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Introduction

The work presented in this thesis can be divided in two themes. The first concerns metric geom-
etry in certain Banach spaces (chapter 1) and a variant of entropy, which makes sense for dynam-
ical systems whose entropy is infinite, called mean dimension (chapter 2). The second is about
surgery in almost-complex manifolds: to obtain a more precise local expansion when two pseudo-
holomorphic map are glued together (chapter 3), to construct pseudo-holomorphic cylinders from
spheres (chapter 4) and, under stronger hypothesis, to show an interpolation result on such cylin-
ders (chapter 5). In the last chapter the two themes come together: thanks to interpolation, some
spaces of pseudo-holomorphic cylinders have a non-trivial mean dimension.

Imagine that we have gathered a certain quantity of information (an image, a sound track, ...)
that we shall represent as an element f of a Banach space X. To communicate that information to
someone else, it shows advantageous to find an efficient format, even if a part of that information
is lost in the process (lossy compression). Transformation into that formatis amap ¢: X — 7Y,
where Y is for now any set, that is continuous and such that the fibers ¢ ~!(y) are small. Then there
is a recovery algorithm, a map y such that ¢ o y = Id which allows the recipient to have, with some
inaccuracy, the information. Often Y is also a (finite dimensional) Banach space and ¢ is a linear
map; the problem is then to find a balance between the size (e.g. the diameter) of the fibers (which
represent the loss) and the size (e.g. the dimension) of Y. One is then lead to introduce

wdime(X,d) = inf dimK,
fX—K

where the infimum is taken on all maps f whose fibers are of diameter less than € and with value
in a polyhedron K. This notion introduced in [19] is actually close to Alexandrov (or Urysohn)
widths.

This topic is treated in detail by Donoho in [10] (where the question is expressed in terms
of Gel’fand or Kolmogorov widths). In this reference, it is in particular shown that to take ¢
in a certain class of maps (qualified as adaptative maps) rather than linear maps does not give a
significant edge to compression. However the problem of knowing which are the optimal non-
linear maps remains open. Chapter 1 answers these questions for ¢” balls endowed with different
metrics (to measure the size of the fibers). The proofs use various methods: the filling radius, the
Borsuk-Ulam theorem, Hadamard matrices, and works of Pichugov and Ivanov on Jung’s constant
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in P spaces (¢f. [23]). Among the result obtained, theorem 1.1.4 gives estimates, in the case
where the ¢P ball is endowed with its usual ¢ metric, on the relation between the dimension
of the target and the diameter of the fibers. Denote by wspec(X,d) the set of values taken by
f(e) = wdim¢(X,d). Here is a summary of theorem 1.1.4 (see the full statement for more precise
bounds).

Theorem 1: (¢f theorem 1.1.4) Let p € [1,0) and n > 1, then 3h, € Z such that h, =n/2 when n

iseven, h3 =2 and h, = % or "—;1 when 7 is odd, such that

{0,h(n),n} C wspec(pr("),ﬁp) c {o}u (g —1,nNZ.

When p = 2 or p =1 and there exists a Hadamard matrix of rank n+ 1, then n — 1 also belongs to
2P (n)
wspec(B; ", €P).

The notion of wdim is also useful to define an invariant of certain dynamical systems. Look
at the dynamic on AZ (the set of A valued sequences) with the action of the shift. Suppose that
A is a compact metric space and that AZ is endowed with a metric d which induces the product
topology. Introduce the dynamical distance (which is a refinement of the topology) dn(a,b) =
~ :glpqd(i -a,i-b) where i-a denotes the sequence a shifted by i. When A is finite, the entropy is
defined as the exponential rate of growth in n of the smallest number of balls of radius € (for d,)
required to cover AZ, denoted N(g,A4,n). This can be reinterpreted as the growth of the smallest set
F such that there exists a map A — F whose fibers are of diameter (for d,,) less than 2¢. This vision
is close to the definition of wdim: instead of looking at the dimension of the target polyhedron,
it is the cardinality of the target which measures the size. The constraint on the fibers remains
present. If A is a metric space of positive dimension m, the entropy is infinite. Mean dimension is
an alteration, due to Gromov (cf. [19]) of the definition of entropy: it is the coefficient of linear
growth (in n) of the dimension of the smallest polyhedron to which AZ can be sent by maps whose
fibers are of diameter (for d,) less than €.

In chapter 2, it is mostly variants of this definition which will be used. The variant in §2.2
enables to distinguish balls in £7(I";R) spaces, the space of p-summable functions on a countable
group I'.

Theorem 2: (¢f theorem 2.2.4) Let p,q € [1,[, let B and B’ be unit balls of £7(I'; R*) and
¢4(T; R?) respectively, both endowed with the natural action of I" and metrics of type (2.1.7). When
q > p, there is no Lipschitz homeomorphism f : pr — qu . Furthermore, if oig > p then f is not
even Holder continuous of exponent .

However, In the case of equality, such maps exist; it suffices to look at the Mazur map (x +— r;-[xp/ 9).
Also, remark that Lipschitz homeomorphisms are excluded in general due to results of Benyamini.

The second variant is an attempt to define a £7 dimension that extends the ¢? dimension of
Von Neumann. It consists of a dimension defined for I'-invariant linear subspaces of ¢7(I';V),
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where V is a finite vector space and I" an amenable group. Gromov essentially introduced this
variant in [19] where it is shown that it coincides with the usual ¢2 dimension. §2.3 presents this
definition and some of the useful properties that we would like to see verified. §2.4 is dedicated to
a generalization of the Ornstein-Weiss lemma (cf. [38]).

Theorem 3: (c¢f. theorem 2.4.7) Let I" be a discrete amenable group, andleta : R>o xI"' — R3¢ be
a function such that, VQ, Q' C T finite and Ve € R+q

(a) aisT-invariant, i.e. VyerT, a(e, Q) = a(e,Q)

(b) ais decreasinging€, i.e. Ve <, a(e/,Q) > a(g, Q)

(c) ais K-sublinear in €, i.e. 3K € Ry, a(g,Q) <K|Q|

(d) ais c-subadditive in Q, i.e. 3Jc €]0,1], a(e,QUQ’) < a(ce, Q)+ a(ce, Q)

then, for any Fglner sequence {Q;},

lim lim sup a(&,) _ jim liminf a(e, ) .
€0 ;o0 |Ql| £—0 j—oo IQII

In particular, these limits are independent of the sequence {Q;} chosen.

Condition (d) is in the usual Ornstein-Weiss lemma subadditivity (i.e. ¢ = 1); in that case the
results hold without the need of taking € — 0. This theorem allows us to show in particular that
the quantity dimyp is actually independent of the choice of exhaustion, cf. corollary 2.5.1. Some
further properties of dim g are shown in §2.5.

The second part deals with pseudo-holomorphic maps with value in an almost-complex mani-
fold (M,J) (an unfamiliar reader might consider CP” with its usual complex structure). Appendix
A quickly introduces basic notations and important results already described in detail by McDuff
and Salamon, c¢f. [35]. Given two rational curves in CP" (holomorphic maps from CP! to CP")
which intersect at a point, it is possible to describe explicitly another map whose image is as close
as needed to the union of the images of these two curves. This result still holds in almost complex
manifolds (M,J) given that the structure J satisfies a transversality assumption. The family of
maps u®” : CP! — M obtained is not very explicit. If the method used is as described in [35], there
is aring A of CP! (whose radii are 8r and r/8) which will be sent close to the point of contact mg
of the two curves. Unfortunately, the behaviour of u in this ring is vague: Vz € A, u(z) is at distance
O(r) of my.

Under stronger assumptions than those used in [35], chapter 3 adapts the method in order to
obtain a more precise behaviour.

Theorem 4: (cf. theorem 3.1.4) Let (M,J), be an almost complex manifold of real dimension
at least 4. Let u* : T — M, where h € {0,1}, two J-holomorphic curves such that ©#(0) = m,
“chh” 1= < C, J is regular in the sense of definition A.3.4 and D, are surjective. If in a chart
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uh(z) = a"z+ O(|z]?), and that the a” are linearly independent over C, then 3rgt.q.Vr < ro, Ju a
J-holomorphic curve such that in that chart,

u(z) = a’z+ al—rzi +0(rt*e)

for z € Aaj3 23 = {z|r*/? < |z| < r?/3} and where € €]0, §[; ro and co depend on C, on €, on the
h

a”, on the second derivatives of u”, on J (up to its second derivatives) and on the norms of D .

A more precise knowledge of the behaviour will be of use in the proof of proposition 5.3.4.
The main effect of this “precise” gluing is that the intersection of a ball (in M) whose radius is
of the order of the perturbation with the image of the approximate solution is a disc. When the
approximate solution is constant in a ring, as in [35], this property does not hold.

Nevertheless, the main motivation to obtain a better control on the local expansion comes
from an article of Donaldson, ¢f. [8]. In this article, Donaldson adapts methods of [47] to get
a Runge (approximation) theorem on instantons. Recall that the Runge theorem insures that any
holomorphic map defined on a simply connected open U of C can be approximated on compact
sets K C U in L” norm by holomorphic maps defined on the whole plane (if U is a disc, this is
just a truncation of the local expansion). A method which could extend this result in the pseudo-
holomorphic context is sketched in [8]. For a pseudo-holomorphic map u : U — M defined on U C
CP! there always exists a C™ extension, ug : CP! — M. In the neighborhood V of a point zg where

up is not pseudo-holomorphic (and in an appropriate local chart) ¢ o ug(z) = agz + a1z + O(|z|?).
2
z
disc it remains the same, but inside a smaller disc it is replaced by a pseudo-holomorphic v which

possesses the local expansion ¢ o v(z) = apz+a; é +O(r'*¢) when z belongs to a ring. Introducing

The crucial remark is that 7 = Z if |z| = r. It is thus possible to modify ug as follows: outside a

cutoff functions to go from v to up and adjusting appropriately the size of the discs and rings, a
new map u; is obtained. It is holomorphic on a slightly larger region than ug. If this operation is
repeated a large number of times, a map uy which is pseudo-holomorphic on a very big region is
obtained. A fixed point theorem would then be welcome. A considerable number of surgeries take
place in regions which are close together making classical techniques unusable. However, Taubes
is able to make such an argument work in [47]. Unfortunately, the tools developped there seem
deficient precisely when the dimension at the source is 2, the case of our problem. The adaptation
in dimension 2 of Taubes’ toolbox can be found in appendix B.

However, when the number of surgeries to realise on a curve is bounded, these problems
do not arise. For example, if instead of maps which intersect at a point, a family of pseudo-
holomorphic curves u' : CP! — M where i € Z is given with the property that the i crosses the
(i+ 1) then theorem 4.1.5 insures (under regularity assumptions for J and compactness of the
parameters coming from the i) the existence of a pseudo-holomorphic map from the cylinder
XY = C/2nZ whose image is close to the union of the images of these curves. Indeed, even if the
number of surgeries is infinite (as in the failed method to prove a Runge theorem) the number of
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operations on each i/ is finite, this allows the use of a mixed norm £~ (L?) (cf. (4.1.1)) to which the
arguments of [35] or of chapter 3 can be transposed without much difficulty.

Finally, taking again stronger assumptions, chapter 5 gives an interpolation result on such
pseudo-holomorphic cylinders .

Theorem 5: (cf. theorem 5.1.3) Let (M,J) be an almost complex manifold. Let u!,...,u" be a
finite family of J-holomorphic curves u’ : CP! — M such that /(=) = 1/(0) when j =i+ 1 modN.
Suppose that J is regular in the sense of definition 4.2.1 and that u/ is deformable. Let z, €
CP! \ {0,} be a marked point and let m, = u/(z.) € M be its image. There exists a R € R>0
such that for any sequence {r;} where r; €]0, R|, there exists a neighborhood V,,,, of m, such that for
any sequence of points {my }rez in Vi, there exists a J-holomorphic cylinder u : £ — M satisfying
the following properties: u is close to the curves ! and

u(Zk) = my,
where rsup = supri, msup = sup dpg (mi, ms«) and zex = Uit NEsr ;o nerjonee (25)-

This interpolation has three consequences. The first concerns the mean dimension of the set
M of J-holomorphic maps from X to M. Indeed, automorphisms of the cylinder act naturally
on this space. Since the topology of uniform convergence on compact sets can be induced by a
distance, mean dimension of this space for the action of the automorphism group can be defined.
Corollary 5.3.1 shows that it is positive. Second, for a careful (and not too restrictive) choice of
my, the resulting J-holomorphic map is simple. Third, suppose the approximate solution used in
the proof of the theorem is not injective only at a finite number of points. From proposition 5.3.4
one can conclude, perhaps upon restricting the parameters further, that if two curves obtained by
the theorem have the same image then they differ by an automorphism. In particular, most of these
curves are not obtained trivially by precomposing a given pseudo-holomorphic map X’ — M by
holomorphic maps £ — X'






Chapter 1

Width of /P balls

1.1 Introduction

Let (X,d) be a metric space and € € R0, then we say a map f : X — Y is an €-embedding if
it is continuous and the diameter of the fibers is less than &, i.e. Vy € ¥,Diamf~!(y) <&. We
will use the notation f : X £-+Y. This type of maps, which can be traced at least to the work of
Pontryagin (see [42] or [22]), is related to the notion of Urysohn width (sometimes referred to
as Alexandrov width), a,(X), see [11]. It is the smallest real number such that there exists an
e-embedding from X to a n-dimensional polyhedron. The question of estimating these widths can
be seen as trying to minimize the loss of information in a non-linear compression algorithm. The
Kolmogorov width (and also the Gel’fand width) plays an important role when one is interested in
a linear (or nonadaptive) compression, see [10] for details.

Surprisingly few estimations of a,(X) can be found, and one of the aims of this chapter is to
present some. However, following [19], we shall introduce:

Definition 1.1.1: wdimX is the smallest integer k such that there exists an €-embedding f : X —
K where K is a k-dimensional polyhedron.

wdim¢(X,d) = Xig,deimK.

Thus, it is equivalent to be given all the Urysohn’s widths or the whole data of wdimeX as a
function of €.

Definition 1.1.2: The wdim spectrum of a metric space (X,d), denoted wspecX C Zx>oU {+e},
is the set of values taken by the map € — wdimgX.

The a,(X) obviously form an non-increasing sequence, and the points of wspecX are precisely
the integers for which it decreases. We shall be interested in the widths of the following metric
spaces: let pr(") be the set given by the unit ball in R” for the €7 metric (||(x;)||,» = (X |xil?) ey,
but look at pr(") with the ¢~ metric (i.e. the sup metric of the product). Then



Proposition 1.1.3: wspec(pr("),e"") ={0,1,...,n}, and, Ve € R,

0 if 2< €
wdime(BY ™ =y =4 & if 2(k+1)"VP < & <2%7V/P .
n if e <2n”l/p

The proof uses an common argument of compression algorithm, namely that the map that
keeps only the big coordinates does not loose much data (i.e. has small fiber in the appropriate
norms). The important outcome of this proposition is that for fixed €, the wdime(pr("),Z“) is
bounded from below by min(n,m(p,€)) and from above by min(n,M(p,€)), where m,M are inde-
pendent of n. As an upshot high values can only be reached for small € independently of n. It can
be used to show that the mean dimension of the unit ball of ¢P(T"), for I" a countable group, with
the natural action of I" and the weak-* topology is zero when p < o (see [48]). It is one of the
possible ways of proving the non-existence of action preserving homeomorphisms between £=(I")
and ¢P(T") (with the weak-* or product topology). A simpler argument would be to notice that with
the weak-* topology, I" sends all points of ¢7(I") to O while ¢°(T") has many periodic orbits.

The behaviour is quite different when balls are looked upon with their natural metric.

Theorem 1.1.4: Let p € [1,), n > 1, then 3h, € Z satisfying h,, = n/2 for n even, h3 = 2 and

hn = 241 or 251 otherwise, such that

{0,h(n),n} C wspec(B® ™ ¢P) c {0}u (-’25 ~1,7NZ.

When p = 2 or when p = 1 and there is a Hadamard matrix of rank n+ 1, then n — 1 also belongs
€ (n)
to wspec(B; ', ¢P).
More precisely, letk,n € N with 2 —1 < k < n. Then there exists by, € [1,2] and ck »;p € [1,2)
such that

if € >2  then wdim¢(B* ™, ¢p)=0
if € <2  then wdime(BY™, p)>12—1
if € >cenp then wdime(BY ™ 0P) <k
if € <by, then wdime(BS ™, 0P) >k

and, for fixed n and p, the sequence cy . is non-increasing. Furthermore, by, > 2!/ 4 (1+3) l/p

when 1 < p < 2, whereas by, > 2/7 (1+1)"/7 if2 < p < oo,

Additionally, in the Euclidean case (p = 2), we have that by.2 = cp—1 22 = 1/2(1+ %), while
in the 2-dimensional case by., > max(2!/?,21/P") for any p € [1,%]. Also, if p =1, and there
is a Hadamard matrix in dimension n+ 1, then bp;1 = cn—1,n;1 = (1+1). Finally, when n = 3,
Ve > 0, wdimerP(n) #1 and c33,p < 2(%)1/-", which means in particular that c; 3., = b3;, when
p€[1,2).

Various techniques are involved to achieve this result; they will be presented in section 1.3.

While upper bounds on wdim¢X are obtained by writing down explicit maps to a space of the
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proper dimension (these constructions use Hadamard matrices), lower bounds are found as con-
sequences of the Borsuk-Ulam theorem, the filling radius of spheres, and lower bounds for the
diameter of sets of n-+ 1 points not contained in an open hemisphere (obtained by methods very
close to those of [23]). We are also able to give a complete description in dimension 3 for 1 < p < 2.

1.2 Properties of wdim,

Here are a few well established results; they can be found in [6], [7], [30], and [31].

Proposition 1.2.1: Let (X,d) and (X’,d") be two metric spaces. wdim, has the following prop-
erties:

a. IfX admits a triangulation, wdim¢(X,d) < dimX.
b. The function € — wdim¢X is non-increasing.
c. LetX; be the connected components of X, then wdim¢(X,d) =0 € > max Diam X;.

d. Iff:(X,d)— (X’,d’) is a continuous function such that d(x1,x,) < Cd'(f(x1), f(x2)) where
C €]0, o[, then wdime (X,d) < wdimg/c(X’,d").

e. Dilations behave as expected, i.e. let f: (X,d) — (X',d") be an homeomorphism such
thatd(x;,x2) = Cd'(f(x1), f(x2)); this equality passes through to the wdim : wdim¢(X,d) =
wdim, /c(X',d").

f. IfX is compact, then Ve > 0,wdime(X,d) < oo.
Proof: They are brought forth by the following remarks:

a. If dimX = oo, the statement is trivial. For X a finite-dimensional space, it suffices to look at
the identity map from X to a triangulation 7'(X), which is continuous and injective, thus an
€-embedding Ve.

b. Ife <€, an e-embedding is also an €'-embedding.

c. If wdimeX = O then 3¢ : X £ K where K is a totally discontinuous space. Vk € K, 07! (k)
is both open and closed, which implies that it contains at least one connected component,
consequently DiamX; < €. On the other hand, if € > DiamX; the map that sends every X, to
a point is an €-embedding.

d. If wdimg/cX’ = n, there exists an &-embedding ¢ : X’ — K with dimK = n. Noticing that
the map ¢ o f is an e-embedding from X to X yields the claimed inequality.

e. This statement is a simple application of the previous one for f and f~!.
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f. To show that wdim is finite, we will use the nerve of a covering; see [22, §V.9] for example.
Given a covering of X by balls of radius less than €/2, there exists, by compactness, a finite
subcovering. Thus, sending X to the nerve of this finite covering is an €-embedding in a
finite dimensional polyhedron. a

Another property worth noticing is that %E% wdime(X,d) = dimX for compact X; we refer
the reader to [6, prop 4.5.1]. Reading [17, app.1] leads to believe that there is a strong relation
between wdim and the quantities defined therein (Rad; and Diamy); the existence of a relation
between wdim and the filling radius becomes a natural idea, implicit in [19, §1.1B]. We shall
make a small parenthesis to remind the reader of the definition of this concept, it is advised to look
in [17, §1] for a detailed discussion.

Let (X,d) be a compact metric space of dimension n, and let L*(X) be the (Banach) space of
' real-valued bounded functions on X, with the norm || f]|z~ = ig}l}’ | f(x)|. The metric on X yields an
isometric embedding of X in L=(X), known as the Kuratowski embedding:

Kk:X — LX)
x — i) =d(x,X).

The triangle inequality ensures that this is an isometry:
= fellz= = S9P |d(x,2") - d(& )| = d(x,%).

Denote by Ug(X) the neighborhood of X C L=(X) given by all points at distance less than € from
X,

ie. Ue(X) = {f eL™(X)|10f || f — fillz~ <€}
Definition 1.2.2: The filling radius of a n-dimensional compact metric space X, written FilRad X,

is defined as the smallest € such that X bounds in Ug(X), i.e. Ix(X) C Ug(X) induces a trivial
homomorphism in simplicial homology H,(X) — H,(U¢(X)).

Though FilRad can be defined for an arbitrary embedding, we will only be concerned with the
Kuratowski embedding.

Lemma 1.2.3: Let (X,d) be a n-dimensional compact metric space, k < n an integer, and Y C X
a k-dimensional closed set representing a trivial (simplicial) homology class in Hi(X). Then

€ < 2FilRadY = wdim¢(X,d) > k.

If we remove the assumption that [Y] € H(X) be trivial, the inequality is no longer strict: wdime(X,d) >
k.

Proof: Let us show that wdimg(X,d) < k = € > 2FilRadY. Let us be given an €-embedding
¢ : X &5 K. Compactness of X allows us to suppose that ¢ is onto a compact K. Otherwise, we
restrict the target to ¢(X).
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We will first produce a map ¥ — L=(Y) (actually defined on X) whose image is contained in
Ug/>(Y), which is homotopic to Iy and which factors through ¢. Let

Q:K - L*(X) | Ly PrILR(X) = L)
Eoe s =e/2+ dnf d(ex) f e A,

First, notice that g = py 0 Qo ¢(Y) C Usy¢/2(Y),¥8>0:

eyl 407 07| =22

_ = Su
lg—Tr ()l = P 2 |yYed 1 (6(y))

y'eY

since ¢ is an e-embedding. Second, g ~ Iy in Ug/5(Y), as L(Y) is a vector space; the homotopy is
h(y,t) = (1 —1)g(y) +tly(y). Furthermore, ¢(Y) C K bounds as a singular chain. That is ¢(¥) =
¢’ + dc where ¢’ is a simplicial chain and c is a singular chain. Since [Y] = 0 in Hx(X), [¢(Y)] =
¢.[Y] = [¢] = 0. Moreover, dimK < k =dimY, so ¢/ = 0. Hence, ¢.Y = dc. As singular chains are
approximated by simplicial chains arbitrarily closely, V& > 0, [g(Y)] = 0 in H; (U5+s 12(g(¥)), Z).
Consequently, Iy (Y) bounds in Us¢/»(Y), V8 > 0. Y will bound in its $-neighborhood. This will
mean that € > 2FilRadY.

If [Y] 5 0 C Hi(X), the proof still follows by taking K of dimension k — 1: the homology class
0.[Y] is then inevitably trivial, since K has no rank k homology. O

Thus, calculating FilRad is a good starting point. The following lemma gives a lower bound
for FilRad:
Lemma 1.2.4: Let X be a closed convex set in a n-dimensional normed vector space. Suppose it
contains a point xo such that the convex hull of n+ 1 points on dX whose diameter is < a excludes
xo. Then FilRaddX > a/2, and, using lemma 1.2.3, € < a = wdim¢X = n.

Proof: Suppose that Y = dX has a filling radius less than a/2. Then, 3¢ > 0 and 3P a polyhedron
such that Y bounds in P, P C Ug_¢(Y) and that the simplices of P have a diameter less than €.
To any vertex p € P it is possible to associate f(p) € Iy(Y) so that ||p— f(p)|=y) < 5§ —€ and
f(p)=pif peIy(Y). Let py,..., pn be a n-simplex of P,

Diam {f(po), ..., f(pn)} <2(§—e)+e<a—e<a.

Since Iy is an isometry, f(p;) can be seen as points of ¥ without changing the diameter of the set
they form. Extend f to P by mapping simplices of P to simplices in X (as X is in a vector space).
The convex hull of these f(p;) in X will not contain xo: the diameter of this set is < a. Let 7t be
the projection away from xo, that is associate to x € X, the point (x) € dX on the half-line joining
xo to x. Using &, the n-simplex generated by the f(p;) yields a simplex in Y. Thus g = wo f maps
Pto?.

Furthermore, we claim that (go Iy)«[Y] = [Y]. Indeed, by definition of f, points of ¥ are not
displaced by more than 2¢, and 7 is Lipschitz in a sufficiently small neighborhood of Y. Hence
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for € sufficiently small goly : Y — Y will be homotopic to the identity (¥ is homeomorphic to a
sphere).

Now, let ¢ be a n-chain of P which bounds Iy(Y), i.e. [Ily(Y)] = 8¢c. A contradiction becomes
apparent: [Iy(Y)] = g«[Iy (Y)] = g«(8¢c) = 8g«c. Indeed, if that was to be true, ¥, which is n — 1
dimensional would be bounding an n-dimensional chain in Y. Hence FilRadY > a/2. O

This yields, for example:

Lemma 1.2.5: (cf. [19, §1.1B]) Let B be the unit ball of a n-dimensional Banach space, then
Ve < 1,wdimeB =n.

Proof: Any set of n+ 1 points on Y = dB whose diameter is less than 1 does not contain the
origin in its convex hull. So according to lemma 1.2.4, FilRadY > 1/2, and since Y is a closed
set of dimension n — 1 whose homology class is trivial in B, we conclude by applying lemma
1.2.3. O

Let us emphasise this important fact on £~ balls in finite dimensional space.
Lemma 1.2.6: Let Bfn(") = [—1,1]" be the unit cube of R" with the product (supremum) metric,
then

0 if e>2
wdim g5 ™ ={ ° 1 £=7
n if €<2

This lemma will be used in the proof of proposition 1.1.3. Its proof, which uses the Brouwer
fixed point theorem and the Lebesgue lemma, can be found in [31, lem 3.2], [7, prop 2.7] or [6,
prop 4.5.4].

Proof of proposition 1.1.3: 'We first show the lower bound on wdim¢. In a k-dimensional space,
the £~ ball of radius k~'/7 is included in the 7 ball: B; i, C B ), as ||xllgpge < k7 [1x]l ey
Since pr(k) C pr("), by 1.2.1.d, we can conclude that, if pr(") is considered with the ¢ metric,
€ < 2k~1/P implies that wdime(pr(") =) > k.

To get the upper bound, we give explicit e-embeddings to finite dimensional polyhedra. This
will be done by projecting onto the union of (n — j)-dimensional coordinates hyperplanes (whose
points have at least j coordinates equal to 0). Project a point x € pr(") by the map 7t; as follows:
let m be its j”‘ smallest coordinate (in absolute value), set it and all the smaller coordinates to O,
other coordinates are substracted m if they are positive or added m if they are negative.

Denote by € an element of {—1,1}" and €4 the same vector in which Vi € A, ¢; is replaced
by 0. The largest fiber of the map 7; is
0= U {ME+ Y AE g0k €Rso}NBY 7.

L PRV S 1<i<j-1
Its diameter is achieved by so = ((n—j+1)"VP,...,(n— j+1)"1/P,0,...,0) and —so; thus
Diamn‘;.'l(O) =2(n— j+1)"VP_ x; allows us to assert that

£>2(n—j+1)"YP = wdim(BX ™, =) <n—j,
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by realising a continuous map in a (n — j)-dimensional polyhedron whose fibers are of diameter
less than 2(n— j+1)"1/7, a

As mentionned before, the map to finite dimensional polyhedra is well-known: for example,
in compressed sensing one decomposes a signal in some basis (e.g. Fourier) then throws aways the
small factors without significantly losing information on the initial signal. See also [3, Example
1.5]. This argument for an upper bound also applies to wdim¢ (B (") £9) < kife > 2(k+1)1/4-1/p,
but the inclusion of a ¢ ball of proper radius in the ¢P ball gives a lower bound that does not meet
these numbers (see also [48]). Also note that lemma 1.2.3 is efficient to evaluate width of tori, as
the filling radius of a product is the minimum of the filling radius of each factor. See example 1.4.1
at the end of this chapter.

1.3 Evaluation of wdim B "

We now focus on the computation of wdim X for unit the ball in finite dimensional ¢P. Except for
a few cases, the complete description is hard to give. We start with a simple example.

Example 1.3.1: Let B?(2) be the unit ball of R? for the ¢! metric, then

0 if €>2
wdim¢B?' @ = hE=s
2 if e<?2.

If B¢ () is endowed with the #P metric, then € < 21/P = wdim B ) = 2.

Proof: Given any three points whose convex hull contains the origin, two of them have to be on
opposite sides, which means their distance is 21/P in the ¢P metric. Hence a radial projection is
possible for simplices whose vertices form sets of diameter less than 21/P_ Invoking lemma 1.2.4,
FilRadaB? @ > 2-1+1/P, Lemma 1.2.3 concludes. This is specific to dimension 2 and is coherent
with lemma 1.2.6, since, in dimension 2, £~ and ¢! are isometric. O

An interesting lower bound can be obtained thanks to the Borsuk-Ulam theorem; as a reminder,
this theorem states that a map from the n-dimensional sphere to R" has a fiber containing two
opposite points.

Proposition 1.3.2: LetS = anp("H) be the unit sphere of a (n+ 1)-dimensional Banach space,
then
€ <2=wdimeS > (n—1)/2.

In particular, the same statement holds for pr("ﬂ): £E<2=> wdimerp("H) >(n—-1)/2.

Proof: We will show that a map from S to a k-dimensional polyhedron, for £ < "—El, sends

two antipodal points to the same value. Since radial projection is a homeomorphism between S
2

and the Euclidean sphere S" = an +1) that sends antipodal points to antipodal points, it will

be sufficient to show this for S”. Let f : " — K be an €-embedding, where X is a polyhedron,
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dimK =k < (n—1)/2 and € < 2. Since any polyhedron of dimension k can be embedded in
R2+1, f extends to a map from S” to R” that does not associate the same value to opposite points,
because € < 2. This contradicts Borsuk-Ulam theorem. The statement on the ball is a consequence
of the inclusion of the sphere. ' a

(n)

Hence, wdimngp always jumps from O to at least | 5 | if they are equipped with their proper

metric.

1.3.a A first upper bound. Though this first step is very encouraging, a precise evaluation
of wdim can be convoluted, even for simple spaces. It seems that describing an explicit continuous
map with small fibers remains the best way to get upper bounds. Denote by n = {0,...,n}.

Lemma 1.3.3: Let B be an unit ball in a normed n-dimensional real vector space. Let {p;}o<i<n
be points on the sphere S = dB that are not contained in a closed hemisphere. Suppose thatVA C n
with |A| <n—2, andVA; € Ry, where j € n, if || Licqa Mipil| < 1, k € A and ||Lica Mipi — Mepiel| < 1,
then ||Axpi|| < 1. A set p; satisfying this assumption gives

€ > Diam {p;} := n;eajx ||p,~—ij = wdimeB < n—1.
Proof: This will be done by projecting the ball on the cone with vertex at the origin over the n —2
skeleton of the simplex spanned by the points p;. Note that n+ 1 points satisfying the assumption of
this lemma cannot all lie in the same open hemisphere, however we need the stronger hyptothesis
that they do not belong to a closed hemisphere. Now let A, be the n-simplex given by the convex
hull of pg, ..., pr. We will project the ball on the various convex hulls of 0 and n — 1 of the p;. Call
‘E the radial projection of elements of the ball (save the origin) to the sphere, and let, for A C n,
Pa={po,..-,pn} ~{pili € A}. In particular, Py is the set of all the p;. Furthermore, denote by CX
the convex hull of X. Given these notations, ECPy;; is the radial projection of the (n — 1)-simplex
CP(;y (CPy;) does not contain O else the points would lie in a closed hemisphere), and ECPy; ;; are
parts of the boundary of this projection. Finally, consider, again for A C n, A, = C[ECP4UO0].
Lets;: A’{i} — #IA’{ i.j} be the projection along p;. More precisely, we claim that s;(p) is the
unique point of A’{i’ 7} that also belongs to Ap, (p) = {p+ApilA € R>o}. Existence is a consequence
of the fact that the points are not contained in an closed hemisphere, i.e. Ju; € R-¢ such that
Y kentkpPk = 0. Indeed, p € A’{i}, ifpe A’{i’ 7} for some j, then there is nothing to show. Suppose
that Vj # i,p ¢ A’{i’j}. Then p = Yk McDr, Where A, > 0. Write p; = —ﬁi Yk #iMiDk- It follows
that for some A, p + Ap; can be written as Y xen« {i,j} MPr With 0 < A < A;. Uniqueness comes
from a transversality observation. A’{ i/} is contained in the plane generated by the set P(; ;; and O
which is of codimension 1. If the line A, (p) was to lie in that plane then the set P(j; would lie in
the same plane, and Py would be contained in a closed hemisphere. Thus Ap,(p) is transversal to

’{i he The figure below illustrates this projection in Al{o} for n = 3.
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A1{0,3} P2 ,
{0,1}

D1

0

Our (candidate to be an) e-embedding s is defined by s] ALy = s;. Since on IZCP{,-} N IZCP{ j} C
'ECP{,-, j}» we see that s| 8 = Id and that iLGJ“A’ = B, this map is well-defined. It remains to
check that the diameter of the fibers is bounded by €. We claim that the biggest fiber is s71(0) =
U;C{—pi,0}, whose diameter is that of the set of vertices of the simplex, Diam {p;}. To see this,
note that for x € A’{i’ j)» the diameter of s~1(x) attained on its extremal points (by convexity of the
norm), that is x and points of the form x — Ay py (for k € A, where A D {i, j} and x € A}, C A’{i’j})
whose norm is one. However, since x = Y A;p; for i ¢ A and A; > 0, ||x —Apr| = 1 implies
IMprll < 1, so a simple translation of s~!(x) is actually included in s~!(0). O

This allows us to have a first look at the Euclidean case.
2
Theorem 1.3.4: Let Bf (n) be the unit ball of R", endowed with the Euclidean metric, and let

bpa:=1/2(1+1). Then, for0 <k <n,

2
wdimeBS W =0 if 2< g
2
kSWdimng () <n if bry12< € < bgo,

2
wdimer = — n if € < bpy.
2
Proof: First, when€ > Diame () — 2 this result is a simple consequence of proposition 1.2.1.c;

2
when n =1 it is sufficient, so suppose from now on that n > 2. Applying lemma 1.2.3 to an () C

2 2 2 2
B“™ yields that wdim¢B% ™ = n if € < 2FilRadaB: ™, but FilRadB® ) > b, by Jung’s the-
orem (see [13, §2.10.41]), as any set whose diameter is less than < b, is contained in an open
2
hemisphere ([24] shows that FilRad BS ™ = b,,.5). On the other hand, balls of dimension k < n are

. . f%(n) . . 22(k) . £2(n)
all included in B| *, which means that wdim¢B, < wdimeB; “, thanks to 1.2.1.d. Hence we

have that wdim erz(") > k whenever by 1,2 < € < bg;». This establishes the lower bounds.

The vertices of the standard simplex satisfy the assumption of lemma 1.3.3: thanks to the
invariance of the norm under rotation we can assume pg = (1,0,...,0). The other p; will all have
a negative first coordinate, and so will any positive linear combination. Substracting Apy will be

norm increasing. As the diameter of this set is b,.2, lemma 1.3.3 gives the desired upper bound. [

Let us now give an additional upper bound for the 3-dimensional case:

Proposition 1.3.5: If1 < p < o, then€ > 2(%)!/? = wdim¢B: ) < 2.
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Proof: In R3 there is a particularly good set of points to define our projections. These are pg =
35(1,1,1), p1 = 37(1,-1,-1), pp = 375(-1,1,-1) and p3 = 377(-1,-1,1). Let x = A, p1, where
A € [0, 1], and suppose ||A1p1 — A2p2ll, < 1 for A; € R>o. We have to check that A, < 1. Suppose
Ay >1,thenl > ||Ap1 — lzpz”ep = %(l] +}»2)p+%(7\.2—}»1)p = }5[%(1 +t)p+%(1 —t)P], where
t = A1 /A3. The function of ¢ has minimal value 1, which gives A; < 1 as desired.

Suppose now that x = A;p; + A, p; is of norm less than 1, where without loss of generality
we assume Az > Ag, and [|A1p1 +A2p2 —A3pallep < 1. ||x]lr < 1 implies that 1 > 3(Aq +A2)P +

%(7\,2—-7\,1)17 SO ()»2—),1);’ < 1—%(7\.2-}-7\.1)1’4-31-(7\.2 —7\,1)17 <1.If A3 > 1, then

1 > ||AMp1+2A2p2 —Asps|lpe
=13+ + )P+ 1A — (A2 —A1))P + 1Az + (A2 — M1))P.

Howeyver,
)‘gp (}\.3+7»2+7\,1)p+%7\.§
A3 +A2 + AP+ 3 (A3 — (M2 —A1))P + (A3 + (A2 —\1))P

1
<3

1
<3
<1
Using that f(¢t) = (1+1¢)? + (1 —¢)? has minimum 2 for z € [0, 1]. These arguments can be repeated
for any indices to show that the points p;, where i = 0, 1,2 or 3, satisfy the assumption of lemma

1.3.3. The conclusion follows by showing that Diam {p;} = 2(—%—)1/ p O

For some dimensions, a set of points that allows us to build projections with small fibers can be
found (such as the “particularly good” set of points in the proof above). Their descriptions require
the concept of Hadamard matrices of rank N; these are N x N matrices, that will be denoted Hy,
whose entries are £1 and such that Hy - Hy, = NId. It has been shown that they can only exist
when N = 1,2 or 4|N (see [39]), and it is conjectured that this is precisely when they exist. Up
to a permutation and a sign, it is possible to write a matrix Hy so that its first column and its first
row consist only of 1s. It is quite easy to see that two other rows or columns of such a matrix have
exactly N /2 identical elements.

Definition 1.3.6: Let Hy be a Hadamard matrix of rank N, and let, for 0 < i < N, k; be the i" row
of the matrix without its first entry (which is a 1). Then the h; form a Hadamard set in dimension
N-—-1.

These N elements, normalised so that ||Ail|g(y_;) = 1. When so normalised, their diameter
(for the ¢P metric) is 21~1/P(1 + IVI:T)P . Since ¥ h; = 0, by orthogonality of the columns with the
column of 1 that was removed, we see that they are not contained in an open hemisphere. The set
of points in the preceding proposition was given by a Hadamard matrix of rank 4, and when p =2
the convex hull of these points is just the standard simplex.

Proposition 1.3.7: Suppose there exists a Hadamard matrix of rank n+ 1, then

1 1
€> 1+;=>wdimer ™ < p—1.
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Proof: Let the h; be as above, and N = n+ 1. Note that for i # j, h; and h; have 1—;— opposed

coordinates, and % — 1 identical ones. Thus A;h; — A jh; has always a bigger 2! norm than any of

its two summands. Indeed, the coefficients c; of the vector } A;h; where the contribution of Ay
i€A

reduces Ic J'I are in lesser number than those that get increased. Since the £! norm is linear, the

magnitude of the ¢ getting smaller is not relevant, only their number.

We conclude by applying lemma 1.3.3, as Diam n (h;) = 1+ A—,I;—f O

Note that in dimension higher than 3 and for p > 2, Hadamard sets no longer satisfy the
assumption of lemma 1.3.3.

1.3.b Further upper bounds for wdimerp("). The projection argument still works for
non-Euclidean spheres. It can also be repeated, though inefficiently, to construct maps to lower
dimensional polyhedra.

Proposition 1.3.8: For 1 < p < o, consider the sphere pr(") with its natural metric. Then, for
% <k <n,3ckpp € [1,2) such that cg pn;p > Ck41,n;p, and

. P .
wdlmng (n) S kif€> cppyp.
Furthermore ¢, _1 n;2 = b2

Proof: This proposition is also obtained by constructing explicitly maps that reduce dimension
(upton—jfor j < "—2“-) and whose fibers are small. Unfortunately, nothing indicates this is
optiinal, and the size of the preimages is hard to determine. We will abbreviate B := pr(") .

We proceed by induction, and keep the notations introduced in the proof of lemma 1.3.3. The
pi that are used here are the vertices of the simplex; they need to be renormalised to be of ¢7-norm
1, but note that multiplying them by a constant has actually no effect in this argument. Also note
that the sets A/, are not the same for different p, since they are constructed by radial projection to
different spheres. The keys to this construction are the maps

S s {ityeensij} * Al{il,...,ij} - }A’{il,...,ij,m}

me {i1,....ij

J
given by projection along the vectors ) p;. Call 61 the function s from lemma 1.3.3, then, for
I=1

j>1,
c;:B— U Y
AL AP GRS,
is obtained by composing, on appropriate domains, s;.;;. ;.3 With 6;_;. Since s;;, .. ;. are equal
y P g pprop: ],{11,.,11} J Jollyeeeslj q

to the identity when their domain intersect, and their union covers the image of 6;_;, the map is
again well-defined. It remains only to calculate the diameter of the fibers. At O the fiber is

0'171(0)= U n{—-(?\.1+...+}\.j)pil—(}\.1+...+}\.j_1)pi2—...-—7\.1p,‘j|7\.,'GRZ()}.

{il,...,ij}C
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Whereas for a given x € A), in the image (that is A contains at least j elements), x can also be
written down as a combination )" A;p;, for i ¢ A and A; € R-o. We have

oi'x)=_ U {x—=(M+...4+r)py — (A +...+Xj_1)pi, — ... — Mipi;|Ai € Rxo}.
{H,---,lj}CA
2
If we set g, = SUF(’B) Diamc;_lk(x), then when € > ¢ ,, wdimst (n)
XEC;
mine two simple facts about these numbers. First, they are non-increasing c , > Cg+1,, Which is

< k. It is possible to deter-

obvious as the construction is done by induction, the size of the fiber of maps to lower dimension
is bigger than for maps to higher dimension.

Second, they are meaningful: ¢ , < 2. Indeed, when p # 1,0, ¢y , =2 only if 0‘;_1 £(x) contains
opposite points, which is a linear condition. When x # 0, by convexity of the distance, the points
on which the diameter can be attained are at the boundary of 0'}'1 (x). Say Y is the set of those point
except x. The distance from Y to x is at most one, while the diameter of Y is bounded. Indeed,
there is a cap of diameter less than 2 that contains all the p; but one. The biggest diameter of such
caps is also less than 2 and bounds DiamY.

Any point of the fiber at O is a linear combination of the vertices p;, and there is only one linear
relation between these, namely ) p; = 0. As long as j < 5*2‘—1 (i.e. k> "—51) there are not enough p;
in any two sets that form GJTI (0) to combine into the required relations, but as soon as j exceeds
this bound, opposite points are easily found. U

For pr("), where 1 < p < oo, we used the regular simplex to describe our projections, though
nothing indicates that this choice is the most appropriate. In fact, many sets of n+ 1 points allow
to build projections to a polyhedron, but it is hard to tell which are more effective: on one hand we
need this set to have a small diameter (so that the fiber at O is small), while on the other, we need it
to be somehow well spread (so as to avoid fibers at x to be too large, as in the assumption of lemma
1.3.3). Furthermore, there is in general no reason for c,;—1,;p to coincide with a lower bound, or
even to be different from other c.p, thus we cannot always be sure thatn —1 € wspec(pr(") ,P).

1.3.c The lowest non zero element of wspec. Before we return to the general ¢ case, notice
that together proposition 1.3.2 and theorem 1.3.4 give a good picture of the function wdimerz(").
It equals n for € < by2 = cp—1,n2, then n— 1 for b, < € < by_1,2. Afterwards, I could not show a
strict inequality for the ci »;2, but even if they are all equal, wdimerz(") takes at least one value in
(3 —1,5+1)NZ. Then ,when € > 2, it drops to 0.

For odd dimensional balls, there is a gap between the value given by proposition 1.3.2 and the
lowest dimension obtained by the projections introduced above. Say B is of dimension 2/ + 1 and
€ less than but sufficiently close to 2, then on one hand we know that wdime¢B > [, while on the
other wdimeB < I+ 1. It is thus worth asking whether one of these two methods can be improved,
perhaps by using extra homological information on the simplices in the proof of proposition 1.3.2
(e.g. if its highest degree cohomology is trivial then a k-dimensional polyhedron is embeddable in

R%* see [14]).
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Remark 1.3.9: Such an improvement is actually available when » = 3: if the 2-dimensional sphere
maps to a 1-dimensional polyhedron (i.e. a graph), the map lifts to the universal cover, a tree K.
Hence K is embeddable in R?, and, for 1 < p < oo.

£ <2 = wdimB" ® >2

for otherwise it would contradict Borsuk-Ulam theorem.

Note that estimates obtained in [17, app 1.E5] for Diam,, can also yield lower bounds for
the diameter of fibers for maps to graphs (i.e. 1-dimensional polyhedra). Applied to spheres, it
becomes a special case of proposition 1.3.2 and of the above remark.

1.3.d Lower bounds for wdimerp("). The remainder of this section is devoted to the
improvement of lower bounds, using an evaluation of the filling radius as a product of lemma
1.2.4, and a short discussion of their sharpness.

We shall try to find a lower bound on the diameter of n+ 1 points on the £7 unit sphere that
are not in an open hemisphere; recall that points f; are not in an open hemisphere if 3A; such that
Y Aifi = 0. A direct use of Jung’s constant (defined as the supremum over all convex M of the
radius of the smallest ball that contains M divided by M’s diameter) that is cleverly estimated for
¢P spaces in [23] does not yield the result like it did in the Euclidean case. This is due to the fact
that there are sets of n+ 1 points on the sphere that are not contained in an open hemisphere, but
are contained in a ball (not centered at the origin) of radius less than 1. The set of points given by

2 2 2 2
(1.3.10) (1,...,1), (—n—l""’_n—l’1> ,---, and (1,—m,...,—n_ 1)

is such an example for ¢, and deforming it a little can make it work for the ¢P case, p finite but

close to . However, a very minor adaptation of the methods given in [23] is sufficient.

First, we introduce norms for the spaces of sequences (and matrices) taking values in a Banach
space E. Let a; € R>( be such that f‘_ a; = 1 and denote by o this sequence of n+ 1 real numbers.
Let E, o be the space of sequences rlnza?de of n+1 elements of E and consider the ¢7 norm weighted
by a: |lx||g,, = (Liou ||x,-||§)1/p where x = (xo, - .,%x). On the other hand, E, ;. shall represent
the space of matrices whose entries are in E, with the norm H (xi,7) || E, = ():,-, ;0L H x"’f”Z ) l/p.
Now define, for E, E’ Banach spaces based on the same vector space and for 1 < s,z < oo, the linear
operator T : Es g — Et’,aZ by (xi) — (xi —x;).

Theorem 1.3.11: Consider a vector space on which two norms are defined, and denote by E1, E;
the Banach space they form. Let f; € E}, 0 < i < n, be such that ”fi”E; =1 but that they are not
included in an open hemisphere, i.e. there exists A; € R>q such that} A;fi=0and Y A; = 1. Let

Diampy(f) = S _||fi— fj]

0<i,j<n

B be the diameter of this set with respect to the other norm. Then,
2

fora; = 7\,,', 1¢
. 1\ ~1
Diamg; (f) > 2 SUP (1 + ;,) SEP Tl &) 0B g2 -

1<s,t<o0
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Proof:  As the f; are not in an open hemisphere, real numbers A; € R>¢ such that Y A; = 1 and
Y Aifi = 0 exist. Furthermore, since || f;| E = 1, there also exist x; € E; such that f;(x;) = 1 and
I|x:]| g, = 1. The remark on which the estimation relies is, as in [23],

2= 4.20}“‘7”’.(]% — fi) (xi = x;).
i,j=

Choosing @; = A;, this equality can be rewritten in the form 2 = (7 f)(T'x), where Tx € (E2); o2
and T f € ((E2);02)* = (E3)y o2, and thus 2 < ||Tf||(E;)‘, 2 ”TXH(EZ)‘ o+ Notice that

I 1 n
oo =) o(l—a) <1———= ,

because ||| g1 (pp1) =1 = ||l 2(npq) = (2 + 1)~1/2. We can isolate the required diameter:

1T ANl &5 )"

= (éoa,-oc,- 15— £l

< Diamg; (f) ( L o)) 1
i%j

< Diam g (f) (527) /"

On the other hand, ||x;||g, = 1, consequently ||x||(g,), , = 1, so we bound

o .‘12

“ TXH (EZ)x,uz = ” T“ (E1)s,a—(E2)

a2

The conclusion is found by substitution of the estimates for the norms of 7 f and Tx. O

We only quote the next result, as there is no alteration needed in that part of the argument of
Pichugov and Ivanov.

Theorem 1.3.12: (cf. [23, th 2])

, 1/p—1/p'
if1<p=<2 |Tler(n)eaniem), =< 217 () L
if2<p<e Tlerm)eaerm), o < 217

a2 -
A simple substitution in theorem 1.3.11, with E; = E; = ¢P(n), s = oo and ¢ = p, yields the
desired inequalities.
Corollary 1.3.13: Let f;, 0 < i < n, be points on the unit sphere of ¢P(n) that are not included in
an open hemisphere, then

if1<p<2, Diampe(f) 22" (1+H77, (v
if2 < p <o, Diampgy(f) =27 (1+1)Y7 . (xx)
Remark 1.3.14: Before we turn to the consequences of this result on wdimg, note that there are

examples for which the first inequality is attained. These are the Hadamard sets defined in 1.3.6.
When normalised to 1, they are not included in an open hemisphere and of the proper diameter.
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Hence, when a Hadamard matrix of rank n+ 1 exists, then () is optimal. Nothing so conclusive
can be said for other dimensions, see the argument in example 1.3.1. I ignore if there are cases
for which () is optimal, though it is very easy to construct a family F, € (pr("))’“rl such that
DiamF — 21/P ag n — oo, In particular for p = oo, the points given in (1.3.10) but by substituting

=2

+—7 instead of the entries with value =5, is a set that is not contained in an open hemisphere and

whose diameter is which is close to the bound given. Somehow, this case, is also the one

n— 1’
where the use of lemma 1.2.4 results in a bound that is quite far from the right value of wdim, cf.
lemma 1.2.6. This might not be so surprising as sets with small diameter on ¢? balls seem, when

p > 2, to differ from sets satisfying the assumption of lemma 1.3.3.

Still, by lemma 1.2.4 we obtain the following lower bounds on wdim:
Corollary 1.3.15: Let by, be defined by by, = 2'/P' (1+1) YP when 1 < p < 2, whereas bip =
21/P (1+1)7 if2 < p < wo. Then, for0 <k <n,

€ < by, = wdimeBS ™ > k.

Proof: LetY = E)pr("). Since the convex hull of a set of n+ 1 points on the sphere ¥ will not
contain the origin if the diameter of the set is larger than by,,;, lemma 1.2.4 gives that FilRadY >
bn.p/2. We then use lemma 1.2.3 for Y to conclude. a

These inequalities might not be optimal, proposition 1.3.2 for example is always stronger when

k<3l

In dimension n, A

n—1/p

corollary 1.3.15 as long as

£P(n) 2P (n) _

C B] V" yields that € < 2n~1/P = wdimeB; *’ = n which improves

lrl(n+1

However, when p = 1, and H, | is a Hadamard matrix, these estimates are as sharp as we can hope

since the lower bound meets the upper bounds.

Corollary 1.3.16: Suppose there is a Hadamard matrix of rank n+ 1. Then, for0 <k < n,

wdlmng ) 0 if 2< €
max("" k)<wd1m€Be( " <n if (1+E1—)§ € <(1+%),
wduneBe " —p if e <(1+1).

Furthermore, in dimension 3, lower bounds of corollary 1.3.15 meet upper bounds of proposi-
tion 1.3.5 when 1 < p < 2. In particular, thanks to remark 1.3.9, this gives a complete description
of the 3-dimensional case for such p.

Corollary 1.3.17: Let p € [1,2], then

0 if 2< &,
wdimeB, & =4 2 if 23)/P< & <2,
3 if e <2(3)Vp.
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When p > 2, all that can be said is that the value of € for which wdimerpm drops from 3 to
2 is in the interval [2(3)11/7,2(2)1/7].

This last corollary is special to the 3-dimensional case, which happens to be a dimension where
there exist a Hadamard set, and where the Borsuk-Ulam argument can be improved to rule out
maps to ”;Zl-dimensional polyhedra. For example, in the 2-dimensional case, a precise description

1
is not so easy. Indeed, thanks to example 1.3.1 and using the inclusion of Bf @ pr(z), we know
that wdimeB; > =2 when € > 2!/7. On the other hand, the inclusion of BS_\7) C B} ) gives

g>2l/F = wdimerp(z) = 2. Putting these together yields:

£ > max(21/7,21/7") = wdim¢B} ) = 2.

These simple estimates in dimension 2 are better than corollary 1.3.15 as long as p < 3 — ‘ﬁ%
or p> ln(%) / ln(‘%). I doubt that any of these estimations actually gives the value of € where
wdimerp(z) drops from 2 to 1.

All the results of this section can be summarised to give theorem 1.1.4. Here are two depictions
of the situation. Gray areas correspond to possible values, full lines to known values and dotted
line to bounds.

wdimg wdimg
' N A

npr——mm— n

1] e (5] '

N[N

[} [}
i |
1 1
| |
| |
€ bnsp c2 €
When the dimension is odd (but different from 3), the situation is as in the left-hand plot
for the euclidean case (p = 2) or the case p = 1 if there is a Hadamard set. In these cases, a
map to a n — 1-dimensional polyhedron with small fibers can be constructed, but the bounds from
the Borsuk-Ulam argument and projections to lower dimensional polyhedron do not meet. The
right-hand picture gives the situation in cases where the dimension is even and there is no known
projection with small fibers. ¢, /2] »,p is abbreviated by c. The case of dimension 3 is described in
- corollary 1.3.17.

It is not expected that "2;1 be in wspec when # is odd, nor is it expected that the lower bounds
bip be sharp for BY ™) when k < n.

1.4 Further results

If a space X is a product of two spaces, then given some information on the widths of its factors, it
is possible to gain some insight on the widths of X. The following example considers a solid torus.
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Example 1.4.1: Let T C R3 be a solid torus of radii r < R, i.e. the set of all the points at distance
< r from the a circle of radius R, then

0 if 2(r+R)< ¢

1 if 2r< €& <2(r+R
wdimT = ! rs e <2(r+R)

2 if V3r< e <2r

3 if g <V3r

Proof: The first inequality is, as usual, a consequence of 1.2.1.c. As for the second, it suffices to
note that the projection on the circle of radius R has fibers of diameter 2r. The third requires more
work. Let Y be the closed set given by the union of the circles of radius R+rand R—r. Y has a
trivial homology class in 7" and a filling radius of r. Lemma 1.2.3 implies that € < 2r = wdimeT >
1. On the other hand, the torus can be sliced in discs of radius . The map which sends each of
these discs to the cone on the O-skeleton of the simplex inscribed in these discs has a fiber of radius
V/3r (as seen in theorem 1.3.4). The last inequality is settled by looking at the usual (empty) torus
Y’. It is a homologically trivial closed subset of dimension 2, and its filling radius is V3r. O

The following simple lemma will also be of importance when we will look at the widths of an
£P ball with an ¢9 metric.

Lemma 1.4.2: Letry, = |1d|| 7. 5. Then

sig=p =rgp=1
sig < p andpiscontinuous =rg, =0
. 1_1
. - _ lnf = —
and p is atomic =Trgp= vesupp#p(v) a7 P
siqg > p and y is infinite =rgp=0
1.1
and u is finite =rgp=pn(V)a p

Proof: The case p = q is simple. If u is continuous and g < p, the existence of functions whose
L7 norm is finite but whose LP norm is infinite implies that a L? ball will never be contained in an
LP ball. If g > p and (V) = oo, then there also exists function who are of finite L7 norm and of
infinite LP norm.

If u(V) < oo and g > p, this is a consequence of Holder’s inequality. Let s,s’ be conjugate
exponents, i.e. 1+ 4 =1, then

1A = 120z < uV) 1A e = (V) NAN -

Hence, || fllzs < u(V)/*9||f||Lr, and 2 == %(1 -5 = 3 — %, by choosing gs’ = p.
Suppose now that g < p and y is atomic. Let i = veis{gp# u(v), then we must show that r, , =

ii7%. Forall v € Supp, deﬁne the function f, by fv( ) =rgpu(v)” 1/4 and f,(v') = 0 when v/ # v.
Then f, € BY = y(v)P qrq p <1, thusrg, < {475 . As for the converse inequality, since £ (v) >1,

£ = Z ,u(v)[f(v)[q <il-9/p = Z ‘ii"llil/Pf(v)lq <1
vEsupp u vesuppu
= |it/PflP<1
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Thus |if (v)?| = |i}/P f(v)|” < |i*/P f(v)|%. This estimation obtained, the lower bound is easily
found:

1712 = Y sMf»)|)f”

veEsupp u

ol M Ol

vesuppu
< Y #Mermf<i O
VEsuppu
Remark 1.4.3: Thanks to lemma 1.4.2, the same projections that were used to obtain upper bound

in 1.1.3 give, fork > 0 and g > p,

wdime(pr("),Eq) <k when 2(k+ 1)%—'}3 <e.

29 (k)

On the other hand, using 1.2.5, the inclusion B""; C pr(k) C pr(") yields:

o

1
k4
wdime(pr("),fq) >k whene < (k+ 1)%'%

Proposition 1.2.1.d has an obvious extension that will ne used in the following chapter.
Lemma 1.4.4: Iff: (X,d) — (X',d") is a continuous function such that

d(x1,%2) < ¢(d'(f(x1), f(x2)))
where ¢ : R>p — Rx>o. Then if §(x) = igl; o(y), wdm5(e)(X,d) < wdimg (X', d').

Proof: 1If wdimeX’ = n, there exists an €-embedding g : X' — K with dimK = n. Noticing that
the map go f is an :ﬁ(e)-embedding from X to KX leads to the claimed inequality. a
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Chapter 2
Mean dimension

This chapter will recall some notions introduced by Gromov in [19], further developped in [31],
[30], [7] and [29]; [6] contains a good introduction to mean dimension and its applications in dy-
namical systems. We will present them here again, and evaluate it for the shift acting on the unit
ball of ¢7(I'; R). Unfortunately, unless p = oo it is trivial. In §2.2 a first alteration weas; (a mixed
growth factor which depends on the profile f) of this quantity that enables to characterize differ-
ent p is introduced. Topological invariance is however lost, but some covariance under Holder
homeomorphisms remains. In §2.3, another variant dim» is defined by replacing the metrics by
pseudo-metrics. Thanks to [19], Von Neumann dimension coincides with dim ;2. Some properties
of the Von Neumann dimension turn out to hold for dim¢r for a generic p, but not all; see the dis-
cussion in §2.5. In particular, the invariance on the choice of Fglner sequece requires an extension
of the Ornstein-Weiss lemma presented in §2.4. Finally, a discussion of other possible variants
take place in §2.6.

Mean dimension can be introduced as a generalisation of entropy for the shift. Indeed,
the dynamical system of the (classical) shift is the set AZ of A-valued sequence, where A is fi-
nite set (the alphabet), with the map G : (a;)icz — (ai+1)icz- Endowing A with the metric dy
which induces the discrete topology, the product topology AZ can also be induced by a metric
(typically d(a,b) = ZZdA (ai,b;)/211). A definition of entropy which is close to the language

i€

of the previous chapter is as follows: let d,(a,b) = sup. d(c°*a,c°b) be the dynamical dis-
—n<i<n

tance, then define N(g,n,A) = inf{|F| such that (A,d,) &> F}. The entropy is then obtained by

a limit: h(A) = lim lim 11nN(e,n,A) which is, in the present case, equal to In|A|. If (A,d4)

is a metric space of positive dimension m, mean dimension appears as a modification of this

definition. The dynamic of the shift ¢ on A-valued sequences, AZ, endowed with the metric

d(a,b) = _sz(ai,bi) /21y, will again allow to define metrics d,. However, since A is of posi-
S

tive dimension, the quantity N (g, n,A) will be of the order of &’ /e™("+k1n€) and will give an infinite
entropy h(A). Thus the necessity to introduce the mean dimension.
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2.1 Definition and properties
The definition of mean dimension requires an important remark:
wdime (X X Xz, max(d,d2)) < wdime(Xi,d1) + wdime(X2,d2),

in other words, wdim¢ is subadditive for the product, if the metric is given by the maximum of the
metrics on each factor. This is a consequence of the fact that two €-embeddings f; : (X,d;) & K;,
give an €-embedding f; x f,. Recall that equality does not always hold (cf. [12] and references
therein). Let d; and d; be two metrics on X. As a metric space endowed with the metric given
by the maximum of the two metrics d = max(d;,d,), (X,d) is the diagonal of (X,d;) x (X,d>).
Whence

2.1.1) wdime(X,d) < wdime(X,d;) + wdime (X, d2)

We shall use the definition of amenable groups by the existence of Fglner sequences (another
definition uses the existence of invariant means [38, 1.§0]; another reference on amenable groups
is [16]).

Definition 2.1.2: LetI" be a countable group. I'" is amenable if there exists an increasing sequence
{Qi}ien of finite subsets of I" such that Vg € T’

|QugUQ; N\ QigNQy|

lim =0.

i—o0 |Ql|

Such a sequence is called a Fglner sequence for I'.

Proposition 2.1.3: Let I be a countable amenable group. Let F C I be a finite set, and {Q;} be
a Fglner sequence then

lim [<%F] 1.
= |Q

Proof. It suffices to take fy € F and then to notice by invariance of | - | that
IQF| <|Qifol+ Y, 1Qf~\Qifol =1+ Y, 1Qiff5' N Qil.
So#feF fo#fEF

Dividing by |Q;| and using the definition 2.1.2 yields the result. O

Consider metric spaces (X,d) on which amenable groups I" act (not isometrically). Let u be a
(left) Haar measure on I' then it is possible to define wdim relative to I'. Since we are for now on
countable groups we will use the notation u(Q) = |Q|.

Denote by dy(x,x’) = d(yx,yx’) the metric (on X) translated by y € I'. For all Q C I, a dynam-
ical metric dg on X is defined by:

da(x,x) = S99 dy (%) = |1y, | - -
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As a function of Q C T, wdime(X,dg) is subadditive, see (2.1.1) (for discrete groups). Thus,
by amenability of I, the limit

. wdime (X, dg,
wim (X, ) : T) 1= fim 2
1

exists for any chosen Fglner sequence £; and is independent of this choice thanks to the Ornstein-
Weiss lemma, see [38] or [19, §1.3] (see also §2.4 for a generalisation of this lemma).

Definition 2.1.4: The mean dimension of (X, d) for the action of a group I is

— lim lim wdime (X, dg; )
€—0i—o0 | Ql :
1

wdim((X,d) : T) := i wdime((X,d) : T)

The existence of the last limit is comes from the fact that wdim is non-increasing as a function
of € (¢f. 1.2.1.b). It might be infinite.

Proposition 2.1.5: (cf. [19, §1.5.1]) Let X be a compact space. wdim(X : I') is a topological
invariant, i.e. for all pairs d and d’ of compatible metrics on X, wdim((X,d) : ') = wdim((X,d’) :
I).

Proof. (We write the argument of [19] in details.) Indeed, we look at the modulus of continuity
of Id: (X,d) — (X,d’) which is uniformly continuous, more precisely, there exists an increasing
continuous function

i : [0,Diam (X,d)] — R>o

such that @y4(0) =0 and Vy € T, di(x,x’) < @ya(dy(x,x)). This inequality remains valid fot do and
dg,. By lemma 1.4.4,
wdim g, () (X,db) < wdime(X,dg).

Since liM wy4(€) =0, dividing by || passing to the limits yields wdim((X,d’) : T') < wdim((X, d) :
I'). The same argument on Id : (X,d’) — (X,d) gives the result. a

The proof above can be generalized to show thatif i : (X,d) — (X’,d’) is a I'-equivariant rough
embedding (in the sense of [18]) then widimX < wdimX’.

The definition of widim given above is a particular case of a vast family of possible choices,
some of which will be introduced in the following sections. In particular, if I" is not amenable, it is
still possible to define mean dimension. However, it is necessary to take a limsup of an increasing
sequence {Q;} (which can also be assumed exhausting), but the independence on the choice of
sequences is no longer true.

If T acts by isometry and X is compact, wdim(X : {Q;}) = dimX im |Q,|~! = O since (X,dq,) =
(X,d). Consequently actions by isometry are not interesting. We will now focus our attention on
non-compact metric space where the action of I" is isometric. However, compactification will make
the action non-isometric. These examples will motivate some of the further developpements. The

remainder of this section is contained in [19, §1.6] (with answer to questions).
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Let X = (R%)I' = {I' — R*} endowed with the natural action of I': for f € (R*)F,yf(-) =
F(y 1. Let pr(r;nv) the unit ball for the 7 norm (¢f. lemma 1.4.2), p € [1,0|. This set is not
compact and I" acts isometrically.

Before we introduce weak-* topology, recall ¢? is the dual of ¢P' when p#1and % + é =1.
As for £, it is the dual of ¢! and ¢! is the dual of cg (cf [43, §3 exer.10 p-83 or §4 exer.24 p.109])
where cg is the space of sequences which tend to O at infinity. This can be interpreted here as the
following condition:

Vx € co(IR°) CL7(GR?),  ||x[lg=(rug) — O

for all increasing exhaustive sequences of finite subsets {F;}). On a normed vector space E, there
are two usual topologies: the one coming from the norm, and the weak topology, which is the
roughest topology such that linear continuous functions (elements of the dual) are continuous.
Its dual E* possesses three usual topologies: one coming from the norm ||e*|| = IIZIIIIBI Ie*ge)

(denoted 1), the second is the weak topology associated to this norm, and the third called the weak
topology of the dual (or weak-*, denoted t*). This is the roughest topology such that evaluation
maps v.(e*) = e*(e) are continuous. If E = E**, weak and weak-* topologies are identical. A

neighborhood of 0 in the weak-* topology is of the form
(2.1.6) N*(0se1,...,en;€) = {e* € E*|Vj € {1,...,n},|e*(e;)| < €}

Alaoglu’s theorem states that unit ball of the dual is compact for this topology. This remains
true for any weaker topology. In particular, consider the topology v on BY := {x € £P([;R®)| ||x|| » <
1}, defined by the metric d’ defined as follows: let F; be a sequence of finite sets such that UF; is
dense in T, let dfi be defined by

dfi(x1,x2) = ||x1 — X2l (r;) -

Let

(2.1.7) d'(x1,x2) = Y a:id" (x1,x2).
i>1

normalized so that if 0y = } ;> a;, then 0; = 1. Usually, the a; are chosen to be 271 The
normalisation 61 = 1 is made so that the diameter of the unit ball remains equal to 2. Notice that
d'(x1,x2) < 2041 if x1 and x; start to differ on Fi1, but are identical when restricted to the F; for
J<k

The topology induced by this metric is weaker than t*, since an €-neighborhood of O is the set
of x which are small when evaluated on F; (depending on €), since d is always smaller than 2 for
element of the unit ball. This neighborhood is of the form (2.1.6). Let us show that t’ is Hausdorff:
let x; and x; € (X,#P), if x| # x2, then Jy € I such that x;(y) # x2(Y) and since for a i, y € F;,
dr,(x1,x2) > 0 and consequently d’(x1,x;) > 0, this suffices to show that it is Hausdorff. Thus, B{’
is compact for 7'.
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The identity map (X,t*) — (X, ') is continuous and bijective. Since t’ is Hausdorff, this is a

homeomorphism of (B¢’,t*) on (B{’,t) (any bijective continuous map between compact spaces
is a homeomorphism if the image is Hausdorff).
Remark 2.1.8: Since wdim is a topological invariant, the choice of the metric d’, which is impor-
tant for the computations, will not have an impact on the result. It would have been possible to
define the d%i using a #9 norm for any g > p. However g = o simplifies the arguments. Finally, '
can also be seen as the topology induced on the subspace of elements of /7 norm less than 1 in the
space [—1,1]' endowed with the product topology.

The next result answers a question of Gromoyv, it is also shown in [48] but is a consequence of
a simple remark (see discussion following the corollary).

Theorem 2.1.9: (cf. [19, §1.6])

5 > if p =
wdim(B T®) .y =% BPT°
=0 otherwise.

Proof. Suppose that p < oo. Then, proposition 1.1.3 allows us to bound (independently of Q)
wdim¢ (B ,d},): as said in remark 2.1.8) this argument is done with ¢~ metrics. The restriction
pr: (BY, o) — (Bip(lg"_ IF"D,Z“’) has fibers of diameter ;1. Moreover, a €-embedding of the
image of p; becomes upon composition by py an (€ + O+ )-embedding of the source. Indeed, if
x,y € B{p(lgi_ ) are at £~ distance equal to € then any points in their preimage by p; can only
disagree on the sets Q. 1F 7 for j > k, this contributes at most to an extra distance of ox4.1. Whence

-1
(2.1.10) wdime o Blp’d’ ) < wdimeg BZP(|Qi Fkl),eoo )
k+1\P1 1 4Q; 1

Supposing that € > Gy 1, the left-hand terms gives a lower bound for wdim ¢, whereas proposition
1.1.3 gives an upper bound for the right-hand term (by a function of the form f(p)e™P). The

conclusion 1s direct:
wdim(BY :T) = él_{% lirl.ri’S:P wdim¢(BY, dg, )1

< limlimsup £(p)(£)~7|;| ! = 0.
. . ~(Q7IRRY) ..

The lower bound, for p = oo, can be obtained by observing that B;, " is included (by a

map that increases distances) in (Bf” , dh‘,). Using proposition 1.2.1.d we conclude that € < a; =

wdime (B ,dg ) > s|Q; 1 Fy| and

wdim(B{ :T) = limlimsupwdim(B{",dq )|~

[—oo

> lim limsup |01 7 ||Q;) = > . O
Remark 2.1.11: When I is amenable, let us show that wdimB’lL “(OR) _ s. If € > oy, the restriction
map to Fy is a e-embedding to a polyhedron. Thus wdimeB{ < dimee(F"’Rs) = su(F;) when
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€ > 0. Endowed with the metric dbi, restriction to le is again a €-embedding given that
€ > 0. Thanks to proposition 2.1.3, |Q; ! F;||Q;|~! — 1, whence

wdim(B{™ :T) = limlimsupwdim (B, dg, )| ~!

j—00
< jim Lmsup 5| Q- LR ||Qi ! =s.
Corollary 2.1.12: The unit ball Bfg(r) is not I"-equivariantly homeomorphic to pr(r).

This is a consequence of proposition 2.1.5. Note that entropy considerations allow to obtain
the same result: the action of I" on a /7 ball endowed with the weak-* topology, for p finite, sends
any point to O (in other words for any sequence ¥; € ; \ £;_1, Yix — 0). There are no periodic
orbits (in particular, entropy of such an action is 0). On the other hand, when p = oo there are many
periodic orbits.

2.2 Variation with profile

From the previous section, it appears that mean dimension is not appropriate to distinguish £7(I")
spaces. The next definition is tailored to avoid the problem encountered. Its introduction is ex-
plained in §2.6.

Definition 2.2.1: Letf: P(I') — Rx>¢ a decreasing function (i.e. A C B = f(A) > f(B)) such that
f(A) = 0 < |A| = oo, then the asymptotic measure with profile f will be defined for an increasing
sequence of compact sets €2; (whose measure tends to o) by
wdimg(q,) (X, dg,)

|€2]

weas;(X : {Q}) = liririigp € [0, +o0].

This concept certainly lacks invariance, which explains the change of terminology for an
asymptotic measure. It shall nevertheless be useful to detect obstructions.

Proposition 2.2.2: Let f : (X,d) — (X’,d’) be a I'-homeomorphism of metric spaces endowed
with an action of I" whose modulus of continuity is ®y. If 3y : R>o — R>¢ an increasing function
such that iMy = 0, and that wf(g) < y(g),

weasyof (X : {Q}) < weas;(X : {Q:}).
Proof. As in the previous proofs, the inequality
d'(f(x), () < 0f(d(x,)) < w(d(x,))
gives the same inequality for dg and dg,. This last inequality yields
wdim ye) (X', dg,) < wdime(X, dg,),

by composing any €-embedding on X by f~!. Choosing € = §(£;) and passing to the limit gives
the desired inequality. O
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The definition of weas; is made to compensate for the fact that wdim eB 7

is quite precisely
bounded above and below by some constants times £~ /7. The next lemma highlights this mecha-
nism.

Lemma 2.2.3: Let I" be a countable discrete group, let {€;} an increasing sequence of finite
subsets, let p € [1,0], let pr be the unit ball of ¢P(T"; R*) endowed with a metric of the type (2.1.7)

and of the natural action of T'. For ¢ € Rs¢ and g € [1,0] let . 4(Q) = c|Q|~1/9 be a profile.

weasy, (BY :{Q}){ €Rso ifp=g
=0 ifp<gq

Proof. The arguments that will be used are independent of the choice of the sequence {F;}, which
is surprising as they enter in the definition of the metric.

As usual, we find a lower and an upper bound. Both use proposition 1.1.3 to know the wdim
a ball in /P (n). This proposition can be rewritten as: for 0 <k <n

k< (e/2)P<k+1<s wdime(pr("),Z“’) =k

Whence
min ((§)7? —1,n) < wdimg(Bip("),Z“’) < min ((§)77,n).
This said, we start with the lower bound. This is pertinent only if p > g. As in theorem 2.1.9 the ar-
1
gument reduces to the construction of an injection which increases distances; here (Bl (@ Aok ,07)
injects in (BY ,dg,)- Thus giving

QR

Vk>1, min((£) 7, Q7 Fl) < wdime(Bg, " ™), 67) < wdime(BY, d,).

This inequality being true for all k, the left-hand term can be replaced by the maximum over all k.
Next, dividing both sides by |€;], taking € = c|Q;|~'/¢ and passing to the limit yields

2ay e_1 |Q7 R P
hrlxls;lpl}clai(nun<( ) |47, o guxeasqu(Bf ,d').

Then, notice that |Q;"! F¢|/|€;| is not bounded on k, the term (2—2”1)P | ¢~ will determine the limit.
Indeed, if p > g, it tends to infinity. However, when p = g, we must evaluate r)?zaf( min ((2—‘514 )P, IEII—IFL)
knowing that the a; are bounded. Hence the quantity of interest is larger than min ((-Zcﬁ)P, 1) >0
where A = max a; since —T—IF"—l > 1 (it can even tend to ).

The upper bound, which is of interest only if p < g, is obtained as before by looking at the
restriction of (pr,df2 ) to (Be (@7 FRe ),€°°). This gives a 2e-embedding for (Bep,db‘_) given any

€-embedding of (pr(Q PR ),E“’), cf- (2.1.10). Thus, if € > Op41:
wdimoe(BY ,dg,) < min(e ™7, |Q;  Fi).
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For i fixed, € = CIQ,-I‘I/‘I, and k is such that € > O4;. In particular, when i — oo, € — 0 and k — oo.
After division by |Q;| and taking the limit, we see that

|Q,~_1Fk|).

P 3 . —
wieasy (B, ') < Hmsup min ((2)"10?/~", =

When p < q this tends to 0. But, if p = g, things behave differently: the right-hand term is bounded

2\P
by ().
In particular, when p = g, we have
2 2\P
min ((ﬂ:—"ﬂ)p 1) < weasy,, (B ,d) < (5)". O

Theorem 2.2.4: Let p,q € [1,[, Let B and B¢’ be unit balls of ¢7(I';R®) and ¢9(T'; R®) respec-
tively, both endowed with the action of I" and of metrics of the type (2.1.7). When q > p, there is no
Lipschitz homeomorphism f : B{p — qu . Moreover, ag > p excludes that f be Holder continuous
of exponent ..

Proof. If f: X — X' is Holder continuous of exponent o € (0, 1) or Lipschitz (this corresponds to
o = 1), 3¢’ € R such that the modulus of continuity @ is bounded by y(€) = ¢’€*. Thus, propo-
sition 2.2.2 gives that Ineas‘,,ofoq < measzfp, in other words, that weass Jea, /aB{q < lHeancvrpr.
Taking p = r, and thanks to lemma 2.2.3, we must have that ag < r = p to avoid a contradic-
tion. O

It is worth noticing that this is expected. Indeed, let ¢ : £/ — ¢9 be defined for x € £7(I",R’) by
() (1) = (x(1))”%, where for y = (y1,...,s) € R®, /4 = (21yi[P/9)i_y,.. .. Then, ¢(BY) = B’
and ¢ is a I'-equivariant homeomorphism which is H6lder continuous of exponent o = p/q (known
as the Mazur map). Also, recall (c¢f. [3, thm 2.3]) that any uniformly continuous map (for the norm
topology) from pr — ¢4 is uniformly approximated by Holder continuous maps.

The result on Lipschitz homoemorphisms can be obtained by another method (without requir-
ing I'-equivariance). If such an homeomorphism ¢ : B{p — B{q exists, consider the sequence {¢x}
where ¢ (x) = k¢(1x). It does not converge to a map £7 — ¢4, but there exists a subsequence con-
verging on an ultraproduct of ¢P spaces. However an ultraproduct of ¢7 spaces is isometric to an
¢P space. Hence we have a map ¢, : 7 — £9 which is Lipschitz, a contradiction. However, in the
Holderian case, this limit does not converge to a Holder continuous map, which prevents the use
of a similar argument.

2.3 /P Von Neumann dimension

We shall introduce another variant of mean dimension which coincides with the definition of Von
Neumann dimension thanks to an argument of 19, §1.12].
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Definition 2.3.1: Let I" be a countable group and let {Q;} be an increasing sequence of finite
subsets of I'. Let (X,,8) a space endowed with a topology T and a pseudo-metric 8. For such
a space, wdimg(X,T,8) denotes the smallest integer k such that there exists a polyhedron K of
dimension k and a map, continuous for T, f : X — K whose fibers are of diameter (measured with
d) less than €. The ¢7(I")-measure is

- wdime(X, T, 80 (0,
weaser (X : {Q;}) = ;Lrgllmsup e( e (0))

0, +oo].

where 84p(q)(x,X) = ( L S(W,W)p)l/p when p < o and 8p=(q) (x, %) = 18'23 8(x, v').
YEQ

This definition will only be used in a particular context. Namely, we shall be interested in the
case of X a subset of £°(T';V), the spaces of bounded sequences (indexed by I') with values in
a normed vector space V. Of particular interest are linear subspaces of ¢P(I";V) or co(I';V). We
recall the latter is the space of all x € £°(I';V) tending to O at infinity, i.e. ||x||pm . 5) — O for all
exhaustive increasing sequence of (finite) subsets {F;}.

The topology on £P(T"; V) or co(I';V) will be the product topology (induced by inclusion in
VT endowed with the product topology). We will denote it by T* (it is equivalent to the weak-*
topology when it has a meaning). As for the pseudo-metric, it will be given by evaluation at the
neutral element e of I': ev(x,x') = ||x(e) —xX'(€)||y-

Definition 2.3.2: LetV be a finite-dimensional normed vector space. Let Y C £*(I"; V) be a subset
invariant by the natural action of I, an amenable group. Let ; be a Fglner sequence for I'. Then,
the £ Von Neumann dimension of Y is defined by

dimgr (Y, {Q;}) = r?l;l:o weasgr (BYP, 1%, ev, {Q:})

where BY? =y n Y TV),

Note that this definition is valid even if Y is not a linear subspace. However, for such spaces
it is not necessary to look at the sup on r: using dilation and a change of variable € — re€, only the
result for the ball of radius 1 needs to be established. Let us begin by some simple examples.

Example 2.3.3: Letus show thatif1 < g < p <es,and¥ =B "™ then dim g (¥, {Q;}) = 0 (inde-
pendently of the choice of sequence {Q;}). Indeed, BP = qu(r;R) if r> 1, and wdime (BY , evgr(q,))
wdimg(qu(""),EP ) where n; = |Q;|. However using remark 1.4.3, wdim¢(B# (") ¢P) is bounded

above and below by two functions that do not depend on »n;. Thus,

lim sup wdimg(Beq(""),Ep) _

0.
oo |€2|

A similar argument holds when r < 1. Note that, dimg (¥,{Q;}) = dim(Y,{Q;}) = 1 when
Y = qu(r;v) and p < g.
Finally, let g € [1,00]. If Y’ = ¢4(T;V), then (B, evyp(q)) is “isometric” to (BfP(F;V), eVer(Q))-

. . . cq: v /
To be more precise, there is a continuous map whose fibers have “diameter” 0 from (BY, ever()) to
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BYTV) &0y, and vice-versa. Thus, (BY, evgr o)) will have the same wdime as (B¢ T evap(a)),
1 (Q) P (Q) 1 (Q)
Ve.

When Y is a I'-invariant linear subspace of ¢°(I'; V),

P1 (Independence) dimr(Y,{€;}) is actually independent of the choice of Fglner sequence
{€;} (cf. corollary 2.5.1);

P2 (Normalisation) dim g ¢P(I';R) = 1 (¢f. example 2.3.3);
P3 IfY C ¢2(I;V), dim Y coincides with the Von Neumann dimension (cf. corollary 2.3.7);

Given P3 and upon reading [4, §1], many other properties for dim , can be obtained. One is led
to check if they holf for dim». These properties are:

P4 (Invariance) If f : Y} — Y2 is an injective I'-equivariant linear map of finite type, then
dimgrY; < dimgrY; (cf. proposition 2.5.3 and example 2.5.4);

P5 (Non-triviality) Y C €7 is trivial if and only if dimgY = O (c¢f. proposition 2.5.5 for the ¢!
case, but is false for £7);

P6 (Additivity) dimgrY; Y, = dimgrY; + dimgrY; (¢f. remark 2.5.6);

P7 (Completion) IfY is the completion of Y for the 7 norm, then dim Y = dim Y (cf. propo-
sition 2.5.7);

P8 (Continuity) If {¥;} is a decreasing sequence of closed linear subspaces then dim g»(NY;) =
lim dim 4, ¥; (for p = 1 this does not hold, cf. 2.5.8);

P9 (Reciprocity) If I} C I'; and if ¥, C £P(I'2;V) is the subspace induced by Y; C ¢P(I"};V)
then dimgp (Y2,12) = dimgp (¥7,1)) (¢f remark 2.5.9);

P10 (Reduction) If I'} C I'; is of finite index, and if ¥ C £P(I'2;V) is seen by restriction as
a subspace of £7(I';; V2Tl then [ : I'y]dimge (Y, T2) = dimge (Y,T}) (¢f. proposition
2.5.10).

Except for p = 2 where all these properties are true, properties P5, P6, P8 and P9 are not es-
tablished (with the exception of P5 for the £! case). In order to show P6 and P9 some sort of
super-additivity of wdim is needed for balls. Moreover, PS5 is false Y for linear subspaces of £~ but
might hold Y C cy.

Though these properties are stated for I'-invariant linear subspaces, some remain true for more
general subsets Y: P1 and P10 hold for any I'-invariant subset, P4 does not require that ¥, be a
linear subspace if f : Y7 — Y3 is Lipschitz, and lastly P7 is also true when Y is not I'-invariant. A
weaker property also holds for Hausdorff limits of closed sets.

34



In [19, §1.12] a link between Von Neumann dimension (in the usual dim , context) and wdim
of certain balls is shown. Let us first recall a definition.

Let Y C £2(I;R*) C (R*)T be a I'-invariant linear subspace, VQ C I' we define the operator
Ro:Y — (RS % by restriction to Q: y +— yq. Its adjoint Ry, : (IR*‘)?2 — Y is the orthogonal
projection to Y. To see this, write Ro(y) = yllg where 1g is the characteristic function of £, then

(Rq(x),y) == (x,Rqy) = /ny]lg = /r(llgx)y.

However this last expression is simply the scalar product of x, extended as a function on all of I
by 0, with y. Thus, R (x) is the projection on Y of the extension of x to I" by 0. In what follows
we will omit this inclusion (extension by 0) from Ve‘} to V;}' when Q C Q’. Dependence on Q of
R, will not be written. A crucial remark is that the invariance of ¥ by I" implies that, for Q,Q' C T

finite subsets,
TrRqoR* _ ||
TrRoR*  |Q/|

A possible definition of Von Neumann dimension (see [33] or [40]) is
dimp (Y : T) := |Q| ' TrRoR*

for a Q C I'. This quantity is actually independent of the chosen set. The aim of this section is to
retrieve this quantity as the wdim of a certain object.
Theorem 2.3.4: (cf. [19, 1.12A]) Let Q; C I be a Fglner sequence, let n;[a,b] be the number

of eigenvalues of the operator Ro,R* (defined relative to Y) contained in the interval [a,b]. If

0<a<b<l,then

lim Mil%:5] _ o

e Q]

Proof. (The proof is with minor differences in notation that of [19].) Since Rg and R* are both
projections (in £2), the eigenvalues of RoR* will be contained in [0, 1]. The proof proceeds in three
steps.

First, let x € £2(Q;R*), it will be called an €-quasimode of eigenvalue A for RoR* if
235) IRaR"x —Axllp < x] 2.
If x is such an element, and if its restriction outside €2 is small, more precisely
(2.3.6) |R*xr<qll, = IR*x — RaR*x[| 2 < 8]|x]| 2,

then A(1 —A) < 2e+ 8. Indeed, using (2.3.5) in (2.3.6) yields that |[R*x — Ax|| 2 < (3 +¢) ||x|| 2-
Since R* is a projection, R*R* = R* and ||R*|| = 1, whence

(1 =N [R* x|z = |IR*x — R*Ax|| 2 = |[R*(R*x = Ax) | 2 < | R*x = Mx|| 2 < (8 +8) [|x]l 2,
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since the eigenvalues of RoR* are all contained in [0, 1], |1 —A| = 1 — A. Moreover the restriction
to Q can only reduce the norm, ||[RoR*x||2 < ||R*x|| 2. Using (2.3.5) anew gives,

(1= ez < (1-2) [RaR* ]2 + (1= Mellxllz < (3+ (2~ N)e) llxll 2

Second, denote by Q7P C Q the p-interior of Q, i.e. the set of points with distance at least p from
a point point outside of €2, where the distance on I" is the word distance for any fixed generating
set. The next argument will consist in showing that most of x € £2(Q~P;V) have a small projection
to I' \\ Q. Precisely, let

Sp = Rr-qR* = (1—Rq)R* : 2(Q7P;R*) — 2(T'\ Q),

then TrS3Sp < sBo(p)|27P| where Bo(p) tends to O when p — oo. The dependence on p does not
only come from the domain of definition: the operator S;S; is

S;Sp - RQ——p(l —R*)(l - RQ)R* = (RQ—p —RQ—pR*)(R* —RQR*)
= (RQ—pR* - RQ—pR*R* -_ RQ—pRQR* +RQ—pR*RQ_R*) = RQ—pR*(l —RQR*).

Any Dirac mass xy with support at a point 7 satisfies ”R*X/Y“ 2 < 1 (R* is a projection). Thus,
if Bp(Y) is the ball of radius p, ||(1 — Rp,y))R*xyll2 < Bo(p), with F}_ug Bo(p) = 0. Consequently
||pry|| 2 < Po(p) since '\ Q is contained in the complement of the union of the By(y) for y €
Q~P. Since ||S|| < 1, ||S5Spxyllz < Bo(p)- The Dirac masses being an orthonormal basis for
£2(Q7P;R®), we get that TrS3Sp < sBo(p)|227°|.

Last, we shall evaluate n;[a, b] for a,b €]0,1[ and b — a = € €]0, 1[. Let X; be the space gen-
erated by eigenvectors of Ro,R* whose eigenvalue is in [a,b]. Then, VA € [a,b],Vx € X, x is an
g-quasimode of eigenvalue A for Ro,R*. The evaluation of dim X; will be done by looking at spaces
whose dimension is close. If X = X; N ¢2(Q; P, V) is the subspace of elements which vanish on
the thickened boundary, dimX; — dimXip <s|QiNQ; p[. The amenability used on Q; shows that
this difference is negligible, llgg (dimX; — dimX/)/|Q;| = 0; it will suffice to evaluate dimX? .

Unfortunately, neither Xip nor X; is a priori invariant by S;Sp. Let’s nevertheless look at the
intersection of Xip with the space generated by eigenvectors of S;Sp of eigenvalue < B2; we will

Sp|| < B since

denote this new intersection by Xip’l3 . On this space,
px”ez = ( pX, px> = (x7Sppr> = ﬁ ”x”Zz

Yet again, this space is of dimension close to that of Xip: if V>P” is the space of eigenvectors of
SpSp whose eignevalue is greater than B2, then

dimX? — dimXfP < dimV>P* < B=2TrS3s, < 51977 |Bo(p) /B>

In other words,

: dimX? — dimxPP
VB > 0,Va. > 0, 3p such that limsup T o llm i <aq,
1—o0 l
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Thus, it remains to evaluate dimXip’ﬁ. To do so, we use the conclusion of the first part for A = a
and € = b — a: this yields a(1 —a) < 2(b —a) + P given that dimXip’B > 0. Consequently, the
inequality b —a < (a — a®> — B)/2 implies that dimXip"3 = 0. Which means that when p > po(B, o)
is sufficiently big, lh,.’l, sup dimX? /|Q;| < a. It follows that

p
hm nsup %&1& < limsup dimX; — dimX? i 4 limsup _’_’_zdlmX
[—oo IQ | j—o0
dimX? — dimx?P dimX?

< 0+ limsup i i hrnsup 0
i 1] + IO T

since o — O when p — oo, This proves the theorem for intervals [a, b] satisfying b—a < a(1 —a)/2,

as the size of P in not constained. The conclusion is obtained by noticing that any interval strictly
contained in [0, 1] can be covered by intervals of this type. a

This property enables us interpret Yon Neumann dimension as a wdim for a set with a chosen
pseudo-metric.

Corollary 2.3.7: (cf. [19, cor 1.12.2]) Let Y C ¢3(T';V) be an invariant subspace, let B} =
2(17
Y ﬂB{ (T3V) the intersection of the unit ball with Y. Then, for a given Fglner sequence Q; C T,

1
veelo,1[, lim I?z—lwdu'ne(RgiBf ,0%) = dim pY

Proof. (We give the argument of [19] in detail.) To get this result R_QBY must be seen as an
ellipsoid whose semi-axes are related to the eigenvalues of RoR*. Remark that BY R"‘B“f (),

Then, an ellipsoid can be defined as the image of a ball by an self-adjoint operator, say A; the
semi-axis of this ellipsoid are in correspondance with the eigenvaluer of A. It might be worth
recalling how this relates to the usual definition of an ellipsoid E (as the set {y| (y,Py) < 1} for a
positive definite operator P). The semi-axes of E are of the form A;(P)~1/2 for A;(P) an eigenvalue
of P. Indeed let BY be a ball in a vector space V, and let A : V — V be self-adjoint. Restricting
to V/ = ImA = KerA' C V, it must be shown that for x € V’ such that (x,x) < 1, there exists
P : V' — V'’ positive definite such that (Ax, PAx) < 1. Taking P = A~ yields the conclusion: A2
is a positive definite operator on V’/ whose eigenvalues are A;(A) 2. Thus ABY is an ellipsoid with
semi-axis A;(P)~1/2 = X;(A).

In our present context, RoR* is self-adjoint, thus RQR*Be ({3v)

= RqBY is an ellipsoid whose
semi-axis are the eigenvalues of RoR*. This ellipsoid contains isometrically the ball obtained
by ignoring the semi-axis of length < € and replacing the remaining ones by semi-axis of length
€. Thus wdime(Rq,BY,#?) > n;[e,1]. On the other hand, wdime(Rq,BY,£2) < n;[e/2,1], as the
continuous map obtained by projecting on the sub-ellipsoid formed by the semi-axis of length
> £/2 indicates. When i — oo, the eigenvalues of Rq R* tend to O or 1. In particular, when i — oo
the inequality

1 1 1
g, 1] < dime(Rq B, 0?) < ——nile/2,1
inl [ ] |QIW lme( Q; ) |Q,|nl[€/ ) ]
shows that ' Frwdime (Rq,B],¢%) = dim Y, since nifa,1] — TrRo,R". O
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2(1.

This corollary can be expressed in terms of 7 dimension. Indeed, let BY =Y ﬂBf V) be
endowed with the pseudo-metric of evaluation at ¢ € I": ev(x,y) = ||x(e) — y(e)||y,- Translation of
this pseudo-metric by an element of v is the evaluation at Y. Thus, evp(q)(x,y) = [|x—Ylz@q) =
lRa(x—y)|l2- The map Rq : BY — RqB is continuous for the topology of BY as a subset of ¢?
(with T* or even with the norm topology). The fibers are of “diameter” O given that Q' C Q. Thus,

corollary 2.3.7 can be expressed as follows:
weasp (BY , 7%, e, {Q;}) = dim Y.

Indeed, R, BY injects isometrically in (B, evg,) and (BY, evg,) possesses a map to Rg,BY whose
fiber are of “diameter” 0. Thus wdime(BY, evg,) = wdime(Rq,BY , £2). This shows that definition
2.3.2 is equivalent when p = 2 to the Von Neumann dimension and this for any Fglner sequence
{€;} chosen.

It would be surprising that this is not the case in general. An alteration of the Ornstein-Weiss
lemma enables to show the independence of the limit on the sequence chosen. The next section is
dedicated to its proof and introduces some useful tools to deal with discrete amenable groups.

The choice of t* for a topology comes from the fact that t* is the roughest topoplogy which is
finer than all the topologies induced by the pseudo-metrics evgp(q).

2.4 Ornstein-Weiss’ Lemma

Let us start by some definitions (see also [38], [19] or [28]).
Definition 2.4.1: LetI be a group, let F C I" be such that er € F then the F-boundaries of Q C I”
are defined as

FQ ={¢QFNQ#TandFNQ°#2} =F1QNQ° (outer F-boundary)
FQ ={YeQYFNQ#2andYFNQ°#2} =F'Q°NQ (inner F-boundary)
FQ ={YeT|IYFNQ#DandYFNQ° # S} = QUIQ (F-boundary)

intr,pQ = {yeTIyF C Q} =Q\dQ  (F-interior)
ferrQ = {yeTYFNQ# o} =QUJHQ  (F-closure).
Moreover, let |- | denote a measure on I'. The relative amenability function will be defined as

o(QF) = %‘Fl, given that these numbers are finite.

Before we move on to technical results, observe that the Fglner conditions implies that (Q;; F) —

0 for any finite set F and any Fglner sequence {€;}. Another useful property is that if ¥/ C F,
then a(Q; F') < a(Q; F) since dprQ C dp2. We start by showing covering properties of big sets
by smaller sets.
Definition 2.4.2: Let & €]0,1[. Subsets F; of finite measure of I" will be said e-disjoint if there
exists F{ C F; which are disjoint and such that |F/| > (1 —¢)|F;| and UF] = UF;.

A subset of finite measure Q will be said to admit an €-quasi-tiling by the subsets F; if
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(@ FCQ,
(b) the F; are e-disjoint,
Here is a first lemma which studies the proportion of a set Q covered by an €-quasi-tiling of

translates of another set F.

Lemma 2.4.3: LetT be a discrete group endowed with the counting measure, denoted by |- |. Let
Q CT ander € F CT both finite sets and such that o(Q;F) < 1. Let {¥;}1<i<x be a maximal
sequence of elements of I such that the y;F form an €-quasi-tiling of Q. Let U}, = _LlJl'ij , then
J:
|UF|
—=>¢e(l1—-a(Q;F)).
12

Proof. (This proof corresponds to the first part of the proof of the Ornstein-Weiss lemma in [19,
§1.3.1].) We shall use this general fact:

[1610¥Ga1auw) = [ [ 16,0m6, (¥ ) )u(x)
= | J3a (e, (YY) du(m)du()

= [16,00 ([ 160 ) autr)

= [16,0)(Galduty)
=|G1]|Ga]-

Thus,
fintr@l 7! [ U NYFIdun) < fimtrQl ™ [ JUENYFId() < (1- 0@ 7)1 DR FL
F

Clearly, |[Us ! Ny;F| < €|F|, as the \;F are e-disjoint. On the other hand, maximality of k implies
that Vy € intpQ, |UX NYF| > €|F|. We then observe that

lintrQ|~! /m UENYF|duty) 2 elF |
intg

Consequently, £(1 — o(Q; F)) < |UE|/|Q]. a

Note that the quasi-tiling can be empty if a(Q;F). More precisely, the proof actually works
fora™(Q;F) = %9 instead of c. It has the advantage that intrQ 5% & implies that ™ (Q;F) < 1
and the quasi-tiling is non-empty. In any case, in the upcoming applications, F will always be
contained in Q. The three following lemmas are technical ingredients which will be used in the
proof of the generalisation of the Ornstein-Weiss lemma.

Lemma 24.4: Let Q' C Q CT and F C T be finite. Suppose that there exists € such that |[Q ~

Q'| > €|Q|, then
QL F Q. F
@ ctir) < ) HU@E)
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Proof. Since |[dp(Q N\ Q)| < |opQ| + |r Q| = (Q; F)|Q| + o(Q; F)|Q’|, and that |Q \ Q| >
€|Q| > €|Q’|, a substitution yields

|oF (2 N Q)| < a(Q;F)|Q| a(Q’;F)IQ.’|.

Q~Q:;F) =
HNQF) == o ST e Y|

Lemma 2.4.5: Let F CT be finite, and let {D; }1<i<n be an e-disjoint family of subsets. Then

max(o(D;; F))

D;; F) <
HUDsF) < 1—¢

Proof. Since dr (UD;) C UdrD;, we obtain that
|0F (UD)| < Y |0rDi| < Y a(Di; F) |Dy| < max(a(D;; F)) Y |Dil

However (1 —¢€) Y. |D;| < |UD;| as they are e-disjoint. Thus

or (UDy) < max(a(D;; F))

D, F) =
HUDsF) = =5p T S — 1 ¢

O

The last lemma is an adaptation of a useful property of Z to general amenable group: for the

typical Fglner sequence for Z I; = [—i,i], any sufficiently big interval in this family is covered
(except for small bits) by translates of the I;.
Lemma 2.4.6: Let {F;} be a Fglner sequence, let 8 €]0,1/2[. Then there exists a subsequence
(which depends on d) {Fy, }, an integer N(3), and a sequence of integers {k;}1<i<n such that for all
set Q which contains Fy, and satisfies a(Q2, F,) < 28" there exists a family G of 8-disjoint sets
such that | FLngF | > (1—9)|Q2| and G consists in k; translates of the sets Fy,

Proof. (We write the argument of [19, §1.3.1] in details, this result can also be found in [38]; [28]
covers this topic.) In order to better show how the constants enter the proof, we denote £; = &,
g, = 28* and p = . First, V&, €]0, 1], it is possible to refine the sequence {F;} to have

G(E+l,ﬁ) <g;.

Now, let Q1) = Q so that a(Q(l),Fn) < &, where n will be determined later on. We will cover
Q) to a proportion of 1 — & by almost disjoint translates of the F;, where 1 < i < n, in n steps (or
less). For any p €]0, %[, lemma 2.4.3 gives a p-quasi-tiling of Q(!) by k, translates of F,, such that
Ug | 2 p(1~£2)|21)]. Let @) = @V \ U, then [Q®)] < (1 —p +e2p)|QY)].

If |Q?)| < §|Q(1)]| the goal is achieved and there is no need to continue. Otherwise, lemma
2.4.4 then lemma 2.4.5 shows that

1 . 1 €] €1
(@), F1) < 5(e1+ (Ui Faet)) < 5(E1 + ) <35

It is now possible to recover Q(?) by a p-quasi-tiling of k,_; translates of F,_; in such a way that
|U;::l‘| >p(l— 3%)]9(2)]. We now have a set Q) such that

€ 3e
2P| < (1-p~3p5)IQP < (1 —p+e2p)(1—p+p=5) QY]

40



We will now take €, = 2¢;. Proceeding by induction, as long as |Q(~1)| > g|Q(1)], the set Q) (for
1 <i < n) will have the following properties:

1 o(QD,Fpip1) < (140)g /8!

2. Uf{l‘_‘:: is a p-quasi-tiling of Q() by translates of F,_;;

3. Q) = QO \UF—1 then [QU+D)] < |QW)| [T (1-p(1 - (1+ j)e1/51))
j=1

Since it is not possible to hope that this process terminates before i = n, it remains to be checked
that if » is big enough, we still get a quasi-tiling that covers (1 — 8)|Q(!)| elements. To achieve
this, observe that the product in the third property above can be bounded if i = n by

T —p(— (14 )er/5) < (1= p(1— (1+r)er /5" ))"
j=1
For €; = 8", the right-hand term tends to O when 7 tends to oo. Thus, 3N (8, p) such that if £} = &
translates of F; (where 1 < j < N) form a p-quasi-tiling of any set Q(1) such that a(Q(1); Fy) < 8%V.
We substitute as promised p = & to have: for any fixed J, taking a subsequence whose members
satisfy o(Fy,,,,Fy;) < 8% where N is such that (1 —8(1 — (1+N)3*1))¥ < §, then successive
applications of lemma 2.4.3 give the required translates of F,. O

We are now ready to prove the main result of this section. It might be better to start by reading
the proof with I’ = Z in mind (Q, = [—n,n]| N Z).
Theorem 2.4.7: LetI be a discrete amenable group, and let a : R>o x I' — R>q be a function
such that, VQ,Q' C T are finite and Ve € R+

(a) aisT-invariant, i.e. vyerT, a(g,yQ) = a(g,Q)

(b) a is decreasing in €, i.e. ve' <€, a(e,Q) > a(e, Q)

(c) aisK-sublinearin,i.e. 3K € Rso, a(g,Q) <K|Q|

(d) aisc-subadditive in Q,i.e. 3c€]0,1], a(e,QUQ’) < a(ce, Q)+ a(ce, Q')

then, for any Fglner sequence {Q;},

_ lim liminf 2(& %)

lim lim sup G T
i

a(S, Qi)
£—0 |—oo Q
In particular, these limits are independent of the chosen sequence {Q;}.

Proof. Let us first introduce some notations for the functions given by pointwise convergence and
their limits. Let{Q;} and {Q;*} be subsequences of {€;} such that

+.£ _ —£ _
lim 2&2 ) _imsup 2&2) 4 1im 2 T) _ jiminf 4(&:€20)
] = a . —L !
oo i [€] =0 ime Q)
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Using (c), these limits are respectively real numbers [*(€) and [~ (€) belonging to the interval
[0, K]. Furthermore, let

1*:=limit(e) and 17 :=lmi(e).

Trivially, I*(€) > I~ (€), but nothing forces [*(0) = I (in general, equality is not expected). If we
try to use the usual argument directly, a problem arises due to the c-subadditivity. Indeed, Taking
a sequence which converges to " (€) and decomposing it using another sequence which converges
to [~ (€) by subadditivity will fail. A factor of ¢ will appear in front of the € (see(d)), and this
would force to pass from the sequence Q; € to Q; °® at each step. Diagonal arguments settle this

problem. Let .
nie) = 2271,
(ol

This is a sequence of bounded decreasing functions defined for € € [0, 1] with value in [0, K]. Using
(one of) Helly’s theorem (c¢f. [27, §36.5 thm 5, p.372]), there exists a subsequence n; which pos-
sesses a limit at each point. We briefly recall how this subsequence is obtained. First, a sequence
{ri}x>1 of dense rational number in [0, 1] is taken. Since the b;(€) are bounded,( %et nl(j ) be the
i

subsequence which converges at r; for 1 < k < j. The diagonal sequence n; = n;”’ converges at
each ry, and since the functions b;(€) are decreasing, the function /7 (g) = llgg bp,(g) which is a
priori only defined for the r; is also decreasing. It remains to be checked that /7 (g) extended at
all the points of [0, 1] by approximating by a sequence of increasing ry is the actual limit of the
subsequence n; (see the above reference for details). Let us show that &1:@0 15 () = I~. This follows

from
V8 > 0,3N1(8) such that M (8) <i = |by,(5) —IF (1) < 8;
V3 > 0,3N,(d) such that N,(8) < i = ]bm(n%) “l_(;,l",.)l < &
V8 > 0,3N3(8) such that N3(8) < i = |I7(5)— 17| < 8.
18 (g) is decreasing in € = lim jH (g) = lim jH (1)

£—0 {—o0
These four assertions are respectively consequences of the definition if ¥, the choice of Q;"l/ i,
the definition of /~, and the fact that a limit that exists (thanks to monotonicity) is achieved by any

sequence. We shall now show that
V8> 0,1t (e) < im H(e)) + § =17 +8.

The argument is in essence the same as for subadditive sequences of real numbers: lemma 2.4.6
plays the role of the decomposition n = kn’ + r and c-subadditivity (d) forces € — O.
Let 8 €]0, %[ Denote by F; = Q;,.’l/ ™ It is possible to refine this sequence so that

a(e, F;)/|F| < 1 (e) + 8.

Applying lemma 2.4.6 gives an £-quasi-tiling (which does not cover a set of proportion 3) of any
sufficiently big set by translates of the F;. Since {Q;“’E} is also a Fglner sequence, for i big enough,
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lemma 2.4.6 applies to each element. Take Q = Q;r’a, denote Yr;;mFj the k; translates of F; obtained
(m=1,...,k;), and let ip be such that |Q(©)| < §|Q(1)|. Thanks to c-subadditivity (d), we have that

kn
a(g,g(l)) < Za(c’"S,'an;an)+a(ck"8,§2(2))
m=1
<
n k,‘ .
< Z ( Z a(CK[+m£»'YF};mF;')) +a(cK‘0€,Q('°)),
i=n—ig m=1
where x; = )’i k,. Using I'-invariance (a), the fact that these functions are decreasing in € (b),

j=n—i

and the K-sublinear property (c), this inequality yields

n ki
a(e, @) < Y. (Y a(c¥oe, R)) +K|Q@)].

i=n—ig m=1

On one hand, |Q(0)| < §|Q())| and ﬁ%f—}z’l < I1H(c¥) + 8. Thence,

a(e,0M) a(c¥oe, F) Wil | 100
) < 41 mt1
o = LT m IQ“I Xl

lm

< (lH(cho)+8)Z ngﬁ +K$S

On the other hand, the {Yg.mF;} are 8-disjoint. Thus (1 —8) ¥ |Yr:mFi| < | UYrmF;| < |QM)]|. This
shows that

H( X
<(lH( K'°)+8)Z|YE1F|+K6<I (C 0)+8

o) TKeS—yi=§ K

For all Q}L’e big enough, where x;, depends on ot ; . Since I () is decreasing and él_lg 1H(e)=1",
taking the limit when j and x;; — o is not a problem:

IT(e) <I”+8(K+1"+1).

We have shown that [t = [~. To deduce the independance on the choice of sequence, notice that
given two Fglner sequences {Q;} and {Q/}, the sequence {Q;} whose elements alternate between
thos of the two former sequences will also possess a limit. The limit obtained with {Q;} must be
equal to the one taken via {Q;} or {Q!}. O

Before we close this technical parenthesis, remark that the K-sublinear hypothesis (c) is
equivalent to another statement. Indeed, using c-subadditivity (d), I'-invariance (a) and mono-
tonicity in € (b), for all Q, a(e, Q) < a(c!®e,e)|Q| where e € I is the neutral element. Thus (c)
<> éi_ffcl)a(e,e) < oo,

This understood, the previous theorem is a generalisation of the Ornstein-Weiss lemma. In-
deed, taking a(€,Q) to be constant functions (in €): then monotonicity (b) always hold, being
K-sublinear (c) is automatic, and c-subadditivity (d) is equivalent to usual subadditivity (¢ = 1).
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2.5 Properties of dim

‘We now show some properties of dim .

Corollary 2.5.1: dimr is independent of the choice of Fglner sequence.
Proof. It suffices to show that for any ¥ C £=(I'; V') aI'-invariant set, theorem 2.4.7 can be invoked,
where a(g,Q) = wdime(BY, evp(q)). Here is why:

(a) By I'-invariance of Y.

(b) As wdimg is decreasing in € (¢f: 1.2.1.b).
(c) Since (BY, ever(q)) can be sent isometrically to (pr(g), ever(q)) and wdim E(pr(m, ever(Q)) <
|Q|dim V.

(d) We start with p < oo, If wdim(BY, eVep(Qi)) = k;, where [ = 1 or 2, this means there exists

fi: (BY, ever(0,)) & K; with dimK; = k;. The map f; x f2 is a 21/Pe-embedding. Indeed for
x,x' € (fi x f2) " Hki, ka),

or(0,00,)(6,X) < (evap(ay) (x,X)P + evpp(y) (x,X')P) /P < 21/Pe.
Thence, we conclude that a(g, Q) is 2~ !/P-subadditive. The case p = oo is dealt with in a
similar fashion (¢ = 1). O

Even if proposition 2.5.1 is a very important property, weaker version can be sufficient for
some of our needs. The following simple lemma is sufficient to show that dimgs is preserved
under certain maps.

Lemma 2.5.2: LetY be as above, and let {Q;} and {Q}} be such that

lim |Q,-UQQ\QI,-OQQ| —o,
Lt IQ;UQII

then wieasg (BY , ev, {Q;}) = weasg (BY, ev, {Q[})

Proof. 1t suffices to note that, when Q C Q’,

wdime(BY, evpr(q)) |Q|  wdime(BY, evpr(q) _ wdime (B, ever(q)) |Q| +dimv|g'\g|
12 Q| — || - 1< Q'] oy

!
Furthermore, IJ%% =1- J—%-lg—[ Thus, computing weas with respect to the sequences {Q; N Q}},

{Q;} or {Q]} will yield the same result as a computation made using {Q; UQ/}. a
Proposition 2.5.3: LetY C ¢<°(I';V) and Y’ C ¢*(I';V') be I'-invariant linear subspaces. Let
f:Y — Y’ be continuous (for the weak-* topology or the product topology), I'-equivariant and such

that there exists areal cy € R0 and a finite subset Dy C T satisfying ev(x,y) < crevp,(f(x), f(¥))
then

dim g (Y, {€;}) < dim g (Y, {Q;})
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Proof. The case p = oo is simpler, we shall only describe the case p < o=. Let Bfl =Y’ ﬂpr(r’Vl) .

On one hand, since f is continuous (for the product topology or the weak-* topology), 3ry € R0
such that f (B’l' ) C Bf; Indeed, since the image is weakly-* compact (in particular, weakly-*
bounded) it is bounded (cf. [43, th 3.18]). On the other hand, the assumption satisfied by f on
distances propagates by equivariance to different evaluations:

evy(x,y) = ev(¥x,Yy) < crevp (f(¥x), f(1y)) = crevp,(Yf(x),Yf(¥)) = ¢ evyp,(f(x), F ().

This implies that evgr(qy(x,y) < cf|Df|everap,)(f(x), f(¥)) (and that f is injective). Lastly, since
the image of the ball (of radius 1) is contained in a ball (of radius ry)

wdime(BY , ever(q,)) < Wdime/c}(Bff, @ (q.p) < wdime)er, (BT, evarainy),

where ¢ = cf|Dy|. The first inequality comes from 1.2.1.d: a map on Bff' which is €/C-injective,
gives rise when composed with f to a e-injective map defined on BY. Dividing by |D;Q;| =
E%?ﬁ' |Q;| and passing to the limit yields that

. D¢Q; ’
ureasyp (Bll,, ev, {Q,})}g& 'l—l‘gf‘wll < weasgp (BY ) €V, {Qin})'
i
Since {Q;} is a Fglner sequence, the limit on the left-hand side is 1. Furthermore, the hypothesis
of lemma 2.5.2 are satisfied; the right-hand term is just dim g (Y', {€;}). a

This proof for linear subspaces (where the balls are all similar up to dilatation) can be adapted
outside this case if, for example, the map f is Lipschitz. Since the assumptions of the previous
proposition are quite abstract, it is good to check that they hold in certain categories of maps. The
main constraint is the existence of cy and Dy.

We recall the construction of maps of finite type. Let D C I" be a finite set and let g : wP - w!
be a continuous function. This data enables the definition of a I'-equivariant continuous function
gp from Z C ¢P(T; W) to £P(T"; W') as follows

gp(z)(Y) = g(z(¥8))sep-

Let f be a map to which proposition 2.5.3 applies. Let g: Y’ =Imf — Y the inverse of f on its
image, then the condition

ev(x,y) < Cfeva(f(x),f(y))

can be read as a condition on the modulus of continuity of g. More precisely, f~! : (Y’, &er(D f)) —
(Y, ev) must be continuous with a linear modulus of continuity (i.e. that f~! be Lipschitz). If
the function f~! is continuous for the product topology, weakening the topology on its image is
evidently not restrictive. Things are not so direct on the domain. However, let U C (Y, ev) be an
open set; if ¥ is seen as a subset of VI, U is an open set on the factor Yle, and all of Y on the other
factors. It is then possible possible that on a finite number of factors of ¥/ C V'T (the required set
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Dy) f(U) will not be all the image of f. For example, for f = fp of finite type, the condition is that
f:(Y,ev) — (¥, evp-1) be open of Lipschitz inverse. If f is a linear map, injectivity of f implies
that it is open on its image (Banach-Schauder theorem or open mapping theorem). Thus, here is a
case where proposition 2.5.3 can be used.

Example 2.5.4: Let F C I be finite, Let V and V' be isomorphic vector spaces, ket Hom(V,V’)[I]
the algebra of I for the ring Hom(V, V') (where a fixed isomorphism is chosen to allow composition
of maps). Let f € Hom(V,V’)[I'] be with support on F, it can be associated to a map ¢7(I';V) —
¢P(T; V') by

x> f(x) such that f(x)(v) = ) ay (x(Y7)),

Y€EF
where ay € Hom(V,V’). This is a linear map of finite type. Suppose that it is injective and pos-

sesses an inverse f 1 = g:

x — g(x) such that g(x)(y) = VZGbY (x(Y)),

where by € Hom(V’,V). G C I" might not be finite. Proposition 2.5.3 can also be used with Dy =
F~1. As for ¢y, it is the Lipschitz constant of g : (Y, evg-1) — (¥, ev). Thus cs < || Byer-1ng byll-
Consequently, when f : Y — Y’ is a ['-equivariant linear injective map of finite type,

dim ¢» (Y, {Q;}) < dim ¢ (Y, {€4})

We now discuss property P35, that is if Y is non-trivial then dim Y is positive. This question
is difficult as an intuitive proof only works for p = 1. Before we move to this proof, let us argue
that three assumptions seem necessary for it to hold: Y must be a linear subspace, ¥ must be I'-
invariant, and Y must be contained in #7(I"; V) for finite p or in co(I; V) if p = oo. Here are some
cases of non-trivial Y for which one of the assumptions does not hold and where dim g is O.

First, suppose Y is not a linear subspace. Then example 2.3.3 shows the case of £ balls where
q < p. Alternatively, if Y is the subset of £~(I";V) given by function with support of cardinality
less than & (for a fixed k € Z~.).

Second, if Y is a linear subspace of £°(I'; V) but is not I'-invariant, it could be of finite dimen-
sion, and consequently dim gr will be trivial.

Last, when p is finite, the existence of a y € Y whose P norm is finite is only garanteed if
Y C ¢P. Without this assumption, it could happen that ¥ nBY V) — = {0},Vr. On the other hand,
if p = oo, take Y C £°(I'; V) the (I'-invariant) line generated by a constant function y (i.e. such that
v e V,YyeTI,y(y) =v). Y is 1-dimensional, and consequently dimgY = 0. But Y is not trivial.
However, the question for a I'-invariant linear subspace Y C co(I'; V) remains interesting.

Fortunately, in the ¢! case things can be proved without difficulties. As noted before this
method does not extend to p > 1.

Proposition 2.5.5: LetY C £!(I';V) be a I'-invariant linear subspace, then dim , (Y, {€;}) = 0 if
and only if Y is trivial.
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Proof. IfY istrivial then dim 1Y is obviously 0. Otherwise, let 0 # y € Y and renormalize it so that
I/l 1y = 1. For all € €]0,1/2[, 3F C T finite (which depends on y and €) such that ||y|| sy > 1—¢€
(and consequently ||yl Fy < €). Then let y be identical to y on F and 0 elsewhere.

for i sufficiently big, Q; contains a non-empty p-quasi-tiling by F, since F C Q; and a.(Q;; F)
tends to 0. Applying lemma 2.4.3 to find translates of F which are p-disjoint, where p = 1/2|F|,
we obtain a quasi-tiling whose elements are actually disjoint since p < |F|~!, and the number of
such translates is at least (1 — o(Q;; F))|Q;:|/2|F].

Let y; for j € J; C Z~¢ be the elements by which the sets F are translated for a p-quasi-tiling of
Q; (since the Q; form an increasing sequence and that lemma 2.4.3 applies to all maximal p-quasi-
tiling, it can be assumed that the J; are increasing). Let V; = (yjy| JE J,-) be the linear subspace
generated by the corresponding translates of y. Trivially B‘{i C BY, and we will construct a map
from a ball to BY“. Let

T: Zl(Ji;R) — Vl ?f: EI(J,';R) — V'
(aj)jen — X ajypy and (aj)jer; + E ajY;y
A JEJdi
‘With these notations,
T : =
I(a) Hel keJ,“ j€J; ﬂjﬂ‘!l(ﬁﬁ“) keJ,l] kYkﬂtél(ka)
= X lael ¥l ry = I¥llerry X laxl-
keJ; keJ;
On the other hand,
(@) ~w(@)lawy = LamG=2,q, = L|LamG-y)
< Z ): 1y 1Y) =yl =¥ X laj|[y(v) — ¥l
yelje YerjeJ;
=5 |a,l(z HEW -yI) =lags £ lail
Jjedi J€J;

The last two computations mean that ”ﬁ(a)”e‘(r) = [|¥llar(ry laller g,y and | (a) —7(a)|l gy <
¥l o py llall o (s;)- Thus

(||}’||e1(p) - H}’”el(r\F)) ||a||e1(1i) < Hn(a)llp(rm < (”)’Hel(F) + ”)’”el(r\F)) ”a“el(J,-)

This means that (B}, ev: (q;)) contains, with a controlled distortion, a ¢ I ball (with its £! metric) of
radius 1 and of dimension E[IFT(l —a(Qi; F))|Q;|, whence

wdime (BY, evp10)) 1 1 1 1
; 1) — lim limsu V7D Q)] o lim limsup - (] — CF)) = ——
dim 1 (¥, {Q;}) = Jim limsup o 2 Jim limsup o (1 - (@i F)) = 5
As required dim » (Y, {€;}) > 0. a

In a few special cases, this result can be extended to p > 1. The first is when Y possesses an
element with finite support. The second when Y contains an element in £!.
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We now mention a typical problem when one deals with ¢P spaces, for p # 2, that is the
existence of linear subspaces which are not the image of projection (c¢f. [36] and [46]). A char-
acterisation of subspaces of ¢P possessing a projection of norm 1 can be found in [32, 1.§2]. We
shall discuss the case where Y C ¢P(I;R) is a I'-invariant linear subspace on which there exists a
projection, Py. Furthermore, suppose that this projection is I'-equivariant. Then let y = Py 3, where
. is the Dirac mass at e € I', and let ¢ < p be such that y € £4(T";R). For a x € ¢P(I';R), write
x = Y kyOy. By linearity of Py,

Pyx="Py ) lBy=) ky

yel' yer

Thus (Pyx)(e) = Ygljoyy("{)- Taking ky = |y(Y)|? "'y(Y), it appears that (Pyx)(e) = ¥ [y(y)|#*". This

forces %+ 1 < g, in other words g < p’ (where p/ is the conjugate exponent to p). When p > 2, the
existence of such a projection means that there exists in ¥ an element of /4 (T';R), which is quite
restrictive.

Remark 2.5.6: IfY;,Y, C £=(I';V) be two linear subspaces, it is possible to construct the subspace
given by their direct sum Y; &Y, C ¢P(I';V & V). The inequality

dim g (Y1 Y2, {Q:i}) < dimge (Y1, {Q:}) +dimgr (Y2, {Q:})

is easily obtained. On the other hand, the reverse inequality is not so clear. It would require to
know if wdim is super-additive for balls in normed vector spaces. In particlular, to know what
wdim¢BE = k for a linear subspace E C £P(T'; V) could be useful (where E is the image by restric-
tion of Y to function with support on ). Trivially, dim E > k. If the sequence

_ inf .. ptP (k) Ep . .
Tkp = b, cop i Ey—k sup{r € R>o|3i: B, "’ — B;* increase the distances}

is bounded from below, then the reverse inequality can be obtained. A more general question
would be to know if BE x BE' contains a “thick” subset when BE and BE’ contain such subsets.

Proposition 2.5.7: LetY C ¢*(T;V) be an open linear subspace and letY be its completion in £P,
then dimgr (Y, {Q;}) = dim (Y, {Q:}).

Proof. The argument is identical to that of example 2.3.3: when restricted to a finite QQ C I, these
two spaces cannot be distinguished (being of finite dimension they are close). In other words, there
exists a continuous map, given by the restriction Rg, and whose fibers have “diameter” equal to O:

Ra: (BY, evpr(q)) — (RaBY, &ver(a))-

Thus, Ve € [0,1], wdime(BY, ever()) < wdime(RoBY , evgp(q)). On the other hand, let s : RoB} —
B{’ such that Rq o s = Id be determined by an inverse of RqY — Y, then s is a continuous map
which increases distances. Consequently, wdime(RBY, evep(q)) < wdime(BY, evgr(q)). Finally,
by inclusion ¥ C Y, we have wdime(BY, evgr(q)) < wdime(BY , evpr(q))- O
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Even if we cannot show continuity, the following example is worthy of interest. The sequence
of vector subspaces discussed there will not satisfy the continuity property.

Example 2.5.8: Let us consider the space of absolutely convergent sequences, £!(Z;R). Define
Vk € Zs0, T : £1(Z;R) — £2(Z/kZ;R) in the following way: for n € Z/kZ

m(x)(m) =), x(D).

i=nmod k

Continuous linear maps between Banach spaces have a closed kernel (for 7, the norm topology
in ¢1), thus Y = kri‘ilKerTck is a decreasing sequence of closed sets (for t). To compute dim g,
choose the Fglner sequence Q; = [—i,i{]NZ. For a N € N, let yy € ¥; be such that yy(0) = 1/2,
yn(N) = —1/2 and which is zero elsewhere. Let N; = ppcm(1,2,..., j). For all j, yy, € ij. These
elements give a map (Bél'l/(ZZ;R), v (q)) to (B{" , &vp1(q)) Which possesses fibers of “diameter” 0.
They are defined as follows, y € Bfl/(zz;R) is restricted to 2 then extended by O outside Q. Then, let
k € Z o be such that kN is bigger than the diameter of Q C Z, then y(m) = ¥, 2yin; (m —n)y(n)
is an element of Bf" . Thence dim 1Y; > 1, and as the other inequality is automatic, dim 1 ¥; = 1.

We claim that Y., = NY; = {0}. If this were false, then a non-trivial element y € Y., would have
the property that

VieZNneZ,—y(i)= Y y(i+kn).
07#£keZ

To get a contradiction, take the limit when n — oo and show that it is equal to 0. First we normalize
y so that it is of norm 1 and suppose that |y(i)| > & for some i. As an absolutely convergent
sequence, y should be concentrated on some set: there exists ng such that ||y|| (Qng) = 1-38/2.
However when n > 2ng+1

ly@l=| Y. »(i+kn)

05#keZ

<35/2,

which is a contradiction with the fact that |y(i)| > 8. Thus dim Y =0# 1 = ,}Ell dim p ¥y.

Such an eventuality is fortunately confined to £!; more generally the above construction can be
described as follows. Let IV C I" be a subgroup of finite index and G =T"/I"” a set of representatives.
Letw:Y — W be a I'-invariant linear map from ¥ C ¢P(T;V) to a finite dimensional vector space
W. Then the existence of such a map implies the existence of dimW elements of 7' (I"; V*) which
are invariant by IV. This is impossible if p’ # oo, as such elements would not be decreasing at
infinity. For such spaces to exists, p’ must be eco.

When I';} C I'; are subgroups, it is possible to obtain from a set ¥; C £7(I'1;V) an induced
set ¥, C ¢P(T»;V). First let G =1TI',/T"] be a set of representatives then to y € £7(I,;V) one can
associate y, = (g - }')lr‘, which is an element of ¢7(I";; V). With these notations,

Y, ={y € P(I'y;V)|Vg € G,y € I1}.
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Remark 2.5.9: To show reciprocity (P9), the same problem as for additivity arises. Even if |G| <
oo, Indeed, let {QI(I)} be a Fglner sequence for I'j and {QEZ)} = {le)G}. Then (sz, v, @) is

. . Ye . Ye . . -
isometric to (B;' ,ev_)). Passing from B! to B')C can be done as in 2.5.6. Howeyver, it is
1 ol g 1 1

unclear that there exists ¢ : R>o — R> such that é{ff(l) ¢(e) =0 and & : R>9 — Rx¢ (which could
depend on |G]) such that

wdime (B}, ev o) =k = wdim ) (B1)C, ev_ay) > |Glk —8(e)

o
If [[2: 1] = |G| < o, asetY C €P(I2;V) is also a set of £P(I'1;VE). Indeed, to y € £7(I'5; V)
one can associate i(y) where i(y)(Y) = (¥(Yg))gec € VC. This operation behaves nicely with dim .
Proposition 2.5.10: Let I') C I'; be amenable groups and G = I'; /T"} where |G| < o, if Y C
¢P(T2;V) is seen by restriction as a linear subspace of €7 (I'1;VO) then |G|dim ¢ (¥, T2) = dim g» (Y, T'y).

Proof. Let {le)} be a Fglner sequence for I'; and let {ng) }= {Ql( 1)G} be the corresponding
Fglner sequence in I';. It is then sufficient to see that (sz, ev Q(z)) is by construction isometric to

(B)l,l, evggl)). O

Finally, for Hausdorff limits, it is possible to invert the order of some limits.

Lemma 2.5.11: Let1 < p < . Let {Y,},>1 be a decreasing sequence of closed convex sets of

£°(T;V), let Yo = NYy. If the distance from Y, to Y. tends to0, i.e. A, = SUP inf ||y /||, 1y —
yeB" yeBl=
0, then

dim gp (Yer, {©;}) = 1Ty lim im sup wdim (B}", {€:}) /|-
Proof. The inequality, dim ¢p (Yo, {€2;}) < dim gr (¥, {Q2:}) follows from a simple inclusion. Next
using the definition of A,, by uniform convexity of 7 and closure and convexity of the ¥,, there
exists a map T, : ¥, — Yo such that each y, € ¥, can be written as y, = ®,(y,) + y, where y, €
Y, \ Y. (see [3, §2.2]).

If wdime (Yo, evgr(q)) = k, then there exists a polyhedron K of dimension k and a map f :
(Bf"’, ever(q)) & K. The map f o, will be our candidate to bound the wdim of the Y,. Indeed, let
x,y € (fom,) 1 (k), write x = 1, (x) + ¥ and y = ®,(¥) +)'. Then

ever () (%, Y) = X = yller() < 1Tn(x) = Tn (W) ller (@) + 1X ler () + 1Y ller (@) < €+ 240

Whence wdime (Yoo, €vgr(q)) > Wdime2a, (Yo, @vgp(q))- Letln(€) = lﬁgi:lpwdime(Yn, ever(q)) (and
I the corresponding limit for Y..). The inequality on the wdim translates as l(€) > I,(€+ 2A,).
Thus if we denote the limit of increasing sequences by —°, V& > 0,l.(€-0) = ,}l_{{}o In(€), and let
€ — 0, dimgY. > lim lim 7 (¢), O

£€—0n—oo
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2.6 Further variants

This section will describe some other variants of wdim that can be introduced and finish by com-
pleting the analogy between entropy and mean dimension that begun in the introduction. Consider
I" a topological group that can be continuous; let u be a left Haar measure and let p € [1, o[, define

e JREEILTC)
Q. plX,Y) = )
’ /Q du(Y)

and dg «(x,y) = da(x,y) = ||&y(x,y)||;= (- Inequality (2.1.1) still holds, with the supplementary
remark that if p < oo, the intersection of sets must be empty. Let Q;,Q, C Q be such that Q; NQy =
Fand Qi UQ, =Q,

(2.6.1) wdime (X, dq p) < wdime (X, dq, p) +wdime (X, dg, p)-

Indeed, if f;: (X ,dg,, p) &, K; are the functions achieving the wdim of the right-hand side, then
f = f1 X f» is amap from X to K; x K,. Furthermore, denote F := f~1(ky, k) =f1'1(k1)ﬂf2‘1(k2)
and suppose that x,y € F give the diameter of F, then, for p # oo,

1/
dop(x:3) =(’Mdm,p(x y>P+-i—ldgz,p(x,y)P) ’

1(S2) Y (L)
p(Q1) | 1) ,,

= (ﬂ(ﬂl) T a@) )

<e,

since x,y € fi‘"l (k;) bounds their distance by the diameter of these fibers, €. The inequality is direct
when p = oo and does not require the fact that Q; NQ, =&

This understood, it is now possible to extend the definition of mean dimension, without requir-
ing that X be compact.
Definition 2.6.2: Let Q; C I" be a sequence of compact subsets such that y(;) — o and let
pE(l,e),

N dime (X, do.
1

To avoid questions of convergence, the limits are replaced by limsup; the independence on

€ [0,00].

the choice of sequence Q; is false in general. Under the stronger hypothesis of section 2.1 and for
p = oo, this definition is identical to the previous one.

Proposition 2.6.3: Let (X,d) be a metric space, let I" be an amenable group acting on X, and let
p,q € [1,%).

(@ p<qg=wdim(X:{Q;}) <uwdimze(X : {Q;}).
(b) IfDiamX < oo thenVp < oo, mdimzs (X : {€;}) < wdimy (X : {Q}).
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In other words, Vp < eo,uidim;1 X = wdimzrX < wdimy=X when DiamX < oo.

Proof. First, the function x — x%* is convex if & > 1. When g < oo, Jensen’s inequality for the
function ¢(x) = x4/P shows that

< ([ acnat / [ ) " dagen.

Again, for g = o, this inequality is direct. Consequently, wdime (X, dq p) < wdime(X,dq ). Pass-
ing to the limit yields the inequality of (a).
Secind, remark that the existence of the function

®p: [0,DiamX] — [0,DiamX]
t — DiamXVP'tl/p

which, in addition to being increasing and continuous, is greater than the identity and its p®™ power
is concave (actually, linear). By another application of Jensen’s inequality,

< (fen@tsrae / [am)"”

<@, ([ amnu) / [ @n) = opdos)).

As a consequence wdim () (X, dq,p) < wdime(X,dq,1) (thanks to lemma 1.4.4), and passing to
the limit widimzr (X : {Q;}) < wdim;1 (X : {Q:}). a

Thus, the presence of L? norm in the definition of mean dimension will not help to distinguish
significantly more spaces when X is compact. Remark that the proof of proposition 2.1.5 remains
valid in this context: when X is compact, widim;, is a topological invariant. The proof remains
the same for p = o, and when p =1 it suffices to introduce a concave function y which is at each
point bigger than wyq so that the inequality on dy yields an inequality on dg.

When X is not compact, it seems that the assumption on the diameter of X can be avoided
by taking an equivalent metric, e.g. d'(x,x’) = arctgd(x,x’) or d'(x,y) = d(x,y)/(1 +d(x,y)).
However topological invariance does not hold for non-compact X, thus the quantity obtained from
this metric might not be of interest.

If the normalization by u(Q)~V/7 = |Q|~1/P = ([, du('y))_l/p is not made, some worrying
phenomenon can happen: an isometric action of the group could give a positive result, the be-
haviour for p large would not be close to that of p = o, and (2.6.1) would not be homogenous
in €, more precisely the left-hand side would contain factors of 2!/P¢ instead of €, which turns
subadditivity into 2~!/P-subadditivity.
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The absence of such a normalization would have the advantage to make the difference between
balls of LP(I",R*) for various values of s, a problem which has been discussed in section 2.3 where
these objects dgp(q) = y(Q)l/ Pdq p, are studied for pseudo-metrics (and discrete groups).

When attempting to prove some invariance for Weasyr an interesting obstruction arises (which
motivates some of the previous choices). Indeed, when (X, d) is compact and d’ is a metric equiva-
lent to d, the modulus of continuity of the identity map gives an inequality dy(x,y) < @ya(dy(x,y))-
To go on a function ¥ such that wyg < v, 21_{% y(e) = 0 and Y(x) = y(x!/P)? is convex has to be
introduced. These conditions are satisfied by taking, for example, the convex function bounding
g (xP)1/P, denote it . The

dpigy(x,y) < ( /Q W(dv(x,y))”)l/pdv
1/p
— 1@ (@) | Wartr)?)an)

< u@)7y (u(@)” [ rer)
= p(Q)VPy(dpq)(x,y)u(Q)"1/P).

If by chance v is linear (for example when @ygq is linear) the terms in p(Q) will cancel out, and
it is then possible to conclude, by taking the limit, that for a pair of Lipschitz equivalent metric
weasgp (X,d) = weasg (X,d’) (cf. proposition 2.5.3). However, in general this only yields that

WA 11/ (ep)-1/7) X v dpp(qy) < wdime(X, dpp(q))s

where the presence of () in front of € is more conveniently dealt with as a profile {.

Definition 2.6.2 for p = oo will be of use later on when we will try to speak of mean dimension

for a space of maps with action by the group of automorphisms of the domain. In order to show
positivity of this mean dimension, we shall show that the dynamic contains a set of the form V%
with the action of the shift. In general, discrete groups are easier to deal with. The next lemma is
well-known but references for it are hard to find.
Lemma 2.6.4: LetT be an amenable Lie group endowed with the (left) Haar measure y and (X, d)
a metric space whose metric is not invariant under action of I'. Let A be a lattice inIT", G=T/A
a set of representants and u(G) < oo. Let {L;} be a Fglner sequence for A and let {Q;} = {L;G} .
Suppose further that there exists a constant ¢ such that

1
"EdL,-(xl,x2) <dgq,(x1,x2) < cdr,(x1,x2).

Then
wdim(X,A) = p(G)udim(X,T).

Proof. This is a straightforward computation. From proposition 1.2.1.d and the inequality on
distances above we get that

wdim (X, dr,;) < wdime(X,dg,) < wdimg/ (X, dr,)-
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Dividing by u(€2;), we get
|Li| wdimce(X,dy,) _ wdime(X,dq,) _ _|Li| wdimg /. (X, dr,)
H(<2) | L] - p(L2;  p() ||

There only remains to evaluate 11m #l o . To do so, use

p(€:) = p(LiG) = |Li|u(G).

Thus lim —%’—7 u(G)~!. Taking the limit as i — oo then as € — 0 yields the resulit. O

i—oo (2

Much like proposition 1.2.1.d can be extended in lemma 1.4.4, the above lemma can be ex-
tended to the case where the distances are bounded above and below by functions rather than
constants 1 and c.

We end this section by developping the idea of the introduction (that is mean dimension as an
extension of entropy). First, there exists another definition of entropy which starts by considering
separated sets. Instead of counting the smallest number of balls necessary to cover a space, it is
also possible to look at M(g,n,B) the greatest number of points in B C AZ such that any pair of
points is at distance (for d,,) greater than €.

One could by analogy, define the quantity FildimeX = sup{dimK|K C X,FilRadK > €}.
Lemma 1.2.3 states that

Fildimg/,X < wdimeX.

However, it does not seem true that Fildim ¢, ()X > wdim g, )X +)_((e), where ¢; and X depend only
on € and }:1_{% ¢i(€) = 0, the necessary inequality to get an equivalence between these two notions.
It would be tempting to replace altogether wdim by Fildim in the definition of mean dimension,
but the subadditivity of Fildimg is not obvious. However,

Fildim (X; x X3) > FildimX; + Fildim X,

can easily be shown using the fact that the FilRad of a product is the minimum of the FilRad on
each factor, c¢f. [17].

Entropy can also be described as critical exponent, and we will now explain how to view
mean dimension in a similar way (though the pratictal interest of such a definition is limited). Let
Ra(€,B) be the set of coverings of B by balls of radius € for a metric d,, where m > n. In these
notations, an element B; € R € R,(€, B) is then associated to a n; for which there exists a ball of
radius € in the metric dp,;. Consider now the quantities

n,g,s,B) = Sup e s,
o1 ( ) Re Ry (g,B) B,zéR
Q>(g,s,B) = lim Q1(n,g,s,B).

T n—oo

Then there is a critical exponent, denote it s.(€,B), such that

02(g,5,B) =00 sis<sg,
0>(g,5,B)=0 sis>s..
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Entropy can also be defined as A(B) = 2:1_{% sc(&,B). An analogous formulation of mean dimension
exists. Let F,(g,B) be the set of e-embeddings, f : (B,d,) &> K where K is a polyhedron. Take
a polyhedral metric on K. Given such a function, to each k € K one can associate n; such that
Diam (f~1(k),d,,) < € and Diam (f~!(k),dn,+1) > €. Let X be the set of finite coverings of K by
open balls, let ¢ be a map which associates to an open sets of K a positive real number, define

) inf
Q' (n,e,s,B, — sup inf S) kes
1 2 f:(B,dn)&KReﬂcngq)( )

0, (g,s,B,9) = '}_l_f& Q' (n,e,s,B,9).

If ¢(S) = Diam S, then, having in mind the definition of Hausdorff dimension, there exists a critical
exponent, a s.(€, B) such that

Q5 (g,5,B) =00 ifs <s,

0, (g,5,B) =0 ifs>s..

Mean dimension can also be written as wdimB = 21_13(1) sc(&,B). A myriad of variants can then be
obtained by changing the type of metric space K, the function ¢ or the sets S (¢f [13] or [41]).
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Chapter 3
Summing J-holomorphic curves

The result described in this chapter was a necessary first step in the proof of a Runge theorem that
could not be completed (cf. appendix B). It will also be of use later in chapter 5. In short it allows
us to show that given two J-holomorphic curves u° and ! that intersect transversally at a point mg
there exists a family of curves whose image are close to the union of the images of 1 and u!, and
whose strangling close to myg are different.

It is a refinement of the theorem described by McDuff-Salamon in [35] on the possibility of
gluing two curves, i.e. to find a family of curves whose images are close to the union of the images
of two curves meeting at mg. This chapter describes how to modify this gluing so as to obtain
that (in local charts near mg and 0 € CP!) in a ring of radius r (around 0 € CP!) a local expansion
would be of the form: a%z+ a' é + O(r'*®), where a® and a! are the tangents to the curves at my,
and € €]0,1/3[. This information will be used later in 5 to insure that the intersection of a ball of
radius O(r!*¢) with the image of the map gives only discs when non-empty. The method is very
close to that of [35, §10], which itself parallels [9, §7.2].

Throughout this chapter © will denote a Riemann surface (our interest is restricted to CP?)
and (M,J) will be an almost complex manifold of real dimension at least 4. The almost complex
structure J will be assumed generic in the sense of definition A.3.4 and of class at least C3. In
particular, proposition A.3.1 insures that J-holomorphic maps will be at least C3.

Before moving to the general setting, here is an example of the summing phenomenon for
rational curves in CP".

Example 3.0.1: For h € {0,}, let u" : CP! — CP" be rational curves of degree kj, that intersect
at a point:

I

kp . .
ullzo:z1) = [Zaﬁjzbz’fh—'}
=0 0<j<n

with the condition that [a. Jo<j<n = lak.. ;Jo<j<n, as, without loss of generality, we assume the
point of intersection to be at %[0 : 1] = u*[1 : 0]. The desired curve v should be close to the two
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preceding curves (except perhaps at the contact point) and be of degree kg + k... Write

btk e
/ —1
vizo:zi) = | Y, d zb2; .

=0 0<jsn

Asking that v resembles «° near [1 : 0] and &* near [0 : 1] translates into

ko +keo . ko .
[ Y aﬁ;j8k°+k°°"] =v[1:8) ~ul1:8]= [):a?;jﬁko"]
i=0 0<j<n i=0 0<j<n
ko+keo . koo . ’
[ Y ag.js‘] =v[e: 1] =ue: 1] = [E a?je’}
i=0 7 lo<j<n i=0 7 Jogjzn

Multiplying the right-hand side of the first line by 8=, a natural choice of a;. ;j comes to mind:

PR / __ oo
sii < ke alorsa;;=a;; ,

< . / 0
sii>ke alorsa;;=a; .
However, this identification causes a problem when i = k.. This can be straightened out:

w0[0:1] =u=[1:0] = [a] Jo<j<n = [aL,jlo<j<n
= 310, Aw € C* such that Vj, Aol ; = Away ;-

Aeay; st i < Koo
Thus the following correction solves our problem: a;. i=98 Aeap. i= 7»oa8.j sii=keo .
0 o .
hoai_y_.; sii> ke

Simply said, v is obtained by multiplying u® by }\ozok"’ and u”™ by koozlf", then by adding their
monomials except for the zﬁ“‘z’f" monomial which remains that of either curve (after multiplication),
as they are equal. For this construction to depend on a parameter that would describe how close
the image of the curve is to u?(CP!) Uu=(CP!), one needs to reparametrize one of the curves.

Indeed, if we restrict to the case n =2, let u[zg : z1] = [0z : @9z0 : z1] and u! [z0: z1] = [alz0 :
alzo : z1]. In local charts ([a: b] — a/band [a: b : c] — (a/c,b/c)), these are just affine maps
@"z which intersect at 0. In order to fit in the discussion above, it suffices to reparametrize u': let
r € Rso and u™[z0 : z1) = u![r?z1,20). then u®[0: 1] =[0:0: 1] and «=[1 : 0] = [0: 0 : 1], whence
Ao = Ae=1and v[zg: z1] = [a023 +a}r?2? : a9z3 + alr?z? : z0z1]. Going back to local charts, we see
that v(z) = @z + a@'r?/z, which is the behaviour we are trying to obtain. This chapter establishes
this kind of result for almost-complex manifolds (M,J).

3.1 Definitions and description of the summing map

As we are concerned with local expansions, let us look at the local behaviour of a J-holomorphic
map. Let a € R?" and z € C, the product az means za = (x+ iy)a = xa+yJoa, where Jo := (§ 7').
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Note that the local charts will be chosen so that at 0 € R?” the almost-complex structure induced
by J (which will still be denoted by J) will be the usual complex structure, i.e. J(0) = Jo. Another
convention is that the evaluation of J at a point m will be written J,,; note that the confusion that
could arise between the usual structure and the evaluation of J at zero in a map is not to be worried
about as, by choice of local charts, they will be equal.

Lemma 3.1.1: Let J be an almost complex structure on R*" such that J(0) = Jp := (§ ).
Let u : C — R2" be a J-holomorphic curve such that u(0) = 0. Then 3a € R?" such that u(z) =
az+ O(|z|%), for |z| small enough.

Proof. The notation (3Jg F)(z) = df(z) +Jg() 0 df (z) o j will be used to insist on the point at which
J is looked at. The first step is to remark that

(3.1.2) org = Oprg+ (Jg — J§ )3 (3y — g,

for any two complex structures J' and J”, and where 9y = d_;. On the other hand, write u(z) =
Y 12Z ar;+O(|z*), where k,1 € {0,1,2}2 \. O, ax; € R?" and (s+it)a = as + (Joa)t. It appears,
by choosing J' = J” = Jg in (3.1.2) or by looking directly at (A.1.9), that dyu = 0 if and only if

(3.1.3) Zak,llz"fl_l +0(|z[*) + (Ju — Jo)Jo (Zak,zkzk_lfl —ag 1?77+ 0(|Z|2)) =0.
] ]

Furthermore, the coefficients (¢, c,) of the matrix of J can be expanded:

(Ji)CbCz = (JO)ChCz +Zbc1,q}(i’ k+ 0(|f(3),
k

where k € {0,1,2}?" ~ {0}?". consequently, there is only one term of order 0 in (3.1.3): ag ;. If u
is J-holomorphic, it’s local expansion must be of the form u(z) = a; oz + O(|z]?). O

There are situations where the construction of a J-holomorphic map whose expansion is of
12

Z
following cases, one will be enough:

the form a%z + a'Z is easier. Though usually two J-holomorphic curves will be needed, in the

e if a! =0 obviously,

7

e if a® = 0 it suffices to reparametrize by z +— - the domain of a curve whose tangent is al

e if 3z € C such that a® = zpa! the reparametrization z — z + E;ZQ of a map whose local

expansion u(z) = a®z+ 0(|z|*) will do.

Consequently, a° and a! will be assumed linearly independent (over C; whence the condition
dimgpM > 4).
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Theorem 3.1.4: Let (M,J) be an almost-complex manifold of (real) dimension at least 4. Let
u" : £ — M, where h € {0,1}, be two J-holomorphic curves such that u?(0) = my, |e||,- < C,
J is regular in the sense of definition A.3.4 and D are sugjective. If in a local chart uh(z) =
a"z+ O(|z|%), and that the a" are linearly independent over C, then Jrg such that Vr < ro, 3u a
J-holomorphic curve such that in a local chart,

u(z) = a%+a' —’; +0(r'*®)

for all z € A ups 23 = {2|r*/? < |z| < r*/3} and where € €]0,[; ro and co depend on C, ¢, a", the
second derivatives of u", J (up to its second derivatives) and on the norm of the inverse to D .

The assumptions are more restrictive than in the gluing procedure of [35, §10] where curves
whose differential at mg is O can be glued. The behaviour of the “summed” curve is however more
precise. Indeed in [35, §10] the curve obtained by gluing is a perturbation of a curve which is
constant in a ring; this leads to a curve whose behaviour in the given ring is u(z) = O(r). The price
to pay to obtain a more precise behaviour is that the approximate solution is no longer constant in a
ring. When the approximate solution is constant in a ring A, the almost-complex structure J is also
constant for z € A. Section 3.4 describes how to modify the structure J so as to make it constant
near the point of intersection, thus allowing to avoid the difficulty that arises.

The main ingredient in the proof remains the implicit function theorem of [35, §3.5]; recall
that

(3.1.5) Sp:=  sup m”—
o£fec=(z) I fllwip

is the constant of the Sobolev embedding W!? (X, R) — L=(X,R), which is finite for p > dimX =2
in our case (c¢f. [15, §6.7]).

Theorem 3.1.6: ([35, th 3.5.2]) Let £ be a complex manifold of dimension 1, let p > 2. Vcy,
38 > 0 such that for all volume forms dvols on X, all u € WP (X, M), all &g € WP (Z,u*TM), and
all Q, : LP(Z,A%! ®y u*TM) — WLP(Z,u*TM) satisfying

sp(dvoly) < co, el < co, [&ollwre < 3,
s (exp, BNl < &0 DuQu=1, [Qull < co,

there exists an unique § such that

Ir(exp,(§o+8)) =0, E+Eollwrr <8, lI§llwrs < 2c0|dr(exp,(80))|l .,

The proof of this theorem is a minor modification of the proof of proposition 4.1.3. Itis a
consequence of the implicit function theorem and so requires a bound on the second derivative of
Fu (cf §A.4).

We start by constructing a family of curves u” whose local expansion is as required, which
satisfy the conditions of the above theorem (£ will be = 0) and whose J; is of the order of O(r1*¢).
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Then, the  obtained (the pertubation of u” needed to obtain a true solution) will be bounded in L*
(since it is bounded in W!-P) by O(r!*¢).

Before we describe these maps u”, we have to define cutoff functions which will be very
useful. They will be denoted by B. The definition will not vary much, and, much like the following
lemmas, is well-established; see [9] or [35].

Definition 3.1.7: Let B5 . : R? — R be the function defined by:

1 if lz| <3
_ Ine—Inlz| .
Bse(z) = e —In if 8< |7 <&
0 if e< |

This cutoff function has many useful properties, as can be seen in the following two lemmas:

. 2_ _2¢n
Lemma 3.1.8: /Rz |VBse|” = Tn(e/S)"

Proof. It suffices to note that
1

|| [In(e/8)]

2 1 _ 2ndp
to get /Rz [VBoe|” = /As,e 1P n(e/3)2 _/s pin(e/3)” = Ta(e/®) -

In particular, this first lemma shows that this family contains a limit case of the Sobolev
embeddings. Indeed, for fixed € and if 8 — 0, the function obtained is in W12, but not in L. The

VBl =

second lemma is also true when p < 2 without even needing to assume that £(0) =

Lemma 3.1.9: Let B be as in definition 3.1.7, let§ € W''P(B.) where p > 2 be such that £(0) =0,
. 2n l/pSH
then 3sp such that: ||(VB) -&ll 1r4;,) < J_LTln(e/S)l'l 5 1Ellwiea,)-

Proof. Since & € WP with p > 2, € is Holder continuous of exponent 1 —2/p,i.e 3syt.q.Vz1,22 €
Be,|8(z1) — &(22)| < su [|Ellwras, |21 — Zzll'z/” (see [20, §4.5]). Taking z; = 0 allows us to bound
1(VB)- E"”Z’(Aa,e) as follows:

/ASEIVBlplé(z)lp 'EZE%V/ e 1Ell s,

< WgT /6 &1 105,
= mﬁi;:f”&”wlp(ge) O

To find a J-holomorphic curve with the desired local behaviour, an intuitive idea would be to
add up the local expansions of two curves, namely ©°(z) and u!(r?/z), when |z| is close to r and to
get back to either map outside and inside the ring. Addition does not exist in manifolds, thus it is
necessary to choose local charts in order to achieve this. In the resulting formula, maps should be
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seen as functions from (an open set of) C to (an open set of) R?". The family of maps «” will be

defined as follows:

(ul(2) if lz| <27
B(Z)O(z)+ul(Z) if r2T< o <r*®

(3.1.10) w(z) =3 u(z)+ul(2) if %< |7 <r®
WO@)+B@u(Z) if A< fo <7
[ 49(z) if < |z

where 0 < y< a < 1, and B = B,o ;7 (see definition 3.1.7).

3.2 Metrics and estimates

Before we can estimate the norms of du” and of dyu” (in L”), we need to specify the metric on the
domain . When |z| > r the curve defined by u” will be close to 4, and when |z| < r, u"(r?/z)
ressembles u! (z). These two subsets of the domain will play a similar role; it is natural to give them
equal weights (at the domain). Intuitively, this also avoids the norm of the differential becoming
large by giving to regions whose energy is of the same magnitude, equal weights in the domain.
This metric will be the usual (Fubini-Study) metric when |z| > r, and the one induced by z — 522—
when |z| < r (see Figure 3.1 below). More precisely, the metric will be g" := (87)72(ds?> + &?),

where

ron ) PP silzd <
e(z)—-{1+lz|2 si|z| >r

It might seem necessary to work with norms that take into account the two distinct regions,
but since the situation is symmetric, estimates valid on a region will hold on the other. A more
precise discussion can be found in [35, §10.3]. We will only note that the volume remains bounded
Vol(X) < 2. The next lemma, taken from [35, §10.3] says that Sobolev constant behaves similarly.

|2l <r |z >~

Figure 3.1: A picture of (CU {},g,)

Lemma 3.2.1: The constant sp, (cf. (3.1.5)) for the metric g" remains bounded independently of
r.

It is now possible to evaluate the LP norms of du” and dyu” in order to satisfy the assumptions
of theorem 3.1.6. Our starting point is to bound the norm of powers of z:
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Lemma 3.2.2: Letr>0,[,I'>1,0<86<e<1, and ||-|IL,,(A’€r5) denote the LP norm restricted
tothering A, 5 = {z|r* <|z] < r®}. Then

—re-®)2+ip))\ 1/P 5
Hz’||u,(A’£,r5) =( x(-r e ) (1+2/p) ~ Ky 5 5 r3072/P)
: _ (2= EINYP e o) gt re(—142/p)
l B U,(A,s,,ﬁ) B ( lp-2 > rl Kessy Jrl

where K. 5 ,; and K5 1 are the limits as r — O of the terms before the powers of r.

Proof. Itis a direct calculation, valid for I # —2/p:

— I+1
12 0 = . | privicpon

2+Ip
2+1p

_ (2m(1—rEBCHPYN 51540
= ( T roUip+2)

=27

A simple manipulation of this equality gives the second estimation. O
Lemma 3.2.3: Let r; be such that |In r"“YI_1 < 1, then
Vr <l < [l + [lad |, +ear?,
where ¢1 = (4K{, y , 7'~ +2K] ; ,,)C and C > max(||dd°|| .., || & || ).
Proof. Inthe region r < |z| < r® this is a simple assertion:

f /P,

”d‘r”l}’(A,,,a) < HduOHLP(A,',a)-i- Hd‘lllco < ”dJOHU’(A,’,a) +CK{ o

,0,p,2
Ar,ra

Whereas when rY < |z|, it is trivial since d«” = du®. On A, ,v, a choice of a local chart and a local

expansion for u! is needed: if  is small, then é is also small in the given region, r>~% > l rz_z‘ > 277,

Indeed,
18 irta = 18 p 0+ 0 (B(IZI)u( )|
' LP(Aa ,v)

and since ]ul(z)l < Clz], the second term can be written as

a2y < E%““llu+‘|d(”l(rz))H
<lez]l, tmre ™+ oo

2
Zlip-

As the terms appearing are of the form E’;, and using lemma 3.2.2,

ap ()]

The contribution of the region 7* < |z| < r¥ to ||du’||;, tends to zero 0 as r — O faster than r?/P.

< CKhy po (14 |Inr®Y| 7 (1-0@=2/p) 2/p,

The final result follows from the symmetry which yields the same conclusion on the region where
|z| < r. O
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Our goal being to give a local expansion at order 1, we have to show that the L norm of
dyu” (which bounds the W1» norm and consequently the L™ norm of the perturbation necessary to
obtain a true solution) is O(r!*%) when z is of norm close to r.

Lemma 3.2.4: Take 2 < p < 4. Let a e];%, —277%[ then there exists positive numbers € <
min(a(1+2/p) — 1,1 — (2 —2/p)), r; and c, (both depend on the second derivatives of u® and
u!, and on the product of the derivatives of J with C) such that, Vr < ry, ||0yu”||zr < corl e,

Proof. Since the situation is symmetric, we will only be concerned with the part where r < |z|.
We split this region again, as the definition «” varies.

The region where |z| > r¥ does not contribute in the equality above since u” = u° is J-holomorphic.
For the other domains, J,, will be seen as a matrix valued map using a local chart. Again, the
notation (31‘g F)(2) = df(z) +Jg(z) ©df(z) o j will be used to emphasize the point at which J is
evaluated. With this understood,

Hélur”u(A,a,ﬂ) = || — E—)J“OHIJ’(A,«::,J)

= “éJur (" —u®) + (9, — aju° )uouu’(A,n.ﬁ)
— |80 (B (2) + U —)ae |
< [|a () |

Lp(Ara,r'Y)
I e o [ (5)

LP (Ao v 'U (A7)

The bounds obtained in lemma 3.2.3 and the norms computed in lemma 3.2.2 yield the following
upper bound:

1974 llLo A 1) < CRegypa(1+ [l0r* V)20 C2P) |1 ]| 1 CP Koy p 72127

In order to factorize 71 €, for [ = 1 or 2 it must be checked that 2 —a(l —2/p) > 1 & a < Tﬁ%'
This condition is only restrictive for [ = 2.
To evaluate the other part, we proceed as in lemma 3.1.1. Upon noticing that (A.1.8) implies

|£—91u| < |%+J(u)% , and that the " can be written as

u'(z) = d"z+ Y 2Zal, +0(lz]°) where k,I € {0,1,2}%,k+1>2
k,l

when r < |z] < %, the following bound (it can also be seen using (3.1.2)) appears

| <

= o rt o 7t 2 6
a?’lz+2a8yzz— al,léf — 2a0’2;1- +0(|z|%) + 0(?;)

+(Jur = Jo)Jo(al o +aTo +O(J2]) + O3]
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Thus, the factors |z], ]’—;T and l_:% could endanger our goal, as an expansion of (J,- —Jo) shows. It

also means that our bounds depend on the second derivatives of the 1", or on a product of the first
derivatives of J and u”. The L? norm will be made of terms in

z A'=1+2/p

E

17,y ~5
?- U(Ar’ra) 1)0'1P1

with I’ > I > 1, as computed in lemma 3.2.2. This raises a new condition on o: &t(I+2/p) > 1 &
o > £, Consequently loru”||z» < Kr'*€ under the condition that o €)%, 723 which is only
possible if p < 4. O

Remark 3.2.5: For any p €]2,4], there is an optimal choice of a. Indeed, if o0 = %— then € <
%(% —1). Taking p close to 2, enables € to be close to 1/3. Theorem 3.1.4 is obtained with this
choice of a.. However, it is not possible to take p — 2 as some constants, e.g. s,, depend on p. The
choice of 7y is quite secondary, e.g. one could choose Y= -g—.

3.3 Construction of the inverse Q,-

In this section, we will make the somehow strong assumption that J is constant in a neighborhood
of mp € M; the reason why such a simplification is possible is explained in §3.4. The whole gluing
process is presented in order in §3.5.

Before we apply the implicit function theorem, it is required to have a bounded inverse to the
linearization of éj atu’, D,r. The existence of inverses for D, combined with the observation that
two maps which are close enough will have close linearization. This will enable the construction
of this inverse. First let us show that if &/ is close to u in the sense of WP, then the operators D,
and D, are close. In order to identify their images, parallel transport is necessary. However, it
does not affect significantly the following computation:

ID.E =Dkl < N(Ju—Jw)VEl + 3 || TuVedu(du — ad)||,

+3 | (uVedu = T Vedw)ad || ,

< W ller = llco IVEIl Lo + 3 | TuVedul | o llde — &[] 1o
+3 V. Ve || or e =24l co l| & | 5

<sp I llct e =1l €N wre + 5 Ve | co 1t — 1 llgrne
+isp Ve || o e — 2 o Nl || o

<sp |l |Ju— W |lwre 1Ellwre
+35p [ Vullco [Ellwre 1 — 2 llyro

A2 WVl [Elws e — o llgre 16 15
< c3(V,a,sp) |IEllwrp [l — 1 |[pp -

(3.3.1)

For the curves we are concerned with, proximity in ||-||y1,, will be insured as follows: d(u” —u°)
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is zero when |z| > 7, and it is of the order ofélf when r < |z| < rY, consequently ||u” — uOHW‘rP({Iz|>r})
is of the order of r2/P. Thus, D, will be close to one of the D, inside or outside |z| = r.

To be more precise, it is necessary to introduce intermediate curves, denoted by u%" and u!”.
The first will be defined as follows

[ 10(2) if lz| < r*Y
WO@) +B(Z(Z) if P2Y< o <@
w0 (2) = u0(2) +u'(2) if 2 %< |7 <r*
WO(z) +B(lhul(Z) if o< g <A
[ 4%(2) if < |

and the second in an analogous manner. Since ||u%" — 0 ||W,,p — 0 as r — 0, the operator D, o, will
be as close as required to Do and identical to D,r when |z| > r.

The two inverses Q0 and Q,1 will be used to construct an inverse to D, whose bound is
independent of r. First we introduce some notations, ¢f. §A.3. For u: X — M, let Wu1 P =
WLP(Z,u*TM), L = LP(Z,A%! T*X ®;u*TM). Given u®,u! : £ — M, such that u°(0) = u!(0),
denote by

Wb = { (€°,€") e WP x WPIE°(0) =E1(0) }
The assumption that p > 2 is of importance, since WP sections need not be continuous if p <2,
and their evaluation at a point would not make sense.

Thanks to the assumption made on J (cf. lemma A.3.6), the operator

. L,p p p
Dy, : Wuo,l — L X Lul

(€%8Y) (D& D,uE")

is surjective. Thus, Do ; possesses an inverse which depends continuously on the pair (0, u!) and
satisfies an uniform bound as («°,u!) varies in M *(C). This suffices for our use, but if one would
like to stay in a case where “surjectivity” of the gluing map (c¢f- [35, th 10.1.2.iii]) is possible, one
needs to show that amongst all the inverses of Dg i, the one which is orthogonal to the kernel also
has bounded norm. Recall that surjectivity is the property that any J-holomorphic curve which is
close to union of the curves «° and u! is in the image of the gluing map.

More precisely, if W01 C W:df is the (L?) orthogonal to the kernel of Dy 1, then the restriction
of this operator to W0, is bijective and bounded. Its inverse will be denoted Qg ... It varies
continuously with the pair (#°,u!) and the bound is uniform as M*(C) is compact. To make
this explicit, an identification must be made between W:O’f and Wvl(]jf for pairs («%,u!) and (4°,v!)
sufficiently close (we will not do it here).

Since the maps 4% and u!" are small W1-? deformations of u° and u!, the space W()l,’f’ may be
seen as a limit when r — O of spaces Wolf , corresponding to these slightly altered maps. The oper-
ator Do 1 - being a small perturbation of Dy ; it will possess a right inverse. To prove surjectivity of
the gluing map, it is the inverse Qg , whose image is LZ2-orthogonal to the kernel of Dy ; , which
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must be chosen. A verification must be made to show that the bound on the norm of this operator is
independent of r. This argument ([35, lem 10.6.1]) works without need of change in the situation
in which we are (the kernel of D,, is finite-dimensional).

Thanks to the operator D o,1,-, an approximate inverse 7, : Lf} — Wulr’p for D,r will be obtained.
Letn € LZ,. This 1-form will be cut along the circle |z| = r in two pieces (n%,n!):

n°(z) = n(z) if |z| >r (o) = n(r2z) if |2 < 1/r
0 iffz<r’ 0 if |o| > 1/r
Since the n" are only in L?, the discontinuity is not problematic. Now let (£0,&!) = Qo1 ,(n°,1!).

It is worth stressing that £0(0) = £!(0) =: &,y € TmyM. Let 3 €0, 1[. This choice is not of impor-
tance; it would suffice to take & = % Let

1 if r< |z
_ 1+8
B(z) =1—Bs,(2) = Injz] 1“(5’ ) if A< g <
’ —In(r°)
0 if |z < yl+d

The approximate inverse is: 7,1 = &', where

[ E%(2) if r173 < g
E2)+B(Z)EN(Z) —Emp) if  r< |o <r7®
(3.3.2) E(z) =1 &%) +&(%) —E&mo if r= g
ELE) +B()(E(2) —Em) if FE< o <r
[ EY(3) if 2| <r't®

It remains to show that this is an approximate inverse as claimed, i.e. |Dy&" —nll, < €|l
for some € € [0,1[. By construction the left-hand term is zero outside r'*3 < |z| < r'=3. The
assumption that the almost-complex structure is constant on that region will now be important. We
restrict our attention, thanks to symmetry, to the piece |z| < r. By definition D,E!(-/r?) = n(-).
Hence,

D& —n =D, (BE®—&m)) i
(3.3.3) = BD,0r (8 = &mp) + (87 — Emo) B
= (éo - &mo)a?’a

since D,0,-£° = 0 when |z| < r. It remains to bound this norm with repect to the metric (that depends
on r). There will be a factor of 8"(z)?~2 in the norm of the 1-forms, but 8” < 8! < 2).

IDwE" =l ps,y <227 1D =Nl p(g<r)

< 27 2/P{|(8° — & )B| Lo 1<)
O_E-t'"o”wlvp

1-1/p

(3.3.4) < onl/pg 2

ISIm" 0”
(In +In”|lp)
< 2nl/Psys,c LP

= H3pC4 l51nr|1_1/p

< 47t1/PsHsp04———%—181|[|:’1_:’1_1 rE
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Lemma 3.1.9 is used to go from the 2™ to the 3™ line. The 4™ line is obtained from the third using
that &, is bounded by the C° norm (and thus by the W!» norm) of £°, and on the other hand that
the WP norm of E,O is bounded by a constant (coming from the norm of Qg 1 ,) multiplied by the
LP norm of n°.

Lemma 3.3.5: Let u" be as defined in (3.1.10) then Ve € [O 1[, 3c4,3r3 (which depend on ca, sp,
and sg), such that Vr < r3, 3T, such that | Dy T,r — 1|| < 1 and ||T;/|| < cs.

Proof. The only part of the statement which was not proved in the above discussion is the one
concerning the norm of 7,-. It requires a bound on ||§" |1, as a function of ||n||;,. Only the cutoff
function requires care, the bound being otherwise found thanks to the bound on Qo1 ,. However,
|IVET|| remains controlled exactly as in (3.3.4) thanks to lemma 3.1.9. O

Thus the true inverse @, will have the same image as 7, and will be defined by:

(3.3.6) Qu =Tw(DuwTy) ' =T Y (1= Dy T )t
k=0

It satisfies the relation: D,Q,r = 1 and ||Q.r|| < 2¢4 , where ¢4 comme from lemma 3.3.5.

3.4 On the assumption that J is constant near my

. - - . . . . d
This section consists in noting that when J is close to J/, the operator D} is close to D) for

0.4 and u"). In order to speak of a difference between these two operators, we

certain u (e.g. u
will see their images not as the space of (0, 1)-forms taking value in TM (since the definition of a
(0, 1)-form depends on the almost-complex structure) but as the space of TM-valued 1-forms. As

a consequence their inverses will also be close.

|pig - Dl

IS (AN AN PR Y [OA AN AT AT

2 VeI L, M = Tillco + 3 lldullco N1Ell o 1MV I = TV,
P P

<3
< cs(@) [|&llwre (1M — Jillco + MV I = LV L)-

Thus, it is important to note that the dependance on the differential of u will not be a problem
for the maps we consider.

Lemma 3.4.1: 3r4(a,y) such thatVr < rg, |du"|| 0 < 2C.

Proof. This proof works in an analogous fashion as the bound of the L? norm of du". When
r < |z| < r* this is a simple thing to check:

la"llco < [|a]| o + ||d‘“1 lco <2C.

If ¥ < |z|, then du” = duO so the conclusion is direct. Finally on A,a ,v, the computation requires

a local chart and a local expansion for u!: if r is small, then ﬁ is also small on A« v: r27% >
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|£j-| > 2=, Thus, [|d’||co < ||de?| o + ||d(B(|z|)ul(§))HC0, and since |u! (w)| < C|w|+ O(jw|?),
the second term can be written as

2 () 2
om0 < |ami| , + |4 )]
< lcr?/2 +0(r*/2) || co linr® 17" + lde' || o
<c |2 (e 41)

2
2

co

The C° norm is bounded by the maximum of the bounds on each region: ||du"||0 < max(2C,C,C+
0(1)) < 2C for all r such that |>~2%| (|lnr*% 7' +1) < 1. O

This lemma, together with lemma 3.4.3, allows us to choose r arbitrarily small without chang-
ing the proximity of D,J‘, and Dfr It is important to show that this proximity is valid for the whole
family of curves considered. The property required of J' is to be constant in a neighborhood of my.
Consequently let us define for R €]0,1[ and for k € R > 0,

Jo if lw] < R(1—RX)
(3.4.2) J(w)=1q Jgqm)w if R(1I-R¥)< |w| <R
Jw if R< |w|
where
0 if x< R(1—-R%)
) lnx—InR(1—R") . "
B(x) = (1 — R if R1—-R%) <x< R
1 if R <x

Then ||J —J'|lco < 2||J —Jollco({jwi<r}) < O(R). Furthermore, since

IV(‘]ﬁ(Iwa)I < \(VJ)[S(IWDW (B(IWI) - W(_‘I}-—_Rﬁj> ‘
< [(VI)p(iyw| (1+ In(1 = R<)[7H),

it is possible to obtain a rough bound for ||[JVJ —J'VJ'||,,, if we suppose that ||du|| > 4 in B, (0),
so that the preimage by u of a small ball remains a small ball up to multiplication by a bounded
factor. Let R’ be such that Bg/(mo) N Imu”* C u”"(By(0)). In order to avoid cases where the map
sends many subsets of CP! to Br/(mg) (for instance, is non injective), it is possible to introduce
almost complex structures that depend on a point of the domain; we shall not go into such details.
Thus, the preimage of |w| < R(1 — R¥) by u is dilated by at most k = 1, whence

1TV TN Lot (i <r(1—RR))) < TV || (KR?(1 — R¥)?) 177,

and similarly for the ring R(1 — R*) < |w| < R, the bound is

1
!
[TVT =TI || 1 r1— o)<y <)y < TV (2+ n

W) (kR2+K(2 _ RK))l/p.
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If R#+¥(1-P) 0 (eg. ifx = 1 ; and R — 0), the operators associated to J and J' will be as close
as needed.

There remains to check that the assumption on the lower bound on the differential holds for
1% u! and . For u° and u! it follows from the fact that a® and a' are not trivial. As for «”, it
), then,

on Ay, di = dul — f;dul has norm bounded from below by u. The cutoff function B is not of

is a consequence of their linear independence over C: let u = ming( lao + za! | , |a°z+ al

importance since it is always multiplied by one of these linearly independent factors (in u”Vp or
in Bd"). Thus if the first order terms in local expansions are dominant, the same bounds hold on
Ao v, In short, we have proved the following lemma.
Lemma 3.4.3: 3rs(a® al,V?u"),d(a% al) such thatVz € {z]|z| < rs, Iduh(z)| > d, and Vr, 7 satis-
fying max(|2],| 5 |) < 75, |4 ()] > &,

This section is summarized in the next proposition.
Proposition 3.4.4: Let u°® and u! be as in the hypothesis of theorem 3.1.4. Let J' be the almost
complex structure on M which is constant on a neighborhood Br(mg) of mg defined in (3.4.2).
Yu such that z € By = |du(z)| > d, 3c7(||dul| =, |V || 1=, |IIVI || = ,d) Which makes the following
true: ||D] — DT || < c;RZH<(1-pP)/P

In particular, the curves 10, u!, and all the u” (as defined in (3.1.10)) forr < rs satisfy this con-
dition, for the same constant c; since their differential is uniformly bounded when r < min(rg,r7).

In order to justify the assumption that J was constant in a neighborhood of mg made in §3.3, it
suffices to construct this J'. In the end, the inverse of Dfr obtained will be an approximate inverse
to D’ur. The independence of J’ with respect to r is crucial for this new structure to be usable.

3.5 Realising the sum

This section presents the proof of theorem 3.1.4; it is a matter of setting up the situation so that
theorem 3.1.6 can be applied. First, by hypothesis we are given two curves «® and u! whose
tangents at O are linearly independent (over C) and the linearised operators D, are surjective of
bounded right inverses. Let p €]2,4][, let u” be the family of maps introduced in (3.1.10), with
paramaters o = % andy= % (as specified in remark 3.2.5). Thanks to lemma 3.2.3,if r < r; = e 6

0 1 2
ol < [[d][p + [[a [ 5 + 177
On the other hand, when r < rz(Vzuh, CVJ), lemma 3.2.4 states that
||E—91u’|| < czr”a.

Before we can invoke the implicit function theorem 3.1.6, we must show that there is a bounded
(independently of r) tight inverse to D,-. Two uniform bounds (for r sufficiently small) are obtained
by lemmas 3.4.1 and 3.4.3: the first gives an upper bound to || when r < rg, the second gives a
lower bound to the differentials when r < r; and r? /r7 < |z| < r7. Next, when R is small enough so
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that Bg(mo) N ou"(By(0)) = @, the operators Dy, D!, and D;, are arbitrarily close (by choosing R
arbitrarily small) from the one defined by the structure J’ of (3.4.2). The difference between these
operators is uniform for all choices of parameter r smaller than rg,r7 and p.

Thus, DJu o and D’u , have bounded right inverses and so do Di :, and D’u ’1 From these inverses
we construct in section 3.3 and under the assumption that r < rs(sp,sH,c4), an inverse to Dilr The
dependence of c4 on J’ will not be fatal since a choice of a smaller r does not increase the difference
between D}, and D]u’, The bounded inverse of the second gives a bounded inverse for the first.

Implicit function theorem can now be used by choosing &y = 0 and u = u”. The result is the
J-holomorphic curve exp,&, where

€l < cr'*e.

In particular, thanks to Sobolev imbedding, the sup norm of £ is bounded, and consequently the
difference between the holomorphic map obtained by perturbation of " and u” itself will be of the
order of r1 &,
Remark 3.5.1: Let e €]0,1/3[, let 0 < p; < p2 < ro(€), let AP and AP? be curves obtained by
theorem 3.1.4, i.e. by applying 3.1.6 to the maps uP! and uP2. It is possible to show that, for a
K € R, if p; < p2(1 — Kp$) these two curves are at a positive Hausdorff distance. On one hand,
theorem 3.1.4 states that the Hausdorff distance from 4?* to 4P is bounded by O(p}**). On the
other hand, the distance from uP! to uP? is at least K'(p2 — p1)-

Furthermore, the implicit function theorem A.4.3 indicates that the dependance of hp on uf is
continuous. Thus, there exists a pg such that the uP for p < pg realize all possible strangling.
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Chapter 4
Chains of curves

The present chapter is concerned with another alteration of the methods in [35]. It consists in
gluing (under certain assumptions) an infinite number of J-holomorphic curves in order to obtain a
J-holomorphic cylinder. Although the method applies to more general situations, we shall content
ourselves with the following setting : assume three J-holomorphic curves intersect at three points,
then there is a J-holomorphic cylinder that curls up around those curves. This construction will be
altered again in chapter 5.

4.1 Cylinder and ¢~(L?) norms

The way the infinite number of gluings will be made is of course important. Let X; = CP! be
compact Riemann surfaces, let z;.0 and z;... € L; be two marked points on each surface, and let
' : £; — M be J-holomorphic maps (for i € Z) such that Vi € Z,1*(zi0) = 1/~ (zi_1,.). Finally, let
L =R x §! = C/27Z be the J-holomorphic cylinder. This chapter will construct a J-holomorphic
map 1) : £ — M which is arbitrarily close to the i/, that is u(") restricted to [i,i+ 1] x S is close
to «! when sup{r;} — 0.

The space = = R x §1 = C/2nZ will be given a peculiar metric so that each segment [i,i + 1]
resembles a sphere with two discs removed (see Figure 4.1). Let (r;) € £°(Z;R>o). Let g(,,) be a
family of metrics defined as follows. Let i € Z, then g(,,) is the metric induced by the map y;;r, r,.,
which embeds [i,i+ 1] x S ! into the compact Riemann surface ¥; with the two discs By,(zi:0) and
By, (2it1;) removed.

The volume of such a space is infinite. Thus, L” norms are not expeceted to behave nicely.
However a slight alteration will do. Let us consider the sup of the L? norms on annuli around each
circle {i} x S!. Let V be a vector bundle over X (with a connection and a norm) and let§ : £ — V
be a section, define

— Su
4.1.1) 15l e-zry ne? I8l 2o (fr- 3 3151y »

1€l ewrry =SUYP &1l wip((n2 s 21xst) -
neZ ( kg 3] )
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© Hiririvy
Bri+1 (zi;w)

B, (Zi;O

Figure 4.1: (a) the cylinder X endowed with its usual metric and the circles & € Z, (b) £ endowed
with g(,,), (¢) the map p.y, r,,, to L; with the discs around z;;0 and z;;.. removed.

A proof identical to that of lemma 3.2.1, allows us to deduce that Sobolev embedding holds with a

constant which does not depend on the parameters r;.

Lemma 4.1.2: Suppose dy,(zi:0,2i:=) > co. Given that Sug ri < %, there exists a constant s;, €Ryg
e

such that

! . ||f”L°°

s, = sup .

P otrec@ 1 lemwip)
Proof. Each function can be decomposed as a sequence of functions on X; = CP! with B, (zx:0)
and By, (Zn+1;) Temoved. The esimates follow from the fact that a ball with the Fubini-Study
metric and one (or a fixed finite number of discs) removed has a Sobolev constant that remains
bounded as the radius of the discs tends to 0. See [35] for details. ]

The main result that will allow us to conclude is an adaptation of theorem 3.1.6 to these norms.

Proposition 4.1.3: LetX be one of the 1-dimensional non-compact complex manifolds described
above. Let p > 2. Yco,38 > 0 such that for all volume forms dvoly on X induced as above by the
maps iy, r;,,» all continuous map u such that du € £~ (LP)(TZ,u*TM), all&g € €= (WLP)(Z,u*TM),
and all Q, : £=(LP)(Z,A%! ®,; u*TM) — £>(WP)(Z,u*TM) satisfying

G@vol) <co,  Ndullmury < cor MEollogriny < 3,
”af(expu(EJO))“gm(Lp) < %7 D,Q,=1, “Qu” < co,

there exists a unique & such that
or(exp,(Eo+8)) =0, [IE+Eollpwrr) <8, [IEllmqwrry < 2c0llds(expy(80))lle=(r)-

The proof will require the implicit function theorem in Banach spaces, as does the proof of
theorem 3.1.6; it will be invoked again in chapter 5.
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Let K7 be a constant such that Vx € M,VE € T,M such that |§| < co, and V1 € T M,

|Ex(&)|l < c1 and |¥x(&:&',1)| < K1 (€] |E| Inl,

where ||-|| is the norm on L(TxM, Tex, £M). The second equality holds since Wy is zero at § = 0.
We conclude that

|u(8) ™ Wu(E:E, Fu(8))| < Killdexp, (B8] |€]

exp, (&) being viewed as a function CP! — M. Since, by assumption, § and du are bounded,
there exists a real number K, which depends on the metric on M and on co, such that ||dexp,&|| <
K>(|du| +|VE|). Thus

| ®u(E) 1L E, fu(g))“e«n(z,p) < K1 Ko ([|dul| g (rp) + 1 VEll g (20)) Gl €| = -
Since [|dul|pe(zr) < €0, 1G]l 1= < co and [|§[| = < co||E | g (w1.py» taking K3 = (1 + co)c5K1K? yields,
“cbu(‘g)-llyu(g;gla ﬂ(&))”g«(p) S K3 ”E.a”e"’(Wl'P) ||§I”g°o(wl,17) :

It remains find an estimate for @, (&)’lDexpug(Eu(ﬁ)ﬁ’ )- Let ug := exp,&. The starting point of the
bound is the equality

0,1
D (Eu2)E) - 2uEDE = (V(ELDE) - 2uE)VE)

0,1
—%J(ug)((VE,,(g)g/J)(ug)dug—‘pu(i)(vg'f)(u)du) .

Each term on the right-hand side will be bounded separately. For the second, we have a the fol-
lowing bound (J is an isometry of TM):

|(VE,2yerd) (ug )dug — Du(8) (Verd) (w)du| < (Vi) (ue)dus — (Vi, e ) (ug)Pu(E)du|
| (Ve @) (1) Pu (&) du — @ (8) (Ver) (1) du|
< K1 |V = €| |dutg — Do (&) du| + Ky |dul |E] |E|
< Ks(|du| [€] +|VE|) 1E],

where K5 depends only on ¢g and on the metric on M. Whereas, for the first term, we obtain

IV(EL(8)E) — Pu(§)VE'| < |V(EL(§)F) — Eu(§)VE|+ < |EL(§)VE — @u(§) VE|
< Ks(|&]IVE'| + |du| [E] IE'] +VEIIE'])-

Putting these two bounds together shows

Dyg (Eu(8)E) — Pu(E)DUE'| < (Ks+Ks) (€] |[VE'| + |dul [E] |E'] +VE| [€]).

Taking the ¢<(LP) norm on the terms in V&, V&' and du, and the L™ norm on & and &', we get

|@u(®) 7 Derp £ (B (B)E)

£(27) <Ky ||§||e~(w1-t’) ||§I”e°=(wlm) ’

where K7 depends on ¢, the metric on M, J and j. O
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Proof of proposition 4.1.3:  (cf. [35, p.69]) By hypothesis, D, has a bounded right inverse Q,
(J|Qull < o). Let c¢; be the constant from lemma 4.1.6, and let 8 €]0, 1[ be such that ¢18 < 1/2c¢p.
Then lemma 4.1.6 insures that ||dF,(§) — Dy|| < 1/2c¢o if ||§|| < 8. The assumptions of theorem
A.4.4 are consequently satisfied (with X = X,,, Y = 9, f = Fu, x0 =0, co = ¢ and the same §). O

4.2 Transversality and right inverse

Before the theorem can be put to good use, it is better to check that the surjectivity of linearized
operators holds in a reasonnable class of spaces. The discussion will be similar to that of section
§A.3. Recall that M* (A}, X;;J) is the space of J-holomorphic maps I; — M that are somewhere
injective and represent the homology class A in H?(M).

Definition 4.2.1: LetVi € Z A’ € H? (M,Z), let L; be Riemann surfaces. The structure J will be
said regular for (A");cz and (X;)icz if J € NiczJreg(Zi,AY) and if the evaluation map:

evg: 2(Z;M*(AXJ)) — £2(Z;M x M)

(#)iez — (U (Zio), W (2it1:0) )icz

is transverse to AZ = £°(Z;A) where A = {(m,m) C M x M}. The set of structures satisfying these
conditions will be written Jreg((X:)icz, (A')icz) or more simply Jreg(Z:,A’).

Although from our point of view the almost complex structure is given, it is wise to show that
structures that are regular are abundant. As the intersection of a countable number of dense open
subsets is still a set of the second category, to show that J..g (Z;,A?) is of the second category only
requires the study of devz.

This would require an adaptation of theorem [35, th 6.3.1] (which insures transversality for
curves glued according to a finite tree). Z can be seen as an infinite tree, and so the question can
be asked in general for an infinite tree 7 of bounded degree. It might be tempting to proceed as
follows: take an increasing sequenée of finite subtrees of T, say {7;}. Thanks to theorem [35, th
6.3.1] the set of structures for which the evaluation on the tree T; is transversal is of the second
category. The intersection of these sets should yield a set of the second category.

In what follows we shall suppose that the structure J on M is regular in the sense of definition
4.2.1. This hypothesis is not so strong, especially since, in the cases of interest, the «’ will be
a periodic sequence of curves (i.e. 3n € Zsg such that ¥ = u/ if i = jmod(n)). Thus the a
priori infinite condition of definition 4.2.1 are actually finite. Let us assume that each curve u’ €
M*(A*,X;;J) is such that devg (its evaluation at O € X; = CP!) is surjective. In other words, for
each curve it is possible to choose an infinitesimal perturbation (which is also J-holomorphic) in
such a way that this perturbation displaces «(0) in any chosen direction (note that we do not make
any assumption on the effect of this perturbation at «o € CP!). Then the evaluation is surjective.
Indeed, if we are given a infinitesimal displacement at each point of the gluing, making it equal
to the difference between the displacement of u'() and of u**+!(0) amounts to solve n equations
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knowing that in each equation we can fix the value of a term (the one coming from the displacement
of u'(0)). Since it is a finite system (by periodicity) it is solvable. Whence the surjectivity of
evaluation.

Finally, note that in CP” endowed with its usual structure, these hypotheses hold (at least for
some A’) since between any two distinct points of CP" there is a line (or a conic).

Let’s define the moduli space
MH(A250) = {(U)iez € €°(Z; M* (A, Z;0)) Vi € Z, 1t (ziw0) = ' (zig1.0) }-

It is not excluded that the dimension of this space migth be finite. For example, if almost all
A have a trivial first Chern class, it might happen that the dimension of the modular space is

2n+2Y c1(A?). In the present context, we will be interested in a subset of the moduli space when
Z,’ = CPII

M (C) 1= M*(A51;C) := {(u') € M*(A},%; = CPL1J)|||dd ||~ < C,Vi € Z}.

What matters is that transversality of definition 4.2.1 implies surjectivity of the linearized
operator even if it is restricted to vector fields who do not alter the intersection property. Recall
that for u' : &; — M,

WP = wlr(z, u*TM)

u

LZ( = LP(%;, ASIT*E, @, ui*TM).

Given u' : £; — M, such that 1/(z;..) = 41 (zi11.0), denote by
1p . Lpiei :
Wi = { @z € X WA o) =84 o) |
1

(The evaluation of WP sections makes sense since p > 2.)

Lemma 4.2.2: Suppose J is regular in the sense of definition 4.2.1, i.e. the operators D ;i : Wul,-’p —
Lﬁ . are surjective and evy, is transverse, then the operator
. l,p p
Daz: W; — i ;(ZLu,-
(éi)iez = (Duiéi)iez

is surjective.
Proof. Letn' € L, (where i € Z). Each of the D,; being surjective, there exist &' € Wul,-’p such that
D E' = . Since the evaluation is transverse to the diagonal, choose {’ € T, M*(A’;J) so that

devz((1)iez)(E)iez) = (§(zio), &7 (zit1:0)icz € X ((&i(Zi;oo), gt (zip10)) + T(m,-,m,-)A)

where evgz, is the map defined in 4.2.1, m; = t/'(zi:e0) = u'*1(2zi+1.0) and A C M x M is the diagonal.
Then (& — {%);cz is an element of Wulz’p whose image by D,z is also (1)icz-
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In order to use proposition 4.1.3 we have to describe an approximate solution and show that
it has bounded right inverse. To do so, two choices are possible: either the method of [35, §10]
or the one from chapter 3 (if the curves u’ are transversal at their point of intersection, so in par-
ticular dimrM > 4). The second is of interest since by remark 3.5.1 it could allow to prescribe
different characteristics of curves (strangling), an idea that will be used again in chapter 5. These
two situations are dealt with in an identical fashion. The main point is to notice that in the con-
structions the approximate solutions differ from the initial curves only in a neighborhood of the
points of intersection. Similarly, the approximate inverses only differ from a true inverse in those
neighborhoods.

Suppose that we are trying to use the construction of chapter 3, some problem might arise
from the fact that a subsequence of {m;} may be arbitrarily close. Modifying the almost complex
structure J would then be a problem. To avoid this, it is again necessary to introduce structures
which depend on a point of the domain. We will not detail this argument. Furthermore, the
construction used a reparametrization of one of the curves; here is how what this means in the
present context.

Suppose we are in the case where z;,0 = [0: 1] = 0 and zjoc = [1 : 0] = o € £; = CP!. Let
¢, : CP! — CP! be defined by ¢,(z) = r*/z. Then, the condition of intersection is ‘o ¢;(0) =
u'+1(0) = m;, and the local expansion in a chart y; : M — C™ which sends m; to O and such that

(Wi7)(0) =iis

Viowz: 1] =a 102+ 0(d?)  and  wrow(l:d = Wiow ot e+ 1] = agwz+ O(?).
The ring A 4/3 23 corresponds on X to the z € [i,i+ 1] X S! such that ¢y o iy, .., (2) < rlz_ﬁ
i+127i+1
the z € [i+1,i+2] x S! such that Mit Liripg,rigs (2) < rlzﬁ

The arguments used for the L” norm will be adapted without pain to the ¢*(L”) context: in

and to

this norm there is at most one gluing to consider at a time. It suffices to check that the curves u*
and the points m; = 1!(z;.) = u**1(zi41,0) belong to a compact family.
We now transpose the methods of §3.3 to conclude.

Proof of theorem 4.1.5: 'With a small deformation the J-holomorphic curves ' can be modified
into maps u*""i+1; this deformation is identical to the one which changes «? into u%" except it
takes places at two points of CP!. Thus, the operators D, and their inverses, are close to D iririg -
The opertor D,z also is also close (in the norm of linear maps £°(W1P) — ¢(LP)) to an operator
Dz, where the D i, take place of the D. It is also surjective and their inverses are close.
We describe the map u(") : £ — M (we will write u = (") for short in this paragraph) which
will be an approximate solution, in the sense that ||dyu|| ¢=(zr) 1s small, and that D, will have a
: [, i+ 1] x ST — X; with

the maps ui"i+1 : ¥; — M. Then a (0, 1)-form, say 7, along u can be cut in pieces to give rise

bounded right inverse. It will be defined by composing the maps y;., r,

to 1’ along each u’"i"i+1 (by extending by 0, that is in an analogous way as (3.3.3) where n° and
n! were obtained from m). From these 1/, the inverse of Dz, will give vector fields along the
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ubTiTi+l say £, These vector fields can be glued by a surgery (which copies the definition of £ in
(3.3.2)) to get a vector field T;(' i) along u. The computation made in (3.3.4) still works out in an
identical fashion at each point of intersection. By definition of the £~(L”) norm, this construction
produces an approximate inverse to D,. By the technique used in (3.3.6), a true bounded inverse is
then found. This allows the use of proposition 4.1.3 and finishes the proof. O
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Chapter 5
Spaces of pseudo-holomorphic maps

In this chapter, we give an example of a space of pseudo-holomorphic maps which is of positive
mean dimension. As before the cylinder will be noted £ = R x S! = C/2nZ. We will assume that
the of curves u is of finite type (periodic), in the sense that only a finite number of distinct maps
are described as i runs over Z. The theorem 5.1.3 could also be proven using the gluing introduced
in [35]. However, in order to prove proposition 5.3.4, it is necessary to have approximate solutions
which are injective (with a discrete set of exceptions). This is incompatible with an approximate
solution which is constant on a whole ring.

5.1 Mean dimension and parametrization

In order to speak of mean dimension, we must first state the action of the group. On spaces of
pseudo-holomorphic maps £ — M, the group of automorphisms of X acts naturally. The action is
given by reparametrization at the source. For compact Riemann surfaces this does not present much
interest. However the automorphisms of the plane or the cylinder form a (continuous) amenable
group. Since chapter 4 establishes gluing to get maps from the cylinder, we will focus on that case.
Let M5 be the space of J-holomorphic maps from the cylinder to (M,J). One can then ask if it is
of positive mean dimension.

This question requires some precision. The first is that the group of automorphisms of the
cylinder is continuous, so the mean dimnesion is defined according to definition 2.6.2 and not
2.1.4 (which was restricted to countable groups). The second concerns the metric to be used on
Ms. The topology of uniform convergence on compacts makes the space compact. Thus, for
u,u’ : ¥ — M, we will use the distance

5.1.1 d(u,u/)y= sup 27% sup g4 '
(5.1.1) (u,u’) = s S Mm(u(z),u'(z))

which induces an equivalent topology.
This understood, the question possesses two simple affirmative answers. First, suppose there
exists a pseudo-holomorphic u : CP! — M or v’ : £ — M. Then one can precompose u or u’
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by holomorphic maps £ — CP! or & — X. This would suffice to generate a family of pseudo-
holomorphic which is sufficiently big. However, they would all have their image contained in the
image of u or u/'.

Furhtermore, we could be tempted to use directly theorem 4.1.5. To do so, suppose there are
J-holomorphic maps u’ : CP! — M where i = 1,...,N such that & has a point of intersection with
u/ if j =i+ 1modN. Being finite, this family gives rise to {u'};cz which satisfies the hypothesis
of theorem 4.1.5 by defining u* = ' when k = imodN (theorem 4.1.5 will again be used on such
a finite family of curves). Before gluing those curves {u'} in a cylinder, it is however possible
to precompose them by an automorphism fixing the two points which links #‘ to its neighbour in
the chain, 4'~! and u'*!. Let 6; be these automorphisms fixing z;.0 and z;.., the maps {u’ 0 8;} are
another family of maps satisfying the hypothesis of theorem 4.1.5. By taking all possible 6; this
will give rise to a familly of positive mean dimension. It is unfortunately hard to show that the
members of this family have disctinct images.

So the question of whether the images of pseudo-holomorphic maps from the cylinder to M is
rich remains complete. Indeed, all the curves obtained above could have the same image. It would
be tempting to introduce a distance on Mg, but then the action of the group of automorphisms
would be trivial on such a distance. Consequently, under hypothesis to be precised, we shall prove
that there exists a family of positive mean dimension (and infinite usual dimension), and that if two
curves obtained by this process have the same image they differ only by an automorphism.

Here are the hypothesis we shall need. As in the above discussion, we will assume that
there exists a finite family «‘ : CP! — M of J-holomorphic curves where i € {1,...,N} such that
u'(o0) = u/(0) when j =i+ ImodN. In order to be able to glue them, the evaluation map evz
will be assumed transversal as in 4.2.1. Furthermore, we will suppose one of these curves is
deformable.

More precisely, for a fixed j € {1,2,...N}, there exists a point z, € CP! and a family of W1-»
vector fields along u/ which belong to the kernel of D,; and such that the map defined by & —
€XPyi(z,)5(2+) is surjective on a neighborhood of m, = u/(z+). Thus, to x € T,,, M we will associate
the vector field X, € KerD,; C W!P(CP!, (w/)*TM) such that X,(z.) = x. In other words, we need
to make the hypothesis that the differential of the map given by evaluation at z, is surjective on the
kernel of D;.

Remark 5.1.2: Remark that this hypothesis is close the transversality of the evaluation map in
definition 4.2.1. Let ev; 7z be the evaluation at («) in z, when i = jmodN. To ask that

. . l,p P e
DuZ ($5) deVJ+NZ : ,'gZWui — (i:ZLui) ($3) (inguj+N'(Za)M)

is surjective is, given that J is already regular in the sense of definition 4.2.1, equivalent to ask
that the restriction of dev,j+~: to the subspace KerD,;+~: be surjective. This condition is naturally
expressed in the vocabulary of transversality. Indeed, if in the construction of chapter 4, it is
required, in addition to the gluings between the curves in the chain, to glue another curve at a point

84



Z« (e.g. a constant curve), then regularity for this gluing scheme (which obtained from Z as a tree,

by adding a leaf to the integers j + NZ) implies the surjectivity of dev,;+vi . This way of

!KerDu j+Ni
stating the hypothesis indicates that it is not significantly stronger the one made in the preceding
chapter, particularly for a finite family of curves. For example, it holds for a finite number of

curves with appropriate intersection in CP” with its usual complex structure.

Finally, in order to remain in the setting of a compact family of maps {u'}, it will be necessary
to restrict to a sufficiently small ball B,,, C Tp,,M such that for all x € B,,, the curves exp,; X, form
a compact family.

Theorem 5.1.3: Let (M,J) be an almost-complex manifold. Let u!,... ,u" be a finite family
of J-holomorphic curves u' : CP! — M such that u'(«) = u/(0) when j =i+ 1 modN. Suppose
that J is regular in the sense of definition 4.2.1 and that u/ is deformable. Let z, € CP! \ {0,}
be a marked point and let m, = u/(z,) € M be its image. Suppose that the curves are uniformly
transverse. There exists ¢ and R € R~ 0 such that for any sequence {r;} satisfying Isup =supr; <R,
the exists a neighborhood V,,,, of m, such that for all sequence of points {my }rcz in Vn, there exists
a J-holomorphic cylinder u : ¥ — M satisfying the following properties:
R1 - u passes by the prescribed points, i.e.

u(zk,*) = M,

WhETE Zp v = Hj 4 Nkir jonicr janis (24),
R2 - the behaviour of u near the gluing points is as follows:

_ r?
Vz € (910 Hisri riyy) A 2/3 ()}, Wiouo 10y, r,,(2) = Gieez+ a,-+1;0—‘§'—1— + O(r;l;;e)

Ti+1,T;y

-1 . . — . . r2 1 1+&
and Vze 'ui+1;ri+1,ri+2{Ar,-+1,rfﬁ (0)}, WiOUO Uiy 11 riga(2) = Ai+1;02 + Qi1 + O(rSup )

where Ay, r,(z0) = Br,(20) ~ Br,(20), and y; : M — C™ is a local chart that maps m; to 0 and such
that (w}J)(0) = Jo.
R3 - u is close to the curves u} (or exp,;X if it is the deformable curve):

V2 € Mt (B), dia (P (@), 6 (i1 (2))) < e(riaes +8)

where 8; = dps(my,m,) ifi = j+kN and §; = 0 else.

(The maps ., r,,, are the same as the one introduced in §4.1.)

5.2 Local inversion

As before we are trying to find a solution to an equation containing a non linear term by an
implicit function theorem. However, in addition to dru = 0, we have to satisfy a sequence of
punctual constraints. As we shall see these will not have a significative impact on the argments. In
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order to describe the situation, note zx.. the marked points on the cylinder X (they will be chosen
to be equal tO L1 Ni;r; yirjnier1 (2+) later on), and let ev, : My — £<(Z;M) be the evaluation map
at these points z... Even if ev, takes value in M, we are in a situation where only the curve u and
its perturbation by a vector field will intervene.

Since we need the vector fields to be of £~ norm smaller than the injectivity radius so that the
evaluation of exp,& makes sense, it is better to see the target space of ev, as a product of balls in
the tangent plane. Let Tz..M = ‘ ?ZT“(Z'?‘)M , the elements w € Tz..M will sometime be written as

i
w = (Wi)icz-

This understood, ev,. defined in a neighborhood of u takes values in Tz.,M. This is actually a
linear map if we look at the neighborhood of u as given by vector fields along u. The equations to
solve are éju =0 and ev,u = w for some w € Tz.,.M. This said, it remains to use theorem A.4.4.
Proposition 5.2.1: Let X be the cylinder and let p > 2. Vcp,38 > 0 such that for any volume
form dvols on X induced by the y;,, ., (cf. Figure 4.1), any continuous map u and such that du €
£°(LP)(TZ,u*TM), all &y € £°(WLP)(Z,u*TM), and all T,, : £°(LP)(Z, A% @ ;u*TM) & Tz .M —
2 (WHP)(Z,u*TM) @ Tz..M satisfying

sp(dvolz) < co, lldullm(zry < co,  NEollmqwrey < $,
DuTu == ]1, “Tu“ S CO7

197 (exp(Eo))lle=(zr) < 5% 1180 (zhw) — Wil = < =

there exists a unique & such that

J7(exp, (&0 +8)) =0, Bo(zk) +8(ze) =wk, & +Eolle(wre) <8,
&N = w1y < 2co (llor(exp, (Eo))lle=(rr) + 1E0(2kix) — Wicll = ) -

Proof. We proceed in the same fashion as in the proof of theorem 4.1.3. Let c; be the con-
stant of lemma 4.1.6, and let & €]0,1[ be such that ¢;d < 1/2¢o. Then lemma 4.1.6 insures that
|dF.(E) — Dy|| < 1/2co when ||€|| < 8. The map ev, : U — (T, M)Z is defined for U C X, the
open set of vector fields whose £~ norm is less than the injectivity radius. With these notations,
dev,(E) = dev.(0), and no estimate on the second derivative is required.

Theorem A.4.4 will be used with the following notations: w is an element of (T,,,M Y% con-
tained in the image of ev,,

X=X, Y=2%&TunM?Z% f=(F,e—w), x=0, co=c

and with & the minimum of the § above and of the real number &' such that ||§||, - is less than the
injectivity radius of de M. Note that df; — dfy, is bounded since by lemma 4.1.6 and as dev,(§) =
dev,(0). : O

In order to prove theorem 5.1.3, the approximate solution to f = 0 must be made and the oper-
ator D, ¢ ev, must be shown to have a bounded right inverse. Let us go back to Dz ® ev; nz. In
chapter 4, it was important that, under the hypothesis of the regularity of J, the map D,z possesses
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a bounded right inverse (for the £°(LP) and £=(W!P) norms). Call this inverse Q,z. Let us show
that this allows us to construct an inverse to D,z ®dev;nz.

Lemma 5.2.2: Under the hypothesis discussed in remark 5.1.2, a bounded inverse to D,z ®
devj Nz exists.

Proof. The hypothesis was designed so that, for the structure J given, dev,,; _is surjective on
J

'KerD
Tyi(z,)M- Thus there exists a map g; : Tyj(,,)M — KerD,; such that dev,; 0 g; = Id. This map is

bounded since its domain is finite dimensional. Let us introduce (T,,,M)% = x Tyi+ni(,,yM. Recall
i€Z

that w/*¥ = uJ and u/(z,) = m,. Thus, the map
q: (Tym,M)% — Ker D jni

which reproduce g; on each factor is bounded from ¢(|-|) — £<(W'P) where | -| denotes a
norm on Tj(,yM and £(] - |) is the supremum of these norm on the product. Letn € Wulz’p and
w € (T, M), define T : L, & (T, M)% — W ;¥ by

T(na W) = Quzn + Q(w - devuf‘HVZ Quzn)'

Since D,zq = 0, D,2zT(n,w) =N and dev,j+»vzT(N,w) = w. T is the required right inverse to
D,z ®dev, jinz. d

The following proof is a small modification of the proof of theorem 4.1.5.

Proof of theorem 5.1.3: 'We start by describing the approximate solution u(r):we) . ¥ — M. The
points z. ; will be chosen a posteriori as they will depend on the parameters (r;). This dependance
could certainly be avoided by perturbing again the approximate solution, but this would require
unnecessary estimates. As described at the end of chapter 4, u(r):(") will be defined by composing
:[5i+ 1] x ST — X; with ¢%77i+1 : ¥; — M if i 5% jmodN. When i = j + Nk, we
will firts deform u/ by the vector field X,,, in a map exp,; X, , before it is deformed into the a map
ulTiTi+1 : ¥ — M (those are the small W7 defomations defined similarly to u%" from u° in §3.3).

The (0, 1)-form 1 along u will be splitted into 1’ along the u*"i"i+1 by extending with O where

the maps iy, r,,,

it is not defined. From these 1, we obtain the vector fields &' along the u/*"»"i+1 thanks to the inverse
of D z.,) ®devjinz. The & will have the property that D iy, &' =N’ and that if i = j+ Nk then
E¥(z,) = 0. To obtain a vector field £):(*) along u, it remains to glue these fields as in §3.3 and
in the proof of theorem 4.1.5. Indeed, if the (r;) are sufficiently small so that the point z, will not
be contained in the region where the gluing of the vector fields take place, this method gives a
E(r):(wi) which is 0 at certain points, which means that the curve displaced by this vector field will
take the prescribed value.

The points z.. are determined only at this step. First, the (r;) are chosen so as to satisfy the
constraints mentionned so far but also so that theorem 4.1.5 applies. Then, we fix

—,,—1
e = M NEsr iy oy (2+)-
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Thus, £):(")(z;.,) = 0. Furthermore, the computation of (3.3.4) remains identical. This con-
struction is an exact inverse for ev,. It also an approximate inverse to D, (for the £°(LP) norm)
since the (r;) have been so chosen. Consequently, this is an approximate inverse for D, & ev,. The
proper inverse is then obtained and proposition 5.2.1 applies to yield theorem 5.1.3. O

5.3 Non-triviality

What theorem 5.1.3 allows is the existence of a family of pseudo-holomorphic maps which can
be parametrzed as follows. Note by R : RZ x BZ — M5 the map obtained by theorem 5.1.3. In
a neighborhood V;,, of a point m, = u/(z,) the map K ((r;); (wk)) : £ — M is characterized by the
value it takes at zx... In order to alleviate notations, it is possible to choose the r; to be all equal since
the constraints they must satitsfy are finite. When r; = r, we write for short R.(w) = R ((ri); (wk))-
This choice also gives that zi., is the point zg.. translated by iNk. This understood, for fixed r, the
maps obtained by theoreme 5.1.3 are characterized by my = exp,,, Wi € Vn, . '

5.3.a Mean dimension. Thus to a sequence {w} of vectors in a small ball B,,, around
Tm.M we can associate a curve. The distance (5.1.1) between curves associated to {wi} and {w} }
is bounded from below by

d'(w,w') = sup 24 ||wic —wi| -

]
k€Zg
If on BZL the metric d’ above is used, RK; : B,%‘ — M5, does not reduces the distances. Furthermore,
Z acts on B;z;;* by shifting and this action is (up to some identification) equivariant if Z is seen as a
subgroup of the automorphisms of the cylinder (by translation). More precisely, since deformations
only happen on the curve u/ amongst the N curves which form the chain, the shift of an integer in
B%,* will correspond to the translation by iN on the cylinder (here £ = C/2nZ).

The mean dimension of (T,,, M)Z for the topology induced by d’ (this is the product topology)
and the action of Z is dimT,,,M = dimM. To see this, take the Fglner sequence Q; = [—i,i]] N Z.
Then,

d, = S 27% | —wi].

where ||-|| is the norm coming from T,, M and ;(k) is the distance of k to the interval [—i, 1], i.e.
yi(k) =0 if k € [—i,i] and y;(k) = max(|k — i|, |k + i|) otherwise. Since dimB,,, = dimT,,,M =
dimM, the bound

wdim (B% ,dg, ) < dimM (1 + 2i+2[log,€])

is obtained by mapping BZ —» B,[,Zl—logz &880 Whence

wdim(BZ_,Z) < 1im lim dim M(1 + 2i + 2[log, €])/(2i + 1) = dimM
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On the other hand, for € sufficiently small wdime(Byy,, ||-||) = dimM (cf. 1.2.5). For that same, €,
(BZ,,dg,,) will contain isometrically (B3, £=(||-||)). Lemma 1.2.6 indicates that

wdim (BZ ,dg, ) > dimM(1 +2i)

which implies the opposite inequality.

Thus, theorem 5.1.3 gives a map X which does not reduce distances, equivariant for the sub-
group iNZ whose co-volume is 2TtN. As a consequence of lemma 2.6.4, midimMy, > dimM /27N.
The next corollary summarizes this result.

Corollary 5.3.1: If there exists an almost complez structure J and a family of curves u'’ satisfying
the hypothesis of 5.1.2, then the mean dimension of My for the action of the automorphism group
of the cylinder is at least dimM /2N > 0.

5.3.b Simple maps. Before we look at curves obtained by & which possess the same

image, we make a digression to show that a careful choice of parameters allows us to show that the
map u does not factorize by a quotient of the cylinder. Recall that ™" is the approximate solution
constructed in order to obtain ®,(w). The map " is periodic, in the sense that it factorizes as
w0 L »X/iINZ— M.
Lemma 5.3.2: Letu:X — M be a pseudo-holomorphic map sufficiently C° close to a map uy :
¥~ — M which is iNZ-periodic. Let ¢ : X — X/ and v’ : ¥ — M be such that u = u' o ¢. Then ¢
is periodic: it is the quotient of the cylinder by a discrete subgroup (without fixed points) of the
automorphisms of X.

Proof. Letw €X' then 6~ (w) C P, :=u~!(«'(w)). P, is contained in a ball and its translates. Let
B,, C X/iZ such that B,, := r} 7(Bp(z)) where p = |lu — ug||co and : £ — X /iZ is the projection
z€Py
on the torus. In particular, ¢! (w) C T~1(By).
We wish to show that ¢ is periodic. In order to avoid an accumulation, the number of elements
of ~(w) in a component of B,, has to be bounded. Let

Ly=ix—k—1x+k+i[@R/2nZ,

where x € R and k € Z~q, a piece of the cylinder containing 2k 4+ 1 connected components of
n~1(B,). We wish to construct a J-holomorphic map which associates to w € X’ the mean of its
preimages.

In order to do so, let us first describe this for a proper and non-constant holomorphic function
f:U — X where U C L. A problem might occur at critical points of f. However, locally is
f(2) = agz® + O(z%+1), there exists a function g such that f = g and g’(0) # 0. In particular, g is
invertible. Furthermore, f(z) = w < g(z) € {x|x? = w}. Thus, if h(z) = ‘);oa ;2 is a polynomial

iz

and g~ !(x)/ = Yi>ob j1kx" the local expansion of g, the sum of the values of & on the preimages of
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w will be written as

Z h(Z) = Z h(Z) = Z Zajzj

zef~1(w) zeg—1(wl/d) z€g~1(wl/d)j20
=Y ;Y Y bt =Y Y ajdbjgent
750 kS0xemi/d j20k0

and is a holomorphic function of w.

In the case of interest to us, when ¢ is restricted to Iy, the function which takes the sum of
the premiages is well-defined. Let Fyx(w) = ¢'I:,llc (w). Let Yk : X' — L/iZ be the sequence of
function given by

1
Yek(w) = mzelg(w)ﬂ(z).

In a neighborhood of w these function are holomorphic. However they present some discontinuities
when moving w makes point of the preimage ¢~!(w) leave or enter I. In particular, V. is
holomorphic in a neighborhood of w whose size is bounded from below (by the distance from B,,
to the boundary of I.x). Furthermore, Since the W,.x are holomorphic outside these jumps, it is
possible to extract convergent subsequences for each x. Note that the size of these discontinuities
is bounded by K, /k for some K; € R¢. This bound enables to get that, for all k,

x—Xx
Wek — Wkl < K2| % |

We start by choosing a sequence of points {w;} of £’ which is dense (but as the ,,.; do not present
jumps near w, it would suffice to take a sufficiently small net). Next choose a subsequence {n,(cl) }
for which w,,, .x converges. Then this subsequence {n,(cl)} is refined again in another subsequence
{n,(cH'l)} which makes Y, a0 CODVerge. The sequence {n,(ck)} will make all the ., converge to
holomorphic functions. Furthermore, the difference between the jumps tends to 0, thus the limit of
these sequence will not depend on the point w; chosen. Denote this limit by ; this is the desired
averaging function.

The map Yo ¢ : £ — X/iZ has the property that |[yo ¢(z) —t(z)| < p since the two points belong
to B,,. If p is less than the injectivity radius of Z, this enables to define a function f(z) = Yo ¢(z) —
7(z) € C which extends to X and is bounded. Consequently, 3¢ € C such that Yo ¢(z) =z+c in
Y /iZ. In particular, ¢ is a covering map.

Hence ¥’ is a quotient of C by a discrete subgroup without fixed points of the automorphism
group of C. This subgroup necessarily contains translations, and thus, contains only translations.
Since the fundamental group of ¥’ is abelian, the covering map ¢ : £ — X' is the quotient by some
group action. O

By taking B, smaller if necessary, lemma 5.3.2 can be aplied to curves obtained by X.
Suppose that u = R, (w) can be written u = u’ 09, where ¢ : £ — X' is a quotient map by a discrete
subgroup without fixed points.
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These subgroups of the automorphisms of £ = C/2nZ possess at most a finite generator (of
the form 21/n where n € Z) and an infinite generator (if it possesses an imaginairy part). This is
seen by looking at the corresponding discrete subgroup without fixed point of automorphisms of
C, i.e. which is a lattice of rank 1 or 2.

Thus, if ¢ is the quotient by an infinite subgroup, then there exists ¢ € C \ R such that u(z+
c) =u(z). Letn: C - C/(2RZ & iNZ), for all 8 there exists an integer n.(3) such that 7t(n.(8)c) <
3. In other words, if u is periodic, the wy must be almost periodic: wx — Witn. < p + O(8) (where
p = O(r'*®) is the distance from u = R, ((w)) to the approximate solution u”(*¥)). For r is
sufficiently small and one of the wy is apart from the others, u will not be periodic.

Suppose now that ¢ is a finite quotient map. Consider a segment I = i[k,k+ 1] ®R /2nZ where
u is close to the map u*. u is again periodic, but this time in the sense that there exists ¢ € R such
that u(z+ c) = u(z). Note that u,r, r, . (2) = Hir, re,, (2 + ) Will correspond to an automorphism
&' of CP! which fixes 0 and e. Hence u* o ¢/(z) — u*(z) < p for z € piy, 1, (Ic). Consequently if

one of the curves u*

is simple and its image is not contained in a small neighborhood, that is of
size O(p) = O(r'*¢). Thus if a curve is of positive energy, this situation cannot happen.

Recall that a map u : ¥ — M is said simple if whenu =/ o9 where ¢ : X — X' and v/ : X' - M
then ¢ is a degree 1 covering map of Riemann surfaces (an automorphism). The previous discussion

can be summarized as follows.

Corollary 5.3.3: Ifforake€ {1,...,N}, uF is a simple curve of positive energy, there exists a ball
B, and a ro such that for all r < rq and for all w € £~(Z;B,,,) of which a coordinate is at distance
at least {sDiam By, from the others, u = Ry(w) is a simple map from £ to M.

5.3.c Distinct images. Another interesting property of this family of J-holomorphic

applications resides in the fact that, under appropriate hypothesis, two curves obtained from X
have the same image only if they differ by an automorphism.
Proposition 5.3.4: Let u' where i = 1,...,N such that there exists ry and B,,, C T,,,M such
that Vr < ro and Yw € ¢~(B,,,) the number of points where u™" is not injective is finite. Then
there exists r; < ro and C € R such that for all r < r; and all wy,w, € €*(Bp,) such that
[l ¥t —u"¥2|| 0 < Cry, if u; = Re(w1) and uy = R, (w2) possess the same image then they differ
by the precomposition of an automorphism.

Proof. Introduce
= {(z1,22) CZ x Z|u1(z1) = u2(22)}.

This is an analytic set (cf. [44, proposition 5 and its remark]), which is moreover complex, and,
since the two curves have same image, of (complex) dimension 1. Note p(r) = O(r!*¢) the max-
imum of the C? distances between u”** and u; = R.(wi). Choose r; so that Byy(, (1"™**(z)) N
u""k(L) be isomorphic to discs for all r < r;. Next, take C so that Cr; < 4p(r1) —2p(r) (for
example C = 2p(r1)/r1). Then, ||u1(z) —u2(2)||c0 < 2p(r) +Cr1 < 4p(ry).
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Let A C X x X be the diagonal and let UpA a p-neighborhood of the latter. Then I" is close to
A =Uzez (A +z+ iNZ) where Z is the set of points where the u™"* are not injective and A+ cis a
short notation for the diagonal translated along one of its factors in the product (i.e. the set of pairs
(z+c¢,z2)). These choices made, I is contained in a neighborhood of these translated diagonals,
Usp(r)A'-

The map s : (z1,22) — (21,22 — z1) is an isomorphism of X x X on itself which sends the
neighborhood UpA on X X D, (where Dy, is the disc of radius p). Let 7; : I — X be the projections
on each factors. Given that the curves have the same image, these maps are surjective. Thus,
nyos(I") C Zand mp os(I") C Dp. Let I'g be a connected component of I'; this is a closed analytic
complex set of dimension 1. So is s(I'0) which is contained in £ X Dyy(,,). This analytic set lifts
to a subset of C X Dyp(,). Describing this set by equations with holomorphic coefficients, one
sees that the coefficient must be constant. Consequently this is a line. Thus, I'y is contained in
a translate of the diagonal; in other words for z; € 7;(Tg), u1(z1) = uz(z1 +c¢). As T (Tp) is L
(note that by the uniqueness of the extension of J-holomorphic maps, it would suffice to have it
non empty), this means that u; (z) = uz(z+c). O

There is a natural action of C on the maps £ — M which is given by translation at the source.
For a fixed r (less than the r; above), identifying all the curves given by theorem 5.1.3 which have
the same image will not reduce the dimension significantly.

Indeed, let I : My — P(M) be defined by taking the image of curve, I(u) = u(X). C acts by
reparametrisation on R;(w); this leads us to look at the quotient R, (¢(Z;B,,))/C. Proposition
5.3.4 insures us that I is locally injective on the quotient.

In order to construct a family of curve with different images, it might also be possible to
proceed differently. For example, in the case a single gluing, remark 3.5.1 indicates that letting
the parameter vary gives curves of different images. However, it is not possible to obtain this
result directly from the implicit function theorem. Indeed, if at a point the parameter is r;, the true
solution obtained by proposition 4.1.3 is a perturbation in the £°(W!?) norm of the order of fzg ri.
It is also difficult to introduce a measure of the strangling which can be defined on a curve u which
is of class WP, For these reasons, evaluation at a point have been used.
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Appendix A
J-holomorphic curves

This appendix contains the basic definitions and concepts needed to deal with J-holomorphic
curves. Then we briefly summarize properties of the operator d;, describe its linearisation and
discuss its surjectivity. We will only lightly get into this subject; it is suggested to read [35], [34],
[2], [21] and some of the references therein to see it treated in all due details. We follow the
exposition contained in McDuff-Salamon.

A.1 Basic structures

Definition A.1.1: An almost symplectic form on 2n dimensional manifold is a non degenerate

2-form . If it is closed, it is called symplectic.

Whether the form is symplectic or almost symplectic, it will be denoted m, and since this is
not the main object of interest here, closedness will not be necessary.

Definition A.1.2: Let M be a manifold of even dimension. An almost complex structure J on M
is a section of the vector bundles of the endomorphisms of the tangent plane, that is J,, € End7,,M,
such that, on each fiber, the endomorphism is an anti-involution: J2 = —1.

J is said tamed by @ if Vv € TM, v # 0 = o(v,Jv) > 0.

If o(Jv,Jw) = ®(v,w), then J is said compatible with .
Remark A.1.3: The (almost) symplectic structure will come in handy to have a special metric

associated to J. As soon as J is tamed by ®, a riemannian metric can be associated to these two
elements by

(A.14) gr(vw) := (vw); 1= = (O(v,Jw) + @(w,Jv)).

(ST

If furthermore, J and o are compatible, this expression is equal to ®(w,Jv).

The almost complex structure enables us to see the tangent bundle as a complex vector bundle;
(a+ib)v=av+blv.
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Definition A.1.5: A map ¢ : (M,J) — (M’',J') between two almost complex manifold will be
called (J,J')-holomorphic if its differential dp(x) : TxM — Ty(xyM’ is a linear map between com-
plex vector spaces, i.e. dp(x) oJ(x) =J'(¢(x)) o dd(x).

J is said integrable if it comes from a complex structure on M.
Remark A.1.6: Integrability of J is equivalent to the existence of an atlas of (J,i)-holomorphic
charts, where i is the standard complex structure on C".

In dimension 2, any almost complex manifold is complex. This result is often presented as a
consequence of a theorem which characterize integrable structures as those for which the Nijenhuis
tensor vanishes; [37] or [9, §2]. The Nijenhuis tensor of J is defined as

Ny(X,Y) = [JX,JY] - J[JX,Y] - J[X,JY] - [X,Y].

Since N;(X,JX) = 0, and that in dimension 2 the pair (X,JX) is pointwise a basis of the tangent
plane, it always vanishes. An elementary proof of the integrability of almost complex surfaces can
be found in [34, §4.2]. Another reference on the topic is [26, §9 and app.8].

Definition A.1.7: A J-holomorphic curve (or map) is a (j,J)-holomorphic map u : £ — M where
Y is a Riemann surface endowed with its complex structure j.

J-holomorphic curves are taken as parametrized. Let u : ¥ — M be a J-holomorphic curve, the
condition du o j = J o du is more convenient written as the equation

or(u) := %(dt+]od¢oj) =0.

In fact, the 1-form d;(u) € Q%!(Z,u*TM) is nothing else than the antilinear complex part (with
respect to the structure of complex vector bundle defined by J) of the differential du.

In order to clarify the meaning of this equation, we will express this operator in a local chart.
Let u:R? - R?", j = (9!) and J : R?" — GL(2n,R) such that J(w)? = —1. Then du can be
written as %ds+ %d‘..Since dsoj=—d& and & o j =ds,

= 1/ du ou 1 ou ou
(A.1.8) a,u=§<ag+1() )ds+ (J()ag &)d‘

It suffices to notice that the coefficient (with value in R%*) of the factor & is —J times the coefficient
in front of ds. Thus

ou

(A.1.9) 5ju=0¢>§—‘+J(u)§=O;

ds

in other words, this is a first-order non-linear equation. If J is the constant structure, then it can
always be taken to be the standard structure thanks to a change of variables. Write J = Jy = 2 —011) ,
and let f,g : R? — R?" be such that u = f + Jg and that they are identically zero on the n last
coordinates, i.e. Vk € {n+1,...,2n}, fx = gx = 0 (this corresponds to functions taking real value),

then the previous condition can be rewritten as the usual Cauchy-Riemann equations:

£.)i-l-.l +Jag Bg O@ij gand —%.

s a o a x ax & &
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A.2 Linearisation of o,

As non-linear operators are hard to deal with, we will be lead to look at an approximation by a
linear operator at a given curve. To do so introduce the moduli space M (A4, X;J) of J-holomorphic
curves representing the homology class A € H>(M,Z). This is a subset of B C C*(A,X,M), the
space of all smooth maps u : ¥ — M which represent A. When it seen as a differential manifold (of
infinite dimension), the tangent plane to ‘B at u is the space of vector fields §(z) € Ty»M along u,
ie. T,B=QOX, u*TM). Let’s consider the vector bundle £ on B whose fiber at u is the space
E, = Q%1(Z,u*TM) of (0,1)-forms with value in #*TM. Then oy gives rise to a section of this
bundle by associating to u the pair S(u) = (u,dyu). The moduli space M (A,L;J) is the zero locus
of this section.

Some curves will however be avoided in this moduli space. A J-holomorphic curve u: ¥ — M
will be called simple if there does not exist a covering map ¢ : ¥ — X’ of degree > 1, such that u =
u/ o ¢ for another J-holomorphic map u’ : ¥’ — M. As we shall not consider structures depending
on the point at the source, some properties are only true for simple curves. The moduli space of
simple curves M *(A,X;J) is defined as the intersection of M (A,X;J) with B*, the open set of B

given by maps that are somewhere injective.

The linearised operator at a J-holomorphic u is usually obtained by considering a part of the
differential of the section S mentionned above (see [35, §3.1]). However, we will mostly need it
for curves that are not J-holomorphic. In that case, we must choose a connection which preserves
the complex structure J so that the fibers of ‘E are invariant by parallel transport.

Remark A.2.1: When VJ = 0, where V is the Levi-Civita connection induced by the metric de-
fined in (A.1.4), J is integrable. To see this, one can use [X,¥Y] = VyX — VY in the definition of
Nj and realise that some terms cancel out as soon as J is parallel for V. Consequently, VJ =0 is
a very restrictive condition and we will often need to choose another connection V for which J is

parallel

A section oy,_€ QO1(Z,uTM) of E along a curve R — B : A — u, is said parallel with respect
to a connection V on TM if the vector field A — o (z;8) € Ty, ;)M along the curve A — 1y (2)
is parallel for all { € T,X. Furthermore, if §(A) € T, M is a vector field along a curve uy, in
M, eaku;ﬁ means its covariant derivative. The (linear complex) connection which will be used is
defined by

V,X =V, X — %J(VVJ)X,

where V is the connection induced by g;. For this new connection, the metric and the almost
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complex structure are parallel:

(Vog)(X,Y)) =1(g(U(V))X,Y)+g(X,J(V,)Y))
~ = —3(8((VW)JX,Y) +g(UX,(V+J)Y) =0
(V) (X) =V,(X)—JV,X
= V,(JX) — 2I (VW)X — IV, X + 3JI(V,.J)X
=V,(JX)— (V)X —JV,X =0,

where X,Y € Q(X,TM), v € TM. To conclude the first computation, the identity g((VJ)Z,Y) +
g(Z,(VJ)Y) =0 is used. It can be obtained by differentiating g(JZ,Y) + g(Z,JY) = 0, a relation
that g = g7 satisfies by definition, see (A.1.4). As for the second, one can use the fact that J(VJ) +
(VJ)J = 0 by differentiating J> = — 1. However, the torsion of this connection is not zero; it is
related to the Nijenhuis tensor.

Let & € Q%(Z,u*TM) be a vector field, and let, for ||&||,~ less than the injectivity radius of
M, ®,(&) : u*TM — exp,(§)*TM be the isomorphism of complex vector bundles given by parallel
transport along the geodesics s — exp,(,)(s&(z)) (with respect to V). Let

Fu: QLCE,uw*TM) — QX u*TM)
3 — ®@,(8)"19s(exp,(§))-

Its differential at O is the linearisation of the operator d; at u; it will be denoted D7, or D, when

(A2.2)

there is no ambiguity on the almost complex structure.

Proposition A.2.3: ([35, prop 3.1.1] ) Letu : £ — M be a smooth map, and let D{‘ be the operator
defined by
Dl: QOZ,uwTM) — Q%(Z,u*TM)
g = dF(0)E,
then V& € Q°(Z,u*TM),
1 N
Dt = 5 (VE+J(u)oVEo j) — EJ(u) o (VeJ)(u)odsu.
Proof. Define the path R — C=(X,M) by A +— uy_:= exp,(AL). Since ®,(AE) F,(AE) = ojuy, and
that @, (AE) represent parallel transport along the geodesics A — u; (z), Dy can then be written as:
_d
Du& - ia:g:uf}‘g) l}\.:O
= Ya*fj*aj ul}x:o _
= 5 (Vo dun +J (1) Va4, dta ) ‘ o
= [3(Vaudin+ () Vo darf) — 3 (1 (60) (Vo d)dnr — (Vo D)dn) ||
= 2 (VE+JI(u)VE)) — 27(u)(Ved)opu,
the last inequality holds since V is without torsion, and thus Vakwa,w = V3w w for any smooth
map w : R? — M. Taking w(A,t) = u;(z(¢)) and dz(t) =V € TZ yields

Vo, 3. (V)r=0 = Vawadwla—o = Vawohwlr—o = VvE&. O
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A.3 Surjectivity of D,

Another important aspect that has to be checked in order to apply a Newton(-Picard) method is
the existence of an (right) inverse for the linearised operator. In this section, the arguments and
hypothesis that enable to show the existence of this operator will not be explained in full details,
these can be found in [35].

First, even if we assumed so far that u was a smooth map, the definition of %, (and that of
D,) can be extended to the case where u is of class WHkP for k > 1 and p > 2. Thus F, is a map
between the completions (with respect to the Sobolev norms):

Fou: WEP(Z, M) — W5 LP (2 AOIT*E ®; u*TM).

Note that ¥, has the same degree of differentiability as J. It is a good moment to mention an
important property of J-holomorphic maps (elliptic regularity):

Proposition A.3.1: (cf. [35, prop 3.1.9] ) Suppose that J is an almost complex structure of class
C!, wherel > 1. Ifu : T — M is J-holomorphic of class W1P, where p>2, then u is of class WP,
and in particular u € C*. Moreover, if J is smooth the u is also smooth.

Furthermore, proposition A.2.3 shows that D, is a real linear Cauchy-Riemann operator (cf.
[25] and [35, §C.1]), and consequently that this is a Fredholm operator (i.e. its image is closed,
and its kernel and cokernel are finite dimensional). Its Fredholm index (the difference between the
dimension of the kernel and of the cokernel) is stable under perturbation compact of order O, and

thanks to the Riemann-Roch theorem it is equal to
Ind D, =n(2—-2g) +2c1(u*TM)

where g is the genus of X. As for ¢;(u*TM), the first Chern class of the induced bundle u*TM,
it is important to note that it does not depend on J. This comes from the fact that the space of
almost complex strucutre tamed by ®, denoted by 7;(M, ®), is contractible. Thus, two structures
J,J' € J3(M,®) give rise to isomorphic complex vector bundles since J;(M, ) is path connected.
The Chern classes c¢;(TM) are consequently independent of J. This argument is also valid for the
space of almost complex structures compatible with @, J.(M, ®).

The index formula can also be deduced upon noticing that the order O part in D, is a compact
perturbation. In particular it is negligible from the point of view of the index. The principal part (of
order 1) of D, defines a complex linear Cauchy-Riemann operator, and thus a holomorphic struc-
ture on the bundle u*TM. The index is then the Euler characteristic of the Dolbeault cohomology
and is given by the Riemann-Roch formula.

It remains to be shown that M*(A,X;J) is a manifold of the “appropriate” dimension:

dim M*(A,X;J) = n(2 —2g) +2¢1 (*TM)

for a generic J. For this result to hold, a sufficiently big space of almost complex structures 7

must be taken into account. This is actually true for any open space of smooth almost complex
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structures (endowed with the C™ topology), e.g. J;(M,®) or J.(M,®). 7' will denote the space of
such structures but that are only / times differentiable.

One of the key remarks is that the universal moduli space of simple curves M*(A,X; J}) =
{(u,N|J € 3*,u € M*(A,X;J)} is a Banach manifold for [ sufficiently large. Furthermore, the
projection Tt : M*(A,X; 7)) — 7! is a Fredholm operator since its differential at («,J) is essentially
D,. In particular, it possesses the same index ans is surjective precisely when D, is. Using the
implicit function theorem (since we are in a Banach manifold), M *(A,X;J) is indeed a manifold
(of finite dimension) whose tangent space at u is the kernel of D, when J is a regular value of .
Thanks to the Sard-Smale theorem [45] the set of these regular values is of the second category in
J%. In conclusion, M*(A,Z;J) is of the “appropriate” dimension for a generic J in J'.

Taubes gave an argument which allows us to pass to smooth structures: the space of simple
J-holomorphic curves is the reunion of a countable set of compacts, for each of which the set of
regular J is an open set, and consequently the set of regular J is the countable intersection of open
sets. It remains to be shown that these open sets are dense. Here is a summary of the results we
shall use:

Definition A.3.2: Let X be a compact Riemann surface and let A € H?(M,Z) a homology class.
An almost complex structure J is said regular (with respect to A and X)) if the linear operator D, is
surjective for all u € M*(A,L;J). Jree(X,A) will denote the set of J € J regular with respect to A
and X

Theorem A.3.3: ([35, thm 3.1.5]) Let J = J.(M,®) or J;(M,®), Let £ be a Riemann surface, and
let A € H*(M,Z) ne a homology class. If J € Jyeg(X,A) then M*(A,X;J) is a (oriented) smooth
manifold of dimension n(2 —2g) +2cj(A) where g is the genus of X and c1(A) := {c1(TM),A) if
the evaluation of A on the first Chern class of TM. Furthermore, the set J,.g(X,A) is of the second
category in J, i.e. it is a countable intersection of open dense sets in J.

In the chapter 3, it will be necessary to look at a pair of curves S? = CP! — M passing through
a same point; 0 € S? denotes [0, 1] € CP!, whereas o € 52 is [1,0] € CPL. Shorten M (A, S%;J) by
M(A;J).
Definition A.3.4: Let A, Al € H?(M,Z), the structure J will be said regular for (A%, A!) and 5?2
if J € Jreg(52,A9) N T, (5%,AY) and the evaluation map

ev: M*(A%T) x M*(AL,T) — MxM
(0, u') = (u°(0),4'(0))

is transverse to the diagonal. The set of structures satisfying these conditions will be written
]reg(S2;A0’l)-

The intersection of two sets of the second category being of the second category, showing that
the set Je¢(S2,A%!) is of the second category only requires the study of dev. Again, If the set of

J-holomorphic structures considered J is big enough, this map will actually be surjective (cf. [35,
th 6.3.1]).
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Proposition A.3.5: For a generic J, the evaluation map is transverse to the diagonal. In particular,
Treg(S%,A%1) is a set of the second category in J. Furthermore, the moduli space

M* (A% 0) = {0, u!) € M*(A%0) x M*(AL;7)|u®(0) = ' (0)}

is a manifold of finite dimension 2n+ 2c1 (A% +A?).

Intuitively, the dimension of the moduli space can be found by taking the sum of the dimension
of M*(A%;J) and M*(Al;J), minus 2n since the condition u°(0) = u!(0) represents 2n equations.
From now on, a compact subset

M*(C) := M*(A%1;J;C) := {(®,ul) € M*(A%);))|||d?||z» < C,h=0o0u1}

will be considered.
Before we finish these reminders, let us show that transversality in the sense of definition
A.3.4, implies surjectivity of an operator which will be of importance later on. For u: £ — M, let

WP =WULP (S, u*TM)
LF =LP(Z,A%T*I®;u*TM)

Given 1%, u! : £ — M, such that °(0) = u!(0), denote
Lp, L, 1,
Wik = { (€%,8") e WP x WP IE°(0) = E1(0) }.
For the evaluation of sections W1 to make sense, it is necessary that p > 2.
Lemma A.3.6: Suppose ev is transverse to the diagonal. The operator
Doy: Wgeb —  LBxI?
(&0) &1 ) = (Duogoa Dulgl )
is surjective when Do and D, are.

Proof. Letn* ¢ Lz » (Where h = 0, 1). Each of the D being surjective, there exists th e Wul,,’p SO
that D »E" = n". Since the evaluation is transverse to the diagonal, choose {* € T »M*(A";J) so
that

dev(u®,u")(£%,L1) = (£°(0),8'(0)) € (£°(0),E1(0)) + T o, mp)A
where ev(u,u’) is the map defined in A.3.4, mg = u°(0) = u!(0) and A C M x M is the diagonal.
Then (€0 — £0,E! — 1) is an element of W:o’f whose image by Dy ; is also (n%,n?). O

A.4 Implicit function theorem.

In order to obtain a solution to a non-linear problem, we will construct an approximate solution
and then deform it to an actual solution using an implicit function theorem. This section sketches
the method that yield this theorem (following [35, §A.3 and §3.5]).
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Let X and Y be two Banach spaces and f : X — Y a map of class C!. For all x € X, the
differential of f, denoted df; : X — Y, is defined by

dfx(xl) =é%f(‘x+€i) —f(X)

In this linearisation of f at x is bijective, its inverse df;"! is also a continuous linear map (by the
Banach-Schauder or open mapping theorem). The first step to get to the implicit function theorem
is a lemma on maps Yy : X — X whose differential is close to identity. We will often write B,(x; X)
the ball of radius r centered at x in X, this will be shortened to B,(x) when there is no ambiguity
on the space X and to B, when x = 0.

Lemma A.4.1: Lety < 1 and R be real positive numbers, let X be a Banach space, let xg € X
and let y : Br(xp) — X be a map such that Vx € Br(xp), ||1—dy(x)|| <7. Then v is injective
and sends Br(xo) in an open set so that B(;_yr(W(x0)) C W(Br(x0)) C B(14+y)r(x0). Furthermore,
vy~ ! y(Bgr(x0)) — Br(xo) is differentiable and d(y~!), = dw;_ll(y).

Theorem A.4.2: LetX andY be two Banach spaces, let U C X an open subset, andlet f : U — Y
be differentiable of continuous differential. Let xo € U and suppose that dfy, : X — Y is bijective.
Then there exists an open set Uy C U around xp such that the restriction of f to Uy is injective, that
Vo C f(Up) is open, that f~! : Vo — Up has continuous differential, and that ¥y € Vo, d(f~1), =
(dff-1y)) ™" Thus if f is of class C', so is f 1.

The statement of the implicit function theorem in Banach spaces requires the notion of regular
value and Fredholm map. Recall that a map between Banach spaces f : X — Y is Fredholm if
Vx € X, its differential at x (the linear operator df;) is a Fredholm operator. That is, dfx is of closed
image, and of finite dimensional kernel and cokernel. Since the index of a Fredholm operator D,
ind D = dim Ker D — dim Coker D, is invariant under small perturbations of D, the index of df; is
independent of the choice of x; it will subsequently be denoted ind f.

Whether a map is Fredholm or not, a y € Y is said to be a regular value for f if Vx € f~1(y)

the differential df; possesses a right inverse. A crude description of the implicit function theorem
could say that f~1(y) is a (Banach) manifold when y is a regular value and that for Fredholm maps
it is of dimension equal to the index of f.
Theorem A.4.3: Let X and Y be Banach spaces, let U C X be an open set and l € Z~q be a
positive integer. If f : U — Y is of class C* and y is a regular value of f, then M = f~1(y) C X is
a (Banach) manifold of class C* and its tangent space at x € M is the kernel of the differential at x,
ie. Vx € M, T, M = Kerdf,. In particular, when f is a Fredholm map, M is of finite dimension,
dimM = ind f.

A quantitative version of this theorem will be of use. In particular, this version is can be used
to show the qualitative result above. To do so, we first describe theorem A.4.3 in an analytical
language. Take y = O and recall that if D = dfy, possesses a right inverse, i.e. a 0:Y — X such
that DQ = 1y, then it is surjective. The existence of this inverse Q is equivalent to the existence
of a decomposition of X as X = KerD @ Im Q. In other words, the (non-linear) space of solutions
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to the equation f(x) = O ressembles to the kernel of D close to xp. To say that the kernel of D is
the tangent plane at xp expresses the fact that there is a function ¢ : KerD — X such that dpo =0
and for all x sufficiently close to xg, 3§ € Ker D satisfying x = xo + & + Q¢(§). Thus, the problem
reduces to that of finding a solution to f(x; +m) = 0 where x; = xo+& and 1} € Im Q, only knowing
that f(x;) is “close” to O (that is without supposing that the solution xg is known). The theorem
that follows insures us of the existence of such a solution to f(x) = 0 in x; +ImQ when f(x;) is
small.

Theorem A.4.4: LetX andY be two Banach spaces, letU C X be anopen set, andlet f : U —7Y
be a continously differentiable map. Letxo € U be such that D = dfy, : X — Y is surjective and has
a right inverse Q : Y — X (a bounded linear map). Suppose there exists & and c two real positive
numbers such that ||Q|| < ¢, Bs(x0;X) C U and Vx € Bg(x0;X), ||dfx — D|| < 1/2c. Suppose these
exists x1 € Bgg(x0;X) such that || f(x1)|| < 8/4c, then there exists x € Bs(xo;X) such that

f(x)=0, x—x; €ImQ, et [|x—xi|| < 2| ()|l -

This is the statement of the implicit function that will be used in chapters 3, 4 and 5.
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Appendix B

Elliptic analysis a la Taubes

This appendix contains an adaptation of Taubes “toolbox” [47] in dimension 2. The aim of this
adaptation was to attempt to prove a Runge theorem for J-holomorphic curves under quite strong
assumptions. The heuristic idea can be found in Donaldson’s paper [8]. Given a J-holomorphic
map fo : D — M from a disc to an almost-complex manifold (M,J), it is always possible to extend
it by a C* map f : S> — M defined on the sphere and identical to the former when restricted to
a compact subset of the disc. There is a set H, presumably quite large, where this map is not J-
holomorphic. In order to get an holomorphic map from this one, the idea is to change the definition
of the function on small discs. On these discs one would like to replace it by a J-holomorphic map
having a behaviour on the boundary of the disc close to that of the rough C™ extension of f.

In an almost-complex manifold (M,J), the idea is to proceed as follows. Let us be at a point
where 9;(f ) # 0, and let us consider local charts at the source and the image so that the almost
complex structure induces the endomorphism i on C”. The rough extension f can be written as
f(z) = az+bz+ O( |z|2 ). It is of course impossible to approximate this by a holomorphic map.
However, suppose there is a J-holomorphic function g such that g(z) = az+ bé + o(|z]) around
|z| = r. This is a possible approximation of az+ bz when |z| >~ r. The strategy is to graft g to f
along this circle, and to repeat this operation until the set of points where f is not J-holomorphic is
small. Chapter 3 shows in particular that under certain conditions a function with local expansion
similar to that of g can be obtained.

There a some differences between the case of instantons (on the sphere) and the J-holomorphic
problem: the non-linearity is quadratic in the former, whereas it does not seem to have any partic-
ular behaviour in the latter. The scenario is closer to that of anti-self-dual metrics in dimension 4,
studied by Taubes in [47]; it is also easier as we are dealing with a first order equation rather than
one of order 2 and the symmetry group is finite dimensional rather than infinite dimensional.

The goal is to solve the non-linear equation d7f = 0. To do so, we look at the linearization. In
our case, this is a linear elliptic operator. But Taubes’ norm prove to be useful through their clever
use of the Laplacian. For example, in [47, §5], even if the linearization is not elliptic, the method

still applies.
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The approach discussed in chapter A cannot be used in this situation. Here are a few reasons.
First, surjectivity of the linearization is not guaranteed, the problem would need to be solved up
to the kernel. Second, L?P norms are not convenient: an arbitrarily large number of graftings will
happen in a given region. In particular Sobolev’s constant s, is no longer bounded. Third, the
L? norm of du is not bounded. Indeed on each disc where a surgery occurs, this norm increases
by a quantity which is a priori significative and the number of these surgeries is not bounded.
This seems to indicate that new norms are required ; norms which depend on a sup rather than an
integral over the whole surface. Unfortunately, Taubes’ norm do not behave as nicely in dimension
2 than in higher dimensions: Green’s kernel has a logarithmic singularity, the bound obtained in
theorem B.5.3 contains a logarithm which becomes a constant in higher dimension. The aim of
this appendix is to put forth the appearance of this logarithmic term.

B.1 Definitions and properties of the norms

We start by recalling the following lemma.

Lemma B.1.1: Let E >0 andn € C°(V) be given. 3c; > O such that there exists an unique
u € (IgL*(V))NW?22(V) satisfying V*Vu = [1gn. Moreover, u € C*(V) and

c1
IVulds+ £l < 1+ )| [ ]

As said above Sobolev norms are unfortunately not appropriate for our problem. Still it is
important to have norms which take into account the pointwise behaviour of maps. The first norms
we introduce look like an L™ norm but applied to the inverse of the Laplacian (the convolution with
Green'’s kernel).

Definition B.1.2: Let p €]0,e~![. Let x € M, By(x) be the open ball of radius p centered at x.
Define

Su,
Jull, = SUP Ju(x)],

lulop = S22 [ In(d(y) ™ 0)Id

x€M /By (x)
, 112
= Ssu -1
ooy = 38| [ (@) D)D)
g = Nl + Ve,

These norms will not be sufficient for our needs, a seminorm £! will arise naturally; it can
be seen as an “integration by parts” norm: although derivatives do not appear explicitly, they are
nevertheless measured in it. A parenthesis is necessary for their introduction.

Denote by S(T*2®V) C C*(T*Z® V) the subset of elements of £L° norm equal to 1. Fur-
thermore, given local charts around x, then for p sufficiently small, By(x) identifies to an usual
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ball of R2. In these coordinates, a section of T*R? can be written as a map R? — R2. Next, no-
tice that maps from the circle R? O S! — R? extend to maps independent of the radial coordinate
R? . {0} — R2. Last, denote by I' = {f € C=(S!,R?)| || fll ;2 = 1}-

Definition B.1.3: Let p €]0,e™![ be less than the injectivity radius, the seminorm L! associated
tou € C*(V)

—sup sup sup (v,o®u) (y) dy

u
lell 21,0 xEMveS(T*E®V) 0T JB,(x)  d(x,Y)

and enters in the definition of the following two norms:
lullep = lullcop+I1IVulliip,
lullsrp = lullowp+ Il 21
We begin with elementary properties of these norms.
Proposition B.1.4: Suppose that p €]0,e7!].
a. |labl,p < llallzp l15ll20 o
b -l sy < el Il p and [l 2(s, ) < 110P17Y2 -l p-
c. Ifk € Ry and if X denotes *,2x, L%, L', L, and H then |||l p < [I-llx o < 4K* II-llx

d. The norm L° is submultiplicative: Ivewllcop < [IVIlcopllwllcop-

Proof. The first of these properties is a direct consequence of Holder’s inequality.
Whereas the second one follows from

—1
lwll 1By (xy) < [P /B(

p(x)

4O lImpldy < [1npl~™" [/ 1wl Ind(x,y)ld:
p(x

the L? case being identical.

As for the third, the norms *,2#, ou L! are obtained by the sup of integrals on balls, the ratio
of areas allows us to bound the integral taken on a large ball by those computed on smaller balls.
Since the £9, £, are # combinations of *,2%, L1, or L* norms, the inequality also holds.

The last property is again a simple calculation:

vewllo, < IVl=lwle+IVv@w+veVwl|,,,
< AWlig= Wli= +1IVv @wllas p + V@ YWlla,
< AVllz= IWlliz= +11VVllaup IWll= + VIl VW]l 24
< ”V”Lo,p”W”LO,p O

Before we move on to the estimates these norms enable to find, the following lemma describes
the difference between Green’s kernel for the Laplacian (with a singularity at x) and the function
Ind(x, )~}
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Lemma B.1.5: Givenx € £, let G(x,-) : C°(£~ {x}) be Green’s function for V*V +1:C*(X) —
C>(X). Jdc, € R+ depending on the diameter of X such that

|G(x,-) + (21)n(d(x,"))| < c2|d(x,-)*In(d(x,")|
|VG(x,-) + (2rd(x,-))"'Vd(x,)| < c2ld(x,-)In(d(x,-)]
|V*VG(x, )] < czd(x,-)‘z.

Proof. For this proof, it is recommended to (re)read the important results on Green’s function;
we cite [1, ch4 §2.1-§2.3]. Start by writing the Laplacian for a function depending only on polar
(geodesic) coordinates (cf. [1, 4.9]):

VO(r) = 0" +~¢' + 3,1/ Tg],

where g is the metric; an useful bound of the term where it plays a role is d.In+/|g| < K;r for
K1 € Rsg, see [1, thm 1.53]. Let f(r) : R>0 — [0, 1] be a smooth function which is O if » > injradZ
and equal to 1 when r < injrad /2. Furthermore, take r = d(x,y) and define the parametrix

H(x,y) = —(2m)" f(r)lnr.
A direct calculation shows that
AH (x,y) = f"(Nnr+ £/ (Nr~t 2 +1nr) + (F () Inr+ f(r)r~ )3 In /|g].

Thanks to the bound on the last term and since f/(r) = f(r) = 0 when r < injrad £ /2, there exists
a constant K, (depending on the injectivity radius and the choice of f) such that

IAyH(X,)’)' <K;.

This said, the first inequality follows from equation [1, (4.17)]; let I'y(x,y) = —A,H(x,y), let
[iy1 = Jy dvol(z2)Ti(x,z)T1(z,y) and let Fi(x,y) be defined by AyF (x,y) = Tk(x,y) — (Jgdvol) L.
With these notations, Vk € N>,

k
G(x,y) =H(x,y)+ ;/Edvol(z)l"i(x,z)H(z,y) + Fiq1(x,y)-

The term i = 1 will have the most singular behaviour at 0. However, since I'1(x,y) = —A,H(x,y)
is bounded and since H(x,y) is essentially a logarithm of the distance, a positive real number K3
which depends on the diameter exists so that

l/}:dvol(z)l“l (x,z)H(z,y)' < K3r*|In~|.
The estimations of the derivatives are obtained likewise. Od
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B.2 Estimation on the solutions of 6*du = ¥.

Let V and W be vector bundles on ¥ having the same dimension. Let & : C*(V) — C*(W) be
an elliptical operator of order 1. Let 6 € Hom(T*X,Hom(V,W)) the symbol of 3, defined by the
relation 8 = oV + 1, where I € Hom(V, W) is the term of order 0. Ellipticity of & means that o(z)
is an isomorphism when z # 0. Moreover, if 6* is the symbol of &%, the following relation will be
assumed: Vz € T*X, 6*(2)0(z) = |z|* 1dy.

Fix E > 0 and p €]0,e![, the latter being small. Suppose that x € C*(V) is orthogonal
to eigenspaces corresponding to small eigenvalues of the Laplacian, i.e. (1 —IIg)x = 0. It will

frequently be decomposed as:

X=q+b Vb,

where b, is a section of a vector bundle Y — M, b; a section of C*(Hom(Y ® T*,V)), and g €
Cc=(V).

Proposition B.2.1: LetE, p, 3c3(DiamX) and c4(volX, DiamX) two real positive numbers so that
given{, = q+ b1 Vb, as above and for u € TIgC>(V) the unique solution to 8*du = Y, then

(@) lullcop < eslp™'Inplllullpz+llgllyp+ 1511l oo B2l 51,p)-

If moreover (1 —TIg)x =0

®) lullop < ca(l+p~*InplE=)(llgll,p+ 151l o 1B2]l 2rp)-

Proof. Introduce a smooth function a : [0,o0) — [0, 1] equal to 1 on [0, 1] and O on [2,). For a
fixed x, this function enables to define a function which is constant on By (x) and with support in
ou(y) = a(p™'d(x,y)).

The equality
V*V |u|? =2 (u,V*Vu), —2|Vul?
allows, together with
8*Su = V*Vu+o’'Vu+Ru
which comes from the relation 6*(-)o(-) = |-|? satisfied by the symbol & of 3, to write (u, 8*u) =
(), s

1 1
5 (V'Y | + |uf?) + | Vu|* + (u,6' Vi) + <u,Ru — §u> = (u,%).
Both sides of this equality are then multiplied by o, (-)G(x, -) then integrated over X. Here is what
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the first term gives:
LG I TV ()P + [uf?)
= L6 )V I+ 1) = (1= ()G )TV I+ ful?)
= @~ [ (1= ()G ()P = [(1= ()G )V [u()
= u() = [ (1= aul()G0x,) ()P = [P VL1~ ()G, )

Thanks to B.1.5, for a constant c3, |V*V[(1 — ox(y))G(x,y)]| is bounded above by Kip~2|Inp|
when y € B3, (x) \ Bp(x) and zero elsewhere. It then follows that

2 2 —
WP+ [ IVaOF In(d )7
< ()P + [[1VuO)P ()G, )

(B2.2) < Ko [(1=ou()GCx )W)+ p 2 mpl [ ()P

P.2p

s [ O () ™) 4K | a()G0x) a1V
4, @06 )

The sup of the left-hand term on x € M bounds % ||u||iO,p; thus in order to bound the right-hand
term, a factor of ||u|| .o , will always have to be removed. We proceed differently for each of the
five term on the right-hand side of (B.2.2).

First term. The integrand is of support in £ \ By (x), a rough bound allows us to rewrite it in a
shape close to that of the second term, that is,

/2(1 — 0x(1))G(x, ) [u()* < el 72 [1(1 = 0 () G, )l =

and, since ||(1 —o0x(-))G(x,-)||;= < Ks|Inp|, this term is bounded if we wish to show (a) by
Ks|Inp|||ul| ;= ||u||;2 (K5 depends on DiamX and volX). As for the bound that gives (), the work
is to be done as in the tratment of the second term. We immediatly explain how.

Second term. To obtain (a), it suffices to notice that ||u||Lz(Ap’2p) < V/37p ||u|| - Thus, the
first and second term are bounded by (Ks + v/37tp~1)|Inp| ||u|| 1 ||/l 2-

However, in order to get (b), we first write, thanks to B.1.1,

luliF2 < 1B [ () &

That last term, after decomposing X and integration by parts, is bounded by

/2 (%) dy < |luell = (llgllr + 1VB1Lll 2 |62l 22) + [ Vaell 2 [1B1]] 2= 122 2

Covering I by Kgp~2 balls, where K is function of the volume of X, the LP norms are bounded by

Taubes norm:
Il-1l 2 Ksp~2 |l p

<
iz < VEeP™ I llaw
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Finally, these inequalities give

p>|Inp| lullzz < Kep~*npl E~" flull o (llgllsp + 1511l o 1B2]l2. o)

Third term. This one is bounded quite simply, as the singularity is integrable:
[ O)PIn(d(x,)7) < 892 npl Jul2- < 892 [Inpl ul
2p

This term is thus destined to disappear: for p small enough, it can be substracted to both sides of
the inequality.
Fourth term. As the preceding one, this term will only be negligible for p small. We bound it
by
/szax(-)G(x, )ul|Vu] < [lu]| = ”Vltnz*,p /sz ((lx(-)G(x, -))z/ln(d(x, 3
< K7p?|Inp| [lull = | Vull 50
< Kap?|Inp| flulZo,
where K7 does not depend on the gluing map since igg |G(x,-)/|Ind(x, -)|||L.,.,(sz(x)) <(@m)~l+
4cyp?|In2p|.
Last term. First decompose Y, = g+ b; - Vb,. The part containing g is bounded simply thanks
to lemma B.1.5 by c2 |[ul[;~ [|¢][. - The rest requires more care. First we intergrate by parts:

Jo @066 ) == [ |60 (Tobr- )+ (V51 £2)

2p

(oG (x, ) by -b2>] .

Apart from the last term, lemma B.1.5 and proposition B.1.4 (||lab||, , < |lall2.p [12]l,4 p) allows us
to bound this by

ca llull cop 151l o p 1B2]l24,p -

As for the ultimate remaining term, we again use lemma B.1.5 to bound the difference between
d(0(-)G(x,-)) and (2m)~'d(x,-)Vd(x,-). However, ¢ := Vd(x,-) € C(S'; R?) whence we find the
following bound for this remaining term:

K(llull o p 151l o,p 1B2]] 20, + 1 @ b1l 0 o [1B2]] £1 )

Using B.1.4 yields:
/B 0 (-)G(x,) (u,x) < Kllull o g D1l o p B2l 5,
2p

The bounds found for the five terms enables (when 2K7p?|Inp| < 1/2 so that the third and fourth
do not weigth on the right-hand side) to show that

[l Zop < callull o (1+p~* InplETH)(llgll o + 1011l o 1821121,0)- -
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When § is without order O term, if 1 € C*(W) and u € W!2(V) are related by
du=m,

The results of B.2.1 apply using that 8*du = 8*1|. Indeed, since &* = —c™*V + I*, it suffices to take
q =1"n by = —c™ and b; = M so0 as to have the following corollary.

Corollary B.2.3: Letp be a small positive number and E > 0. Let c4 > 0 as above, ifn € C*(W)
and u € IIgC*(V) are so that du =n, then

lull co,p < e3P Inp| lluliz + Ml o [Mlla,p) < ca(l+p™°E) [mll5)-

If n =0, it is still possible to get a bound on the norm of u, using standard results.
Lemma B.2.4: Vk € Ndcs x such thatE € C°(V) and § € Ker, i.e. 8 =0, then

V€ I < csicllEll 2 -

B.3 Estimating the £! norm.

We will now try to get information on the equation 8*n = %, with 8* elliptic and again the decom-
position of ) as g+ b1V bs.
Lemma B.3.1: Let p €]0, 1] be sufficiently small, 3c¢ > 0 such that if *n = then

IMllzip <ecslllally,p+npl b1l cop 1521l 4, + [Inpl Nl o)
p

The proof being far from obvious, it requires a preparatory lemma and a few extra notations.
We first describe a test function which will be multiplied to the equation &*n = % in order to
conclude by integration by parts.

Let Vo and Wy be vector spaces of equal dimensions and let 6 € Hom(R?, Hom(Vy, Wo)) be
such that og(z) is an isomorphism Y0 # z € R?. Recall that 6* € Hom(R?, Hom(Wj, Vo)), thus for
z € R?, 6%(2)00(z) € End(Vp). Suppose further that 6(z)S0(z) = |z|*1d.

Let Vj be the euclidean covariant derivative in R?, then 8y = o¢(Vy) is an elliptic operator of
order 1 on R? which sends maps with value in Vy to maps with value in Wp. Similarly, it sends
sections of (Vo ® W) on sections of (Wy ® Wp).

Finally, since Wy is an Euclidean vector space, End(Wp) identifies to (Wp ® Wp), and 1 €
(Wo ® Wp) will mean identity as an endomorphism.

Lemma B.3.2: Let y € C(S!), be seen as function on R? . {0} which is radially constant.
3t € C(Vo ® Wo)|s1 unique (seen as a section independent of the norm) and t; a constant such
that for s(-) =t1(-) +t21n|-|

and, for ¢7 a universal constant

22| + {21l = 51y + NEallwaz(sty < ez Wiz

110



Proof. The operator 3y has a (Green’s) kernel defined by

K oo(y — p)
ly—pl?

Let § = y/|y|- Let yr(y) = 0‘053:)/ o} (£)y(2)dt be a section of Wy on R? <. {O}. Then 1, =

pp( ) = € Hom(Wo,Vo)

oy(P)wL(y) = / o5 (X)y(x)dx is an element of V. Let yy = W —y;. A formal solution to the
equation can be written as

pI Iyl

) .

Let 11 (p) be the expression corresponding to the integral. If p = p/|p| and by making a change of
variables y — |pl|y, it appears that t; (p) =1 (p). Consequently, if it converges, the integral defines
a section on the circle. Let us now write y in polar coordinates (|y|,), then

/slca(y)“’N(yA)dyA /"Om"’(”dy /Go(y)\lfx(y)dy

- / s [ B ([ o 0ve) s

Whence, using 5(9 — p/|y|) = o5(9) — o5(p)/ ¥,

n(p) = [ —Plroto-p/bhwn()dyld

ly |ny|

= JoTy =57 (FBONNE) — S (P)eN (/1Y) dles
— Yy * (8 A A 1 *(_ R R
= Je 5~ pp o)+ /Rsz“o( PN (9)dy|d.

Thus, the second integral is convergent. There remains to show that the first also converges. The
eventuality of divergence could come from large values of |y|. Choose p such that |p| = 1, when
ly| > 1, the expansion

ly—pl™2 = yI72(1+ 3, p) /Iyl + IpI*/Iy1*) ™ = |72 (1 + o(ly| 1))

enables to write

feonio SOOI = [, bSO

Pl
-1 _16* a a 5.
-~ (O)O(Iyl I~ ()W (9)dyldy

Integrating first on the angular coordinate, the first integral is shown to be zero, whereas the second
converges. Thus we conclude that the integral #; (p) is also convergent.
The promised bounds on the norms of these function remain to be found.

2] < (2m) 7! lloollz2(s1) Wiz sty < K2 [[Wllz2 (s -
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As for 11, it satisfies a first order ordinary differential equation, the norm of its derivative is bounded
by that of y (the difference between y and yy is bounded by [|y||;2(s1)). Thus,

||Vt1 ”LZ(SI) <K; ||‘I’”L2(sl) :

By compactness of S’, 1l = (s1) < K3 [|Wll2(s,) and consequently ||t1|;2¢51) < V21K3 || W]l 2(s,)-
O

Proof of lemma B.3.1: Letx € L be fixed, and p < injradX. We will work in a Gaussian coordi-
nate system around x. The metric that comes up in the evaluations of the norms will be replaced
. - . . (v)¢®w) (v1¢®w) 1
by an euclidean metric: indeed, the expressions / —,—Eg and —HJ do not differ b
¢ ’ By(0) e Bp(x) e Y

much, the ratio between an euclidean metric and the metric of £ is a power of (1 + p?). Since
IVl = 1 and [|§[|;2(s1y < 1, this difference is bounded by K1p? lwll,. p Where K is the absolute
value of p—2 fpz‘) r~2((1+ )k —1)|Inr|"ra.

Gaussian coordinates give a local trivialization of the cotangent bundle T*|g ,(x) by associating
it to the cotangent bundle of B,(0) C R2. We write the local coordinates of the latter as dy;, i = 1
or 2,and let v =Y v; ® dy;. In a similar fashion, a local trivialisation of V|g »(x) and W B, (x) Over
Bp(0) x Vo and By (0) x Wp, where Vo = V|, and Wy = W|,, is given by these local coordinates.

Consider now Gy = G|, where G is the principal symbol of the operator 8. Then 6, = 6¢(V))
is defined as in lemma B.3.2. This lemma applies on the components ¢; and ¢, of ¢ to give two
functions s; and s,. Let s be the section (in coordinates) of V|g ,(x) defined by

5 =51 Qv +52Qv;.

Multiplying both sides of the equation 8*1n = ) by Yx5 (Where Y is the cutoff function introduced
before), an integration by parts reveals

B.3.3 / 8(ces),m), = / s,
( ) sz(x)( (axs),M), sz(x)( x5, X) g
Decomposing & = &g +d(x,-)d, yields

s = 2(5051') Rvi +ZSi ®dv+d(x, -)ZS’S,-@W.

Thus the left-hand side of (B.3.3) can be rewritten as

o 0xS), =/ Sax 5, +/ ivi,
/sz(x)< @), = [ (Gadsmg+ [ (TfE),

(s @B+ [ (oud(x, )85 @),
x) Bap(x)

Byp

In other words, the term we are interested in is

ivi , = 0L S, — SOLx s, +
-/l;zp(x) <Z]£|S_E_ T'|>g -/l;zp(x) < x>8 Ap’u(x) <( ) Tl)g
_/ )(axs®5v,n)g—/B ( )(axd(x,,)8/s®v,n>g.

Bap(x 20 (x
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Recall that s;(-) =1 i(-) +#2,iIn| - |. The last three terms are bounded as follows:

[ (Gesn),| <Kalbll- (Kl lz= Il

Ap,Zp(x)

+Kalnp| 2] [l 2 )

i (@@ | <Kl [V, Mo,

+K3 (2| VYl 2420 Mll24 20

/B(x)<0txd(x,')5's®v,ﬂ)g < 4p°K3Ka |[vli= (P IVl 2gsty Ml 2s,,
2p

+27|t2] V]l = Ml 228 )

where K, =21 fpzp r~ld& = 2n1In2, K3 depends on the symbol of 8 and K4 = H L(le—)

. Propo-
L=(B2yp) P

sition B.1.4 will be used to find the usual norms: ||-|| 2(5,,) < [Inp|=1/2|-|l,, 2, given thatp < e~
. Using ¢ = q + b1 Vb, the first term becomes

OlyS, =/ 0, +/ 05,01 Vby
JA s = [ asa) k[ (s Ve,

= [ lama, = [ (s (7b0ba), - /.

Bop(x 20 (x

where an integration by parts took place in order to obtain the last line. The first of these three

) <V(axs),blb2>g’

2p\X

terms can simply be bounded by

l#llz= VIl = gl () + 1221 VIl 2= 1@l 2 -

As for the second, it is bounded by

1 llz= IVl 1V P11l 28y P21l 28y + 2] [IVI] 2= [ VB1 ]2 29 1B2]1 2,2 -

The third can be written as:
V(0es), bib =/ Va)s, by by +/ (0 (ViL @), biby
A V@bt = [ (Vashib)+ [ o ),b1ba),
V.
+/ Olyt ®v,b1by ) + os @ Vv, b1 b)), .
sz(x)< xz-ﬁl 1 2>g sz(x)( x v,b1b),
The bounds are obtained as follows:
[ ((Vasbiba)| < Kolvlz= lorl= (lnllz- 1622,
Ap,20(x) i
+|1np| 22| 1621124 2p )
/;(x)(axVH@V,blbz)g < 4% (|Verll sy VIl = 161l = 18211 28,
2
vl
JAPRCES: ST LRI CS S LA AL P

/ (0es @ Vv, b1b2), | < [It1llL=IVVIIr2(8y) 1111 2= 1521 228,
Bop (x)

12l V¥l 24 20 1511l = 1521124 2 -
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A remark on the cutoff function might be relevant. In our situation, such a function will always

be written as

1 sir € [0,p])
Y0) = ey sir€(p2p)
0 sir € [2p,e)

Since for p sufficiently small g(2p) — g(p) — (Vg)p, the LP norm with density f(r) of Vyin a
ball will be 2np—P fp2p rf(r)dr. Thus, for f(r) = |Inr|, this norm is bounded (it tends to 0) only if
p <2

B.4 The kernel of 1.

‘We now prove some bounds on the part that has so far been neglected. Our goal is to get a bound
on (1 —IIg)x in terms of the norms of g, b;, and

b,. To alleviate notations, g will denote the projection on small eigenvalues of V*V: g =1 —TIlE.
Let N(E) be the number of such eigenvalues and let {vi}?/:(f) a basis of the image of Tg:

N(E)

TeX = Z [/):<Vi,x>g:' Vi

i=1

The main result of this section is to bound |[%gX |, , by llgll. . [|b1]l 0, and ||b2]|;, , but with a
parameter r # p. We begin with some preparatory lemmas.

Lemma B.4.1: Let € € R, there exists constants cg , depending on € and on the metric on L,
such that if p < injradX and p~® > |Inp|, then for v an eigenvector of V*V whose eigenvalue is A

and whose norm ||v||;2 =1
[VE™V|| = < cs,nmax(1,A(1F9)/(2=¢)y

Proof. 'When n = 0, this bound is a consequence of B.2.1.(a). Indeed, takingd=V,E <A, u=v
and x = Av, yields

IVli= < IVl <eslp™Hnp|+A[lvi, )
< 3(p™!|Inp| +A IVl - Kip?|In pl),
where Ky < 87 comes from the integral [5,_|Inr|dr. Thus, if AK1p?|In p| < AK1p? ¢ < 1/2, we
have
VI~ < 2c3p7 ! |Inp| < 2¢3p~(1+8) < 2¢c3max(Ky, (2K A)(1+8)/(2-€))
since p can be as large as allowed. We then continue by induction. Suppose that the statement
is true for any integer < k. Then, applying B.2.1.(a) to u = VZ(V®k+1y) and x = AVSk+ly, 4

Yo<i<k R;V®—iy;, the conclusion follows by the same argument (the &; depend only on the metric).
]
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Lemma B.4.2: Let N(E) be the rank of ng, then N(E) < co(E +1)?

A proof of this result can be found in [5].
Lemma B.4.3: There exists a constant Eg which depends on the metric such thatVx € X if ry :
g, C*(V) — V| is the restriction at x and ry oV : tg,C™(V) — (T ® V)|, is the restriction of the
derivatices, then r, and ry o V are surjective.

Proof. Let s be s smooth section of V such that ||s||;2 = 1. Since X is compact, ||Vs||;2 < K;.
Thus, the expression of s in terms of eigenfunctions converges pointwise. Thus, for any basis of
V|, there exists a E, such that this basis can be approximated by elements of ntg,. This surjectivity
remains valid for points close to x, and by compactness of X the conclusion is achieved. The same
argument works for r o V. O

We are now ready to show the main result of this section.

Lemma B.4.4: There exists a constant cyg such that for E € R+, and r,p < Rjq, then for y €
C*=(V) which can be written as X, = g+ b1Vb,

p*|Inp|
rZ|1nr]|

Imexll,,p < c10 (1+72E3)(llgl,, + 181l o 1B2]l4. ).

Proof. For two integers n, m big enough, it is possible to choose a set € such that
B =X,
* xLeJQ r(x)
e B,(x)NB,(X¥) = @ if x # x’ are two points of Q,

o forQ' CQ,|Q|>m= N By(x)=2.
xeQ/

This set is easily realized in Euclidean space. Since L can be isometrically embedded in R¥,
this remains true up to a small perturbation. Consider again the cutoff function o, defined this
time with parameter nr rather than p. Furthermore let Yx(-) = 0x(-)/ Xycq Oy (-) be the partition of
unity associated to the covering of X by {B,,(x) }xcq- Moreover, the gradient of 7y, behaves nicely:
V()| < Kir ™t

As the projection Tg is a linear operator, the bound on ) can be obtained thanks to x =
YreaYe(-)x(-). Using lemma B.4.3, for each point x € Q, there exists a L?>-orthonormal basis

{v,-}?_’__(f) of TgC>(V) such that v; € C*(V) and, when i > N(Ey), rrvi = 0 = r,Vv;. Again, upon

integrating by parts, the following expression for the projection of X on v; can be obtained

Loura, = [ onna),— [ onk(Tob)

(B.4.5)
__/E<Vvi17xblb2>_/Z<Vi,(VYx)blb2>-

We begin by the projection of TgY, ), on v; when i < N(Ep). In that case, lemma B.4.1 enables us
to bound v; and Vv; uniformly by cg 1 (1 + Eo)?/3, thus the right-hand terms in (B.4.5) are bounded
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respectively by
|1nr|—1 ”q”*,an + | lnr|—l ”Vbl “2*,2nr ”b2“2*,2nr

+r{Inr| "M |byl| = 1B2ll2s 2 + KF 10| = Iball = 1521|2020

[ 0u120,] < i Kl + 161l s, Nealla, )
where B.1.4 is used to pass from the parameter 2nr to r. Also, ||vi, , < cs0(1+ Eo)*3p*|Inp],
which yields:

All these norms can be put together to give

< K3p?[Inp||nr| " (llgll, . + 1511l co 1 1821l )-
*p

vi /z (vi, YxX) ¢

Now, if i > N(Eo) the choice of the v; gives that |v;| < cg 2r?E?/3 and |Vv;| < cg ,rE?/3. This time
the right-hand terms of (B.4.5) are bounded as follows:

C8,2E2/3r2| 1nr|—l [”q”*,an + ”Vbl ”2*,2nr Hb2”2*,2nr
+ |61 ”L‘” ”b2“2*,2nr + K12 |61 “L’“ “b2”2*,2nr] :

Since [|vi]|, , < cs,0(1 +E)%/3p?|Inp|, we have

vi /Z Vi, YeX) ¢

< Ka4p?|Inp|?|Inr| " (llgll, .+ 181l o, 12224 )
*p

As N(E) — N(Eo) < KsE?, the decomposition TgY,X = ¥ v; / (vi,YxX), enables to conclude that
x€Q JEI

Ime¥exll.,p < Kep?|Inpl|inr|~ (1 +2E?)(llgll,, . + 161l o B2 )-

The finishing touch consists in noticing that the cardinality of Q is bounded by K772, where K7
depends on the metric. O

B.5 Existence and a priori bound on solutions

It will be necessary to introduce

0o = llgllsp+ 1161l cop 122115,

The linearized operator of J; at f is the operator D ¢ introduces in §A.2. Even if for many
structures it is invertible when f is J-holomorphic, we shall need to deal with this operator for a
function which is precisely not J-holomorphic (in the complement of a disc). The projection Ilg
enables to avoid problems that arise from a lack of surjectivity.

Define first ' («) by

(B.5.1) 8*du = V*Vu+0'Vu+Ru = V*Vu+y'(u),

where &’ is the symbol of a first-order operator. A wise use of lemma B.1.1 will give the existence
of a u € TIgC™ such that ITg8*0u = Ilgy.
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Lemma B.5.2: Letd be an elliptic operator as above, there exists a constant c1; (which depends on
8) such that when E > c11, the equation I1gd*8u = g admits an unique solution u € IIgC>=(V).
Moreover this solution depends continuously and linearly on .

Proof. Write V*Vu =TIlg(x — % (u)). Lemma B.1.1 insures the existence of a section u, such that
V*Vu, =I1gy and of y(u) solution to V*Vy(u) = —I1gX’ (u). Thus, the problem can be expressed
as the existence of a fixed point for

w=y(u)+ uy.

It suffices to show that u — (u) is contracting as a map from ITgW12(V) to itself. First, since
1K N2 < K1 ||ullw1.2 lemma B.1.1 shows that if E > ¢

Elly(@)lzz <21/ (w@)x)l < 2Kyl lulip
= vl <2KiE~ullgra.

Using this inequality, a second application of the same lemma gives

Vw72 <2[f (wi),x)|
< 2Ky ||w(u) || 2 ||eeflyr
<AKZE"||ul|3z -

Thus, ||[Vy(u){lwi2 < 4K1E~/2||u|| 512, that is the linear map y : [TIgW12(V) — IIgW12(V) in
question is contracting given that E > max(16K?,1,c1). In other words, u = y(u) + uy <> (Id —
) (u) = uy . However Id — y can be inverted by a formal serie (which converges since ||y|| < 1).
The solution to our fixed point equation is u = (Id — W)~ (u;). Thus, linearity of the dependence
on u comes from the linear dependence of uy on x. Arguments of ellipticity enables us to conclude
that u € IIgC>(V). O

Theorem B.5.3: Let E and p be such that Ep*|Inp| > 107%. The equation ITg8*du = Iy admits
an unique solution u € IIgC>(V) which depends continuously and linearly on 7y, and such that

lull,p < cr2(1+ [Inp]) (llgllsp + 1811l o p B2l 21, )

Proof. The previous lemma covers all the assertions of the theorem with the exception of the
bound on ||ul| .. This is done using lemma B.2.1:

(B.5.4) lull o p < ca(1+E~"p*[Inpl) (x),,

The £° norm of Vu requires more work. First observe that u satisfies the following system of
equations

V*Vu =Tg(x+x' ()

VVu =Ru
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where RV is the curvature tensor. The operator V* @V : C°(V) — C*(V) ®C*(T*L x T*L x V) is
elliptic of the first order. Lemma B.3.1 can be used on (V* @ V)(Vu) = Ig(x +x/(4)) @RV u to
get that

19l 21 < es(llgllp + 11X @) o + |74+ 1100l 151l 152l 55+ 1Pl Vil )

’

where g, b; and b, come from the decomposition IIg)x = g + b1 Vb,. For a constant K7 which
depends of the terms of order less than 2 in 8*9,

ITeX @), , < Ki(llully o+ 1Vullzep) < Killull o -

Moreover, there exists another constant such that ||RVu||, o < Kalull, o Thus,
IVull 1o < K3 (llgllsp + 1Pl 1811l o 1B2]l 27 p + lll] o p + [ Inp] |Vl ) -

Adding this inequality to (B.5.4) multiplied by (2 + |Inp]|)K3 gives

lullz,p < Ka(1+1np])(llglls,p + 151l o 1621157, ) O

Note that if for some reason the operator d is surjective, it is no longer necessary to project on
large eigenvalues of the Laplacian. Thus, it is possible to obtain the same estimates. Here is a case
of interest.

Corollary B.5.5: LetYy = CP!, and let h be a solution of D,D}h = ¥, then

1811 2,10-1 < 4cr2(llglls 10-1 + 1811l o 101 16211 5¢,10-1)

Proof. The proof is identical to the one of the previous theorem with the exception that it is needed
to take p = 10~ ! < e~! and E the smallest eigenvalue of the Laplacian. a
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DIMENSION MOYENNE ET
ESPACES D’ APPLICATIONS PSEUDO-HOLOMORPHES

Résumé

Le présent texte s’articule en deux thé¢mes. Le premier commence par I’évaluation des largeurs
de boules unités dans des espaces de Banach. Ces évaluations peuvent €tre percues comme un
probleme de compression: on s’intéresse a des applications non linéaires de fibre aussi petites
que possible qui envoient ces boules unités vers des polyédres de dimension fixée. Des bornes
pour ces quantités sont obtenues, le cas des boules /” (de dimension finie ou infinie) avec leur
métrique y est plus particulierement étudié. Les largeurs interviennent aussi dans la définition
de la dimension moyenne, une adaptation de I’entropie & des cas ou elle est infinie. Cependant,
cet invariant dynamique est insuffisant pour différencier les syst¢mes donnée par la boule unité
de IP(T';R) avec action naturelle de I" o p est fini et I" est un groupe (typiquement Z). Une
modification de la dimension moyenne est ainsi introduite pour s’occuper de ces cas, elle n’est
cependant plus un invariant topologique mais est Holder covariante. Ceci est encore suffisant pour
obtenir des obstructions. Une autre variante, dim;», qui est reliée a la dimension de Von Neumann
est aussi introduite s’inspirant de résultats de Gromov. Quelques unes des propriétés de dim;» sont
démontrées (requérant une généralisation du lemme d’Ornstein-Weiss). Cependant, des propriétés
importantes restent en suspens.

Le second theme traite des courbes pseudo-holomorphes. Un résultat sur le recollement de
deux courbes pseudo-holomorphes est d’abord démontré. Celui-ci permet d’avoir une idée plus
précise du comportement de la courbe recollée prés du point ol les deux courbes d’origines se
touchent. Ensuite, nous nous intéressons a former des cylindres pseudo-holomorphes depuis une
chaine de courbes pseudo-holomorphes, et sous de fortes hypothéses, un résultat d’interpolation
est obtenu. L’interpolation permet entre autres de montrer que les cylindres obtenus sont simples,
d’images distinctes, et forment une famille de dimension infinie. Les deux thémes se rejoignent
étant donné que la famille d’applications obtenue est de dimension moyenne positive.

Un appendice contient une adaptation de la "boite a outils" de Taubes (des méthodes d’analyse
elliptique introduite dans "The existence of anti-self-dual structures") au cas de dimension 2.
Cependant, a cause de la spécificité du noyau de Green en dimension 2, celles-ci n’a pu étre
appliquée 2 la démonstration d’un théoréme de Runge pour les courbes pseudo-holomorphes.

Mots-clefs : largeur, dimension moyenne, lemme d’Ornstein-Weiss, dimension de Von Neu-
mann, applications pseudo-holomorphe, chirurgie dénombrable, interpolation, analyse elliptique a
la Taubes.



MEAN DIMENSION AND
SPACES OF PSEUDO-HOLOMORPHIC MAPS

Abstract

This thesis covers two themes. The first begins by evaluating the width of unit balls in Banach
spaces. Evaluation of width can be seen as a problem arising from compressed sensing: we look at
nonlinear maps with small fiber diameters that send these unit balls to polyhedra of given dimen-
sion. Bounds for these quantities are found, focusing on the case of {? balls (of finite or infinite
dimension) with their proper metric. Widths are also related to mean dimension, an adaptation
of entropy to cases where it would be infinite. However, this dynamical invariant turns out to be
inefficient if one wishes to distinguish between the dynamical systems given by the unit ball of
17(I";R) with natural action of I" for finite p and I" a discrete group (typically Z). A alteration of
mean dimension is thus introduced to deal with this case, but it is no longer a topological invariant
but Holder covariant. This is still sufficient to obtain obstructions. Another variant which relates
to Von Neumann dimension is also introduced, following Gromov, and some properties are then
proved (requiring in particular an extension of the Orstein-Weiss lemma). However, important
properties are left unproven.

The second theme deals with pseudo-holomorphic curves. We first modify a result on the
gluing of two pseudo-holomorphic curves so as to have a precise behaviour of the glued curve close
to the point of intersection of the two curves it comes from. Then pseudo-holomorphic cylinders
are constructed from a chain of pseudo-holomorphic curves. Under strong assumptions, we obtain
an interpolation result on these cylinders. This interpolation result has many consequences, in
particular, that thedifferent cylinders obtained are simple, have different images, and form a family
of infinite dimension. This theme is reunited with the first as this family has also positive mean
dimension.

An appendix contains an adaptation of "Taubes toolbox" (methods of elliptic analysis devel-
oped by Taubes in "The existence of anti-self-dual structures”) to the 2-dimensional case. However,
due to the specificity of Green’s kernel in dimension 2, these could not be applied to the proof of a
Runge theorem for pseudo-holomorphic curves. /

Keywords : largeur, dimension moyenne, lemme d’Ornstein-Weiss, dimension de Von Neu-
mann, applications pseudo-holomorphe, chirurgie dénombrable, interpolation, analyse elliptique a
la Taubes.
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