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Formulas are given for the number of points on monomial deformat-
ions of a diagonal hypersurface and on hypersurfaces in families con-
nected to generalized hypergeometric functions. By expanding this

number as a Fourier series in multiplicative characters of the parameter,
one discovers a simple but striking fact: the Fourier coefficients are

Jacobi sums. The resulting formulas are analogous to classical Barnes
integrals for hypergeometric functions.

§1. Introduction

Let Fq be the finite field of q = pf elements. Let N(a) denote the
number of Fq-points on the hypersurface in Pn-1q defined by the homog-
eneous equation

(which we shall abbreviate E 03B1iXh(i) = 0). Here a is an r-tuple of nonzero
elements of Fq. Our purpose is to study formulas expressing N(a) in
terms of Jacobi and Gauss sums, and to call attention to analogies with
the classical integral formulas which express hypergeometric functions
in terms of the gamma function.

If x : F*q ~ K* is a multiplicative character with values in a field of
characteristic zero and 03C8 : Fq ~ K* is an additive character, then the
Gauss sum

1 Partially supported by N.S.F. grant # MC580-02271.
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is the finite-field analog of the gamma function

where x ~ xs is a multiplicative character on R +, and e - x corresponds
to 03C8(x). The Jacobi sum J(~1, ~2) = 03A3~1(x) ~2(1 - x) is the analog of the
beta function

We shall see that the number N(03BB) of points on a certain family of
hypersurfaces (monomial deformations of diagonal hypersurfaces; Â
parametrizes the deformations) can be expressed as a sum of terms each
of which is the finite-field analog of the integral (03BB E C; hi, w; E Z)

where the path of integration from - i~ to i~ in the complex s-plane

curves so as to keep all poles of T his + wi d) to its left and all poles of
0393(-s) to its right. This expression is the Barnes integral for a hypergeo-
metric function associated to the family of hypersurfaces over C.

In some cases, formal analogies of this type have been found to be
surface manifestations of an underlying p-adic theory. For instance,
Jacobi sums are used to count points on the Fermat curve xd + yd = 1
(see, e.g., [11]), just as the beta function is used to evaluate the periods
of the same curve considered complex-analytically; and the Jacobi sums
are equal to an expression in terms of the p-adic gamma-function which
is essentially the same as the expression for the beta function in terms of
the complex-analytic gamma function (see [9], ’ Ch. III). However, no
such underlying p-adic theory has yet been developed in full generality
to "explain" the analogy between N(03BB) and the classical Barnes integral.
We ultimately want a formula for N(a), the number of points on (1.1).

However, it turns out to be easier to compute the number N*(a) of Fq-
points on (1.1) all of whose coordinates are nonzero. Delsarte [3] and
Furtado Gomida [6] found an expression for N*(a) in terms of Jacobi
sums. Roughly speaking, if N*(a), considered as a function of a e (F*q)r,
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is expanded as a Fourier sum over the characters of (F:t, then the
Fourier coefficients are Jacobi sums. In §2 we give a new, more geometric
proof of this fact.
For the general hypersurface (1.1) it is more cumbersome to express

N(a) itself in terms of Jacobi sums. Namely, one has to write N(a)
= 03A3 N*S(03B1), where the sum is over all subsets S of {1,..., nl and N*S(03B1)
denotes the number of points with nonzero coordinates on the (n - 1
- #S)-dimensional hypersurface obtained by intersecting (1.1) with XS 1
=...=Xs#s=0, sj~S.
However, in the case of a monomial deformation of a diagonal hyper-

surface, i.e.,

in §3 we shall prove a formula for N(03BB) = N(1,1,..., 1, -dÀ) which is just
as simple as the formula for N*(03BB).
The formula for N(03BB) in §3 is a finite-field analog of the Pochhammer-

Barnes integral for certain hypergeometric functions which in the class-
ical case (/LeC) are associated to the hypersurface (1.2). Classical analogs
are discussed in §4.

Finally, in §§5-6 we give formulas for N(03BB) for certain other families
of hypersurfaces connected to generalized hypergeometric functions.

§2. Jacobi sums and N*(a) for general hypersurfaces

We first recall the definition and elementary properties of Jacobi
sums.

Let ~1/(q-1):F*q ~ K* be a fixed generator of the character group of
F* with values in an algebraically closed field K of characteristic zero
(such as the complex numbers C or an algebraically closed p-adically
complete field Q). If, for example, K = C, we can arbitrarily fix a primi-
tive root of F* and determine Xll(q-1) by letting it take that root to

e203C0i/(q-1). If K = 03A9, it is natural to take ~1/(q-1) to be the Teichmüller
character.

For s ~ 1 q-1 Z/Z, we let X, = (~1/(q-1))s(q-1). For any s (including 0)
we agree to let ~s(0) = 0.

If s ... s E 
1 

Z Z and 03A3 si ~ 0 mod Z we define the Jacobi sumIf s1,..., sr ~1 q-1 Z/Z and 03A3 si ~ 0 mod Z, we define the Jacobi sum
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This will be our definition even if some of the characters are trivial, i.e.,
si = 0. If 03A3si = 0 mod Z, then we modify the definition (2.1) by inserting
the factor q on the right. An easy computation shows that if 03A3Si = 0
mod Z (but not all si ~ 0 mod Z), then

and also

Jacobi sums can be expressed in terms of Gauss sums. Let 03C8 : Fq ~ K*

be an additive character, fixed once and for all. For s ~ 1 Z/Z, we let
q - 1

g(s) dénote the Gauss sum

Gauss sums satisfy:

Jacobi sums satisfy the following relations if all of the si are nonzero
and their sum is also nonzero ([7], p. 100):

If, say, sr = 0, r &#x3E; 1, then J(s1,...,sr) = - J(s1,...,sr-1), so that (2.5) and
(2.6) still hold if some of the si vanish, provided that E si ~ 0 mod Z and
the r in qr-1 in (2.6) is replaced by the number r’ of nonzero si. Next, if
03A3si ~ 0 mod Z (but not all Si ~ 0 mod Z), then the q inserted on the
right in (2.1) ensures that (2.5) holds, and (2.6) holds with qr’ in the
numerator on the right. Finally, if si ~ ... ~ sr ~ 0 mod Z, then by (2.1)
we have
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Now, suppose we have an algebraic variety V defined over a finite
field Fq and we want to determine the number N(V) = NFq(V) of Fq-
points on it. Since these points are the Fq-points of V fixed by the q-th
power Frobenius map F : (..., Xi, ...) H (..., Xiq,...), it follows that

If we have a group G acting on V, then it is convenient to split up N(V)
into pieces N(V, ~) = NFq(V, ~), where x : G ~ K* is a character with

values in an algebraically closed field K of characteristic zero. N(V, X) is
defined as follows:

REMARK: The zeta-function of V is defined as exp(¿n NFqn(V) Tn/n),
and the L-function of V corresponding to x is defined as

eXP(En NFqn(Ji; X) Tn/n). More generally, NFq(V, p) is defined for any finite
dimensional representation p of G by replacing ~-1 by Trace p -1 on the
right in (2.9). If p is the regular representation of G, then this definition
reduces to (2.8).

In all of our examples, G will be abelian, so the only irreducible repre-
sentations will be one-dimensional characters x. In that case (G abelian)
we have

PROOF: This is immediate from (2.9) and (2.8), by orthogonality of
characters. Alternately, it follows from the decomposition of the regular
representation as a direct sum of characters and the additivity of

NFq(V, 03C1) with respect to direct sum of p’s.

The same definitions apply to the number of points with nonzero
coordinates, and we have

The simplest example of a variety V with a large group action is the
diagonal hypersurface of degree d in PFq 1, where we assume d|q - 1:
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Let Dd,n dénote this hypersurface. The group 03BCnd of n-tuples of d-th roots
of 1 in F*q acts on Dd,n: 03BE=(03BE1,...,03BEn) takes the point (X1,...,Xn) to
(çX1,...,çnXn). The diagonal L1 = {(03BE,03BE,...,03BE)} ~ 03BCnd acts trivially, and
03BCnd/0394 acts faithfully. The character group of 03BCnd/0394 is in one-to-one corre-

spondence with the n-tuples

where

(x is a fixed primitive character of 03BCd, such as the restriction to Ud of

X11(q - 1) in our earlier notation). In [11] it is shown that for G = 03BCnd/0394 we
have

if some but not all wi = 0,

if all wi = 0;

if all wi * 0. (2.12)

(In Weil’s notation,

is denoted i d . Also, Weil does not use the definition (2.9), but (2.12)
is essentially what he proves.)
The purpose of this section is to use information on the number of

points on diagonal hypersurfaces to derive a formula for the number
N*(03B1) of points with all coordinates nonzero on the hypersurface (1.1).

THEOREM 1 ([3,6]):

where the summation is over all w ~ (Z/(q - 1)Z)r, E wi ~ 0 mod q - 1,
which index the characters of 11; - for which
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and for such w,

unless w = (0, 0,..., 0), in which case

PROOF: We have

and

Now define

Let 03BCr = (03BCq - 1)r. Then 03BCr  03BCn acts on V by (03BE, 03BE)(Z, Y) = (03BEZ, 03BEY);
yr  {1} acts on V by 03BE(Z, X) = (03BEZ, X); and V is the quotient of 17 by the
action of {1} X 03BCn.

If w is an r-tuple of integers, 0 ~ w  q - 1, E w, =- 0 mod q - 1, let X
= ~w = (~w1,...,~wr): 03BCr - C*, and x = w = (Xw1,...,~wr, 1,...,1):

03BCr x 03BCn ~ C*. Then the following two expressions are clearly equal:
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(Use Xj = Yq-1j = 03B6j to see that they are equal.) In addition, by (2.17)
and (2.18),

(take ai = Zq-1i = 03BEi in (2.19)). 
The diagonal hypersurface D = Dq-1,r in Pr-1Fq with variables W is

given by

Now notice that P and D x pn-l are birationally isomorphic; namely,
on the complement of the Y-coordinate hyperplanes they are isomorphic
via the map

Then we have

(after replacing Çi by 03BEi03BE-h(i), i = 1,..., r)
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If w e (0,0, ..., 0), then the expression in the large parentheses is equal
to

by (2.2) (here we use w/(q - 1) to abbreviate the r-tuple of wi/(q - 1)).
Thus, in this case

as claimed. If w = (0,..., 0), then an easy computation gives

§3. Monomial deformations of diagonal hypersurfaces

We now consider the hypersurface (1.2), where we assume that

d|q - 1, hl + ... + hn = d, and g.c.d. (d, h1,...,hn) = 1. Let h = (h1,..., hn).
Let W denote the set of n-tuples w = (w1,..., wn), 0 ~ wi  q - 1,

1 wi ~ 0 mod q - 1.
Theorem 1 can be applied to this hypersurface. Let N*(03BB) denote the

number of F,-points with nonzero coordinates on the hypersurface (this
was N*(l, 1,..., 1, - dÀ) in the earlier notation).

COROLLARY 1: For 03BB ~ 0,

where 8(s) = - 1 if s = 0 and 0 otherwise, and (w + sh)/d denotes the n-
tuple of (wi + shi)/d.

PROOF: In Theorem 1 set r = n + 1, al = a2 = ... = Otn = 1, ar =

- d03BB, and replace wj by uj, j = 1,..., n, n + 1. Then the condition (2.15)
becomes

Since g.c.d. (d, h1,..., hn) = 1, it follows that d|un + 1.
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Now ~-1w (03B1) in Theorem 1 is ~-1un+1/(q-1)(-d03BB) in our context, using the
notation for characters of F*q defined at the beginning of §2. So (2.14)
and (2.16) give us

(with 1 q(q - 1)n - (-lt) in place of - 1 qJ when Ul = ... = Unll =0 ).
Let s = - un+1/(q - 1) ~ d q-1 Z/Z, so that u = q-1 d (shj + wj),
0 ~ wj  d,j = 1,...,n. Note that ul + ... + Un+ 1 ~ 0 (mod q - 1) implies
that

Thus,

(with (q - 1)n - (-1)n in place of - J when s =0, w = 0). Then (2.3) and
(2.7) give us the corollary. Q.E.D.

REMARK: Corollary 1 can also be proved directly, without Theorem 1,
as follows. The hypersurface (1.2) has an action of the subgroup
G c 03BCnd/0394 consisting of elements which preserve the monomial X h =

= Xh11...Xhn, i.e.

The characters Xw of d which act trivially on the subgroup G are
precisely the powers of xh. Thus, the character group G of G corre-
sponds to equivalence classes of the w in (2.11), where w - w’ if w - w’ is
a multiple (mod d) of the n-tuple h. Each equivalence class contains d n-
tuples w’, because g.c.d. (h1,..., hn, d) = 1.
Then one can look at the number N*(03BB, Xw) of ~w-points (see (2.9)).

After some computation, one finds that



13

where e(s) = - 1 if s = 0 and 0 otherwise. Finally, Corollary 1 is ob-

tained by summing over ~w E G, by Lemma 2.
We now show that in the case of monomial deformations of diagonal

hypersurfaces, an equally simple result applies to the total number of
points, including those where a coordinate vanishes. As far as we know,
this is not true for the general hypersurfaces in Theorem 1.

THEOREM 2:

in which g((w + sh)/d) = Il g((wi + shJ/d), the summation is over n-tuples
w satisfying g (2.11) and over s ~ 1 q-1 Z/Z, and NFq(0) 

= NFq(Dd,n) is equal
to the sum of the terms (2.12) over all w in (2.11).

PROOF: The theorem is trivial for À = 0, since ~s(0) = 0. So suppose
that À ~ 0.

It is obvious from (1.2) that the contribution to N(À) from points
where a coordinate vanishes is independent of À, i.e.,

Now N*(0) = £ N*(O, xw), by Lemma 2, where the sum is over n-tuples
w as in (2.11). Thus, by Corollary 1 and (3.3),

First suppose w ~ (0, 0,..., 0). A computation similar to Weil’s proof
of (2 12) gives

and hence
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Next, if w = (o, 0, ..., o), then it follows from the definition of N*(O, xw)
that

whereas by (2.7)

Let An- be the first and Bn the second of these numbers. I claim that Bn
- An = (-1)n-1. This clearly holds for n = 2. Suppose it holds for n. A
simple counting argument gives

and similarly,

Subtracting these two equalities gives Bn+1 - An + 1 = -(Bn - An), and
hence the induction step. Thus,

Finally, using (2.5) (which holds for all Jacobi sums except J(0,...,0)),
we have from (3.4), (3.5) and (3.6)

as desired. Q.E.D.

REMARK: Theorem 2 suggests the question: Are there broader classes
of hypersurfaces for which the points with a coordinate vanishing can be
included in such a natural way?
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§4. Classical analog

The Gauss sum

is the finite-field analog of the gamma function

where x H xs is a multiplicative character on R +, and e-x corresponds
to 03C8(x). The Jacobi sum J(SI’ S2) is the analog of the beta function

We shall see that N*(03BB, Xw) (see (3.2)), or, more precisely, the correspond-
ing part of the sum in Theorem 2 for N(03BB) - N(O), is a finite-field analog
of a hypergeometric function.

Thus, we consider for some fixed w

Replacing s by ds and summing over s ~1 q-1 Z/Z, we see that the
resulting sum over s is the same as the sum (4.1) over s and w’:

We now rewrite (4.2) using the following identity for Gauss sums [2]:
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Then (4.2) becomes

This expression is analogous to the Barnes type integral (03BB E C):

where the path of integration from - i~ to i~ in the complex s-plane

curves so as to keep all poles of r his + wi d) to its left and all poles of

r( - s) to its right. As in the more familiar case of the Barnes integral of
0393(a + s) 0393(b + s) 0393(c + s) 

0393(- s) (- z)s, which gives 0393(a) 0393(b) 0393(c)2F1(a, b; c; z) see

[12], pp 286-288), our integral (4.3) can be evaluated as the sum of
residues at s = k. That is, the integral (4.3) is equal to

(where (x), =defx(x + 1)...(x + k - 1))
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These are the hypergeometric functions associated to the hypersurface
(1.2) over C (see, e.g., [4, 8]). (Here the upper exponents of dFd - 1 run
through the h. values (wj + id)/dhj, i = 1,..., hi - 1, for each j; no expo-
nent appears when hi = 0.)

REMARK: This close analog between classical and finite-field formulas
suggests the question of whether there is a similar classical analog to
Theorem 1, i.e., a multiple Barnes integral which is associated to the
general hypersurface (1.1) (ai E C).

In the next two sections we shall see some other families of hypersur-
faces over finite fields which have formulas involving Jacobi sums for the
number of points, and which in the complex analytic case correspond to
integral analogs of these formulas.

§5. Hypersurfaces connected to hypergeometric functions

Let

À E Fq, be the equation of an n-dimensional hypersurface, depending on
a parameter À, in affine space over Fq. Here d &#x3E; 1 is an integer dividing
q - 1; a = (a1,..., an), b = (b1,...,bn), ai, bi ~ Z, 0  ai, bj  d for i

= 1,...,n + 1, j = 1,...,n; g.c.d. (ai, bi, d) = 1, ai =1= bi for i = 1,...,n;
g.C.d. (an + 1, d) - 1. xa : ~a11 ... an (1 _ )b - a =def (1 - x1)b1 - a1 (1
- xn)bn - an.

If equation (5.1) is considered over the complex numbers for À E C,
then this hypersurface has periods which are essentially the hypergeo-
metric function n+ IFn. More precisely, for IÀI  1, a = (aI/d,..., an+ l/d),
f3 = (b1/d,..., bn/d), we have (see, for example, [5]):
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where d*x = 03A0dxi/xi(1 - xi) is the measure on (0, 1)n obtained by pull-
ing back TI dti on R" by the map ti = log(xi/(1 - xj) from (0,1)" to Rn.

But we wish to consider the hypersurface (5.1) over Fq, and compute
the number N(03BB) = NFq(03BB) of points (x1,..., xn, y) ~ Fn + 1q satisfying (5.1).
It is again convenient to split up N(03BB) into pieces N(03BB, ~), where

x : G ~ K* is a character of the group G = ,ud of d-th roots of 1 in F*q
with values in an algebraically closed field K of characteristic zero. G
acts on points on the hypersurface in the obvious way: 03BE e G leaves the
xi fixed and takes y to çy.

THEOREM 3: Let N(03BB, ~) be dqfined by (2.9) for the hypersurface (5.1)
and for G = Ild. Let x be the restriction to ,ud of ~w/(q-1): F*q ~ K* (w is an
integer uniquely determined modulo d). Then for x non trivial (i.e., w ~ 0
mod d)

where

with g s + w dbi) replaced by -q if s + w bi ~ 0 mod Z.
PROOF: For (x, y) = (x1,...,xn, y) ~ Fq + 1q, the condition F 03BF 03BE(x, y)

= (x, y) means that x E Fq and çyq = y, i.e., yq-l = 03BE-1 or y = 0. Since x
is nontrivial, it is easy to see that the terms in (2.9) with y = 0 drop out.
Hence the sum (2.9) is equal to

where the summation is over x E Fq and y E Fq satisfying (5.1) for which
yq - 1 ~ 03BCd. Let u = yd. Then yq -1 E I1d if and only if u E F*q. For each u E F*
there are d different y with u = yd. Hence, this sum is (if we take X(O)
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= 0): 03A3~(u(q - 1)/d), where the summation is over (x, u) ~ Fn + 1q for which
(5.1) holds with u in place of yd. By the definition of w, the map

u ~ ~(u(1 - 1)/d) is simply ~w/d. Thus, replacing u by the right side of (5.1),
we have

We now multiply (5.5) by 03BB-s(03BB) for arbitrary fixed s ~1 q - 1 Z/Z, and

we sum over À E F*q. Making the change of variables t = ÀX1...Xn and
noting that the sum vanishes unless all x1,..., x,, are nonzero, we have

with g s + w bi replaced by - q if s + w bi E Z. Note that

If 03BB ~ 0, then N(03BB, x) as a function of 03BB E F* can be expanded in char-
acters X, of F§f, and (5.3) for 03BB ~ 0, w ~ 0 asserts that the coefficient of xs
is equal to

where c, is given by (5.4). But this is what we computed in (5.6).
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If 03BB = 0, then by (5.5)

so that (5.3) also holds for À = 0. Q.E.D.

REMARKS: 1. By Lemma 1, if we want a formula for N(03BB), we need
only add the expressions (5.3) for w = 1,..., d - 1, and then add
N(03BB, ~trivial). It remains to compute N(À, ~trivial), i.e., the case w = 0. By

(2.9), N(03BB, ~trivial) = 1 d #{x, y, 03BE|x ~ Fnq, y~Fq, 03BE ~ 03BCd, yq-1 = 03BE-1 or y = 0
and (5.1) holds}

= #{(x, u) ~ Fn+1q|(5.1) holds with u in place of yd}
- qn

since for any x E Fq the equation (5.1) uniquely determines u.
2. N(03BB,~) is essentially a finite-field analog of the hypergeometric

function (5.2). More precisely, we introduce Gauss sum terms to corre-
spond to the gamma terms in (5.2), i.e., we define

where ai = aild, f3j = bj/d~1 q-1 Z/Z - {0}, Â c- Fq. (Compare with (5.2)

and (5.5).) Theorem 3 (with w = 1) then says that this function equals

where cs is given by (5.4) with w = 1. For s ~ 0, we have q/g(s) =
~s(-1)g(-s) by (2.4). Hence, the part of the sum in (5.7) over s ~ 0 can
be rewritten



21

Thus, Theorem 3 can be thought of as a finite field analog of the
Pochhammer-Barnes integral formula ([10], p. 102) for the classical
hypergeometric function (5.2), according to which

(here no 03B1i or fij can be zero or a negative integer, and the path of
integration from - i~ to i~ in the complex s-plane curves so as to keep
all poles of T(ai + s) to its left and all poles of 0393(-s) to its right).

3. It is not hard to generalize Theorem 3 to the case where 03BB~1...~n
in (5.1) is replaced by another monomial 03BB~h11...~hnn.

§6. Hypersurfaces connected to hypergeometric functions of several
variables

A hypergeometric function of n variables 03BB1,..., 03BBn~C, lîil  1, and
2n + 1 "exponents" OC an, 03B21, ..., 03B2n, Y can be defined as follows ([ 1 ],
p. 115), where we use the abbreviations a = (03B11,..., 03B1n), ~03B1 = ~03B111...~03B1nn,
(1 - ÀX)-P = (1 - 03BB1~1)-03B21...(1 - 03BBn~n)-03B2n, etc.:

where the integration is over nonnegative xi with 03A3xi ~ 1.

Thus, over a finite field Fq it is natural to consider the n-dimensional
affine hypersurface

where 03BB=(03BB1,...,03BBn)~Fnq are parameters, d|q-1, a=(a1,...,an), b =
=(b1,..., b"), ai, bj, c~Z, 0ai,bj, cd, g.c.d. (bi,d)=1, g.c.d. (c-a1
-...-an,d)=1, xa=xa11...xann, (1-03BB~)-b=(1-03BB1~1)-b1...
(1 - 03BBn~n)-bn.
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Let G = ,ud act by 03BE(x,y)= (x,03BEy) for (x,y)~n+1q, and let x : G~ K*

be the restriction to ,ud of ~w/(q-1):F*q~K*, as in §5. Define N(03BB) and
N(À, X) by (2.8H2.9) with V given by equation (6.1).

THEOREM 4: Let 03BB E F*nq. Then for x nontrivial

where

For X trivial

N(Â, Xtrivial) = qn.

The proof is completely analogous to the proof of Theorem 3.

In conclusion, 1 would like to thank R. Greenberg and N.M. Katz for
helpful discussions.

REFERENCES

[1] P. APPELL and J. KAMPÉ DE FÉRIET: Fonctions hypergéométriques et hyper-
sphériques; polynomes d’Hermite. Gauthier-Villars, Paris, 1926.

[2] H. DAVENPORT and H. HASSE: Die Nullstellen der Kongruenzzetafunktionen in gew-
issen zyklischen Fällen. J. Reine Angew. Math. 172 (1935) 151-182.

[3] J. DELSARTE: Nombre de solutions des equations polynomiales sur un corps fini.

Sém. Bourbaki 39-01 (Mars 1951).
[4] B. DWORK: On p-adic analysis. Proc. Annual Sci. Conf., Belfer Grad. School Sci.,

Yeshiva Univ., New York, 1965-66, pp 129-154.
[5] A. ERDÉLYI: Integraldarstellungen hypergeometrischer Funktionen. Quar. J. Math. 8

(1937) 267-277.
[6] E. FURTADO GOMIDA: On the theorem of Artin-Weil. Bol. Soc. Mat. São Paulo 4

(1949, 1951) 1-18.
[7] K. IRELAND and M. ROSEN: Elements of number theory including an introduction to

equations over finite fields. Bogden &#x26; Quigley Inc., Tarrytown-on-Hudson, N.Y.,
1972.

[8] N. KATZ: Algebraic solutions of differential equations (p-curvature and the Hodge
filtration). Inventiones Math. 18 (1972) 1-118.

[9] N. KOBLITZ: p-adic analysis: a short course on recent work. Cambridge Univ. Press,
1980.



23

[10] E. RAINVILLE: Special functions. Macmillan, New York, 1960.
[11] A. WEIL: Numbers of solutions of equations in finite fields. Bull. A.M.S. 55 (1949)

497-508.

[12] G.N. WATSON and E.T. WHITTAKER: A course of modern analysis, 4th ed. Cambridge
Univ. Press, Cambridge, 1927.

(Oblatum 5-XI-1980 &#x26; 20-VII-1981)

Department of Mathematics
University of Washington
Seattle, WA 98195
U.S.A.


