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1. Introduction
a prime number, and let n be a positive integer. Let K be a cyclic
extension field of the rational number field Q of degree l n (i.e., K/Q is Galois
with cyclic Galois group of order l n.) Let a be a generator of Gal( K/Q), and
let CK be the ideal class group of K in the narrow sense. Let

Let 1 be

following results are discussed in Section 2 of [2]. The group CK- a is the
principal genus of K, and CK/CK-a is the narrow genus group of K.
(All subsequent references in this paper to the principal genus and genus
group mean narrow principal genus and narrow genus group.) The structure of
the genus group is determined by the ramification indices of the ramified
primes of K/Q. More precisely, suppose exactly t finite primes of Q ramify in
K, and suppose they have ramification indices

The

narrow

Then the genus group CK/CK-a is an abelian group of type (ln2, ... , Int); i.e.,
CK/cl-03C3 is the direct product of cyclic groups of order ln for i 2,..., t.
We now focus our attention on the Sylow 1-subgroup of the principal genus.
We shall denote this Sylow 1-subgroup by HK. We let
t

=

We note that HK/(Hl-o. HlK) is an elementary abelian 1-group which may be
viewed as a vector space over FI, the finite field with 1 elements. We let

We observe that R K is the rank of HK/Hi-cr as an 1-group, which is the same
as the minimal number of generators of HK as a module over Gal(K/Q). (As
a special case we observe that if 1
2 and n
1, then H1K-03C3 H2K, and hence
RK is the 2-rank of HK, which is the same as the 4-rank of CK.) In this paper
we shall consider the
following question: how likely is R K = 0, R K = 1,
=

=

=
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... ? When n = 1 (and thus [K : Q] = 1), we have already obtained
this question in [5] when 1 2 and in [4] and [6] when / &#x3E; 2. Many
of the techniques we used when n 1 can also be used when n &#x3E; 1, but the
1.
answers when n &#x3E; 1 are quite different from the answers when n
In Section 2 we shall derive various results for the case where 1 &#x3E; 2 and the
genus group is a given finite abelian l-group. In Section 3 we consider the case
where 1 &#x3E; 2 and the genus group varies over all finite abelian 1-groups with a
given rank. We also examine what happens when the rank becomes arbitrarily
large. In Section 4 we briefly describe the analogous results when 1 2. In the
appendix we specify certain Markov processes that form parts of our calculations, and we present tables of values for certain densities.

RK=2,

answers

to

=

=

=

=

2. Case 1 &#x3E; 2 and

given

genus group

We assume that the prime / &#x3E; 2 and that n is a positive integer. Both 1 and n
will be fixed throughout this section. We let notations be the same as in
Section 1, and we let G,
the genus group of K. Let t be a positive
integer, and let n1, n2 , ... , nbe integers such that n n1 &#x3E; n2 &#x3E;- ... &#x3E;-n,&#x3E;-I.
Let G be the abelian group of type (In2,...,Inl). (When t 1, we let G be the
trivial group.) For each nonnegative integer i and each positive real number x,
=

CKjCk-O,

=

=

we

define

Then

we

define the

density d,(G)

of

A, (G)

in

A ( G ) by

where ] S1 denotes the cardinality of a set S. The density d, (G) indicates how
likely it is for a field K in A (G) to have RK equal to i, where i 0, 1, 2,
=

....

Next we recall some basic facts about the conductor fK of a field K in
A ( G ). First f, has the form p 1... pt or p 1... pt - 1l a,where p 1 P2 ... p,
are rational primes different from 1 and 2
a n + 1. Since
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it suffices to consider fK = p, ... p, when calculating dl(G) in Equation 2.5.
Next the ramification indices impose certain restrictions on Pl’...’ Pt" If the
prime Pl has ramification index InJ, for 1 i t, then pi = 1(mod InJ,) for
1 i t. Let KJi be the cyclic extension of Q of degree InJ, in which only the
prime p, ramifies. Then K c KJ1 Klt’ and an inductive argument shows that
...

there

are

distinct fields K’’ in A(G) that satisfy the following conditions: (i) K’ is a
subfield of KJ1... Kjt; (ii) the conductor of K’ is P1... p,; and (iii) the
ramification index of Pi is lnJl for 1 i t. Since nJ1,...,1 n., is a reordering of
n1, ... ,n t, then

Here ~

denotes

(nJ)
n1, ... , nt,

and Y (nJi)

a sum over

is

all

a sum

distinguishable orderings

for

fixed

a

ordering (nJi)

of the

integers

in which pl =

1(mod ln,, )for 1 i,t.
Now it is

a

standard fact in

analytic

number

theory (cf. [7],

Theorem

437)

that

However since we are summing only
sions, we have to include a factor
l(mod lnJ,). So

Recall that

over

primes in certain arithmetic progres-

( lnl - l nl, -1 ) -1

for each condition Pl ~

298

Hence the right side of
ordering (nJ,). Now let

Formula 2.7 does not

depend

on

the

particular

Since 1 n,,n
(t!)I[(vl!) (Vn !)] is

for 1 i t, then VI + V2 + ... +Vn=t, and
the number of distinguishable orderings of the integers
nl, n2l ...n t. Hence from Formulae 2.6, 2.7, and 2.8, we get
...

Our next goal is to obtain an asymptotic formula for Al(G)X (cf. Equation
2.4). To accomplish this task, we need a convenient method for calculating the
quantity RK defined by Equation 1.1. For this purpose we use Theorem 5.3 of

[2]:

is a certain t X ( t -- 1) matrix over F,. We can define the elements of
follows.
Suppose K bas conductor Pl... Pt and P, has ramification
MK
index ln}!. We let the row indices of MK be a 1, 2,..., t and the column
indices be b 1,...,i o - 1, io + 1,..., t, where pto is the smallest pt with
ramification index l n. For primes p --- 1(mod 1), we let Xp denote a Dirichlet
character with conductor p and exponent 1, and we let § be a primitive l th
root of unity. We define [ ph, Pa] E FI by

where

Mk

as

=

=

If the ab entry

i o + 1, ... , t, then

for some z , Zc E FI. (Remark: Actually zu is one of the integers i/ll-llJa such
that 1 ~ i ~ 11lJa and 1 # 0(mod 1), but in Equation 2.12 we are reducing
za(mod 1). A similar statement applies to zC.) Note that if 1"Ja /", then all
entries in row a of MK are zero, except perhaps for the aa entry. Also note

that §"2h = x § "« ( p03B1 ) if a # b.
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Now if

which

can

fK

is the conductor of K, then

be estimated

as

follows

by using Equation

2.10:

where the first sum is over all t X (t - 1) matrices M’ over FI with rank M’= t
1 - i ; the description of the second and third sums follows Formula 2.6; the
fourth sum is over K E A(G) with conductor fK = Pl ... Pt such that each p,
has ramification index l’,,; and 8M, 1 if MK M’ and 8M, 0 if Mf =1= M’.
To illustrate our method for evaluating Formula 2.13, we first suppose
G Gj, where G1 is the abelian group of type (In2,...,l nt ) with ni = n for all
i. Then each prime that ramifies in a field K ~ A(G1 ) is totally ramified. Since
ni = n for all i, there is only one distinguishable ordering (nJI)’ and each
PI --- 1(mod 1 n ). So Formula 2.13 becomes
-

=

=

=

=

The calculations in Formula 2.14 are very similar to the calculations
performed in [3], where the fields K are of degree l over Q instead of degree I n
over Q. Because the notation will become somewhat complicated and because
the calculations in [3] are quite lengthy, we shall first sketch the basic ideas
used in evaluating Formula 2.14 and in computing Equation 2.5 when G G1.
To each field K of degree l n over Q with t ramified primes, each of which is
totally ramified, we have associated a certain t X (t - 1) matrix MK over Fj.
We shall perform certain row and column operations on MK and then create a
rank MK, and
new matrix MK, which is a t X t matrix over FI, has rank MK
has the sum of the entries in each of its rows equal to zero. Then we shall
derive an asymptotic formula which indicates that M, is equally likely to be
any of the t X t matrices r over FI in which the sum of the entries in each row
of r is zero. Since each such r is determined by its last t
1 columns, there
are It(1-1) such matrices r. If N(t, r) is the number of t X (t - 1) matrices
over FI with rank
r, then N(t, r)llt(I-1) is the probability that a randomly
selected t X (t - 1) matrix over FI has rank r. We shall show that the density
=

=

-

=

=

d,(G1) = N(t, t - 1 - i)ll t(t - 1).
Now we begin the details. First note that io
from the matrix MK whose entries are given

=

1 when G

=

by Equation

Then starting
2.12, we obtain a

G1.
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M03BA’ by multiplying row a of MK by z;20141 for 1 a t and by
multiplying column b of the resulting matrix by z, for 2 b t. Since all
ramified primes in K/Q have ramification indices equal to l n, then each za
and zb is a nonzero element of F,. So zâ1 is a well-defined element of Fi, and
rank MK rank Mx. To get our new matrix M,, we insert a column 1 into
MK whose al entry is ( -1) X (the sum of the entries in row a of MK). Thus
rank MK= rank MK rank MK, and we can describe the entries mab of MK
matrix

=

=

for 1

a

t and 1

b

t

as

follows:

Note that §"ah = X;:h(Pa) for all a ~ b. Then except for the use of additive
notation instead of multiplicative notation, our matrix MK is just the transpose of the matrix M of [3]. (See, in particular, the discussion following
Lemma 1 in [3].) Now we proceed as in Section 3 of [3]. We let F = Q(§ ), and
we let pi be a prime ideal of F above (p,) for 1
i t. We define the
characters Xi and w, as described on p. 198 of [3]. Then for b a, we have
ÀZt( p a) = tmah and ClJÍt( P a) = tmha. (Recall that our MK is the transpose of M
in [3].) For 03B1, 03B2 E Fl, we define

Now suppose r [Yab]is an arbitrary t X t matrix
of the entries in each row of r is zero. Let
=

where

over

Then

F,

such that the

(cf. [3], Equation 4)

sum
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and £

is

a sum over

all za

= 1,..., ln such that Za =1= 0(mod 1). Using the

za
same

arguments

as

those used in the

proof of

Lemma 3 in

[3],

we

get

Note that this formula is valid for each t X t matrix r in which the sum of the
entries in each row is zero. Next let N(t, r) denote the number of t X t
matrices T over FI such that the sum of the entries in each row of r is zero
and such that rank r r. Note that N(t, r ) also represents the number of
r. Then from Formulae 2.14, 2.17, and
t X (t - 1) matrices over F, with rank
2.20, we have
=

=

Formulae 2.5, 2.9, and 2.21, and by observing that
0 and vn t in Formula 2.9 when G G1, we get the

Finally by combining
v1 = · · ·
·

following

=

n-l
result.

=

=

=

PROPOSITION 2.1 : Let 1 be an odd prime; let n and t be positive integers; and let
nt= n. ( If t 1,
G1 be the abelian group of type (In2,...,@ ln,) with n 2
we let G1 be the trivial group.) Let N(t, r) be the number of t X t matrices r
over FI such that the sum of the entries in each row of r is zero and such that
rank r r, where 0 r t 1. Let d1(G1) be the density defined by Equation
2.5. Then
=...

=

Since
rank

=

=

=

-

N( t, r ) also represents
[8] to get

r, we can use

the number of

t X

( t - 1) matrices

over

FI with
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Then

If

we

let k

=

t

-

1 - j,

we

get the following result.

COROLLARY 2.2: Let notations be

as

in

Proposition

2.1. Then

We now return to the general case of an abelian group G of type (In2,..., ln!)
with n = n, &#x3E;- n 2 &#x3E;- - - - &#x3E; n t &#x3E; 1. We want to evaluate the right side of Formula 2.13. We let u = vn (cf. Equation 2.8), and to simplify subsequent
notation, we assume that the ordering (nj,) has n), n,1 for 1 i t. (All of
our arguments can be appropriately modified to handle other orderings
(n,,).)
Next we replace the matrix MK whose entries are given by Equation 2.12 with
a t X t matrix MK created as follows. First note that io = 1 since we have
assumed that nl1 nl n. We multiply row a of MK by za-l for 1 a u,
and we multiply column b of the resulting matrix by zb for 2 b u. We
denote this new matrix by MK . To get MK, we insert a column 1 into MK
whose al entry is ( -1) X (the sum of the entries in columns 2,..., u of row a
of MK ). Thus rank MK rank MK rank Mk, and lltK has the following
form:
=

=

=

=

where

Ml

is

a u

X u

matrix

=

over

FI

in which the

sum

of the entries in each

row
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is zero; M2 is a u X
and D is a ( t - u) X
MK f or 1 a t, 1

( t - u ) matrix over F,; 0 is the ( t - u) X u zero matrix;
( t - u ) diagonal matrix over FI. If mab is the ab entry of
b t, then

We note that M1 is the same kind of matrix as the matrix MK in our analysis
of the case G G1. We shall use some of the same ideas we used in that case.
Let r = [Yab] be a t X t matrix over FI such that r has the same form as the
matrix on the right side of Equation 2.22. Let
=

where

is the ordering with ni, = n for 1 i t, and where &#x26;Ir = 1 if
and 8r=0 if MK =k- 1. Let 8(zb’ za, {3, a) be defined by Equation
2.16. Next let

(nji)

1

MK = 0393

and

where Y_

dénotes

and a/3:: is

an

a sum over

all z,,,,

arbitrary element

of

=

i/n-na with 1

F, for ha

=

1,...,

i
u.

Ina and i =1=
Now let

0(mod 1),
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Then

By using techniques similar
can

to

those used in the

proof of Lemma 3 in [3],

we

then obtain

The coefficients in Formula 2.29 can be explained intuitively as follows. Each
condition pa = 1(mod Ina) contributes a factor l/(/na _Ina-l) for 1 a t,
but each ~ in Yaa or Ya contributes a factor (Ina _Ina-l) for 2 a t. So we
za

factor of l/(ln _In-l). Next we consider the factor l/IU(t-l)+t-u.
that the product in each Ya introduces a factor 1/12(a-1) for
The
u.
2,...,
product in each Yal introduces a factor 1/12u, but each sum
introduces a factor lu-1. So each Y" contributes a factor
£

have
First
a

=

a

net

we note

a/31 + ... + a/3u=Yaa

1/ IU+ 1. Finally

We also note that there are lu(t-l)+t-u matrices r of the same form as the
matrix on the right side of Equation 2.22. So Formula 2.29, which is valid for
each r of the prescribed form, indicates that each such T is equally likely to
occur.

We

now

retum to

Formula 2.13. Our calculations have determined that
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r ranges over all matrices of the form specified on the right side of
Equation 2.22; ( nji ) ranges over all distinguishable orderings of nI’...’ n t; and
N(0393) is given by Formula 2.29. Let N( t, u, r ) denote the number of r’s with
rank r r, where 0 r t 1. Since the number of distinguishable orderings
of n1, ... , nis (t!)/[(VI!)...(vn!)] (cf. Equation 2.8) and since u= Un, then
where

=

Finally

-

from Formulae 2.5, 2.9, and

2.31,

obtain the

we

following

result.

PROPOSITION 2.3: Let 1 be an odd prime number; let n and t be positive integers;
and let G be the abelian group of type (ln2, ... , lnt) with n nl &#x3E; n2 &#x3E; ... &#x3E;nt
&#x3E; 1. ( If t
1, we let G be the trivial group.) Let u be the largest integer such that
let r be an integer with 0 r t 1. Let N( t, u, r) be the number
and
n u n,
X
t
r over FI of the form specified on the right side of Equation 2.22
t
matrices
of
such that rank r r. Let d, (G) be the density defined by Equation 2.5. Then
=

=

=

-

=

We conclude this section

by describing

algorithm

an

for

computing

LEMMA 2.4: Let f [yab] be a t X t matrix over FI of the form specified on the
right side of Equation 2.22. Let r rank r and s rank D. Let fI [yabbe a
( t + 1) X ( t + 1) matrix over FI such that ya b l’ab for 1 a t and 1 b t.
Also suppose that fI has the form specified on the right side of Equation 2.22,
except with t replaced by t + 1. Let Dl denote the ( t + 1 - u) x ( t + 1 - u)
diagonal submatrix in the lower right corner of FI. Then of all possible rl,
( i ) lu+1 - lU have rank fI = r + 1 and rank D1 = s + 1;
(ii) lu - l-’ have rank 03931 r + 1 and rank Dl s;
(iii) l r-s have rank fI r and rank Dl s.
=

=

=

=

=

=

=

=

=

PROOF : Rank Dl = s + 1 =&#x3E; 1’:+ 1,t+ 1 =1= 0. So there are 1 - 1 choices for -y;’ t+l,t+l
that give rank Dl = s + 1. Since rank Dl s + 1 implies rank rl - r + 1, then
the entries ’Ya,t+1 can be any elements of FI for 1 a u. So there are (1 - 1)lu
matrices 0393l with rank fI r + 1 and rank Dl s + 1. So (i) is proved. Now
=

=

=
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suppose rank Dl s; then y:+ 1,t+ 1 0. So there is
this case. Then rank rI
r =&#x3E; the column vector
=

=

one

choice for

Yt+nr+11

in

,

=

is a linear combination of the columns of l’ =&#x3E; that column vector is a linear
combination of the columns of r that do not contain the nonzero elements of
D. Note that the columns of r that do not contain the nonzero elements of D
span a space of dimension r - s over F,. So (iii) is proved, and then (ii) follows

easily.

0

REMARK: Let N( t, u, r, s ) be the number of matrices r of the form
the right side of Equation 2.22 such that rank r = r and rank D

specified

s. Note
is
the
same
as
in
is the
which
N(u, u, r, 0)
N(u, u, r )
Proposition 2.3,
same as N(u, r ) in Proposition 2.1. Hence we know how to calculate
and 0 r u - 1. Then we
N(u, u, r, 0) and N(u, u, r ) for u 1, 2, 3,
can use Lemma 2.4 inductively to compute N(t, u, r,
s ) for t u + 1, u +
and each possible r and s. Then we can calculate N(t, u, r ) in
2,
Proposition 2.3 as follows:

on

=

that

=

...

=

...

We can formulate the calculation of
Markov process (cf. [5], Section 4). We let
let

for t = u, u + 1, u + 2,

...

and 0

N(u, u, u - 1 - i) = N(u, u - 1 - i),
Corollary 2.2, we get

d,(G)
u

be

a

in terms of
fixed positive

denumerable
integer, and we
a

i t - 1. From the above remark
and hence from

Proposition

2.1 and
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for t = u, u + l, u +
Xt,U,(I,WJ = 0 if i &#x3E; t

2,
-

1

... ;
or

i=0,1,2,

w1 &#x3E;

t

-

u.

... ; and

0w,1+1.

We note that

Also

divide each term in Lemma 2.4

by IU+l,

and if we let r = t 1 - i,
and
s=t-u-wl, j=(t+1)-1-rank 03931,
wj=(t+1)-u-rank D1, then
we get Markov Process Eu that appears in the appendix. Markov Process Eu
can be used to calculate the quantities
Xt,u,(i,wJ’ and then Proposition 2.3 and
2.32
and
can
be
to
calculate d,(G).
2.35
used
Equations
If

we

3. Case 1 &#x3E; 2 and

varying

We let notations be the

-

genus groups
same as

in Section 2. We define

(cf. Equations

2.1

through 2.5)

Bt = cyclic extensions
with

K of

Q of degree l n

exactly t primes of Q ramified in K/Q}

(3.1)

So d t, is a density involving the cyclic extensions of Q of degree l n with a
given number of ramified primes (rather than a given genus group). We note
t

that

and

where YG

denotes

a sum over

all finite abelian groups of type

(In2,..., In1),
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where n 2, ... , nt range over all integers such that n n 1 &#x3E; n 2 &#x3E; · · · &#x3E;- n t &#x3E;- 1.
From Formulae 2.8, 2.9, 2.31, 3.5, 3.6, and 3.7, we get
=

where

is

~Û1, ... , Un

v1 + ... +
and hence

Un =

t

a sum over

all

nonnegative integers

and vn &#x3E; 1. We also recall that

u

=

Vn. If n

vl, ... , vn such that
1, then u = vn = t,
=

N(t, t, t 1 - i) N(t, t 1 - i ), then we can use Proposition 2.1 and
Corollary 2.2 to calculate d t,1 in Equation 3.9. So when n 1, our calculation
Since

=

-

-

=

is

complete.
Now suppose n

where

L’

is

&#x3E;

1. Let

( tu )

=

u

a sum over

all

(t!)/(u!)«t - u)!).

Then

nonnegative integers

VI’...’ vn _1 such that

vl,..., v"_11
.

vl + - - - +vn_1 = t - u. Now the
nomial coefficients, and hence

terms

(t - u)!I[(vl!) ... (vn-j!)]

are

multi-
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If

we

Thus

divide both numerator and denominator of

we

have the

following

Equation

3.10

by n t,

we

get

result.

THEOREM 3.1 : Let 1 be an odd prime number, and let n and t be positive integers.
If u and r are integers with 1 u t and 0 r t 1, let N( t, u, r ) be the
number of t X t matrices r over FI of the form specified on the right side of
Equation 2.22 such that rank r r. Let dt,l be the density defined by Equation
3.5 for 0 i t 1. Then dt,l is given by the formula in Corollary 2.2 if n 1,
and dt,l is given by Equation 3.11 if n &#x3E; 1.
-

=

=

-

REMARK: The quantities N(t, u, t 1 - i)/Iu(t-l)+t-u can be calculated using
Markov Process Eu and Equations 2.32 and 2.35 for 1 u t. Tables 4 and 5
in the appendix contain values of dt,i for 1 3 and 5.
We now examine what happens to dt,; as t ~ 00 (cf. [6] when n 1).
-

=

=

THEOREM 3.2: Let notations be

If n &#x3E; 1,

then

as

in Theorem 3.1.

lim dt,t = 0 for i = 0, 1, 2,

If n

=

1, then

....

(-+00

PROOF: The

proof

2.2. So suppose n

when n 1 follows easily from the formula in
1. We rewrite Equation 3.11 as follows:

&#x3E;

=

Corollary

310

where

a

=

1 -

[( n - l)/n ]t; gt,u,l is given by Equation 2.32; and

Note that gt,u,l has been defined in Equation 2.32 for u &#x3E; 1; we now extend its
definition in Equation 2.32 to include the case u 0. (The matrices are
diagonal t X t matrices when u 0.) So
=

=

Let E &#x3E; 0 be arbitrary. We want to show dt,l
Now there exists Tl &#x3E; 0 such that for t &#x3E; Tl, a

e
&#x3E;

for all sufficiently large t.
So for t &#x3E; Tl, we have

1/2.

Next we let U, be the random variable with possible values u 0, l, ... ,t and
with prob(U, = u) = ht,u. So U is a binomial random variable with expected
value t(l/n) and standard deviation
For sufficiently
large t, Ut is approximately normally distributed, and the standard deviation is
much smaller than the expected value. So there exists T2 &#x3E; 0 such that for
=

Jt(l/n)((n -l)/n).

t &#x3E; T2 , prob(U, &#x3E; 3t/4) E/4. (Note
2.) So for t &#x3E; max(T1, T2 ),

that the

n &#x3E;

Thus it suffices to show that

for all

and

sufficiently large

t.

Now recall that

expected value is

t/2

since
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From the form of the matrix

on

the

right

side of

Equation 2.22,

we see

that

N(t, u, t - 1 - i, s) = 0 if s t - 1 - i - u. So we need s &#x3E; t - 1 - i - u. Also
note

that

N(rk D s ) denotes the number of (t - u) X (t - u) diagonal
over FI with rank D
s. Also note that

where
D

=

Let St-u be the random variable with
with prob( St - u s ) qt-u,s’ where
=

Then the

matrices

=

possible

values s

=

0, 1,...,t - u and

=

expected value of St-u

is ( t - u)(1 - 1 )/l, and the standard deviation
of St- u is
u ) ( l - 1)//2 . For large t u, the standard deviation is much
smaller than the expected value. So there exists T3 &#x3E; 0 such that for t u &#x3E; T3,
we have

V (t -

-

-

Now if u

3t/4 and t &#x3E; 4T3,
through 3.20.

Formulae 3.16

since

then t - u &#x3E;

T3.

So for t &#x3E;

4T3,

we

have from
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The results in Theorem 3.2 are interesting for several reasons. First the
difference between the cases n 1 and n &#x3E; 1 is quite substantial. Second, the
1 has an interesting relationship to conjectures of Cohen and Lenstra.
case n
For cyclic extensions K of Q of degree l n, Cohen and Lenstra have made
conjectures conceming the prime-to-l part of the ideal class group of K. Since
we have been dealing with the 1-part of the class group, the Cohen-Lenstra
Conjectures do not apply directly to our analysis. However when n 1, our
formula for lim dt,l is the same type of formula that appears in Theorem 6.3
=

=

=

l

t~00

of [1]. This suggests that the Cohen-Lenstra Conjectures could be extended to
1. When n &#x3E; 1, the situation
include the 1-part of the principal genus when n
is more complicated. For the prime-to-1-part of the ideal class group, the
Cohen-Lenstra Conjectures deal with finite modules over the product of rings
of integers of Q(03B4l,) for 1 i n, where 03B61 is a primitive 1’-th root of unity.
However for the l-part of the principal genus, it would seem appropriate to
consider finite modules over the ring
=

where Z[ xis the polynomial ring over Z in one indeterminate x. One might
then make a fundamental assumption for the 1-part of the principal genus
analogous to the second part of Fundamental Assumptions 8.1 on p. 54 of [1],
except with A modules of order a power of 1. We are not sufficiently familiar
with the module theory for the ring A to know whether the resulting conjectures are consistent with our Theorem 3.2 when n &#x3E; 1. However our results
should provide a starting point for future research.
We conclude this section with another limit formula. We start from
Equation 3.10, and we note that dt,l is a function of n, although in our
previous calculations we have assumed that n was fixed. We shall write dt,l(n)
for dt,l, and we shall calculate lim dt,¡(n) for fixed t and i. From Equation
’

n - ce

3.10 it is clear that as n becomes large, the dominant terms in both the
numerator and denominator are the terms with u
1. If we divide both
numerator and denominator by (n - 1) t -1and let n - oo, we get
=

To evaluate N(t, 1, t 1 - i), we note that the matrices we are considering
have the form specified on the right side of Equation 2.22 with u = 1. So Mi is
the 1x1 zero matrix, and hence it suffices to consider matrices
-

where

M2

is

a

1 X

( t - 1) matrix, and

D is

a

(t - 1)

x

(t - 1) diagonal

matrix.
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We let s = t
to see that

-

1 - i. From the form of the matrices in

Equation 3.22,

it is easy

N(rk D s) is given by Equation 3.19 with u 1. For s 0 (and hence
i = t - 1), we have N(rk D = s - 1) = 0, and then N( t, 1, 0)=I. For s = t - 1
i &#x3E; 0, we can use Equations 3.19, 3.21, and 3.23 to obtain the following

where

=

=

=

-

result.
PROPOSITION 3.3: Let notations be the
write

same as

in Theorem

3.1, except that

we

dt,i( n) instead of d t,t. Then
if i = t - 1, then
’

(i)

REMARK: The

quantity

lim

d t,i( n ) is not related to the behavior of the 1-rank
’

n ---+ 00
in a

of the ideal class group
Z0393extension. (Recall that a Z0393extension of Q is an
infinite Galois extension of Q whose Galois group is isomorphic to the
additive group of the l-adic integers Zl.) For fixed 1, there is a unique
Zrextension of Q; only the prime 1 ramifies in this Zrextension; and the
1-rank of the ideal class group is zero for every subextension of the Z0393exten-

sion.

4. Case /=2
In this section

we consider Galois extensions K/Q of degree 2n with cyclic
Galois groups. We shall sketch the results for these extensions that are
analogous to results which appear in Sections 2 and 3 for the case 1 &#x3E; 2. Most
of the details will be omitted. For quadratic fields (i.e., for n
1) we have
already obtained the appropriate analogs in [5]. So we assume n &#x3E; 2. We shall
consider separately the complex extensions of degree 2n and the real extensions of degree 2n. Although the density results in [5] are different for complex
=
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fields and real quadratic fields, we shall see that the density results
the same for complex fields of degree 2 n and real fields of degree 2n if
n &#x3E; 2. We first focus on complex fields of degree 2n. We let t be a positive
integer, and we let n 1, n2’...’nbe integers such that n n 1 &#x3E; n 2 &#x3E; · · · &#x3E;- n,r
&#x3E; 1. We let G be the abelian group of type (2n2, ... , 2nr ). (When t
1, we let
G be the trivial group.) We define

quadratic
are

=

A ( G) = {complex cyclic extensions
with genus group

K of

Q of degree 2n

(4.1)

isomorphic to G} .

For each nonnegative integer i and each positive real number x, and with
A(G) given by Equation 4.1, we define A(G)x, A, (G), and A,(G) x exactly as
in Equations 2.2, 2.3, and 2.4. With this A(G)x and Ai(G)x’ we define

We then

proceed

to

obtain the

following analog

of Formula 2.9.

vt’s are defined by Equation 2.8, and the factor 1/2 is introduced
asymptotically only one-half of the cyclic extensions of Q of degree 2n
are complex.
Before evaluating1 Ai ( G) x] for arbitrary G, we first consider G = G1,
where G1 is the abelian group of type (2n2, ... , 2nt ) with n2 = ... = nt = n.
Then we can obtain the t X t matrix MK over F2 whose entries mab are given
by Equation 2.15, and as in the case / &#x3E; 2, the sum of the entries in each row
of MK is zero in F2. We now have reached a point where the analysis of the
2 differs significantly from the analysis of the case 1 &#x3E; 2. The matrix
case 1
has
certain special properties when 1 2 and n &#x3E; 2. First each zh
MK
1(mod 2). Furthermore, since n &#x3E; 2 and each Pa ~ 1(mod 2n), then the
quadratic reciprocity law implies that [ Pb, pu] = [ pa, pbfor all a and b. So
the matrix MK is symmetric. Since the sum of the entries in each row of MK is
zero and since MK is symmetric, then the sum of the entries in each column of
MK is zero. So MK is uniquely determined by its ( t - 1) X ( t - 1) submatrix
Here the

since

=

---

=

whose entries are mab for 2 a t and 2 b t. Furthermore, since this
submatrix is symmetric, MK is actually determined by its entries m,, with
2 a b t. Note that there are t(t - 1)/2 such elements. Let N’( t, r )
denote the number of symmetric t X t matrices r over F2 such that the sum of
the entries in each row of r is zero and such that rank 0393 r. Note that
=
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N’(t, r) also represents
over

F2

with rank

=

r.

the number of ( t - 1) X ( t - 1) symmetric matrices
we can obtain the following analog of Formula

Then

2.21.

Then

combining

Formula 4.2, 4.3, and 4.4,

we

get the following result.

PROPOSITION 4.1 (Complex fields): Let n &#x3E; 2 and t &#x3E; 1 be integers, and let G1
be the abelian group of type (2n2, 2n3,..., 2nt) with n2 = n3 = ... = n t = n . ( If
t
1, we let G1 be the trivial group.) Let N’(t, r) be the number of t X t
symmetric matrices r over F2 such that the sum of the entries in each row of r is
1. Let d¡(G1) be the density
zero and such that rank r
r, where 0 r t
4.2.
Then
defined by Equation
=

=

Since
matrices

-

N’(t, r) also represents the
over

N’( t, t 1 - i).
lowing corollary
-

number of (t - 1) X (t - 1) symmetric
with rank r, we can use Lemma 18 of [9] to compute
Then after several intermediate calculations, we get the folof Proposition 4.1.

F2

=

COROLLARY 4.2: Let notations be the

where

[y]]

same as

in

Proposition

4.1. Then

denotes the greatest integer the real number y.

We now retum to the general case of an
with n = n, &#x3E;- n2 &#x3E; · · · &#x3E;- n, &#x3E;- 1. We let
analog of Equation 2.22 is

abelian.group G of type (2n2,..., 2nr)
u = vn (cf. Equation 2.8). Now the

where Ml is a symmetric u
in each row is zero; M2 is

F2 in which the sum of the entries
matrix over F2; 0 is the ( t - u ) X u

X

u

matrix

a u X

over

(t-u)
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matrix; and D is the (t - u) X (t - u) diagonal matrix over F2 with each
diagonal entry equal to the sum of the entries in the corresponding column of
M2. Note that MK= [mab]] is uniquely determined by its (t -1) X (t -1)
zero

submatrix whose entries are mab for 2 a t and 2 b t. We note that
there are 2u(u-l)/2+u(t-u) matrices of the form specified on the right side of
Equation 4.5. We let N’( t, u, r ) denote the number of matrices T of the form
specified on the right side of Equation 4.5 such that rank r = r, where
0 r t 1. Then the analog of Formula 2.31 is
-

Then from Formulae

4.2, 4.3, and 4.6,

we

obtain the

following result.

PROPOSITION 4.3 (Complex fields): Let n &#x3E; 2 and t &#x3E; 1 be integers, and let G
be the abelian group of type (2n2,..., 2nt) with n nl &#x3E; n2 &#x3E;- - - - &#x3E;- nt &#x3E; 1. (If
t
1, we let G be the trivial group.) Let u be the largest integer such that nu n,
and let r be an integer with 0 r t 1. Let N’( t, u, r) be the number of t X t
matrices r over F2 of the form specified on the right side of Equation 4.5 such
that rank r r. Let d1(G) be the density defined by Equation 4.2. Then
=

=

=

-

=

To
-

use

Proposition 4.3,

i)/2u(u-l)/2+u(t-u).

The

need an algorithm for computing N’(t, u,
analog of Lemma 2.4 is the following lemma.

we

t

-

1

be a t X t matrix over F2 of the form specified on the
4.5.
Let r rank r and s rank D. Let fI = [Yâb] be a
right side of Equation
over
+
X
+
matrix
( t 1) ( t 1)
F2 such that Yab Ya b for 1 a,t and 1 b t.
Also suppose that rl has the form specified on the right side of Equation 4.5,
except with t replaced by t + 1. Let Di denote the ( t + 1 - u) X ( t + 1 - u)
diagonal submatrix in the lower right corner of ]ri Then of all possible FI,
( i ) 2 u - have rank fI r + 1 and rank Dl s + 1;
(ii) 2u-l - 2r-S have rank fI r + 1 and rank Dl s;
(iii) 2r-s have rank rl r and rank DI s.

LEMMA 4.4: Let f

=

[Yab]]

=

=

=

·

=

=

=

=

Next let

=

=
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Since N’( u, u, u - 1 - i )
Corollary 4.2 imply

=

N’( u,

and 0 i
for u = 1, 2, 3,
create Markov Process
...

we can

u -

u -

1 -

1. Now
the

E’. (See

then

i ),

Proposition

4.1

and

analogous to Markov Process Eu,
appendix for details.) Then

So we can use Markov Process E’ u to calculate the
then Proposition 4.3 and Equations 4.7 through 4.9

and
be used to calculate

quantities x’ t, u,(’, -,)

,

can

di(G).
Our next
3. We let

goal is

to

present the appropriate analogs of the results in Section

Bt = {complex cyclic extensions of Q of degree 2 n
with

exactly t

finite

primes of Q ramified in K/Q}.

(4.10)

nonnegative integer i and each positive real number x, and with Bt
given by Equation 4.10, we define Bt. x’ Bt i’ and Bt,i;x exactly as in Equations
For each

3.2, 3.3, and 3.4. With this

Bt;x and Bt,l;x, we define

Then we can
Theorem 3.2.

proceed

obtain the

THEOREM 4.5

(Complex fields):

to

positive integer such that

u

t

of t X t matrices r over
Equation 4.5 such that rank r
4.11 for 0 i t 1. Then

=

-

Furthermore

of Theorem 3.1 and

Let n &#x3E; 2 and t &#x3E; 1 be integers.
if 0 r t 1, we let N’( t, u,

If u is a
r) be the
on
the
the
side of
form
right
specified
F2 of
the
r. Let
be
density
by
defined
Equation
d t,l

and

number

following analog

-
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quantities N’(t, u, t 1 - i)/2u(u-l)/2+u(t-u) can be calculated
Markov
Process E’u and Equations 4.7 and 4.9 for 1 u t.
by using
for
the
Finally
complex fields of degree 2n, we can obtain the following
of
analog Proposition 3.3.
REMARK: The

-

PROPOSITION 4.6: Let notations be the
write dt,i(n) instead of dt,l. Then

same as

Table 1. Values

fields.

of dt,l

Table 2. Values of

d t,1

for

imaginary quadratic

for real

quadratic

fields.

in Theorem

4.5, except that

we
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Table 3. Values of

d 1,1

for fields of

degree 2n, n &#x3E; 2.

We now consider the real fields of degree 2n. If we replace the word
"complex" by "real" in Equation 4.1, we see that all subsequent results are
still valid. (Recall that in this paper all references to the "genus group"
actually refer to the "narrow genus group".) So we have the following

theorem.

(Real fields): Let n à 2 be an integer. Then the statements of
Proposition 4.1, Corollary 4.2, Proposition 4.3, Theorem 4.5, and Proposition
4.6 are valid if we use real cyclic extensions of Q of degree 2n instead of complex
cyclic extensions of Q of degree 2n.
THEOREM 4.7

REMARK: For quadratic extensions of Q (i.e., the case n 1), the density
results are different in the complex and real cases because the properties of the
associated matrices are different. (See [5] for details.) Some numerical values
for dt,l appear in Tables 1, 2, and 3. The results in Table 3 apply to both the
complex and real cases.
=
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Appendix
Markov Process Eu ( u 1, 2, 3, ... ):
States Xt,u,(i,w,) with t = u, u + 1, u + 2, ... ;i = 0, 1, 2, ... ; and 0w,ii
where the component Xt,u,(l,W/)
+ 1. Let
or
if
i
=
j
precedes
and W, Wj. Then Xt+ 1, u Xt,uQEu’
where
=

Xt,u = (Xt,u,(O,O)’...’ Xt,U,(I,W,)’ ...),

Xt,u,(l,Wj) if ; j,

=

·

with

Table 4. Values of

dt,l

for fields of

degree

3n.
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Initial vector:

Table 5. Values of

d t,l

for fields of

degree

5 n.

322

Initial vector:
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