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0. Introduction

In this article, a condensed version of [B1], we study the scheme of mor-
phisms of given degree d from an elliptic curve X to a Grassmannian
Gr (p, E), and we obtain some results about coherent sheaves over an
elliptic curve which may seem interesting for their own sake. The prime
motivation resides in the theory of g-models, which led specialists to con-
sider the ‘manifold’ of harmonic maps S? — $**. By means of the Calabi
lifting, this ‘manifold’ is interpreted as a subscheme of the scheme of
algebraic maps from P!(C) to the quadratic Grassmannian QG (C**').
Hence a study of algebraic maps from P!(C) to a Grassmannian; J.-L.
Verdier showed that for a fixed degree they constitute a smooth, connected
quasi-projective variety. It is natural to replace S? by a torus S' x §', that
is to consider maps from a genus 1-curve to a Grassmannian.

After introducing a few notations in §0 we recall some results about
indecomposable sheaves over an elliptic curve X which we shall use later on
(§1). Those results were proved by Atiyah for the most part [A], but they are
more readily understood with the help of the notion of semi-stability. They
are given a relatively short and self-contained proof in Appendix A. In §2,
we associate with any matrix M € SL,(Z) a so-called Fourier transform
functor F,,: D(X) — D(X), D(X) denoting the derived category of Coh (X).
Those functors generalize the ‘usual’ Fourier transform functor introduced
by Mukai [M], and define an action of SL, (Z) on D(X) modulo the shift,
which is evoked in [M]. The Fourier transform functors F,, help understand
the structure of Coh (X), and they allow one to ‘juggle with ranks and
degrees’, an indispensable trick in §4. The proof of our Theorem 3 about
Fourier transforms is given in Appendix B. Our §3 is devoted to the
study of topological properties of the scheme M,(X; p, n) of morphisms of
degree d from the elliptic curve X to the Grassmannian Gr (p, n) of rank



16 A. Bruguiéres

p-subspaces of a rank n-vector space. By means of a rather simplistic
stratification of that scheme, we find that, although it is always connected,
it may have many irreducible components if d < n. In any case, we can list
them and compute their dimensions (Theorem 5, Corollaries 1 and 2).
Lastly, in §4 we consider the following problem. Any closed point fe
M,(X; p, n) defines a short exact sequence:

O—»V}—»E—-»Qf—)O,

where E is a rank #» trivial bundle over X. Given two sheaves V, Q over X,
does there exist fsuch that V; ~ Vand Q, ~ Q? Over P! (C), Verdier proved
that this is always the case under obvious assumptions. Over an elliptic
curve, the problem is harder to tackle, so we restrict our attention to the case
where V and Q are semi-stable (but we allow E to be any semi-stable sheaf
over X). Even in that case, the results we obtain are only partial (Theorem
6, Corollary 3) but they give further insight into the structure of M,(X; p, n).
The gist of Corollary 3 is that almost any reasonable V and Q co-occur,
provided that d > n, but if d = n, there is a one-to-one correspondence
between co-occurring ¥ and Q’s.

0. Notations

Let k denote an algebraically closed field, X an elliptic curve over k (unless
otherwise specified), Coh (X) the category of coherent sheaves over X, D(X)
its derived category, Pic (X) the Picard group of X, Pic,(X) its degree
d-component (for any d € Z), CH (X) the Chow ring of X.

We consider Z> = Z x Z as a set of vectors (%), where r is to be seen as
arank, and d as a degree. We denote by s# the set of all vectors () such that
r is the rank of a non-zero coherent sheaf over X, and d its degree; so we
have:

(DeHX<r=>0, and d>0 if r=0.

For any () € # we shall as a rule denote by 4 the g.c.d. of r and d, and let
(8) = Vh(3).

The reason for this notation is that we can state the basic properties of
indecomposable sheaves over X in a rather neat way.
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1. Indecomposable sheaves over an elliptic curve

Any coherent sheaf over X is isomorphic to a finite direct sum of indecom-
posable sheaves, which are uniquely determined up to order [Al]. For any
(%) € #,denote by I(},) the set of classes of indecomposable sheaves of rank
r and degree d over X. Indecomposable sheaves are described by the follow-
ing theorem, due to Atiyah (although it is stated here in a slightly different
form).

THEOREM 1. (ATIYAH). For any () let h = (r, d) be the g.c.d. of r and d, and
let 9 = r/h, 6 = djh.

There exists a unique way of associating with any (}}) € 3 and any v € Pic X
a class ,E(}) € I(}) so that the following hold:
1. for any d > 0, ,E(}) has support at v (considered as a point of X);
2. for any l € Z and any L € Pic/(X),

vE(ri) ® L = ‘U+QLE(¢ri+1r);

3. forany d, r such thatd > r > 0, there is a short exact sequence of sheaves
over X:

0— vE(:i) - r{vE‘(z_r)}Xi> vE(z_r) — Oa

where ev is the evaluation morphism.
Furthermore, the mapping from Pic X to I(};) which sends v to ,E(}) is
one-to-one.

A relatively self-contained proof of this theorem, as well as the one that
follows, may be found in Appendix A.

Semi-stability for sheaves over an elliptic curve

For any non-zero coherent sheaf F over X, we define the slope of F to be the
number u(F) = deg (F)/rk(F) (take the slope of a torsion sheaf to be + o).
A coherent sheaf F over X is said to be semi-stable (resp. stable) if for any
subsheaf G such that 0 # G # F we have u(G) < u(F) (resp. w(G) <
U(F)).
The following theorem describes semi-stable sheaves over X, and gives a
simpler characterization of the sheaves ,E(}).
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THEOREM 2. Let X be an elliptic curve over k.

1. All indecomposable sheaves over X are semi-stable.

2. Stable sheaves are those indecomposable sheaves with coprime rank and
degree. Furthermore, if (}) € # and (r, d) = 1, there exists a universal
sheaf E()) over Pic,X x X such that E(}}),,.x ~ ,E(3)for any v € Pic,X.
In other terms, Pic, X is the good moduli space for stable sheaves of coprime
rank r and degree d over X.

3. Let () e # and ve PicX. If h = (r,d) = 1, then ,E(}) is the only
stable sheaf with rank r, degree d, and first Chern class v. In general, ,E(})
is the only indecomposable sheaf with rank r, degree d, containing a copy

of JE(%).

The existence of a universal sheaf E(}) for (r, d) = 1 has been proved by
Oda [O]. It follows from the first assertion of theorm 2 that semi-stable
sheaves coincide with isocline sheaves, i.e. direct sums of indecomposable
sheaves all of whose slopes are equal.

2. Fourier transform for sheaves over an elliptic curve

We fix a point 4 in X. This allows us to identify any component of Pic (X)
with X itself, which we consider as an Abelian group with identity element
A. Let D(X) be the derived category of Coh (X'), and for any a € Z, denote
by [a] the functor “‘shift a places to the left”: D(X) — D(X).

For any coherent sheaf P over X' x X, flat with respect to projections, we
denote by S, the functor

Sy, = pra(P ® pri?)): Coh (X) — Coh (X)

(following Mukai). This functor is left-exact, and induces a derived functor
RS,: D(X) - D(X). [M].

Lastly, we denote by SL,(Z)* the set of matrices M € SL,(Z) such that
M%) € #. We have the following theorem.

THEOREM 3.

1. Let M be a matrix in SLy(Z)*. There exists a coherent sheaf P,, over
X x X, flat with respect to projections, and unique up to isomorphism, such
that the following hold. (P) for any () € # and v € X,

Sp, GE() = EM(Y) if M(3) e # = 0 otherwise;
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and
R'S, GE(G) = 0 if M(yeH = _,E(}) otherwise.

For i = 0, 1, denote by F,; the functor R'S,,.

2. For any M € SL,(Z) we define a functor F,;: D(X) - D(X), which we
call “Fourier transform associated with M”, in the following way: if
M e SL,(2)*, let F,, = RF,,; otherwise let F,, = F_,o F_,,, where
F_, = (—1Idy)* - [—1]

Then for any two M, M’ € SL,(Z) there is an isomorphism of functors:

Fyo Fy >~ [a] o Fyy,
where a = 0 or —2; furthermore, a = 0 if M, M’ € SL,(Z)".

The Fourier transform functors F,, generalize the ““usual” Fourier trans-
form introduced by Mukai, which is obtained for M = (_? }). The second
assertion of Theorem 3 gives a concrete interpretation of the action of
SL,(Z) on D(X) modulo the shift, which is evoked in [M]. A proof of
Theorem 3 may be found in Appendix B.

Now we introduce a few notations. Let u € Q, and let a, f, g, § be the
integers determined by the following conditions: ¢ > 0, u = J/p, ad —
Bo = 1. Denote by M, the matrix (; §), and let M, = I. We define the
functors F; = F;, and F = F,

The 1nterest1ng fact is that for any pu € Q U {oo} the functor F, induces
an equivalence of categories between torsion sheaves over X and semi-stable
sheaves of slope u over X. We give an example of application of this.

Unidecomposable sheaves over an elliptic curve

We say that a coherent sheaf F over X is unidecomposable if its decom-
position as a direct sum of indecomposable subsheaves is unique up to the
order of the terms.

THEOREM 4. Let (}) € H#, and let F be a coherent sheaf of rank r and degree

d over the elliptic curve X. Let h = (r, d) and u = djr.

1. The sheaf F is unidecomposable if and only if it is semi-stable, and
dim End (F) = h.

2. Unidecomposability is an open condition, and S" Pic X is a good moduli
space for unidecomposable sheaves of rank r and degree d over X.



20 A. Bruguieres

Proof of the theorem. Let F = E, + E, + - - - + E,, each E, being inde-
composable, and assume that F is unidecomposable. Then for any i # j we
have hom (E,, E;) = dim Hom (E,, E;) = 0, and by Rieman-Roch and
semi-stability of the E’s this implies: w(E)) = wkE,) = - - = Wk, =
U(F), so Fis semi-stable. Now let u be its slope. Using the functor F;, we
are reduced to studying torsion unidecomposable sheaves; so we assume:
r = 0. For any v, we X we have: hom (,E(%), ,E(})) = inf (m, n) if
v = w, = 0 otherwise. So Fis of the form:

Fx EQ)®...® ,EC)

withm, + my + -+ + m, =d = h,and v, . . ., v, are distinct because
Fis unidecomposable. This is equivalent to saying that end (F) = A, or that
Fis a torsion quotient of O, of degree d = h. So S* X is a good moduli space
for unidecomposable torsion sheaves of degree 4 over X, the universal sheaf
being: U(Y) = Oy, where H = S"X x X is the incidence hypersurface.

Now the theorem follows immediately. To obtain the universal sheaf U(})
it is enough to identify Pic; X and X, and to apply the relative version of the
functor F to the sheaf U(}).

For any v € S"Pic; X made up of distinct points v, . . . , v, taken with
multiplicities m,, . . . , m,, we have:

P m.
UG, = @ EZL ().
1

REMARK. The second assertion of Theorem 2 shows that S"Pic,X is the
coarse moduli space for semi-stable sheaves of rank r and degree d on X; so,
an open subset of this coarse moduli space bears a universal sheaf. This fails
on a curve of higher genus [S].

3. The scheme of maps from an elliptic curve to a Grassmannian
Let E be a k-vector space with finite dimension n, and let p be an integer such
that 0 < p < n. The Grassmannian G = Gr (p, E) of p-dimensional sub-

spaces of E is the smooth projective variety, and we have the well-known
Pliicker imbedding:

pluc: G = P (NE).
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On the other hand, there is a universal short exact sequence of vector
bundles over G:

0->V->E;,—»>Q—-0,

where E; denotes the trivial bundle with fiber E, V, the universal rank p
subbundle, and Q, the universal rank n — p quotient bundle; the tangent
bundle of G is canonically isomorphic to the bundle Hom (V, Q).

Let X be an elliptic curve over &, and d an integer. We are interested in
the scheme of morphisms of degree d from X to G, that is a scheme M,
together with an evaluation morphism ev: M x X — G, of degree d with
respect to X, such that for any scheme N and any morphism¢: N x X - G
of degree d with respect to X, there is a unique morphism ®: N - M making
the following diagram commutative:

Nx N—/8*——g¢G

o x Id, ”

Mx X —=

Such a scheme exists. We denote it by M,(X; p, E) and let M,(X; p, n) =
M,(X; p, k*). The scheme M,(X; p, E) is quasi-projective and any closed
point fe M,(X; p, E) identifies with a morphism f X — Gr (p, E) of
degree d. Let V; = f*V and Q, = f*Q, so that we have a short exact
sequence of vector bundles over X:

0>V, - Ey—> Q,— 0.

The tangent space of M,(X;p, E) at f is canonically isomorphic to
H°(X; f*T Gr (p, E)) ~ Hom (V}, Q)), and if H'(X; f*T Gr (p, E)) ~
Ext'(V}, Qy) is trivial, then f is a smooth point in M,(X; p, E). (For the
existence and the differential properties of schemes of morphisms, see [G].)
To a closed point f we associate two integers a(f) = 4°(V}) and B(f) =
R (Q}). As functions of f, a(f) and B(f) are uppersemicontinuous by the
semicontinuity theorem [H]. Therefore, we can define the locally closed,
reduced subschemes M3*(X; p, E) = M,(X; p, E) whose closed points f are
those morphisms such that «(f) = aand f(f) = b, a and b being fixed integers.
With those notations, we have the following theorem.

THEOREM 5. Let X be an elliptic curve over k, E a vector space of finite
dimension n over k, p an integer such that 0 < p < n, and d € N*. Then:
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1. M4 (X; p, E) is non-empty ifand only if0 < a < p,0 < b < n — pand
a+ b>=n-—d,

2. non-empty M3*(X; p, E)’s form a stratification of M(X; p, E), the order-
ing on indices (a, b) being induced by the usual partial ordering of N?;

3. for any f e M,(X; p, E), T,M,(X; p, E) has dimension nd + a(f) * B(f).

The second assertion of the theorem means that non-empty M%*(X; p, E)’s
are smooth, connected, locally closed subschemes of M,(X; p, E); further-
more, they are disjoint and there union is the whole of M,(X; p, E); lastly,
if M{*°(X; p, E) is non-empty, its Zarisky closure is the union of all
M}*(X; p, Eys withr > aand s > b.

Before proceeding to prove this theorem, we give a description of the
strata M%°(X; p, E). For (a, b) e N> we denote by D*“*(E) the space
Dr(a,n — b, E) of linear flags (O =« 4 =« B’ = E) with dim 4 = a and
dim B" = n — b. Then we have

PROPOSITION 1. For any (a, b) € N? there is a natural, locally trivial fibration
map

Mi*(X; p, E) —» D*(E)
with smooth fiber isomorphic to MY°(X; p — a,n — a — b).

Proof of the proposition. Consider the universal vector bundle E over D**(E)
whose fiberat D = (O €« 4 < B’ < E)isisomorphic to B’/A. By glueing,
one constructs a locally trivial bundle G over D*“*(E) whose fiber at D is
Gr (p — a, B'/A) and a locally trivial bundle M over D**(E) whose fiber at
D is M,(X; p — a, B'/A). Notice that M is the scheme of morphisms of
degree d from X to fibers of G — D**(E).

We denote by M®° the open subscheme of M whose fiber at any D =
(Oc A c B cE)isM*X,p — a, B'/A), so that M®? is a locally trivial
bundle over D*“*(E) with fiber isomorphic to M3°(X;p — a,n — a — b).
We shall prove that M is isomorphic to M%°(X; p, E), but we show the
smoothness of the fiber first.

LEMMA 1. For any n, d, p, MY°(X; p, n) is smooth of dimension nd, or empty.

Proof of the lemma. By upper semicontinuity of « and 8, M%°(X; p, n) is an
open subscheme of M,(X; p, n), so we only have to prove that whenever
a(f) = B(f) = 0, ext'(V,, Q) = 0. By Riemann-Roch, it will follow that
hom (V}, Q;) = deg Hom (V;, Q;) = nd, hence the lemma. Now, the short



Maps from ell. curve to Grassmann 23

exact sequence 0 — ¥, » k% — Q, — 0 induces an epimorphism Ext' (¥},
ky) - Ext'(V}, Q). Since ext'(V}, k) = n-h'(V;*) = n- h°(V}) (by Serre
duality) = na(f) = 0, it follows that ext'(¥;, Q;) = 0.

To show that M*(X; p, E) and M®° are isomorphic, we associate with
any fin M%*(X; p, E) a point g in M which we define in the following way.
Consider the flag D, = (O = A, « B/ = E) where 4, = H(V}), and
B/ = Vect (V}) is the linear subspace of E spanned by the fibers of V. Since
B; is the orthogonal of H°(Q}) in E*, this flag is in D**(E). The short exact
sequence

0= VA, BjlA, > BjJV; ~ 0

defines a morphism g: X — Gr (p — a, Bj/A;) of degree d. We have
B(g) = 0, because V;/A,spans B//A,, and a(g) = 0by duality. So gis a point
in the fiber of M above D,.

Now clearly the map sending f to g is one-to-one between closed points
of M4*(X; p, E) and M*°; by the universal properties of M, it is induced by
a canonical morphism; and since both M%*(X; p, E) and M®° are reduced,
the latter being smooth, this morphism is an isomorphism, hence the
proposition.

Proof of Theorem 5

Third assertion. By Riemann-Roch we have hom (V}, Q;) = nd + ext'(V},
Q,) so it is enough to show: ext'(V}, Q;) = a(f)B(f). This was proved
already when a(f) = 0 (see the proof of Lemma 1); in general, we have a
short exact sequence:

0> 4>V, > V/d >0

where A, = H°(V;) and H°(V;/4;) = 0, as we noticed in the course of the
proof of Proposition 1. Hence an exact sequence:

Ext'(V;/4,, Q) — Ext'(V;, ;) - Ext'(4,, Q) - 0.

The short exact sequence O — V;/4, - E/A; > Q, —» O arises from
a morphism ge M,X; p — a(f), E/A;) with a(g) = 0, so ext'(V}/4,,
Q) = 0,and ext'(V}, Q)) = ext'(4;, Q) = a(f) h'(Q)) = a(f) K°(Q}) =
o SIBCS)-

First assertion. Assume that M$°(X; p, E) # 0. Since d > 0, any mor-
phism X — Gr (p, E) of degree d is non-constant, hence 0 < a < p and
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0 < b < n— p. Now it follows from Proposition 1 that M°(X; p — a,
n — a — b) is non-empty. Let g€ M2°(X;p — a,n — a — b). We have
the following commutative diagram:

00— V——-»k’)’(*"'b—>Q — 0

g g
‘pl ”

Iﬂ(Qg))( — Qg — 0

where ¢ is injective because h°(V,) = a(g) = 0; hence n — a — b <
d + h°(Q}) =d, because f(g) = 0. So the conditions in 5.1 are necessary.
To show that they are sufficient, we use the following lemma.

LEMMA 2. Let f € M2*(X; p, E) and assume: b > 0,a + b > n — d. Then
f lies in the Zarisky closure of M5*~'(X; p, E).

Proof of the lemma. Assume first that b = 1. Let B; = Vect V}, and choose
a line B c E such that E = B @ B;. There is a morphism

Hom (V;, B) x X - Gr (p, E)

(@, x) = {y + o(y);ye(V).}

hence a morphism ®: Hom (V;, B) - M,(X; p, E). If ¢ € Hom (¥}, B) then
Vow = Vysoa (@(@)) = a. But B(®(¢)) = b = 1if and only if ¢ belongs
to the image of the morphism

Hom (B, B) = Hom (¥}, B);

otherwise f(®(¢)) = 0. Now hom (¥}, B) — hom (B}, B) = a(f) + d —
n+ 1> 0;s0f = ®0) lies in the closure of M%*~'(X; p, E).

In the general case, we reduce trivially to 5 = 1 by choosing a linear space
Csuchthat Bl ¢ C < Eanddim C = n — b + 1, and by considering the
natural inclusion M,(X; p, C) < M,(X; p, E).

By this lemma, which we can also use in its dual form (interchanging the
roles of a and b) it is enough to prove that MZ~'"~7=1(X; p, E) is no-empty
as soon as d > 2. Now by Proposition 1 this is the same as showing that
M,(X; 1, 2) is non-empty, a well-known result: there are morphisms of
degree d: X —» P' assoon as d > 2.
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Second assertion. We know already that the strata are smooth, and that
the Zarisky closure of any stratum is as announced (by Lemma 2). There
only remains to prove the following proposition.

PROPOSITION 2. The scheme M4 (X; p, E) is connected.

Proof. Thanks to Proposition 1, we can assume a = b = 0. Denote by
Q(%77) (E) the scheme of quotients of rank » — p and degree d of E, so that
M,(X; p, E) appears as an open subscheme of Q(%?)(E). Now let U be the
open subset of Q(; ) (E) of those f such that #°(¥;) = 0. That condition
implies that ext' (¥}, Q;) = 0, so U is smooth. Since U contains M3°(X; p,
E) it is enough to show that it is connected. The connectedness of U has been
proved by Hernandez [H] in a more general setting. We give a sketch of his
proof adapted to our special case.

Let N be an — p dimensional subspace of E, and E* = E/N. Any fe U
defines a map V; —» E’. Denote by Uy the dense open subscheme of U of
those f such that ¥, — E’ is injective; there is a natural morphism:

: Uy — Q) (E).
It is well-known that Q(%) (E”) is smooth, connected, so it is enough to show

that @ is dominant, with connected fibers. Consider a point 4 in Q(9) (E”),
defined by the short exact sequence

0— V-5 E'— Q— 0.

Now 4 can be in the image of ® only on the open condition that #°(V) = 0.
Assuming that this holds, there is a surjective map

o: Hom (V, E) - Hom (V, E’)
because ext' (V, N) = hom (N, V) = 0. So ¢7'(i) is a non-empty affine
space; any je o '(i) is an injection V — E, hence a morphism

6~ '(i) - U, whose image is the fiber of ® at 4; so the fiber is non-empty,
connected, hence the proposition.

Corollaries of Theorem 5

Let E be a k-vector space of finite dimension #» > 2, and let p, d be integers
such that 0 < p < mand d > 2.
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COROLLARY 1. (smooth points). The smooth points of M,(X; p, E) are the

points f such that a(f)(f) (n — d — a(f) — B(f)) = 0. In particular,
M,(X; p, E) is smooth if and only if p = 1, or p = n — 1,0ord = 2.

CoROLLARY 2 (Topology, dimensions)

1. If d = n, M(X; p, E) is irreducible of dimension nd.

2. If d < n, the irreducible components of M,(X; p, E) are the Zarisky
closures C** of the strata M%*(X;, p, E) for all (a, b)’s such that 0 < a < p,
0O0<b<n-—panda+b=n-—d.

The dimension of the component C*’ is nd + ab.
In particular, M, X; p, E) is irreducible if and only if p = 1, or
p =n—1,0rd = 2 (ie, when it is smooth).
3. In any case, M,(X; p, E) is non-empty and connected.

The corollaries are immediate, except maybe the part concerned with dimen-
sions; but, thanks to Proposition 1, it is easy to compute the dimension of

a stratum; namely

dim M4 (X; p, E) = dim MY°(X;p — a, k" *%) + dim D**

(n—a—b)(d+ a+ b) + ab.

4. Short exact sequences of semi-stable sheaves over an elliptic curve

We consider the following problem: given three non-zero semi-stable
sheaves E’, E, E” over the elliptic curve X, such that ch (E) = ch (E’) +
Ch (E”) and w(E’) < u (E”), does there exist a short exact sequence:

0>FE >E->E -0 ? @)

We shall see that the non-unidecomposability of the sheaves involved entails
certain restrictions on the existence of such an exact sequence. For simplicity,
we shall assume that E” and E” are unidecomposable. Of course, we are
especially interested in the case where E is a free sheaf. In this case, the
restrictions are in a sense maximal.

Let E be a semi-stable sheaf of slope u over X. We define the ambiguous-
ness of E, which we denote by amb (E), to be the integer

amb (E) = sup hom (V, E)
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for V ranging over the class of stable sheaves of slope u (with the convention
amb (0) = 0). Clearly amb (E) = 1 if and only if E is non-zero and uni-
decomposable; and amb (E£) is maximal (for given rank and degree)
when E is of the form k" ® ¥V, with V stable and 4 e N. So amb (E)
measures the non-unidecomposability of E. We have the following theorem.

THEOREM 6. Let (3.), () € H such that /' = d’|[r < ' = d”|r" and let
(%) = (3) + (5). Let E be a semi-stable sheaf over X of rank r and degree
d, and denote by E’, E” any two unidecomposable sheaves of respective ranks
and degrees v', d’, v, d” such that ch (E) = ch (E’) + ch (E”). Then
1. There exists a short exact sequence (&) for a suitable choice of E’ and E”
if and only if
(C)) amb (E) < 1/h det (3, 1.), where h = (r, d).
2. If (C)) holds, then for any choice of E’ one can find E” such that there exists
an exact sequence (£) (and conversely).
3. Consider the condition
(C;) E is of the form k" ® U, where U is unidecomposable and
n = amb (E) = 1/hdet (; .).
If (C,) holds, there is a one-to-one correspondence between E’ and E”
such that there exists an exact sequence (&).
4. If (C)) holds, but (C) doesn’t, then for a general choice of E’ and E” there
exists an exact sequence (&).
Furthermore, such an exact sequence exists for any choice of E’ and E”,
provided that the following stronger condition holds:
(C,) amb (E) < e(h’, h”)+ 1/h det (;; 7.
where ' = (r',d’), W = (r",d"), and

1ifh =1lorh” =1

g(h/, h//) — {
1 — 1/sup (K, h") otherwise.

ReEMARK. The formulation of this theorem is rather complicated, because it
contains a large number of assertions; however, we can infer from it the
following simple facts.

1. If an exact sequence of semi-stable sheaves

0-E -E->E -0 (3]

exists, with u(E’) < wp(E) then in fact we have

h
WE") < WE) — Wamb (E).
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(This is (C,)). Conversely, if this inequality holds, as well as the obvious
compatibility relations between the ranks and first Chern classes of our
sheaves, then an exact sequence (¢) can be found, at least if one allows
E’ (or E”) to move inside its moduli space.

2. When amb (F) is minimal, that is when E is unidecomposable, we get the
following result: for any unidecomposable sheaves, E, E’, E” over X such
that u(E’) < u(F), there exists an exact sequence (&), provided that the
ranks and first Chern classes are compatible.

3. In the other extreme case, that is when the ambiguousness of E is
maximal, the upper bound for u(E’) is lowest and there are additional
obstructions to the existence of an exact sequence (&). This happens when
E is the direct sum of a number of copies of the same stable sheaf.

In the special case where E is free, we obtain the following corollary.

COROLLARY 3. Let X be an elliptic curve over k, E a k-vector space of
dimension n, p an integer such that 0 < p < n,andd > 2.

Denote by V and Q any two unidecomposable sheaves over X of respective
ranks and degrees p, —d, n — p, d, such that c,(V) + ¢,(Q) = 0, and let
MV, Q) be the set of morphisms fe M,(X; p, E) such that V;, ~ V and
O, ~ Q. Then:

1. If d < n, M(V, Q) is always empty.
2. If d = n, then M(V, Q) is non-empty if and only V is the kernel of the

evaluation morphism of Q.

3. If d > n, then M(V, Q) is non-empty for a general choice of V and Q. For
any V there exists Q such that M(V, Q) # & (and conversely).

4. Furthermore, M(V, Q) is always non-empty, provided that d > c(h,, h,)n,
where hy = (p, d), h, = (n — p, d) and

Lifh = lorh, =1

cthy, b)) = {
v 1 + 1/sup (A, h,) — 1 otherwise.

Proof of Theorem 6 Assertions 1 and 2. Assume first that there exists a short
exact sequence

0-E - E->E -0 ©

Let 4 = p(E) and consider the matrix M = — M, ' € SL,(Z)*. We have
M) = (2, so, applying the functor F,, to (£), we obtain the exact sequence:

0 > FLE” - F\E — FLE - 0. (M¢)
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Now, F\ E is a rank-zero sheaf, and we have amb (E) = amb (F},(E)) =
Sup,.y dim F, E ® k(v). So (M¢) implies: amb (E) < rk FyE' = 1/h
(rd — rd’) = 1/hdet (5. 7)) = 1/h det (; 3.), hence (C,) holds.

Conversely, assume that (C,) holds, and fix E”. Does there exist £’ such
that there is a short exact sequence (£)? Applying the Fourier transform
functor (F,)~', we can assume that rk(E”) = 0.

Let S Hom (E, E”) denote the open subset of Hom (£, E”) of epimor-
phisms s: E — E”.Itis non-empty, provided that amb (E”) < rk(E), which
is the case, since E” is unidecomposable; and it parametrizes a flat family of
subsheaves N, = Ker (s) of E. Denote by # the open Shatz stratum of S
Hom (E, E”), that is the set of all se .S Hom (E, E”) for which the
Harder-Narasimhan polygon of N, takes its generic value. Let y, = /0,
denote the maximal slope of any stable subsheaf of N, for s e %, and
consider the scheme Z of all stable subsheaves of E of slope y, (ie of rank
0, and degree d,); with any ¢ € X is associated a subsheaf S, = E. Denote
by Z = £ x % the incidence variety, so that we have a diagram

zZ—1 9
p

>

where p and g are the restrictions of the projections; notice that ¢ is an
epimorphism, and that the fiber p~!(¢) ~ gp~'(o) is isomorphic to an open
subset of S Hom (E/S,, E”).

Assume y, = u; then £ has dimension amb (E) — 1 and the fibers of p
have constant dimension hom (E/S,, E”) = d”(r — r/h), so we have: rd” =
dim#% < dim Z < amb (E) — 1 + d”(r — r/h). Finally, amb (F) >
d”r/h, which contradicts (C,).

So we have y, < u. For any ¢ € £ we have ext! (S,, E/S,) = 0,s0 X is
smooth of dimension dg, — rd,. Denote by § the dimension of the general
fiber of g, so that we have: dim Z = rd” + f. Now for any ¢ € X let A(0)
be the degree of the torsion part of E/S,; it is upper-semicontinuous as a
function of ¢. For any A € N, let £ be the locally closed subvariety of T of
those o such that A(6) = A. There exists A, € N such that dim p~'(Z%) =
dim Z. Now assume that S, = Ny for somes € %. Then N, /S, is locally free,
and the torsion part of E/S, injects in E”. Since E” is torsion unidecompos-
able, there are finitely many subsheaves of E” of degree 4,, and all of them
are unidecomposable. If Q is one of them, denote by € the subvariety of
¥ of ¢’s such that the torsion part of E/S, is isomorphic to Q. There exists
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Q such that dim p~'(£¢) = dim Z, and for any ¢ € £9, p~!(0) has dimen-
sion hom (E/S,, E”) = d”(r — g,) + 4, if it is non-empty. So we obtain:

dim 22 + d"(r — @) + 4 = rd” + B.

Now it is an easy computation to show that if £ is non-empty, its codimen-
sion in X® is A4,. Therefore we have:

dim T* > B + d’g,,

that is do, — ré, — d”g, = B + codimg =* > 0. That implies u, <
(d — d”)/r = u(N,) so N, is semi-stable for any s € %; equalities hold
everywhere, so § = 0, which means that N, is generically unidecomposable,
and so there exist £’ and a short exact sequence (¢).

If we fix E’ instead of E”, a suitable Fourier transform functor brings us
to the case we have just proved. Hence assertions 1 and 2.

Assertion 3. Assume that (C;) holds, and fix E”. There exist £’ and a short
exact sequence:

0-FE ->k"® U—->E -0 (9]
We have Hom (k" ® U, E’) = 0, hence an injection

End (k" ® U)-> Hom (k" ® U, E”).
Now end (k" ® U) = n*end (U) = hom (k" ® U, E”) so i is an isomor-
phism, and E’ is uniquely determined by (£). A dual argument shows that
the correspondance between E” and E’ is one-to-one (one can even show

that it is induced by a Fourier transform [B1]). Hence assertion 3.

Assertion 4. Denote by Q(}.) (E) the scheme of quotients of rank r” and
degree d” of E; for any fe Q () (E) there is a short exact sequence

0—>Vf—>E—>Qf—>O;

let % be the open subscheme of Q(%.) (E) whose closed points are those f
such that ¥, and Q,are unidecomposable. Now recall that S* Pic; X is a good
moduli space for unidecomposable sheaves of rank r and degree d, so we
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have a natural morphism
W: % — S" Picy X x S" Picy, X
A (LANIN);

with image in the smooth hypersurface H defined by the condition
a(V) + ¢(Q) = ¢,(E). Denote by ® the restriction: % — H. We only
have to show that if (C,) holds, but not (C;), then ® is dominant, and that
it is onto if (C,) holds as well.

As usual, we assume r” = 0. Suppose that (C,) holds, but not (C,), and
consider a unidecomposable sheaf E’ of rank r* and degree d’, and a
subsheaf E/ of E’ of rank r’" — ¢’ and degree d’ — ¢&’. Let o = det (% ¢
and n = amb (E). We have n < h'a, and if n = h’a then E is not of the
form k" ® U with U unidecomposable. By grouping indecomposable
summands of E is a suitable way, we can write E = U, @ - - - @ U,, where
each U, is unidecomposable and rk U, > - - - >rk U,. Furthermore, if
n = h'o we can assume: rk U, < rk U,. Now let A = (" — 1) a and
E, = U,...U,. Then we have amb (E;) = 4 and in any case rk E, >
(A/W)rk(E) = rk E|. So by assertion 2 the general morphism E; — E| is
injective with positive-rank, unidecomposable, hence locally free cokernel.
On the other hand, the restriction map Hom (E£’, E) - Hom (E7, E)is onto
(because ext' (E’/E/, E) = 0) so, putting these facts together, there exists an
f €% such that E” ~ V;and E/E] is locally free. We shall show that such a
point f is smooth for @ (hence ® is dominant).

By the Kodaira-Spencer maps, we have the following isomorphisms

T,,S" Pic; X > Ext' (V, )
and
Ty, S Picy, X S Ext' (Qy, Q)),
and T,® identifies with the morphism
Hom (¥, 0;) 222, Ext' (¥, V) @ Ext' (Q;, 0))
where 07 and 0] are connectants arising from the exact sequence
0->V,->E—-Q—0. (EY)
Now consider the short exact sequence

0 - V/E{ — EJE{ - Q; - 0. (E?)



32 A. Bruguieres
We have a commutative diagram

1@ of

Hom (V}, Q;)) — Ext' (V, V) @ Ext' (Q;, O))

! o |

Hom (V}/E) =22, Ext' (V/E{, V,/E{) ® Ext' (Q;, Q)

where 05 and 05 are connectants arising from (E?) and i is the map
Ext' (V//E], V}/E]) < Ext' (V}/E[, V;) = Ext' (V, V).

Since E/E] is locally free, ext' (E/E/, Q;) = 0 so 0; is onto; similarly 0; has
rank 1, so the image of 0; @ 05, and a fortiori that of 0] @ 07, contains a
hypersurface of {0} @ Ext' (Q,, Q). Since 0; is onto, we conclude:
rk(0; @ 07) = " + h” — 1, hence the smoothness of ® at f.

Now we assume that (C,) holds. If # = 1 or /" = 1, @ is onto by
assertion 2, so we can assume for instance A" > A" > 1, ¥ = 0 and
amb (E) < (d” — 1)g. Consider any E’, E” such that ((E’], [E”]) € H, and
let v € supp (E”). There is a short exact sequence:

0 - k(v) > E” - E -0,

with E/ torsion unidecomposable of degree d” — 1. By (C,) there exists a
short exact sequence

0->F—->E->E -0

with F unidecomposable of rank »” and degree d’ + 1. Consider E{ = E’
as above. Then there exists an injection £’ —— F such that F/E] is locally
free. We obtain the following diagram:

0
!
0 k(v)
! !
0-> EF - E->EE -0
! !
0> F - E-> E -0
! !
k(v) 0

l
0
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Now we have ext! (E/, k(v)) = 0 or 1 so E/E’ is isomorphic to E” or
k(v) @ E].In the first case, we are done. Otherwise, consider the short exact
sequence

0 - E'JE| > E/E] > k(v) @ E/ - 0,

and the point f; it defines in Quot (E/E}). It is enough to show that there
exist points f arbitrarily close to f, such that 9, ~ E”, because for such an
S we shall have: V; ~ E’/E] (by stability) hence a short exact sequence

0-FE -E—->E -0

Since E” is the general extension of k() by E/, it is enough to show that s;:
E/E] - k(v) @ E; deforms to a morphism s: E/E] — E{. Now the torsion
part of E/E/ injects into E; because F/E| is locally free. Therefore we can
write E/E{ ~ L @ T, where L is locally free and 5,(7') < E/. Then s,
deforms to a morphism L — E”because L is locally free, and S, deforms
also because it takes its values in the fixed part E. Hence assertion 3 and
the theorem.

Appendix A
We begin with a few remarks.

1. Let X be a smooth curve, and E € Coh (X) an indecomposable sheaf. Then E is either a
torsion sheaf, or a locally free sheaf. This is because we have a short exact sequence

0 - E

tors

- E->E -0,

where E,,, is the torsion of E, and E’ is torsion-free, and therefore locally free. Now
Ext' (E’, E,,,) = 0, so the exact sequence splits.

2. Indecomposable torsion sheaves over X can be described as follows. Let v € X and d € N*.
There is a natural short exact sequence

0 - Oy(—d-v) > Ox = Ox/Ox(—d*v) = 0.

We denote by ,E(%) the quotient O,/O,(—d*v). Then ,E(%) is indecomposable, and all
indecomposable torsion sheaves are obtained in this way. We are going to show that, in the
case of an elliptic curve, all indecomposable sheaves can be constructed starting from inde-
composable torsion sheaves. From now on, X is an elliptic curve.

3. Any indecomposable sheaf over the elliptic curve X is semi-stable. Let E be an indecom-
posable sheaf over X. Any torsion sheaf is semi-stable, so we can assume that E is locally free.
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There is a Harder-Narasimhan flag
0 = EOC...CE/ = Ey

where, forany i = 1,2,...1, G, = E/E,_, is a non-zero semi-stable locally free sheaf, and
wG,) > u(G,) > ... > u(G)). Forany i,jsuchthat1 < i < j < [, we have u(G) > u(G,)
and this implies hom (G,, G)) = 0 because G, and G, are semi-stable. By Serre duality, Ext' (G,,
G,) = 0, so the Harder-Narasimhan flag splits completely; since E is indecomposable, this
implies / = 1, hence F is semi-stable. (For elementary properties of semi-stable vector bundles,
see [Sh] or [B]). Notice that if the rank and the degree of E are coprime, E is stable.

4. Let E, E’ be two indecomposable sheaves over X, and let D(E, E’) = rk(E) deg (E’) —
rk(E’) deg (E). Then if D(E, E’) # 0 we have:

hom (E, E’) = D(E, E’),
and
ext' (E, E’) = D(E,E’)_.

This is because by Riemann-Roch we have D(E, E’) = hom (E, E’) — ext' (E, E’). Now if
D(E, E’) < 0, we have w(E) > w(E’) so hom (E, E’) = 0; if D(E, E’) < 0, then
W(E) < u(E’) soext' (E, E’) = hom (E’, E) (by Serre duality) = 0.

We are interested in sheaves generated by sections. They are described in the following lemma.

LEMMA Al. Let E be an indecomposable sheaf over X. Then E is generated by sections if and only

if
E~O0, or wE)> 1.

Apart from those cases, E is generically generated by sections if and only if W(E) = 1.

Proof. Letr = rk(E)andd = deg (E). Thenifd # 0,°(E) = d, and h'(E) = d_. Clearly
O, is generated by sections. Now assume d > r; for any x € X we have h'"(E ® O,(—x)) =
(d — r)_ = 0, so E is generated by sections. Conversely, consider the evaluation morphism
ev: H'(E), —» E. If d < r, ev is injective on fibers because for any x € X we have hi°(E ®
Oy(—x)) = (d — r), = 0. In that case, E can be generated by sections only if ev is an
isomorphism, and that implies: E ~ O,. Now there remains to check that for r = d, E is
generically generated by sections, that is: for general x € X, "°(E ® O,(—x) = 0. In other
words, for a general L € Pic, (X), Hom (L, E) = 0. Now that is a special case of the
well-known fact that if E is a semi-stable locally free sheave, there is only a finite number of
classes of stable locally free sheaves F with the same slope, such that Hom (F, E) # 0 (see [B],
for instance).

If E is a sheaf generated by sections, we denote by P(E) the dual of the kernel of the evaluation
morphism for E, so that there is a short exact sequence:

0 —> P(E)* —— H'(E)y > E — 0. (%)
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Notice that P(E) is locally free, and that P(E) = 0 if and only if E is free. We have the
following proposition.

PROPOSITION Al. Let () € # and assume d > r. Then
1. for any E € I(}), P(E) € I(;?);
2. the map P: I(})) - I(’79)
Ew+— P(E)
is one-to-one;
3. let E, F be two irreducible sheaves of slope > 1. There is a natural isomorphism Hom
(E, F) > Hom (P(F), P(E)).

Proof of the proposition. Let E € I(};) with d > r, and consider the short exact sequence (x).
By Riemann-Roch and Serre duality, we have #°(P(E)) = d + h°(P(E)*) = d. Now if
r > 0, E is locally free and we have the following diagram:
0 —> E* — H°(E), —— P(E) —> 0
. |
H°(P(E))y —> P(E)
The morphism ¢ is injective (because A°(E*) = 0), so it is a canonical isomorphism
H°(E)* > H°(P(E)). Therefore, P(E) is generated by sections, and P(P(E)) is canonically

isomorphic to E. Since E is indecomposable, so is P(E). If r = 0, i is generically an iso-
morphism, hence a commutative diagram:

0 — H'(E)} - P(E)
@

H'(P(E))y — P(E)

5o ¢ remains a canonical isomorphism H°(E)* - H°(P(E)). We can re-write (%) as:

0 — P(E)* = H'(P(E))* — E— 0,
so P(E) is indecomposable.

So much for assertion 1. For assertion 2, we construct the inverse of P in the following way.
Let F e I(“;"). The evaluation morphism ev: H°(F), — F is injective, hence a short exact
sequence:

0> F* > H'(F)f > E—> 0,

where E = coker (‘ev). We have a commutative diagram

0> F* > H'(F)*>E->0

| |

0 > P(E) > H°(E) » E— 0.
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As above, one checks easily that ¢ is an isomorphism, so F ~ P(E), and E is indecomposable.
Assertion 2 follows immediately.

Now let E, F be as in assertion 3. Any morphism: £ — F induces a morphism
H°(E) - H'(F), hence a morphism P(E)* — P(F)*, and a morphism P(F) — P(E). Con-
versely, any morphism P(F) — P(E) induces a morphism H°(P(F)) - H°(P(E)). By the
natural identification between H°(P(E)) and H°(E)*, we get a morphism H°(E) — H°(F)
which factors to a morphism E — F.

This defines a natural isomorphism Hom (E, F) ~ Hom (P(F), P(E)) and proves assertion
3.

Now we can construct the indecomposable sheaves , E(};) of Theorem 1. We fix a point 4 in
X and we proceed by induction on r. The sheaves ,E(9) have already been constructed so as
to satisfy the first assertion of Theorem 1. Now assume that , £(%.) has been constructed for
r" < r. Let d be such that r < d < 2r; then ,E(;") has been constructed already, so by the
third assertion of Theorem 1 we must set

JEGQ) = PGE(Y)).

For a general d, there exists a unique A € Z such that r < d + Ar < 2r. By the second
assertion, we must set

Q) = Ox(_lA) ® u+;.AE(d+r;.r)-

~So we can see by induction that there is only one way of defining sheaves ,E(}). This
construction works out, and by Proposition Al, it is one-to-one.
Furthermore, by construction, assertion 3 holds at least when d < 2r. Now if d > 2r, we
have

E(T) = PGE()

so P(,E(“7")) = ,E(;) and assertion 3 holds in that case as well.

There only remains to prove:

— assertion 2, which is known so far only when A = O, (414). That is because our construction

is not ‘intrinsic’ — it relies on the choice of a point 4 in X;

— assertion 3 when r = d: we must show that for any E € I(;,) we have P(E) ~ E.

The first thing to do is to show that our construction is intrinsic. It is enough to prove the
second assertion of Theorem 2, whose first assertion is known already. All we have to show
is the following property (property (P)): let () € o; let h = (r, d) and (§) = 1/h(}). Let v,
we Pic, X and E = (E(§), F = ,E(}). Then ¢,(E) = v, ¢,(F) = hw, and hom (E, F) =
hom (F, E) = 1 if v = w, 0 otherwise.

We prove (P) by induction on r. It is obvious for r = 0. Now to reduce to a smaller value
of r, we can assume that r < d < 2r (by tensoring by some O,(14)). Let E’ =  E(°;°) and
F' = ,E(%;") so that E = P(E’) and F = P(F’). Then we have ¢,(E) = ¢,(E’) = v,
¢,(F) = ¢,(F') = hwand hom (E, F) = hom (P(F), P(E)) = hom (F', E’) = lifv = w,
0 otherwise, the same holding for hom (F, E). Hence the property.

Let E € I(}). Forr = 1atleast, P(E) ~ E. Now for a general r, there is a unique F € I(})
such that hom (F, E) # 0. We have hom (F, P(E)) = hom (P(F), E) = hom (F, E) # 0, so
P(E) ~ E. We have proved Theorem 1.

For Theorem 2, there remains only to show the existence of universal sheaves E(). As usual
we proceed by induction on r. For r = 0, let / be the ideal sheaf of the diagonal A = X x X.
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Then E(%) = Oy, ,/I? works. For r > 0, we can always assume r < d < 2r. (by tensoring
with a suitable line bundle € Pic X'). Now by induction there exists a universal sheaf E(5™")
over Pic;X x X. Consider the evaluation morphism

EV: pripri.E(";") — E(°7").

The restriction of EV to a fiber {v} x X is the ordinary evaluation morphism ev:
H'(LE(“;")x = E(“3"), whose kernel is ,E(})*, so E(;) = (ker EV)* works.

Appendix B — proof of Theorem 3

Denote by CH(X ') the Chern group of X, which we identify with Z* x X. The Chern character
of any F € Coh (X) is the element

ch(F) = ((#)), a(F)eZ? x X.

With any left-exact functor F from Coh (X) to itself we can associate functorially a group
endomorphism CH(F) of CH(X), so that for any F € Coh (X') we have:

CH(F)(ch(F)) = ch (F(F)) — ch(R'F(F)) + - -.
Now let P be a coherent sheaf over X x X, flat with respect to projections, and let
M = (I])eSL(2D)".

We consider the following properties:
— (P1) CH(S,): Z* x X - Z* x X is the left multiplication by M on the first factor;
—~ (P2)foranyve X, P, ~ E();
— (P3)foranyve X, P, ~ ,E(}).
We have the following lemma.

LEMMA BI. If P satisfies the property (P) of Theorem 3, then it satisfies also (P1), (P2) and (P3).
As a consequence, it is uniquely determined up to isomorphism.

Proof. Assume that P satisfies (P). Then clearly P satisfies (P1). It also satisfies (P2) because
P, = pra(P ® prik(@)) = Sp(,E(})) = ,E(}). This means that P is a universal family of
stable sheaves of rank y and degree ¢ over X.

For unicity, assume that P’ satisfies (P1) and (P2). Then there exists L € Pic (X) such that
P’ ~ pr¥L ® P,sothat wehave S, = S,(? ® L), hence CH? ® L) = Id.yy,,50 L ~ O,
and P’ ~ P.

Now to check that (P3) holds as well, assume first y = 0. Then P = pr}O,(z- 4) ® O,
clearly satisfies (P), (P1), (P2) and (P3). Assume y > 0. Then P is a rank y locally free sheaf.
Let v € X and let E be an indecomposable component of P . By the semi-continuity theorem,
there are canonical morphisms

ko: Sp(E*) ® k(v) - H(E* ® P,);

k: R'S,(E*) ® k(v) > H'(E* ® P,);
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furthermore, k, is always an isomorphism, and k, is an isomorphism provided that R'S,(E*)
is locally free at v (see [H], p. 290).

Now, E being a component of P,, we have: i*(E* @ P,) = hom (E, P,) # 0, and
h'(E* ® P,) = hom (P,, E) # 0. This implies that R'S,(E*) is non-zero. In view of (P),
R'S,(E*) is indecomposable and S,(E*) is trivial; so k, is not an isomorphism, and R'S,(E)
is not locally free at v. Therefore there exists 4 > 1 such that R'S,(E*) = ,E(}). So we have:
E* = _,En(’.,) and because of the rank, we can conclude: » = 1 and E = P, ~ E(%),
hence (P3).

Before proceeding to show the existence of the sheaves P,,, we make a few remarks about the
‘usual’ Fourier transform introduced by Mukai.
Consider the matrix J = (_{ }). The usual Fourier transform is the functor RS;,, where

P, = Oy (A — {4} x X — X x {4}).
Clearly P, satisfies (P2) and (P3) for M = J. Now let P, = Oy, ,(— A). One can check easily
that P, > (—1d,, x)*P, @ pr{Oy(4) ® prOy(4). Therefore S, =~ (—1d)*(Oy(4) @
Sp,(? ® Oy(4)). Now we know everything about S, , which is none other than the ‘kernel of
the evaluation morphism’ functor. To be precise, there is a short exact sequence:

0 - Py— Oy x> 0, - 0; (EH

for any F € Coh (X) we have Tor' (O,, pr¥F) = 0, so, tensoring by pr¥F and applying pr,.,
we get a long exact sequence:

0 > Sp(F) » H'(F)y—> F > R'S, (F) - H'(F); - 0, ()]

$0 Sp,(F) = ker ev. We can deduce immediately that P, satisfies (P1).
We have the following proposition.

PROPOSITION B1. For any M € SL,(Z)* there exists a sheaf P, satisfying (P1), (P2) and (P3).
Proof of the proposition. We saw this already when y = 0 and when M = J.Soassumey > 1.

There exists a locally free sheaf P over X x X satisfying (P3) (cf. Theorem 2). Let Y: X —» X
be the morphism ‘multiplication by y’, and consider the diagram

X x x22,x
XXX—»X

For any v € X we have ((Jdy x Y)*P), ~ ,E(}) ~ Oy(v — 4) ® ,E(%), so there exists
L e Pic (X) such that

(dy x Y)*P ~ P, ® priE(%) ® prL; Q)]
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therefore Y*o R'S, ~ R'Sp (? ® ,E(:)) ® L, hence a relation between endomorphisms of
CH(X); denote by M’ the matrix of the action of CH(S,) on Z?% and let A = deg L. By
functoriality, we get

VoM = (D DGO

soM’ = (. 2,)andi = 1y(y*). Letq = (A — ty)/y*; replacing Pby P ® pr(0,(q4))
we can assume M’ = M.

Now let v € X. By (1) we have Y* P, ~ L ® Oy(v — A) ® k%, so Y* P, is semi-stable
of rank y and degree y; therefore P, is semi-stable of rank y and degree A/y = ¢, hence stable.
Because of (P3), the determinant bundle of P is a Poincaré bundle; tensoring P by a suitable

line bundle, we can assume:
a(P,) = v+ 14,

50 (P2) holds. Now tensoring again by a suitable A e Pic, (X) such that A ® ~ O,, we obtain
a sheaf P,, which satisfies (P1) as well.

Forany M € SL,(Z)*, let P,, be the sheaf satisfying the conditions of the proposition, and for
simplicity let F, = R'Sp and F), = RS, . We know already that (P) holds for y = 0. So
assume y > 0. We have the following lemma.

LEMMA B2. Let M’ = — M. Then
Fl(zl’OFI?'l = 0,

and FyoF, = (—Id)*o[—1].

Proof. Denote by p,,, p»; and p,, the projection X* - X2. For any two coherent sheaves P, Q
over X x X, flat with respect to projections, there is a canonical isomorphism:

RSyo RS, ~ RS.

L
where H' is the complex R p..(phP ® p%Q) and RS,,. is the functor Rpr,.(H" ®pr(?).
There is also a canonical isomorphism -

Sp°Sp =~ Suo.

(The proof is an elementary application of base-change and the adjunction formula.) In order
to apply this to P = P, and Q = P,,., we consider the sheaf R = p¥ P,, ® p%P,,.. For any
v, we X we have: R, , ~ E() ® ,E(.,) so I’(R,,) = hom (_,E(), ,EC)) =1 if
v = —w, 0 otherwise, and the same holds for #'(R,_, ). By the semi-continuity theorem, we
conclude that H® = p;.R = 0, and H' = R'p,;.R is supported by the second diagonal
N < X x X.Sowehave Fy.o Fyy = 0and F),. o F,, = [—1]o Sy,. Now (P1) holds for P,, and
P,., so we have CH(Sy;,) = (—Idy)*. Therefore for any v € X we have H, ~ k(—v), and
pr.H' =~ Oy; we obtain: H' ~ O, and since S, = (— Idy)*, we are done.
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Now we proceed to prove that P, satisfies (P). Let E = ,E(};) be an indecomposable sheaf,
and assume first: M(}) € #. One can check easily that this condition implies xr + yd > 0.
Let we X. We have: dim (F)(E) ® k(v)) = h'(E ®,, E(?)) (by the semi-continuity
theorem) = hom (E, ,E(})*) (by Riemann-Roch) = 0 because u(,E(%)*) — w(E) =
(= 1/yr)(xr + yd) < 0;s0 F,(E) = 0. Now let E’ = F(E). We have Fyy. o F},(E) = 0, and
since Fy.oF, = (—Idy)*-[—1], we deduce that F,.(E’) = Fj ocF}(E) ~ (—1d,)*E.
Hence, F,(E’) and E’ are indecomposable. By (P1) we have ch(E’) = Mch(E), so E’ ~
+EM(%) with (r,d) - (v — w) = 0. So we are done at least when (r, d) = 1. Let h = (r, d)
and E, = ,E1/h(}). We have E;, =, E, so Fy(E) = ,EM1/h(}) = E’ = ,EM(}); this
implies w = v.

IfM(5) ¢ #then M'~'(}) = —M(,) € #;s0 E ~ Fy; E",where E” = ,E — M(}). We
have F,(E) = (—Ildy)*E" ~ _,E — M(%), and (P) is satisfied.

Now we prove the second assertion of Theorem 3. Clearly, we can reduce to the case when
M, M’ € SL,(Z)*. The result is known already if M" = —M~' and it is trivial if M or
M’ = (! 9) for some z € Z. So we can assume that MM’ () € Z* x Z. Assume for instance
that MM’ (%) e N* x Z, so that MM’ € SL,(Z)* (the proof is similar in the other case). We
have F,,o F,, = RS,., where H' = R p,5.(p} P,y ® p% Py ). Let R = p} P, ® p%P,, and
let v, we X. Then R, , ~ ,E(¥) ® ,E(%). Since xy’ + yt’ > 0, we conclude that H' = 0,
and by base-change, H ~ F},(,E(})) ~ ,E(ZF)) and similarly, HY, ~ ,E(Z15).

So H° is locally free, and satisfies (P1), (P2) and (P3) for the matrix MM’. This implies
H" ~ P,,,., hence the theorem.

References

[A] M.F. Atiyah: Vector Bundles over an Elliptic Curve. Proc. Lond. Math. Soc. (3) VII 17
(1957) 414-452.

[A1] M.F. Atiyah: On the Krull-Schmidt Theorem with Applications to Sheaves. Bull. Soc.
Math. France 84 (1956) 307-317.

[B] A. Bruguiéres: Filtration de Harder-Narasimhan et stratification de Shatz. In: Module
fibrés stables sur les courbes algébriques, Progress in Mathematics. Birkhauser (1983).

[B1] A. Bruguieres: Le schéma des morphismes d'une courbe elliptique dans une grass-
mannienne, thése de 3¢ cycle. Université Paris 7 (1984).

[G] A. Grothendieck: Techniques de construction en géométrie algébrique, Séminaire Bour-
baki, exposé 221.

[H] R. Hartshorne, Aigebraic Geometry. Springer-Verlag (1977).

[He] R. Hernandez: On a Harder-Narasimhan Stratification. Preprint.

[O] T. Oda: Vector Bundles on an Elliptic Curve. Nagoya Math. Jour. 43 (1971) 41-72.

[S] C. S. Seshadri: Fibrés Vectoriels sur les Courbes Algébriques (rédigé par J.-M. Drézet).
Astérisque 96 (1982).

[Sh] S. Shatz: The Decomposition and Specialization of Algebraic Families of Vector Bund-
les. Comp. Math. 35 (2) (1977) 163-187.

[V] J.-L. Verdier: Two-dimensional g-models and Harmonic Maps S* — S*. In: Group-
theoretical Methods in Physics, Lecture Notes in Physics 180. Springer-Verlag.



