u(t,z) > a — CeTe for |z| < L + wt.
The result follows as we may replace w with 2w. O

Recall the parameter r € (0, 1), and definitions of a, t¢, Qc, and D(z,£) in (1.34).
We first show the density D(z,£5) is close to its mean.

Lemma4.1. — Let T > 0 and assume & is deterministic.
(a) If 0 <r < &, then for all x € a.Z%,
E((D(z, &%) — E(D(x,£7)))%) < Caae e/ 12,
(b) If0 <r < 1/(16d) and C =y + [-L,L]® for y € R%, then for all n > 0,

P( sup |D(z,%) — E(D(z,£7))| 2 1) < Caae'/*®L%>Tn~2.
zeCNa.Z4

Proof
(a) Note that

{(21,22) € (z + Qe)?: |21 — 22| < '/}
<@ DQ Sl (1)
If 3% denotes the sum over
ze{(z1,22) € (x+Qc)?: |21 — 22| > ¥4}, (4.3)
then by (4.2) and Proposition 3.4 with K = 2,
E((D(z,&7) — E(D(z,£7)))?)
< Qe [cdeeP(ei-"ri + %7 [B( Iz €5(20)) — Ty E(f%(zw)]]
< cds(%_r)d + 4C3.4(2)605T81/12
< Cy1eTel/?2, (4.4)

where our condition on r is used in the last line.
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(b) Note that
IC n aEZdl < chda;d < chds—rd < chdE—l/lﬁ.
The result now follows from (a) and Chebychev’s inequality. O

We recall the following hypothesis from Section 1.2:

Assumption 2. — There are constants 0 < u; < 1, co,Co,w > 0, Ly > 3 so that for
all L > Ly, if u(0,z) < uy for |x| < L then for allt >0

u(t,z) < Coe™?" for all |z| < L + 2wt.

We also recall the following condition from the same Section: For some r¢ > 0,
1
> llgf = gilloo < crare™. (4.5)
1=0

We say that & € {0,1}2” has density at most x (respectively, in [k, £2]) on A C R?
iff D(x,€) < K (respectively D(x,£) € [k1,k2]) for all € (acZ%) N A. We set (recall
(3.7))

r= L hence g = 19 te = b9/ (8D T — A, ,lo0g(1/e), and S =T —t., (4.6)

16d’ 16d’ ’ ' ’ ’
where As2 = cb_1 (1—610—d A 3})
Lemma 4.2. — Suppose Assumption 2 and (4.5) hold. Let uz € (0,u1) and y42 =
(—2—5/\1)(%3/\%‘1). There is an £4.2 > 0, depending on (u1,ug, w, ¢z, Co) and satisfying
1%’ <, (4.7

50 that if 0 < € < €42 and 2+ Lo < L < ¢4 then whenever & has density at
most ug in [—L, L)%,

P(¢5 has density at most €2 in [—L — wT, L + wT)4|¢5) > 1 — 0L

Note that (4.7) allows us to iterate this result and obtain the conclusion on successively
larger spatial regions at multiples of 7.
The proof of the above Lemma will require some preliminary lemmas.

Lemma4.3. — Ifpi(y) = e %P(Bf =), y € €Z2, then for 0 <e <1,
pS () — p§(x + y)| < casly|t™@D/2 for all 2,y € €Z% and t > 0.

Proof. — This is a standard local central limit theorem; for d = 2 this is Lemma 2.1
of [6] and the same proof applies in higher dimensions. O

Recall (from (3.15)) that Pf is the semigroup associated with B€.
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Lemma 4.4. — There is a cq.4 such that if 1 > a > /2, then for 0 <e <1,
|PLé(x) — PLE)] < cqqeomPVEH)
for all 2,z € €Z¢ such that |& — | < 2¢* and all £ € {0,1}2°,

Proof. — Let —00o < § < a, A =z — 1’ and assume |A| < 2¢*. Apply Lemma 4.3 to
see that

|P&(z) — P &(a")]
< Y IP(B, =2) - P(B, =z+A)
z€€Z4
< > case|AlZ D2 4 P(1Bf | > 3¢%) + P(|1Bg,| > 3¢° — A)
|2|<3e
< g0 Ddgd+ag—Bd+1)/2 4 op(|BE | > €%).

If we use Chebychev to bound the last summand by ct.e=2% = ce#~2% and optimize

over ¢ (setting § = g - E:égdgl < g < a), we obtain the required upper bound. O
Lemma4.5. — For any n > 0 there is an €45(n) > 0 so that if 0 < € < €45,
u€[0,1], L>1, and ¢ € {0, 1}¥2° has density at most u in [~L, L)%, then

Pig(x)<u+n forallz e [-L+1,L—1]*Nez?. (4.8)

Proof. — By translation invariance it suffices to prove that for small enough ¢ > 0
and all z € [—ac, ac]9NeZ?, if £ has density at most u in [—1,1)¢ then Pf ¢(x) < u+n.
(This addresses the uniformity in L.) Argue as in the upper bound in (3.13) to see
that for € < eo(n),

|Qc|P(B:. =2 +€)
P(BZI cz+ Qe)

Sl-}—gforallzeade, |z—z| <1ande€ Q..

We therefore have

P &(z) < P(IB;"| 2 1/2)
1+ (n/2)

+ ) 1z-x|<3/4) ) &=+ e)—WP(Bf;’ €2+Q)
z€a.Zd e€Q. €
<doldte+ 3 12— o] <3/4)u(l+ DP(B € 2+ Q)
2€a.Z%
< 40%dt, +u+ g <u+n,
for € < e1(n). a

We are ready for the Proof of Lemma 4.2.
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Proof. — By the conditioning we may fix a deterministic £ as in the statement of
Lemma 4.2. In light of Lemma 4.1 our first and main goal is to bound E(D(z,&%))
for a fixed z € a.Z? U [-L — wT,L + wT]% Let z € z + Q.. Let X*T be the
modification of the dual X*7, starting with a single particle at z, in which particles
ignore branching and coalescing events on [S, T] by following their own random walk
and switching to independent random walk mechanisms when a collision between
particles occurs. Hence X% = X} for all i € J(S), and on [S,T] the particles in
X=T follow independent copies of B¢. Let (¢ be the associated computation process,
defined just as ¢¢ is for X*7, with initial values §(j) = £5(X%),5 € J(S) (for X=T
the index set is constant on [S, T]). On G5, T ¢ UNT5 Ry, Rim +26P], with 8 < 1/2,
and so

[S,T) N (UNT Y[Ry R + VE]) = (4.9)
Therefore on G~g, X*T has no branching or coalescmg events on [S,T], and so
X#T = X=T on [0,T]. This also means (by (2.17)) that, given the common inputs

() = G5(7) = &5(XF), j € J(T) = J(S) we have

(7(0) = ¢7(0) = £7(2) on G7. (4.10)
Let ¢e(z) = P &(z). Conditional on Fs, {X':”r - Xé : j € J(S)} are iid. with
law Py(B;, € -), and so, conditional on Fg, {&e_s(j) = &(XE) : j € J(S)} are
independent Bernoulli r.v.’s with means {1:(X%) : 7 € J(S)}. Recall {W;} is an
i.i.d. sequence of uniform [0,1] r.v.’s independent of F, (that is of our graphical
construction). Let {{7*(j) : j € J(T —t),T =S <t < T} be the computation
process associated with X*T but with initial inputs (3" g(j) = L(W; < ve(X1)),
jeJ(S). Then {{f:T—-S<t<T}and {*:T—S <t < T} have the same
law because the joint law of their Bernoulli inputs and the processes Xf ’T,t < S and
((ttrms Um)1(Rm < t),t < S) used to define them are the same. Therefore by (4.10)

|P(é7(2) = 1) = P((77(0) = 1))
=|P(63(2) = 1) — P(¢(0) = 1)] < P((G7)"). (4.11)
Consider now the branching random walk X starting with a single particle at z
and coupled with X*7T as in Section 2.7, together with its computation process {(° :
t € [T — S, T)} with initial inputs {r_s(5) = 1(W; < ¢e(X2)),5 € J(S). Conditional
on Fo, these inputs are independent Bernoulli r.v.’s with means {1(X ) :jedS)})
The computation processes (** and (¢ are identical on [T — S, T)] if given the same
inputs at time T — S. Therefore Lemma 2.10 shows that on G4 ¢5(0) and ¢5*(0) will
coincide if given the same inputs at time 7' — S. Therefore
|P(r(0) = 1) = P({z"(0) = 1)|
< P((G7)°) + E(P(G_s(i) # (72, () 3 € J(9)|F)1(GR))
< PG +B( Y [e(XD) — ve(XHN( sup |XE - XE| <19)). (412)
jed(s) jed(s)
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Use Lemma 2.9 to bound the first term above and Lemma 4.4 with a = 1/6 > /2
to bound the second, and combine this with (4.11) to conclude that (use d > 3 and
B =1.9/16d) for small enough € > 0,

|P(&5(2) = 1) = P((5(0) = 1)| < 2c2.0e®TeP/3 + E(|J(S)])ca.ae /=AY EFD)
< 202.981/(40‘1) + ecbsc4.4€(1/3_ﬂ)/(2+d)
< (2c2.9 + ca.4)e/ 0. (4.13)

To prepare with the coupling with the branching Brownian motion we must extend
Ye(x) = Pf &§(x) from eZ? to R? in an appropriate manner. Since &§ has density at
most uy in [~L, L]¢, Lemma 4.5 shows that for ¢ < e4.5(u; — u2) we may extend 1),
in a piecewise linear manner so that

Ye(z) <url(|z| < L —2) +1(|z| > L —2) for all z € R%. (4.14)

In addition, using Lemma 4.4 with a = 1/6, we may assume the above extension also
satisfies

[Ye (z) — e (2')] < coae T for 2,2 € RY such that |z — 2| < el/8. (4.15)

Now consider the branching Brownian motion X0 starting with a single particle
at z, coupled with X¢ as in Chapter 3. Consider also its associated computation
process éo on [T — S,T] starting with conditionally independent Bernoulli inputs
{0 s(j) = 1(W; < 9(X37)) : j € J°(S)}. We may argue as in the derivation of
(4.13), but now using Lemma 2.13, (4.5), and (4.15) in place of Lemmas 2.9 and 4.4,
to conclude after some arithmetic using d > 3,

IP(C:%(O) =1) - P((.tg"(o) =1)| < 6ch62.13([‘33/8 + (C1.41ET°)1/2) + ¢y 461/ (409 (4.16)

By Lemma 3.3 (we have shifted time by T' — §), P((%(0) = 1) = u.(S, ), where u,
is the solution of the P.D.E. (1.33) with initial condition uc(0,-) = ¥.. Now combine
this with (4.13) and (4.16) to see that for small enough ¢ as above

B(£5:(2)) < ceW/(0MMATo/9) 4 oy (S, 2). (4.17)

Now use the bound on the initial condition (4.14) and Assumption 2 in the above to
conclude that for |z| < L — 2 + 2wS, and small €

E(&5(2)) < ce(V/B0MA(ro/4) 4 pe=e2S < e, (4.18)

where 7' = { & A 1) (TTlO—d A %%) > 4.2 and we used (4.6) and some arithmetic. By

taking € smaller if necessary we may assume 2wS — 3 > wT and so the above holds
for |z| < L+ 1+ wT. This shows that

E(D(z,&%)) < e for z € a.Z% N [-L — wT, L + wT)*. (4.19)
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Finally apply the above and Lemma 4.1 to conclude that for small enough €

P( sup D(z,£5) > e74:2)
z€[—L—wT,L+wT)%Na.Z%

< P( sup ID(z,&5) — B(D(z,£5))| > £72/2)
z€[—L—wT,L+wT]4Na. 24

< Cya(L +wT)%eTe /484212
S 08_'0018_1/100d51/488_I/GOd S 6"01. O

Our next goal is to show that the dual process only expands linearly in time. The
first ingredient is a large deviations result. Recall the dominating branching random
walk {X®7(t) : j € J5(¢)} introduced at the beginning of Section 2.8 which satisfies

{X89: e J(s)} C {X57:5€ J(s)}

If | XZ|loo = sup{|X®7(s)| : j € J°(s)} and similarly for || X¢| s, then the above
domination implies
1 XE)loo = | XE||oo for all s, €. (4.20)

Recall ¢* is as in (2.7).

Lemma 4.6. — Assume X¢ starts from one particle at 0. For each R > 0 there is an
e4.6(c*, R) > 0, nonincreasing in each variable, so that for 0 < e <eg6 andt >0,

P(|XE|loo > 2pt for some s < t) < (4d + 1) exp(—t(y(p) — b)) for all0 < p < R,

where y(p) = min{p/2, p?/302}. Moreover, if p > max{4cy, 202}, then the above
bound is at most (4d + 1) exp(—tp/4).

Proof. — The last assertion is trivial. Let S; be a random walk that starts at 0, jumps
according to p. at rate e~2, and according to ¢. at rate c*. Since E|X{| = exp(cyt)
by summing over the branches of the tree, it suffices to show

P(||S:]lco = pt for some s < t) < (4d + 1) exp (—v(p)t) . (4.21)

As usual, Bf is the random walk that jumps according to p. at rate e~2 and Bf’e is
its ith coordinate. By the reflection principle

P(sup By > pt) < 2P(B;* > pt) < 2¢~%"'E(exp(0B;"))
s<t

for any 6 > 0. If ¢.(6) =", eoxipg(a:) then a standard Poisson calculation gives
E(exp(0B;")) = exp(te™*(¢:(6) — 1)).
By scaling ¢.(0) = ¢1(£6). Our assumptions imply ¢} (0) = 0 and ¢/ (0) = 02 so
€ 2(p1(e0) — 1) = 26?2 as e = 0.
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If 0 < p < R and 6 = p/o? in the above, it follows that for € < eo(R),
_(n2 0,2 ,‘i
e~ ?/7) E(exp((p/0®)B")) < exp(—p°t/307),
and so,

P(sup |BS*| > pt) < 4exp (—p?t/30?) . (4.22)
s<t

Let J; be the one dimensional random walk that jumps according to the law of
eY* = emax;<n, |Y?| at rate c*, and notice that this will bound the L> norm of the
sum of the absolute values of the jumps according to g. in S up to time t. If we let
¢5(0) = E(exp(0Y™*)), then, arguing as above, we obtain

P(J; > pt) < exp(—pbt + c*t(¢(e0) - 1)).
The exponential tail of Y* (from (1.6)) shows that (¢s(¢6) —1)/e@ — EY™* as ¢ — 0,
and so, if we set § = 1, then for small €, ¢*(¢s(e) — 1) < p/2. (The choice of € here
works for all p because we may assume without loss of generality that p > pg > 0 as
the Lemma is trivial for small p.) Therefore

P(J; > pt) < exp(—pt/2). (4.23)
To derive (4.21), write

d
P(sup |S¢llce > 20t) < 3 Psup | BS#| > pt) + P(J5 > pt),
s<t i—1 s<t

and use (4.22) and (4.23). a

Our next result uses the large deviation bound in Lemma 4.6 to control the move-
ment of all the duals that start in a region. Recall that X®U is the dual for £° starting
with one particle at  from time U. For z € R% and r > 0 let Q(z,7) = [z — 7,z +7]¢
and Q%(z,7) = Q(z,r) NeZ. Write Q(r) for Q(0,r) and Q°(r) for Q¢(0,7).
Lemma4.7. — Forc>0,b>4c, V202, L>1andU >T' = clog(1/e), let

Pe(b,c, L,U) = P(X™" is not contained in Q(L + 2bT")
for some uw € [U—T',U],t <T' and some z € Q°(L)).
Let ¢/, = 12(4d + 1)3¢. There exists e4.6(c*,b) > 0 such that if 0 <& < €46
Pe(b,¢, L, U) < chL%(clog(1/e) +1)e~¢

where ¢ = (% —2) Ace™2.

Proof. — By translation invariance it suffices to take U = T'. For x € €Z% let
{T;(z) : i > 0} be the successive jump times of the reversed Poisson process, starting
at time T”, determined by the T2, T;**. Also let N, be the number of such jumps
up to time 7", so that N, is Poisson with mean (c* + ¢72)T’. The process &§(z) is
constant for t € (T” — T;+1(z), T" — Ti(x)] and for such ¢ the dual X**(v) is

X' ~T@) (y 4 (T' = Ty(x) — 1)),
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that is, one is a simple translation of the other. This means for ¢ as above
Up<t X (0) C Uperr—myy X =T " (v), (4.24)
(in fact equality clearly holds). As a result, in p.(b,c, L, T’) we only need consider ¢
to be one of the times T’ — T;(z) for 0 < ¢ < N, and we may bound 1— p¢(b,¢, L,T")
by
P(3z € Q°(L) s.t. Ny >3T'(e"%2 +¢*))
+P(3z € Q°(L), 0 < Ty(z) < 3T'(e™% +¢*) sit.

sup | X®T"T@) ()| o > 26T")
v<T'-T;(z)

< (2Le ' 4+ 1)%exp{—3T"(e7% + c*)} E(eM=)
+ (2Le ' +1)%(3T"(e 72 + ¢*) + 1)(4d + 1) exp(—T"b/4).

Here we are using Lemma 4.6 and the strong Markov property at T;(x) for the filtration
generated by the reversed Poisson processes ;. Some arithmetic shows the above is
at most

3L Ve)e [eXp(‘?’T'(e"z +c*))exp((e 2+ ¢")T'(e - 1))
+ (4d + 1)(3T’(€_2 + C*) + 1)5bc/4]

<3%4Lve)e? [exp(—T'(e_2 +c*)) + 6(4d + 1)(clog(1/e)e 2 + 1)6bc/4]
< 3Y(LV &)t [ + 6(4d + 1)(clog(1/e) + 1)et/4~?]

< (L Ve)(clog(l/e) + 1)e~%ebe/4=DAee™

SOCIETE MATHEMATIQUE DE FRANCE 2013






CHAPTER 5

PERCOLATION RESULTS

To prove Theorems 1.4 and (especially) 1.5 we will use block arguments that involve
comparison with oriented percolation. Let D = d + 1, where for now we allow d > 1,
and let A be any D X D matrix so that (i) if z has 2 +---+2zp = 1 then (Az)p =1,
and (ii) if z and y are orthogonal then so are Azx and Ay. Geometrically, we first
rotate space to take (1/D,...1/D) to (0,...,0,1/v/D) and then scale + — zv/D.
Let £Lp = {Az : * € ZP}. The reason for this choice of lattice is that if we let
Q= {Az : ¢ € [-1/2,1/2]P}, then the collection {z + Q,2 € Lp} is a tiling of space
by rotated cubes. When d = 1, L2 = {(m,n) : m + n is even} is the usual lattice for
block constructions (see [14, Chapter 4]).

Let Hy = {# € Lp : zp = k} = {Az : z € ZP,Y ,z; = k} be the points on
“level” k. We will often write the elements of Hy in the form (z,k) where z € R?.
Let H; = {z € R?: (2,k) € Hi}. When d = 2, the points in H'y are the vertices
of a triangulation of the plane using equilateral triangles, and the points in H'; are
obtained by translation. One choice of A leads to Figure 5.1, where H{ and H5 are
obtained by translating H/) upward by v/2 and 2v/2, respectively, and Hj = Hy.

In d > 3 dimensions (the case we will need for our applications in this work) the
lattice is hard to visualize so we will rely on arithmetic. Let {e;,...,ep} be the
standard basis in RP, and put v; = Ae;, i = 1,..., D. By the geometric description
of A given above, v; € H; has length v/D, and writing v; = (v}, 1), v} € R has length
VD —1. For i # j, |lv; = vjll2 = [Jvi — vjll2 = V2D, the last by orthogonality of v;
and v;. The definitions easily imply that H , = v; + H;, = {v; + 2 : z € H;} for
each ¢ and k. Note that Dv] € Hy because Dv; — (0,...,0,D) € Ho. This implies
that H}, p = Dv; + Hj, = H;.

For z € H}, let V, C R? be the Voronoi region for x associated with the points in

ks i-€., the closed set of points in R? that are closer to z in Euclidean norm than to
all the other points of H}, (including ties). If V =V}, (in d = 2, V is the hexagon in
Figure 5.2 inside the connected six white dots), then the translation invariance of Hy,
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\///\\\///\ N

FIGURE 5.1. H'g (black dots) and #'1 (white dots) in L3

FIGURE 5.2. Ho (black dots) and Voronoi region about 0 (inside white
dots) in L3

and fact that Hj = kv] + Hg show that V, =z + V for all x € UH;,. It is immediate
from the definition of Voronoi region that for each k,

Usens Vo = R% (5.1)

Furthermore, V, is contained in the closed ball of radius D centered at z. (To see
this we may set z = k = 0 and transfer the problem to Z” via A~!. It then amounts
to noting that if z € RP satisfies S ; = 0 and ||z|| > v/D, then there are i # j
st. & > 1,z; <0orz; < —1,z; >0, and so ||z £ (e; — ej)||2 < ||z||2.) From this
inclusion we see that for any L > 0,

if c;, = L/(2D) then cpV, C cpx + [ L, L)4, (5.2)

and so Ugey; cLT + [-L, L)% =R%
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The above also holds with 2¢y, in place of ¢y, but the above ensures a certain overlap in
the union which makes it more robust. Finally, one can check that for some positive
c5.3(D),
ifa€V;,b¢ V, and |a — b| < c5.3 then b e U#]-VIH;_,,;. (5.3)

For this, note that z +v; — v}, 1 < i # j < D are the D(D — 1) “neighboring points to
z” in ‘H},, corresponding to the 6 black vertices of the hexagonal around 0 in Figure 5.2
for x = 0 and D = 3. The above states that the D(D — 1) corresponding Voronoi
regions provide a solid annulus about V,, as is obvious from Figure 5.2 for D = 3.

Our oriented percolation process will be constructed from a family of random vari-
ables {7n(z),z € Lp} taking values 0 or 1, where 0 means closed and 1 means open.
In the block construction, one usually assumes that the collection of 7(z) is “M de-
pendent with density at least 1 — 6” which means that for any k,

P(n(zi) = 1n(z;),7 #4) = (1 - 9), (5.4)
whenever z; € Lp,1 <1 < k satisfy |z; — z;| > M for all ¢ # j.
Our process will satisfy the modified condition
P(n(zx) = 1In(2j),j < k) > (1 — 0) whenever z; = (zj,n;) € Lp, 1<j <k (5.5)
satisfy n; < ny or (n; = ny and |2} — 2| > M) for all j < k.

It is typically not difficult to prove results for M-dependent percolation processes
with 6 small (see [14, Chapter 4]), but in Chapter 7 we will simplify things by applying
Theorem 1.3 of [28] to reduce to the case of independent percolation. By that result,
under (5.4), there is a constant A depending on D and M such that if

1/A
1-¢ :(1 - (—A—_?)—(A_m) (1—(6(A —1))/4), (5.6)

we may couple {7(z),z € Lp} with a family {¢(z),z € Lp} of i.i.d. Bernoulli random
variables with P({(2) = 1) =1 — ¢’ such that {(z) < 7(z) for all z € Lp.

We will now show the above conclusion remains valid in our setting with the mod-
ified condition (5.5) in place of (5.4).

Lemma 5.1. — Assume {n(z) : z € Lp} is a collection of {0,1}-valued random vari-
ables satisfying (5.5). There is a constant A > 2, depending on D and M such that
if 0 < (—A—lgq)ﬁ and 0’ is gwen by (5.6), then we may couple {n(z),z € Lp} with a
family {({(z),z € Lp} of i.i.d. Bernoulli random variables with P(¢(z) =1)=1—¢'
such that ((z) < n(z) for all z € Lp.

Proof. — The result is proved by modifying the proof of Theorem 1.3 of [28]. In that
argument we will set A = 1+ #{z’ € H;|2| < M} and G will be the graph with
vertex set Lp and edges drawn between z,z’ in some Hj iff |z — 2/| < M. There
are no edges between distinct “levels” in Lp. In the proof of Theorem 1.3 of [28]
a finite subset S = {z1,...,2,} is totally ordered (21 < 23 < ...z) so that each
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zj is adjacent in G to at most A — 1 of its predecessors. With our choice of A we
may also order S so that z; = (z,n;) where n; < ng < --- < ng. The proof of
Theorem 1.3 in [28] then goes through providing the conclusion of Proposition 1.2
holds where {n(zs,) = 1} is now conditioned on the corresponding values at vertices
zs; = (24,m1),- -, 2s; = (25,,m;) where max(ni,...,n;) < no and 2z, = (25, no)-
It is now easy to modify the inductive proof of Proposition 1.2 so that one is always
conditioning on values at lower or equal levels n;. In particular (5.5) suffices to derive

the lower bound on the numerator of (1.6) in [28]. O
Remark. — The above argument clearly applies to more general “oriented” graphs
than Lp.

In view of the comparison, and the fact that ¢/ — 0 as § — 0, we can for the rest
of the section suppose:

n(z) are i.i.d. with P(n(z) =1)=1-6. (5.7)

We now define the edge set & for Lp to be the set of all oriented edges from z to
z+wv;, 2 € Lp, 1 < i < D. A sequence of points zg,...,2p-1,2, in Lp is called
an open path from 2y to z,, and we write zg — zp, if there is an edge in & from
z; to z;41 and z; is open for ¢ = 0,...,n — 1. Note that z, does not have to be
open if n > 1 but zp does. In Chapters 6 and 7 we will employ a block construction
and determine suitable parameters so that (z,n) € H, being open will correspond
to a certain “good event” occurring for our Poisson processes in the space-time block
(crx + [-K: T, K1T)%) x [nJi T, (n + 1)J,T] for appropriate L, K1 and J;.

Given an initial set of “wet” sites Wy C Hg, we say z € Hn, is wet if zg — z for
some initial wet site zo. Let W, be the set of wet sites in H,, when all the sites in
Ho are wet, and let W0 be the set of wet sites in H,, when only 0 € Hy is wet. Let
Q% = {W2 +# o for all n > 0}.

Lemma 5.2
(i) infzep, Plx € Wy) > P(Q%) — 1 as 6 — 0.
(ii) Let HI = {(z,n) € Lp : 2z € [-r,7]4}. There are 052 > 0 and r5o > 0 such
that if 0 < 059 and r < 15,2, then as N — oo,
P(Q°, and W2 NHI™ # W, NHI" for some n > N) — 0. (5.8)

Proof. — The first result follows from well-known d = 1 results, e.g., see [12, Theo-

rem 4.1]. The second result is weaker than a “shape theorem” for W2, which would

say the following, using the notation A’ = {z’ : (z/,n) € A} for A C H,. For § < §,

there is a convex set D C R?, containing the origin in its interior, so that on ng,
W) ~nDn(W,)

for all large n. More precisely with probability 1, if § > 0 there is a random ng such
that (W2)! € n(1+6)D and (W2)' O (1-6)nDN(W,,)’ for all n > ns. The technology
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exists to prove such a result for oriented percolation on £p, but unfortunately no one
has written down the details. The argument is routine but messy, so we content
ourselves to remark that (ii) can be established by the methods used in Durrett and
Griffeath [16] to prove the shape theorem for the d-dimensional contact process with
large birth rates: one uses percolation in two dimensional subspaces A(me; + ne;),
1 <4 < j < n and self-duality. O

Call sites in V;, = H,, \ W,, dry. In Chapter 7, when we are trying to show that &
dies out, the block construction will imply for appropriate L and Jp,

if (2,n) € W2, then (cpz + [~ L, L]%) x [(n — 1)J1T,nJ1T] is e-empty, (5.9)

where a region is e-empty if £ (z) = 0 for all (x,t) in the region. This will not be
good enough for our purposes because the space-time regions associated with points
in V9 = H,, \ W2 might be occupied by particles. To identify the locations where
there might be 1’s in & we will work backwards in time. However in our coarser grid
Lp, 1’s may spread sideways through several dry regions and so we need to introduce
an additional set of edges for Lp. Let £, consist of the set of oriented edges from z
toz—wv; for 1 <i< D, and fromztoz+v; —v;for 1 <i#j<D,z¢€Lp.
We assume for the rest of this section that

d>2,

since we will in fact applying these results only for d > 3. Our next goal is to prove an
exponential bound on the size of clusters of dry sites. Up to this point the definitions
are almost the same as the ones in Durrett [13]. However, we must now change the
details of the contour argument there, so that it is done on the correct graph. Let
y € Lp with yp =n > 0 (write y € £};). In addition to P as in (5.7), for M > 0 we
also work with a probability P = P, p under which n(z) = 1 for z = (2',m) € L},
satisfying m < n and |z’| > M, and the remaining 7(z)’s are as in (5.7). Therefore
under P the sets of wet sites {W,,} will be larger, although we will use the same
notation since their definition is the same under either probability law. If y is wet
put D, = &, and otherwise let Dy be the connected component in (Lp, &) of dry
sites containing y. That is, z € D, iff there are 21 = y,22,...,2x = z all in Lp so
that the edge from 2; to z;+1 is in £ and each z; is dry. Since all sites in Ho are
wet, Dy, C {z € Lp : n > zp > 0}, and under P, s, D, C { € Lp : n > zp >
0,|(#1,...,2p-1)| < M}. We assume that w satisfies

Dy (w) is finite. (5.10)

The fact that (5.10) holds a.s. under Pn’ M is the reason this law was introduced. To
make D, into a solid object we consider the compact solid

Ry =U,ep,(z+Q) CRY xR,
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If Ry is the complement of R, in R? x R;, we claim that both R, and Ry are
path-connected. For R, suppose for concreteness that D = 3 and note that for the
diagonally adjacent points y(0) = A(0,0,1) and y(1) = A(1,—-1,1), Ry N Ry
contains the edge A({1/2} x {-1/2} x [1/2,3/2]). For Rg, if + € R; then there
exists [z] € L} \ D, such that z € [z] + Q and the line segment from z to [z] is
contained in Rf. We first assume [z] € Hy for some k € {1,2...,n}. If [z] is wet
then there must be a path in Ry, connecting [z] to Ho. Suppose [z] is dry, and let
20,21, - -, 2k be a path in £ connecting zp = y to zx = [z]. At least one site on this
path must be wet (else [z] € Dy), so let z; be the first wet site encountered starting
at zx. Then for each ¢ > j, z; is dry and z; ¢ D, (or else [z] would in Dy). Thus
uk y (2; + Q) is path-connected, contained in R}, and z; is connected to Ho by a path
in RS. Note that Ho C (R* x {0}) N RS = Ho which is path-connected because the
rotated cubes making up R, can only intersect R? x {0} in a discrete set of points
(since Dy C {zp > 0}). It is here that we use d > 2. Now suppose [z] € H}, for some
k > n. Ho is also connected to Hn41 by a path in Ry (assuming 6 < 1). This allows
us to connect [z] to Ho and so conclude that Ry, is path-connected.

Let I'y be the boundary R,. To study I'y we need some notation. We define the
plus faces of [—1/2,1/2]P to be [-1/2,1/2]™ x {1/2} x [-1/2,1/2]P~™~1 and define
the minus faces to be [-1/2,1/2]™ x {-1/2} x [-1/2,1/2]P~™ ! m =0,...,D - 1.
The images of the plus and minus faces of [~1/2,1/2]? under A constitute the plus
and minus faces of Q@ = A([—1/2,1/2]%), which are used to defined the plus and minus
faces of I'y in the obvious way. Note that the plus faces of Iy will have outward normal
v; for some 7 while the minus faces will have outward normal —v; for some 3.

Lemma 5.3. — If (5.10) holds, then T'y is connected and bounded.

Proof. — For € >0 let RS = {x € R*: |z — w|o < € for some w € R,}. Since Ry is
connected, so is Ry. If x(U) denotes the number of path-connected components of a
set U, it is a consequence of the Mayer-Vietoris exact sequence with n = 0 that for
open sets U,V C R? with UUV = RP,

k(UNV)=r(U)+k(V)—1.

See [24, p. 149] and also Proposition 2.7 of that reference. Applying this to the open
connected (hence path-connected) sets RS and RS whose union is RP, we find that
R N Ry is path-connected.

Finally, R; N Ry is homotopic to I'y, and therefore I'y is also path-connected.
Boundedness is immediate from (5.10). O

For the next result we follow the proof of Lemma 6 from [13]. A contour will be a
finite union of faces in £Lp which is connected.
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Lemma 54. — There are constants Cs.; and ps 4 which only depend on the dimension
D so that the number of possible contours with N faces, containing a fized face, is at
most C5,4(;L5,4)N.

Proof. — Make the set of faces of Lp into a graph by connecting two if they share
a point in common. Note that by the above definition a contour corresponds to a
finite connected subset of this graph. Each point in the graph has a constant degree
v =v(D). An induction argument shows that any connected set of NV vertices has at
most N (v — 2) + 2 boundary points. (Adding a new point removes 1 boundary point
and adds at most v — 1 new ones.) Consider percolation on this graph in which sites
are open with probability a and closed with probability 1 — a. Let 0 be a fixed point
of the graph corresponding to our fixed face, and Cy be the component containing 0.
If By is the number of components of size N containing 0, then

1> P(|Co| = N) > Bya™ (1 — a)N =242,

Rearranging, we get By < CpN with C = (1 —a)"2 and g = a~}(1 — a)~ 2.

Taking the derivative of —loga — (v — 2)log(1 — a) and setting it equal to 0, we see
that a = 1/(v — 1) optimizes the bound, and gives constants that only depend on the
degree v. O

Lemma5.5. — If 055 = (2us.4) %0, then 0 < 5.5 implies that for all y = (y/,n) €
L} and all M > ||, Pom(|Ty| > N) <2C5,27N for all N € N.

Proof. — By Lemma 5.3 if D, # @ we see that under P, a, Ty is a contour which by
definition contains the plus faces of y 4+ Q. Given a plus face in I'y if we travel the line
perpendicular to R% x {0} and through the center of the face, then we enter and leave
the set an equal number of times, so the number of plus faces of I'y is equal to the
number of minus faces. Thus, if the contour I'y has size N there are N/2 minus faces.
It is easy to see that a point of Wj adjacent to a minus face associated with a point in
Vj4+1 must be closed for otherwise it would wet the point in Vj41 (recall the outward
normal of a minus face is —v; for some 7). The point of Wj that we have identified
might be associated with as many as D minus faces, but in any case for a contour of
size N there must be at least N/2D associated closed sites. Taking < (2us.4)~2P,
using Lemma 5.4 to bound the number of possible contours containing a fixed plus
face of y + @, and summing the resulting geometric series now gives the result. [

It follows from the above and an elementary isoperimetric inequality that there are
finite positive constants C, ¢ such that for all y = (y',n) € L}, and M > |y/|,
if @ < 055 then P, pr(|Dy| > N) < Cexp(—cNP~V/Py forall N eN.  (5.11)

Now fix 7 > 0 and let B, be the dry sites in H3™* connected to the complement of
I rm/2 by a path of dry sites on the graph with edges £, where as for open

m=n/2""M
sites the last site in such a path need not be dry.
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Lemma 5.6. — If 6 < 65 5 then
P(B, # @ infinitely often) = 0.

Proof. — Let M > n(r + v/2D). We couple the i.i.d. Bernoulli random variables
{n(z) : z € Lp} (under P) with the corresponding random field 7 (under P = P, yr)
so that
n(z) =7(z) Vz=(z',m) where |2'| <M or m > n.

We claim that z € U7, _,, »H" = H,, is wet for n iff it is wet for 7. It clearly suffices
to fix z = (2/,m) € H, which is wet for 7 and show it is wet for 7. A path of
sites z; = (2],4), i =0,...,m with edges in & from H, to z satisfies max;<m, |2]| <
rn+\/§ﬁn < M. This is because the edges in £ have length at most V2D. Therefore
if the sites in the path are open in 7, then they will also be open in 7. This proves

rn/4
n

the claim.
Next note that if y € H, ' ", then y € B, for n iff y € B,, for . This is because
rm/2

the path of dry sites connecting y to the complement of U7, _ s2Hm " can be taken
to be inside ., and so we may apply the claim in the last paragraph. It now follows
from the above bound on the length of the edges in £ that

c(r)n
%)
The number of sites in H5"* is at most Cn?, and the bound in (5.11) shows that
P(B, # 2) < }:yE’HTM P(y € B,) is summable over n. O

P(y € B,) :Pn,M(y €B,) < Pn,M(|Dy| >

Remark 5.1. — We will prove in Chapter 7 that if wet sites have the property
in (5.9), and the kernels p(-) and q(-) are finite range, then for an appropriate r > 0,
B,, = @ will imply that on Q2 all sites in [—cr, arn, cr,arn]? will be vacant at timest €
(n—1)1T,nJ1T]. This linearly growing dead zone will guarantee extinction of the 1’s.
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CHAPTER 6

EXISTENCE OF STATIONARY DISTRIBUTIONS

With the convergence of the particle system to the P.D.E. established and the
percolation result introduced, we can infer the existence of stationary distributions
by using a “block construction”. Recall that our voter model perturbations take values
in {0, l}ezd and so our stationary distributions will be probabilities on this space of
rescaled configurations. We begin with a simple result showing that for stationary
distributions, having some 1’s a.s. or infinitely many 1’s a.s. are equivalent. Let

€l =22 &(@).
Lemma 6.1. — If v is a stationary distribution for a voter perturbation, then

]l=00 v—as. iff [£§|>0 v—a.s.

Proof. — 1t suffices to prove
v(|€] < oo) > 0 implies v(J¢| = 0) > 0. (6.1)

Assume first that the 0 configuration is a trap. Then if || = K < o0, (1.27) shows
the sum of the flip rates is finite and so it is easy to prescribe a sequence of K flips
which occur with positive probability and concludes with the 0 state. By stationarity
we get the implication in (6.1).

Assume next that 0 is not a trap, which means g§(0,...,0) > 0. We claim that
v(|¢] < o0) = 0, which implies the required result. Intuitively this is true because
configurations with finitely many 1’s have an infinite rate of production of 1’s. One
way to prove this formally is through generators. Let Q¢ be the generator of our voter
perturbation, Q, be the generator of the voter model in (1.2) and for ¢ = 0,1

Q€)= Y 1E@) = 1= DE(g (E(@+Y),.... &z + YY) (B(E7) - %(€)).

z€Z4

Here 9 will be a bounded function on {0, l}Zd depending on finitely many coordinates,
and we recall that £* is & with the coordinate at x flipped to 1 — £(z). Recall that
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&(ex) = &(z) for ¢ € {O,I}Zd,:c € Z%. For 1 as above define 1, on {O,l}ezd by
e (£:) = ¥(€). Then by (1.27) and (1.28),

Qe (€e) = (672 — e7)0B(€) + Qoth(€) + ng(8). (6.2)
For 0 <7 < R, let A(r,R) = {z € Z%:r <|z| < R} and

wr,R(E) = l(glA(r,R) = 0), § € {07 1}Zd'
Considering two cases £ € A(r, R) and = ¢ A(r, R) we have

if {(z) = 0 then ¥, r(£") — ¥r,r(£) < 0. (6.3)
Since ¥, r(€%) — ¢ r(€) = 1 only if x is the only site in A(r, R) where £(z) = 1, we
have

Quprr(€) <1, Qovr,r(E) < |95/l (6.4)
Choose A so that P(Y* < ) > 1/2, where Y* is as in (1.6). Flipping a site from 0
to 1 cannot increase ¥r, r, and ¥, g(€) = 1 implies {(z) = 0 for all z € A(r, R), so we
have
QrrE) < - Y (1-E()gi(0,...,0P(E+Y*) =0 for 1 <i < NoJr,r(€)

z€A(r,R)

< —MW»R@)' A(r + )R- )|, (6.5)

The stationarity of v implies, see Theorem B.7 of Liggett [30], that if ©) = ¢, g then
J Q9edv = 0. Using (6.2), (6.4) and (6.5), and noting that

/z/:e dv =v(€£ =0 on A(er,eR)),
we have

£(0,...

0<(E™2-er®) + 19500 — &2—’(1)—|A(r + M R—A)|v(€ =0 on Aler,eR)).
Rearranging this inequality we get

2((e™ — e1%) + llg6lloo)
95(0,...,0)|A(r + N\, R — )|
(recall g5(0,...,0) > 0). Letting R — oo we conclude that v(£ =0 on A(er, 00)) = 0.
In words, for v-a.a. configurations there is a 1 outside the ball of radius er. As this
holds for all r < oo, there are infinitely many ones with probability 1 under v. O

v( =0on A(er,eR)) <

Assumption 1 and (1.41) are in force throughout the rest of this section and we
drop dependence on the parameters w, v;, Lg, L1, 79, etc. arising in those hypotheses
in our notation. We continue to work with the particle densities D(z, ) using the
choice of 7 in (4.6). We start with a version of Lemma 4.2 which is adapted for proving
coexistence. We let

L2 =3 + LO V Ll.
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Lemma 6.2. — There is a Cs2 > 0 and for every n > 0, there are T, > 1 and
€6.2(n) > 0 so that for t € [Ty, Ce.2log(1/€)] and 0 < € < €¢.2, if

&5 has density in [vo +n,v1 — 1] on [—La, Lo)?,

then
P(& has density in [u. —n,u* + 7] on [—wt, wt]?|e5) > 1 — 0L

The proof is derived by making minor modifications to that of Lemma 4.2 and so
is omitted. We will always assume 7 > 0 is small enough so that

O<vo+n<u—n<u" +n<v—-n<l

The one-sided versions of the above Lemma also hold (recall Lemma 4.2 on which
the proof is based is a one-sided result), that is, with only one-sided bounds on the
densities in the hypothesis and conclusion.

Theorem 1.4. — Consider a voter model perturbation on Z2 satisfying (1.41). Suppose
Assumption 1. If € > 0 is small enough, then coexistence holds and the nontrivial
stationary distribution v may be taken to be translation invariant.

Ifn > 0 and e > 0 is small enough, depending on n, then any stationary distribution
v such that

V(Zg(x) =00r Y (1-£(@) = 0) =0 (6.6)
satisfies v(€(z) = 1) € (us — n,u* +n) for all x.

Proof. — We use the block construction in the form of Theorem 4.3 of [14]. This
result is formulated for D = 2 but it is easy to extend the proof to D > 3, and we
use this extension without further comment. Recall Q(r) = [~r,r]¢ and Q°(r) =
Q(r)Nez?. Let U = (Ce2/2)log(l/e), L = wU/(aoD + 1), where ap > 0 is a
parameter to be chosen below, and I; = [u. —n/4,u” +n/4]. Next we define the sets
H and G¢ which appear in the above Theorem. Let

H = {€ € {0,1}" : £ has density in I, on Q(L)},

that is, if Q. = [0,a¢)% N €Z? then the fraction of occupied sites in = + Q. is in
I = [u* — n/4,u* + n/4] whenever z € a.Z* N [-L,L}% If L’ = L + 1, then {£ € H}
depends on £ |[_ rr,1)¢- Here we need to add 1 as the cubes of side a. with “lower
left-hand corner” at x € [—L, L]¢ will be contained in [~L’, L’']¢. This verifies the
measurability condition in Theorem 4.3 of [14] with L’ = L + 1 in place of L which
will affect nothing in the proof of Theorem 4.3.

Let G¢ be the event on which (a) if £ = &, then {f has density in I; on
Q(wU) and (b) for all z € Q*(wU + 1) and all t < U, XY c Q((w + bo)U + 1),
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where by = 16(3 + d)/Ces.2. Note that
Ge € o (A¥j0,u1xezvox (0,1 Al ljo,u)xeze 1 Y € Q°(w +bo)U) +1)  (6.7)
= G(Q((bo + w)U + 1) x [0,U))

Informally, G(R) is the o-field of generated by the points in the graphical representa-
tion that lie in R. The above measurability is easy to verify using the duality relation
(2.17).

Consider now the Comparison Assumptions prior to Theorem 4.3 of [14]. In our
context we need to show
Lemma 6.3. — For 0 <e <ep3(n):

(i) if & € H, then on Geg, £ has density in Iy on agLv; + [-L,L]%, 1 <i < D,

(ii) if € € H, then P(G¢) > 1 — %009
Proof. — By assuming € < £1(n) we have U > Ty, /4 and L > Lj. Using the definition
of L and the fact that |v| < ||Jvf|l2 = v/D — 1 one easily checks that

aoLv) + [-L, L)% C [~wU,wU]% for i = 1,...,D. (6.8)

Part (a) of the definition of G¢ now gives (i). By Lemma 4.7 with parameters L =
wU 4+ 1, 2b = by, ¢ = Cs2/2 and T" = U, and Lemma 6.2, for £ € H we have for
£ <e6.2(n),

P(Gg) < e 4 ¢ (wU + 1)U + 1)e((b0C6.2)/16)=2-d
S 6.01 + C(log(l/E))d+15 S 6.009,

where the last two inequalities hold for small e. We may reduce Cs.2 to ensure that
b = by/2 satisfies the lower bound in Lemma 4.7. This proves (ii). a

Continue now with the proof of Theorem 1.4. Let € < €4.3 and define
Vo = {(z,n) € Hp : &y has density in I} on agLz + [-L, L]%}.

(To be completely precise in the above we should shift agLz and agLv, to the point
in €Z¢ “below and to the left of it” but the adjustments become both cumbersome
and trivial so we suppress such adjustments in what follows.) If we let

Ryn = (yaoL,nU) + Q((bo + w)U + 1) x [0,U], for (y,n) € Lp

and

Qow
then Ry, m N Ry, n = @ if |(y1,m) — (y2,n)| > M. Since G(R;), 1 < i < k are
independent for disjoint R;’s, Lemma 6.3 allows us to apply the proof of Theorem 4.3
of [14]. This shows there is an M-dependent (in the sense of (5.5)) oriented percolation
process {W, } on Lp with density at least 1—e-°%° such that Wy = Vp and W,, C V,, for
all n > 0. We note that although a weaker definition of M-dependence is used in [14]

M= [2(1)0 + w)(aoD + 1)" 7
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(see (4.1) of that reference), the proof produces {W,} as in (5.5). By Lemma 5.2 with
r =755 and 6 = 9% if ¢ < £1(n), then
Jim " ni)réfﬂ . P(¢5y has density in I} on agLx + [—L, L]%) (6.9)

> (1 - %)P(O € Vo).

We will choose different values of g to first prove the existence of a stationary law,
and then to establish the density bound for any stationary distribution. For the first
part, set ag = 3 and take {£§(z) : * € €Z?} to be i.i.d. Bernoulli variables with mean
u = (u« + u*)/2. The weak law of large numbers implies that if ¢ is small enough

P(€5 has density in I on [~ L, L}%) > % (6.10)

Since ag =3, L >3 and |z —y| > |z — yll2/vVD > 1 for all z # y € H}, {aoLx +
[-L',L']% : x € H,} is a collection of disjoint subsets of R? for each n. This and
the measurability property of {¢£ € H} noted above shows that if 0 < € < go(n) then
{V,.} is bounded below by an M-dependent (as in (5.5)) oriented percolation process,
{Wﬁ/ %}, with density at least > 1 — £'9% starting with an i.i.d. Bernoulli (1/2) field.
Having established that our process dominates oriented percolation, it is now routine
to show the existence of a nontrivial stationary distribution. We will spell out the
details for completeness. Recall the notation introduced just prior to Lemma 4.7:
Q(z,r) =[x — r,z +r]¢ and Q*(z,7) = Q(=,7) NeZ4.

Lemma 6.4. — Assume ag = 3 and {£§(x) : z € €Z%} are as above. There is an
€6.4(n) > 0 so that for any € € (0,€6.4(n)) and any k € N there are t1(k,e), My (k,€) >
0 so that fort > t;,

P(Y @ zkad Y 1-¢@)2k)21-

|z| <My |z| <My

El

Proof. — As in Theorem A.3 of [14] for k € N there are ng,fy, My € N and
21, ..., 24k € Q(Mp) satisfying |z; — z;| > 3M + 24y + 1 for i # j, such that for n > ng
with probability at least 1 — k~!

W20 Q(zj,4) # @ for j=1,...,4k. (6.11)

where Q(z;,%0) = z; + Q(fo). The above implies there are o(£5;,)-measurable y; €
Q°(z;,%o) such that

¢y has density in I} on 3Ly; + [-L,L]%, j=1,...,4k. (6.12)

This proves the result for t = nU. Intermediate times can be easily handled using
Lemma 6.2 and the finite speed of the dual (Lemma 4.7). Those results show that for
a fixed € < gg.2 and t > (ng+ 1)U, if we choose n > ng so that t € [(n+1)U, (n+2)U]
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(use T;)/4 < 2U = Cg.2log(1/¢) in applying Lemma 6.2), then on the event in (6.12)
we have

P(& has density in I; on 3Ly, + [—L, L4,

and X%*' € Q(3Ly;, L’ + boU) for all « € 3Ly; + [-L', L']% and s € [0,]|65)
1
>1-—¢e% — ¢ (log(1/e))% e > 3
where in the last inequality we may have needed to make ¢ smaller.
Our separation condition on the {z;} and L > 3 implies that Q(3Ly;, L' + boU),
j =1,...,4k are disjoint and so the events on the left-hand side are conditionally
independent as j varies. Therefore a simple binomial calculation shows that

P(|{j < 4k : & has density in I} on 3Ly; + [-L, LI%}| > k)

2(1—%)(1—%)21-%.

Here the first 1 —  comes from establishing (6.12) and the second 1 — ; comes from
the binomial error in getting fewer than k points with appropriate density at time ¢.
Since the above event implies the required event with My = 3L(My + £o) + L we are
done. O

Fix € < €64. By Theorem I.1.8 of [29] there is a sequence t, — 00 s.t.
t! fot" 1(¢s € -)ds — v in law where v is a translation invariant stationary distri-
bution for our voter perturbation. Lemma 6.4 easily shows that there are infinitely
many 0’s and 1’s v-a.s., proving the first part of Theorem 1.4.

Turning to the second assertion, by Lemma 6.1 and symmetry it suffices to show
that for € < e3(n) and any given stationary v with infinitely many 0’s and 1’s a.s.
then

supp(é(z) =1) <u* +n.
Start the system with law v. We claim that

Lemma 6.5. — There is a o(£5)-measurable r.v. o € €Z% such that £ = 0 on
Q% (zo, L) a.s. More generally w.p. 1 there is an infinite sequence {x; : i € Z4}
of such random variables satisfying |x; — x| > 4L+ 1 for all i # j.

Proof. — To see this condition on &§, choose g so that £§5(zo) = 0 and note that if
RY? is the first reaction time of the dual X*¢, the event “6§ = 0 on Q*(zo, L)” occurs
if for all z € xo + [-L, L%, R > 1, X{"® = x¢, and sup,<, | X — 2| < 1. Call the
last event A(zg). The last condition has been imposed so that if |zg — 21| > 4L + 1
then the events A(zo) and A(z;) are (conditionally) independent. Clearly they have
positive probability. Given our initial configuration with |{y : £§(y) = 0} = o0 ass,,
we can pick an infinite sequence z;, ¢ € N, with £§(z;) = 0 and |z; — ;| > 4L +1
when j > i, so the strong law of large numbers implies that at time 1 there will be
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infinitely many z; with &§(z) = 0 for all z € Q°(z;, L). By stationarity this also holds
at time 0. O

Now condition on &f, shift our percolation construction in space by zg, set ag =
(2D)~! and only require the density to be at most u* + 7/4 in our definition of V,
which now becoraes

Vi = {(z,n) € Hn : £y has density at most u* + /4 on xo + cpx + [~L, L)%},
where we recall from (5.2) that ¢;, = L/(2D). (Here we are using the one-sided version
of Lemma 6.2 mentioned above, after its statement.) Then 0 € V; and the one-sided
analogue of (6.9) shows that if € < £3(n), then

. . n
1 f PlxeV,)>1-—-.
D, g T € V) 217
Recall from (5.2) that Ugen; o + cpz + [—L, L] = R?, so this implies for any z € R¢
and n large enough,

P(&; has density at most u* + g onz+[-L, L% >1- g,

and so by stationarity
v(€° has density at most u* + g onz+[-L,L]%>1~- g for all z € R

To complete the proof, run the dual for time ¢, (tc as in (4.6)) and apply Lemma 4.5
with u = u* + 2 to see that for z € eZ¢ and € < e3(n) A e4.5(1/3),
v({(z) =1) = P(§, (z) =1)
< P(Ry <tc) + E(P(Ry > te, &, (x) = 1/£5))
< (1—e %) + B(P(§(B;°) = 11£5))
n n.n

Sc*te+§+u*+z+§§u*+n,

where ¢ is further reduced, if necessary, for the last inequality. O
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CHAPTER 7

EXTINCTION OF THE PROCESS

7.1. Dying out

Our goal in this section is to show that if f/(0) < 0 and |£§] is o(¢~¢), then with
high probability £ will be extinct by time O(log(1/¢)). Throughout this Section we
assume that 0 < € < g¢ and that (1.43) holds, i.e., g5(0,...,0) =0for 0 <e < ¢

Recall from (3.30) the drift at ez in the rescaled state & € {0, 1}2 (recall the
notation prior to (1.25)) is

de(ex, &) = (1 = €(x))hi(,€) — E(x)hg(=, ),
and define the total drift for |£.| < oo by

"/Je(fs) = Zde(sx,&). (7.1)

Recall from (1.5) and (2.6) that
hi(z,€) = By (¢{(€(z +Y1),...£(z + Y ™)), (7.2)
where Ey denotes the expected value over the distribution of (Y!,...Y™0) and also

that

c"=c"(g)= sup |[gilloo +llg5llc +1, b =c"No. (7.3)
0<e<eo/2

It will be convenient to write
Ee(ex +eY) = (E(x +eYY),... E(x + YN0,

If H; is the right-continuous filtration generated by the graphical representation,
then

t
€5 = Jeg| + M: + /O e(€5) ds, (7.4)

where M€ is a zero mean L2-martingale. This is easily seen by writing ££(z) as a
solution of a stochastic differential equation driven by the Poisson point processes in
the graphical representation and summing over z. The integrability required to show
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M?* is a square integrable martingale is readily obtained by dominating |£%| by a pure
birth process (the rates c. are uniformly bounded for each €) and a square function
calculation.

Lemma 7.1. — For any finite stopping time S
e I€5] < B(I€54.]1Hs) < e'€5].

Proof. — By the strong Markov property it suffices to prove the result when S = 0.
The fact that de(ex,&) > —||g§|lo implies ¥ (€5) > —||g§llool&E|. It follows from
(1.43) and (7.2) that

No
de(ez, &) <|lgfllo Y. D _PY'=y-a).

y:€(y)=11=1
Summing over z and then y, we get ¥:(£5) < Nollg5]|oo]€S| and (recalling (7.3)) the
desired result follows by taking means in (7.4) and using Gronwall’s Lemma. [

Let £50 be the voter model constructed from the same graphical representation as
& by only considering the voter flips. We always assume {8’0 =£5.

Lemma7.2. — If cy.0 = 4(2Ng + 1)c* then
E(|19(€5) = $(65°))) < erele” NVotD® —1)jg5].
Proof. — Let & (ex +eY) = (€5(ex +€Y0),..., 5 (ex + eYN0)), where YO =0, Y is

independent of £°, and note that in contrast to Y, Y contains 0. Let
De(7707 m,..- nNo) = *7709(5)(771» R 777N0) + (1 - no)gi(nlv ey 771\70)7

and note that

B(e(€5) — $<(€)) < B(XIDe(€5(ex + 7)) — De(€5(ex + 7))

< 2| DelloB (Y [ max, &5(ea +eYi) V€ (e + ¥

X e (e +e¥) £ £0a+eV)}),  (75)

because for fixed z if the latter summand is zero, so is the former, and if the latter
summand is 1, the former is at most 2||D¢||co-

Let X, = X7*°, t € [0,s] be the dual of & starting at (2o, ...,2n,) = €z + €Y at
time s and let R,,, m > 1 be the associated branching times. We claim that

E( [Oéngaﬁ/_ € (ex + eyf)] e (ex + eV) # €%(ex + eif)}) (7.6)
<B( Y GXOLUR <s}).
LeJ(s)
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To see this, note that:

(i) if R; > s, then there are no branching events and so (X;,t < s) is precisely the
coalescing dual used to compute the rescaled voter model values £50(ez + £Y').
(ii) In the case Ry < s, if £5(X%) = 0 for all £ € J(s) then &(ex + Y?) = 0 for
0 < i < Ny because working backwards from time 0 to time s, we see thanks
to (1.43) and (2.19) that no site can flip due to a reaction, and again we have
E(ex +eY) =E0ex +eY).
Similar reasoning and the fact that the dual (X27,j € JO(t)) of the voter model
¢50 with the same initial condition z satisfies JO(t) C J(t) for all t < s a.s., shows
that

E( [ogg)z(vo £50(ex + eYi)] e (ex +€Y) # €50z + 817)}) (7.7)
<B( Y &&R<s)).
LeJ(s)

If Eo denotes expectation with respect to the law of X;*° when x = 0 then, us-
ing (7.6) and (7.7), we may bound (7.5) by

4 Ey (eg(:@ };gg(ax + XO1{R: < 5))

Bounding by the dominating branching random walk X, and using |J(R;)| = 2Ng+1
and P(R; < s) =1—e ¢ (Notl)s we see the expected value in the last formula is at
most

E5IE(1T(s)[1{ R < s}) < |€§[e” No° E(|J(R1)|1{ Ry < 5})
< (2No + 1)[g5[ec Moo (1 — e« (ot D) < (2N + 1|5 | (e Mot — 1),
which proves the desired result. O

For the next step in the proof we recall the notation from Sections 1.1 and 1.8.
We assume Y is independent from the coalescing random walk system {Bz 1z € 29}
used to define 7(A) and 7(A4, B). Recall from (1.91) and (1.89) that under (1.43)

0=rf(0)=>Y_ BS)P(r(Y®) < o00,7(Y?,{0}) = 00) — §(S)P((Y® U{0}) < o0).
SG'ﬁNo
For M > 0 define

=Y B(S)P(r(Y®) <M < 7(Y¥,{0})) - 8(S)P(r(Y® U{0}) < M) .

SE"SNO
It follows from (1.92) that (with or without the &’s)
Y 1B(S) +18:(9)] < 2™ (g5 lloo + llg5lloo) < 27V0c*(g) (7.8)
S€75N0

(recall here that §i = g5 by our £; = oo convention). It is clear that limas_,c0,e—0 05, =
0, but we need information about the rate.
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Lemma 7.3. — There is a €7.3(M) | 0 (independent of the g5) so that
185 — 61 < 22% [llg5 — g1lloo + 195 — gollow + ¢* (9)em5(M)].
Proof. — Define

er3(M) = 5 sup {P(M <7 <o0):7= (Y5, 7(YS u{0}),7(Y5,{0})},
SePn,
and note that e73(M) | 0 as M 1 co. Using (1.93) and (7.8) (the latter without the
€’s) we have
105 =01 < Y 1B:(S) = B(S)| +16:(S) — &(S)|

SE'ﬁ'NO
+ Y [BOIPEES) M <r(YS,{0}) - P(r(Y®) <co = (¥, {0}))|
5P F16(S)IP(M < 7(YS U {0}) < o0)
< 2°M[|lg5 — g1lloo + llg§ — Golloo] + 22M0c*(g)e7.3(M).
The result follows. O

To exploit the inequality in Lemma 7.2 we need a good estimate of E(1.(£50)) for
small s.

Lemma 7.4. — There is a constant cq.4 (independent of g5 ) such that for e,6 > 0,

E(e(£5°)) = 05 |&5| + m.4(c, 0), (7.9)
where |117.4(e, 6)| < c7.4¢*(9)6~/2|€5[%e.
Proof. — As usual we assume Y is independent of £5°0. Summability issues in what

follows are handled by Lemma 7.1 (and its proof) with g = 0. The representation
(1.87) and (7.1) imply that

BE(v(£5°) Zﬁg — 6<(S)E5(S)
E5(S) = Z E( (1-&°(ea)) [] & cx +eY?) )
r€Zd i€S
-y E(ﬁeo(sx T1& %z +ev?) ) (7.10)
z€Z4 i€S

We will use duality between £€5° and {B?} (see [29, (V.1.7)]) to argue that
E§(S) ~ |€5|P(r(Y®) < 67 < 7(Y®,{0})), @ # S C {L,..., No}
E5(S) ~ |€5|P(T(Y5,{0}) < de7?) all S C {1,...,No}.
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Beginning with the first of these, note that duality implies (recall Y° = 0)
E5($) = 3 B((1 - (8- [T 6B 1{r(z + Y5, {z}) > 6e72})

€24 i€S

=D F (H (BN r(@+ Y5, {z}) > 55-2})

T€Zd €S
-3 E( II &EBZE)1r(+YS, {z}) >55—2}) (7.11)
A 1€SU{0}
= 21 - 22.

If 7(x + YS) > 6c72 there are i # j € S so that 7({z + Y}, {z + Y7}) > de~2. If
we condition on the values of the Y, Y7 in the next to last line below,

> B([T B )1ir@+Y5) > 6672}

reZd €S
<Y Y BEEBEEGEBEY (e + Y {z + Y7}) > 872
zeZd 1<i<j<No
<Y N Glewgier) Y. Y P(BIY =w, B =,

74 z€24 1<i<i<N zZ4 .
we € J 0zxTE T({III—'-YQ},{.’L""Y]}) > 66_2)

< Z Z &o(ew)é5(ez) Z P(nge—z =w—-2z2-Y;+Y))

weZ4 zeZ2 1<i<j<Np
< No(Ng — 1)|€5|%c(1 + 26e2)=4/2 (7.12)

where the local central limit theorem (e.g., [5, (A.7)]) is used in the last line. A
similar calculation shows that

Yo < |€5]2c(1 4 26e72)7/2, (7.13)

To see this, note that 7(z + Y, {0}) > de~?2 implies that for ip € S (this is where we
require S non-empty) 7({z + Y%}, {z}) > d¢~?) and we may repeat the above with
1 =19 and j = 0. Returning to the study of ¥;, taking any ip € S we have

Z E(H ﬁo(EngL—}z, W {r(x+YS) <be 2 <7(x+Y5, {x})})

T€Z4 €S

= Y B(&(ea+eBL )1 {r(vS) < 8e7% < 7(Y5, {0})})

z€Z4

= |&5|P(T(Y®) < 672 < 7(Y5,{0})). (7.14)

Together (7.12) and (7.14) bound ¥;. Using this with (7.13) in (7.11), we conclude
that

E§(S) = |&5|P(r(Y®) < 62 < 7(Y®,{0})) + m (e, 6, 5), (7.15)
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where |m (g,6,S)| < cNZ|€5|26~%/%e4. A similar, and simpler, argument shows that
for S C {1,...,No},

Ef(S) = &§|P(r(Y* U{0}) < 6e7%) +12(e, 6, 5), (7.16)

where [12(e, 6, S)| < cNo(No + 1)[€§[26 =4/,
Now use (7.15), (7.16) and the fact that 3.(2&) = 0 (by (1.43)), to obtain (7.9) with

n7.4(,8)] <D (18:(S)] + 16<(S)])eNo(No + 1)6~4/2|£5] <.
S

Finally use (7.8) to complete the proof. |

For 0 < m < 1, let T(m) = Te(m) = inf{t > ™ : [€5__,,| > (€712 )de™} and
note that T'(m) — e™ is an (H;)-stopping time.

Lemma 7.5. — There is a c7.5 so that if ;1 € (0,1), then for all s > e™
E(p(&5)Hs—em) < [Ozm -2 + c756™][€5_em |  a.s. on {T'(m) > s}.

Proof. — Let § = e™. If |¢5| < (e~ )de™, then Lemmas 7.2 and 7.4 imply
E($(£5)) = 1€5105. -2 + 7' (¢) with

I ()] < erale™oFVee™ —1)|€5] + crac*(g)e ™™/ H)€5 2
< er.a¢*(No + 1)eMor D em 5] + cr.4¢™(9) €5 €™

For the second term we used the bound on |£§|. The result now follows from the above
by the Markov property and the definition of T'(7). O

Lemma 7.6. — Let B,m2 € (0,1]. There is an €7.6(8,72) € (0,1), so that if 0 < e <
€76 and 8 = f'(0) < —ng, then |£5| < e~4+P implies

P(|&] > 0) < 6e*eP/2 for all t > 24 Jog(1/e).

Proof. — Let A <n2/2,m1 = B(2+d)™, T = T.(m) and § = €™. An integration by
parts using (7.4) shows that for t > 4,

t
AT g8 | = M|es| + /5 Hr < T}AN|E5| + X4 (€7))dr + NV,

where N¢ is a mean 0 martingale. Since {r < T} € H,_s, we have for § < s <t

B Dlgtyr| = XDt [ Ha-s)

_ / "B < TY BOE| + e (€9) Hos) [Hos)dr-

Using Lemmas 7.1 and 7.5 the above is at most

E( / t 1r < T}e’\“y(s)lgf_éldrle_a), (7.17)
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where v(e) = Ae®® + 05.—» + c7.50. Recall § = e™ and 6 = f'(0) € —me. By
Lemma 7.3 and the uniform convergence of the g5 to g; there is a £1(8,7m2) > 0 so
that if 0 < € < &4, then

1

7(e) < 17236”’5"1 — 1 + 22M0 [Z llgs — giHoo] + 22Noc*ep 3(eMe™2) + cr.5e™
=0
< —7]2/4 < 0.

We assume 0 < € < g7 in what follows. Since the bound in (7.17) is therefore non-
positive and our assumption on |£§| implies T' > 6, we may use Lemma 7.1 and the
fact that § < 1 to see that for t > 6,

E(|€5nr X D) < M E(I5]) < eOFeol|gh) < emteref e, (7.18)
Now |&5| > 1 if it is positive so
P(I&5] > 0) < E(|grr|eX™IUT > t})e™™ + P(T <1). (7.19)

Let t > (2d/n2) log(¢™!) and use (7.18) with A = 72/2 to see that the first term is at

most
emztes B—dgd _ gmates B (7.20)

To bound P(T < t), we note that |€5_s| > (717 )™ if T < o0, so
P(T < 1) < B(|gh—|1{T < t})(e™H+ %)%,

By making €; smaller, depending on 3, we can assume that (2d/n2)log(e™!) > ™ =
d. Let S= (T — &) A (t—9), note {T' < t} € Hg, and use the lower bound in Lemma
7.1 to conclude the first inequality in

E(|&5_sIH{T < t}) < e E(|€5p,]) < e*¥mef e

The second inequality comes from (7.18) with A = 0 (recall that t > (2d/n2) log(e™!) >
€™ = §) and 6 < 1. Using the last two equations with (7.20) in (7.19), we conclude
that

P(J&] > 0) < em2tench 4 62Cb+n2€ﬂ—d(5—1+%l)—d€—m

< e2t2cs [Sﬁ + 6ﬂ—n1(1+%)] < 261+2Cb6ﬂ/2,

where the definition of 7; is used in the last line. The result follows. O

7.2. The Dead Zone

For the remainder of this Section we suppose (1.41), (1.43) and Assumption 2 are in
force and — f'(0) > n2 € (0, 1]. We also assume that p(-) and g(-) have finite supports.
More specifically, Ry € N satisfies

{x € Z¢: p(z) > 0} C [~Ro, Ro)? and {z € Z¢° : g(z) > 0} C [-Ro, Ro]*™. (7.21)
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In order to connect with the percolation results from Chapter 5 we need certain space-
time regions suitable for applying Lemma 4.2 to decrease particle density, Lemma 4.7
to control the spread of duals, and Lemma 7.6 to actually kill off particles. Recall
that Q°(r) = [-r,7]?N (eZ?). For Jy < 1 e NO<w < ,A/ K >1,and T > 0
define regions D(Jy, J1,w, A, K) = Dy U D1, where

Do = Uj2, (Q°((K ~ jA)T) x [(j — VT, §T}),

Dy = U5 (Q°((K + jw — (w + A)Jo)T) x [§T, (j + DT)).
For help with the definition consult the following picture:

(K + (J1 — 1 = Jo)w — JoA|T
|

D,

Jo=3 — [K — JoA]T

Dy

[K — AT

The speed w > 0 is as in Assumption 2 (and may be assumed to be < 1), and
T = Ag2log(1/e) is the same as in (4.6). For the regions Dy, D1, E we take

2d 8(2d + 3) )
Jo = +1, A=———=V(2cpV2
° [772144.2] A, v (evee)

K=2+AJy,and J; = Jo+1+

[Eéfﬁ} (7.22)

The choice K = 2 + AJp implies that Q¢(2T) x {JoT'} is the “top” of Dy and the
“bottom” of D;. The choice of J; implies
the top of D contains Q°(2KT) x {J;T} and is contained in (7.23)
Q°((2K + 1)T) x {J1T}, and D contains the region Q¢(2T") x [0, J1T.

Recall from Chapter 5 that a region C in R% x R, is e-empty iff £§(z) = 0 for
all (t,x) € C, where £° is our voter model perturbation as usual. If A C R? let

§65(4) = Xoeaneza &(2)-
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Lemma7.7. — With T, w, Jo, J1, A, K as above there exist £7.7,¢c7.7 > 0 depending on
Uy, u2, w, cg, Co (from Assumption 2) and ro, 4.2, M2 such that such that if 0 < e < ey7
and

&(Q(KT)) =0, (7.24)
then
) 017242
P(D(Jo, Ji,w, A, K) is s—empty) >1—cre T (7.25)
and with probability at least 1 — cy.€?,
for all j =1,...,J1, (z,u) € (Q((K + Jyw + A(Jy — j))T) x [(j — 1)T, 4T))
and t € [0,u— (j — 1)T], X" C Q°((K + Jiw+ A(J1 — j + 1))T). (7.26)
Proof. — We begin with some notation for describing events in which the dual process

is confined to certain space-time regions. For j > 1 and 0 < r < s let I'r (4,7, s) be
the event

X" CcQ(sT)VreQ(rT), ue [(j —1)T,4T], and t € [0,u — (j — 1)T.
On I'r (4,7, s), duality and (1.43) imply

&6i—1r(Q°(sT)) = 0 implies Q°(rT) x [(j — 1)T, jT] is e-empty. (7.27)

Step 1. — We first check that Dy is empty with high probability. For j € {1,...Jo}
we bound the probability of I'r(j, K — jA, K — (j — 1)A) by using Lemma 4.7. If we
set ¢ = Ao, U = 4T, L = (K — jA)T and 2b = A, then evaluating ¢ in the lemma
we obtain

= — - >
q ( 3 2)/\144.26 >2d+1
if Ay2672 > (2d + 1). Hence the bound on P, in Lemma 4.7 gives us
P(Pr(j, K — jA K = (j — 1)4)) 2 1 - cy(K — jA)%e? (7.28)

for € < €4.6(A/2) such that A4 2672 > 2d + 1 and e(A42log(l/e) +1)¢ < 1.
By (7.27), on the intersection

N, Tr(j, K - jA, K — (j — 1)A),

for each j € {1,... Jo}, if £f;_1)7(Q°((K — (j — 1)A)T)) = 0 then Q*((K — jA)T) X
[(j —1)T,jT] is e-empty. Iterating this, (7.24) and (7.28) imply that for some positive
€0,

P (Dy is e-empty) > 1 — ¢ JoK %% if € < eg. (7.29)
Here, and throughout the proof, ¢ will denote a positive constant depending only on
our fixed parameters including ro.
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Step 2. — By taking € small enough we may assume that (recall Lo is as in Assump-
tion 2)
24+ Lo < KT < (K +wJy)T < e~00/4, (7.30)

For j € {1,...,J1 — Jo}, on account of (7.24), we may apply Lemma 4.2 and the
Markov property J; — Jo times and conclude that for € < €49,

P(&r has density at most €742 in Q°((K +wj)T) for j = 1,...,J1 — Jp))
>1—(Jy — Jo)eO.

When the above event occurs, for any j € {1,2,...,J;1 — Jo}, (recall that Q. =
[0,a.)¢ N (eZ%))

&r(Q° (K +wj)T))
< > Er(z+Qe) + > & ()
z€a.24NQ* ((K+wj)T) z€Q* ((K+wj)T)—-Q((K+wj)T—a.)

< |1Qcle™2card(acZ? N Q°((K +wj)T)) + cae™[(K +wj)T]* "ac

< ca|Qele™2a7 (K + wj)T)? + cae™ (K + wj)T]* "ac

< ca(K + wJp)?A9,(log(e71))d[e71a274 4 (1/16d)—d)

< 574.2/2—01’ (7.31)

for small enough €, where we have used v;2 < (16d)~! in the last line. We have
shown that for all € smaller than some positive eg,

P& (Q° (K +wj)T)) <422 for j =1,...,J1—Jo) = 1—(J1— Jo)e'. (7.32)
Step 8. — Fix j € {1,...,J1 — Jo}, and define (ff’e,t > jT) by setting

Aj}e(z) _ .f;TT(a:) ifz € Q°*(K + wj)T),
T 0 otherwise,

and then using our Poisson processes {AZ, AZ : z € Z?} to continue constructing 3
in the same way as £§ is constructed. By Lemma 7.6, if € < €7.6(v4.2/2,72),

5r(Q°((K + jw)T)) < e42/27¢ implies
P(I)F| > 0l¢5) < 6ee™.2/* for all t > (j + Jo — 1)T. (7.33)
Using é{ ¢, we will show that with high probability,
£;T(QE((K + jw)T)) < g(14.2/2)—d implies
Q°((K + jw — JoA)T) x [(j — 1+ Jo)T, (j + Jo)T) is e-empty. (7.34)
To do this, define the event

Tr(j) = N2, Tr(G +4, K +wj —iA, K +wj — (i — 1)A).
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Using Lemma 4.7 as in Step 1 we have for small enough &
PTr(j+i, K +wj —iA, K +wj — (i — 1)A)) > 1 — c4(K + wj — iA)%e?
and thus
P(T1(j)) 2 1 = cz(3K)"Joe* (7.35)
for small enough €.
Observe that on the event I'r(j) we have
X7 C QY ((K +jw)T) Vz € Q°((K + jw — JoA)T),
we -1+ Jo)T,(j+ Jo)T)], and t € [0,u — jT]. (7.36)

Therefore, by duality, on I'r(j),

£ (x) = €% (x) for all
(z,t) € Q°((K + jw — JoA)T) x [(j — 1 + Jo)T, (j + Jo)T).
Combining this observation with (7.33) and (7.35) we see that the event in (7.34) has
probability at least
1 — 6e2vema.2/4 _ (3K )% Jpe?

for £ smaller than some &g.
Step 4. — We can now sum the last estimate over j = 1,...,J; — Jy and use (7.32)
to obtain

P(D; is e-empty) > 1 — Jy (%! + 6e20em4.2/4 4 /(3K )4 Jpe?) (7.37)
for small enough €. (Actually we get a slightly larger set than D;.) Combine (7.29)
and (7.37) to obtain (7.25).
Step 5. — Finally, using the notation from Step 1, the event in (7.26) is just

L Tr(, K +whi + (J1 — §)A, K +wly + (J1 — j + 1)A).

As in Step 1, we can use Lemma 4.7 to bound the probability of this intersection by
1 —cjJi(K + Ji(w + A))%? for small enough ¢, so we are done. O

Let K1 = K + Ji(w + A). For £ € {0, l}EZd, let G¢ be the event, depending on
our graphical representation, on which D = D(Jy, Ji,w, A, K) is e-empty if £§ = &,
and on which (7.26) holds. Note that (7.26) implies all the duals starting at (z,u) €
D and run up until time v remain in Q(K17T). Hence duality implies that G is
G(Q(K1T) x [0, J;T])-measurable, where we recall from (6.7) that G(R) is the o-field
generated by the Poisson points in the graphical representation in the region R. By
the inclusion (7.23) we have

on Gge, Q°(2T) x [0, J1T] is € — empty, and &5, 7(Q°(2KT)) = 0, (7.38)
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providing that £ € H = {¢ € {0,1}%° : ¢(Q°(KT)) = 0}. Adding the bounds in
Lemma 7.7 we see that

if ¢ € H, then P(G§) > 1— 277642 if e < erg. (7.39)

7.3. Proof of Theorem 1.5

Proof of Theorem 1.5. — We continue to take T' = A4 2 log(1/¢), and with K, J; from
(7.22) we define

L=T, T =T,
and set ¢y, = L/(2D) as before. We set £5(y) = 1(|y| > L), y € €Z%, and o, z € eZ¢
denote the translation operators on {0, l}ezd. For (z,n) € Lp let

gom — 0—crallar) Ho—ca(&or) €H
£ otherwise,

and define the percolation variables

n(x,n) = 1(Gg=.» occurs in the graphical representation in which the Poisson
processes are translated by —cpx in space and —nT” in time). (7.40)

In the percolation argument which follows it is the first part of the definition of £*™
that will matter; the £ is really only a place-holder which allows us to define 7
when the translated configuration is not in H. As in the proof of Theorem 1.4 in
Chapter 6, we are actually translating in space by the “lower left hand corner” in
€Z% associated with —cpx and as before suppress this in our notation. In Chapter 6
we used Theorem 4.3 of [14]; here we copy the key definition in its proof. Using
the measurability of G, the independence of G(R) for disjoint regions R, and (7.39)
one can check that for any any M > 4DKj, the family {7n(z),z € Lp} satisfies the
modified M-dependent condition (5.5) with § = 2c77e°1A"4%. To see this argue
exactly as in the proof of Theorem A.4 of [14].
Using the percolation results from Chapter 5, we will show

Lemma 7.8. — There exists ¥ > 0 such that for € small enough £5(Q°(KT)) = 0
implies
P(A) = P& (Q5(7t)) = 0 for all large t) > 1/2.

Intuitively this is an immediate consequence of Lemmas 5.2 and 5.6. The first result
implies that on Q9 then for large n, the wet sites satisfy W2 N HI™ = W, N HI™.

rn/4
n

The second result shows that if B, is the collection of dry sites in H connected

to the complement of U} _ /2 :nm/ 2 by a path of dry sites on the graph with edge
set £, then B, = @ eventually. Wet sites in H " will correspond to space-time blocks
that are empty of 1’s while dry sites (i.e., not wet sites) in H." correspond to space-

time blocks which may contain a 1. If a dry site in H5"/* corresponds to a block
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containing a 1 there must be a dual path of 1’s leading from this 1 to a site outside of

" /2H:nm/ 2, This corresponds to a path of dry sites in £, and so cannot happen for
large n since B, = @ for large n. Thinking of the corresponding space time regions
are being filled with concrete, and the dry sites as air spaces, we see that there cannot
bealin ’H:;"/ 4 \nless some air space reaches outside of U7y _ /2 fnm/ 2 We now give

a formal proof.

Proof. — Fix £§ as above and recall W2, W, B,, and Q2 from Chapter 5. In partic-
ular WO W are constructed from an i.i.d. Bernoulli field which is bounded above by
n(z,n), z € Hnp,n > 1. By (7.39) and our condition on & (which implies €0 = &§ in
the definition of 7(0,0) = 1) we see that

P(1(0,0) = 1) > 1 — 2c7.7""022/4) > 3/4,

for € small enough. By working with P(-|n(0,0) = 1) in place of P we may assume
1(0,0) =1 at a cost of proving (under our new P) that

P(A) > 3/4. (7.41)

Assume n > 1 and (y,n) € W2. Then for some i, letting y/ =y — v}, (v ,n—1) €

WO_, with n(y’,n —1) = 1 (if n = 1 we use 1(0,0) = 1 here). Continue to trace

back the set of open sites ¥’ = y/,_;,...,¥, = 0. Proceeding through the y, values,

using the second part of (7.38) and crv] + [-L, L]* C [-2L,2L)¢ for i = 1,...,D,

we see that £ = 0 ¢y (§7) in the definition of n(y;, i) = 1. Therefore (7.38) and
translation invariance, show that n(y’,n — 1) = 1 implies

&(ery +Q°(2L)) =0forall t € [(n — 1)T,nT"].
Since cry + Q°(L) C ey’ + Q°(2L) we obtain
(y,n) € W2 implies &£ (cry + Q5(L)) =0 for all t € [(n — 1)T’,nT"]. (7.42)
This confirms (5.9) in Chapter 5.

Next by Lemma 5.2 we may assume ¢ is small enough (independent of the choice
of &) so that P(Q%,) > 3/4 and 6 < 652 Afs5. Let r = 752 and assume w € Q2. By
Lemma 5.2 there is an ng € N so that

WP NHF = Wi nHEF Y k> no. (7.43)
Let 7 = ﬁ and assume w ¢ A. The latter implies that for infinitely many n > 2ng
there are t € [(n — 1)T',nT’] and = € Q°(7t) with &(z) = 1. We claim that this
implies
B, # @ for n as above. (7.44)
Lemma 5.6 implies the above is a null set, so it follows that P(Q% \ A) = 0 and so
(7.41) would be proved (recall P(Q%) > 3/4).

To prove (7.44), fix such an n and z,t and consider the dual starting at (z,t). We
are going to make use of (1.43), which ensures that not all of the inputs to the dual can
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be 0. By (5.2) there must exist some (y,n) € H, such that € cLVy C cLy + Q°(L)
and a bit of arithmetic using the definition of 7 gives
z L _ T’
lyl < .

~cr cr, cr,

™
2D < —
+ S 70

and we have taken no big enough for the last inequality. Hence (y,n) € Ha™* and
so the fact that & (z) = 1, (7.42) and (7.43) imply (y,n) ¢ W,, i.e., (y,n) is dry. By
duality and the finite range assumption (recall (7.21)), there must exist =’ € ¢Z¢ and
t' € [(n — 1)T",t) such that |z — 2’| < Roe and & (2') = 1. Thatis, ¢’ > (n— 1)T" is
the first time below ¢ that the dual jumps or ¢’ = (n — 1)T" if there is no such time
in which case ' = x. We may assume ¢ is small enough so that Ros/ cr < cs3, in
which case by (5.3) 2’ € cLVy for some y' of the form y + v — v} (y = ¢ is included).
If (y,n) € HY"/? c HT™, it follows from (7.42) that (y',n) must be dry, and thus
(y, n) € D(y n)-

Continue the above construction until either we reach a point (y”,n) € (Hm/ %)e
with all earlier points in our path from (y,n) being dry, or we obtaln z",y" such
that £ 1,7 (2") = 1, (¥",n) € Dym) NH? and 2" € ctVy. In the former
case B, # @ (recall the precise definition prior to Lemma 5.6). In the latter case if
(y'—vi,n—-1) ¢ ’Hr(n /2 for some i, then (7.44) holds. If not, then as one easily
checks |cr,(y" — v}) — 2’| < L, and so arguing as above, we see that (y” — v},n — 1)
is dry. Therefore the iteration can be continued until it stops as above or continues
down to time (§ — 1)T”, again forcing (7.44) in either case. d

Having established Lemma 7.8 the rest of the proof of Theorem 1.5 is routine. The
proof of Lemma 6.5 shows that if we start from an initial configuration with infinitely
many 0’s then at time 1 there will be infinitely many cubes of the form cyz + Q¢(L)
with £ € Ho that are c-empty. By the Markov property this will hold at all times
N € N a.s. The above shows that if o is chosen so that & (zo + Q(L)) = 1, then w.p.
at least 1/2, £5,, = 0 on cpzo + Q(7t) for all large t. If this fails at some time we can
try again at a later time N by the above and after a geometric (1/2) number of trials
we will succeed and produce a linearly growing set of 0’s starting at some space-time
location. Therefore the 0’s take over. O
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