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Introduction

The beginning of the story is in [4] where the first theorem of

transitivity of normal flatness is given.
More or less the problem is the following. Let R be a local ring,

I, J, A = I + J ideals of R and assume that J is generated by a

regular sequence mod I ; then how is it possible to relate the properties
that G (I ) (the graded ring associated to I ) is a free R/I -module and
G(A) is a free R/A -module?
As 1 said, the first answer was in [4] and it was the starting point for

successive improvements (see for instance [1], [2], [5], [8]); a theory
of normal flatness was constructed ([3]) and also some questions on
normal torsionfreeness were solved (see for instance [1], [6], [7], [8]).
In this kind of problems it always happened that the authors assumed
J to be in particular position with respect to I (essentially, as 1 said, J
is generated by a regular sequence mod I). The purpose of the

present paper is to produce a new theorem (Theorem 10) of tran-

sitivity of normal flatness in the case that I, J are in "symmetric
position"; in order to prove it, 1 firstly achieve some results which
give a connection between the graded rings G(I), G(J), G ( l1 ); in this
way it is also possible to give a new insight in the proofs of some
known theorems.

In this paper all rings are supposed to be commutative, Noetherian
and with identity.
Let R be a ring, I, J, A =7+7 ideals of R ; we denote by R (I ; J)

the "Rees algebra" associated with the pair (I ; J) i.e. the graded ring
(f)n Rn(I; J) where Rn(I, J) = (f)r+s=n IrJs and the multiplication is the
obvious one.

*This work was supported by C.N.R. (Consiglio Nazionale delle Ricerche).
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Of course R(I ; R) = R(I) the usual Rees algebra.
We shall denote by G(I ; J) the graded ring associated with the pair

(I ; J) i.e. the graded ring R(I;J)@RRIA.

It is also clear that we have canonical epimorphisms

LEMMA 1: Let r, n be integers such that 0:5 r  n and call s = n - r;

let R be a ring, I, J, A = I + J ideals of R and assume that Jr+l n JS-1=
I,"’J’-’. Then the canonical epimorphism

is an isomorphism.

PROOF: An element of the direct sum is of the f orm (à, 8) where

With the obvious meaning of the symbols its image is

Now we have

PROPOSITION 2. Let n be a positive integer; let R be a ring, I, J, A =
I + J ideals of R. Assume that r rl JS = rJs for every pair of positive
integers r, s such that r + s = n. Then the canonical epimorphism
Gn-l(I; J) --+ Gn-1(A ) is an isomorphism.

PROOF. It is an easy consequence of Lemma 1.

LEMMA 3. Let r, s be positive integers; with the usual notations

assume that Ir n J = IrJ and GS(J) is a free RIJ-module. Then the
canonical epimorphism Gr(I)ORG,(J)-’»G,,(I;J) is an isomor-

phism.
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1 where à is in the i th place, is clearly an isomor-
phism.
Now we can consider the homomorphism

concludes the proof.

LEMMA 4. With the usual notations assume that 1 n J = IJ and G,(J)
is a free R/J-module for r = 1, ..., n - 1. Then 1 n Jn = IJn.

PROOF. It is an easy consequence of the f act that, given II, 12 ideals
of a ring R, Il n 12 = / . 12 is equivalent to Tor f(RIL, RII2) = 0.

THEOREM 5. Let R be a ring, I, J, ll = I + J ideals of R such that
1 n J = IJ. Let n be a positive integer and assume that Gi(I) is a free
RII-module for i = 1,..., n - 1 and Gj(J) is a free RIJ-module for

Then the canonical epimorphism
is an isomorphism, hence

PROOF. Using Lemma 4 we get

by Proposition 2.
Using Lemma 3 we are done.

REMARK. It is possible to use theorem 5 to prove the following
(known) fact. Let R be a local ring, let ai, ..., an ; bl,..., bm be
R-sequences such that if we call I = (ai,..., an), J = (bl,..., bm),

Then ah ..., am b 1, ..., bm is a regular R-sequence.

PROOF. (Hint). Use Theorem 5 to prove that G(I + J) is a polynomial
ring in n + m indeterminates.
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LEMMA 6. With the usual notations denote by the reduction modulo
l. Then the canonical sequence of R/ll -modules

is exact for every positive integer n.

Henceforth we assume that R is local.

COROLLARY 7. With the notations of Lemma 6, assume that R is

local and let n be a positive integer. Then the following conditions are
equivalent
(i) 17’r is an isomorphism for every r &#x3E; n.

PROOF. The only thing to be proved is that (i) implies
Now, if wr is an isomorphism for every r &#x3E; n, then l n Jn

COROLLARY 8. With the usual notations assume that R is local

i fl 1 = IJ and G(J) is a free RIJ-module. Then G(J) = G(J) OR RIA,
hence is a free RIA -module.

PROOF. Using Lemma 4 we get that i fl jn = Il" for every n, hence
we can apply Corollary 7.

LEMMA 9. Let R be a local ring, I, J, A as above, B = RII, A = BIÀ =
RI A (- denotes "modulo I ").
Let L be a finite free B- module and T a submodule of L. Suppose

PROOF. If we make the identification of L with (RII)« for a suitable
a, then T can be considered as the reduction modulo I of a sub-
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module K of R". Because of the type of the argument, we may
assume that a = 1, so it is enough to prove that K c I.

Using (i) we easily get that T C Â, hence KeA. Therefore if x E K
there exists an element a E I such that x - a E J. Let ith ..., itr be a
minimal system of generators of J, such that §i, ..., é,, is a free basis
of JIJA. Then x - a = lki4j and using (i) we get an element Àe Up,
PE Ass (A) such that À (x - a) = Y, ÀÀiiti E I. Hence À (x - a ) = 1 ÀÀiiti E
InJ.

From (iii) we get an element À’ e Up, p E Ass(A) such that

From (ii) we deduce ÀÀ’ Ài E A for every i, hence Ai E 7i for every i,
hence x E I + AJ = l + J2. Going on with the same type of argument
we get x E I + J" for every r, hence x E I.

Let us state a notation: if a is an ideal of a ring R, we denote by
1,,,(R) the set fx E RIX OE#(Rla)) where - denotes the reduction

modulo a and -q(- - -) means "zerodivisors of ..."
We are ready to prove the following

THEOREM 10. Let R be a local ring, I, J, A = I + J ideals of R such
thatinj=IJ. Then the following conditions are equivalent:

Ass(RIA) and #I(R), li(R) are contained in #A(R).

PROOF. (1)=&#x3E;(3) G(A) free follows from Theorem 5.
Hence we have to prove that II(R) C ZA(R) (the same argument

works for f!l](R».
If we call B = RII, II (R) C #A(R) is equivalent to 1(o)(B) Ç #À(B)

where denotes the reduction modulo I. Using Corollary 8 we get
that G(ll) is a free R/A = B/A-module. Let now x, y be elements of B
such that xy = 0 and x E p E Ep where E = Ass(BIÀ). Being G(A)

be a minimal system of generators of I",

be the exact sequence of
R/1-modules defined by - 
Then we can apply Lemma 9, because (i) and (ii) are clearly

satisfied and (iii) f ollows from Lemma 4.
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In conclusion T = 0 and Gn(I) is free. This works for every n and,
in the same way, for J.

Since (1) ::&#x3E; (2) is obvious, we only have to prove (3)? (1). Since
I f1 J = IJ, by Proposition 2 we get

be a minimal system of generators of I such that

is a free basis of Il lA.
be the exact sequence of

By hypothesis Tp = 0 for every p E Ass(R/A), hence, for every
x E T there exists k OE :!lA (R) such that ÀX = 0. Since 1, (R) C :!lA (R),
we get x = 0. Hence III’ and jlj2 (using the same argument) are free.
Let us assume, by induction, that Gi(I), G;(J) are free for i =

0, ..., v - 1. Using Lemma 4 we get il n JIL = IlL for A + &#x3E; % v + 1
hence Gv(A) = (D,+,,=, GA,,(I ; J) by Proposition 2.

In particular I’II’A and JVIJvA are free R/A -modules.
Using the same argument as before we get that Gv(I) and Gv(J) are

free.
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