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JACOBI-SUM HECKE CHARACTERS AND GAUSS-SUM
IDENTITIES

Daniel S. Kubert* and Stephen Lichtenbaum*

In this paper we study Jacobi-sum Hecke characters of mixed level.
Jacobi-sum Hecke characters were introduced by Weil in his funda-
mental paper [1], where he only considered the case of a cyclotomic
field. The definition was extended to arbitrary abelian fields by Weil [2]
and Deligne [3], but always keeping the level fixed. Weil, in [2], gives
necessary and sufficient conditions for a candidate for a Jacobi-sum
Hecke character to actually be one (which amount to saying that the
infinity-type is an element of the integral group ring). Deligne goes on to
associate a product of values of the I'function to each Jacobi-sum
Hecke character (or, more precisely, to each Jacobi-sum representation,
since these may not be unique). In [4] he shows that if the infinity-type
is a power of the norm, so the Hecke character is yN¥ where y is a
Dirichlet character, then the above I'-product, divided by (2mi), is al-
gebraic and transforms via y.

We extend the theorems of Weil and Deligne to the case of Jacobi-
sum characters of mixed level. In [5], one of the authors extends the
definition of Jacobi-sum Hecke character and the theorem of Weil still
further, by allowing composition with the norm to smaller fields. Our
work leads naturally to the introduction of new identities involving
Gauss sums, generalizing those of Hasse-Davenport ([6]). These iden-
tities had previously been discovered and proved by Langlands in his
work on Artin root numbers, but had never been published. We were
unfortunately unaware of this. They follow here as easy consequence of
our results and appear in Section 6.

The original motivation for this work was an investigation by one of
the authors of the relationship between the value at zero of the L-
function of a Jacobi-sum Hecke character of an imaginary quadratic
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56 Daniel S. Kubert and Stephan Lichtenbaum [2]

field and its I'-product ([7]). For such a relation to exist, the I'-product
of any representation of the trivial character over an imaginary quadra-
tic field has to be rational, and this is an immediate consequence of our
generalization of Deligne’s theorem.

Our proofs rely on the original results of Weil and Deligne, but we do
give an independent proof of Deligne’s theorem if K < Q(u,) for p
prime.

Notations.

N: depending on the context, the Norm Hecke character, the norm in
the group ring of a finite group, the norm relative to a finite field exten-
sion, or the norm of a prime ideal.

Z, Q, R, C: The integers, rationals, reals and complexes.

{x): The unique real number y such that 0 <y <1 and y = x (mod Z).

{y>n: The remainder of the integer y when divided by N.

#S: The cardinality of the finite set S.

§1. The statement of the theorem

Let F be a finite field, y and ¥ non-trivial multiplicative and additive
characters of F to C*, respectively. We define the (modified) Gauss sum
G(x,¥) to be — Y, cp= x"W(x). If F has characteristic p, we fix once and

for all the additive character y(x) = (e%“", where Tr denotes the trace
from F to Z/pZ, and we write G(x) for G(x, ¥).

Let uy = €*™/N and, let Gy = G(Q(uy)/Q), be identified with (Z/NZ)*
as usual. Let p be a prime ideal of the ring of integers 6 of Q(uy) with
residue field characteristic p prime to N, and norm equal to g. Then we
have the canonical multiplicative character x, x(x) = #(x?~')'V). Here t(y)
denotes the unique lifting of the N—th root of unity y to 0y. If a is in
Z/NZ, define Jy(a, p) to be G(x; y). We note that if a = 0, Jy(a,p) = 1.

Now let k be an abelian extension of Q, and fix an embedding of k
into C. Let {N;} for i =1,2,...,s be a collection of integers > 2, such
that k = Q(uy,) for all i. Let 0 be a collection of maps

r::(Z/N;Z) > Z. We write 0 =) r{a)laly,

DEeFINITION 1.1: We define the infinity-type I(6) to be the element of
the rational group-ring Q[G(k/Q)] given by
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s Yria 3 (~80)

teGk/Q) i a beGn; i

Here 7 is any lifting of 7 to Gy, and then to Z, d and b are any liftings
of a and b to Z, and the definition is obviously independent of the
choice of liftings.

PRrOPOSITION 1.2: The following are equivalent:
@i) I(6) is in Z[G(k/Q)].

b
(i) 3 a7) Yoo, - i integral.

—ab —ab
N; N;

i 1

(i) = (i) since Y ;Y ,r{a) Zb< — bt > =7 <Z Y l(a)< 5>> (mod Z).

Proor: It is clear that (i)=>(ii), since €Z, and

DerFiNITION 1.3: If 0 satisfies the equivalent conditions of the above
proposition, we say 0 is of Weil type.

DEFINITION 1.4: We say that 0 is of Deligne type if I1(6) is a multiple of
the norm N in Z[ G(k/Q)], and we define n(f) by I(0) = n(0)N.

Let N =[[i=; N; and let S be the set of prime ideals of k dividing N.
Let I be the group generated by the prime ideals p of k not in S. We
define a function J(0): Ig —» C*

by J(O)(») = H H H (a, 1),

i=1a=

where the last product is taken over all f in Q(uy,) dividing p.
We wish to prove the following two theorems:

THEOREM 1.5 (Generalized Weil’s Theorem): If 6 is of Weil type, then
1) J(0) takes values in k
ii) J(6) is a Hecke character with infinity-type 1(0). More precisely,
there exists an integral ideal | in k such that if « =1 (mod* ), then
JO((@) = o'®
iti) f divides some power of N.

We remark that Weil proves this theorem in [2], for the case whens = 1
and all the r(a)’s are > 0, but the case when s =1 and the r(a)’s are
arbitrary is an immediate consequence.
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Now define I'(f) to be

: ab\ @
()"

'*(6) to be I'(0)(2ri)~"®.

THEOREM 1.6 (Generalized Deligne’s Theorem): If 6 is of Deligne type,
then

(i) I'*(0) generates an abelian extension K of k, which is Galois over Q.

(i) If we let y(0) = JOON "9, then y(0) is a character of K/k and I'*(0)
transforms via y(0) in the sense that if ¢ is in G(K/k), cT*(0) = y(a)*(6).
If's = 1, then this becomes Deligne’s Theorem ([3], p. 339).

§2. Some arithmetic lemmas

We start by fixing our terminology and notation. Let p be a prime, let
f be a positive integer, and g = p’. Given a in Z such that 0 <a < g,
write a =) {7 a;p’, with g;€Z and 0 < a; < p. Let y(a) = [[{=5 (a),
and let s(a) = Y {20 a;. If x is in Z,,, let r (x) be the unique integer such

that 0 < r,(x) < g, and r(x) = x(mod q). If [ is prime, let |:);] denote the
Legendre symbol modulo .

LEMMA 2.1 (Gauss’ Lemma): If | is an odd prime and m is an integer
prime to 1, then [7] = (—1)*, where u is the number of members of the
set {m, 2m, ..., 3(1 — 1)m} whose least positive residue mod | is greater
than +1.

Proor: By definition of u, we have

I—-1)2

1-1)/2
[ tm)= (-1 ] j tmod )

Jj=1

So ['7] = m¢ "2 = (- 1)* (mod I), which implies ['7] = (=1~
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LEMMA 2.2: Let | and p be odd primes. Then
(—-1)y2 —im
(—1) 5 " = [ﬂ (mod p).

PrOOF: Let x = r,(—j/l). We have Ix = yq — j for some yeZ. We see
that yg=1Ix +j and 0 < x < g together imply 0 <y <l Since j < |,
y<l,so0<y<!—1 Buty=jg !(modl) implies that y = r(j/q). So
(= 1)Era il = (— 1)Eral= i) = (1)l =) since | and q are both odd.

Now consider the set {r, <é>}, for j=0,..., (I — 1)/2. Since x and

I — x cannot both occur in this set, exactly one must occur, and if we let
q~ ' = m in Gauss’ Lemma, u becomes the number of times that [ — j

occurs instead of j. Since [ is odd (—1*"UWP~) = (—1}* = (by Gauss’
-1
Lemma) [ql ] = l:‘;:l

LeEmMA 2.3: Let o be an integer, 0 <o < p. Then (a)(p — 1 — o)l =
(=1y*~" (mod p).

Proor: This follows immediately from Wilson’s Theorem by
induction.

LemMa 2.4: Let | and p be primes, and assume | is odd. Then
= : &l g
[T v (=i = (= 1Yz ] (mod p).

Jj=0

ProOF: Since the lemma is obvious for p =2, we may assume p is
odd. Let x = Y{_,x;p’ be an integer between 0 and g — 1 inclusive.
Then g—1—x=)p—-1—x)p, and yx)pqg—1—x) =[]
P—1—x)=(—1Y** by Lemma 23. Also, Y x;=x(mod(p — 1)),
hence mod 2, so y(x)y(g — 1 — x) = (— 1) ** (mod p). If we now let y =
—j/l, and x = ry(y), then g — 1 — x =r (—( — j)/l),

(I-1)2

1—1 1-1 z
hence [ y(r,(—j/D) = (=12 h=1) =0

rq(—=j/l)

=(— l)f(l;zl“)[[ll:I (mod p) by Lemma 2.2.
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PROPOSITION 2.5: Let p be a prime, a an integer, and q = p’. Let | be a
positive integer prime to p. Let b(j,a) be the unique integers such that
0 < b(j,a) < q, and Ib(j,a) = a — j (mod gq) for j = 0,1,...,1 — 1. Then

i) f(a) = ([ T5259(b(, a))/y(a) is independent of a (mod p).

ii) g(a) = Y ;Z55(b(j,a)) — s(a) is independent of a.

iii) If p is prime and 1 is an odd prime, then

fl@)=(— 1>f(%m (mod p).

Proor: We will prove by induction on a that f(a) = f(0) (mod p) and
g(a) = ¢(0). This is clear if a = 0. Now suppose we know these relations
for a — 1. Since the collections {b(j,a)} and {b(j,a — 1)} agree except
for their first and last elements, we must prove that Iy(b(0,a))/y(a) =
y(b(l —1,a—1))/y(a—1) (modp) and s(b(0,a))— s(a)=sb(—1,a—1))
—s(a — 1). These are immediately equivalent to: Iyb)/y(b—1)=
y@)/yla—1) (mod p) and s(b)—s(b—1)=s(a)—s(a—1), where b
= b(0, a).

Let a' = a; be the first non-zero coefficient in the p-adic expansion
of a. Then by Wilson’s theorem y(a)/y(a — 1) = a(—1) (mod p). If
b=Y{_Jbp and if b’ = b; is the first nonzero coefficient in the p-adic
expansion of b, then we must have i = j and Ib’ = a’ (mod p), since (I, p)
= 1and Ib = a (mod g). Since y(b)/y(b — 1) = b'(— 1) (mod p), (i) follows.
Also, sa—1)—s@=jjp—1)—1=ip—1)—1=sb—1)—s(b), so
(ii) follows.

To see (iii), we observe that f(0) = [[5267(b(,0) = [ [526 »(r(—i/D),
and use Lemma 2.4.

PROPOSITION 2.6: Let | be an odd prime, p a prime different from I, and
q=7p’, f an integer > 1. Then

[Ha-(— 1)(%)(4_;’1“ = [?] (mod p).

PRrOOF:

» IR [ @ i1
lé(q ) — (lz(P )) p—1) =
p

_ ([11)](_ 1)(%)(%)):1—1)/@—1)
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pV @~ hezy oy
by quadratic reciprocity. This in turn equals [ l] (= De-1Ut272

(since (g — 1)/(p — 1) = f (mod 2)) which obviously is the same as

m(_ ),

PROPOSITION 2.7: Let m = { — 1, where p is a prime and { is a primitive
p-th root of unity. Then p/n?~! = (—1)(mod ).

ProoF: We may assume p is odd. We know that Nzm = p,
where N is the norm from Q() to Q. N7 = [[,cz/pzy< (67), sO p/n?~!
= [],(=°/n). But if ¢ = g}, then n° =1 — {* and n°/n = (1 — {")/(1 = ()
=14+¢+...4+ ¢ ! =b (modn), since { =1 (modn). The result then
follows immediately from Wilson’s Theorem.

PROPOSITION 2.8: Let p be a prime and | be an odd prime, M an integer
> 1, and assume that (p, M) = (I, M) = 1. Set N = IM. Let q be minimal
such that q is a power of p and M divides q — 1. Let g be minimal such
that N divides q° — 1. Assume g > 1. Let 0 <a < N and let 0 < b < N be
such that b=0 (modl) and b= a (mod M). Then I{b(¢° — 1)/N}, =
a(g — 1)/M (mod(g — 1)).

ProoF: We know that b is the unique integer < 0 and < N such that
b=0(mod ]) and b = a (mod M). Let x be such that 0 < x <q — 1 and
Ix = a(g — 1)/M (mod (g — 1)). Then x is unique since I/ q — 1 by as-
sumption. Then Ix = b'(g — 1)/M with 0 < b < N. Thus b'(q—-1)=0
(mod ) which implies b’ =0 (mod ) which implies that b’ = b since
b’ =a (mod M). Then x = b(¢g° — 1)/N (mod g) so x = <{b(q° — 1)/N>,
which proves the proposition.

PROPOSITION 2.9: (Gauss multiplication formula)

(27T)("—1)/2F(Z)=n2—1/2r<i>r<z+ 1>F(Z+ n— 1>.
n n n

ProOOF: See ([8], p. 162).
Let F be a finite field, ¥ a character of F* of order I, ¥ a character of
F*. Then:
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ProOPOSITION 2.10: (Hasse—Davenport distribution formula)
— 1-1 )
ﬂ G(r'y) =y '(GH l—[0 G(x)-
=0 =

Proor: This is essentially (0.9;) of Hasse-Davenport ([6], p. 172).

COROLLARY 2.11: Let k = Q(uy) and N, M = N/l > 1. Then, in the
notation of 1, if p is a prime of k prime to N, we have:

-1

-1
l—[() JN(a + lM, p) = Xp,N(l)ilaJN(la, p) l_[OJN(lM9 p)
1= Jj=

Proor: This follows immediately from Proposition 2.10, with y =
= Yp.nv and Y =y y.

Let E be a finite extension of F of degree r, and let y; be the character
of E* defined by x; = x©Ng,. Then we have

PROPOSITION 2.12: (Hasse—Davenport theorem)

G(xg) = G-

Proor: This is (0.8) of Hasse-Davenport ([6], p. 172).

ProrosiTiON 2.13: (Stickelberger’s Theorem) Let F = Q(uy) < C and
let p be a prime ideal of O of characteristic p prime to M. Let g = Np,
k(p) be the residue field at p, and let t be the natural lifting from the M-th
roots of unity in k(p) to M-th roots of unity in F. Given a in Z/MZ let yx,

be the complex-valued character of k(p) defined by x,(x) = t(x ~d5 )) Let

2mi Tr(
¥ be the additive character of k(p) defined by y(x) = e » , and let G(x,)
be the (modified) Gauss sum — Y . x(x)(x). Let f be the unique prime
{ayulg — 1)

h is th id
M , where {a),, is the residue

lying over p in Q(p,p). Let ap =
of a mod M. Then

G(xa) -
(C, — 1™ y(ay)

(mod ),

where {, = e*™/".

ProoF: See ([9], p. 94).
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§3. Proof of the generalized Weil and Deligne theorems in special cases

PROPOSITION 3.1: If 0 =Y, r{a)laly, is of Weil type, then J(0) takes
values in k.

ProoOF: It clearly suffices to prove that J(0)(p) belongs to k where p is
prime. The first point to note is that Jy(a, p) belongs to k(u,). This fol-
lows from the fact that Jy(a, p) is the product Jy(a,p;) over p,|p in Q(uy).
We know that each Jy(a,p;) is in Q(u,y) and, if o = g,€ G(Q(uy)/Q),
Jna, p;)° = Jy(ab, p;) = Jn(a, pf).

Next we determine the action of (Z/pZ)* on J(6)(p). We have for
ce@/pZ)* and =1, Jx(ap) =tc T )iy@p). Tt follows imme-
diately that (J(B)(p))* = t(c ~")J(O)(p), where re Z/(p — 1)Z equals

Zi Za ri{a) Zci/pi b

a prime p; in Q(uy,) lying over p, g; is the norm of p; and b runs through

G,;/D;. Now
ab
M)@—D

-1
KL >, where D; is the decomposition group of

r= Zi Yarida) ng ((‘1;‘

—ZZ;@Z M—D

where ¢ now runs through G,. (Note that

for o g’ —1 q;—1
Ye= Y Ye= 3 ) bfd=)b =b :
[eX beGi/D,c—b beG:/D, j=0 b q— 1 b q— 1

But by definition of Weil type, r is an integer divisible by (g — 1), hence
by (p — 1). Thus ¢ " = 1, which completes the proof.

LEMMA 3.2: Let 6 be of Deligne type. Then
i) n(6) = %Z; Za:#O ri{a)# Gy,

ii) x(0) = J(ON "9 takes values in roots of unity in k on ideals a prime

to HN,..

PROOF: (i) We have n(f) = Y, ,r{a) Z,,< > for any e G(k/Q).

Summing over 1, we have:
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—abr.
#Gk/QnO) =YY, r.-(a);g < ; & >

Since we may choose %; so that both %; and N; — 7; are in the set of T’s,

—abz. —Gb(N. — %
and < ;ET'> + < ab( Nl T')> is equal to 1 unless a = 0, we obtain:

13

# G(k/Q)n(0) = 3.3 ri{@) # Gy, # G(k/Q),

a

which gives (i).

(i): We know by Proposition 3.1 that %(6) takes values in k. We may
clearly assume that a is a prime ideal p not dividing | | N;, and that r(0)
= 0, for all i. By Stickelberger’s theorem (Proposition 2.13) we have

—abt,
JO)P) = p5®, where S©O) =Y, ,ri(a) ZbeGN,-< N
to show first that y(6)(p) is a unit. Clearly the only primes which divide
J(O)(p) are the conjugates of p. Also the exponent of ¢~ 'p in J(O)(p) is

bz

given by ziz,,ri(a)zbeGm< ; i >#D,,, where D, is the decomposi-
tion group of p. By definition of Deligne type, this is n(6) # D,. Since p is
unramified in k, the norm of ™ *p is p* 27, so x(0)(p) = J(O)(P)N "O(p) is
a unit at 7~ !p and hence a unit.

Since the absolute value of a Gauss sum over a finite field with g
elements is ¢*/%, we compute [JO)(p) = [ ;[ ] (Np)* 3@ or (Np)"®,
(by part (i)) for any absolute value. Hence |x(6)(p)| = 1 for any absolute
value, and x(0)(p) is a root of unity by the Dirichlet unit theorem.

171, We wish

PROPOSITION 3.3: Let 6 be of Deligne type. Assume that:
i) K = k(I'*(0)) is an abelian extension of k.

ii) I'*(0)*"™ ek, where w(k) is the number of roots of unity in k.

iii) k(I'*(0))/k is unramified at every finite prime not dividing N = [| N,.

iv) For all p prime to N, y(0)(p) = (I'*(0))?"' (mod7f), where q = Np
and { is any prime dividing p in K. Then the generalized Weil and Deligne
theorems are true for 0; that is, J(0) is a Hecke character with values in k,
1(0) is a character of finite order, and y(0)(p)(I'*(0)) = o,I'*(0) for all p
prime to N. (Moreover, y(0) is unramified outside of N, so the finite part of
the conductor of J(0) divides a power of N.)

Proor: First assume g is odd. Let o, be the Frobenius at p for the
extension K/k, so by definition ¢,I'*(0) = I'*(0)? (mod {) for any f lying
over p. Since g > 1 and I'*(0)?" ! is congruent to a unit mod p, I'*(0) is a
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unit at f. Since I'*(0)*® lies in k, o,I'*(0)/T'*(0) is a root of unity of order
prime to p, lying in k. Now o,I'*(0)/T*() = (I'*6)*"" (mod f). So
x0)(p) = o,I'*(0)/T*(0) (mod {) and since these are both roots of unity of
order prime to p, we obtain y(0)(p)I"*(0) = o,I"*(0).

Now consider the case when p divides 2. Since p is prime to N, N is
odd. Then w(k) only divides 2N, and not necessarily N, so we can
only conclude that y(O)P)I*(0) = +o,0*0), or that x(O)p)=
+(r*(0)s® ).

On the other hand, by Weil’s theorem in the case of unmixed level N,
p> rM(O)(p) defines a Hecke character for all p prime to N, as does
p—(C*0)N* D by class field theory. Since these are both Dirichlet
characters which agree on all primes not dividing 2N, they must also
agree on p, so yN(0)(p) = (F*(H)“?~ )N, Since N is odd, we conclude that
1(0)(p) = I'*(6)°* ! rather than —I'*(0)°* 1.

Clearly x(6)(p) =1 if 6, = 1 on K, hence x(0) is a Dirichlet character
of K/k and J(0) = y(0)N"® is a Hecke character. Since K/k is unramified
outside of N, the rest of the proposition follows.

It also follows readily that K is Galois over Q: We have already
remarked in the first paragraph of the proof of Proposition 3.1 that J(0)
is Galois-equivariant, i.e., that J(6)(p°) = o(J(0)(p)). Since N is Galois-
equivariant, so is y. If we then, for any 7 in G(Q/Q) define ¥* by x%(0)
= 1(y(rat 1)), it is a series of straightforward computations, using only
the formal properties of the Artin symbol, to verify first, that if y is
Galois equivariant y = x%, second, that if G = Ker y, the kernel of x* is
G* = {t"'ot:0eG}, and third, that the fixed field of G* is K*~'. These
three facts immediately yield that K is Galois over Q.

THEOREM 3.4: Let N = IM, with | prime. Let a be any element of Z/NZ.
Then the generalized Weil and Deligne theorems are true for the following
0’s, and k = Q(u,,). Also, the conductor of J(0) divides a power of N.

1) =2, M odd, a even: 0 = [aly — [a/2]y

2) =2, M even, a even: 6 = [aly — 2[a/2]

3) lis odd, IM,l|la:0 = [aly — l[a/(x

4) lisodd, LM, lla:0 = [aly + (1 — Dla/l]y

5) 1 =2, M odd, a odd:0 = [aly — [M]y — [aly + [27'alx

6) =2, even, a odd:0 = [aly — [M/2]y — [a]m

7) lodd, IM, lfa:0 = [aly — [alu

8) lodd, IYM,lfa:0=[aly— [aly + [ 'aly

9) =2, M odd:0 =2[M]y.
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Proor: We check immediately that all of these 6’s are of Deligne

) in Cases 7) and 8), and [1] in

type, with n(f) = 0 in Cases 1-6, (
Case 9.

Case 1): Since Jy(a,p) = Jpla/2,p) for all p prime in k, we obviously
have J(#) = 1. Clearly I'*(#) =1 also, and the Weil and Deligne
theorems are immediate.

Case 2). Let q be a prime in Q(u,,). Suppose that q splits in Q(uy)
into q,q,. Then Jy(a, q,) = Jy(a,q,) = Jy(a/2,q), so J(O) = 1. If g' = qo N
is prime, then by the Hasse-Davenport Theorem (Proposition 2.12),
we have Jy(a,q') = Jy(a/2, q)%, so again J(0) = 1. An immediate compu-
tation also shows that I'*(f) = 1 in R*/Q~*.

Case 3): The argument here, using the Hasse-Davenport theorem, is
identical to that just used in Case 2).

Case 4): Let q be a prime in Q(u,,) which is unramified in Q(u"). Let
q! be a prime in Q(uy) lying above q and D the decomposition group of
q'. Let f=#D, so that N(q') = N(q)/. Then Jy(a,q,k) = (by Hasse—
Davenport) Jyda/l, q,k)' 1, since | — 1 = [@(uy): Q(uy,)] and % = %
(mod Z) for be G(Q(uy)/Q(uy). It follows that J(6) = 1. A simple cal-
culation also shows that I'*(6) = 1 in R*/Q*.

Case 5): Let q be a prime ideal of k, prime to N, and let 2b=a
(mod M) Then J(6)(q) = Jy(a, ) u(b,q)/I(a,q)In(M,q). But
Ju(a,q) = Jy(a,q), and Jy(b,q) = Jy(a + M,q). So applying the
Hasse—Davenport distribution formula (Proposition 2.11) we obtain
J(0)@) = 1,272 = 2o (D"

We have I'(6) = I'(a/N)['(a + M/N)/I'(a/M)I'(1/2), which is equal by
the Gauss multiplication formula (Proposition 2.9) to 2%_“”“\/%/\/;
=2179M Gince I'*(0) = I'(0), we clearly have that I'*(0) generates an
abelian extension K of k, unramified outside N, and I'*(0)Mek.
Applying Proposition 3.3, we need only prove that J(0)(q) = I'(0)? 1
(mod q') where ¢! is a prime lying above q in K. This amounts to
showing that y, 4(2)”* = 274~ Y™ (mod q'), which is immediate from
the definition of x, ,.

Case 6): Again let q be a prime ideal in k, and Nq = g = p/. We first
consider the case when q splits in Q(uy). Recalling that in this case
6 = [aly — [M/2]y — [aly, we have J(6)() = Jy(a,q" V(@ + N,q')/
Ju(M/2,q)Jy4a, q), where q! is either prime lying above q. But J,(M/2, q)
= Jx(M,q") and Jy(a,q) = Jy(2a,q"), 50 J(O)() = Jn(a,a" Myl + N,q')/
Ju(M, g')Jy(2a, q1). Applying the Hasse-Davenport distribution formula,
we obtain J(6)(a) = 1g1x(2) "2 = £ m(2) "

Now suppose that q remains prime in Q(uy). Let g be the unique
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prime of Q(uy,) lying above q. By Stickelberger’s Theorem (Proposition
2.13), and replacing a by —a, we have

J(0)(q) = Ty payy u(M/2)/n> OnS M2y, (q) (mod qY)

where m = pu, — 1.
We first claim that Sy(a) = Sy(a) + Sy(M/2). By definition:
i) Sy(a) = Y25t a(N), where

i=

21\ 2ot )
<a>N<q - ): T aNp

i) Syla) = Y10 a(M), where

-1 f-1 )
<a>M<qM ) T a(mp

i=0

i) S, (M/2) = Y b (” D _ f( 1). Let o = {adp(g® — 1)/N

and a” = {a + MDpg* — 1)/N. Either {a)y={a)y or {ad)y=<ad>y+ M.
In the first case

2d' = —{apn/M = —<ayy/M = {a)ylq — 1)/M (mod q).
In the second case
20" = —<{a+ M)y/M = —<{ayy/M = {a)ylq — 1)/M (mod q).

In this paragraph we will show that the last f digits of a’ are the same
as the first f digits of a”. These last f digits of a’ are the first f digits

21
of (d'qdp—y. Now @’ =d +(¢* —1)/2, so a"=d + <q 5 > (mod

(q¢*> — 1)). On the other hand, aq=a +d(q— 1), while a(qg—1)
-1 2 _ 2 _ —
_{oa—1) <q ! ) = (q 1) (mod ¢* — 1) since Mg =1

M 2 2 M
is odd because q remains prime in Q(uy). So @’ = a’q mod (g% — 1), and
a"p-; =<d'qd,—y. Butsincea” < g*> — 1,a" = {a">,2-1, and we are
done.
So the collection {a(N)} consists of the digits of <a’), and of {a"),.
Since a"=d +(¢>—1)/2, 2a"=2a F1 (mod q). If {ady={ady,
2a' = {a)py(qg — 1)/M (mod q) and 2a”" =24’ — 1 (mod ¢) so the set
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{<a'>,, <a">,} consists of by and b; where 2b, = {a) (g — 1)/M (mod g)
and 2b, = (Ka)y(g — 1)/M — 1) (mod g). Similarly, the same holds if

apy =<ayy + M.
We are now in a position to apply Proposition 2.5, with | = 2 and a
replaced by <(a)(q — 1)/M. Part ii) of this proposition then shows that

8(bo) + s(b;) — s(Kaymlg — /M) = s(—1/2).

But sy(a) = s(<a'’),) + s(<a">,) = s(by) + s(by). So sy(a) — syla) =
=s(—1/2) = s(q ; I ) = f(p — 1 >, and we have proved our original

2
claim.
It now follows that

J(0)(@) = yula)yu(M/2)/75(a) (mod q),
and hence mod g, since both sides are in k.

The above argument also shows that y(bo)y(b,) = yn(@). From the first
part of Proposition 2.5 we obtain

29(bo)y(b1)/7(c) = ¥(—1/2);

q_

where ¢ = <a>M< L ) Since yp(M/2) = y(q — 1)/2 = y(—1/2), we

conclude that J(0)(q) = 2¢®™@~ /M (mod q). Switching a back to —a,
we obtain

J(O)(q) =27 «@m@= UM (mod q).

We now compute I'(f). By definition, this is (I'(a/N)I'(a + M)/N)/
(F'(a/M)I'(3)), which is equal by the Gauss multiplication formula to
257 aMQm)t2 gtz = 21-aM  Since n(0) =0, we have x(6) =J(0) and
Ir'*@) =TI(6). But since 227! =1 (mod q), we have y(0)=TI(0) !
(mod q), and, arguing as in Case 5), the hypotheses of Proposition 3.3 are
satisfied and the Weil and Deligne theorems are true for 6, with J(0) =
= 1(6) so J(0)(a) = %o, m(2) "

Case 7): Again q is a prime ideal in k, and Ng = g = p/. We have
0 =[aly — [aly, so J(0)(a) = Jy(a,q)/Iy(a,q). We compute J(6)(q)
first in the case when q splits completely in Q(uy). Then J(0)(q) =
=[]iZ8 Jxla + iM,q)/Jp(la,q), where q' is any prime lying over q in
Q(uy). Using the Hasse-Davenport distribution formula, we see that
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JO)(@ = [T:28 InGM, a)zq, w(D ™. Since n(6) = % 20) = JON T

But now Jy(iM,q)x(—iM,q) = xg s(—1)™-Ngq, and y, y(— D™ =

(@=L
(—1)'( ) =1 since g—1 is even and [ is odd. So [[iZ4Jx(iM,q)
= (Ng)* "2 and

20)(@) = xq M) = Yo D"

Now consider the case when q does not split in Q(uy). © = e2™/F — 1,
and q' be a prime lying over q in Q(uy,). Replacing a by —a, and using
Stickelberger’s theorem, we obtain

J(O) (@)@ 75N = y\(a)/yp(a) (mod q')

We proceed as in Case 6). Let ay = {ady(g' — 1)/N and ay =
= {ady(g — /M. Let ap(i) = {a + iM>(¢" — 1))N for i=0,...,1 — 1.
We stop to prove:

LEMMA 3.5: The digits in the p-adic expansion of ay are the same as
the disjoint union of the digits in the p-adic expansions of {ay(i)), for
i=0,1,..,1 -1

Proor: The digits of ay can be divided naturally into [ parts each
digits of (Cayg'~'>s_;),- So we need only show that the collection
{axg'~*} mod ¢' — 1 is the same as the collection {(a+iM)y(q'— 1)/N}.
Now since g remains prime in  Q(uy), ¢  generates
G(Q(uy)/Q(py))- Thus {ag'"'} mod N consists of elements b; mod N
such that b, = a (mod M). So the collection {ayg'~'} mod (¢' — 1) con-
sists of elements ¢; mod (¢ — 1) such that ¢; = b{q' — 1)/N, b; = a (mod
M). But this last collection is clearly the same as {{a + iM)y(¢' — 1)/N},
which proves the lemma.

We now wish to relate these digits to the digits of a,,.

LEMMA 3.6: The collection {{ay(i)>,} is the same as the collection
{b(j,ar)} as in Proposition 2.5.

Proor: There exists a unique i such that {a + iM)y < M. Replacing
a by a + iM, we may assume that {a)y < M, ie., that a < M. Then
{a+iM)y = a +iM and <ay(i)), = ap/l — i/l (mod ). So ay(i)), =
ay — i, and {ap(i)>, = b(i, a).
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COROLLARY 3.7: sya) — syda) = (p — Df (%)

PrOOF: We have just seen that sy(a) = Y i_§s(b(j,ay)). Hence by
Proposition 2.5, sy(a) — syla) = Y524 s(b(j,0)) — s(0). Now b(j,0) =

-1 —1
= (q—l——>1 So, combining the terms of j and [ —j, s<q ] ) j+

+ s(q T ~ —f)> =s(g— D)=~ 1f hence sy(@) —s(a) =(p -

(')

So we have now

JO@ P65 = 5 (@)ra(a) (mod oY)
COROLLARY 3.8: x(0)(q) = (—1)/*~ Y2y, (a)/yn(a) (mod g).

PrOOF: x(0)(@) = JO@/Ng' V2 = JO)(a)g" " =
J(0)(aq)p?* 712,
But by Proposition 2.7, 77 !/p = —1 (mod =), hence mod q' so the
desired congruence holds mod q', and hence mod q.

LEMMA 3.9: yp(a)/yn(a) = (—1)/¢ D12 [Cll] 9™ (mod q).

Proor: It follows from Lemma 3.6 that y,(a)/yy(a) =

= yKa) M)/nj‘oy(b(j {ad>y)). By Proposition 2.5, this equals
GO/ T526 /(=)™ (mod q). Using Lemma 2.4 we get yy(a)/yn(@) =

(=12 I: l]l<">’" (mod q), which is the lemma.

Reversing a and —a again we obtain: x(0)(q) = |: ]l (Onm (mod q).

Now since I|M, [|(g — 1), so g = 1 (mod I).
Hence again x(0)(q) = yq.m()™* (mod g).. We now compute I'(0).
Choosing 0 < a < N,

F(B) H F<a + iM >/r<%) — l%—a/M(zn)(l—l)/z

by the Gauss multiplication formula. So

T*0) = I0)/2ni)" V2 = (—i)t-V2r—aM,
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Thus

(F*(G))‘I'l — ((—i)(l_l)/zl;__%)lI*l

11— q—

- ((_1)(71)( zl)li;—l)r%“l““
=9, 3@ s
=, (mod q) by Proposition 2.6

= lf%("‘“ (mod q) since [LII:I =1laslI|M.

Clearly I'*(0) generates an abelian extension of k, and (I'*(6))*® lies in

k. Now K < k(™M [0~ 1/2) 1t is immediate that k(lil? ) is unramified
outside N, and k(I#i*~V/2) = k(,/I) if I=1 (mod 4) and k(/—1) if I=3
(mod 4), so unramified over k outside / in either case. We again con-
clude, using Proposition 3.3, that the Weil and Deligne Theorems hold
for 6.

Case 8): Again q is a prime ideal in k, and Nq = g = p’. In this case
0 =[aly — [aly + [l 'a]y. So for q prime to N we have J(0)(q)
= Jn(a,q)J (" " a, 9)/Jp(a, q) and x(0)(a) = J(O)(@)g ‘™ V"2

We first consider the case when q splits completely in Q(uy), and
let q' lie over q. Then J(0)(q) = [[:Jx(a + iM,q)Jp(l" a,0)/Ip(a, q),
where in the product 0<i<l—1 and I[Ya+iM. But then
[TiIma + iM,q) (" *a,q)= [ [}=6 Jn(a + iM,q'). Applying the Hasse-
Davenport distribution formula, we get:

JO@ = [T IniM, aze.n)™"

Hence x(0)(q) = 1o 5“2 IiM, q)g ™~ V72. But exactly as in
Case 7, we have

1-1
[[IMiM,q)q~ ¢~ D72 =1,
i=0

50 x(0)() = o', M) 7" = Yqm(D) "

We next consider the case when q does not split completely in Q(uy).
Let D, be the decomposition group of g, and let g > 1 be the degree of
the residue field extension over q. So g|(I — 1). Let q’ be a prime lying
over q. Then J(0)(q) = [[;Jn(a + iM, q)J\(I~ 'a,q)/Jy(a, q) where i runs
over a set I maximal with the following properties:
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1) Oel

) lya+iM

3) a + iM and a + jM belong to distinct orbits of the action of D, on
(Z/NZ) if i #j.

So in particular I has cardinality (I — 1)/g. Let a,; = <{a)plq — 1)/M,
ay =<ay>(¢? — 1)/N, and ay(i) = (a + iM)>pq’ — 1)/N,i=0,...,1 — 1.

LEmMA 3.10: Fix iel. The digits in the p-adic expansion of ay(i) are the
same as the disjoint union of the digits in the p-adic expansion of
{<an(j)>,} as j ranges over a maximal set such that a + iM and a + jM
belong to the same orbit of D,.

Proor: The proof is similar to the proof of Lemma 3.5 and is left to
the reader.

LeEMMA 3.11: The collection {{an(j)>,} for j =0,...,1 — 1 is equal to the
collection b(j,ay) as in Proposition 2.5.

PROOF: ay(j) = <a + jM)\(g° — 1)/N. We may assume 0 < a < N. Let
k be such that a + jM < N for j=0,...,k and 2N > a + jM > N for
j=k+1,...,1 — 1. Then ay(j) = ay — j/l (mod gq) if j < k and ay(j) =
ay —j/l + 1 (mod q) if j < k. It follows that the ay(j) are the collection
b(j,lay + 1 — 1 — k). But we see easily that lay +[—1—k =a,, (modg),
which proves the lemma.

Set (I"a),; = (1™ *adplg — 1)/M.

LEMMA 3.12: Let j be such that {a + jM)y is divisible by 1. Then
an(i)>q = (" la)y.

Proor: The above equality is equivalent to [ an(j)>, = ay (mod
(g — 1)). (Since Ik M, and since q does not split completely in Q(uy),
q # 1 (mod /) and [ is prime to ¢ — 1.) Now

ay = <adylg —1)/M  (mod (g — 1)),

and 0 < {a+jM)y < N, l|{a+jM>y and {a +jM )y = {a), (mod M).
Thus we may apply Proposition 2.8 with a = {(a),, and b=<a +jM )y,
to deduce the result.

It now follows as before from Stickelberger’s theorem, (switching a to
—a) that:
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J(0)(q)m ~Zsn@riM) —snmll” 1a)+sn(a)
= 7(@)/(pl @) [ 7@ + iM)) (mod q"),

where q” is the unique prime of Q(uy,) lying over q'. Using the above
lemmas, we see that

-1

;sN(a + iM) + sy(I7a) — spla) = . s(b(j, ap) — s(apy)

Jj=0

-1

= ) s(b,0) by Proposition 2.5.

Jj=0

Suppose that x = b(j,0) so Ix = —j (mod g). Then g —1—x) =
—(I = j) (mod g) so b(j,0) + b(I — j,0) = g — I, and it follows that

-1

2. s(bG,0) = (p — DS — 1)/2.

=0

So
JO) (@)~ PTIE2 = g (a)fyp(l " @) [ [ yala + iM)  (mod q").
J
Since x(0)(q) = J(0)(q)g~*~ V72 we have, using Proposition 2.7,
20)(q) = (=17 2y (a)/ypl 710)1:[}’1\:(0 +iM) (mod q")

and hence mod g. Now using Lemmas 3.8, 3.9, 3.10 and Proposition 2.5,
we obtain:

1-1
x(0)(q) = (— 1)/ V2y(ay,)/ DO y(b(j,ar)) (mod q)
= (1)@ 2/ T] 4(b(;,0) (moda)
j=0
= [?] I’ (mod q) by Lemma 2.4.

Switching back from a to —a we conclude that

10)a) = xq,M(n*a[‘,’] (mod o).
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We now compute I'(). Choosing a such that 0 <a < N, I'(0) =
=[[:I'((a + iM)/N)I'((a + jM)/N)I'(a/M), where i runs over the set of
integers between 0 and [ — 1 such that [ Y a +iM and j is such that
lla + jM. So

re = l];_[: r (% + %) / r <%> = 1% ‘%(2,1)%” b
by the Gauss Multiplication Formula. So

I*(6) = (i)~ D213 i,
Therefore

r+0y ! = l“:i“'*“1%(_,-)(1—1)«1—1)/2

r*@y' = l‘%“"“[‘l]] (mod q) by Proposition 2.6.

So I'*(0)7"! = y(0) (mod q) and, as in Case 7 by Proposition 3.3,
Weil’s and Deligne’s Theorems hold for 6.

If the reader has successfully struggled through Cases 1-8, he should
have no problem with Case 9.

It remains to prove the statement about the conductor. It follows
immediately from Proposition 3.3 that in every case, the finite part of
the conductor divides a power of N, so we need only show that J(0) is
unramified at co. For cases 1-6, n(0) = 0, and I'*(0) = I'(0) is real, so y(6)
is unramified at co, and we are done. In case 7, k = Q(u,,) must be
imaginary, since M > [ > 3. In case 8, we may assume M =1 or 2, i.e.,

k=Q. If I=1 (mod 4), then n(f) is even and y(6) corresponds to @(\/7)
so J(0) is unramified at co. If [ = 3 (mod 4), n(6) is odd and y(0) corre-

sponds to Q(,/ —1), so again J(f) is unramified at co. In case 9, n(0) is 1
and y(6) corresponds to Q(,/ — 1), so again J(6) is unramified at co.

§4. Proof of the generalized Weil and Deligne theorems

We begin by proving the generalized Weil and Deligne theorems for
the special 6’s of the last section, but where we let k be any subfield of
Q(tpr)- Throughout this section G will denote G(Q(uy,)/k) < (Z/MZ)*. In



[21] Jacobi-sum Hecke characters and Gauss-sum identities 75

cases 1-4, it is easy to verify that y(0) = J(6) = 1 and T'*(#) = I'(6) = 1 in
R*/Q*, so we confine our attention to cases 5-8. We begin by proving.

LeMMA 4.1: I'*(0) generates an abelian extension of k, unramified out-
side N, and I'*(0)*® lies in k.

ProoF: We begin by showing that I'*(f) generates an abelian exten-
sion of k. Let G = G(Q(uy,)/k). In cases 5 and 6, we have I'*() =
= 2@kl = L abiM Tp cases 7 and 8

F*(@) = (( — i)(l —1)/2 l%)[@(uM):k]l_bezGab/M‘

Since i and I* generate abelian extensions of k, we are immediately
reduced to showing that [,%, “’™ generates an abelian extension of k. Let
e in Z/MZ be defined by e = Y, .¢b. Then k(I***™)/k is abelian exactly
when k contains the (M/e)-th-roots of unity. Let { be a primitive M-th
root of unity. Then {* = Ny, () is in k and is a primitive (M/e)-th
root of unity, so k(I'*(0) is abelian over k. To see that I'*(6)*™® lies in k,
since w(k) is even it is enough to verify that (1*/*)/¢ is in k, which is
clear.

We have immediately that k(I"*(0))/k is unramified over k outside of
2N, but since k((—i"~ V2% = k(,/]) if I=1 (mod 4) and k(,/—1) if

= —1 (mod 4) we see that if 2 ¥ N k(I"*(0)/k) is unramified at 2.

THEOREM 4.2: The Generalized Weil and Deligne theorems are true for
the 0’s of the last section, and any k = Q(uy,), and the conductor of J(6)
divides a power of N.

PrOOF: Let q be a prime ideal of k, with Ng = gq. We have only to
prove that I'*(6)? ! = x(6)(q) (mod q). If we write 6 = 0(a, k), it is im-
mediate that I'*(8(a, k)) = [ [pc I'*(6(ab, Q(uy)) so

r*0)y* =[] I'*(0(ab, Q(uy))* .

b

Let us first consider the cases when [ is odd. Then

a

P00, Q) = ()25
So

ab
r*@(a, k) = (=) V2B*61 5w
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Thus
ab(g—1)

F*(0(a, k)t~ = (=10~ V2p#6a-ny~ X

By Proposition 2.6, we have

#G
(= i)t~ V2pya-D#6u = [‘;] (mod q)

Hence

I M (mod g).

#G  _ab(g—1)
reoaiy = 1]

Let us now compute x(6)(q). Analogously to the above, we have:

2(0(a, k)(q) = HD 2(0(ab, Qupn))(a*),

beG/

where g* is a prime in Q(u,,) lying above q and D is the decomposition
group of q in G. Then we have previously seen that

q!l

x(0(ab, Q(up))(9*) = [ ]

:| |~ ab@? — /M (mod q*)
where ¢ = Ng*.

So x(0(a, k))(q) = [ﬂ bE[;[/Dl’“”“‘“’l”M (mod g*)

q #G
= l:]:l l‘[ |~ abla— /M (mod q*)’

beG

since Y ,epb=1+q+...+¢° ' =(¢°— (g — 1).

Since both sides of the congruence liec in k, the congruence holds
modulo q as well as q*, and I'*(6)7 ! = »(0) (mod q), Hence by Proposit-
ion 3.3, and Lemma 4.1, Weil’s and Deligne’s theorems are true for 0,
and the finite part of the conductor of J(0) divides a power of N.

It remains to check once again that J(6) is unramified at co. In cases
14, n(6) = 0 and I'*(f) = 1, so there is no problem. For cases 5-9, we
may clearly assume k is real. Since n(f) =0 in Cases 5 and 6,
| —

1
T[KM:k] in Cases 7 and 8, and [K,,:k] in Case 9, n(f) is always
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even unless K, = @, when k must be K;,. But we have treated this case
in the last section, so we may assume n(f) is even, and show that
k(I'*(0))/k is unramified at co.

Using the notation in the proof of Lemma 4.1, since k is real, M/e
must be 1 or 2 and [K,,:k] is even. Hence, up to a rational number,

r'*(0) =1 or /1, and k(I'*(9)) is still totally real, so we are done.
The cases when [ = 2 are similar to the above and left to the reader.

REMARK 4.3: We have proved that, for all of our special 6s, and for
any k < Q(u,,), the function on ideals prime to N defined by p — J(0)(p)
is a Hecke character of conductor dividing a power of N, of the form
x(ON"@, and that for p prime to N, (x(O)(P))(I'*(8)) = o,(I"*(9)).

We now are ready to complete the proof of Theorems 1.5 and 1.6 (the
generalized Weil and Deligne theorems).

PrOOF OF THEOREMS 1.5 AND 1.6: Let 6, =Y 3_, Y ,r{a)[a]y, be of
Weil type, with respect to k = Ky, for all i. Let K, be the minimal
cyclotomic field containing k, so that K, = Ky, for all i. If all the N; are
odd, we may assume that f is odd, and if any N, is even, we may assume
that f is even. If f is even, and some N, is odd, we may replace N; by
2N,, since J()  rda)[aly, — D..r{a)[2al,y,) is the trivial character and
r*Q  rda)laly, — Y.arda)[2al,y,) = 1. So we may assume that f divides
each N;.

We proceed by induction on the number t of N/’s # f. If t =0, all N;’s
are equal to f, and we are in the case already proved by Weil. If ¢t # 0,
we induct on the number of prime factors of any N;/f # 1. So let
8o = 0y + 0, where 0, = Y=} Y,r(a)[aly, and 6, =Y, r@[aly, N,
N,=IM, fIM. But using Theorem 4.2, we may always write 0, as 0,
+ 04,
where 05 =Y ,r'(a)[aly and 0, is an integral multiple of one of the
relations in Theorem 4.3, involving only M and N;. Since 6, is of Weil
type, 6, + 05 is of Weil type. By the induction hypothesis, Weil’s
theorem is true for 6, + 65, and by Theorem 4.2 it is true for 8,. Since
J(0). x(9) and I'*(0) are all multiplicative in 0, Weil’s theorem is true for
0. I we assume that 6, is of Deligne type, then the above argument
also shows that Deligne’s theorem is true for 6.

§5. Deligne’s theorem for k = Q(u,)

In this section we show how the methods of this section yield a proof
of Deligne’s theorem ab initio in the case when k = Q(u,).
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We begin with some notation. If 6=),s(@[a], let 0=
=Y .Y ,s(a)[ab],, where b runs through G = G(Q(u,)/k) = (Z/pZ)*. We
may write § = Y, r,[a],, where r, = Y. s(ab™') has a constant value
r(0) on fixed orbit O of G. So we may also write § =Y ,7(0)Y, .0 [V],
where r, = r(0) if aeO.

LEMMA 5.1: Deligne’s theorem is true for k = Q(u,) and N = p.

Proor: We first claim that if 6 is of Deligne type, r,=r,_, for
l<a<p-1

If k is real, —1 is in G, and so automatically r, =r,_,. So we may
assume Kk is imaginary. By definition of Deligne type,

Zor(O)zyeo< —

through the orbits of G. Let W be the space of Y ,r,[a], such that r, is
complex and constant on G-orbits. So 0e W =0 =) ,r(0)> ,.0[¥],-
Let RS W be the subspace consisting of all 0’s such that

ZOr(O)ZyeO<
We define a linear map ¢:W—->W by ¢QorY,colvl,) =
= ZCZO r(O)ZY60< _yc > [C]

If we let 4 = W be generated by Y ,[a],, then R is exactly ¢~ '(4). Let
x be a character of G(k/Q), viewed as a character on (Z/pZ)* which is
invariant under the action of G. Let 4, be the vector Zax(a)[a]p =
=Y010)3,c0[¥], clearly 4, lies in W. If x is non-trivial,

P(A4,) = Z(Z 20) Z < > [6]> Z <Z x(a) < >> Lc]

— ¥ 7o) (Z —Hee )[ 1= Lu O AOLED.

C . . .
v > is an integer independent of ¢, where O runs

—yc> is independent of c.

If y is trivial, ¢(A,) = p

dependence of characters, we have dim(Im¢)> 1+ 1[k:Q]. Since
dimW =[k:Q], and Im¢ o 4, dimR < $[k: Q].

-1
Forl<a<?® . Let ¥V, be the vector Y r,[b], in W, where r, = 1

if b is in the same G-orbit as a or p — a and 0 otherwise. It is immediate
that there are 3-[k:Q] distinct V,’s, and that these are linearly inde-
pendent and he in R. Hence they span R. and if 6 =) r,[a], is any
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vector in R, we must have r, = r,_,. If 6 is of Deligne type 6 is in R, and
we have demonstrated our claim.

It is also immediate that the V,’s are in fact of Deligne type, and hence
any 6 of Deligne type is a linear combination of the V,’s with integral
coefficients. So to complete the proof, we need only show that Deligne’s
theorem holds for V.

Now

T2 (E52) (2 3)
rv) nbeGr<p>r( ’ ) [lea T P ryl )

in C*/Q*. Since

T

Fert -2 =g

rv) =2"%lbes Sin<n;lb >

nia —mia

If weletn,=er —e » in Q(u,) then

. nab o
nbeG sin <T> = N@mp)/k(ﬂ)(zl) 6,

Hence I'*(V,) = 2mi)~ *°I'(V,) = Ng,,x(n,) lies in k.

To check Deligne’s theorem, we need only show that y(6) is trivial.
But x(0) = JO)N~#6, and since J(a,{)J(p — a,f) = Nf for any prime
ideal f of Q(u,), it follows easily that J(6) = N* and x(6) is trivial.

LEMMA 5.2: Deligne’s theorem is true for k = Q(u,) and N = 2p.
PROOF: let 0 =Y ,r(a)[a],, be of Deligne-type. Then

0= ra)laly—[a/21)+ ) r@la/2],

aeven aeven

+ aéd r@)(lalz, — [p)2, — [a], + [27a],)

+ 2, ra)lal, — [27"al,) + (a;d r@)lplsy),

aodd

which we may write as 0 = 6, + 0, + 05 + 0, + 05. Now 0, and 6; are
of Deligne type and Deligne’s theorem is true for them by Theorem 3.4.
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. . . b
Since 0 is of Weil type, Zar(a)zb;—pez, where b runs through

G(Q(u, (k) = (Z/2p)*. Hence Y ,r(a)Y,ab=0 (mod 2), which implies
Y a0aa (@) Yy b = 0 (mod 2). But since all the b’s are odd, ), b = #G (mod
2), and )44 H@)#G is even. By Theorem 3.4, case 9, 05 is of Deligne
type and Deligne’s theorem is true for it. Hence 6, + 0, is of Deligne
type. But by Lemma 5.1, Deligne’s theorem is true for 6, + 6,, hence
Deligne’s theorem is true for 6.

THEOREM 5.3: Deligne’s theorem is true for k = Q(u,) and any 0.

Proor: The proof of Theorems 1.5 and 1.6 in §4 immediately reduces
the general Deligne’s theorem for k to Theorems 5.1 and 5.2.

§6. The Gauss sum identities of Langlands

In this section we show that the Gauss-sum identities of Langlands
[10] may be derived from the main theorem of this paper. We begin by
stating the first Langlands identity:

THEOREM 6.1 (Langlands): Let F, and F, be two finite fields, F, con-
taining F . Let F have q elements and F, have q’ elements, and let | be a
prime with (I, q) = 1 such that the order of q mod ! is equal to f. Let T be a
set of representatives for the orbits of non-trivial characters of F3 of order
[ under the Galois group G(F,/F,). Let p be a character of Fi. Then:

G(p') ul;[T G(w) = p(1G(p) HT G(u(o ©N)).

(Here N denotes the norm from F, to F,).

REMARK 6.2: If f = 1, this reduces to the Hasse—Davenport distribu-
tion formula (Proposition 2.10). This is always the case when [ = 2.

REMARK 6.3: In Langlands’ statement, the “o(l")” is on the other side
of the equation; this is because he calls G(p) what we call G(p 1)

ProoOF OF THEOREM 6.1: We may assume that f > 1, since we are
taking the Hasse-Davenport distribution formula as known. (The
methods of this paper also yield a new proof of the distribution formula,
which we leave to the reader.) Let M = g — 1, and N = IM. Since f > 1,
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1/ M. We may clearly identify our field F, with a residue field of the
ring of integers in Q(u,) at a prime p, and our character p with
X = y%a~ M for a suitable a in (Z/MZ)*. Choose be Z/NZ such that
14 b and b = la (mod M). We may assume by Remark 6.2 that [ is odd,
and we let k = Q(uy,), and 0 = [bly — [b]y + [I” 0]y — [M1y.

By case 8 of Theorem 3.4 with a = M, we see that 6" = [M]y is of
Deligne type, with n(6’) = (I — 1)/2, and Deligne’s theorem is true for it.
Hence, again by case 8 of Theorem 3.4, Deligne’s theorem is true for 8,
and n(0) =0, I'*(0) = I'(6). Deligne’s theorem for 6, at the prime p,
translates into:

r®)® = x0)p)Ie),

where

x0)(p) = ul—[T (Glp° N)w)G(p)( l—[T G(w) ™ (G .

On the other hand, using the proof of case 8 of Theorem 3.4, I'(6) is
immediately computed to be "M e R*/Q*, while Langlands’ result as-
serts that x(6)(p) = p~ () = x, *(") = ¥, °(I). Since M is prime to g, it is
enough to check that o,(I""") =y, "()7"™ (mod p) or that
@~ DEEM) = 5 7b(]) (mod p). Since M = g — 1, this is clear.

We now come to the second Langlands identity:

THEOREM 6.4 (Langlands): Let F, be a finite field with q elements and
let F, be an extension of F, of degree | where | is a prime dividing q — 1.
Suppose p is a character of F§ whose restriction to the I-th roots of unity is
non-trivial and \ is a character of F5 such that /' = poN. If T is the set
of non-trivial characters of F; of order 1, then

G(p) ule—[T G(w) = p(HGW).

Proor: We start with the following lemma:

LEMMA 6.5: Let [|M and 6 = Y!Z1[iM/I],;. Then 8 is of Deligne type,

I—-1
n(0) = — r0) = 2r)~ V21712 and Deligne’s theorem is true for 0.

PROOF OF LEMMA: We may rewrite 6 as Y ‘"2 ([iM/[] + [(I —
— i))M/[],,). These are all expressions of the type [aly + [M — aly,
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a # 0, so we may assume 6 has this form. Then immediate calculations
yield first that 0 is of Deligne type with n(f) = 1 and next that I'*(0)
= (sin(ma/M))"!. Note that we may write (sin(ma/M))"! as ce” ™M
where ¢ is a non-zero element of k = Q(u,), and a unit away from
primes dividing M.

On the other hand, J(0)(p) = G(x3)G(x, ©) = xp(—1)"Np, by standard
properties of Gauss sums. So y(0)(p) = (—1)*@" Y™ where q = Np.
Since ¢? ! =1 (mod p) I'*(H)1 ™! = ¢ ™ala~VIM = (_1)P@~ /M (moq p),
so an application of Proposition 3.3 completes the proof.

ReEMARK: This result has also been demonstrated by Gross and
Koblitz [11] but we give a proof here for the sake of completeness.

We now resume the proof of the theorem. We proceed as in Theorem
63. Let M=g—1, N=IM, p=y2= 34" Y™ and 0 = [aly — [aly
—Y'Z1[iM/1,. By Lemma 6.5 and Case 7 of Theorem 3.4, Deligne’s
theorem is true for §, and we see that n(@) = 0, I'*(f) = I'(0), and I'(0)
= [' %M Theorem 6.4 can now be restated as J(0) = p (). Since both
sides are roots of unity, it suffices to verify this mod p. But by Deligne’s

—a(g—1)

theorem. J(6) = [ M — [ (mod p) and p~}(l) = 1" %M (mod p) by
definition, so we are done.

Appendix — by Daniel S. Kubert

Generalized Gauss Sum Identities

We now show how Proposition 2.10 and the two Langlands’ identities
may be viewed as special cases of a more general identity on Gauss
sums. Conversely it seems likely that this generalized identity may be
obtained from the three identities above and possibly also Proposition
2.12 but an inductive proof does not appear to be straightforward.

Let M,meZ, M > 1,m> 1. Let ac Z/MZ — (0). We construct a 6 of
Deligne type such that the corresponding I'-factor is

I] r(<b>)/r<<%>) [] ey
beQ/Z fnecQ=/g

c#0

For each b let N(b) be minimal such that

1) bN(b)eZ

2) M divides N(b)

We define N(c) in the same manner.

Suppose g€ Gal(Q(u(N))/Q(u(M))). Then mob = a since ¢ = 1(M) and
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clearly N(ob) = N(b). We wish to show that the set of b’s with fixed
N(b) can be written as a disjoint union of sets of the form
{ob, 0 € Q(u(N(D))/Q(u(M))}. We require the following lemma.

LEmMMA: Let o € Gal Q(u(N(b)))/Q(u(M))) such that b = b mod Z. Then
o is trivial.

ProoF: By assumption M divides ¢ — 1, and we wish to show that
N(b) divides ¢ — 1. Now (6 — 1)be Z by assumption, so ¢ — 1 satisfies
properties 1), 2) above and is therefore divisible by N(b) by definition.
Thus o is trivial.

We now construct a 6 with the desired properties.

For each N which is divisible by M we consider the set B(N) =

= {beQ/Z, mb = %, N(b) = N}. For most N, B(N) will be empty. If

not we partition it into sets of the form {ob;, o€ Gal Q(u(N))/Q(u(M))}
where i ranges over an index set I;(N). We also create sets C(N) =
={ceQ/Z — 0, mc =0, N(c) = N} and partition them over L,(N) as
above. We then define 0 by

= z 2 (b;N)y — (@) — Z z (ch)N
N I;(N) N I(N)
where 0 is considered with respect to the field Q(u,,). Then we claim
ProrosITION: (i) 0 if of Deligne type with n(f) =

(i) I'(0) = ﬂ F(<b>)/F<< >> [1 I'e))

beQ/ cs /z

cmO

E|’=N

Proor: Part (ii) of the proposition is clear from construction. Part (i)
is also easy. We first show that

a

b——— ce”Z
beQ/Z M c;O
_a ceQ/Z
mb—ﬁ mc=0
Now ) b = —+c
Z ce%/l mM
mc=0

Therefore the above sum equals mL - ieZ.
mM M
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To complete the proof of the proposition we must show that n(f) = 0.
Now

n(0) = T (By(<h)) +3) - (Bl <—j‘7> + %)

- ;(Bl(@)) +3)

and since ) (b) — (%) and ) (c) are distribution relations we get
b c

n@) = (m — 1)/2 —(m—1)/2 = 0.
We now may prove the generalized Gauss sum identity.

Let me Z,m > 1. Let p be a rational prime (p,m) = 1 and q a power of
p. Let ¢ be a character on Fj. Let y be a character on F}, ¢’ = ¢', such
that y™ = ¢o N, where N, , is the norm from F, to F,. Moreover let
¥ be primitive in the sense that  # Y, °©N . where q" = ¢°, s|r and
is a character on F}:. If  satisfies y™ = ¢ © N, we can always find a
primitive character , associated to it. For if Y =y, ° N, . where
q" # q then YT = ¢poN,., since the norm map is onto and N, =
=Ng,y°Ngy,. So there are m primitive characters ¥ such that
Y™ = ¢poN,,. Let ceGal(F,/F,). Then if ¢ is primitive, so is §* and
we consider ¥ and ¢° to be conjugate characters. In the case when ¢ is
the trivial character on Fj¥, we write y instead of . Then we have

THEOREM (generalized Gauss-sum identity):

G(¢) Xl;ll Gy = ¢(m)l;[G(¢)

szl

In the above formula y and  range over primitive characters in the above
sense. Moreover only one character in each orbit of Galois conjugates is
taken.

ProoOF: In the case when ¢ = 1, G(¢) = 1, ¢(m) = 1, and the equality
is clear. So suppose ¢ # 1. Set M = g — 1. Let p be a prime in Q(u(M))
lying above pe Q. Then ¢ = w*M4~ 1V for some ac Z/MZ — (0). We now
apply the Generalized Deligne’s Theorem, Theorem 1.6, to the 6 con-
structed above at the prime p. We first calculate I'(6) using Proposition
2.9, the Gauss multiplication formula.
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a
F(O) mI;)e=Qa//ZAl r(< >)/F << M >) c ¢c§%€ 0 F(<c>)

— m—BiaM>+3) _ p—<a/M)

We must now calculate J(). Given b such that mb = a/M, consider
Inw)(DN(b),p). Let D be the decomposition group of a prime p’ of
Q(u(N(b))) over p in Q(u(M)). Let q' be the

reduction
Z(u(N (b)) — F,
G| D|

Z(M)) — F,

norm of p’. Let {o} be a set of coset representatives for G/D where G =
= Gal Q(u(N())/Q(u(M). Then Jy4,(bN(b),p) equals [T, Jy(abN(b)p).

We first must show that each term Jy,(abN(b), p') equals G(y) where
Y:F} - C and { is primitive, Y™ = ¢oN_,. We may clearly suppose
that ¢ = 1 for this. If w is the Teichmuller character associated to p’
then y = w”@ ™1, Suppose then that ¢ is not primitive, Y =y, °N,. -
where ¢" = ¢°, ¢’ = ¢', s|r. Now ¢’ is minimal such that N(b)|q — 1.
Suppose ¥; = 0,7*@" =Y where b,(q" — 1)e Z. Then y = ”*@~ Y, Thus
b= b, (mod Z). Thus b(q" — 1)eZ, M|q" — 1 since M = q — 1. Hence
N(b)|q" — 1 since N(b) is minimal satisfying (1) and (2) above. Hence
q’ = q and y is primitive as claimed. Finally y™ = ™4 ~1) = oM@~
=¢°Nyy

Next we show that the map ¥ :(b,0) = ¥ is injective into primitive
characters mod Galois conjugation by D. We first show that, if N(b,)
and N(b,) are distinct then the images of b, and b, are distinct under :
For if N(b,) and N(b,) are distinct the denominators of b; and b, are
distinct. But y(b;, 6;) has order equal to the denominator of b,. Therefore
the two characters are not in the same orbit under the action of D.
Hence we may assume that N(b,) = N(b,). It clearly suffices also to
assume that o, =1 for i = 1,2. We must show that if Y(b,) and ¥(b,)
belong to the same D orbit then b, and b, belong to the same D orbit.
Let ¢’ be minimal as above such that N(b,) = N(b,) divides ¢’ — 1. Then
Y(b;) = @®@ =Y _y(b,) and Y(b,) belong to the same D orbit if and only
if 3te Z s.t. (¢'b; — b,)(q¢ — 1) = 0(q' — 1). But this is equivalent to ¢'b,
= b, (mod Z). Hence b, and b, belong to the same D-orbit and  is
injective. Finally we must show that s is onto. Suppose we are given
= @@V with be Q/Z and q' = ¢ such that y is primitive. This means
that ¢’ is minimal such that ¢’ is a power of ¢ and b(q' — 1)e Z. Then we
may choose N(b) minimal such that M|N(b) and bN(b)e Z as before.



86 Daniel S. Kubert and Stephan Lichtenbaum [32]

Then N(b)|q' — 1 since M|q' — 1 and b(q¢' — 1)e Z. Then ¢’ is the mini-
mal power of g such that N(b)|q' — 1 since bN(b)e Z. Hence y(b, 1) = ¢
which'proves that y is onto.

In the above argument if a happened to be 0 we would get a map
¥ :(c,06) = x which is 1-1 and onto and where y is primitive such that
=1

We now may calculate J(6). By definition

900) = TJ I (6:8.9) [t ] T I

NI

Now by choice of a, Jy(a, p) equals G(¢). By the above discussion

[T, TT steu.p) =TT G
l_N[II(—IlV) Jy(eN, p) = H G(x)

where y can be considered to range either over the set ™ = 1 or the set
1™ =1, y # 1 since G(1) = 1. Hence

J(O) = l;[ G(¥) / G(¢) le G(x)-

Now applying the generalized Deligne’s Theorem we know that J(6)
equals T'(0)F°®/I(6).

Now I'(6) = m~$3#. So

a

FO)F*®/1(9) = m M- _ .~y

But this equals ¢ "!(m) by the definition of ¢. Hence J(0) = ¢~ 1(m)
which completes the proof of the theorem.

Finally we note that this generalized identity has been independently
discovered by Greg Anderson in the case that the rational prime p is not
2. His unpublished proof is based directly on Stickelberger’s Theorem.
Moreover recently Evans has produced some generalizations of Lang-
lands’ identities. These are easily seen to be special cases of the gen-
eralized identity above as are the Langlands’ identities themselves.

For in conclusion we note when m = [ a prime, (I, p) = 1 we recover
the Langlands’ identities or the Hasse-Davenport distribution identity
with | prime depending on whether [ divides ¢ — 1 and ¢ has order
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divisible by ! in which case we get the Hasse—Davenport distribution
identity, or [ divides ¢ — 1 and ¢ does not have order divisible by / in
which case we get Langlands’ second identity or ! does not divide g — 1
in which case we get Langlands’ first identity.
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