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1. Introduction

Let G be a real connected semisimple Lie group with finite center.

Suppose (03C0, H03C0) is an irreducible unitary representation of G, and (p, F )
is an irreducible finite dimensional representation of G. Then one can
consider the continuous cohomology of G with coefficients in ir ~ p,

(see [2] or [5]). The zero cohomology group H0ct(G, H03C0 0 F) consists of
the G-invariant vectors in A’ , 0 F, and the higher groups are the derived
functors of H° in an appropriate category. One of the main reasons for
the interest in this cohomology is its connection with the theory of
automorphic forms. The simplest aspect of this connection can be

described as follows. Let K c G be a maximal compact subgroup, and let
r c G be a discrete subgroup. Assume that 0393 B G is compact, and that r
acts freely on G/K. (Such subgroups r always exist.) Then

is a compact manifold. The action of G by right translation on the
Hilbert space L2(0393BG) decomposes into a Hilbert space direct sum of
irreducible unitary representations of G, each occurring with finite multi-
plicity :

with m03C0 a non-negative integer. Matsushima’s formula ([2], page 223) is

* Supported in part by NSF grant MCS-8202127.
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The cohomology groups on the left are the ordinary topological ones for
the manifold X. The numbers m03C0 are essentially dimensions of spaces of
automorphic forms for r. In order to apply this formula (and refine-
ments or generalizations of it) to compute the m03C0, we need to understand
Hci(G, H03C0). The problem we consider (and more or less solve) is there-
fore this: describe, in as much detail as possible, the irreducible unitary
representations ( ’TT, Ye,) such that

for some finite dimensional representation F of G.
To understand the solution to this problem, we have to know what it

means to describe a unitary representation. (The reader with any back-
ground in this area should now skip to Theorem 1.4.) The best descrip-
tion is usually a realization: we make G act on a vector bundle over a
homogeneous space (say), and consider the representation on an ap-
propriate Hilbert space of sections of the bundle. Unfortunately, the
representations with cohomology rarely have such realizations. (This is
perhaps a failure more of technology than of vision. Rawnsley, Schmid,
and Wolf in [21] ] have suggested a possible realization which is a very
sophisticated version of "sections of a bundle" but they have been able
to produce it only in special cases.) Instead, we consider some invariants
which any unitary representation has, and specify what they are in our
representations. Two invariants are needed: the eigenvalue of the Casimir
operator of the representation, and the restriction of the representation to
K.

To describe the Casimir operator, we need to get a representation of
the Lie algebra g0 of G out of a unitary representation (03C0, H03C0). There is a
dense subspace H~03C0 ~ H03C0, the smooth vectors of H03C0. If x e g0 and

v ~ H~03C0, then we define

the limit exists, and belongs to H~03C0. Therefore

The Casimir operator is a certain element 03C0-(03A9) in the algebra generated
by the operators 03C0(X); we will describe it more explicitly in a moment. It
commutes with all of the operators 03C0(X). Since (03C0, H03C0) is irreducible,
this suggests that 03C0(03A9) should be a scalar operator. (Schur’s lemma does
not immediately apply, since H03C0 is infinite dimensional, and 03C0-(03A9) is

defined only on a dense subspace.) Nevertheless, I.E. Segal has shown
that
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The (real) constant c03C0 is our first general invariant of v. To define v(Q ),
recall the Killing form

on g0. It is non-degenerate since g0 is semisimple. Fix a basis {Xt} of g,
and let {XJ} be the dual basis:

Then

It is easy to check that this is independent of the choice of basis.
If 03C0 is realized in a space of functions on G/K (which is a Riemannian

manifold in a natural way), then c’1T may be interpreted as the eigenvalue
of the Laplace-Beltrami operator on that space of functions. Now Hodge
theory suggests that it is the zero eigenspace of the Laplacian which
should be related to cohomology; and this turns out to be the case.

PROPOSITION 1.2 ([2], Proposition IL3.1): Suppose (7r, A’,) is an irreduci-
ble unitary representation of G, and (p, F) is an irreducible finite dimen-
sional representation of G. Write c03C0, cp for the respective eigenvalues of the
Casimir operator ( see (1.1)). Then Hci(G, H03C0, (9 F) =1= 0 only if c03C0 = cP . In

particular, H*ct(G,H03C0) ~ 0 only if c03C0 = 0.

We therefore know the value of this first invariant in a representation
with non-zero cohomology.

Next, recall the maximal compact subgroup K of G. Any unitary
représentation (y, H03B3) of K decomposes as a Hilbert space direct sum of
copies of the various irreducible representations of K, which are finite
dimensional. If we write k for the set of irreducible representations of K,
we can write symbolically

Here m(03B4, y ) is a cardinal number, the multiplicity of 8 in y. This means
that (if 8 acts on

(a Hilbert space direct sum), with the isomorphism respecting the actions
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of K. In particular, if (03C0, H03C0) is an irreducible unitary representation of
G, then

here we have written m(03B4, 03C0) for the multiplicity of 8 in the restriction of
v to K. A theorem of Harish-Chandra says that all the cardinal numbers

m(03B4, 03C0) are finite; that is, they are non-negative integers. The second
general invariant of 77 which we have in mind is the set of integers
m(03B4, 03C0). In practice, one usually uses much weaker information. One
might know only (for some fixed v) that a particular m(03B40, v) is

non-zero. If v is realized in a space of functions on the symmetric space
G/K, for example, then m(trivial, 77-) must be non-zero: that is, v must
contain the trivial representation of K.

Matsushima’s formula shows that the representations having non-zero
cohomology are connected with the cohomology of locally symmetric
spaces; so analogy with the DeRham theorem suggests that such repre-
sentations should be realized on the space of sections of the form bundle
on G/K. This is essentially correct; and one concludes that they must
contain certain particular representations of K.

PROPOSITION 1.3 ([2], Proposition Il.3.1): Suppose (03C0, 03C0) is an irreduci-
ble unitary representation of G, and ( p, F) is a finite dimensional represen-
tation of G. Write P for the complexified tangent space of G/K at the
origin. Suppose HJct ( G, 03C0 0 F) =1= 0. Then there is a 8 E K such that 8
occurs in both ’lT and

Propositions 1.2 and 1.3 show how to get some information about our
two general invariants from knowing that the cohomology of 17 is

non-zero. Our results imply that this very weak information actually
determines the representation.

THEOREM 1.4: Suppose ( p, F) is an irreducible finite dimensional represen-
tation of G, and 8 E k occurs in

Then there is at most one irreducible unitary representation (03C0, H03C0) of G
with the following properties:

(a) c03C0 = cp (notation (1.1))
(b) 03B4 occurs in 03C0.
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Assume that (7r, H03C0) exists. Then the following things may be computed
explicitly from 8:

(1) H*ct(G, H03C0 ~ F ) ( together with its Hodge structure, if G/K is Hermi-
tian symmetric)

(2) the position of 03C0 in the Langlands classification of irreducible repre-
sentations of G

(3) the character of 77 on a fundamental Cartan subgroup
(4) the multiplicity of any representation of K in 77.

This summarizes Propositions 6.1, 6.4, and 6.19, and Theorems 5.5 and
6.16. The theorem can be rephrased as follows. Suppose v is unitary and
v 0 F has non-zero cohomology. If we can determine a single K type of v
which lies in HomC(F, 039B’p), then we can compute all of the other things
mentioned.

For simplicity of exposition, we treat the case of untwisted coefficients
( F = Ç) first. The first step is to exhibit a certain collection of represen-
tations of G (Theorem 2.5). These were first constructed by Parthasarathy
in [12], but we need a characterization of them different from the one he
gives. Next, we compute the cohomology of these representations (Theo-
rem 3.3). Finally, we show (confirming a conjecture of Zuckerman) that
any irreducible unitary representation of G having non-zero continuous
cohomology belongs to our collection (Theorem 4.1). The method is due
to Parthasarathy [13].

Our results rely heavily on work of Kumaresan in [10] (the cases À = 0
of Propositions 5.7 and 5.16). For some applications, such as vanishing
theorems, they do not improve on [10]. (We have completed the explicit
calculation of Kumaresan’s vanishing theorem in Section 8.) When G is
complex, our results deduce to those of Enright [4], with essentially the
same proof. When G/K is Hermitian symmetric and H03C0 is a highest
weight representation, our results are those of Parthasarthy [13]. When G
is SL( n, R), sharper results than ours have been given by Speh in [15],
[16].

There is-one annoying gap in our results: we do not know how to
prove that all of the representations which we construct are in fact

unitary; so we have not actually classified the unitary representations
with non-zero cohomology. This is unimportant for the obvious applica-
tions to automorphic forms; but it is of great importance in the study of
the unitary dual of G. Some partial results are given in Section 6

(Propositions 6.3 and 6.5).
Finally, our results have some bearing on the theory of Dirac opera-

tors on locally symmetric spaces. This is discussed in Section 7.
This paper has deliberately been written at two levels. The results

should be of interest outside of representation theory, so they have been
formulated in as elementary a way as possible. The proofs are not really
very deep, but they are a little convoluted; and it is difficult to imagine
that they will appear natural or enlightening to a non-expert. They are
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accordingly addressed to a much smaller audience. From Section 5 on, in
fact, many proofs are omitted or sketched on the grounds that this

audience could easily supply the details.
It is a pleasure to thank J. Arthur and D. Barbasch for helpful

discussions.

2. The représentations A a

Recall that G is a connected real semisimple Lie group with finite center.
Write g o for the Lie algebra of G, and g = (g0)C for its complexification.
Analogous notation is used for other groups. Let K c G be a maximal
compact subgroup, 0 the Cartan involution, and

the corresponding Cartan decomposition. We write (, ) for the Killing
form on g o and its various natural complexifications, restrictions, and so
on.

Let (03C0, Yê) be an irreducible unitary representation of G on a Hilbert
space P, and £00 the subspace of smooth vectors. Then H~ is a dense
subspace of H invariant under G, and there is a natural action of g on
H~ (see the introduction). Define

here (v(K)v) denotes the linear span of all the vectors of the form

’1T ( k ) v, with k E K.

PROPOSITION 2.1 (Harish-Chandra [6]): £K is stable under the actions of
K and g on H~. As a g module,£K is irreducible, and determines ’1T up to
unitary equivalence.

We call ye K the Harish-Chandra module of ’1T. If x ~ g and v ~ HK, we
will use the module notation x - v instead of 03C0(x) v.

What we will actually describe are modules An for g. The main

theorem will assert that if (03C0, H) has non-zero continuous cohomology,
then £K is isomorphic to some A q as a g module. Because of the last
assertion of Proposition 2.1, Aq then determines v. (The problem dis-
cussed in the introduction is that, given Aq, we do not know how to find
a unitary representation (03C0, H) with 4,K ~ Aq.) The first problem is to
describe the parameter q.

Fix an element x E i f o; here i = 1 . Since K is compact, the linear
transformation ad(x) of g is diagonalizable, with real eigenvalues; and
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complex conjugation interchanges the positive and negative eigenspaces.
Define

q = sum of non-negative eigenspaces of ad( x )

u = sum of positive eigenspaces of ad( x )

1 = sum of zero eigenspaces of ad( x ) = centralizer of x. (2.2)

Then q is a parabolic subalgebra of g, and

is a Levi decomposition. Furthermore, 1 is the complexification of

lo = q ~ g o . Since 03B8x = x, q, l, and u are all invariant under 0, so

and so on. In particular, q n f is a parabolic subalgebra of f, with Levi
decomposition

We call the subalgebras q obtained in this way 0-stable parabolic subalge-
bras of g. (Since not every parabolic subalgebra preserved by 03B8 is of this
form, the terminology is unfortunate.)

With notation as in the preceding paragraph, choose a Cartan subalge-
bra to of f0 containing ix (as is possible). Then t is automatically
contained in 1 E f. Let f c q be any subspace stable under ad(t). Then
there are a subset ( 03B11, ... , 03B1r} of t * (the dual of t), and subspaces f03B1, of f ,
such that if y E t and v ~ f03B1 , then 

Write

the weights or roots of t in f. Often we assume that 0394(f) is a set with

multiplicities, with 03B1, having multiplicity dim f03B1l. Then if

we have

Fix a system 0394 + ( ~ f ) of positive roots in the root system A( ~ f, t).
(Of course 0394( ~ f, t) as defined above includes zero, and so it is not
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really a root system; but we will overlook such abuses of terminology.)
Then

is a positive root system for t in f.
Recall that (given 0394+()) the irreducible representations of the com-

pact group K may be parametrized by their highest weights, which are
elements of t *. Define

03BC = 03BC ( q ) = representation of K with highest weight 2 p ( u ~ p).

(2.4)

Since not every element of t * is the highest weight of a representation,
the existence of IL is not quite obvious. We will postpone this problem
until Section 3, where IL will be exhibited as a subrepresentation of the
exterior algebra 039B* p. We can now describe the representation Aq.

THEOREM 2.5 : Let q = 1 + u be a 0-stable parabolic subalgebra of g (see
(2.2)). Then there is a unique irreducible module Aq for g with the following
properties:

(a) The restriction of Aq to f contains the irreducible representation 03BC(q)
( see (2.4)).

(b) The center of the universal enveloping algebra of g acts in Aq by the
same scalars as in the trivial representation of g.

(c) If the representation of f of highest weight 8 occurs in A q restricted to
f, then 8 must be of the form

( notation (2.3)), with ne a non-negative integer.

If 1 c f (and in fact only then), Aq is a discrete series representation.
More generally, A q is a fundamental series representation if and only if
[, ] ~ f. If [, ]  f, then Aq is not tempered; that is, it does not appear
in Harish-Chandra’s Plancherel formula for G. If u n p = 0 (for example,
if q = g), then Aq is the trivial representation of g. The other Aq are less
familiar representations. For SU(n, 1) and SO(n, 1), they are all the

representations having the same infinitesimal character as the trivial

representation; they occur at the endpoints of certain complementary
series. In Section 6, a simpler characterization of Aq is given (Proposition
6.1, with 03BB = 0), as well as a formula for its global character on the
fundamental Cartan subgroup (Proposition 6.4) and other properties.



59

The existence of Aq is proved by Parthasarathy in [12]. Alternatively,
the results of §6.3 of [19] show that the cohomologically induced repre-
sentation Rsq() (with S = dim u n f) satisfies (a) - (c); so Aq may be
taken to be an appropriate irreducible subquotient of it. (Actually, it is
not hard to show that RSq(C) is irreducible, and so coincides with Aq.
This construction of Aq is due to Zuckerman.) Still another construction
is that of Speh-Vogan [17]: by their results, X( q, Ç, 03BC(q)) (notation [17],
p. 247) satisfies (a), (b) and a weakening of (c): 0394(u~p) is replaced by
0394(u). (This weaker version of (c) suffices for our applications in this
paper.)

The uniqueness of A, is more difficult, particularly because we need to
establish it under a much weaker condition than Theorem 2.5(c). Choose
a system 0394+() of positive roots for t in 1, containing the positive system
0394+( r r1 f ) chosen above. Then

in a system of positive roots for t in g. (It should be admitted that t is not
a Cartan subalgebra of 1 or g in general; but 0394()/{0} and 0394(g)/{0)
can be shown to be root systems, so the discussion of "positive systems"
is justified.) Set

We will be interested in representations of f having a highest weight of
the form

with (J E wi, and Bo a subset of 0394(u ~ p). We assume that either (J’ =1= 1,
or Bo =1= j).
LEMMA 2.7: No weight 8 E t * can satisfy both (2.5) ( c) and (2.6).

PROOF: Suppose (2.6) holds. We put B = B, U AI (l n p); then

Therefore (2.6) may be rewritten as

As is well known (e.g., [20], 2.5.2.4), the first term is a sum of roots in
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- 0394(u ~ f). By [19], Lemma 5.4.5, each of the next two terms is of the
form

Therefore

Here C1 ~ 0394(u ~ f); C2 and C3 are contained in A’(P). Suppose now
that 8 also satisfies (2.5) (c). By inspection, this implies that all n03B2 are

zero, and Ci is empty. Thus 8 = 2p ( u ~ p)). Since C1 is empty,

so a = 1. Therefore (2.6) becomes

This forces Bo to be empty, contrary to the hypotheses in (2.6).
0

Another proof of Lemma 2.7 can be given based on Lemma 4.7. Here
is the result we actually need.

PROPOSITION 2.8: Theorem 2.5 remains true with (c) replaced by (c)’: No
representation of f whose highest weight is of the form (2.6) occurs in Aq.

PROOF.: Existence. By Lemma 2.7, condition ( c) implies condition ( c)’;
so the constructions given after Theorem 2.5 apply.

Uniqueness. Let X be an irreducible g module satisfying the conditions
of Proposition 2.8. The calculation in [18], before (5.3), shows that the
representation p of f is strongly u-minimal in X ([18], Definition 3.13).
Write 03BCL for the trivial representation of 1 ~ f. By Theorem 3.14 of [18],
I’L occurs in HR(u , X) ( R = dim u ~ p) exactly as often as Il occurs in
X. Let Y be an irreducible subquotient of HR(u, X) (as an 1 module)
containing 03BCL. Since 03BCL is one dimensional, the centralizer U()~f of
t r1 f in the enveloping algebra of 1 acts by scalars on the 1 n f-type IL L of
Y. Write

for the corresponding homorphism. Recall from [18], (3.2) the homomor-
phism
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Define

By Theorem 3.5 of [18], U(g)f acts on the t type it of X by the

homomorphism cp. Thus X is determined by Y. To complete the unique-
ness proof, we will show that Y must be the trivial representation of 1;
this is where we use hypothesis (b) on X.

Choose a maximally split 0-stable Cartan subalgebra b o of 10; write

Write W = W(g, b) for the Weyl group of b in g, and 3(9) for the
center of U( g ). Recall from [9] the Harish-Chandra isomorphism

If 03BB ~ b *, then composition of X with evaluation at À gives

with X. = X s if and only if À e W·03B4.
Fix an Iwasawa decomposition

of lo (with a o as above), and let m0 be the centralizer of a o in 10 n to.
Choose a positive root system 0394+(,b) compatible with this decomposi-
tion ; that is,

for some choice of 0394+(m, t+). Define

Let WA denote the "little Weyl group" of a0 in 10’ The irreducible
representations of 1 whose restrictions to 1 ~ f contain 03BCL are parame-
trized by WA orbits in a *; write v for the parameter of Y. The parameter
of the trivial representation is 03C1(0394+(l, b))|03B1; so what we are trying to
prove is

Now 3(1) acts in Y by ~L03B3 (defined in analogy with (2.9)), with
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Since Y occurs in H*(u, X), the Casselman-Osborne theorem ([3]) says
that 8(g) acts in X by X03BB,, with

On the other hand, hypothesis (b) of Proposition 2.8 says that 8(g) acts
by X,. Therefore there is an element w E W such that

Since u is 0-stable, 03C1(u) ~ (t+)*; so we get finally

By [20], 2.5.2.4, the left side is

We now consider the inner product of both sides with p(u). Since

03C1(u) ~ (t+)*, we may ignore the v and the pA . Since p ( u ) is orthogonal
to the roots of b in 1, it is orthogonal to 03C1T+ . So

So each root in the sum must belong to 0394+(); so w E W(,b), and w
fixes p(u). Now (2.120 becomes

Since what we want to prove is (2.11), we may modify v by WA.
Assume this has been done, in such a way that

whenever « E 0394(n,b); that is, that v is dominant for the restricted roots
of a in 1. We claim that when w = 1; this will complete the proof. If a is a
simple root of t + in m, then
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so a is also simple in w(0394+(r, b)). Put

It follows that W(m, t+) permutes 0394+w. Let w0 ~ W(, t+) be the

element taking 0394+(m, t+) to -0394=(m, t+). If 03B1 ~ 03B4+2, then

Since « E 0394+w and this set is stable under wo, the last term is positive. By
(2.14), 03B1 ~0394(a, b); so

Obviously this forces w = 1, as we wished to show.
~

The uniqueness part of Theorem 2.5 follows from Proposition 2.8, by
Lemma 2.7.

3. The cohomology of A ci

DEFINITION 3.1: Let X be any module for g. Identify the exterior algebra
039B*p with the quotient of 039B*g by the ideal generated by f; thus

Hom(A*p, X) is identified with a subspace of Hom(A*g, X). In this
identification, the d map of g cohomology preserves the subspace
Homf(039B*,p, , X), which therefore becomes a complex. Its cohomology
groups are called H * ( g, f, X), the relative Lie algebra cohomology groups.

For more about this definition, see [2] or [5].

PROPOSITION 3.2 (see [2]): Suppose (03C0, H) is an irreducible unitary
representation of G, and HK is its Harish-Chandra module.

(a) H*ct(G, H) ~ H*(g, f, HK)
(b) H*(g, f , HK) is zero unless the Casimir operator acts by zero in

HK.

(c) If the Casimir operator acts by zero in .)Ié?K, then

Statements (b) and (c) make sense for any g module in place of ye K. In
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that generality, (b) is true when the Casimir operator acts by a scalar;
and (c) is false in general (even for (g, K ) modules). Because of this
proposition, we can compute the continuous cohomology of the unitary
representation which ought to be attached to Aq, in terms of Aq alone.
The result, due to Zuckerman, is this.

THEOREM 3.3: Let q = 1 + u be a 0-stable parabolic subalgebra of g (see
(2.2)), and put R = dim( u ~ p). Then

Zuckerman’s original proof of this theorem was very simple: since

Aq = RSq(¢) ([19], Definition 6.3.1), and R1q(¢) = 0 for i ~ S, the spectral
sequence of [19], Corollary 6.3.4 collapses to the isomorphism we want.
However, a much more elementary argument can also be given. Since it is
of some interest for the light it sheds on the structure of A* p, we will give
it here.

Write

recall that R is the dimension of u ~ p . For each i, 1  i  r, choose a
non-zero element X, of u ~ p of weight 03B2l, and a non-zero element Yl ouf p
of weight - 03B2l. Choose also a basis {Z1,...,Zm} of 1 ~ p, consisting of
weight vectors for t. If A and B are subsets of {1,...,R}, and C is a
subset of {1,..., ml, put

These elements form a basis of 039B* p consisting of weight vectors for t.

LEMMA 3.4: With notation as above, let À E t * be the weight of XA A YB A
Z.. Then

Equality holds if and only if A = (1, .... RI and B =)1.

PROOF. If a is a root of t in u, then
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and if /3 is a root of t in f, then

The lemma is now obvious.
n

LEMMA 3.5: Suppose x E 039B*p is a weight vector for t, of weight 2p( u ~ P)
+ 8, with 8 a weight of 039B*( ~ p). Then

PROOF: If U E U n f is a weight vector of weight a, then ad(U)x has
weight 2p( u ~ p) + 8 + a. Since

Lemma 3.4 says that 039B* p has no vectors of this weight.

PROPOSITION 3.6: Let (7rL, FL) be an irreducible representation of  ~ f, of
highest weight 8, occurring in 039B*( ~ p); and let (03C0, F) be the irreducible
representation of t of highest weight 8 + 2 p ( u ~ p) ( if it exists). Then there
is an isomorphism

PROOF: Denote by V the one dimensional space AR( u ~ p); and by F °
the subspace of F annihilated by u ~ f. Then

as representations of 1 ~ f. By the Cartan-Weyl highest weight theory,

Every weight of FL ~ V is of the form 203C1(u ~ p) + 8, with 8 a weight of
039B*( ~ p). By Lemma 3.4, these occur in A* p only inside V ~ A* ( ~ p);
so


