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In this note we shall give a proof of the following:

PROPOSITION 1:

(a) Let V C p3 be a cubic surface, defined over the infinite perfect field
k, and having exactly 3 singular points Q,, Q2, Q3. Then V is

k-birationally equivalent to a non-singular cubic surface W containing
a k-rational set of 3 skew lines.

(b) Conversely, every non-singular cubic surface W CP3 containing a
k-rational set of 3 skew lines is k-birationally equivalent to a cubic
surface V with exactly 3 double points.

A proof of this result was already outlined in a little known paper of
B. Segre [10], but the crucial fact that W is non-singular receives no
justification there. Moreover, Segre states the converse with an
additional assumption, which is actually not needed, as we shall see
(lemma 3).

This proposition has a number of applications to arithmetical ques-
tions ; we begin by discussing a few of them:

(i) When k is a number field, it was shown by Skolem [12] that
singular cubic surfaces satisfy the Hasse principle (i.e. if V has v-adic
solutions for every prime p, then V also has a point with coordinates in
k). We may clearly assume that there are exactly 3 conjugated double
points (cf. Segre [9] for the other cases). Skolem remarked that the
equation of V can then be written in the form

where T is a linear combination of x, y and z, with coefficients in the

* Supported by the Swiss National Foundation for Scientific Research.
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cubic extension K1 = k(Q1). Let D be the discriminant of a primitive
element of K1/k. Then K1(-3D) is a purely cubic extension of
k * = k(V - 3D), by Cardano’s formula. This fact enabled Skolem to
reduce the equation further to the form N K*lk*( T *) = c *, where the
cubic extension K * / k * is generated by one of the roots of the

polynomial t3 + 3at + b. That the Hasse principle holds for this class of
cubic surfaces now follows readily from class-field theory.
By a remark of F. Châtelet [2, pp. 70-71], a cubic surface of type

N03C4 * = c * is birationally equivalent to a non-singular cubic surface
containing a k*-rational set of 3 skew lines, for which the Hasse
principle is also known to hold [13, theorem 7]. One could combine this
remark with Skolem’s argument to obtain a slightly weaker form of
proposition 1(a). However, it seems more natural to use a purely
geometric argument, which avoids many of the rather painful computa-
tions of [12] and yields a birational equivalence defined over the
groundfield k. As a corollary we get-of course-that it suffices to give
one proof of the Hasse principle, e.g. [13, p. 15] or [3, p. 19] ; that it also
holds for singular cubic surfaces follows immediately from proposi-
tion 1.

(ii) Another application of this result is to the following:

COROLLARY 1: Let V C p3 be a singular cubic surface, defined over
the field k. Let K/k be an algebraic extension of k, with degree d prime to
3, and suppose that V(K) ~ 0. Then V(k) 4 0.

In view of proposition 1, this is a direct consequence of [4, prop. 8.1],
where we proved the analogous statement for a non-singular cubic
surface with a k-rational set of 3 or 6 skew lines. The technique we
used in [4, prop. 8.2] to establish this corollary was rather more
complicated.

(iii) Proposition 1(b) implies the following classical result:

COROLLARY 2: Every non-singular cubic surface W Cp3, containing
a k-rational set of 3 skew lines and at least one k-rational point, is

k-birationally equivalent to a plane.

Indeed we can map W birationally onto a cubic surface V with 3
double points Qi, Q2, Q3. Let us choose a k-rational pair of points Q4,
Q5 on V. The family of twisted cubics passing through the 5 points
Q1, ..., Qs determines a one-to-one correspondence between the

points of V and those of a plane through Q4 and Qs. Indeed a twisted
cubic is uniquely determined by 6 points in general position (see e.g.
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[14, § 1 l, ex. 4]). If these points form a k-rational set, the twisted cubic
is therefore also defined over k (even though the construction given in
[14] is irrational !). Now a general cubic through Q1, ..., QS meets V in
one other point (since Q1, Q2 and Q3 each count as 2 intersections); and
it also meets any plane containing Q4 and Q5 in one other point.
The description can be made even more explicit if we note that the

twisted cubics through Q1, ..., Qs can be put in one-to-one correspon-
dence with the lines going through a fixed point Ttet33(Q5), by means of a
Cremona transformation Ttet33 of p3 [11, p. 179 &#x26; ex. 11, p. 186], whose
fundamental tetrahedron contains the points Q1, ..., Q4 as vertices.1 V
itself is mapped onto a quadric containing Ttet33(Q5), and this transforma-
tion is defined over k provided both Q4 and Qs are k-rational (which we
may assume, since the preceding argument shows that V(k) is infinite2).

We now proceed to the proof of proposition 1. The technique is the
same as in [10], but we supply a few more details:

(a) If QI has coordinates in k, projecting from QI yields a k-birational
equivalence of V onto a plane, which is certainly equivalent to some
non-singular cubic surface W, e.g. one containing 3 k-rational skew
lines. We may therefore assume that the Qi form a complete set of
conjugates.
Let p denote the plane Q1, Q2, Q3) spanned by Q1, Q2 and Q3. Let l

be a k-rational line in P3, which meets V in three distinct points
Pl, P2, P3 ~ p and is not incident with any of the finitely many lines of V
passing through QI, Q2 or Q3. Consider the 3-dimensional family T? of
quadrics containing the base set X = {P1, P2, P3, Ql, Q2, Q31- If

1 This is one of the simplest space transformations. With a suitable choice of

coordinates, a possible expression is

A more complicated type of cubo-cubic transformation will be introduced later (see
footnote 6).

2 Of course this is a special case of a theorem of Segre, for which a very nice
geometric proof was also found by Skolem [12, pp. 308-309]. The end of the proof
(«Andererseits ist klar : ... ») is based on a continuity argument, but it can be replaced by
the following remark, which applies to a field of arbitrary characteristic (we retain
Skolem’s notation and assume the reader is familiar with the first part of his proof): There
are only finitely many ways of obtaining each point Q ~ P with Skolem’s construction.
Indeed, let Ci be the intersection of the cubic surface F with the tangent plane Ti
(i = 1, 2). We may clearly assume that Ci is irreducible (it suffices to avoid hitting one of
the lines of F when choosing l). Then Q2 belongs to the cone with vertex Q and base C,.
If C2 meets this cone in finitely many (and therefore _ 9) points, our assertion is proved.
Otherwise C2 is contained in that cone; but this implies that the two double points Pi and
P2 are collinear with the vertex Q, and this is absurd because Q 0 P. Since we can use
infinitely many pairs (Q1, Q2) and no more than a finite number of them give rise to the
same point Q, there must be infinitely many such points.



58

(PO, - - , ’P3 are k-rational generators for this linear system, let 4J : V ~ p3
be the rational transformation associated with them, viz. 4J =

(’Po: ... : ’P3). This is the restriction to V of a well-known Cremona

transformation T23 (see [5, pp. 560-561]); we shall examine its effect on
the surface V. We claim that the image W = 0 [VI is a non-singular
cubic surface, is k-birationally equivalent to V, and contains a k-rational
set of 3 skew lines. It is clear that W is defined over k, since the

generators WC have been chosen k-rational; and 0 is a birational

equivalence, since V is not contained in any exceptional set of T23. In
f act, let Vo = V - 03C1 - {P1, P2, P3}; then 4J Vo is an embedding, in virtue of
the following lemma (see e.g. [8, chap. 2, §5.5, lemma]):

LEMMA 1: 1 Ék separates points and infinitely near points on Vo. It also
separates the points infinitely near Pi (i = 1, 2, 3).

PROOF: Let R and S be two distinct points of Vo. We denote by
a-i = (1, Qi ) the plane spanned by 1 and Qi ; and if Di = (Qj, Qk&#x3E; is the
line joining Qj to Qk (i ~ j, k), we let 03C4i = Di, R&#x3E;. Of course,

R E or. U Tl E V? for all i = 1, 2, 3 ; we want to show that S ~ 03C3i U Ta for

some i. Now ui f10-; = 1 ~i ~ j, and 03C41 ~03C42~03C43 = {R}. So if S ~ 03C3i U r,
Vi, then SEUl nr2n T3 (say). But the line T2 fl 03C43 = (R, QI) must then
be contained in ai (and therefore meet l); and it lies on V, since it

contains the three points R, S and Qi (which is double). This

contradicts our choice of l.

The proof for infinitely near points is practically identical: let

s E TR V be a tangent vector at R. At least one of the planes 03C4i is

transversal toÇ, say 03C41. Then Ul U T1 is transversal to s, unless R E 03C31. In
the latter case R ~ U2 U U3 (since ui n Uj = 1 Vj ~ 1), and if T; (j = 2 or 3)
is transversal to e, we may then use 03C3j U T;. If not, then s E ’T2 fl T3 =

(R, Q1&#x3E; and we conclude as before, since the line (R, Q1&#x3E; meets V with
multiplicity 2 both at R and at Q1.

Finally, given any two tangent vectors at Pi, they can be separated by
means of pairs of planes of type p U 03C3, where a is a suitably chosen
plane that contains l (l is transversal to V at Pi, since it meets V in 3
distinct points). q.e.d.

The degree of W is the number of its intersections with a generic line
of p3 . The inverse image of such a line is the trace on V of the

intersection of two quadrics containing the base set 03A3, and therefore
consists of 12 points, 3 of which are movable. (The fixed points Qi each
count as 2 intersections; to see that the 3 remaining points are indeed
movable, one can consider degenerate cases, like the two quadrics
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ai Ur, and (T2 U ’r2,where the ri are determined by an arbitrary point
R E Vo.) Hence W is a cubic surface.

Let V be the variety obtained by blowing up the three non-singular
points Pi, P2, P3. We have the following commutative diagram

Let Li = 03C0-1(Pi) and Li = [i]. One more lemma and our search for
skew lines will be complete:

LEMMA 2: (i) à is regular at every point of Éi (i = 1, 2, 3); (ii) the Li
form a set of 3 skew lines ; (iii) the points of Li are non -singular on W.

PROOF: All these assertions can be checked by explicit calculations
or constructions; but it seems preferable to use some general proper-
ties of correspondences, from which they derive almost formally. We
first recall a few facts about blowings-up (cf. [7, prop. 20.4])3:
Suppose that « is generated by ~0, ..., (n = 3 in our case, but we

now consider a somewhat more general situation) and that the general
member ~ of SK cuts out on the surface V a divisor (cp ), on which the
isolated fixed point P (which will be one of our Pi ) is a k-fold point.
Then it is known [8, chap. 4, § 3 .1, thm. 1] that the proper transform of
(ço), in a neighbourhood of P, is 03C0-1[~] = 03C0*(~)-k, where Ê =
1T -l(P). Hence the map  = (ir *~0: ... : 1T *cpn ) is non-regular at a point i
of L if and only if Je belongs to all the divisors L1j = (ir *~j) - kL (see e.g.
[8, chap. 3, §1.4, thm. 2]).
Now there is a 1-1 correspondence between the points Je E Ê and the

tangent vectors  at P. In fact, by a local isomorphism, we can even
think of V as being a piece of a plane and of x as being represented by
a straight line X through P. Thus we have a 1-1 correspondence
between the points je E Ê and the ’lines’ X through P (see [8, chap. 2,
§4.1]). It is clear that x ~ 0394j if and only if, locally above P, the
intersection number (03C0-1[X], 0394j)loc is positive. Since this number is
equal to (7T* X - L, (03C0*~j) - kL)lOC = (7T* X, 03C0*(~j))loc - k, we therefore
derive, using [8, chap. 4, §3.2, thm. 2], that

3 A particularly nice exposition of this theory can be found in Safarevic’s lectures at
the Tata Institute (Bombay, 1966), especially in lectures 2&#x26; 3, pp. 18-30.
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Thus we have established, in particular, that  is non-regular at x E L
if and only if (X, (~j))loc ~ k + 1 Vj. With these preliminaries, our lemma
should appear almost trivial:

(i) In our case, k = 1 at each Pi. By the above discussion, it follows
that if  were non-regular at x E Li, there would exist a vector
je E TPiV such that z E T,,cpi for every j. But we know already that
there is no such z (lemma 1).

(ii) Of course Li has dimension 1; in fact, lemma 1 shows that à is
even injective on Êi. The degree of Li is equal to the number of its
(distinct) intersections with a generic plane in P3; since (P is regular and
injective on Êi, it is therefore equal to the multiplicity k with which a
general quadric of 8R intersects V at the point Pi, namely 1.

Suppose now y ~ L1 ~ L2; then y is the image by 45 of 2 points,
1 ~ f1 and 2 ~ 2. But this is absurd, because 8R separates any two
tangent vectors, ii at Pi and x2 at P2. Indeed, let Ti = (Di, Pi); then Pi is
double on ai U r,, which is of course transversal to i2 for some i.

(iii) By the Zariski Main Theorem, |03C0-1(V - p ) is an isomorphism,
providing W is normal at every point of each Li. Since W is a

hypersurface, this is equivalent to saying that W has only finitely many
double points on Li, i.e. that Li is not a double line of W. And this can
be seen in various ways; for instance: if Li were double, then any plane
through Li would meet W in one residual line. But such a plane
corresponds to a quadric with a double point at Pi, e.g. cp = 03C31 U Ti,

where 03C41 = D1, Pi&#x3E;. Now cp n V consists of Dl (which is blown down)
and of two other components; a contradiction. q.e.d.

REMARK 1: The sets of 3 skew lines on a non-singular cubic surface
W always occur in pairs. Indeed, given any such set, there is a unique
non-singular quadric Q that contains all three lines; and W n Q
contains 3 lines from each ruling of Q. Instead of choosing the lines Ll
as above, we could therefore (like Segre) have used this other set of 3
lines, which are simply the proper transforms of the curves ai n V. But
our present choice shows a little more: if V(k) ~ Ø, it is possible to
select the Pi k-rational, and then each of the 3 skew lines La is defined
over k. In particular this reproves corollary 2: after mapping W onto V,
we can map V onto W’, where W’ is a non-singular cubic surface
containing 3 k-rational skew lines; and there is a very obvious

birational correspondence between W’ and a plane (see e.g. [7, ex.
12.6]).

It remains to prove that W is non-singular. By the foregoing lemmas,
a singularity of W comes either from one of the double points of V, or
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from one of the lines Di joining these points. Each of these lines is
blown down to a single point Si E W. To see that Si is non-singular, it is
enough to check that a generic line through Si meets W residually in 2
movable points. Such a line corresponds to the intersection of 2

quadrics of ID1 containing Di. We define two special quadrics as

follows: let ri be a plane through Di, whose residual intersection with V
is a non-degenerate conic C, and which meets 1 in a point R ~ V.
A general line d of ri, passing through R, will then meet C in two4
movable points T1, T2. If 03C3 denotes the plane (1, d ) spanned by 1 and d,
we see that the two quadrics Ui U ri and p U or contain Tl and T2,
whence our assertion follows.

Finally we must examine the image of a double point Qi and show
that it does not contain any singularity of W. This part of the argument
is easier to make rigorous if we use explicit equations. At this stage we
can forget about the ground fields and assume that the coordinates
(x, y, z, t ) of the double points are (0, 1, 0, 0), (0, 0, 1, 0), (0, 0, 0, 1) . The
equation of V is then simply:

where d 0 0, because V is irreducible. The tangent cone at the point
(0, 0, 0, 1) is given by

It is degenerate if and only if ad = bc, in which case its equation writes
(bx + dz)(cx + dy) = 0. Since d 0 0, this represents two distinct planes.
The condition for all three tangent cones to be degenerate is as follows:

A simple example where this situation occurs is the cubic x 3 - yzt = 0.
It is easy to convince oneself that the result does not depend on the

particular line 1 chosen, as long as it satisfies the conditions imposed at
the beginning of the proof. Indeed, given any two lines 1 and l’

satisfying those conditions, there is a projective transformation that
fixes QI, Q2 and Q3, and carries 1 into l’ (cf. [1, chap. III, n° 13]). We are
4 Not necessarily distinct in characteristic 2, sincé R might be the intersection of all

the lines tangent to C ! But we can always avoid this situation by selecting another plane
T;. (If this were not possible, 1 would be contained in the tangent cone to V at each Q;
(j 4 i), but then the line (Pi, Qj) would lie on V.)

5 Almost! See the remark at the end (remark 2).
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therefore free to assume that 1 is the line y = z = t. The Cremona

transformation and its inverse can then be written as follows:

and the equation of W reads:

The image of the point (o, 0, 0, 1 ) is the curve C =

{~ = 0; (ai + cC)e - (bi + d03B6)(03C4 - 03B6) = 01. We want to show that none
of these points is singular. To this effect, we compute the derivatives of
g in the plane q = 0 and get the following equations:

We distinguish two cases:

Then

and

But if (03BE0, 03B60) is a common solution of these two equations, then the
line y = z = x 03B60/03BE0 lies on V and is incident with l. This contradicts the
choice of 1.

Second case: r 0 0

Then, in view of (6), (9) ~ b03BE + d03B6 = 0, and (8) ~ dT =
(b + c)03BE-2b03BE=(c-b)03BE. Therefore (03BE,03B6,03C4)=(d,-b, c-b). Now
(6) ~ a03BE + cC = 0 ~ ad = bc. Hence the tangent cone at (0,0,0,1) is
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degenerate. But at the beginning we made the assumption that the Qi
formed a complete set of conjugates. Thus if one of the tangent cones
is degenerate, so aréthe other two. Hence (3) holds. If we insert these
relations in (7), we get: ad = by = bc5 / d = a5. But then (1) splits as
(t + x 5/d)(ax2 + bxy + cxz + dyz) = 0, in contradiction with the ir-

reducibility of V. This completes the proof that W is non-singular.

REMARK 2: It may be of some interest to note that the proof does not
carry through without the condition that the Qi form a complete set of
conjugates. For instance, the surface tz(x+y)+x2(x+y+z)=0 has
3 double points and only one degenerate tangent cone, which corres-
ponds to a binode (cf. [15, chap. 1, §5]). Its image by 4l is the surface
M + ~03BE)(~ -03BE + T - C) + T/C(T/ - e) = 0, on which the point (1, 0, 0, 1)
is double, although 1 is not in special position with respect to the lines
of V.

(b) The converse is easier to prove. Segre [10] makes use of the
inverse Cremona transformation T-123 , but he introduces the additional
hypothesis that the 3 skew lines should have a common k-rational
transversal in p3 . As a matter of fact, this condition is automatically
fulfilled:

LEMMA 3: Any three skew lines Li, L2, L3, forming a k-rational set,
are incident with infinitely many k-rational lines E CP3.

PROOF: The three lines are contained in a unique quadric Q, which is
necessarily non-singular and defined over k. Furthermore Q(k) ~ 0, for
if Ki 1 is a cubic extension of k over which Li 1 is defined, then
Q(K1) ~ 0, and hence Q(k) ~ 0. (This is a special case of proposition
2.1 of [4] and is quite easy to prove: let Si E Q(Ki), and consider its
conjugates, ,S2 and S3; there are 002 k-rational conics through these 3
points; they meet Q in 4 points, leaving a residual k-rational point.) Let
S be any k-rational point of Q. The tangent plane at S contains 2 lines
of Q, one of which meets L1, L2 and L3. This line E, which is uniquely
determined by rational conditions, is k-rational! (Alternatively: E is
the residual intersection of Li in 1T n Q, where zr denotes the plane
spanned by L and S. Hence it is defined over Ki. But since it lies in the
tangent plane at S, it is also defined over a quadratic extension l/k.
Hence it is defined over Ki n 1 = k.) q.e.d.

With the help of this lemma we could complete the proof as in [10].
But it may be of more interest to introduce another birational map,
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which can also be described6 as the restriction of a Cremona transfor-
mation T33 of P3 :
Let Q be a k-rational point of P3, chosen such that (i ) it does not lie

on W, and (ii) the planes pi spanned by Li and Q meet W in a
non-degenerate conic Ci (it is well-known [14, p. 151] that there are
only 5 planes through Li for which the conic is degenerate!). We
consider the family W of cubic surfaces passing through the following
15 points: 1 = IL, fl ci (2 points for each i); Li n Cj (1 point for each
pair i 0 j); Ci ~ Cj (1 point for each pair i  j)}.03A3 imposes 15

independent conditions on the surfaces of N . (If we adjoin the point Q
and one point on each conic Ci as additional constraints, the only cubic

Figure 1

6 This transformation (of type Bl in the classification of [6]) is similar to Ttet33, but the
fundamental tetrahedron is replaced by the configuration of the six straight lines of fig. 1.
The associated linear system of cubic surfaces is the subfamily NQ of N with base set
X ~{Q}. The fundamental set of the inverse transformation consists of a twisted cubic
through QI, Q2, Q3 and of the 3 lines Di, D2, D3 joining these points. The twisted
cubic - which blows up in p3 to the unique quadric containing the Li (and hence the
Ei) - meets V residually in Ri, R2 and R3. Each line Di of V (although it is a fixed

component of the linear system) is blown down on W to the point ci ~ C,. This is
because a cubic surface with two nodes Q;, Qk has the property that all the non-singular
points on Di = (Q;, Qk&#x3E; have one and the same tangent plane. Hence if any element of the
linear system defining n -1 (which automatically inherits a node at each Qi ) intersects V
with multiplicity 2 at some non-singular point of Di, the intersection must contain the
whole line Di with multiplicity 2. Some further details will be found in [6], but it is much
simpler to use none of these global properties and to work directly on W with the map ï2.
As an exercise, the reader may try to reprove proposition 1(a), using the transformation
03A9-1 instead of 03A6.
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containing all these 19 points is 03C11~03C12~03C13.) Therefore N defines a
rational transformation 03A9 : W - V C P3, where V is a cubic surface.
Indeed the degree of V is equal to the number of its intersections with
a generic line of P3; and such a line corresponds to the intersection of 2
cubic surfaces containing 1. Now, one such cubic surface meets W in
a sextic curve T6, residual to L1, L2 and L3, and having 4 points on each
La. Hence another cubic surface meets n in 18 points, 12 of which are
on a fundamental line. The other 6 are the intersections Ci fl Cj and 3
movable points, so that the degree of V is equal to 3.

Concerning the separation of points by N, we first note that the 3
skew lines Ei, forming the complementary set to the Li (see remark
1 above), are blown down to 3 points Ri. Each conic Ci is also

blown down to a single point Qi. Let now Wo = W - U Ci - U Ei. We
claim that f2 separates points and infinitely near points on Wo. Indeed
the lines Li are fixed for the surfaces of N, but - by general theory (see
e.g. [16, §I.3]) - this does not affect the transformation lli, since we can
delete any fixed components of the family of divisors cut out by 91.
Now, to show that one such reduced divisor does not go through a
point R of Li, it suffices to show that R is simple on the intersection of
W with a cubic surface of 91 defining that divisor. Similarly for
infinitely near points. It is now a simple matter to check that all points
and infinitely near points on Wo can be separated by means of triplets
of planes containing L1, L2 and L3 respectively’.

Finally we check that Q1 = 03A9[C1] is a double point of V: a line
through QI is the image of the intersection of 2 cubic surfaces

containing CI. The trace on W of one such cubic surface consists of
the 3 lines Li, the conic Ci and a quartic curve F4 going through
C2 n C3. It is easy to see that F4 - (L 1 + L2 + L3 + Cl) = 10, so that the
second cubic surface meets F4 in 12 - 10 - 1 = 1 movable point. Conse-
quently, an arbitrary line through Qi meets the surface V in only one
other point, and Qi is a double point of V, as asserted. We further note
that the Qi define a unique plane, which corresponds to the unique
divisor (03C9) = (pi U p2 U p3) that contains all the Ci. Hence they are not

’ For completeness we give a brief sketch of the argument: let R, S E Wo, with R ~ S.
First assume R ~ Li for any i. Then, if ri = (Li, R), we see that nri = {R}. Otherwise,
n T; would be a line E meeting all three L,. But E also contains the point R ; hence E C W
and E is one of the E, ; a contradiction, since R e E;. Therefore we may assume without
loss of generality that S ~ 03C41. Consider w =03C41 ~ 03C12 ~ 03C13. Then R ~03C41 ~ 03C9, but S ~ w,
unless S E L2 U L3 (S E p2 ~ S E L2 U C2 ~ S E L2). In the latter case, however, (w)
contains S as a simple point, which is all we need to prove! Finally, if R E L 1 (say), we
can use exactly the same argument, but T1 is replaced by the tangent plane to W at R, and
we must take care not to forget multiplicities. The proof for infinitely near points is
almost identical.


