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INTRODUCTION

Cette thèse consiste en un ensemble de travaux réunis autour de deux thèmes prin

cipaux : les fonctions L p-adiques et la construction explicite de certains groupes comme 

groupes de Galois. Chaque article est précédé par un bref résumé de son contenu.

Article 1. Sur l’invariant-/^ des fonctions L p-adiques attachées aux courbes elliptiques à 

multiplication complexe.

Soit E  une courbe elliptique définie sur un corps quadratique imaginaire K , à multi

plication complexe par K , et soit p un premier différent de 2 et 3, où E  a bonne réduction, 

qui est décomposé dans K ; on écrit (p) =  pp*. Soit F<x, le corps obtenu en ajoutant à 

K  tous les points de p ”-division de E  (n =  1 ,2 ,...) , et soit M <*> la p-extension abélienne 

maximal de Fqq non-ramifiée en dehors de p. Soit le groupe de Galois de MQ0 sur F ^.  

Soit T =  Gal(Foo/Fo), où Fq =  K (E P). Il est connu que est un Zp[[r]]-module de 

torsion de type fini. Nous démontrons ici que son invariant-/^ est nul.

La méthode utilisée est de démontrer que l’invariant-/Li est nul pour chacune des fonc

tions L p-adiques Lp 1 < i < p — 2, construites par Bernardi-Goldstein-Stephens; il n’est

pas difficile à voir que ^(Xoo)=Y^i=i K^p,*)- P °ur étudier l’invariant-^ de ces fonctions

L, on utilise leur construction en tant que transformée gamma de fractions rationnelles 

sur la courbe elliptique 2?, et on donne une formule générale reliant l’invariant-fi d’une 

telle fraction rationnelle à celui de sa transformée gamma. Explicitement, si R est une 

fraction rationnelle sur E  dont le développement de Laurent est entier, on lui associe une 

mesure A sur Zp, et on définit sa i-ième transformée gamma pour 1 < i < p — 2 par 

1^(6) =  f z ,(x )9u>,(x) <iA, où a; est le caractère de Teichmüller. On a alors:

Théorème: /i( ^  u>’(u)A* o (u) j =  ¿î (T \(s)), où W  est l’ensemble des racines de l’unité

dans K , A* est la mesure A restreinte à Z* et A o (v) est la mesure définie par A o (v)(C) =  

A(vC) pour tout ensemble ouvert-compact de Zp.
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0. In t r o d u c t i o n

Let E be an elliptic curve defined over a quadratic imaginary field K, 
with complex multiplication by K. and let p be a prime different from 2 and 
3. where E  has good reduction, and which splits in K. say (/*> =  /'/'*• Let
F . be the field obtained by adjoining to K  all //'-division points on E  
I/i = 1. 2....). and let X f be the maximal abelian ^-extension of F.r 
unramified outside p. Write X , for the Galois group of \ 1 , over F y. , 
endowed with its natural action of the Galois group Gall F K ) .  Let 
r = G d \ { F , F0), where F{) = K (E //). It is well known that X , is a finitely 
generated Z /, [ [ / ’]]- tros ion  Z /, [ [ / ' ] ] -m o d u le .  The aim of this paper is to 
prove that the /¿-invariant of X x is zero.

Our methods have been inspired by the recent work of Sinnott [9 ]  in 
the cyclotomic case. The same result has been obtained independently and 
simultaneously by Gillard [5 ] ;  the key difference between his approach 
and the one in this paper is in the proof of algebraic independence 
(Theorem III here, 1.2 in [5 ]) .  In particular, Gillard studies the schematic 
closure of a certain subvariety of E”, whereas here we consider the Zariski 
closure of a certain subgroup of the formal group of E'\ E  being the curve 
reduced mod p , which permits us to establish the theorem by elementary 
methods. This is the only point in S innott’s article which does not 
generalize easily to the elliptic case. It is also noteworthy, however, that in

0022-314X/87 S3.00
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applying the results to the p-adic L-functions, Gillard used those construc
ted by himself in an earlier article [10], whereas here we follow the con
struction of the p-adic L-functions L p , for 1 —2 given in [1].

1. N o t a t i o n

Let K  be an imaginary quadratic field of class number 1. with ring of 
integers C. Let E  be an elliptic curve defined over K, with complex mul
tiplication by C, and let ij/ be the Grossencharakter of E  over K. We fix an 
algebraic closure K  of K  and an embedding KQ  C. Let 5  be the set contain
ing 2. 3. and rational primes q such that E  does not have good reduction 
for at least one prime lying over q. Let p be a rational prime which is not in 
5. and such that p splits in K : (p) = ft ft*. Let n = ip{ft). Let K be the com
pletion of K  at ft and let I be the ring of integers of the completion of the 
maximal abelian unramified extension of K.,. We fix a Weierstrass model 
for E.

v2 =  4.y3 -  g 2x  — g 3 (1)

such that e (i, and gl — 27 gj  are minimal at all primes of K not lying
above a prime in S. Let L be the period lattice of the Weierstrass 
^-function associated with this model. Since K  has class number 1. there is 
an Q e L such that L =  QC .

Let L(\jjk, s) be the complex Hecke L-function of ijjk. Let Q be a p -adic 
period of E. We follow the notation of [ 1 ] in reviewing the construction of 
the p-adic L-functions L , ,(.v) for \ ^ i ^ p  — 2. such that for each integer 
k ^  1. k =  / (mod p — H,

Q ; kL /tJ(k) = (k -  1)! (1 -  { ^ { f t ) / N . , ) ) Q - kL(4;k. k). (2)

Note that the interpolated L-function is the primitive one.
Let </>{-. L) =  ( ^ ( -  L), $y(r, L)). Let o  be the Teichmiiller character on 

Z r . and for each x e Z * ,  let <a > =  .v/o>(.y). Let E  denote the formal group 
giving the kernel of reduction modulo ft on E: a local parameter for E  is 
given by / =  —2.v/ v. If we consider z to be the parameter for the additive 
formal group G tl, then / =  — 2 ^ ( r ) / ^ ' ( r )  gives the exponential map from
G , to E. If we let w be the parameter for the multiplicative formal group 
Gm, then since E  has height 1 (since p is split), there exists a power series 
01 u ) e h'//([ [ h ’] ]  which gives an isomorphism of formal groups ¿: Gm -+ E. 
The p-adic period is, by definition, the coefficient of w in <3: it is determined 
up to a unit in Z*.

We now introduce the basic rational functions on E  (see [2 ]  for details). 
Let a e (i. a ^  0 or a unit, and let L a denote the kernel of a on E. For each

/¿-INVARIANT OF p-ADIC L-FUNCTIONS 21
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22 LEILA SCHNEPS

f, 0 ^ /' ^  p — 2, such that / ,  tM, let Q, be a primitive / , -division point on E. 
Define

n (v(/>)-.v(/?)) and f , .Ql(P) = n i>(P +  Ql)' (3)
R e  ¿ i  r 6

/??i0

where G, =  G a \ ( K { E ti)IK). We have the following equation [1]. For any 
ideal f  of (i prime to a and to / , ,

where a , is the Artin symbol of 6 relative to K (E t) /K ,  and the symbol ~  
means that the quotient of the two functions is a constant in K*.

We now consider the development of the rational functions in (3) in the 
parameter r of the additive formal group, and define

Let m, = card(Gal( K(E , ), / 0 )  for each /. Consider the set '// of maps fi\ 
A —*• Z. where A is the set of elements of (i prime t o / ,  and to /✓, and where

f.i{ a ) =  0 for almost all a e A and £  ^(a)( Not. — 1) =  0.
a e  .4

For u e i / .  let R ,(r. L) = n * e .4 ( s 2" ' L ) ) ,,{%\ Then [il/dz) log R /t, 
(r. L) has a Laurent series expansion in t which is an integral power series 
■n / [ [ O J -  and f°r a suitable choice of this is the series underlying the 
construction of the L., ,(.v) (see [1, 3]).

In order to complete the construction, we need to introduce several basic 
facts about gamma-transforms (for more details see [9 ]) .  Let A,„ be the 
space of /  -valued measures on Z r , and let C denote a compact-open sub
set of Z p:

(a) There is an isomorphism A , , ,—* / . , [ [« • ] ]  given by /.\—* / / ; (u), 
where //,(«■> =  Z« * o (f ) d k ) w" = (1 +  w )' d/..

(b ) Let / ( y ) =  Xi be the characteristic function of C, where C, are 
/j-power roots of unity [9],  We define a measure / . \c by restricting /. to C 
and extending by zero. Then the power series / / ; U(u’) associated to /. | c- is 
given by

2 > , / / ;(i,(l +U’) -  1). (5)

5

i A M ; .  LI)

( 4 )

R-, , i=.L) if / ,  =  K
otherwise.

n
S  G à /

ç ^ ( P + S ) £

¿y 0 ( r , / . ) )

P),

¿ r ( P)  =

(«AQ,a, ( à )
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In particular, if C =  Z *, we write /.* for / . | z * and Hf{\v)  for We
then have

H f ( u )  = X  / / ; ( C ( l + » v ) - l ) .  (6)
P - J l ,

(c) We define the measure /. 7  for 7  e Z * by /. - 7 (C) = /.(7 C). Then
H, (u )= f /^ (u  ). and we have the formula

k (7)

(d) We now discuss the gamma-transform. Let J(t)  e  anc*
set 7( it ) e /  . ,[ ["  ] ]  equal to y(<5(u')) viewed as a power series in u\ Let A be 
the measure associated to the series J(u ). For each /. 0 ^  ^  p — 2. we 
define

r'/'(.v)= | <.v>' w'(.v) i/A
~ j7 +

(8)

and we may thus speak of the gamma transform of a measure associated 
with a power series in t. Clearly / ’¿ ’(s) is an Iwasawa function, i.e.. if u is a 
topological generator of 1 4 - p Z p, then there exists a power series 
(7 (n )e I . [ [ n ] ]  such that G,(us — 1 ) =  Let <j>: Z r —> U = 1 4 - p Z p be
the isomorphism given by y*-+uy. Then as a power series. G,(w) 
corresponds to the measure in A,„ given by

(? (9)

where the sum is over the (p — 1 )th roots of unity in J.r (see [9 ]) .  By (c) 
above, we may write (9) as

(ze';-u ( 10)

We now apply the gamma-transform of (d) to the measure whose 
associated power series in t is the Laurent expansion of (d.dz)  log ^)-
Up to multiplication by units in the Iwasawa algebra, this gives the 
functions L, ,,(.v) for 1 ^ i ^ p  — 2 (see [1 ]  for the complete construction). 
Now. the /¿-invariant of is considered by definition to be the
/¿-invariant of the associated power series G,-(vv), i.e., the infimum of the 
valuations of its coefficients. Thus it clearly suffices to study the ¿¿-invariant 
of the gamma-transform to determine the /¿-invariant of L., ,{s)-

c

le ve' /’•o y

fi'/. «I«-)

f f  A
1

e / ,

ff;.* ( w ).

( n )

CUOI.
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2. / / - I n v a r i a n t s  o f  C e r t a i n  G a m m a - T r a n s f o r m s

LEILA SCHNEPS

Let E  be an elliptic curve as in Section 1. and let R(P)  be a rational 
function on E: by a slight abuse of notation we write R(t)  for the expansion 
of R as a Laurent series in t, where t =  — 2.x/ v is a local parameter at zero 
on E. We suppose that R(t)  e / ,> [ [ / ] ] .

Let 6: G„, —► E be the isomorphism of formal groups as in Section 1, and 
consider a measure '/. on ~LP with values in /  whose associated power series 
*n has the form /?(<5(u )) for R{P) as above. Let W  denote the set
of roots of unity in K. The aim of this section is to apply the methods used 
by Sinnott in the cyclotomic case (see [9 ] )  to prove

T h e o r e m  I. For each i. 0 ̂  ^  p — 2. we have the formula

Before the proof of Theorem I, we need several preliminary remarks. Let
/• be the number of roots of unity in K. m — ip  — 1 )/r, and / i , ....p„ be a
basis for the (! -module generated by the i p — 1 )th roots of unity in Z r . For 
1 ^  ^  m. let t:, be representatives of the ip  — 1 )th roots of unity modulo 
IV. Then

( 1 1 )

for 1 m.
Now. since we are considering /i-invariants. we will wish to consider the 

reduction of our power series /?(£(«■)) modulo //. To this end. we denote by 
diw) the power series Siw)  modulo //, so d(u ) has coefficients in the 
algebraic closure of Letting E  denote the curve reduced mod //. we see 
that o(u ) gives a formal group isomorphism from the multiplicative formal 
group in characteristic p to the formal group of E , which we denote by L 
But since the points of E  all reduce to 0 mod />, we let B = F/, [ [ 7 ' ] ]  for an 
indeterminate T, and we extend the field of definition of E  to the quotient 
field of B. We also consider B to be the underlying set for G,„ in charac
teristic p. Then d converges to a value on r. whenever w has its value in the 
maximal ideal of B . which is the ideal generated by T.

We now recall that for each element p e Z r . there exists a unique power 
series, usually denoted [/?] (/), such that = (m o d d eg 2 )  and

is an endomorphism of E  (see [8 ]) .  We use the notation 
[/?](/) and write q p(t) for the reduction of </,,(/) mod /¿.

Now. let £" be the abelian variety consisting of the product of n copies of 
E. and let i , .... /„ be the copies of t coming from the n coordinate projec-

7

A* t ü ‘( v )  / . *

-I
/
auß,, a„ G <T

[ / * ] ( ' )
<7/ï(0 =

( r ) r I M | s)
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T h e o r e m  II. For 1 ^  j  ^ m ,  let <£, : £" —► Ê be the map given by

* A

and suppose r,,..„ r,„ are rational functions on E such that

m

£  rJ( 0 /{x)) =  0 for all xeÊ".
i = i

Then each r t is a constant function on E.

Theorem III. Let 0 \  be the map given by
0{ t ,) =  i/ ¡,( I ). Then the restriction of &  to A is injective in the sense that i f  
r e .4 and r{ £/,,,(/ ),..., <//;„( O ) =  0. then r  =  0 identically.

Theorems II and III will be proven at the end o f  this section. We now  
proceed to the proof of Theorem I. Let /. be a measure on I .n as before 
whose associated power series has the form /?(<$( u-)) e  / [ [ " ] ]  for R e A. 
We have

Proposition. Let C he a compact-open set in I.p. Then the power series 
associated to / . | c has the form  R^\6{ w )), where R c is also a rational function 
on E.

for the characteristic function of C. as in 
Section Kb). Then the power series associated to / . \c is given by 
X, h,Rid(C,( 1 +  u ) — 1 )). Now, since 6 is an isomorphism of formal groups, 
and C, — 1 is in the maximal ideal of , we see that C, — 1 corresponds 
under 6 to the t coordinate of a ;r-power division point V, on E. Thus,

X/>,/?( ¿>k;,(i +  *v)-1 )) =  v/>,/?(c)(c, - 1 )©/,-(>( u n
/ /

=  Y^b,R(t{ V , )©/.-/),
/

which is the expansion o f  X / b,R( V , ®/.: P) in t. By definition, this function

p „ ) =  y
i

a n P , ,

S [ C ' i ...../ * ] ] [ / ] ]

Pt, . . . ,

Proof. Nc  imav vrite y . b.cr

tions En -*• E. Let K(E") denote the field of rational functions on E n 
developed out in their Laurent expansions at t„, and let A =  K (En) n  
/ A[ [ / i I n  the same vein, we write Â = K (Ë n) n  
rational functions on the reduced abelian variety.

iiu ivi /i —  ivy ) i »

n  B \ _ / „] ]  for

We now state two independence results which are fundamental to the 
proof of Theorem I. For the a if as in (11), we have
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is R C(P). But R c  is a rational function on E  since addition on E  is rational, 
and A |c is associated to /?c(<3(w)), which concludes the proof.

Now, for each i, 0 ^  /' ^  p — 2, define a measure

k ,, =  X  (o‘(v)  A* - (r).
r e  IV

We first remark that k, is associated with a rational function in <5(u>) on E. 
For by the preceding proposition, /.* is associated with a rational function 
R*(0{\\)), and then by Section 1(c), is associated to
P*(<5((1 + n ) ‘ 1 — l)) =  /?*([i7- , ](<5(w))) =  /?(!?“ ’P) on E. Now, we are 
considering the /¿-invariant of a measure to be the /¿-invariant of its 
associated power series; this is how we investigate the /¿-invariants in the 
statement of Theorem 1, which we recall as

ß ( 1 2 )

In fact, proving the simpler formula

ß(K,) ( 1 3 )

is equivalent to proving (12), for the left-hand sides are the same by 
definition, and for the right-hand sides we have

/ T ’(.ï)= X OJ‘(v ) I <.v>J oj'(.y) dk* (v)
r e « '

=  X  c o ' ( v )  I < t -  ~ ' . v > '  O j ' i v  ' . Y ) d / *
re H ‘

=  X  oy(v)a>'(v  ' )  I <-v)v co'(.y) d/.
re H

=  r r ,/' ,(.v).

Thus, since we have stipulated that p ^ 2  or 3, and r must always be 2. 4. 
or 6, we have

/i(r«',(5)) = /x(r«K',(5)).

To prove (13), we prove that divisibility by n of k, (i.e., of its associated 
power series) implies that of /"’¡¿’(•O and vice versa, thus, cancelling the fac
tors of n from both sides gives (13). The first implication is evident, since if 
k divides k , then it certainly divides e I {,-• (Eq. (9)), so /^ /(s) , by
Section 1(d). The second implication is not trivial. Suppose n divides 
X, e'*,- e| i ■ Then n divides r £ "1  i e,r 'Ki Irer'c ■)c (£/- *)’ reformulating as in
( 10 ).

i 1Vre»’
oj'(y) A* M t’) ) = ß(

= ß ( r {"{s))

Z ,  e'Kf- --

y~</>
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Let r,(i)(w’)) be the power series corresponding to the measure 
£,r 'Ki I«*"1 £.■ »* We may then write the assumption that n divides the gamma- 
transform as

m

X r,-(d((l +  1 )) =  0 (mod tc/ , , [ [> ] ] ) •
/ = 1

( 1 4 )

Considering the rational functions rf on E  and the whole situation in 
characteristic p , we have

m

Z ?/([è/] d(iv)) = 0.
/ = i

( 1 5 )

Thus using the notation qri{t) for [£,](/) reduced mod /¿, we have

m
Z 0(̂ C,(0) = 0.

/ = 1
(16)

Now. in the notation of Theorem II. let <£/. Ë" -*• Ë be defined by

for the a,, as in ( 11 ). Then (16) may be written

( 1 7 )

Now. by Theorem III. this statement implies that the function X/”- i  0 “^ /  
on E" is identically zero, and by Theorem II. we obtain that each rt is then 
a constant function on E. so that ]T/’= i =0- or equivalently, i ri — ® 
(mod ti / . ,[[u  ] ]).

Finally, recalling that rt(P) was the rational function on E  associated to 
the measure r., ‘k , | l( ir ) , we obtain

rrt

•<i =  Z Z e/ '*«• i«-., V i - (t>)
/ =  1 V e  W

=  I
I Ç  W

so k , is divisible by n, which concludes the proof.
We note that since the p-adic L-function is constructed by taking the 

gamma-transform of a measure whose power series is exactly the develop
ment in vt of a rational function on L, we may apply Theorem I to obtain 
information on their //-invariant. This is done in Section 3. We now prove 
Theorems II and III.

10

&iU  1 ........ ín)
n

=  i
/ = t

H

=  0r

/n

I
/ = 1

?/(<P (¿7/ I .. tin. ni o.

,(»/>)) (mod
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Proof o f  Theorem II. First, note that since ey =  X"= 1 aijPi and 
<t>j{Px P n) =  X7= i we must have the condition

a o 0 t. =  b o 0 < i > a  =  b — O

for a .b e C ,  and i¥^ j,  since this is clearly true of the Ej. This and 
algebraicity are the only conditions on the <Pj which are needed in the 
proof of Theorem 2. The algebraicity of the <2>y means that since they are 
certainly not constant maps, they must be surjective onto E. Now, let 
Kt =  Ker 0  r  We will show that whenever i ^  j , &, \ K/ is still surjective onto 
E. If it were not, it would be constant, so its image would be e, the identity 
element of E. Now, obviously, 0 A K = e, so we have induced maps

È n/KJ — Ë  and 0 ,:  Ë n/Kj  — Ë.

Thus. <t>, 1 is an endomorphism of E, so some y e (i. But then 1 0 , =  
v 0 , .  which is not possible. So 0 ,  | K. is surjective.

Now. let Pu e  E  be a point at which rm has a pole. Then rm(P0 © K-P ) has 
a pole at e. Choose R 0 in E n such that 0 m(R o) =  P 0; then we still must 
have

m

X  r, 0 j ( R o + R )  = 0 V /?eÈ",
/ = i

so it sufHces to know Theorem II for the functions r/( 0 l(R o) © f / >), i.e., we 
may suppose that rm has a pole at e.

Let D, be the set of poles of r,; then '(£>,) o  K m, for 1 ^  j ^ m .  must 
have codimension 1 in K m, otherwise 0 j  would be constant on K m, which 
is not the case. So XTLl1 ‘i ^ , )  ^  K m has codimension 1 in K m. Thus, we 
can choose an /?, in K m such that 0 J( R l ) $ D f , 1 <  j ^ m — \. We can now 
write

m -  1
rm 0 m(R) = rm 0 m{Ri + R ) =  — X  r/ ° 0 /( R l + R ) .

/ = i

But the right-hand side is regular, implying tha t rm has no pole at el 
Evidently, the procedure works for each of the r7- in the same way, so they 
are all constant functions on E. This concludes the proof of Theorem II.

Proof o f  Theorem III. We need a long series of lemmas.

L e m m a  1. Let H  be a Zariski-ciosed subgroup & E n. Then there exists a 
non-trivial homomorphism 0 :  E n —► E such that H  c  Ker 0 .

Proof  Let /,: E  -*■ En be inclusion of the i th factor for 1 ^  i ^  n. Then 
since H  is a proper subgroup, there exists j  between 1 and n such that

II
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Im I, <£ H. Thus the composition x: È  -* ,J E n -*■ Ë n/H  is non-trivial. and 
since H  is closed, Ë n/ H  is an abelian variety. So the dual t * :  ( Ë n/ H ) *  -*■ È  
(as abelian varieties) is non-trivial. But Ë n/H  is isogenous to (Ë n/H )*, so 
choosing an isogeny / :  Ën/H  -* ( Ë/H)*. we have r* - f :  Ë n/H - * Ë  non
trivial. Then <P: Ê n -* Ë n!H  -* r* ' Ë  is non-trivial and H  a  Ker <t>.

L e m m a  2. Let <P\ En —*■ E be a homomorphism. Then <t> has the fo rm
n

0(01, -, (?„) = Z *iQi> oc, eCr. 
i =  i

Proof. In the notation above, set a, =  <t> ° /, : E  —► É. Then

4 > (ö l ....  Q n )  =  <t>

L e m m a  3. I f  G is a subgroup o f  E n. and H  is its Zariski closure, then H  
is also a subgroup.

Proof. It suffices to show that H  is closed under addition and inverses. 
Let A : H x H —*■ H' be addition. For any algebraic map 4> which is zero on 
G. we know <j> must be zero on H. But then <t> A is zero on H  x H  since it is 
zero on G x G and H  x H  is the Zariski closure of G x G. But this means <f> 
is zero on H', so H' a  H. The argument for inverses is analogous.

L e m m a  4 .  Let / i , .... ft „be elements o f J .n which are linearly independent
over ( . and write t = d{w) as usual. Let F be the algebraic closure o f  the 
quotient field o f  the ring B. R the ring o f  integers o f  F. and M  the maximal 
ideal o f  R. Let

HQvSt) .... q,in{ t )) I t = d(w),  w e  M\ .

Then G is Zariski dense in E" (considered to be defined over F).

Proof.  Recall that whenever w is in M. then d(vv) converges to an 
actual value on the formal group of E. Let H  denote the Zariski closure of 
G. Then by Lemma 3. H  is a subgroup of E n‘. If H  ^  E ", then by Lemmas 1 
and 2. there exist elements a,...., a„ sC , not all zero, such that

¿ i , a = o  v<e,,.... q j s h .
i =  1

But then, we may write this as

ï  * , [ ? , ] < * ) = r  t  * i ? f i  (0=0
= 1  L / = i

i i

n

i
! = 1

2, 'h< ( í \

(
n

V
r = i

/ d e , ))
n

i
/ = 1

y.,Q,
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for all t on thè formai group of È, so , a ,/?, =  0. But this is not possible, 
so we must have H  =  È n.

We may conclude thè proof of Theorem 3. Suppose that for some r e À ,  
we have 0 ( r )  =  O. This means

r(qPt(/),..., qpn(t)) = 0.

But r is continuous in the Zariski topology, so it must be zero on all of En.

3. T h e  / ¿ - I n v a r i a n t  o f  t h e  p-A d i c  L - F u n c t i o n

The aim of this section is to apply the results of Section 2 to the measure 
associated to the p-adic L-function, as discussed in Section 1. In particular, 
we prove

T h e o r e m  IV. n(X.,_) = 0.

In order to do so, we show that the /¿-invariant of each L /t Xs) is zero. 
Indeed, it is shown in [1 ] that the /¿-invariant of is equal to the sum of 
the /¿-invariants of the ¡(s) for 1 p — 2.

Recall from Section 1 that for each /, 1 <  / ^  p — 2, and for a suitable 
choice of /¿, the integral power series expansion of the rational function on 
the curve

(18)

is exactly the power series which gives the measure associated to L /r ¡(s) as 
in Section 1(a).

L e m m a 1. For each /, 1 ^  ^  p — 2, we have /¿(A,) =  0, where the series 
associated to is the development in h* o f  (d/dz) log R ltl{z, L).

Proof. We show that as a rational function on E , (d/dz) log R fi ,(r, L) 
does not reduce to zero mod /¿, in fact, we exhibit its poles on E. Recall 
that r = #  W.

Let 5  =  {a e A | /¿ (a )# 0 } , and ££ =  {R e E \ R is a point of a-division for 
some a e S , ' .  Now, since all a e S  are prime to fi and prime to each other 
(see [1. Lemma 11.7; 3, Lemma 28]), we have that reduction m od /i is injec
tive on We separate the proof into two cases.

Case 1. f  =  1, i.e., r divides /. We explicitly write down the rational 
function on the curve from (18):

- ^ l o g  Ä /J7(r, L )
d_

d z
log n

y.

(a-"' L ) i / ' n >
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£  /x(a) - ^  log J~] (.vi/5) -  .v(/?))
i e . - l  R 6

«!iO

- 1
% e  A

(19)

from which it is easy to see that the poles must come from the points 0 and 
R e  I f .  Now. in fact, the residue at 0 is exactly a h(ol){N^l — 1) =  0, so 
there is no pole there. However, the residue at each R  is —2^(a), and since 
¡.i( a ) =  — 1 (see [1 ]) .  this does not reduce to zero mod /i. Moreover, since 
reduction mod /✓ is injective on ££, all the points in ££ give poles of the 
reduced function on E.

Case 2. / , The only difference with Case 1 is in the explicit 
expression of the function associated to

Y //(x ) log Y\ FI < Y* P + QD ~  ^ ) )
i -  R  T

=  1 1 X  /*< * > —X { P + Q ] ) - X { R )

Here again, the poles come from the points — Q] and R — Q ] for all r e Gfi 
and R e W .  Now. the residue of each pole at - Q ]  is again 
X , /'i * H Vy. — 1 ) = 0. so there are actually no poles there. But the poles 
coming from the R — Q] have residue — 2f.i(x). which as before is prime to 
// for each y. (see [3. Lemma 28]). Moreover, since each R — Q] is a 
primitive yf  -division point, again reduction mod // is injective on this set, 
so each R — Q] gives a pole of the reduced function on E. This concludes 
the proof.

L e m m a  2. The ¡.i-invariant o f / . *  is zero.

Proof. In fact, we show that the /¿-invariant of /., \p£r is not zero, from 
which the result follows. Note that the characteristic function of p l.p is 
(1 p ) Y . -  i Cv- Now. the power series associated with is the development 
in u of i /*(2 |U/ dz) log c y .(j,{P) w h e n / ,  7^1. so by Section Kb), the 
power series associated with /., \p£fi is V ie A i_i(y.)(d/dz) 

FIs- / - i .qSP  + SK which by the functional equation (4) given in Sec
tion 1. can be written

I  <̂*)- l̂og ca.^A([7r]P) . 

ye A P  L  “ -

( 2 0 )

I W

Hi*)  X
R

- 2  y ( P)

x i P ) - x { R Y

- 2 y ( P + Q ] )
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Now, by the chain rule, we can write Y.ieA M ^)(^/p)i(d(dz)  
l°g W j i M i ’) f°r (20), which allows us to reduce modulo / i. The poles 
of this function come from the points —Q™* +  S  and R  — Q]a> + S  for all 
t  e Gfi, R g and S e  E n. But all the S  reduce to zero mod fi, so evidently 
the residue of each pole is a multiple of p, and thus reduces to zero mod ft. 
Thus the rational function in (20) is divisible by p, which concludes the 
proof.

L em m a 3. The invariant o f  the measure

£  oj'(y) A* - (v)
ie W

is zero.

Proof. As usual, we divide into two cases.

Case 1. /, =  I. i.e.. r divides /. In this case, the measure in the lemma 
becomes simply yv A* - (v), since (o‘(v) =  1 for each v e W. But the poles 
of A* are given by the points Re<£,  and the v are isomorphisms of E, so 
they only permute the poles. So ~ {v) = /.* for each i\ and the measure 
can be written r/.*. Now the result of Lemma 2 concludes the proof.

Case 2. f ^  1. Let us consider the set of poles of the form

P R = { R - Q ] \ x e G fi).

We attach a P R to each R e l f .  For each P R, let r ~'PR denote the set 
I r ' ' ( /?  — Qi) | r e C /;}, Now, since the orbit of 0 ,  under the t  lies entirely 
in one congruence class modulo W , the v lP R are completely disjoint sets 
for R fixed and v varying in W. We show, moreover, that if 
r 1P Rl = v ~ 'P R„ then R t = R 2. For first of all, /?, and R 2 would have to 
be points of a-division for the same a. But then, letting f  act on both sides 
of the equality, we would have /?, =  R 2- This shows that for r fixed, the 
poles of /.* (r) are given by the v xP R for R e  and that all these poles 
are distinct. It remains to be shown that no pole of /.* ( r , ) can be a pole 
of /.* - (v2) if i;i Suppose we had /?,, R 2, r , ,  and r 2 such that
r ,-'(/?, — Q y ) = v2 ‘(/?2 — Q*2). First, we see immediately that R t and R 2 
must be points of a-division for the same at. But then, letting a act on both 
sides, we obtain

v \ H - Q V )  = v 2 >( ~ Q ? h

which is impossible if vx ^ v 2 since the two points would be in different 
congruence classes mod W.

We have now proved that all the poles of wia'iv) /.* (y) come from

15
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u ~ lP R for all v e W  and Applying the methods in the proof of
Lemma 1 to these points, we easily compute that the residues all have the 
form //¿(a) for some r e  W, and as before, that this is never congruent to
0 mod jr. similarly, we see again that reduction m od /i is injective on the 
entire set of poles. This suffices to prove that the rational function 
associated with X<.6 wOj‘{v) /.,* - (u) does not reduce to zero mod /¿.

Now. for 1 ^  ^  p — 2. up to units in the Iwasawa algebra. L // ((-s) is 
given by the ( / — 1 )th gamma-transform of A, (see [1 ]  for details), and 
L,,.0U) is itself given by a unit in the Iwasawa algebra. Thus, applying the 
result of Theorem I in Section 2 permits us to conclude that the 
//-invariants of the L /t_,(s) are zero for O ^ i ^ p  — 2. This concludes the 
proof of Theorem IV.
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Article 2 . Interpolation p-adique de valeurs spéciales de fonctions L.

Soit K  un corps quadratique imaginaire. Soit K  sa clôture algébrique et fixons un 

plongement de K  dans C et Cp pour tout nombre premier p. Soit F une extension de K 
de degré n. Un caractère de Hecke xf> de. K  sera appelé Jf-admissible s’il existe k(rp) 6  N

et j(ip) G N  — {0} tels que V’((û;)) =  ^ F /K i01) ^ ^ ^ F / K ( a ) ~ ^  Pour tout a £ K* congru 
à 1 modulo le conducteur m^, de ip. Si rp est un caractère de Hecke de F  qui est i n 

admissible, on pose A(ifi) = r(j(tp)}n(2iri)~niW  L(tP,0), où L(xp, s) est la fonction L de 

Hecke attachée à ip. Une conjecture de Deligne prouvée par Harder prédit la valeur de 

A(V’) à multiplication par un nombre algébrique près. Dans cet article, nous étudions le 

comportement p-adique de A(i/>).

Soit p ^  2 ,3 un premier qui est décomposé dans K.  Soit p le premier de K  induit 

par le plongement de K  dans Cp et p l’autre premier de K  sur p. Or il est connu que 

tout caractère de Hecke rp de F de type Ao (et done tout caractère de Hecke de F qui 

est /\-admissible) induit un unique caractère continu t p ^  de Gai(Fab/F) à valeurs dans 

C*. Si m est un idéal de l’anneau des entiers de F, soit |m| l’ensemble des places de F 
qui divisent m, et si S est un ensemble fini de places de F qui ne divisent pas (p), soit 

G F,s,p (resp. G f , s, p) Ie groupe de Galois group sur F de l’union des extensions abéliennes 

de niveau m telles que |m| C SU |(p)| (resp. |m| C SU |p|). Si rp est un caractère de Hecke 

de F qui est K -admissible, de conducteur rrty, alors i p ^  se factorise à travers Gf,s,p pour 

tout S  tel que |m^,| C S U |(p)| et même à travers Gf,s,p si k(tp) = 0 et |nty| C S U |p|. 

Finalement, soit Fv conjugué complexe de F et si xp est un caractère de Hecke de F, 
soit ipy le caractère de Hecke de Fv défini par t/>v(a) =  N(a.)~1ip~1(â) pour tout idéal 

fractionnaire a de F v.

Théorème: (i) Il existe une mesure unique u s  sur Gf,s,p telle que pour tout caractère de 

Hecke ip de F qui est A'-admissible et tel que se factorise à travers Gf,s,p (et avec 

l’hypothèse supplémentaire que k(xp) =  0 ou j(ip) =  1 si n > 3), on a:

/  dus = E m ( ^ ) E m W W p( ^ ) E s W A W -
JÔ F. S .p

(ii) Il existe une unique pseudo-mesure (qui est une mesure si S  ^  0) caractère de 

Hecke A'-admissible 0  de F  tel que se factorise à travers Çf,s ,p> on a:

{  0 «  i \ s  = E m ( r ) W pmEs(4>)A(0),
' '&F,Stp

où si T  est un ensemble fini de places, E t {^) est le facteur d’Euler au-dessus de T (en 

5 =  0) de la fonction L attachée à ^  et Wp(ip) est une racine locale.
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P-adic Interpolation of Special Values of Hecke L-functions

Pierre Colmez and Leila Schneps

0. In tro d u c tio n

Let K  be a quadratic imaginary field. Let K  be its algebraic closure and fix an 

embedding of K  into C and Cp for all primes p. Let F  be an extension of degree n of 

K. A Hecke character ip of K  will be called K -admissible if there exist k(ift) € N and 

j{ip) € N — {0} such that =  ^ F /K ia ) ^  ̂ F /K (a ) ~ ^ ^  for all a 6  K* congruent

to 1 modulo the conductor m,/, of rjj. If 0  is a K -admissible Hecke character of F, we 

set A(ii>) =  L(ijj,Q), where L(tj>,s) is the Hecke L-function attached to

tp. A conjecture of Deligne [D] proved by Harder [H-S] predicts the value of A(t/>) up to 

multiplication by an algebraic number. The aim of this paper is the study of the p-adic 

behavior of A(«/>).

Let p /  2,3 be a prime splitting in K . Let p be the prime of K  induced by the 

embedding of K  into C p and p the other prime of I\ above p. As observed by Weil [Wl], 

any Hecke character ip of F of type A?> (thus any /\-admissible Hecke character of F) gives 

rise to a unique continuous character of Gal(Fab/ F) with values in C*. If m is an 

ideal of the ring of integers of F, let |m| be the set of places of F  dividing m, and if 

5 is a finite set of places of F  not dividing (p), let Gf,s ,p (resp. Qf,s ,p) be the Galois 

group over F  of the union of all abelian extensions of level m  such that |m | C S  U |(p)| 

(resp. |m | C S  U |p|). If rp is a J\-admissible Hecke character of F  of conductor m^, 

then 0 ^  factors through Qf,s ,p for all 5  such that |m ^| C 5 U |(p)| and even through 

Qf,s ,p if Hi>) = 0 and |m^,| C S  U |p|. Finally, let F v be the complex conjugate of 

F  and if 0  is a Hecke character of F, let V,v be the Hecke character of F v defined by 

¡/>v(a) = Ar(a)- 1t , - 1(a) for all fractional ideals a of F v.

Our main result can be stated as follows:

13



Theorem: (i) There exists a unique measure /zs on Gf,s ,p such that for all K-admissible 

Hecke characters ip of F  such that i p ^  factors through Qf,s ,p (and with the additional 

assumption that k(ip) =  0 or j  (-0) =  1 if n > 3), we have:

Í  dßs =
J  G f , s , p

(ii) There exists a unique pseudo-measure (which is a measure if S' ^  0) such that for 

all I\ -admissible Hecke characters ip of F  such that i p ^  factors through Qf,S,p? we have:

Í  V’(p) dXs 
p

where if T  is a finite set of places, Ex(ip) is the Euler factor above T  (at s = 0) of the 

L-function attached to W and Wp(ip) is a local root number.

Remark: Stated like this the theorem does not really make sense because in each equality, 

the left hand side belongs to Cp and the right hand side to C. But as we have fixed 

embeddings of K  into C and Cp, if we choose an elliptic curve E  defined over I\ with 

complex multiplication by 7\, a generator rj of H 1(X, O x)  and a generator 7  of the 1- 

dimensional 7v-vector space H\ (E(C), Q ), we can define a p-adic period r)p =  J^rj and a 

complex period t/qq = /  77 (cf. Ill §2 for details). The fields /¿"(r/oo) and K{qp) as well as 

the isomorphism between them sending r]^  to r}p are independent of the choices of E, r] 

and 7  and all equalities take place in K(i]oo) ~  K(r]p).

Such measures have been previously constructed in the case n =  1 by Manin-Vishik 

[M-V] and Katz [K]. Using ideas of Coates-Wiles [C-W], Yager [Yal],[Ya2] and Tilouine 

[T] (see also de Shalit’s book [d Sh]) obtained a much more elementary construction of 

this measure (still in the case n =  1 ).

We obtain our theorem in the following way. Using a method developed in [Co 1], 

similar to Shintani’s method [Sh] in the totally real case, we can define a value A?(?/>) 

explicitly given as a polynomial in Kronecker-Eisenstein series attached to lattices in K  

and a priori depending on various auxiliary choices (mainly the choice of “Shintani decom

position”) which is formally (i.e. without worrying about convergence problems) equal to 

A (ip). To prove that A ?(0) = A (ip) in general turned out to be beyond our capacities, 

but by a suitable modification of the methods of [Co 1], we were able to prove the desired 

equality whenever n = 1,2 or n > 3 and k(ip) =  0 or j(ip) = 1 . Now, having these explicit 

formulae allowed us to deduce the general case from the case n =  1. A by-product of the 

existence of this measure is that A?(i/>) is independent of all choices.

XO

WEs(<j>) A(tf).

EsWAW,

E pi o ei p|
xb)^ p

E p|
V IW p



If x is a continuous C*-valued character of G f , s , p  (resp. Q f , S ,p)i we set LPts(x)  = 

J q f  s X dps  (resp. LPts(x)  =  f g F s X d\s-  We can then make the preceding theorem 
more precise as follows:

Main Theorem: (i) LPts ( x ) ' s a holomorphic (and even Iwasawa) function of x-

(ii) If tp is an admissible Hecke character of F  such that i p ^  factors through Gf,s ,p,

then

LPls ( r p)) = E m ^ ) E m ( r ) W p(y)Es(i l>W W-

(iii) If the conductor of x is divisible by all the elements of S, then there exists a p-adic 

unit W(p\ x )  such that W ('p'>(x)Lp,s(x) — Lp,s(xy ), where x v is the character of 
obtained from \  in the same way as ipv was obtained from ip for t/> a Hecke character of 

F.

(iv) I P)s(x) is a meromorphic function of x, holomorphic except for a simple pole at 
v =  l if 5 =  0.

(v) If is an admissible Hecke character of F  such that t p ^  factors through Q f , s , p> 

then l p,s(0 lp)) = E\p\(yy )Wp(tp)Es(i')M'tP)-

The paper is organized as follows. After introducing in I the basic notations and 

recalling some basic facts about Fourier transforms of functions on adeles, we present in II 

a slight modification of the Shintani-like method developed in [Co 1]. In part III, we prove 

the existence of p-adic measures attached to n-dimensional generalizations of Eisenstein- 

Kronecker series attached to lattices in K.  As a consequence of the existence of these 

measures we derive the fact that all choices that we had to make in part II lead to the 

same result. In part IV we prove a number of functional equations satisfied by A{rp) and 

apply the result of the two preceding parts to compute A(^). Finally, part V is devoted 

to the construction of us  and As using the measures constructed in part III and to the 

study of the p-adic L-functions LPts  and L Pts-
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I. N otations and Definitions.

Let K  be a quadratic imaginary field. Let a  —► a  denote the non-trivial automorphism 

of K.  Let F  ~  K [X \/P (X ) ,  for P  an irreducible polynomial of degree n, be an extension of 

degree n of K.  Let F y =  K [X ] /P (X ) ‘. We still write a —* a  for the antilinear isomorphism 

from F  to F v sending X  to X .  We shall use H  to denote either F  or F v so H v will be 

F v (resp. F) if H — F  (resp. H  = F v). Let Oh  be the ring of integers of H , Ujj be 

the group of units of Oh, 1(H) be the group of fractional ideals of H, I +(H ) C 1(H) be 

the set of ideals of O h , CI(Oh) be the group of ideal classes, C(H)  C I +(H) be the set 

of ideals a of Oh  such that 0 /* /a  is cyclic, C°(H) be the set of principal ideals of C(H), 

P(H)  be the set of prime ideals of Oh, V(H)  be the set of finite subsets of P(H),  A h  

be the ring of adeles of H , be the ring of finite adeles of H  and d #  be the absolute 

different of Oh- If V is a subgroup of Uh let Vv =  {v \ v G V)  be the corresponding 

subgroup of UyH. If a 6  1(H), let a =  {a | a  G a} G I ( H V) and if S  G V(H),  let 

S = {p | P e S)  G V (H V). If m  6  1(H), let |m | =  {q G P(H)  | vq(m) ^  0} G V(H)  and 

if 5  G V(H),  let I S(H) = {a G 1(H) | |a| fl S = 0}. Also let 0 H,s (resp. 0'H>S) be the 

subring of H  defined by x G Oh,s (resp. 0'H S) if and only if vq(x) > 0 if q G S  (resp.

q i S ) .
Fix an embedding of the algebraic closure K  of K  into C. Let Yh ,oo =  H ®q C ~  Y\ x  

r 2l where Y\ = H  (gift- C and Yz =  H w C. Let T\ , . . . ,  r n be the n embeddings of H  into 

K; we obtain an isomorphism of Y\ (resp. I 2) with C" sending a  ® 1 to ( r i ( a ) , . . . ,  r„(a)) 

(resp. to ( r i ( a ) , . . . , r n(a)) ). With these identifications, H  and H v become dense K- 

vector subspaces of C n and a  £ 1(H) becomes a lattice in C n. If y = ( y i , . . .  ,yn) and 

 ̂ =  (21 , . . .  , z n) belong to C n, let Tr(y) = J ]"=1 y{; N(y) = n r= i Vi\ Vz =  (l/i2 i> • • • ,VnZn)\ 

(y | z) =  Tr(yz  4-yz)  and (y | 2)00 = exp(—2ni(y | z)). If B  is a basis of H  over K , we 

let B v be the basis of H v over K  dual to B  with respect to { | ) and if B is a finite set of 

bases of H  over K , we let Bv = { £ v | B  G B}. If a  G 1(H), let a v be the dual lattice of 

a with respect to ( | }. Then, a v G I (H V) and we have a v =  a - 1d^v =  (ad //)-1 -

If q G P (H ), let /fq be its completion at q and Oq be the ring of integers of i lq . If 

S  G V(H),  let Hs  = I Iq6 S-^q an<̂  =  I Iqe s ^ q - can describe A jj as the set of 
! ■ = ( . . . ,  xq , . ..)  such that xq G Hq for all q G P(H)  and xq G Oq for almost all q G P(H). 

We can define a pairing ( | )h on A ^ x A ^  with values in the group of roots of unity 

of K* C C* in the following way. The above defined pairing ( | ) on C" x C" induces a 

pairing on H  x H v with values in Q which we can extend to a pairing on A ^  x A ^ v with 

values in A q, and using the canonical isomorphism between A q /  f | p Zp and Q /Z , we set 

(x I v)h  =  exp(—2 ttz(x | y)) where (x | y) is the image of (x | y) in Q /Z . This pairing 

induces local pairings ( \ ) s on H s x  and we have (x | y)H = I l qeP(H)(xq I J/q)|q|*
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Using these pairings, we can define the (local and global) Fourier transform. Let S s ,h  

be the space of AT-valued locally constant compactly supported functions on H s . If a C b 

are two fractional ideals of Hs  and <f> € S s ,h  is constant modulo a and zero outside b, we 

define its Fourier transform Fs(<t>) G ¿>s,H by:

?s(<f>)(y) =  i  D . e b / a ^ i *  I y^s i i x €  aV ,
L 0 if x ^ av

where av is the ideal of dual to a with respect to ( | )s and Ns{a) is the norm of a as 

a fractional ideal of Hs- It is an exercise to verify that this definition does not depend on 

the choices of a and b and that ^ ( .^ s (^ ) ) (y )  =  (j>(—y ).

Let S(H)  be the space of /v-valued locally constant compactly supported functions on 

Ajj. The fractional ideals of A ^ are in 1-to-l correspondence with elements of 1(H). So 

if a C b are elements of 1(H) and 6 € S(H)  is constant modulo a and zero outside of b, 

we define its Fourier transform by the same formula as before (with the subscript

5 replaced by H) and we have ^FHv (^H(<t>))(y) =  ^ (—y)-

If S  € V(H),  let Ss(H)  be the subspace of S(H)  of functions of the form 

o s ( * 5 ) I W o q ( * q ) .  Ŵ ere (*>S ^ $s,H and lo q is the characteristic funtion of 0 q. 
There is an obvious isomorphism between S s ,h  and Ss(H)  and S(H)  =  (Jsev(H)^s(H)-  

If 5 fl S' = 0 and 6 = 6s(xs)  Jlqgs lo q(xq) ^ $s(H)  and <b' € Ss ' .h < we define 

o ' * o  € SsuS'(H)  by <p' * 6(x) = <p'(xs>)4>s(xs)Y[ti^suS' !o q(xq)- Finally, if b e 1(H), 
define ¿>b € S\b\,H by ¿b = lo )b| — lb where lb is the characteristic function of b con

sidered as an # |b | fractional ideal, and if b € I (H W), let € <S|£| H be defined by 

= lo  — iV(b)-1  l - - i . Let 7  be a generator of the fractional ideal of H |b| generated 

bv dw. Then we have

¿3
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II. Shintani’s method.

In this section, we shall recall some results obtained in [Co 1] and improve a little bit 

on them. Let k 6 N, j  € N — {0}, and let V be a subgroup of finite index in Uh • Let 

Sk,j,v(H) be the subspace of S(H)  of functions satisfying:

< t > ( v x ) N H / K ( v ) k N h / k ( v )  j =  <t>(x) for all x € and v 6 V. (1)

If <j> e  Sk,j,v, we set

A  {kJ,

This expression is independent of the choice of V  and converges for Re(s) »  0. By a 

theorem of Hecke, A(k,j,  <f>,s) admits an analytic continuation to the whole complex plane 

and a functional equation relating it to A (j — 1, k +  1 —5). We set

A(Ar,

and the functional equation gives

A( k J J )  = ( - l r O - V A ^ '  -  1,* +  1,-FhW ). (4)

From now on, V  will be a torsion free subgroup of finite index of the subgroup of Uh 

of elements of norm 1 over K.  Let B (V ) be the set of finite sets of bases of H  over K  

satisfying:

7X— r  =
2 1  • • • Z n  t - G V B€B

(5)

where, if B  =  ( /i,b , • • •, /n ,s) is a basis of H  over K,  we set

n

f B( z ) =  det(B) JJ(Tr(/iiBz)_1 
i= 1

(6)

for all 2 G (C*)n such that the right hand side converges.

Remark: This condition is an “algebraic” version of Shintani’s condition [Sh] (in the to

tally real case), that the union over B  € B of the cones generated by f i tB ,  • • • ,  f n ,B  is a 

fundamental domain of (R *)" modulo the action of V.
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Lemma 1: (i) B(V)  is not empty.

(ii) If B € B(V), then Bw € B(Vy ).

Proof: We shall use theorem 1 of [Co 1] to construct explicit elements of B(V). By a 

theorem of Dirichlet, V is of rank n — 1. Let us choose a basis ??i,. . . , iyn-1  of V,  and for 

each a € Sn_i, let f i ,a = 1 and / t)tr =  []j<i Vati) for 2 < « < n. Write e(<r) for the signature 

of a and suppose that ( / i l(T, • • •, f n,a) is a basis of H  over K  for all a € S„_i (we can always 

find r/i,. . . ,  T]n- i  so that this is true). Then there exists a sign e =  e(rh, . . .  such

that, if B„ =  . . . .  /„,*) when ee(cr) =  1 and B a =  ( /Bf<r, / 2)(T, . . . ,  f n-i,v,  fi,a) when 

ee(cr) = —1, then B = {B a \ a € Sn_i} € B{V). Part (ii) of the lemma follows by taking 

the Fourier transform of both sides of (5) and using the fact that the Fourier transform of 

Fb {z ) with respect to ( | )<» is inFBv(z).

Let = (¿¿.I,. . .  ,£i,„) for i = 1,2 be variables in Yi ~  C n. Let =  n j = i ( —aT- )- 

We deduce from (5) and the fact that Vi o u  =  V j i f u 6 V ,  that whenever the right hand 

side converges and B 6 B{V), we have

If B is a finite set of bases of H  over K  and <j> € S(H),  we set

This series is not absolutely convergent but makes sense as a distribution, and the resulting 

distribution can be expressed in terms of elliptic functions attached to lattices in Iv (cf. 

[Co 1] and III §3 of this paper).

If o € Sk.j,v and B € B(V), we set

Now. plugging (7) into (2) with s = 0 yields the following form al identity:

A l k , j , v ) = v r ' V >2( F ( z n Z 2 j , B ) ) i^ t=0. (10)

The main problem with (10) is that F(z\,Z 2 ,<f>, B) is in general not regular at z\ = z2 = 0. 

In fact, we have the following lemma:

Lemma 2: The singularities of K(z\ ,Z2 ,(p,B) are simple poles situated on the hyperplanes 

Tr( fi ,B{0 + z)) = 0 (resp. T r ( f hB v(/3 + 2 )) =  0) where 0 runs through elements of H
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(resp. H y ) such that 4>((3) ^  0 (resp. 0), B  runs through elements of B and

1 < i < n.

Proof: The proof results from the expression of K(z\ ,Z2 ,<j>, B) in terms of elliptic functions.

Remark: The poles on the hyperplanes of equation T r ( / i )g(/3 +  z)) are already apparent 

in formula (8); the others appear if we use the following functional equation which is a 

direct consequence of the Poisson summation formula:

K (zu z2,<f>,B) =  ln{za I Z2 )ooK(z2 ,-ZuFH(<f>\BV). (11)

We shall say that (4>,B) satisfies the condition (*) if K (zi ,Z 2 ,(f>,B) has no singularity at 

z\ — Z2 = 0. This is equivalent to

1) <f>(x) ^  0 =*> Tr( f i}gx)  ^  0 for all x £ H, B  £ B and 1 < i < n.

2) ^rH(<̂)(x) ^  0 => Tr( f i tBvx) ^  0 for all x £ H v , B  £ B and 1 < i < n.

We shall say that (<j>,B) satisfies (**) if it satisfies (*) and if we have moreover

3) <j)(x) ^  0 =* T r( fx )  ± 0 for all x £ H  and /  £ £(B)

4) JrH( x ) ^ 0 = ^ T r ( f x ) ^ 0  for all x £ H v and /  £ £(BV),

where £(B) (resp. £(BV)) is a finite subset of H  (resp. H y ) which will appear in the proof 

of Theorem 3.

If (<f>, B) € Sk,j,v(H) x B(V)  satisfies condition (*), we set

A » ( * , ; , # )  =  v r 1V 2t ( F ( i 1, 22, ^ , B ) ) Ji=2i=0 (12)

and

( z 2 , 4 > , B ) (13)

Let g be a C°° compactly supported function on C equal to 1 in a neighborhood of 0. Let 

e > 0 and /xfc(s) =  and set

A Fj(zi,<j>,B)f[ (g(ez2,i)pk(s) ^ ^ l + x_a)) • (14)

Theorem 3: (i) AB,((k,j ,  (j), 5 ) is a meromorphic function of s £ C and the locus of its poles 

is independent of e.

(ii) When e goes to 0, AB,e(k,j,<j>,s) converges uniformly (outside the poles) to 

A( k , j ,  <j>,s) on each compact subset of Re(s) > |  -f 1.
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(iii) For all e > 0, we have Ag^fc, j,<^, 0) =  AB(k,j,(j>).

(iv) If (<f>, B ) satisfies condition (**), then AB,e(fc,j, 0 ,5 ) converges uniformly (out

side the poles) on each compact subset of Re(s) > |  — 4nl 10 (resp. C), if n > 3 (resp. 

n =  1,2).

(v) AB(k,j,<j>) =  ( - l ) n(j‘ 1)*nA6 v(j -  l,fc +  1 ,^ h (^ )) .

Corollary: If (<j>,B) satisfies condition (**), we have Ag(A:, j, »̂) =  A(k,j,<f>) if n =  1,2 or if 

n > 3 and k =  0 or j  = 1.

Proof of theorem 3: (v) is an immediate consequence of formula (11). Using the same 

method as in [Co 1. p. 198], we see that A(k,j ,  <j>, s) is a finite combination of the functions 

studied in [Co 1, II]. Granting this, (i) follows from [Co 1, II Lemma 8], (ii) from [Co 1, 

II Lemma 9] and (iii) from [Co 1, II, §6]. The only thing which is new is (iv), which will 

allow us to remove from [Co 1, Th. 5 and 6] the meaningless condition about embeddings 

of F  into I\ .  This improvement is made possible by replacing Lemma 1 of [Co 1, III] by 

the following stronger theorem of Schmidt:

Lemma 4: (Schmidt's subspace theorem) Let 8 > 0 and {(£¿,1, . . . ,  Ljtn) \ j  G J)  be 

a finite set of families of n linearly independent linear forms with algebraic coefficients. 

Then there exists a finite set S of elements of H y such that for all <f> G. S (H V), the set of 

elements of H v satisfying

(i) M x ) 4  0

(ii) there exists j  G J  such that n?=i IA;,«(X)I — IIx II 6

is contained in the union of the hyperplanes of equation T r( fx )  = 0 for /  € £ up to a 

finite set.

For the proof of this statement see [Sch, Th. 7A]. Let us go back to the proof of (iv). 

Let 6 > 0. A slight modification of the proof of [Co 1, II, Lemme 10] shows that there 

exists a finite set C(By ) = {(£_,,!,... ,L hn) \ j  G J}  of families of n linearly independent 

linear forms with algebraic coefficients (they are the N i j  of [Co 1, Th. 2]) such that if, 

for all j  G J ,  the set of x G i i v such that pH(<f>)(x) ^  0 and Iir=i IAmMI — II x II- * 

finite, then Ae,e(k,j ,  <p, s) converges uniformly (outside the poles) on each compact subset 

of Re($) > |  — 2 (n-2 )-Mn-i)S (resP- C) if n > 3 (resp. n =  1,2). To finish with the proof, 
we just have to take £{B) (resp. £(BV)) of condition (**) to be the set S associated to 

C(B^) (resp. C(B)) and 6 =  (4(n -  1)) 1 by Lemma 4.

When (<£,#) does not satisfy condition (*), we cannot define As(&, j, <p) by formula

(12). As the singularities of F(zi,Z2 ,<j>,B) are simple enough, we could give a meaning 

to (12) by taking a suitable finite part as in [Co 1, II, §6], but here we shall use the
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standard technique of replacing (j> by a suitable linear combination to eliminate the pole. 

If S G V{H), let S K =  {q D O k  | q € S} € V{K)  and if 5  € V(K),  let S H = {q € V{H) | 

3p G S such that q|p} G V(H).

Lemma 5: Let £ be a finite subset of if*; then there exist S(S) G 'P(H) such that for all 

S G V(H),  all b € C(H ) satisfying |b| fl (S(£) U (S k )h ) — 0 and all /  € 6, we have: if 

x G b-10'WjS — 0'H 5, then T r( fx )  0'K (Sk }h and in particular T r( fx )  is non-zero.

Proof: Let S' = |dH| U/6 f |(/)| and S(S) =  (S 'K)H. Let b G C(H)  be such that |b| n 

(S(£) U (S k )H) =  0 and x G b~l O'H s  — 0'H S. There exists q G |b| such that vq(x) < 0. 

As Oh / b is cyclic, q is of degree 1 and if p =  q fl Ok  and q ' G |p| — {q}, then q' £ |b|, 
hence vq<(x) > 0; and this implies, as q ^ S', that vp(T r(fx)) =  vq(x) which implies 

T r( fx )  £ 0'K (Sk)B.

If S  G V(H)  and S' G V (H V), let C (S ,S ') =  {(bi,b2) G C(H) x C (H V) | |bx| D 

(.S k )H =  0, |b2| n (S'k )hV = 0 and Ib ^  n |b2|tf = 0}, and if T  G V {H ), let CT(S,S ')  =  

C(S U T, S' U T). Also let C°(S, S') (resp. C^(S, S')) be the intersection of C(S, S') 

(resp. CT(S ,S ')) with C°(H) x C°{HV). If <f> G S ( H ), and bi G 1(H), b2 G I (H y ), set 

<f>bi,b2 =  ^b-1 * ^b-1 * Ŵ enever 1S defined.

Lemma 6 : Let B be a finite set of bases of H  over K.  Then there exist S =  Si (B) G ^P(H) 

and S' = S[(B) G V (H y ) such that, for all T  G V(H), all <t> G S T(H)  and all (b ^ b j)  G 

C r(S ,S '), the conditions (*) and (**) are satisfied by ( $ ^ ^ , 6 ) .

Proof: pbi,b2(z) /  0 implies x G b \ l O'HT — 0'HT  and fH(<f>bt,b2)(x ) /  0 implies x G 

b 7 10 ' v t= — 0 ' v ■=. Hence, the result is an immediate consequence of Lemma 5.riv ,1 tiw ,1

Let 0 ?  act on S h , t  by <f> —*• <j> o 7  where <j> o 7 (0;) =  </)(jx). Any <j> 6  S h , t  has a 

unique decomposition 6 = <f>x where <j>x = 0 for almost all x, X running through the 

locally constant characters of 0 and <f>x 0 7  =  xi'l)<Px f°r all 7  G O5 . Now, using the 

identification between S h , t  and S t (H), we can decompose any <f> G S t (H) as and
if <f> belongs to Sk,j,v{H) then so does (¡>x . Let (bi,b2) G C^(Si(B), S[(B)) and G H  

be a generator of bi and /32 G H v be a generator of b2. If 7  G H* and <f> G S(H),  let 

<f> 0 7  G S(H)  be defined by (</) 0 7 )(x) =  <f>(7 1 ). Then we have

(^x)bj,b2 —

but as
N h/ k (

A ( i , i , ^ o 7 ) ----------- A(k,j,(j>),

N h/ k (i )

(16)

22

< P x ~ X ( ß  i )  1(t>x ° ß i -N( b2)x(ß2)txol32 1+JV(b2)x(/?2/Jr1)^o(A/3/), (15)



w e  o b t a i n

A  (k,j,<p) = '%2 v3u02( k , j , x ) M kJ,(<t>x)bub2), (17)

w h e r e

/ xifar'Nu/Kihŷ -i, x(fa)NH*,K(fo)k+\-i
vf>upAk,hx) = ( i ......... ..............— ) ( i ------- ■■ -— ) • (18)

Nh/k(0 l) ^ifv/zi^)

T o b e  co h e ren t  w i th  fo rm u la  (17), we se t,  if 0  €  St (H ) fl Sk,j,v(H), B  G B(V) a n d  

( b ! , b 2) =  ( ( A ) , ( A ) )  €  C t (Si{B),5 1 (B )) ,

B̂.ßuß7 (19)

a n d  t h e  right h a n d  side is wel l- d ef in e d  b y  L e m m a  6.

R e m a r k : W e  e x p e c t  that A8.dlt02(k, j ,o)  =  A(k, j ,  o) a n d  b y  t h e  corollary to t h e o r e m  3, 

this e qu al i ty  is t ru e  if n =  1 ,2 or  if n >  3 a n d  k =  0 o r  j  =  1. M o r e o v e r ,  w e  shall p r o v e  

u s i n g  p - a d i c  m e t h o d s  (cf. Ill §4 of this p a p e r )  that, to a  large extent, A <p) d o e s  

n o t  d e p e n d  o n  t h e  auxiliary cho ic e s  o f B, a n d  02-
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I I I .  C o n s tru c tio n  o f th e  basic m easure

§1 . P-adic measures

Let p 2,3 be a prime which splits in K .  Fix an embedding of K  into C p (and keep 

the previous embedding of K  into C). Let p  be the prime ideal of O k  determined by this 

embedding, 0 P be the completion of O k  at p and p the other prime ideal of O k  above p. 

Let Y h ,p =  O h ®ok 0 p ~  0 h v ®ok 0 p and Yh,p =  Oh  0  Zp =  Yi x Y 2 where Yi =  Yh,p 

and Yz =  Y h *,p- We can also describe Yi (resp. Y2 ) as the topological closure of Oh  (resp. 

0 //v) into via the map a  —► (ri(o:),. . . , r n(o:))( resp. ( r i ( a ) , . . .  , r n(a ))). W ith this 

description, we can write y,- 6  Yi as (y*,i, . . . ,  yi,n )- If z € C p , we set Tr(z)  =  Z{ and 

n (z ) = nr=i2« - if i  is a prime ideal of O k,  let d n,e be the part of d h  above t. Fix a 

basis B  =  ( / 1 , . . . ,  f n) of d^-O /f.p  over Ok,p• Let B* =  (g\ , . . . ,  gn) be the basis of H  

over K  dual to B  with respect to the bilinear form Tr^/^-(xy) and B  v =  (/i 

and (B*)w = (gi v , ,  gnv ) be the bases of H y over K  dual to B  and B* with respect to 

( | ). Then B* is a basis of &~hpOh,p over Ok,p, B y is a basis of - 0 / / v,P over 0 k , p 

and (B*)v is a basis of d^v p0 n ^ ,P over Ok,p-

If y. € Yi, we set x, =  (xitl, . . .  , x i<n), where xi j  -  Tr(gjyi)  and x 2,j =  Tr(g jvy2). 

The map yi —> x, induces an isomorphism of Op-modules between Yi and Op — Z” . If 

Zi =  (zit 1 , . . . ,  2 ,,„) for i= l,2  is sufficiently close to zero in C ” , we set «>,• =  (u?,- ,̂ . . . ,  Wi<n), 

where w\ j  =  exp(—T r( f jz i ) )  — 1 and w2,j = exp(—T r ( f j y z2)) — 1 .

Let A be a closed subring of 0  the ring of integers of C p. A A-valued measure on a 

compact and totally disconnected topological space X  is a continuous (for the supremum 

norm) linear map on the space of continuous functions on X  with values in C p whose 

values on characteristic functions of compact open subsets of X  are in A. If \i is a A- 

valued measure on Y h ,p, we define its Fourier-Laplace transform by

Fli(z1, z 2) =  f  e x p ( -T r (y i z1 + y 2z2))d f i=  [  TT TT(1 +  witj)Xi i d \ B,
J z r  7=1

where A5  is the measure on Zj;n deduced from n via the map (y i ,y2) —► (x i,x 2 ).

Lemma 7: If n  is a A-valued measure on Y h ,p, then Fll( z \ , z 2) is given by a power series in 

a neighborhood of zero, and reciprocally, if F (z \ , z 2) is a power series, then for F (z \ , z 2) 

to be the Fourier-Laplace transform of a A-valued measure, it is necessary and sufficient 

that F ( z \ , z 2) expressed in w \ ,w 2 is a power series with coefficients in A.

Proof: The general case reduces easily to the case n = l which is well-known.
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We shall write Wb,^(w\ , W2 ) for the Fourier-Laplace transform of fi expressed in 

W\,W2 . If 7  € H /d t f1 Oh,p, we define a locally constant chaxacter x~< of identified with 

Oh^®ok Op by the formula x7 (yi) =  (7 I J/i )|p| (cf. I), and if 7  e H v / d ^ l  p0h*  ,P, we de

fine a locally constant character X7 of Y2 — O h®ok Op by the formula X-y(?/2 ) =  (j/2 | 7 )|p|* 

The map 7  —► X7 induces an isomorphism from H /d J j ^ O n ^  (resp. f f v /d ^ 1v pOtfv,p) to 

the group of locally constant characters on Y\ (resp. I 2).

Lemma 8 : Let j , k  € N and 71 € H / d ^ ^ O n #  and 72 6  H ^/d j jv  pC>Hv,p- Then

(i) Jyh.p X71 (Vi )Xf3(V2 )N(yi )j N(y2)k d» =  V [ V k2(FXyiX^ ( z u  z2))?i=22=0,

where, if <f) is a continuous function on Yh ,p then <f>p is the measure defined by

Jyb,,  ̂ = Jyb., ^  d/i' ^

(H)

where the eM are p^-th  roots of unity defined by e \ j  =  X n ( f  j) and e.i,j —

Proof: (i) follows by developing exp{—Tr(y\z\  +  2/2^2)) as a power series and (ii) is evident 

if we remark that \ ) = [ j ”=1 , which gives

■ ^ X - r i  . \ - r 2 / * ( ~ 1  ■» ^ 2  )

Our aim in the rest of this section will be to prove that under suitable conditions, 

the holomorphic part of 7v(zi,22 ,</>,#) is the Fourier-Laplace transform of a measure on 

Yh .p• We shall first consider the case H = K,  and this will involve the study of the p-adic 

behavior of Eisenstein-Kronecker series. This is the aim of the next paragraph, and in the 

paragraph after that we shall reduce the general case to the case H = K.
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§2. P-adic properties of Eisenstein-Kronecker series.

Let us begin by recalling the definitions and some basic facts about Eisenstein- 

Kronecker series. We refer to [W2] for the proofs. Let I  be a lattice in C and A(L)  =  

7r~1Vol(L). If u ,z  6 C, we set

(z , u ) l = exp(A(L) 1(zu — uz)).  (20)

If k > 1 is an integer, we define for Re(s) > >  1 the function Hk(s, z, u, L) by the formula

H t (s,z,u,L) =  r ( s ) A ( L ) - t
t ii lz+ ^ r

(21)

This function has an analytic continuation to the whole complex plane and satisfies the 

functional equations

Hk(s, z,u ,L)  = (■u ,z)LHk{k +  1 -  s , u , z , L ), (22)

S k(3,z ,n,L')  = [L ' :L]k- ‘ Y .  M v B t ( i , z  + i , lL ' - .L]u ,L)  (23)
-fZL' /L

if L is a sublattice of L \  and

Hk(s, Az, Au, AL) =  A kH k(s , z ,u ,L ) for A € C. (24)

From (4) and (5) one deduces that if u € QL and b G C is an endomorphism of L such 

that bu €

b̂  _
Hk(s,z,u ,L)  =  —— (7,6ti)i.ff*(s,7 + b~1z,0,L).  (25)

' ' - r € b - l L / L

If j  is an integer such that 1 < j  < k, we define

E k,j(z, L) = Hk+j(j, z, 0, L) and Ej(z, L) = E 0j ( z ,  L), (26)

aj{L) =  Ej(0,L)  =  E u - ^ L ) ,  (27)

and

p(z,L) = E2( z , L ) - a 2(L) (so p'(z,L) = - E 3(z,L)).  (28)
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E\(z,L)  h a s  t h e  f o l l o w i n g  L a u r e n t  e x p a n s i o n  in a  n e i g h b o r h o o d  o f  0:

-  ~  ( - y ) n

£,(z’i) = ~ : ^  +  z'1 + £ W i ) S r n  (29)
' ' n = l

/ —  \ k
a n d  Ek,j(z, L) — J ^p-  is real a n a l y t i c  in a  n e i g h b o r h o o d  o f  0.

P r o p o s i t i o n  9: T h e r e  exists a  ( n o n - u n i q u e )  p o l y n o m i a l  Pk,j w i t h  rat io n al  coefficients in

t h e  v a r ia b le s  E (z ,L ) =  {E i ( z , L ) , - - - Ej (z .L ) , . . . }  a n d  a(L) =  {ax( L ),..., a,j(L),...}

s u c h  t h a t  Pkj (E(z,  L),a(L)) =  Ek j ( z ,L )  for z £ L.

P r o o f :  T h e  p r o o f  is b y  i n d u c t i o n .  T h e  s t a t e m e n t  is trivial for k =  0 a n d  j  >  1. M o r e o v e r ,  

as i E k.3{z,L) =  —Eh,j+i(z, L ), if t h e  s t a t e m e n t  is t r u e  for (k , j ) it is t r u e  for (k , j  +  1). 

T h u s  t h e  p r o b l e m  is to s h o w  t h e  e x i s t e n c e  o f  Pn+i, i a s s u m i n g  t h e  e x i s t e n c e  o f  Pk,j for 

k <  rc a n d  j  > 1. If w e  w r i t e  d o w n  a  L a u r e n t  e x p a n s i o n  for E n+ i ti(z, L) +  -~^Ei(z,  L )n+2 

in a  n e i g h b o r h o o d  o f  0, w e  o b t a i n

I) + - ^ T . I ) '+2 = è  E  Q„,t J ( a ( L ) ) ( - ^ - ) k^ + R „ ( z ) ,
kz=  0  J = 1  '  '  *

w h e r e  t h e  Q n,k,} are  p o l y n o m i a l s  w i t h  r at io n al  coefficients a n d  Rn(z) is real a na ly t ic  in a  

n e i g h b o r h o o d  of 0. F r o m  this w e  d e d u c e  t h a t

(
 n n + 2 - k  \

——E1(z , i r+2- 5 ]  Y ,  P k A E (z , L) , a ( L) ) Q n,k ,M L)) \

n +  “ <t=o j = i  /

is a  d o u b l y  p e r i o d i c  real a n a l y t i c  f u n c t i o n  a n n i h i l a t e d  b y  a  p o w e r  o f  a n d  h e n c e  a

c o n s t a n t .  U s i n g  t h e  fact t h a t  £ „ + 1 , 1 ( 0 ,  L) =  a n + 2{L) w e  find t h a t  this c o n s t a n t  c a n  b e  

e x p r e s s e d  a s  a  p o l y n o m i a l  in t h e  aj(L) w i t h  r at io n al  coefficients, w h i c h  c o n c l u d e s  t h e  proof.

L e t  E  b e  a n  elliptic c u r v e  w i t h  W e i e r s t r a s s  m o d e l  y~ =  x3 — g2x —  ¿73, d e f i n e d  o v e r  Ojt  

w i t h  c o m p l e x  m u l t i p l i c a t i o n  b y  Ok  a n d  w i t h  g o o d  o r d i n a r y  r e d u c t i o n  at p. L e t  L b e  t h e  

p e r i o d  lattice o f  u> =  dx/y. C h o o s e  a  basis ( 7 1 , 7 2 )  o f  H\(E(C),  Z ):  t h e n  J  u> =  r  J u> 

for s o m e  r  €  A', a n d  a  =  Z  +  Z r i s a  fractional ideal o f  K .  W e  a s s u m e  t h a t  w e  h a v e  c h o s e n  

o u r  basis ( 7 1 , 7 2 )  in s u c h  a  w a y  t h a t  r p (a) =  t>p(a) =  0. L e t  77 =  ( x  +  a 2 (L))u;. T h e n  

(u,\ r/) is a  bas is  o f  H lDR(E) a n d  if a G  O k , t h e n  a*u> =  a w  a n d  a*j] =  arj in H lDR(E). Set

^00 = u  a n d  7 7 o o  =  77. U s i n g  L e g e n d r e ’s relation, w e  o b t a i n  A(L ) =  -uJooh<x- If 

a G  K.  w e  let a  =  aaioo 6  Q I ,  a n d  if P is a  t o r s i o n  p o i n t  o n  E, w e  let z(P) G  A' b e  a n y  

e l e m e n t  s u c h  t h a t  z(P) =  u>ooz(P) c o r r e s p o n d s  t o  P  v i a  t h e  i s o m o r p h i s m  C / L  ~  E( C ) .  

O f  c ou rs e .  z(P) is o n l y  d e t e r m i n e d  u p  to a n  e l e m e n t  in a.
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Let t =  —2x /y  =  —2p(z)/p'(z) = (z -\-----) be the parameter of the formal group E

which is the kernel of reduction mod p, A(t) be the power series giving z in terms of t 

(it is the logarithm of E  and we have d\(t)  =  a>(i)), and © denote the formal group law 

on E. Let Ip C O be the ring of integers of the completion of the maximal unramified 

extension of Qp and M  =  Qp(<72, <73)- The formal groups E  and G m are then isomorphic 

over Ip,E d=  Ip(9 2 ,g3 )- We shall fix an isomorphism 1 from E  to G m by requiring that 

the following condition holds. Let Q be a point of p°°-division on E. Then we want 

1 +  t(i(Q)) =  (z(Q), 1) l  where the left hand side is a p°°-th root of unity in Cp and the 

right hand side is a p°°-th root of unity in C. We will write e(Q) for this p ! in f ty -th root 

of unity. For reasons to become obvious later, we write —r)p for the coefficient of t in 

i € ip,#[[£]] ( 1  has no constant term), and extend the isomorphism from K  C C to K  C Cp 

to an isomorphism from K(rjoo) to K(r\p) sending to r)p. Note that this is possible 

because rjoo is transcendent due to a theorem of Cudnovskil (cf. [Wa]) and r)p also in a 

more trivial way.

Suppose G(zi , . . . ,  zn) is locally real analytic around 0. We define the holomorphic part 

of G to be H (G (z i , . . . ,  zn)), the power series in z i , . . . ,  zn obtained by equating H\ , . . . ,  z„ 

to 0 in the formal Taylor series expansion of G in z \ , . . . ,  zn, z \ , . . . ,  z n. If H (z i , . . . ,  zn) is 

locally of the form F(z \ , . . . ,  zn) /G (z i , . . . ,  zn), where F  is real analytic around 0 and G 

holomorphic, we define the holomorphic part of if , H ( H (z i , . . . ,  zn)) € C ((z i, . . . ,  zn)), 

by H(H)  =  7i(F)/G. If moreover H(F) and G have coefficients in A'(7700), we shall also 

view H(H)  as an element of C p ((2 1 , . . . ,  zn)) .

Proposition 10: Let a € (K  — p -oca) U a, which means that the division point P (a ) 

corresponding to a  is either 0 or does not belong to E. Then if l a is the characteristic 

function of a, we have:

(i) H {E 1(a + X(t),L)) = la i« ) * " 1 + £ i (S ,£ )  +  £ r = i  bn(a)t 1̂  Gx(a,i), where bn(P) 
is in the ring of integers of M (P («)).

(ii) E \((a ,L )  =  arjp (mod 0).

(iii) If Q is a p°°-division point, then G\ (a, t(Q)) (which converges by (i)) is equal to 

Ei (a +  z(Q),L ).

Proof: Let (f>(z, u ) = E\(z + u, L) — E\{z , L ) — Ex(u, L ). Then <j> is a meromorphic function 

in u and z and hence an algebraic function on E  x E. Moreover, it is easily seen to belong 

to M (E  x E)  and to have a well-defined reduction mod p. Now, if a  € K  — p - °°a, then 

l-L(E\(\{i) + a ,L)  — E i( \ ( t ) ,L )  — E \ ( a ,L )) +  i -1  is an algebraic function on E  without 

singularities on E  and whose reduction mod p is defined, and so is given on £  by a power 

series in t with coefficients in the ring of integers of M (P (a)). Hence, to prove (i) and (iii) 

for any a, it suffices to prove them for a =  0 .
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Let /? € Ok such that (j is prime to p. By the same arguments as before, one sees 

that L) — [3Ei(\(t),L)) — /9-1 (iV(/?) — l ) i -1 is an algebraic function on E

with no singularities on E,  and so is given on E  by a power series Gp(t) with coefficients 

in the ring of integers of M.  Now take /?„ 6 O k  satisfying /?„ =  1 (mod p") and /?„ = 1 

(mod p n). Let n tend to +oo. Then Ggn(t) obviously tends to (Fi(A(i))) — t~ l which 

concludes the proof of (i). To prove (iii), suppose Q is a p m-torsion point. Then if n > m, 

we have 0 .Q  = Q and so G„. (t(Q)) =  (1 -  fin)E, (S(Q), L) -  /?-■ (JV(A0-  l)((Q)-> (as 

Gpn is an algebraic function, one can evaluate it at a point defined over K  using complex 

arguments). But when n tends to + 0 0 , Gpn(t(Q)) tends to < ji(0 ,t(Q)) — i(£?)-1 and the 

right hand side tends to E\(z(Q),L)  — t(Q)~l which concludes the proof of (iii).

It remains to prove (ii). First note that if a  6 a, there is nothing to prove as E\ (d, L) =  

0. So suppose a  ^ a and write a  = <*o +  «1  where c*i £ p - °°a and up(c*o) > 0. Then, 

using (i) and (iii) with a = c*o and Q corresponding to d i, we deduce that if (ii) is true 

for ao then it is true for a  and we Eire reduced to the case when a $ a  and vp(a) > 0. 

Now, if ft G Ok . then Fj(z) =  Fi(/3z, L) — ¡3Ei(z,L) is an algebraic function on E  whose 

reduction mod p is defined, so if 2 corresponds to a point defined over K  which does not 

reduce to a 3-division point mod p, then F^(z) 6 0 .  One deduces from this that if (ii) is 

true for a it is true for 3a, and if /3 is prime to p and (ii) is true for a then it is true for 

3~la. Now let h be the class number of K  and let -k be a generator of p h. By the previous 

reductions, it suffices to verify (ii) for a =  w~n and n > 1. Let k € Z and a n =  w~n. Then

E x{kan,L) = = f f i ( l ,0 ,* d n,L ) = \  Y  (7 , k)LE x{ ^ L ) .
7T

y £ n - n L / L
7?i0

L e t  e =  (7 , \ ) l -  T h e n  u s i n g  t h e  i s o m o r p h i s m  1, w e  see t h a t

£ ,( M „ ,I )  = 4 -  T  ekGi (0, r ‘( i - l ) ) .
7TU

ePnh=l

So

Ei (a„,L)  = E\ ( an,L)  -  Ei(0,L)  =  £  (e -  1 ) ^ ( 0 ,  C \ t  -  1)).

tT" h = 1  
c*l

B u t  as tG\(0, i  U O )  G  ~ rlp +  iip ,£7[[¿]], w e  o b t a i n  t h e  d e s ir e d  result b y  a p p l y i n g  the 

f o l l o w i n g  o b v i o u s  identities:

v -  . j _  f —  1 ( m o d  7rn ) if i =  0
2_ e 1 0 ( m o d  7rn ) if i >  1 '

*'nk=i

¿5
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Corollary: r/p =  lim pnE\(p  nu}00,L).
----------  n—►oo

Thus 77P appears as the p-adic period of the differential form 77 =  (x +  a2 (L))(dx/y)  

integrated along the cycle 71 viewed in TP(E ) in the obvious way (cf. [P-R], [de S]). Using 

this remark, it is easy to show that the isomorphism between K(tj00) and K{rj) does not 

depend on the choice of E  or 7 1 ; it depends only on the embeddings of K  into C and C p.

Proposition 11: Let a  G (K  — p °°a) and let Gk,j(a,t)  =  l-C{Ek,j(à + \ ( t ) ,L ) ) .  Then

(i) G 0[[i]] <8> Q p.

(ii) If Q is a p°°-division point, then Gk (ct,t(Q)) = Ek,j(à  +  z(Q), L).

Proof: If k =  0, then (i) follows from Proposition 10 and the fact that E qj =  —j^Eo,j- i  

and = where ^  Ç 1 +  tÔ[[t]], and (ii) follows from the fact that E qj is a rational 

function on E.  The general case follows then from the existence of P k j  (Proposition 9).

Proposition 12: Let a  G K , vp(a ) > 0. Let A a(z) =  ( z , 0 ) l -  Then

(i) n ( A a ( \ ( t ) ) )  e  ô[[t}}.(i) * ( a „ (a(«))) s  o[[(]].

(ii) If Q is a  p"-^-division point, then 'H^Afr(X(tjj J evaluated at t = t(Q) is equal to

A a (z(Q)) where z(Q) has to be chosen so that az(Q ) € p - °°a (this restriction being due 

to the fact that A a(z) is not periodic of period L  in z).

Proof: Everything is obvious once we have proved that 7Y^Aa (A(i))^ =  ( l +  But

we have A a(z) =  txp{A{L)~l {zau (X) — a u ^ z ) ) .  So using the identity A(L)  =  —uJoo 

we obtain: H (A 0fz)) =  exp(—rjoc>az),  and p-adically, ? i^A a (A(<))) =  exp(—rjpaA(t)y

As A is an isomorphism from E  to G a, we find that i(t) = exp(u\(t))  — 1 for some u € Cp. 

Equating terms of degree 1 in t gives u =  —r)p which allows us to conclude.

Proposition 13: Let a G K  — p °°a and ¡3 G K  such that vp((3) > 0. Then for 1 < j  < k 

we have:

(i)

(ii) If Q is a p°°-division point then the previous series evaluated at t = t(Q) is equal 

to Hk(j,& + z(Q),/3,L), where z(Q) has to be chosen in such a way that /3z(Q) G p - °°a.

Proof: Choose b G Ok  satisfying (6, p) =  1 and 6/? G a. Then formula (25) gives:

7 k —j  „

Ht (j,à + \ ( t )J ,L)  = - g -  Y ,  h M i E k - u b + j  + ^ L ) .
‘t £ b ~ l L / L

3fe>

€ Ô[[t}] <g> Qp.

n (A q(m )) ■
G

Hi H k {h ä + A(t): 0, 0



Since b is prime to p, b~l is an endomorphism of Ë  and 6_1 A(t) =  A([6-1 ]i). Then (i) 

follows directly from Proposition 11 (i).

Now let Q be a p n-division point and let b* G Ok  be such that b*b = 1 (mod p 71). Then 

[6-1 ]i(Q) =  t(b*Q) and so by Proposition 11 (ii), we obtain that 7 i ( j l k ( j ,â  + 

evaluated at t = t(Q) is equal to

— fç — J

b—  £  ( ' r M l E t - j . A l  + à b - ' + b - z ( Q ) , L ) = H t ( j , &  + l>b'z(Q)J,L),
~r£b~l L / L

which allows us to conclude.

Proposition 14: Let a G K  be such that Up(a) > 0 and /? G K  — p °°a. Then for 1 < j < k

(i) n(Hk (j, à, 3 +  A (t), I ) )  G Ô[[i]] © Qp.

(ii) If Q is a p°°-division point, then the previous series evaluated at t = t(Q) is equal

to H k (j,a,.8 +.z(Q),L),

Proof: Everything follows easily from the previous proposition and the functional equation 

for H k( j , u , z . L ) which says that

n [ H k { j , à J  + \ ( t ) ,L ) )  = (I + L(t))an ( H k{k + 1 -  j , p  +

Note however that Proposition 5 (ii) would give some restrictions as to the possible value 

of z{Q) which makes (ii) work, but since H k( j , u , z , L ) is periodic of period L in z this 

restriction is unnecessary.

Proposition 15: Let a, 8 G K  — a. Let U  Ç N  and Gjt,t,a ,/?(i 1^ 2 ) be the power series 

defined by

G k , i , a j ( t i < t 2 )  — ' H y H k+ i ( l , < *  +  M h ) ,  ¡3 +  H t 2 ) , L )  J .

If a .  3  G O k ,p-, then

(i) Gk.l,a,li(i\ih) € ip.£[[il, ¿2]]-

(ii) If Q i ,Q 2 are p°°-division points, then

Gkj ,a j{ t (Q i  ), ¿(Q2 )) =  H k+i(l,à  +  z(Qi) , f l  + z(Q2),L),

where z(Qi)  has been chosen so that z(Q\)(8  +  z(Q2)) € p °°a.

The proof of this proposition will need several lemmas (as well as the preceding propo

sitions). First, call a power series H ( t \ , t 2) = ai,jt\tJ2 “almost bounded” if, when i
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is fixed, a t)J- is bounded as j  varies and if Q is a p°°-division point, then 

which converges because of what precedes, is a bounded power series in ij. If H  is almost 

bounded, then if Qi and Q2 axe p°°-division points we can define H  (t(Qi) , t (Q 2 )) as the 

value of at ti = t(Qi).

Lemma 16: If i f  is an almost bounded power series satisfying H ( i(Q i), ¿ ($ 2 )) =  0 when

ever Q1 and Q2 are p°°-division points, then H  is identically equal to 0.

Proof: If you fix Q2i then the series H ( t i , t (Q 2)) is bounded and is equal to 0 if ti =  t(Q) 

where Q is a p°°-division point. This implies that H ( t i , t (Q 2)) is equal to 0 as a power 

series in 1 1 , hence for all i > 0, =  0. But this is true for all p°°-division

points Q2 , so a i j  =  0 for all i and j .

Lemma 17: Gk,i,a,& is almost bounded. 

Proof: We have

Gk,,,a A h , » * ) • £  ( « (Jh w {l + i , â j  +  A(i2 ) , L ) )  =  Y “¡ A 4 -
i= 0  ’ i,j

By Proposition 14 (i) and the fact that A(t) has no constant term, we obtain that when i is 

fixed, a , j  is bounded as j  varies. Moreover, by Proposition 14 (ii), if Q2 is a p°°-division 

point then:

00 (—\ ( t  ))*
Gk,i,a^(ti,t(Q2)) =  ^ -------¿ p — Hk+i+i{l +  +  z (Q2) , L )

¿=0

=  f t  ( # * + / ( / ,  à  +  A (ix), 0 +  z(Q2), £ ) )  •

Then Proposition 13 (i) allows us to conclude. But in addition, Proposition 13 (ii) gives

(ii) of Proposition 15.

Lemma 18: Let 8  G Ox,p, d G O k  satisfy d8  G a and (d,p) =  1. Let 7r be a generator of 

p h and io 6 a  satisfy 80  = 8  (mod Wn). Then

S = Y ,  ( I i )l H 1(1ìz ,u + 7  ,L) = *"{«,¿0) ^ ( 1, L J l iirnu,L).
7€dn-nL/dL

Proof: We have

5 = L  L  ■ u +  z
7 €dn-nL/dL

art

(8 + u, j)L
(u ,u )L.

E
oo

j=oi ai,j¡(ti Q 2 )>)' 0.

H 1)■*((Q»5

ÖL ß

H(( h Q2'2)

( --A(*1i))
I



But

Y  ( i+ w , l ì l  =  { ' ’”* ¡ f io + w S ir " L
, . ,r LO otherwise

7 €dw~n L/dL v

The result follows easily using formula (24).

Lemma 19: Let a. b G Z, and set =  Go,i,<*,/?• Then we have:

=  (5, (1, ( x " / T ”)(a +  8), (jr~/5F™)(/§- À  +  4), I ) ,

where (3q G a and 3q = ¡3 (mod 7rm).

Proof: Using Lemma 18 and the value of Ga^ (i(Q i) ,i(Q 2))5 obtain

“ ÂÎT )>*(&))
P Ql€Epn

= (a, p ) ü r nHx (l, (a + 2(Q0  -  a)/7fn, i)
= tT " (0, a + z(Qi ))l H,  (l, *"0, (à +  z(Q! ) -  à ) / r \  L).

Now using Lemma 18 again and writing {fl,z(Q\))i  =  (xnj3,n nz(Q\))i  and not 

forgetting that z(Qx) G (Wn/ 7rm)a, we find that £ a,6,n,m is equal to

— (n+m){$.à)L{à + à J o  -  DlH ì (1, (7Tn/n m) 0  - p 0 +  &),( 7Tm/¥n)(à + à),I).

The result follows from the functional equation of H\.

Lemma 20: Let - ¡ .S G K  — a verify t>p(7) > 0, vp(S) > 0, vp(j) +  Vp(6) > 0. Then 

H \ ( 1 , 7 , 6 , L )  G Ip .E-

Proof: Choose d G Oa' such that vp(d) =  5up(0 , —t*p(^)), Up(d) =  0 and d8 G a. By 

formula(25), H\{\,~t,6,L) =  (}/d)'52yed- l L/L{y,d6)LE 1((~f/d)+y,L). Writing(d) = p*d 

where d is prime to p, we can write y G d~1L /L  in a unique way as zq + z\ where 

z0 G d - 1a /a  and z\ G p -fca/a . Set S' =  dS and 7 ' =  d~l 7 . We obtain

^ (1 ,7 ,6 .! )  = d_1 J ]  (5o,^)l £  (5i,i'>i^i(7' + 5o + 5i,I).
ro6d_1a /a  z i6 p -* a /a

By Proposition 10. we can write

d 1 ^  {zi , ò')l E i (Ì'  +  ¿0 +  z\ ,L)  — d 1 ^  es G\ (7 ' +  20 , * 1(e — !))•
z i Gp” fca / a  €**=1
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But G i(7 '+zo»î) € M (P (7 '+ 2o)) and with the exception of the constant term has integral 

coefficients. As 'y' + zo € Ok, p i  P{l '  + zo) is defined over the maximal unramified extension 

of M  which implies that G\ (7 '+ zq, a-1  (u>)) € E \ (7 ' +zq,L)+ wIP)e [[«»]]. But we also have 

E \ ( f  + z0 ,L) = rjpff +  20) =  Vpï' (m°d Iv,e ), so we see that Gi (7 ' +  z0 , t~ l (w)) -  r)pÿ' e  

/ p,e[[w]]- As ^ ePfc=1(e — l)*eé € Z and is congruent to 0 (mod pk), we finally obtain

t f , ( l , 7 , <S,£ ) - ■ ) / ? '  X )  e  (p‘ W , E ,
yGd-'L/L

which gives the result, since (pk/d ) E Ip<e  and Yhyzd-'L!L^Vi^')L ~  ^ w^en  ̂$ a -

Corollary: Ea,fr,„>m 6  / P)£.

Define a measure fia j  on Y k ,p = 0 p x  Op by

H c t j i i a  +  P mh) X (& +  p " * ) )  — S a,b,n,m■

This is an / Pi£-valued measure. Let

H(t 1 , t2) =  f  (1 +  ¿(<i))x (l -h ¿(i2))y dfiatp{x,y)\ 
JYk,,

then H ( t \ , t2) G /p,£7[[ii,^2]] and if Q\, Q2 are p°°-division points, then by construction 

of fiaj ,  H(t(Qi),t(Qi))  =  Ga,fi(t(Qi),t(Q2)) and so H = Ga,fi by virtue of Lemma 16. 

This concludes the proof of Proposition 15 for k =  0 and 1 = 1 .  The general case follows 

from the following identity:

H k+j( j ,a  + z,0 + u,L) =

✓  d \ k [ ( d \-?""1 
(u,à + z )L \ - — j  [(0! + H i ( l ,â  + z,f3 + u,L)  ,

which yields

G t , 1,^2 ) =  (1 +¿(<2)) ( ” ^ Î2 j )  [ ( 1 +  i(i2 )) “ ( - ÿX(i7j) Ga^ t 1^ 2 ) • (30)

Proposition 21: If Q1 and Q2 are p°°-division points, then

G a j ( t l ® t ( Q i ) , t 2 @ t ( Q 2 ) )  -  (l + t(i2)) ^ ^ G a + ^ Q ^ ' P + ^ Q ^ t i , ^ ) .

where z(Q 1) has to be chosen so that z(Qi)(/3 +  z(Q2)) € p °°a.

Ho



P ro of :  S et  G'k j  a j ( t \ , t 2) =  (1 +  ¿(¿2)) aGk,j,Q,i3( t i , t 2)- T h e n  f o r m u l a  (20) b e c o m e s :

( dX i t i ) )  ( d \ ( t2)) Ga^ t l j t 2  ̂ Gk,j ,aAt ^ t^

so that, as p o w e r  series, w e  get

G'0 i „ ( < i  © U > 1 , * 2  © W 2 ) = Y< ; - r " -   ̂ f f w . a . / g O 0 ! , ^ ) -

3■ fc-

N o w .  let iüi =  i ( Q i )  a n d  u>2 =  ^ ( ^ 2 )- U s i n g  P r o p o s i t i o n  1 5  (ii) a n d  P r o p o s i t i o n  12, w e  

obtain:

Ga.ß{t\

(1 + i(t2) f £  — 'T ^ - ( Mk \ }) H*+j+'0  +  1' a  +  -; ( 0 ') - 3  +  *=«&).£)•
J'.fc j '

B u t  u s i n g  (30) a p p l i e d  to t\ = t2 =  0  a n d  a =  a +  z(Qi), ¡3 =  ¡3 +  z(Q2), w e  find that:

£  0  +  1 . 5  + 1 ( 0 ,  ) , 4  +  K < h ) ,  I )

M  h

is t h e  T a y l o r  e x p a n s i o n  in - A ( < i  ),- \ { t 2) of (l +  i ( t2)) “  z(9l)G à + i ( Q i)tj + j(Q 2)(ii,<2 ), 

w h i c h  c o n c l u d e s  t h e  proof.

If a  is a  fractional ideal of K.  let I \ (z \ , z2,a) =  +  *1 I s2 )oo- If la is t h e

characteristic f u n c t i o n  of a. t h e n  w e  h a v e  A ’( z i ,22, a )  =  K (z \ , z2, l a ,(l)) in t h e  n o t a t i o n s  

of p a r t  II. S et  wt =  exp{ — Zi )  —  1 for i =  1.2.

P r o p o s i t i o n  22: L e t  6  G  K. d\ G  K  —  8 O k  a n d  02 € K  — ( 8 0 k ) v • T h e n

(ii) If m o r e o v e r  8 is a  unit in 0 / v',p , ¡3i a n d  /32 b e l o n g  to Ok,p a n d  Ws.3lll3i (wi ,w2) G  

C p [[u,’i,w2]] is e q u a l  to H ( - ^ K ( 0 \  +  +  ^b^Oh ' ) )  e x p r e s s e d  in u'i ,w2, t h e n

N’i.Ji,* G /p[[u>i,w2]]-

(iii) If 7 1 .7 2  €  K / p ~°°Ok ,p a n d  e, =  \ 7i(l), t h e n

H ( — K ( h  + 7 1  +  P ~ , f o  +  72 +  P ^ . S O k ) ( - J 2 I 
2 tti 2 m  2 m  2 tti

Hi

© t(Qi),Ì2 © ¿(Q2 )) —

((1 + W \)ei -  1.(1 + w2)e2 -  1) =

(i) « ( ¿ î Tm > e K(r¡oo )[[«!» «2]].K(0i j£ï ,&Ok-))

-Ak(*i) )■ (
k

))h

k
)}Ì2(t■A(('

( -Al(*1 I') (- -Ai h)Ak)

EjÇa.
1

w+zi
LO ■0 +

.OO)

w,fl.■ 3i



where 71 is a representative of 71 in p °°80k  and 72 a representative of 72 in 

p~ °°(S O k  + (ft) + (7i))v.

(iv) If £ S K ,  then H((/3 | & ) „ )  =  (1 +  » , ) ' .

Proof: Part (iv) is obvious. To prove (i), (ii) and (iii), let us introduce an elliptic curve E  

with Weierstrass model defined over the ring of integers of the Hilbert class field of K  with 

good reduction at all places above p and j-invariant equal to j(Oft"). This implies that the 

period lattice of E  has the form woo(jB)0r" for some w ^ E )  € C*. If O k  =  Z +  Z r, then 

T]0 0 (E)  =  =Z7  and f]p(E) € Ip. Now, straightforward computation yields

t ^ k2m

= J7=----- r ,w .O K).8{t - T)r]oc t/oo i/ 0 0  o(t -  r)

Hence,

=  r/ÿ V  <?alta2( W - t  1(^2),[i(r-r)] *-4 ^u^)),
0(T -  rjT/p

where i is the isomorphism between Ë  and G m and [/?] is the endomorphism of Ê  associated 

to /?, a i =  802 and a 2 =  s(r-r) • ^ ow (*)’ (“ ) (iii) are just reinterpretations of 
Propositions 15 and 21.

H2

, Z\ ¿2
( r - m 2

Z2 Zi

ÔO
2iri6

(r -  Tpoo Zi  W o o
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§3. Construction of p-adic measures attached to generalized Eisenstein-Kronecker series.

If <t> € St(H) where T fl |(p)| =  0, set <j> =  <f>p * (j> where <j>p =  iV(dH)P) - 2 l d-i € S|p|,h 

is the Fourier transform of the characteristic function of 0 |p| considered as an element 

of «S’|p|)hv. Let Ip.H be the ring of integers of the completion of the maximal unramified 

extension of the field generated over Qp by all conjugates of H  and sqrtN(dn,p)-  The aim 

of this paragraph is to prove the following theorem:

Theorem 23: Let B be a finite set of bases of H  over K.  Then there exists S  =  8 2 (B) G 

V(H)  and S' =  SUB) G V (H V) such that for all T € V(H )  satisfying T  n \(p)\ =  0, all 

<t> € S t ( H ), all ( b i .b 2) G C tuK p)!^,S')-> we have:

(i) W((2-ri)~" A 'f^ j, j ^ i ^ b u b n B ) )  6  A'(i7oo)[[2i , 22]] and is the Fourier Laplace 

transform of an Ip.//-valued measure Hbx,b2 ,<t>,B on F //iP.

(ii) Let Oi be a locally constant function on l'i which can also be considered as an 

element of S>^\,hv- and 0 2  a locally constant function on, F2 also considered as an element 

of Then the Fourier-Laplace transform of <j>i<j>2 Hbi,b2 ,<t>,B is

H.(^2 ni) nA " ( ^ r , ^ r , ^ 1(^ 1) * q!>2 *<t>bllb2,S ) ) -

Lemma 2 4 : Let .4 be a principal ideal domain having only a finite number of prime 

ideals and let I\ be its field of fractions. Let t>i, . . . ,  vn G A n be a basis of K n over 

K  but not of ,4 n over .4; then there exists w  €  *4" such that for all 1 <  i < n, 

d e t ( ____ t'1- 1. u.\ .........vn) is either 0 or a strict divisor of det(t>i,. . . ,  vn).

Proof: Choose u'i =  ^ ”=1 atV{ with a, € AT, belonging to A n but not to the submodule of 

.4™ spanned by the r,'s. By the Chinese remainder theorem, we can find 6, 6  A  such that 

ci{ — b, =  0 if a, € -4 and a, — b{ =  cl/ d l where c, is a unit in A  and dt is not invertible in 

.4 if a, ^ .4. Then w =  X^r=i(a« — ^i)vi obviously answers the question.

/ * , \  / M , ( z ) \

If M  G M n(K). w e se t M  I : I =  • J and Fm(z) =  d e t ( M ) [ ^ " _ 1 Mi(z)~x. 

\Zn) \ M n(z) j

Lemma 25: Let .4 be as in Lemma 24 and M  G GLn(K). We can find a finite family Af 

of elements of G Ln(A) such that

Fm (z) =  £  FN (z).
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Proof: First note that Fm (z) does not change if M  is multiplied by a scalar; so we may 

suppose that M  G M n(A). Let Vi, . . . ,  vn be the rows of this matrix. Then either vi , . . . ,  vn 

generate A n in which case M  G GLn(A) and there is nothing to prove, or we can find w as 

in the preceding lemma. Let Vij (resp. Wj)  for 1 < j  < n be the coordinates of V{ (resp. 

of w ) and Mn+i(z) =  X)”=1 WjZj. Let N{ be the matrix whose j -th row is equal to Vj if 

j  ^  i and w if j = i. We obtain:

/v i . i  ••• «1,» M i(z)  \
n  n + 1

0 = det ; : J
Vn,  1 • • • V n tn Mn(z)  , =  1 J=1

\  Wi ... Wn M n + i ( z ) /

where the first equality is obtained remarking that the last column is a linear combination 

of the others, and the second is obtained by developing the determinant with respect 

to the last column. Now, removing from the Ni those with determinant 0, we obtain 

F\{{z) =  Y In Fn (z )i where the det(iV) are strict divisors of det(M ). We just go on with 

this process until we reach the desired result.

Corollary: Let B  be a basis of H  over K .  We can find a finite family C(B) of bases of 

d J^-Oh .p over Ok ,p such that, for all (¡> G S(H ),  we have

K ( z i , z 2,<j>,B) =  ^ ( 2i , Z2 ,<I>,C).
cec(B)

Proof: Choose a basis Ca of d ^ '_ 0 fj p over Ok,p] then there exists M  G GLn( K ) such 

that B  = M C 0. We just apply Lemma 25 to this M  and A = Ok,p (which has only two 

prime ideals) to conclude.

Remark: Replacing B in theorem 23 by Ub€E^(-®)i we see that we can suppose that all 

elements of B are bases of d ~^-Oh,p over Ok,p- On the other hand if B i and B% are finite 

sets of bases of H  over K  satisfying theorem 23, then setting ¿^(^l U ^ )  =  S 2 (# i )US^B ?)  

and S'2(Bi U B2 ) =  S'2(B 1) U S'2(B2 ), we see that B\ U B2 also satisfies theorem 23. Hence, 

it is enough to treat the case where B =  B  and B  =  ( / 1 , . . .  , / n) is a basis of d ~^-Oh,p 

over O k , p  which we can take to be the B  used in III, §1.

If a  G 1(H ), set a  =  d ^ pa. If <j> belongs to S t (H) with Tfl|(p)| =  0, then ^ is constant 

modulo a for some a  G 1(H) satisfying |a| C T; so by linearity, we are reduced to the case 

where <f> is the characteristic function of a  +  a, where |a| C T  and a E d ^ p0'H T. Let

(Fm (*)I — FNi(*>: M j (*)



g s : C n —► C n be defined by ga(z)  =  (T r ( f i z ) , . . .  , T r ( /nz)). As B  is a basis of d h]pOh ,p 

over Ok ,p, the image of d ^  by gs  is a lattice L contained in (Ok ,p)u such that Ok ,pL = 

(Oh'.pT and so contains (6b 0 k )n for some ¿b £ Ok  relatively prime to p. There exists 

¿>a € I\* with |(<$a )| C Tk  such that a contains 6&0 h • Hence, if we set =  ¿a<5s, we 

have ¡(¿a,s) | C Tfc-U|(<$B)| andgfB(a) contains (S^b Ok )11- Let Y  be a set of representatives 

of gB(a) modulo (S^b Ok T-  Using the identity (zx \ z2)<*, =  Ytf=i(Tr fczi \ T r/V ^)«» , 

we obtain

d e tg - £  n X ’(w + Tr(/j( i1+ a )),Tr(/Yz0.i.,BOir)-
y/N(dH,p) yeY j=l

y=(yi....yn)
(31)

On the other hand, a straightforward computation yields

h ( Z ] ,  Z t - O ì j i M i B )  —  ^  ^  ( — / 32 \ a  +  Z \ ) 0 0 K ( z i + l 3 \ , Z 2 + , 3 2 , < f ) , B ) .

iJigbf'à/à 2̂£bJ1b1àv/biàv 
¿igà ¿2gbiàv

(32)

Now. by Lemma 5, we can find S(B)  G V(H)  and S ' ( B ) € V ( H V) such that if ( b i ,b 2) G 

Ctu\(P)\{S(B), S '(B)) ,  then for all a G I{H)  with |a| C T, all a in &~HyP0'H T . all /?j, fa 

as above, we have Tr(f i{a  4- ,<3i)) $ <5a.b Ok  and Tr(fV  fa) ^ (¿b.bOa')7 . On the other 

hand Tr( f i (a  +  /3i)) and T r f ^  fa belong to 0 k , p , so putting together formulae (31) and 

(32) we see that I \ ( z i , z 2,<p\3u\32,B)  can be expressed in terms of the functions studied in 

Proposition 22. Thus part (i) of theorem 23 is a direct consequence of (i) and (ii) of this 

proposition. To prove (ii), we can restrict ourselves to the case <f>\ =  X71 and <t>2 =  x-y2> 

since the \ 7 form a basis of the space of locally constant functions. Now, using Proposition 

22 (iii) along with formulae (31) and (32), we obtain that the Fourier-Laplace transform

Of \  J \  *;2 A^bl , b 2 ,0 ,5  IS*

n

where 71 is a representative of 71 in p~°°ab2 and 72 is a representative of 72 in 

p~°°bi(a  +  (a) +  (7 1 ) +  d ^ p ) ^  1 from which we can deduce the result after a straight

forward computation (the main ingredient being the fact that if u> G 71 +  a +  bf*a, then

Y7 2 M  =  (72 I w)oo).
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§4. Complements to Shintani’s method.

In this paragraph, we shall use the results of the preceding paragraph to prove that 

does not really depend on the choice of B , or (32.

Theorem 26: Let <f> E Sk,hv(H).  We can define a number A?(&, j ,  (f>) such that

(i) For all B E B(V),  there exist S(B)  € V(H)  and S'(B) € V(HW) such that 

f a j a A K i A )  =  A- ( K i A )  for all 4, S S t ( H )  and aU ( (A ) ,(A ) )  € C?.(S(B),S'(B)),

(ii) A1(k,j,4>) =  A.(k,j,(j>) if either n =  1,2 or n > 3 and k =  0 or j  =  1,

(iii) A?(fc,;,<£o7) =  N H/ K(-y)jNHi K(7) *A?(k,j,<f>),

(iv) A?(k,j,<f>) =  (—l ) nO_1)i'nA?(j -  l,fc +  1 , ? H(<I>))-

Remark: Of course, we expect that A?(fc, j, </») is always equal to A(fc,j, <̂>). In this direction,

(iii) and (iv) are functional equations also satisfied by A(k,j,<j>) (formulae (4) and (16)).

Proof: Suppose <j> E St (H). By linearity, we can restrict ourselves to the case <f> =  <j>x 

for some locally constant character x of O f. Choose a prime p splitting in K  such that 

T D \{p)\ =  0 and |dH| n |(p)| =  0. Let B E B(V) and let S(B) =  S^B)  U S2(B) U |(p)| and 

S'(B) =  S[(B) U S'2(B) U |(p)|, where Si(B)  and S[(B) are defined in lemma 6 and S2(B) 

and S2(B) are defined in theorem 23.

If fi is a measure on Yh ,p and 7  E 0*Hp, we define a measure p 0  7  on Yh ,p and a 

measure 7r(/x) on Yk ,p =  0 P x Op by the following formulae:

/  f(y i ,V 2 ) d ( f i o j )  =  /(7l/i>7 xV2 ) d n i (34)
Jyh,p Jyh,p

f  f ( x i , x 2) d 7r(/x) =  f f ( N ( y i ) , N ( y 2))dfi.  (35)
J Y k ,„ J y k ,p

Lemma 27: If (bj, b2) E C ^(5(5), S'(B)) and 7  E 0 ^  p satisfies |(7 )|/c fi ( |b i| U |b2|) =  0, 

then

7r(^b!,b2 ,̂ 0 7 ,b) =  ArH/A'(7 ) ( 7r(/ib1 ,b2, ,̂B 0 7 )).

Proof: To prove that two measures ¿¿1 and ¿i2 on Y/v'iP are equal, it is sufficient to verify 

that JYk x\ip(x2) d/j. 1 =  f Yx p x\xj)(x2) dfi2 for all i E N  and all locally constant functions 

rp on Op. But we have

I Xi1p(x2) d 7r(/ibi ,b2 , 0̂ 7 ,B) /  -^(i/l ) V5 0 -^(i/ 2  ) /̂¿bi ,b2 ,0 o7 ,Bi (36)
«'V'jr.p

4A
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and by Lemma S, this is equal to VJ applied to the Fourier-Laplace transform of

0 o A*( i /2 ) ¿Mbi,b2,0o7 , b  and evaluated at z\ = z2 =  0. Now, as 0  o N  is locally con

stant, we can use theorem 23 (ii) to obtain (cf. formula (12))

/ x[ip(x) d 7r(/zbt ,b2,<£o7,B) =  Ae(0,i +  1,0 o N  * (<f> o 7 ) ^ ,b2)- (37)
j y k . p

The same computation gives

N H/ k {7 )  /  A ^ { x )  d ^ h u h ^ B  0 7 ))

= ^ h /a '( t ) '+1 f  N{y1),rp(N(-( l y2) )dnb ltb2,^B
J Yk ,p

= N H/K( j ) i+1AB(0,i + 1,(0 ' * ¿)bl,b2), (38)

where ¡/(i/2) = v(N{y  l ij2 ))-

Let o' = ( v 1 * o)b,,b2- Then 0  0 A7 * (<p 0 7 )bltb2 is neither more nor less than o' 0 7 . 

Now. using the corollary to theorem 3. we obtain Ag(0, i +  1 = A(0, i + 1, <!>') and 

Ag(0 . i 4- 1 . o' 0 7 ) = A(0, i + l , 0 o 7 ), and the desired equality follows from formula (16).

Corollary 1 : Under the same hypothesis as in Lemma 27, we have

AB.3ul)2(k, j ,<j>oj )  =  N h / k W  N h / k (i ) A e ^ j ^ ^ À : , ; , ^ ) .

Proof: By the very definition of A b^ j ^ J , ^ )  (cf. (19)) and of Hbt,b2,<i>,B, we obtain 

using lemma S.

^8.3lj2{k,j,<j>) = U0l,02(k , j i x) x \ l x 2 d *(t*VxUh)J,B), (39)
J yk.p

a n d  t h e  result is a n  i m m e d i a t e  c o n s e q u e n c e  of  l e m m a  27.

Corollary 2 : Let ((/?i ) ,(# 2)) and ((/?!)> (/%)) belong to C^(S(B), S'(B)). Then

Aß,

Proof: Up to introducing an auxiliary ( ( /^ M /^ ))  £ C!p(S(B), S'(B)), we may suppose 

( P i ) | / v  u | ( 3 2 ) | a - )  n ( |(# )k  u \ 0 2)\k ) = 0- As )(/»'),(/»') =
we have

“  W iW M v iW i) ’*’

n

^(ßi) Aß̂ )

ßi,ßÄkih<P) = A*.

(ßlUßt)’(ßli,(ßii)

¿í. ß'2(k i



hence by formula (39) we have

VßußÄk J , x )

We obtain the result using formula (15) and the previous Corollary.

Corollary 3: A?(fc, j, <f>) does not depend on the choice of ((/?i), (fa)) 6 C^(S(B),S '(B)) .

It remains to check that A?(fc,j, <f>) is independent of the choice of B and this follows 

from the following Lemma whose proof is identical to that of Lemma 27.

Lemma 28: Let BU B2 E B(V) and S  =  S(B1)US(B2)i S' =  S'(B i )US'(B2). If <f> G S T(H) 

and ((fa),(fa))  € C$(S,S')  then =  v(fn0lUfiiUtB3).

This concludes the proof of (i). Now (ii) is a consequence of the corollary of theorem

3, while (iii) follows from corollary 1 of lemma 27 and (iv) from theorem 3 (v).

k?

1̂ B,ß1,ß2 =  uß[,ß'2{ k , j , x ) (Ä))'( k , j , hßi),(k,> Ji Kß \ ;>; ( ß i2)))

7t('(/*((ß /?2 t)

-1
ALß,A ,ß'2 '



IV. Special values o f  Hecke L-functions.

Let xp be a Hecke character of H  (i.e. a continuous C*-valued character of A -„IB').  

Let m t. be the conductor of v. We can associate to é  a character of Im^{H). still denoted 

by v,  by the formula: if q G P (H ) — |nty|, then tp(q) = ^ ( ( 1 , . . . ,  1, w“ 1, 1 , . . . ,  1)), where 

ii’q is a uniformizing parameter of 0 q. If xp is a Hecke character of H, let xpv be the Hecke 

character of H v defined bv t/>v(a) = iV(a)-1 0 (à _1) if a G

A Hecke character of H  will be called admissible if there exists k(xp) g N and j(xp) G 

N — {0} such that for all a  = 1 (mod m,/,),

v({a))

In particular, an admissible Hecke character is of type A 0 and critical in the sense of Deligne 

(cf. [D]). If xp is admissible, so is xpy and we have k(xpv ) =  j(xp) — 1 and j{xpv ) =  k(xp) +1. 

If v  is a Hecke character of H  and 5 G V{H)  contains |m ^|, we set

*»<*->= E M '  («)
b6l f ( H )

and if à G C I ( O h ), we set

«*.*•->= E («)
b6/+(H)nà

These two series converge for Re(s) > >  0 and define functions of s possessing meromorphic 

continuations to the whole 5-plane, holomorphic except for a simple pole at s = t + 1 if 

t.’(b) = .V(b)(. If ii’ is an admissible Hecke character, we set

A s W

and if 5 =  |m ^|, we drop it from the notations. 

If q G P(H), let ri’q G S \ q \ , H  be defined by

» q < * q > =  I J « 1- " " 1’ 1 ' " 1’ " - ’ 1))

Hence, if q $ |m^,|, we have cq = ¿q. If S  G V(H)  contains |m,/,| and a G Is(H),  let 

v s .a G S ( H ) be defined by

<PsM) = J J  V>q(*q) n  l a - 1!1 )’ (44)
q€S q£S

= N Hf K(a) N H/K(<xTm ,

(27rz)n>^>
Ls(^,0) and As(^, à)

m m ) "

(2ni)ni W
Ls (42)

if X q  £  O*
II xq £ O*

(43)

tf(b)

N ( b y
(41)

■*<

I— ')•



where l a-i is the characteristic function of the fractional ideal of i f q generated by a -1 . 

If a 6  I s (H )  is in the ideal class a, writing b 6  I s (H )  fl a in the form b  =  (/3)a, where 

/? G a -1 is uniquely determined modulo Uh,  we see that As(V>, a) is neither more nor less 

than tp(a.)A(k(xp),j(ip),xps ,a).

Whenever it is defined, we have

Sb * rfrs,a =  V’S,a -  0 S ,ab- 1 ¿c * 0 s ,a =  ^5,a ~  JV(c) V s.ac, (45)

from which we deduce, using the fact that multiplication by an ideal induces a bijection 

on CI(Oh ), that if A is a set of representatives of CI(Oh ), we have

^  xp(a.)A(k(ip),j(xp), jj^b,- * 6* *V>s,a) =
a £A * 1

k I

n i 1 ~  n i 1 ~  ^ v(ci) )A s (0 ), (46)
1=1 j=i

whenever everything is defined. As an application, since ips,a =  * <5q * tpm* ,a5 we
q £ S — |m^,|

obtain

As ty )  = 2 2  ^ ( a )A (k t y ) J t y ) ^ s , a) =  E s ty )A ty ) ,  (47)
a6 A

where, by definition, E s ty )  =  Flqgs-lm^i ( l — ^(q)) is the Euler factor of ip above 5.

We can attach local and global root numbers to ip in the following way. For each 

q 6 |n tyd //|, choose 7q € H* such that uq(7 q) =  1 and uq'(7q) =  0  if q ' e  |m ^d // | -  {q}. 

Let ctq — vq(rii^d //).

Lemma 29: (i) There exists a constant W ^ ^ t y )  such that

^q(V>qV)(z) =  W q^W V ’qtTq’z)-

(ii) Set

N u , Kh a ) M )  "I
W„(>/>) =  IVq, „  ,» ( q - ‘ (7<|) ) — 1---------—  n  •

N h / k (1 c{) q 'e |m ^ , | -{ q }

Then W ^ty )  is independent of the choice of 7 q and is by definition the local root number 

of ip at q.

(iii) w q(</>)Wq(V>v ) =  M - !)•

Proof: Everything follows from standard computations (cf. [L]).
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The global root number W(ip) is defined by = (—l)nfcW riqG|m^dH| ^q(v)- If

5 6 V{H), let IVs(^) = Ilqesnlm^dHl Wq(V0- Let So C 5, and define ^s,S.,a € S(H) by

^S,S„a(x) =  JJ ̂q(Xq) n jFq ^ V)(X<l) II (48)
q 6 S -S 0 qeS„ qgS

Lemma 30: If .4 C I s{H ) is a set of representatives of CI(Oh ), then

^  ip{a)A(k{rp),j(ip),xps,s0,a) =  (Wso(V0)%o(</’v) £ s - s o0/’)A(V’)-
*€A

Proof: Let 7  = Hqes» Tq'1- Using Lemma 29 (i) and the fact that the Fourier transform 

of ¿q is ¿>qV(7 x) if q £ S -*■ Iwi^l, we obtain

V’s.s., a(x) = W<j)a(jx),  (49)

where

«■■= n  **h -*) n
q £ S - S 0 qG5on|m0djî |

Qa —  * ^q * <̂ q * ( ^ )
q e5 -(S 0U|m*|) q€S0- |m * |  q * ’

and

a' = a(7 *) Yl qaq- (52)
qes„

Now. using formula (16) we obtain

N H /
ip(a)\{k(v),j{ip),ips,s0,e) =rJ>{a.)W------------ — A(k(rp),j(ip),<pa). (53)

Tt-----T~\k^N h / kkV

Writing t/>(a) = ) IlqeSo ^(^q^ 1 )aq and using the fact that a - * a '  induces a bijection 

on CI(Oh ) and formula (46), we obtain

v(a)A (fc(0),j(^),0s,s.,a) =
Si£A

Vh /k Ìi V
I>r------------ — ( TT i > ( W ' ) ' ' ) E s . ( i ’'')Es-s.WH<l’), (54)—----- —r*(V») V ** >

-*h/ k { 7) ^ es“

and the result follows, using Lemma 29 (ii).
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Lemma 31: (Hecke’s functional equation^ W ty )A ty )  =  i nA(V’v)-

Proof: Let a  6  / |m^,dH|(^) and let 7  =  Ilqelm^dHl Tq1- Using Lemma 29 (i), we obtain

W ^ ) ( x )  =  iV(a) W  (56)

where a' =  ( 7  1)mw,d/fa 1 and

w =( n  « w ^ )  n  (56)
qGlm^dal q^q (

q.q'elm^diri

So we get

Nh/k Ìi Y ^
0 v(l)A(fc(VO, j(V0 ,^ H v(V^r*,5 )) =  N(a)xpv ( t)  W ------------ — A( k t y \ j t y ) ,a ! ) .  (57)

N h / k (i ) { >

Now, we have

iV (a)^v (a) =  0 ( a  ^ ^ ( a ' ^ m ^ d ^ ) ,  (58)

and
w N H/K(-,y^ -ld-i)= jj (59)

Wh / k (7 )  , e | n , , d „ |

and by formula (4),

A  (k(rp),

We obtain the result by summing up (57) over a set of representatives of CI(Oh )-

Set A?s ty ,a .) =  V’(a)A?(fc(t/>), jty)tys,a.)- An immediate consequence of theorem 26 is 

that the above computations are valid with A s ty ,  a) replaced by A ^ty ,  a). More precisely, 

if A is a set of representatives of CI(Oh ), set A?s ty )  =  A7s ty ,  a). Then we have:

Proposition 32: (i) A?s ty ,a )  depends only on the image of a in C7(0#).

(ii) A?s ty )  =  £ s A?(r/>).

0 “ ) E a G A ^ (a )A?( fc(V,) . i ( 0 ) » l/,5,So,a) =  (IlqeS,, Wq ( ^ ) ) % ( V ’V) ^ S - S 0(V’)A?(t/»).

(iv) W ty )A ?ty)  = i~nA?t y v ).

(v) A?(i/>) =  A ty)  if n =  1,2 or n > 3 and k ty )  =  0 or j t y )  =  1 .
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V . P -ad ic  m easures on G alois groups and P -ad ic  L -functions.

§1. Preliminary constructions.

Let ^  be a Hecke character of H  of type Ao and conductor m^,. We can associate 

to ip a unique continuous character i p ^  with values in C* satisfying t/>(p)(a) =  ip(a) for 

any a  G ) (cf. [Wl]). But, as rp ^  is trivial on the connected component of

1 of A*h /H* , it can be interpreted as a character of Gal(Hab/ H). In fact i p ^  factors 

through GH,m,p =  G al(ifm(p)oo /H ),  where m  is the prime-to-p part of m ^ and 

is the union of all abelian extensions of H  of level m(p)* for k >  0. We shall say that ip 

is p-admissible if it is admissible and i p ^  factors through p =  Gal(Hmpoo jH )  (note 

that this is equivalent to k(ip) =  0 and tpp =  1 on 0*-|). Let us choose a set A  C 

of representatives of CI(Oh )- We have the following isomorphisms of topological spaces:

gH,m,P^Ax{(OH/myxY^p)/U„ and gH,m<P ̂  A x (0*H/mxY^p)/UH,

where Uh denotes the topological closure of Uh in the space considered. If /  is a function 

on Q (resp. on Qh ,m.p), let /  be the function on A x (Oh / m)* x Y ^  p (resp.

A x  (0 ///n i)*  x Yjj p) obtained by composing with the projection modulo Uh -

Choose a torsion free subgroup V  of finite index of the subgroup of Uh of elements of 

norm 1 over K  and B G B(V). Let T  G 'P(H) contain |m |, |(p)| and |a| for all a  € A. If 

a G (O/ijm])* and a  G A, let <j>a<a G S t ( H ) be the function defined by

$a,a(*̂ ) —  <Pa,|m|(x |m|) ' ̂ pi^-p) | la-l(̂ -q)? (61)
qg |m p |

where ^ Q)|m|(a:|m|) =  1 if X|m| G at + m O|m| and 0 otherwise, and <f>p is the function defined 

in III §3.

For all ( b i ,b 2 ) G Ct (S(B), S'(B)), where S (B ) and S'(B) are as defined in theorem 

26 we define a measure A ^ ^ .m  on Qh,m,p and a measure Hbx,b2,m on QH,m,p by the 

formulae:

LJ yH, xn,  p
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f  <iAbj ,b2,m —
1

[Uh -.V] E E
aGiOn/mV J y *xY2

/ ( a ,a ,y i ) (62)

/ ífy*bi,b2,m —
1

[Uh -.V] E E
aG-A q£(Oh / m)* i  Y* X Y*

f ( a , a , y u y2) d ß h u h ^ ^ ^ B , (63)

dßhi ,b2



where /¿bi.b2,<t>,B is the measure constructed in theorem 23, and if ¡jl is a measure on Y* x F2, 

then ji is the measure defined by

/  f{yuVi)dyL= f  JV(yi) 1 f ( y 1 1 ,y2) dfi. (64)
J Y' x y2 JY'xYi

Let Vbub2(4>) =  (1 — 0(l>a 1 ))(1 — -0v(t>2 1 )).

Proposition 33: (i) A ^ ^ . m  is the unique measure on Qh ,m , p  such that

[  ^ ir )d K ^  = ^ , W E m ( r ) W lp0 ) E im0 ) M f )  (65)
m, p

for all p-admissible Hecke characters of H  of conductor dividing mp°°.

(ii) Hhi,b2,m is the unique measure on such that

f  0 (p) dfibub2,m =  i/b1,b2(V,)% |(^ V)WA|p|(V’)-E|mp|(V,)A(V’) (66)
** Q H , m , p

for all admissible Hecke characters of H  of conductor dividing m(p)°° satisfying k(ip) =  0 

or j(tp) = 1.

(iii) Moreover, if we do not assume k(ip) =  0 or j{ip) =  1, then

[  ¿Mb,,.,,,™ = ti»,b,w)%iWv)wlpiWi;|mpi('A)A!w . (67)
JGH,xn,p

Corollary: If one can prove by any other method (for example using refinements of Harder’s 

proof) that there exists a measure satisfying (ii) for all admissible if?, then A(t/>) =  A?(r/>) 

in all cases.

Proof: Let r/> be an admissible Hecke character. By definition of we have

i  ipip) dfih l ,b2,m = T fT T ÿ \ £ ^ ( a) Ü  G ( a ) (68)
*• H' * aeA ae(0H/m)*

where

G{a) = ^|m|(a) /
j yh,p

Now, using theorem 23 (ii) and formula (48), we obtain that the Fourier-Laplace

transform of

777—77] J 2  V>|m|(<*)V£(yi)</>p(y2 ) d fib u b ^ a ^ B
[ H‘ J ae(Ojr/m)»

5V

yi) ih ( y 2 ) N(y2)kM dH b i . b î . i A a . a ^ - (69)



is

[Uh - V ] K ( 2 «  ’ 2jri ’^ N W M p I , « ) ^ , b „ B ) ) , (70)

and we can deduce (iii) from Lemma 8 and Proposition 32 (ii). Then (ii) follows from the 

fact that A/(ip) =  A(tp) if k ty )  =  0 or j(ip) =  1 and (i) is obtained in exactly the same 

way as (iii). The unicity of Ab^bi.m and ^b1,b2,m is due to the fact that the subspace of 

the space of continuous functions on Qh ,ui,p (resp. GH,m,p) generated by the with 

k ty )  =  0  and j(ip) =  1 is dense (we axe allowed to multiply by any locally constant 

character).

§2. Measures and pseudo-measures on profinite abelian groups.

In order to put the results of the preceding paragraph in a more satisfactory form, we 

shall shift to the language of pseudo-measures. In this paragraph, we shall collect from 

[Se] the definitions and some basic facts about pseudo-measures.

Let G be a profinite abelian group and A be a closed subring of O. We define the 

Iwasawa algebra A[[G]] of G as lim A[G/H] where H  runs through the open subgroups 

of G. Then A[G] is a dense subalgebra of A[[G]] and we have a canonical isomorphism 

between A[[G]] and the algebra of A-valued measures on G, the multiplication in A[[G]] 

corresponding to convolution of measures. This will enable us to view a A-valued measure 

on G as an element of A[[G]]. For example, the measure associated to g G G is the Dirac 

measure at g.

Let X(G)  be the group of continuous C*-valued homomorphisms of G endowed with 

the topology of uniform convergence. If x £ and ¡jl € A[[G]], we write {x, /J-) instead

of f G x dp and let XM £ A[[G]] be defined by (0 ,x ^ ) =  (^X.A*)- Then we have (x>^A) =  

(X, /*) (x, A) and x(/i A) =  (x/0(x  *)•
Suppose from now on that G has a quotient isomorphic to Zp and let T C G be a 

lifting of Zp. Let A'[[G]] be the total fraction ring of A[[G]] (i.e. the ring of a -1/? where a, 

/? are elements of A[[G]] and a  is not a zero divisor). If A =  a -1 /? € A'[[G]] and x £ -Y(G) 

satisfies {x,a)  7  ̂ 0. we se* (X)-^) =  (Xi g ) - 1  {Xi P) and this depends only on A, not on the 

particular decomposition of A in the form a -1 /?. The map x  (x> A) is defined on a dense 

open subset of X(G).  If A € A'[[G]] and x € X ( G ) we can still define xA € A'[[G]] and we 

still have x(A^) =  (x^XxaO- An element A € A'[[G]] will be called a “pseudo-measure” if 

(1 — g )A € A[[G]] for all g € G. We shall write A[[G]] for the space of pseudo-measures.
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Let 7r: G' -* G be a surjective morphism of profinite abelian groups. Then n induces 

a surjective morphism from A [[(?']] to A[[G]] which can be prolonged in a unique way to 

a morphism from A[[G']] to A[[G]] in the following way. If g € G, then g — 1 is a zero 

divisor if and only if the topological closure of the subgroup generated by g in G has a 

finite p-Sylow subgroup; in particular if the image of g in Zp is non-zero, then ¿r — 1 is not 

a zero divisor and the set of g G G such that g — 1 is a zero divisor is contained in a closed 

subset with empty interior. So take A G A[[G']] and g G G' such that ir(g) — 1 is not a 

zero divisor and set 7r(A) =  (n(g) — l) ft((g — 1)A). This clearly does not depend on the 

choice of g and defines a pseudo-measure on G.

Lemma 34: (i) If the p-Sylow subgroup of G/T  is infinite, then A[[G]] =  A[[G]], or otherwise 

stated, all pseudo-measures are measures.

(ii) If 7r: G' —► G is a surjective morphism of profinite abelian groups and A is a 

pseudo-measure on G' such that 7r(A) is a measure, then A itself is a measure.

Proof: This follows easily from the structure of A[[G]] given in Th. 1.15 of [Se].

Corollary: Suppose G has a quotient isomorphic to Zp. Let Xi>--->Xn G X(G)  and 

A G A'[[G]] such that V(#i,. . . ,  gn) G Gn, A n ”=i ( l  -  Xi(9 i)9 i) € A[[G]], then A is a 

measure.

Proof: An immediate induction reduces the study to the case n — 1 . So let \  G X(G) 

and A G A'[[G]] be such that (l — x( 9 )9 G A[[G]] for all g G, G. We then find that 

\ - 1 ((l — x(^)i)^) = (1 — flOix-1 ^) is a measure for all g G G. As G has a quotient 
isomorphic to Z£ this implies by a) that x -1  A is a measure, hence A also.

§3. P-adic L-functions

If S  G V(H)  satisfies S  fl |(p)| =  0, let Qh ,s ,p (resp. Qh ,s ,p) be the Galois group 

over H  of the union of all abelian extensions of H  of level m  with |m | C S  U |(p)| (resp. 

|m| C SU |p|). If p denotes the complex conjugation on K  induced by the embedding of K  

into C, the map a —► a defined by c t ( x )  = p(a(p(x))) induces a (canonical) isomorphism 

between Gh ,s ,p and GHv ~§ p- If x G A*h /H*,  let ax G Gsl(Hab/ H)  be its Artin symbol. If 

b € IsuKp)^#)» let (7b G Gh ,s ,p (resp. Gh ,s ,p ) be the Artin symbol of the idele ( . . . ,  arq , ...), 

where vq(xq) =  - i ’q(b) and <r_i G Gh ,s ,p be the Artin symbol of ( . . . ,  xq , . ..)  where 

xq =  -1  if q G |p| and xq = 1 otherwise. If b G Isu\(P)\(H), we have <7^  =  in

5C,



Qh v,s ,p• Let N  be the cyclotomie character of Gh ,s ,p defined by iV(<7b) =  iV(b) and if x 

is a Cp-valued continuous character of Gh ,s ,p, let x v be the character of GHw $ p defined 

by Xv(<r) =

If ( b i ,b 2) € Ct {S(B),S'(B)), we let >Ubx,b2,s € Ip,h [[Gh ,s ,p]] and A b ^ .s  € 

Ip,h [[Gh ,s ,p]] be the respective projective limits of the ^bi,b2,m and Ab^bj.m defined in 

Proposition 33. If x is a continuous C*-valued character of Gh ,s ,p (resp. Gh ,s ,p)i we set

Lp,s

and

LP,s(x)= [ ( l-x (^b i)  1) ( 1 “ XV(<7bî )) *1 /  xdfiblM,s-
L J J ÖH,S,p

L Pts  and LP)s  are independent of the choice of ( b i ,b 2) as can easily be deduced from 

Proposition 33. We can now state our main result:

Theorem 35: (i) LPts(x)  is an Iwasawa function of x, i-e. there exists a (unique) measure 

Us on Gh,s,p such that £P,s(x) =  X df*s-

(ii) If xf> is an admissible Hecke character of conductor satisfying |irty| C SU |(p)|, 

then LPlS(tfw ) =  % , ( ^ v)£su|p|(V’)^|p|(V')A?(V>).

(iii) If the conductor of x is divisible by all elements of S, then there exists a p-adic 

unit W ^ (x )  such that

W ^ \x )L rS (x) = x(<r-,)L,,s(xv).

Moreover, if tp is an admissible Hecke character, then

W {p)(rJ>(p)) = in n  W q( V).

q€Su|djf |- |(p) l

(iv) There exists a (unique) pseudo-measure As on Gh ,s ,p such that

¿ p , s ( x )  =  /  X d\s,
JON'S, p

and As is a measure if S  ^  0 or if the p-adic regulator R p of Uh is equal to 0.

(v) If ^  is a p-admissible Hecke character of H  of conductor satisfying |m,/,| C 

5 U |p|, then LPis(</>(p)) =  E\p]tys/)W\p0 ) E s ty)A(‘ip).

Proof: (i) First note that Gh,S,p has a quotient isomorphic to Zj|, namely GaliHKoo/H), 

where K oq is the union of all Zp-extensions of K,  and that the image of Ct (S(B),S '(B ))

5?

= (1 -* (» !> ,) ') (i -  ír (b ,)x K f))] Lj Gh,sî p
X àAbi,b2)s,

-1

N(c)

(x)

-1 X(v - 1)-



by the Artin map is dense in G h , s , p  x  Q H v g p by Tchebotarev’s density theorem. Hence, 

there exists a subset C of Ct (S(B), S '(B )) dense in Q h , s , p  x  G j j v  5  p such that the quotient 

of ^bi,b2,s by (1 — < r )( 1 — iY(b2 )ob7 ) is well-defined. An immediate consequence of 

proposition 33 is that this quotient is independent of the choice of (b i, b 2) G C. We shall 

denote it by us- We see that (1 — cr^1) ^  — ^ ( b 2 )<?bi)l*s is a measure on G h , s , p  for all 

(bj, b 2) G C. As C is dense in 9 h , S , p  x G } j v  5 p, this implies that (1 — cr1)(l — iV(<r2)<72)/is 

is a measure for all crj, cr2 6  Gh ,S,p\ hence, us  is a measure by virtue of the corollary of 

Lemma 34.

(ii) and (v) These are immediate consequences of Proposition 33.

(iii) Let ip be an admissible Hecke character of conductor m^, satisfying 5  D |m^,| D 

S  U |(p)|. We have:

£P,s(^ (p))

Lp,s

W W A ’di) = r ”A?(0v ),

warworn=
«'(</<) =

V>(pV-i) = (-l)nfc%|(-l),

from which the formula for follows immediately. The fact that is a

p-adic unit is a consequence of the fact that Wq(t/>) is a unit at all places prime to N (q). 

The general case can be deduced from this case as in [d Sh, II, §6 ].

(iv) The definition of As is about the same as that of us- The quotient of Abj,b2,s 

by (1 — cr^1) (1 — Ar(b2 )cr-gj ) does not depend on the choice of (b i, b 2) G C t(S(B), S ’(B)) 

and will be denoted by A s. The difference with a) is that now, iV(b2) is not a continuous 

function of a^ and the image of C t(S(B), S '(B )) in (Gh,s,p)2 x O* by the map ( b i , b 2) —> 

(<rb- i , <T-g , iV(b2)) is dense. This implies that (1 — <7i)(l — acr2)As is a measure for all 

<ri, *2 € Gh,s,p and a  6  0*. Hence (1 -  <7i) ( l  -  pa2) \ s  = 2(1 -  <n)(l -  ^ < r 2)Xs -  

(1 — <ti)(1 — cr2)As is a measure. But (1 — pa2 ) - 1  =  YlT=oPk<T2 is a measure and so 

(1 — <Ti )As is a measure for all a\ G Gh,s,p, which means that As is a pseudo-measure.

Now, if S ^  0, take q G S  and let S' = S — q. Let 7r be the projection from Gh ,s ,p to 

Gh ,S',p- Then we have 7r( As) =  (1 — Cq)As' and thus 7r(As) is a measure which implies by 

Lemma 34 (b) that As is a measure is 5 ^  0. The fact that A# is a measure if R p = 0 can 

be obtained by the same method as in [Se], which concludes the proof.

5 *

% |W V)%|WV)W'jplWA’W,

Eiëi(<n%  i(V-)
W \ r \
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\nk*WÌP>0))WIp I\ W

A?v)(</>

w'(p) (p)\ wrip)



References

[C-W] Coates, J., Wiles, A. On p-adic L-functions and elliptic units. J. Austral. Math. 

Soc. (series A) 26 (1978), 1-25.

[Co 1] Colmez, P. Algébricité de valeurs spéciales de fonctions L. Inv. Math. 95, 161-205 

(1989).

[Co 2] Colmez, P. Résidu en s =  1 des fonctions zêta p-adiques. Inv. Math. 91, 371-389 

(1988).

[D] Deligne, P. Valeurs de fonctions L et périodes d’intégrales. Proc. Symp. Pure Math. 

33, 313-346 (1979).

[d Sh] de Shalit, E. Iwasawa Theory of Elliptic Curves with Complex Multiplication. 

Perspectives in Mathematics, Vol. 3, Academic Press, 1987.

[H-S] Harder, G., Schappacher, N., Special values of Hecke L-functions and Abelian In

tegrals. (Lecture Notes in Math., Vol. 1 1 1 1 , pp. 17-49). Berlin-Heidelberg-New York: 

Springer 1985.

[K] Katz, N., p-adic Interpolation of real analytic Eisenstein series. Ann. Math. 104 

(1976), 459-571.

[L] Lang, S. Algebraic Number Theory. Addison-Wesley (1970).

[M-V] Manin, J., Vi$$ik, M. p-adic Hecke series of imaginary quadratic fields. Math. 

Sbornik (N.S.) 95 (1974), 357-383. English trans.: Math. USSR-Sb. 24 (1974), 345-371.

[P-R] Perrin-Riou, B. Périodes p-adiques. C.R.Acad. Sci. tôme 300, série 1 (1985), p. 

455-457.

[Sch] Schmidt, W. Diophantine Approximation. Lecture Notes in Math. 785, Berlin, 

Heidelberg, New York: Springer (1980). [Se] Serre, J.-P. Sur le résidu de la fonction zêta 

p-adique d’un corps de nombres. C. R. Acad. Sci. Paris 287, 83-126 (1978), série A.

[Sh] Shintani, T. An evaluation of zeta-functions of totally real algebraic fields at non 

positive integers. J. Fac. Sci., Univ. Tokyo, Sect. IA, 23, 393-417 (1976).

5 9



[T] Tilouine, J. Fonctions L p-adiques à deux variables et $$-extensions. Bull. Soc. Math. 

France, 114 (1986). 3-66.

[Wa] Waldschmidt, M. Les travaux de C. V. $$udnovski$$sur les Nombres Transcendents. 

Sém. Bourbaki 488 (1975/76), Lecture Notes in Math. 567, Berlin, Heidelberg, New York: 

Springer (1977).

[W1] Weil, A. On a certain type of chaxacters of the idèle class group of an algebraic 

number field. In: Proc. Int. Symp. on Alg. Number Theory Tokyo (1955), p. 1-7.

[W2] Weil, A. Elliptic functions according to Eisenstein and Kronecker. Springer-Verlag 

(1976).

[Y1] Yager, R. On two variable p-adic L functions. Ann. Math. 115 (1982), 411-449.

[Y2 ] Yager, R. p-adic measures on Galois groups. Inv. Math. 76 (1984), 331-343.

60



Article 3. Sous-groupes de G L 2 (Fs)  comme groupes de Galois.

Soit H  un groupe fini et G une extension centrale non scindée de H  par Z / 2 Z. Soit F  

un corps de caractéristique différent de 2 et K  une extension galoisienne de F  de groupe 

de Galois isomorphe à H. Soit E ( H , G , F, K ) l’ensemble des corps L, quadratiques sur K  

et galoisiens sur F,  tels que le diagramme suivant commute:

G a l( I /F )  -> G s l ( K /F )

i  1 

H  -*■ G.

Quand F  est un corps de nombres, W itt a calculé explicitement l’ensemble 

E (Z /2 Z ,H q ,F ,K ) .  Dans cet article nous généralisons sa méthode pour calculer les en

sembles E (D A,D A,F ,K ) ,  E (A 4 , S L 2 (F 3 ) , F , K ) et f? (5 4 ,G I2(F 3 ) ,F ,f f ) .
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Explicit realisations of subgroups of 

as Galois groups

Leila Schneps

Let F be a number field and K an extension of F with Galois group 

(resp. A^ or S^). In this article we explicitly construct all of the 

quadratic extensions L cf K having Galois group (the 2-Sylow 

subgroup of GL,(I0)> (resp. SL,CFg) or GL2 <I^)> over F, whenever such 

extensions exist.

Ve wish tc thank the 2tax-?lanck Institut fur Jtathematik for its 

hospitality and financial support during the preparation of this paper.

§1. Introduction

Let G be a finite group, and H an extension of G by i±l>, i.e.

1 {±1) -* H -> G -> 1.

Let f-v v e ^ ! ^sG) be a set of representatives of H/{±i> such that

v -» <r under reduction nod ±1. Let F be a number field, and K
or

a Galois extension cf F having Galois group G. The fallowing result 

is well-known:

T.pnrma 1: Let A = I Kv = (K/F, C > be the crossed-product
>? or o' j t

algebra whose multiplicative law is given by

ctv = v v (a) for a e K and v v = C v ( Q = ±1),
(r <r <r t  <r, t  <t t  <r, t

where the £  are given by multiplication in H. Let E(K,F,G,H) be the
O' y T

set of quadratic extensions L of K, Galois over F of Galois group H and

<*3

6W



such that the diagram
GaKL/F) Gal (K/F>

X *
G —* H

commutes. Then

E(K,F,G,K) is non-empty if and only if the class of A in the Brauer

group Br<F) is equal to the identity class. Moreover if V e K is such

that Z ( V) € E(K, F, G, H), then E = { K(VH) ! r e F ).

Proof: Suppose there exists ¥ e K such that L = KCtfv) is Galois

over F of Galois group H. Let u = YÍ: for each <r e GaKK/F), set c^ =

v <u)/u. Then c <r(c )c ^  = 1, so the cocvcle defining A is 
or <r r trr or, t J °

equivalent to the trivial cocycle and A splits. In the ether direction,

o o o
súfrese such, c exist in K. Then c “<r<c )w = c so by Hilbert’s 

■? <r r <rr J
2

Theorem 90, there exists e K such that c = cr <Y > /  ̂• But then K(u)O'

is Galois over F with Galois group H.

It is easy to see moreover that if K(f7> e E(K,F,G,H) then so 

are "he Kcfr*) for r e F: if K(1y> and KCÍX) are both in E one deduces 

the existence cf r ¿ F such that x = r* from Hilbert's Theorem 90.

1st S. denote "he central extension of S, bv (±1) described
* 4

in terms of generators and relations by :

t.2 = 1. W“ = I. Wt¿ = t^W, (titi + 1>3 = 1. t1t3 =

for generators w,t,,t^,t^ (see C21). For the rest of this article we 

only consider G c  and H = G, the lifting of G in Ŝ .

12. The quaternion group

Let G be the Vierergruppe 1/22 x I/2Z, which we identify with the 

subgroup <1,(12) (34), <13) <24), (14) <23)}^ Ŝ . G is the quaternion 

group H„ of order S. Let K/F be a biquadratic extension, the v an
O O'

the algebra A as in §1. Witt [4] constructs L explicitly whenever

GLi



Let 1 , y ^ 2  and < be the elements of G, and let < I <r e G>

be a basis cf K/F such that %. = 1 , £ ^ = a e F, IT £ = 1
1 r r o-eG

and 3"<5 > = £ . The v generate a quaternion algebra (-1 ,-1 ; over F
C" O' O'

and the C v generate <-a , -a ) : since the v commute with the
T T r i  ^  *

£  v , we have A = <-1,-1) Ql (-a ,-a ).
^l r 2

The ¿act that A splits imolies that (-1,-1) * (-a ,-a ) and
*1 V 2

•here;ere "hare exist elements p. £ F such that setting
2-3

3 3 2
w = r..v , we have J. w = - 1  and w = -1/a for 1=1,2,3.
■r. ;=i * ij r . i=l r. o'. <r.
i ; i i i

Let w. = 1 . Vitt :.ow extends the scalars of (-1,-1) to K

(so K is now the center of this algebra), and sets j = ^ <rwg. : he

then constructs the element C = E v ĵ . This element is non-zero
~  v <r O'eG 

_  1

and verifies the identity Cj^C = for each <r e G. Replacing

C by v in this equation also works. How set a = v C^C ThenJ r  ̂ <r v

since v l: - C)J <u C) = v , we find that is e K. Let 
r  r '  r  r  r  r  r  ' r

<r - 1 2
Y = SC "ha quaternion norm). Then Y £ K and Y Y for all r € G,

3 3  L - K< Y> is Galois over F. Moreover, the fi satisfy the cocycle 

relation ii ^ ■ s = £ , and ( £ > is exactly the factor
O' T TT (T,T «T.T J

systea describing Kg, so Gal(K/F) = Hg. Direct calculation shows that

Y = 1 p + p__ + p,,„ , so we have proved the fallowing
O'1 ¿ 2  O'g 0*2

T.pnnM P.: ( V i t t )  Let K be an extension of F of Galois group X / 2 Z x 1 1 2 1 .  

Then E<X, F, H„,Z/2 Z x 1 / 2  Z) = < K(YrY> ! r e F ), for if defined as above.
G

A splits. Ve briefly recall his method, here.



§3. Tie generalized dihedral group

Ve now let ? be a number field and K a Galois extension of F such 

that Gal(K/F> = D̂ , the dihedral group of order 8. Such a field always 

occurs as the splitting field of a polynomial of the form

?(X) = X4 + bX2 + d, b,d e F,

2 2
where d, b -4d and d(b -4d) are not squares in F. K contains three

quadratic sucfialds, ?< b“-4d), F( D) = ?( d) (where D = 16(b2-4d)2d

2
is the discriminant of the polynomial ? ( X ) >  and F( d(b -4d)).

In Theorem i we explicitly give the set of Galois extensions of 

F containing K and having Galois group (this group is also known as

the generalizad dihedral group and is generated by elements a and b

4 o o
such that a = <ab)“ = -1 and b = 1.)

Let cc., oc_, a, and be the roots of P ( X ) ,  numbered in such

a way that a. — ct_, = 0. We have:

2 2 _ ü  _ Vb2-4d 2_ 2 _ zh. , Vb2-4d
a l a3 ‘ 2  2  a a 2  a 4 2  2

Gal (K/F) is then the subgroup <1, <12X34), (13) (24), (14X23), 

(13), (24), (1234), (1432)) c= s Fte^ is fixed by p = (24).

Let *>, = ot. +■ oc7, C, = 1/(â +oc,) (â +oĉ ) = -l/Vb2-4d and 

^ 2  = ai + a 4 'we wr '̂t:e ^  ^or "^e preceding notation).

Then aad form a basis of K/F(\fd). Moreover if for

1 ! i S 3 we define a. = , the at are in F(lfd) and 

Gal<K/F(fd)> = 2 / 2 2  * 2 / 2 2  (identified with the subgroup



■Cl, <12) (34), <13) (24), (14)(23)> of B^), so aver F ( i d ) we are in the 

quaternion case cf Vitt. Ve form Witt’s algebra

< - 1 ,

I.pnma ?. • Let (a.b)*5 denote the part of the quaternion algebra (a,b) 

fixed by the action of p, this action being conjugation by v . Let 

A be the algebra associated to and as in Lemma 1. Then

C A3 = C(-l,-l)? €^ (-a,,-a2)p3,

where iA3 denctas the class of A in the Brauer group Br(F>.

Proof: In fact, A = <-1,-1)^©^ (~3l̂  , (l,d) where <l,d) is

2
generated by 'v,~ = D  a-d d. But C(l,d)3 is trivial in Br(F).

P P

The part cf <a,b) fixed by p consists of the elements x + v xv far
P P

all :c e <a,b>. is generated over F (fd) by v,, v? and v^ =

-l/v,v_, so since v v,v = -v_ and v dv_v - dv„, <-!,-!)  ̂ is 
1 2 .  p i p  3 p 2 p 2

generated bv s. = v,-v^ and s, = dv^. This gives the quaternion 

algebra <-2,-d> ever F. Similarly, setting u^ = = ^ v2 and

u„ = -f3"o ~ the u. generate (-a^-a,,) aver F( d) and t^ =

u,-u0, t0 = Vd(b“-4d)U2 generate (-a^,-a0)P = (2b,-d(b2-4d)) over F. 

Thus,

[A3 = C (-2, -d) ©p (2b,-d(b2-4d>)3

in the Brauer group 3r(F). Ve note that this algebra is equal to

(-2b,-d) ©„ '2b,b2-4d) ©- <2,d> = (Witt invariant of Tr(x2)) 0_ (2,d), 
r r F

so the splitting of A is identical to the condition for the existence 

of L givefn in Serre's theorem C33.

If A splits then there exists an isomorphism of algebras

4 ?

QuM ("al*-l) (fd) - a ? ) .



o
rt: <-2,-d) -» (2b, -d(b“-4d>), and elements q. . e F such that

3 1J
t.. = .|̂  q^jtis^) . By extension of scalars, the isomorphism f gives

rise tc a unique isomorphism tt:(-1,-1> -» <-a.,-a0) and an associated
JL <-!

natrix 3 = such that:

3

u. = I r..5t(v.) , i=l,2,3. 
i  j - i  i j  J

Let P = = ^  Then R is a "Witt's matrix”, i.e. setting

* = 1 + r^Cj^ + + r3 3 ^3 ’ the field L = K<V*> is Galois

ever ?■' d) with Galois group Hg.

Thecres 4: Let K and t be as above. Then E<K,F,D^,D^) =

< K(fn;) ! r € F>.

Proof: Ve first show that  ̂ is a square in F. Define w =
X

o 2  r
p..v. for d . . as above. Then w. = -1/a.. Let j = 4  w , and let C 

J =1 : i J * 1 j l 1 J a O' O'

be the element Z„ v j constructed by Vitt in the algebra <-l,-l) creo r r J °

over K (with scalars extended to K). For any quaternion

q = a -  b v ,  -  cv0 -  d v ? , v , q v  -  p ( a )  -  p ( b ) v 3 -  p ( c ) v 2 -  p ( d ) v p ,

so S(v cv ) = p(!Tq). Sow, we saw before that the matrix R = (r.
P 1 P n U

corresponds tc an isomorphism re: <—1,—1> -* <-a^,-a2> satisfying

u . = . Z, rtJit(v.) : this gives w. = . Z . p..rc<v.) !
: j=l - J J ° i J=1 riJ j

If q e c—1,—I>, q = Z a^x x, for a^ e (-2,-d) and

:z. e Ffid), then v c = J a^©p<x^) since p acts trivially

an (-2,-d). Thus, the isomorphism ft commutes with conjugation

by v on (-1,-1). This allows us to calculate the v w, v :
3 P p i p

v w. v = v tt(v.)v = it(v v.v ) = -w  . How we calculate 
p i p  p i p  p i p  4-i

V ' e  = 1 + V V ‘V %  + tV2 ~ ^ 2 ^Vp * V W ' V

a



-  1 + ' ' / ’ l  1i l wl )Vp + V * 2  V 2 " 2 ^ p + v p < v 3  ’' i V V 'V

= 1 + <-v3  1 ) p ( f 1 ) ( - v 3 > + <-v2  * <V1 -  C

since p <£.) = C. .. Thus, = <HC)^ = lf(v Cv ) = JfC = Vi One can 
1 p p

further verify that if /i = v^C^C-1 for o' € <1;<12)<34), <13X24),

<14)<23)> and u_ = . the u verify the cacycle relation
p<r <r p t (r o' y ^

u m!/M_= „ for o', t € D. and therefore Gal <KO/T>/F> = D, andO' T O'T % 4

K<f*) e E <K, F, D^, D^). Lemma 1 suffices to conclude.

Ve remark in particular that the K constructed in this way is in 

fact an element of F<a^).

Exaapls.: Let P<X) = X^ - X^ + d, d, l-4d and d(l-4d) not squares in F.

2
In this case, <2b,-d<b -4d)) = <-2,-d<l-4d)), so the condition for 

the existence of L becomes <-2,-d(l-4d)) = <-2,-d), or <-2,l-4d) = 1 

in the Brauer group Br<F). This is equivalent to the condition

2 2
there exist u,v e F such that -2u + <l-4d)v = 1.

Suppose this condition is satisfied. Then a matrix Q as above is

r  0 ° \
given by Q 1 = 0 v<l-4d) ^  I * and this Sives

I 0  - = “-------- -------1 /' u dv(l-4d) v '

/  _!__  . L -u . _1—  _ L \
' 2va  ̂ 2  v  2 v a 3  2 \

tp = JL. L  _1L.

1 ™ l  v va3 /

V  - j—  _ i. - j — + l
\  2 v a x 2  V 2 v a 3  2  '



Thus we can take k = 1 + ^  >?t + ( h ? 2 * < £ + >?3 =
X w

1 v^l-4d v^l-4d

■?
If Q(X) is the minimal polynomial of this element, then QCX“> is a 

polynomial having Galois group D̂ .

§4. The group A^  ̂Sl^d,,)

let ?<X) be a polynomial over F having splitting field K such that

Gal (X/F> = A,. let f = <1, <12X34), <13X24), <14X23)>C A., and ‘i 4

let R O  K be the fixed field of T. Then C5:F] = 3 and Gal<K/R) = T, 

so ever R we are in the quaternion case of Vitt. Let t = <234) e Â , 

so t fixes F ( a.>.

Theorem ~: Suppose there exists an element v e K such that K<tTv>
2

is Galcis over R with Galois group Ĥ . Set 3 = t  *T *T . Then 

H <X, F. A,, A, ) = < K<Vr0> 1 r e F >.
-r -t

Proof: la order to show that Gal<K( 0)/F) = Â , we must show that j3f3ir

2is a square fcr ail sr e Â . How, A^ = f x < 1 , t , t  >, so we can write 

cr = Sij, with i e T and cj e <1,t,t“>. Then = <¥lfT¥T

(KK K ) Y ) since (j permutes 1 ,  t and t . But T = Gal (K/R),

5
30 'it is a square in K for each 6 e f\ Moreover, writing St = and 

S we -*ac* that and S  ̂are in f, so

03r = ^> c*TYiT) <ifT yt i> = cn^) <ytyt51) <yt vt 5s:)

2
= <K¥ X yy is a square.

9 -0

1
or» Y )

(Îü> (Sût «Sut-2. 
Y Y >



The usual remark on the cocycle relation satisfied by the shows 

that Gal <K(Vii)/F> is really and Lemma 1 suffices to conclude.

Ve remark that the £ obtained in this way is an element of F(a^).

Example: Let PCX) = X4 - 12X^ - 8X + 9. Then the discriminant of P

2
is 1008 and it is easy to check that the Galois group of P over Q 

is A^. Let a^, a2> be the roots of P<X). Let + a^»

%2 ~ a l  * a4’ and ^3 = -<al + a2^®* Then ^ ^ 2 ^ 3  =  ̂and together 

with 1, these elements form Witt's basis over the field R =

Q<<cc +cc3)2). Let K be the splitting field of P(X). For 1 i i $ 3,

r  ?
let a^ = • Vitt’s methods give the fallowing expression for an 

element ï such that K(V7> is Galois over R of Galois group H^:

K = 672+<-8-1923,32+43^^)^+(-192+3203^+1232)^2+(1472-83^2-409632)^2.

Let r be the permutation of the roots given by the 3-cycle (234), and
oT 1 1 o

let 0 = <Y K t )/<2“~-7“). Then if Q(X) is the minimal polynomial

2
af p, Q(X ) has Galois group A^ over <$: we have

Q(X2) = X8 - 12884X6 + 41492682X4 - 7985480580X2 - 5051798406522

= X8 -  22 -3221X6 + 2 - 3 3 - 7 - 1 1 - 17-587X4 -  22 •3? • 5 • 7 • 1 1 • 2371X2

- 2 -36 -7-494983187.



m*

§5. The group = GLgdg)

The argument is analogous to that for A^, using instead of I*.

Let Gal (K/F) = S4, and let D4 <= be given by <1, (12X34), (13) <24),

(14X23), (13), <24), (1234), < 1 4 3 2 ) > < = . Let E be the fixed field

of D.. Then [R:F] = 3, but R is not Galois over F. Let t  = (234) e S..

_ 2
Then t ^D.t = Gal<K/RT) and t D . t “ 1 = Gal(K/ET ).

4 4

Theorem 5: Suppose there exists K in K such that K( K> is Galois over
2

R with Galois group D̂ . Let 0 = i y Tv r  . Then K<V0) is Galois over 

F with Galois group S^, and therefore E<K,F,S^,S^) = ( K(Vr0> I r e F >.

Proof: As before, we must show that £0°* is a square in K for all v e K. 

Ve first suppose that o* € = (1, (234) , (243) , <23) , 24) , 34) ) , i.e. the 

set cf elements of S^ fixing F<a^). How, by the argument for D^, we 

know that t  e R ( .a ^ and therefore 0 e F(a^), so 00 = 0  in K.

Uext we let o' e T = {1, (12X34), (13X24), <14)<23)>. This subgroup is 

normal in S^ and therefore 00T is a square in K by the same argument 

as in the case of Â . iTow, S^ = T x S^, so any <r e S^ can be 

written <r = S u , S € T, q e S^. Then 00°" = 00^W = 00^0^0^U (0^) 2 =

(00^)(00^)^(0^) 2 which is a square in K.

Ve note that we may use these methods to derive Serre’s theorem

directly for n=4 (see [33).

T.pnrra 7.- Let P(X) be a polynomial over F with splitting field K, and

Galois group S4: we assume P has the form X4 + bX2 + cX + d. Let

V (?) be the Vitt invariant of the quadratic form Trv/_(x2). Then there
2 K/F

exists a quadratic extension L of K such that L is Galois over F with

n



Galois group S if and oaly if the algebra B - O v <2,D> splits in

Br<F>, where D is the discriminant of P.

o
Proof: Let a, , oc0, and tx, be the roots of PCX), and let Y = (« ^ +0£q>~. 

Let E be the field ? <Y>. Than CR:Fj = 3, and a polynomial over R 

having K as splitting field and £ as Galois group is :

X4 + (2Y-4b>X2 + <16d-4bY-3Y2),

obtained by taking Q(X"">, where Q<X> is the minimal polynomial of

o o
<a„-o:^)“ over R. Let W0 <Q> be the Witt invariant of Trv/pix“ >.

3y Lemma 5, in order to show existence of L, it suffices to prove

existence of L’ containing K such that Gal(L’/R) = D̂ ,. In §3, we

saw that L ’ exists if and only if A = Vp (Q) <2,D^> splits in Br<E>

where D is the discriminant cf Q<X“>. But W0 <Q) - W0 <P) P. and

< 2 , $ ^  = (2,D> ©p R, so A = B ©p R. But if A splits, either B

splits or R is a neutralising field for this B. Since [K:FI ~ 3, R

cannot be isomorphic to a maximal commutative subfield of B, so B must

split over F.

Corollary: Suppose P<X> has the form Xv + cX + d. Let D be the

discriminant of P. Then the condition for L to exist is (-2,-D) splits,

2 2
i.e. there exist u,v c F such that -D = 2u + v .

Proof: In this case the polynomial over R whose splitting field is K

■? .zz or*» v o  r

X4 + 2(a,+cs0)2X2 + a6d-3 i<x + a , , ) 4 > .
 ̂ -1

o
”•’4- i C O -i cr 4" v— q 4- i i -r\ h  r-) ^-£1 O *? V — > V 4- .-v 'S Wu.  ̂ a. w -r <-*.w i w v o ^ ■_# ‘jmi. c;-o wu ii. j-vj j. x. c_  ̂ ¿. — ■  ̂ / )

then Y - Y2-4d and D - 16d-3Y2 . An extension L of K with Gal (L/R) = D4
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exists if and only if <-2, -D) <Y, -D Y ) splits: but in this case (Y, -DY) =

<Y, D) = <Y2-4d,16d-3Y2 ) splits because 4<Y2-4d) + aed-SY2) = Y2 

which is a square in R. So <-2,-D) must split for L to exist.
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Article 4 . D \  et D± comme groupes de Galois.

Soit E ( H , G , F , K ) comme dans l ’article précédent. Nous calculons explicitement 

E (D 4 , D 4 , F , K )  pour tou t corps F  de caractéristique différent de 2 et E(D±,D±,F,K)  

pour tou t corps global F.  Cette m éthode nous perm et de donner des exemples explicites 

d ’extensions régulières de Q(<) de groupe de Galois D± et D 4 .
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A lgèbre /Algebra

D4 et D4 comme groupes de Galois
Leila S c h n e p s

R ésum é — On construit explicitement des corps ayant ou Ô 4 comme groupe de Galois.

Ô4 and D 4 as Galois groups 
Abstraet — Explicit fields having or Ô 4 as Galois groups are constructed.

Soit H un groupe fini, et soit G une extension centrale non scindée de H par C2, le 
groupe multiplicatif { 1, co } d’ordre 2. Le groupe G satisfait 1 — C2 —*• G —► H -* 1. Soit 
F un corps de caractéristique différente de 2, et soit K une extension galoisienne de F 
telle que G a l(K /F )sH . Soit E(H, G, F, K) l’ensemble des corps L quadratiques sur K

Gai (L/F) — Gal(K/F) 
et galoisiens sur F tels que Gai (L/F) s  G et que le diagramme |  i

G -*• H
commute. Dans ce qui suit, nous prenons H =  D 4, le groupe diédral d’ordre 8 dont on
fixe un plongement dans S4, et G l’un des deux groupes Ô4 et D* qui apparaissent
comme 2-sous-groupes de Sylow des groupes S4 et S4 [1]. Nous donnons une description
explicite de E (D 4, D 4, F, K) et une description de E (D 4, D 4, F, K) dans le cas où F est
un corps vérifiant certaines conditions, par exemple quand F est un corps global. Nous
utilisons des méthodes basées sur des idées de Witt[2], que nous illustrons par des
exemples d’extensions régulières de Q (t) de groupe de Galois Ô 4 et Ô4.

Nous tenons à remercier le Max-Planck Institut fur M athematik pour son hospitalité et son soutien financier 
pendant la préparation de cette Note.

1. L e  t h é o r è m e  d e  W i t t  p o u r  l e  g r o u p e  d e s  q u a t e r n i o n s  H 8. — Soit T =  Z/2 Z x  Z/2 Z 
et soit K une extension d’un corps R de caractéristique différente de 2, telle que 
G al(K /R )sT . Écrivons T =  { 1, Oj, cr2, a 3 }. Soit { ^ , | a e r }  une base de K sur R 
satisfaisant ^  =  1, n ^ » = 1 ’ <*(£«) =4« et ^ e R .  Posons aa =

a
Witt s’intéresse au groupe des quaternions H8, qui est une extension de r  par C2. Soit

{ i i j o s r }  un système de représentants de H8/C 2. Pour cr, x e T  on définit
t = ha hxh ^ 1, où T est un élément de C2 =  {1, a>} que l’on identifie avec { 1 , - 1 } .

Soit T le produit croisé (K/R, Rappelons que T est une algèbre centrale simple de
dimension 16, contenant K. Soit { » „ l a e T }  une base de T telle que T =  £  K » , avec

a e r

va vx = ̂ a x v„  et va <x =  <j(a.)va si a e K .  Soit A la sous-algèbre de T engendrée par les va 
pour creT et B celle engendrée par les pour a  g T. Les algèbres A et B sont
isomorphes respectivement aux algèbres de quaternions ( - 1 , - 1 )  et ( — aai, — aa2). On 
voit facilement que T =  A(g>RB. Il est connu que E(T, H g, R, K) est non vide si et 
seulement si T est décomposée.

T h é o r è m e  1 (Witt (2]). — Supposons que T soit décomposée, donc qu'il existe  un
»■■w

isomorphisme d'algèbres g :  A^*B. Pour un tel g, soit c} 6 A ® RK le quatem ion  

c 9 =  Y .  v i ~ 1 1 8 ~ 1 (Ç>rVJ -  S o i *  Y =  N a ct  la norme de cg. A lors les éléments de
te r

E ( r  H8, R, K) sont les Lr =  K ( /rjÿ), où r parcourt  R*.

Note présentée par Jean-Pierre S e r r e .  
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De plus, en posant 8a =  v „ c °c ~ 1 pour creT et 5p<r=ôJÇpa on constate que 
ô<Tôt 8(ü 1 =Ç„,t pour tout a , x g D 4 et donc que Gai (L/F) est bien fi*. On a donc montré 
que L est dans E (D 4, £>*, F, K). Les autres éléments sont donnés par K (^/rÿ), r e  F*.

Cas 2. — G =  D* et F est un corps global. Le fait que T est décomposée signifie que 
les algèbres A , =  AP® F( — 1, d) et Bt =  BP® F(1, d) sont isomorphes. L’algèbre A , est 
engendrée par A et un élément a tel que a 2 =  —1 et a ~ l x a —x p pour tout x e A .  De 
même B t est engendrée par B et un élément 3 tel que P2 =  1 et f i y f i —y p pour tout y e B.

On a A =  Ap& f R et BP® FR; comme ( —1, d) et (1, d) sont décomposées sur R, 
l’hypothèse A t s B x entraîne A s B .  D ’après le théorème de Skolem-Noether, il existe un

isomorphisme h: A , =* Bt qui applique A sur B et est R-linéaire. A un tel h on associe 
un élément X(h) de B tel que h {^J d .  a) =  X(/i) p (notons que, puisque a) anticom-
mute avec ^Jd , il se trouve forcément dans BP). L’élément X (h)  a les deux propriétés 
suivantes :

(i) X(/i)pX(/i)p =  X(fr)X(/i)p =  d.
(ii) Pour x e A ,  on a ( X (h) P) ~ 1 h (x) (X (h) p) =  h (x), autrement dit

B h (x) P =  h ( x Y  =  X (/i) " 1 h (x) X(h).

Le.mme. — On peut choisir h de telle sorte que N B X(h) =  d.

Démonstration. — Choisissons un isomorphisme h0 : A t ^  Bt comme ci-dessus. Pour 
tout q e B * ,  q~ 1 h0 q  est aussi un tel isomorphisme. Nous allons construire un q e B *  tel 
que ~NB( X ( q ~ 1 h0 q)) =  d. On commence par remarquer que

X ( q ~ i h0 q ) $  = q ~ 1 h0 {^Jd . a ) q  =  q ~ 1 X (h 0) $ q  =  q ~ l X (h 0) q p p.

Donc N BX.(q-l /l0g) =  (NBX(/i0))(NB4)p(NB<î) - 1. Soit z =  N B(X(/i0))/</eF(v /2). On a 
alors zzp= l  et donc par le théorème 90 de Hilbert, il existe y e F ( ^ J d )  tel que z —y'y>p. 
Donc ( N B ( X (li0))y pjy  =  d. On remarque qu’à chaque place réelle de F( fct) où N Bx est 
définie positive, z est positif et donc y  et y p ont même signe : on peut donc rendre 
r positif à chacune de ces places en le multipliant par un élément convenable de F. 
Or, la norme d’un quaternion est une forme quadratique à 4 variables, donc par le 
théorème de Hasse-Minkowski, l’équation N Bq = ^  a une solution dans B. On pose 
h (x )  = q ~ l h0 (x )q, ce qui permet de conclure.

Choisissons h comme dans le lemme, et soit g  sa restriction à A, qui est un isomorphisme 
de A sur B. L’application xt-+ / i (x) =  a ' 1g ' 1 (p^(x)p)a  est un automorphisme de A. Il 
existe donc un élément ueA* tel que u"1 x u  =  a ~ 1 g ~ v (Pl?(x) p )a  pour tout x e A .  Pour 
tout x e A ,
u 1 xu =  a~ 1 g~ 1 (Pg(x) P)a

= a " 1 g - 1 (X(/i)_ 1 g (x)X (h ))aL  — ct~1 g ~ l (X(/i)- *) a x a ~ 1 g -1 (X(Ji))a, 
donc u =  a ” 1 g  ~ 1 (X (h)) oc. Ceci donne N A u =  N A (g ~ 1 (X (/i))p= N A (X (h))9 =  d  par le lemme.

Soit y  =  N a c9 la norme du quaternion c , e A ® RK associé à g. Comme dans le cas 
G =  Ô4, pour montrer que L est galoisien sur F il suffit de montrer que ypy _1 est un 
carré dans K. Tout d’abord, on a

C9= X ( -  fprp) ‘ (»P 1 g l (&rVx)v J
r e r

= Z (“ «W) lP(̂ r) l g l(&vT)a
tç r

= Z (-«W) ‘W “ VP^>,P)m
t e r

= X -  ÜPTP W  “ 1g l (-^pTp^p)U= Z 1 U 1g Ï (.^V̂ )U.
Ter ter

*1
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On emploie alors l’identité suivante, facile à vérifier :

®t"1 = c, (Z* 1 S ~ 1 ( T̂ »t)) c;  1 =  cg (u - 1 1 g - 1 vx) u) (c£)_1 .

On en tire: =  d’où le fait que
c ~ l c ° u ~ l est dans le centre de A ® RK, donc dans K. Donc N Act  =  N Acg. N A u 
modulo(K*)2. Mais par construction N Ku =  d, qui est un carré dans K. On voit donc 
que L =  K(^/Ÿ) est galoisien sur F. Pour vérifier que Gai (L/F) est bien D4, on remarque 
qu’en posant 5a= v ac ° c ~ i pour creT et 6p =  ̂ d . c ~ l c ° u ~ L on a 8„Ôt 5” 1=ÇatX pour 
tout a, TeD4. Donc K (^ /ÿ)eE (D 4, Ô4, F, K) et les autres éléments sont les K (^/ry) 
où r parcourt F*.

Exemples. — Soit P(X) =  X4'—X 2 + d, où d, 1—4 d et d (1 —Ad) ne sont pas des carrés 
dans F, et soient a l5 a2, a 3 et oc4 les racines de P(X) comme ci-dessus.

Cas 1. -  G =  f>4. On a A " = { - 2 ,  - d )  et Bp= ( - 2 ,  - d ( l - 4 d ) ) ,  donc si AP =  BP ü 
existe u et ve F tels que —2u2 +  ( l —4d)v2 =  l. La méthode décrite ci-dessus donne

7 = 1 + « ! ------- ----------------- où /I  —4 d =  -  — a?.
v ^ f ï ^ T d  v v/ l - 4 d  1 v  2

Soit Q(X) le polynôme minimal de y. Alors le groupe de Galois de Q (X 2) est ß 4 et

Q ( X 2) =  X 8 —  4 X 6 + r2p~ -̂ 0 “2r \ 4 “2N)x4- f — ~ ^ X 2 +  f 4u*d~ \  
\  v ( l + 2  u2) J  W l + 2  u2) )  V ( l+2  u2)2 )

En prenant v = 2, par exemple, et u =  r, ce polynôme donne une extension régulière de 
Q (i) de groupe de Galois Ô4.

Cas 2. — G =  D 4. On considère le cas où l’algèbre ( — 1, d) est décomposée : dans ce 
cas on n'a pas besoin de supposer que F est un corps global. Si ( — 1, d) est décomposée, 
il existe x  et jyeF tels que — x 2 + dy2 =  1. On envoie Ap sur Bp comme dans le cas 1 et 
y.i-*x $ + y $ ^ / d .  Posons X =  — y d  + x  ^ y d e F ( ^ J d ) .  Alors la méthode décrite ci-dessus 
permet de calculer

y = (2 y d X ) \  1 + a t ------- - i , .  _ ------- - = L = a 1l .
L t> y r^ 4 d  Vyj ï = 4 d  ‘J

On en déduit des extensions régulières de Q (t) à groupe de Galois le groupe quaternionien 
d’ordre 16.
Note remise le 21 novembre 1988, acceptée le 23 novembre 1988.
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